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THE EFFECT OF THE TERMINAL PENALTY IN RECEDING
HORIZON CONTROL FOR A CLASS OF STABILIZATION
PROBLEMS*

KARL KUNISCH' AND LAURENT PFEIFFER?**

Abstract. The Receding Horizon Control (RHC) strategy consists in replacing an infinite-horizon
stabilization problem by a sequence of finite-horizon optimal control problems, which are numerically
more tractable. The dynamic programming principle ensures that if the finite-horizon problems are
formulated with the exact value function as a terminal penalty function, then the RHC method gener-
ates an optimal control. This article deals with the case where the terminal cost function is chosen as
a cut-off Taylor approximation of the value function. The main result is an error rate estimate for the
control generated by such a method, when compared with the optimal control. The obtained estimate
is of the same order as the employed Taylor approximation and decreases at an exponential rate with
respect to the prediction horizon. To illustrate the methodology, the article focuses on a class of bilinear
optimal control problems in infinite-dimensional Hilbert spaces.
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1. INTRODUCTION

In this article, we consider a bilinear optimal control problem of the following form:

1 o0 o0
mf )=y [ ICu0lFdr G [ w2
0 0

u€L?(0,00) 2 (1 1)
here. J 9(8) = Ay(t) + (Ny(t) + B)u(t), fort >0 '
R0 =g ey,

Here V C Y C V* is a Gelfand triple of real Hilbert spaces, where the embedding of V into Y is dense and
compact, and V* denotes the topological dual of V. The operator A: D(A) C Y — Y is the infinitesimal
generator of an analytic Cp-semigroup e on Y, B€Y, C € L(Y,Z), N € L(V,Y), a > 0, and D(A) denotes
the domain of A. The precise conditions on A, B, C, and N are given further below. Under a detectability
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assumption on (A, C), (1.1) is a stabilization problem, the goal being to steer y to the origin, a steady state of
the dynamical system (when u = 0). We denote by V the associated value function, i.e. V(o) is the value of
problem (1.1) with initial condition yg.

We aim at analyzing a specific receding horizon control (RHC) approach for solving (1.1). Before describing
our contribution in some detail, let us briefly recapture some aspects of the receding horizon control method-
ology. In a nutshell, receding horizon control (also called model predictive control) consists in replacing the
infinite-horizon control problem (1.1) by a sequence of finite-horizon problems with prediction horizon T'. At
the beginning of iteration n of the method, a suboptimal control ury and the associated trajectory yrpy have
been computed on the interval (0,7n7), where the sampling time 7 > 0 is such that 7 < T. The finite-horizon
problem to be solved has the following form:

i 1 ! 2 o Tu 2
uez%,nz/o ICY@)Z dt + 5 / (1% dt + (y(T)), -
where: { §(t) = Ay(t) + (Ny(t) + B)u(t), for t € (0,T)
" w(0) =yru(nt) €Y,

where ¢ denotes a terminal penalty function. The control ury and the trajectory yrpy are extended on the
interval (n7, (n 4 1)7) by concatenation: upg(nt +t) = u(t), yru(nt +1t) = y(t), for a.e. t € (0,7), where u is
a solution to (1.2) and y is the associated trajectory.

The RHC method is receiving a tremendous amount of attention and it is frequently used in control engi-
neering, in particular because problem (1.2) is easier to solve numerically than the infinite-horizon one. Another
reason is that the method can be used as a feedback mechanism: the value of ugy on the interval (n7, (n+ 1)7)
is a function of yry(n7), which implies that on that interval, the control mechanism can take into account
possible perturbations having arisen before nr.

Let us review the main different choices which have been considered in the literature for the terminal penalty
function ¢ involved in the finite-horizon problem, in the context of stabilization problems to a steady state.
Originally authors used to consider terminal state constraints. For instance, one can impose in (1.2) that y(7T")
lies in a ball of small radius around the steady state, see e.g. [2, 22, 23, 26, 31]. In that case, ¢ is the indicator
function of a neighborhood of the steady state. As an alternative, terminal penalty functions called control
Lyapunov functions have been used for guaranteeing the stability of the controlled system, see [12, 19, 21, 28]
and the references cited there. It was observed later that for the stabilization of certain classes of dynamical
systems, no terminal penalty function is necessary at all. This was proposed in [20] and further analyzed in e.g.
[13, 30]. Let us point at some additional references from the large literature on receding horizon control. For
finite-dimensional systems, we mention [1, 16, 27], for infinite-dimensional systems, we mention [3, 4, 14], and
for discrete-time systems the articles [13, 15].

The starting point of the present article is the following observation: If the value function associated with
(1.1) is chosen as terminal penalty function in (1.2), then, as a consequence of the dynamic programming
principle, the control produced by the RHC method is optimal (for problem (1.1)). The question then arises
how approximations to the value function of known order effect the approximation order of optimal receding
horizon controls. Taylor approximations are natural candidates for terminal penalty functions. The Taylor
approximation of order k is denoted Vi (yo) and it is of the form

k
1
Vk(yo) = Z ﬁﬂ(y()v v 7y0)7
=2
where the mappings 75,73, ..., are bounded multilinear forms of order 2,3,... k, respectively. The bilinear

form T3 is given by T2(yo,y0) = (Yo, Iyo), where IT € L(Y) is the unique nonnegative self-adjoint operator
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satisfying the following Riccati equation:

(A*TIy1, y2) + (ITAy1, y2) + (Cy1, Cy2) (B,y1)(B,1ys) =0, for all y1,y2 € D(A).

1

«a
Observe that V2 (yo) = 3 (yo, IIyo) is the value function associated with (1.1) when N = 0. The other multilinear
forms (of order 3 and more) are characterized as the unique solutions to generalized Lyapunov equations. We
refer to our article [8] for the derivation of these equations for an infinite-dimensional bilinear problem and to
the survey [25] for general finite-dimensional systems. Taylor expansions have been mainly used in the literature
for computing polynomial feedback laws. We refer to [10] for details concerning the practical computation of
the Taylor expansions. In that paper, a Taylor expansion of order 5 is obtained for a control problem of the
Fokker-Planck equation, with domains of dimension 1 and 2. We also refer to [9] for the suboptimality analysis
of such feedback laws, in the context of infinite-dimensional bilinear problems. In the context of RHC methods,
the case of second-order Taylor approximations (for the terminal penalty function) has been often considered
in the literature (see [2, 27]). To our knowledge, high-order Taylor expansions of the value function have only
been used in the preprint [24].

The aim of the article is to give a theoretical answer to the following question: Does a high-order approxi-
mation of the value function ensure that the RHC method generates a high-order approximation of the optimal
control? We also investigate the effect of a large prediction horizon on the quality of the approximation. Our
main result is the following estimate:

lurs — @llL2(0,00) = O(efA(TfT)f/\kT||yo||]f/)a (1.3)

where @ is the solution to (1.1) with initial condition yg and k > 2 is the order of the Taylor approximation.
The real number A is defined by A = —sup,c,(a,)Re(p) >0 and A, = A — 1 BB*II. Let us mention that our
result is of local nature. For a given order k, the above estimate holds for values of ¥y in a neighborhood of
0 and for a sampling time 7 and a prediction horizon T assumed to be sufficiently large. This local nature is
mainly due to the fact that Taylor approximations are only valid in a neighborhood of the steady state.

In the last section of the article, we also consider the situation of quadratic terminal cost functions of the
form: ¢(y) = %(y, QY)y, where Q € L(Y) is symmetric and positive semi-definite. For this situation, we have
the following estimate:

lurs — @l £2(0,00) = O(e T2 (1Q — I £ivy + € lyolly) lvolly)- (1.4)

Since ) = 0 is allowed, we cover the situation of a null terminal cost function.

The analysis is based on an estimation of the violation of the optimality conditions. More precisely, one
can easily see that if ¢ =V is replaced by ¢ = Vj in problem (1.2), then only the terminal condition in the
costate equation is modified in the corresponding optimality conditions. An error estimate for the control is then
obtained by applying the inverse mapping theorem. This approach is quite common in the sensitivity analysis
of optimization problems but it seems that it has never been applied before in the context of the RHC method.

The methodology which is presented in this article can be extended to other types of systems. In particular, in
a finite-dimensional setting, the estimates (1.3) and (1.4) can be established if the non-linearity Nyu is replaced
by a more general term of the form f(y,u), where f is smooth and satisfies f(0,0) = 0 and Df(0,0) = 0. We
have decided here to focus on bilinear systems, since they arise in the context of control of the Fokker-Planck
equation, see [8, 18]. This also enables us to rely on some results obtained in [9]. The presented concepts can be
applied to other nonlinear control systems, but they still require different adapted nonlinear PDE techniques.

The article is structured as follows. In Section 2 we state our main result. We also introduce the weighted
spaces, which play an important role in our analysis. We recall in Section 3 some results concerning the depen-
dence of the solution to (1.1) with respect to the initial condition yg. Section 4 contains the core of our analysis.
We estimate the violation of the optimality conditions and deduce an estimate for the solution to (1.2). We
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finally obtain an estimate for the whole control generated by the RHC method in Section 5. The case of general
quadratic cost functions is discussed in Section 6.

2. FORMULATION OF THE PROBLEM, FIRST PROPERTIES, AND MAIN RESULT

2.1. Vector spaces

For T € (0,00], we make use of the space W(0,T) = {y € L*(0,T;V) |y € L*(0,T;V*)}. It is well-known
that the space W(0,T) is continuously embedded in Cy([0,7],Y"). We can therefore equip it with the following
norm:

H?JHW(O,T) = max (||y||L2(O,T;V)7 ||?)||L2(0,T;v*), ||l/HL<>°(0,T;Y))-
Let o € R be given and let T' € (0,00). Let us mention that the weighted spaces introduced here are only

considered with a finite horizon T". We denote by L?(0,T') the space of measurable functions u: (0,7') — R such
that

. T " 2 1/2
lullzz 0y = e ooy = ([ (e u(e)”ar) " <.
0

Observing that the mapping u € L%(0,T) — e*'u € L*(0,T) is an isometry, we deduce that L? (0, T) is a Banach
space. Since e is bounded from above and from below by a positive constant, we have that for all measurable

u: (0,T) = R, u € L*(0,T) if and only if u € L7(0,T). The spaces L*(0,T) and L (0,T) are therefore the

same vector space, equipped with two different norms. Similarly, we define the space LZO(O, T;Y) of measurable
mappings y: (0,7) — Y such that

[yl Lee 0,157 == le” y ()l L= 0,757 < o0

We finally define the Banach space W, (0,T) as the space of measurable mappings y: (0,7) — V such that
ety € W(0,T). One can check that for all measurable mappings y: (0,7) — V, y € W(0,T) if and only if
y € W,(0,T). The norm || - |lw,, (0,7 is defined by [y|lw,, 0,7y = lle" y(-)llw,, 0,7)-

For T € (0,00) and p € R, we introduce the spaces

Ag, =W, (0,T) x L2(0,T) x W,(0,T), (2.1)
that we equip with the norm ||(y,u,p)HATYM = max (||y||WM(07T), \\u||Li(O,T), ||p||WM(07T)), and
Y1 =Y x L3(0,T;V*) x L2(0,T; V*) x L2(0,T) x Y, (2.2)
that we equip with the following norm:

||(y07 fig,h, Q)HTT,M = max (||y0||Y, ||f||Lﬁ(0,T;V*)7 ||9||LfL(O,T;V*)a ”hHLﬁ(O,T)a €”T||Q||Y)-

Let us emphasize the fact that the component ¢ appears with a weight e#” in the above norm. The spaces Arpo

and A, (resp. Y7 and Y7,) are the same vector space, equipped with two different norms. In the following
lemma, the equivalence between these two norms is quantified (see [6], Lem. 1.1 for a proof).

Lemma 2.1. For all pg and py with po < py, there exists a constant M > 0 such that for all T € (0,00) and
fOT’ all (Q;U,p) € AT,O;

1y, w P)lIar .y < My, w, D)l Ar i, 5

1y, ) ag,,, < Me™ T [(y,u,p)l|ar ., »
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and such that, similarly, for all (yo, f,g,h,q) € Yoo,

||(y07f7g7h'aq)||TT,#o < M“(y07fﬂg7haq)||TT’“l7
I(y0: £.9: B, Dllxr,, < M =T ||(yo, f,g,h,@)|lrr,, -

Finally, we make occasionally use of the spaces Ao := W(0,00) x L2(0,00) x W(0,00) and Yoo :=
Y x L2(0,00; V*) x L?(0,00; V*) x L?(0,00), equipped with the following norms:

1 1, P)[ase0 = max ([[yllw(0,00); 1ull 20,00 [1Pllw (0,00))

I (yo, f9,0)|lre o = max (lyolly, | £1 L2(0,00:v %) 191 L2 (0,005 %) 1]l £2(0,00) ) -

Note that the elements of T o do not have a component ¢, to the contrary of those in T7 .

2.2. Assumptions

Throughout the article we assume that the following four assumptions hold true.

(A1) The operator —A can be associated with a V-Y coercive bilinear form a: V' x V' — R such that there
exist Ao € R and § > 0 satisfying a(v,v) > §||v||3 — Xo|[v||%, for all v € V.

(A2) The operator N is such that N € L(V,Y) and N* € L(V,Y).

(A3) [Stabilizability] There exists an operator F € £(Y,R) such that the semigroup e(4*+5)? is exponentially
stable on Y.

(A4) [Detectability] There exists an operator K € £(Z,Y) such that the semigroup e(4=5* is exponentially
stable on Y.

Let us mention that a simple example of stabilisation problem satisfying these assumptions is given in
Example 2.3 of [9]. The assumptions are also satisfied for a class of control problems of the Fokker-Planck
equation (see the discussion in [7], Sect. 8). Assumptions (A3) and (A4) are well-known and analysed in
infinite-dimensional systems theory, see [11], for example. In particular, there has been ongoing interest on
stabilizability of infinite-dimensional parabolic systems by finite-dimensional controllers. We refer to [5, 29] and
the references given there. Assumptions (A3) and (A4) play an important role all along the article. While the
results of this article are obtained for scalar controls, the generalization to the case of systems of the form
y=Ay+ Z;n:l(Njy(t) + Bj)u;(t), with B; € Y, can easily be achieved. Assumption (A3) must be replaced
by the following one: there exist operators Fy,...,Fy, in £(Y,R) such that the semigroup eA+2i=1 Bif)t i
exponentially stable.

Consider now the algebraic operator Riccati equation:

. 1

(A"Iy1, y2) + (HLAyy, 2) + (O, Cya) — — (B, Ily1)(B, Ilyz) = 0 for all y1, 4> € D(A). (2.3)
Due to the (exponential) stabilizability and detectability assumptions, it is well-known (see [11], Thm. 6.2.7) that
(2.3) has a unique nonnegative self-adjoint solution IT € £(Y) and that additionally, the semigroup generated
by the operator A, := A — éBB*H is exponentially stable on Y. Let us now fix

A=— sup (Re(p)) >0. (2.4)
ueo(Ar)

The constant A is the one involved in (1.3) and (1.4). The positivity of A is a consequence of the exponential
stability of the semigroup generated by A,. Let us mention that its exponential stability is a crucial property
for the proof of Proposition 2.6, given in the article [6].
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2.3. Formulation of the problem
We are now prepared to state the problem under consideration. For yg € Y, consider

1 [ a [
inf = I de+ 2 2 P

where S(u, yo; ) is the solution to

{ y(t) = Ay(t) + Ny(t)u(t) + Bu(t), fort >0,

y(0) = yo. (2:5)

Here y = S(u, yo) is referred to as solution of (2.5) if for all T > 0, it lies in W (0,T’). The well-posedness of the
state equation is ensured by Lemma 2.2 below. The lemma is a simple generalization of [7, Lemma 1].

Lemma 2.2. For allT > 0 andu € L?(0,T), there exists a unique solutiony € W (0,T) to the following system:
y=Ay+ Nyu+ Bu, y(0) = yo.

Moreover, there exists a continuous function ¢ such that ||y|lw o) < (T |yolly, |ullz2(0,1))-

Finally, we denote by V: Y — [0, cc] the value function associated with problem (P), defined by

V(yo) = ueLiz% 00) T (u,90)-

Note that the origin is a steady state of the uncontrolled system (2.5) and that V(0) = 0.

2.4. Main result

The goal of this article is to analyze the efficiency of the RHC method when Taylor approximations of the
value function are used as terminal cost functions. The following theorem, taken from [9], states that the value
function is locally infinitely many times differentiable.

Theorem 2.3 ([9], Thm. 6.6). The value function V is real-valued and infinitely differentiable in a neighborhood
of 0. Moreover, DV(0) = 0, D?V(0) is the bilinear form associated with I1 (the solution to the algebraic Riccati
equation (2.3)) and for all all k >3, D*V(0) can be obtained as the unique solution to a generalized Lyapunov
equation.

We denote by Vi.: Y — R the Taylor expansion of order k > 2 of the value function around O:

k1

Vi(y) = ) D' V(0)(y,....y).
im 7

In the above expression, D7V(0) is a bounded multilinear form from Y* to R. As explained in the introduc-
tion, the RHC method consists in solving a sequence of finite-horizon problems. The finite-horizon problems
considered in the present article are as follows:

5 | losOIE e+ G [ urat+ Vi),

inf -
(y,u)eW (0,T)x L2(0,T) 2

subject to: § = Ay + Nyu + Bu, y(0) = yo.
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Algorithm 1 describes the Receding-Horizon method.

Algorithm 1: Receding-Horizon method
1 Input: 7>0,T>7,9 €Y;

2 Set n =0 and y, = yo;

3 for n=0,1,2,... do

4 Find a local solution (yr,ur k) to problem (Pr ), with initial condition yp;
5 For a.e. t € (0,7), define ypu(nT +t) = yrx(t) and upg(nT +t) = ur i (¢);

6 | Setyni1=yru((n+1)7).

7 end

We next state the main result of this paper. It involves the solution to problem (P), whose existence and
uniqueness will be established in Proposition 3.2, as well as the local solutions to the auxiliary problems (Pr )
which arise in the iterative steps of the receding-horizon control method. Let us recall that the constant A
involved in the main result has been fixed in (2.4). We also denote by By (d) the closed ball of ¥ of center 0
and radius 9.

Theorem 2.4. For all k > 2, there exist 79 > 0, § > 0, and M > 0 such that for all 7 > 19, for all T > 7, and
all yo € By (9), the Receding-Horizon method is well-posed, assuming that the local solution to (Pr) obtained
at each iteration is the one characterized in Proposition 4.4. Moreover, the following estimates hold true:

max(||lyra — llw (0,000 [UrH — Ul 12(0,00)) < Me™ NI =T |y |15 (2.6)
T (wrm, yo) — V(yo) < Me 2XT=m)=2MT |y 3 (2.7)

where @ is the unique solution to problem (P) and § the associated trajectory.
The proof of the theorem is given in Section 5.

Remark 2.5. The estimate (2.6) is of order k with respect to ||yo||y. This is related to the fact that DV(yo) =
DVi(vo) + O(||yo||%), as will be seen later. Estimate (2.6) suggests that the quality of the RHC control can be
improved by increasing T or reducing 7. Still, the value of 7y cannot be made arbitrary small, thus our estimate
does not capture the behaviour of the RHC method for very small sampling times.

2.5. Linear optimality systems

As was noticed in the introduction, the pairs (yr x, ur ) and (0,1, %|(0,7)) satisfy similar optimality con-
ditions: The only difference occurs in the terminal condition for the costate equation. A key issue for the proof
of our main result is therefore the following: What is the impact of a modification of the terminal condition on
the solution to the optimal control problem (Pr)? This is a typical issue of sensitivity analysis, which can be
tackled with the inverse mapping theorem. In a nutshell, the inverse mapping theorem allows to prove that a
certain mapping, “containing” the first-order optimality conditions, is (locally) bijective. In order to apply the
inverse mapping theorem, one needs to prove that the derivative of the mentioned mapping is bijective, which
will be done several times in Section 4 with the help of the following proposition, which is demonstrated in
Theorem 2.1 of [6].

Proposition 2.6. Let p € {—X,0,\}. Let Q@ C L(Y) be a bounded set of symmetric positive semi-definite
operators. For allT >0, Q € Q, and (yo, f,9,h.q) € Y1, there exists a unique solution (y,u,p) € At to the
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following optimality system:

y0) =1y nY
y—(Ay+Bu)= f inL2(0,T;V*)
—-p—A*p—-C*Cy= g n LZ(O, T;V*) (2.8)
au+ (B,p)v+yv = —h in LZ(O,T)
p(T)-QyT)=9q inY.

Moreover, there exists a constant M independent of T, Q, and (yo, f, g, h,q) such that

||(y7 uap)HAT_JL < M”(y(b fmg, hv q)HTT‘,l,' (29)

3. SENSITIVITY ANALYSIS FOR THE NON-LINEAR PROBLEM

In this section, we gather some results from [9]. The following proposition deals with the existence of a solution
to (P) and with first-order necessary optimality conditions. All along the paper, the constants M which are
used are generic constants, whose value may change.

Proposition 3.1 ([9], Lem. 4.7, Prop. 4.8). There exists 1 > 0 such that for all yo € By (d1), problem (P)
with initial condition yo has a unique solution u. Moreover, there exists a unique costate p € W(0,00) such that
—p—(A+uN)p—C"Cy =0,
au+(p,Ny+ B)y =0,
where y = S(u,yo).
Consider the mapping @, defined as follows:
y(0)
¥ —(Ay+ (Ny + B)u)

—p—A*p—uN*p—C*Cy
ou + <Ny+Bap>Y

P11 (y,u,p) € Moo — € Too0- (3.1)

The mapping ®; is such that for all (y,u,p) € As o, the triplet (y,u,p) satisfies the optimality condi-
tions of Proposition 3.1 if and only if ®;(y,u,p) = (y0,0,0,0). The following proposition is a refinement of
Proposition 3.1.

Proposition 3.2 (][9], Lem. 4.7, Prop. 4.8). There exist §; > 0, §7 > 0, M > 0, and three M-Lipschitz
continuous mappings

Yo € By (61) = (V1(y0),U1(y0), P1(yo)) € Moo

such that the following holds:
1. For all yo € By (01), (V1(yo),U1(yo), P1(y0)) is the unique solution to

®1(y7u7p) = (y0707070)5 ||(y7uﬁp)HAoc,0 S 61 (32)

2. For all yo € By(d1), the control Uy(yo) is the unique solution to (P) with initial condition yo, with
associated trajectory V1 (yo) and costate Pi1(yo).
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Proof. The first part of the result is a direct consequence of the inverse mapping theorem (see Thm. A.1
in the Appendix). We have ®1(0,0,0) = (0,0,0,0). One can check that the mapping ®; is well-defined and
continuously differentiable and that D®; is globally Lipschitz continuous, since it only contains linear terms
and three bilinear terms, Nyu, ulN*p, and (Ny,p)y. For all (y,u,p) € A0, for all (wy,wa,ws,ws) € Yoo 0,

y(0) = wy

¥ — (Ay 4+ Bu) = wq
—p—A'p—C"Cy = ws
au+ (B,p)y = wy.

D(bl(oaoao)(y)uvp) = (wlaw27w37w4) —

The above linear system has a unique solution (y,u, p), moreover [|(y,u,p)|[a. , < M|[(w1, w2, w3, ws)||r. o
for some constant M independent of (w1, ws,ws,w,). We refer the reader to Lemmas 4.4 and 4.7 of [9] for a
proof of existence and uniqueness and for the a priori bound. This proves that D®;(0,0,0) is invertible with a
bounded inverse and finally, that the inverse mapping theorem applies.

For the second part of the theorem (the optimality of Ui(yg)), we refer to Lemma 4.7, Proposition 4.8

of [9]. O

In the sequel, we will write (V1,U1, P1)(yo) instead of (V1 (yo),U1(yo), P1(yo)). Note that the mappings Yy,
Uy, and P; will be used all along the article to indicate the solution to (P) and its associated trajectory and
costate. Note also that (Q,U1,P1)(0) = (0,0,0). From time to time, we simply denote this triple by (7, @, p),
when the initial condition has been specified and no risk of confusion is possible.

Finally, we will also make use of the following result, known in the literature as sensitivity relation.

Lemma 3.3 (Lemma 5.1 of [9]). There exists d3 € (0,01] such that for all yo € By (82), for all t € [0,0), the
value function is differentiable at y(t) with p(t) = DV(y(t)), where y = Y(yo) and p = P(yo).

4. ANALYSIS OF THE FINITE-HORIZON PROBLEM

From now on, the order of approximation k of the Taylor expansion is fixed. We start this section with a
result concerning the existence of a solution to problem (Pr ) (Prop. 4.2) and provide then optimality conditions
(Lem. 4.3). The comparison of the pairs (yrx,ur ) and (gjo,r), %j0,r)) (announced in Sect. 2.5) is done in
Proposition 4.4.

Lemma 4.1. There exists 03 > 0 and M > 0 such that for all T € (0,00), for allu € L*(0,T) with ||ul| 120 1) <
d3, and for all yo € Y, the following estimate holds:

lyllwo,ry < M (llyolly + llullz20,r) + 1CYlIL20,1:2)) »

where y denotes the solution to the system: y = Ay + Nyu + Bu, y(0) = yo.

A proof can be found in Lemma 2.7 of [9] for the case T' = co. The proof can be directly adapted to the case
of finite horizons. The next proposition addresses the existence of a local solution for problem (Pr ), assuming
that ||yo||y is sufficiently small.

Proposition 4.2. There exist 04 > 0 and M > 0 such that for all yo € By (d4), problem (Pry) has a local
solution (yr.kx, urk) satisfying

max (|lyzkllw o, lurkllL20.0)) < Mllyolly- (4.1)

If k = 2, then problem (Pry) has a global solution satisfying the above estimate.
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Proof. Let us start with the case k > 3. If yo = 0, one can easily check that (yr, ur k) = (0, 0) is a local solution
to the problem. From now on, we assume that yg # 0. Let us emphasize the fact that the constants M, ..., M;
introduced in this proof can all be chosen independently of T'. The value of d4 will be reduced along the proof,
this can be done independently of T

As a consequence of Proposition 3.2, there exist d4 > 0 and M; such that for all yo € By (d4), problem (P)
with initial condition yo has a solution @ with associated trajectory y satisfying

1, o _
§||Cy||2L2(o,oo;z) + §||u||2L2(o,oo) < Millyolly,  1llL=0,00v) < Millyolly- (4.2)

We need to bound Vj from below. Observe that Vi need not be nonnegative. Since it is a Taylor approximation
of order 3 (at least), there exists a constant My > 0 such that |Vi(y) — V(y)| < Ma|ly||$ for all y € By (M164),
after possible reduction of é4. Moreover, the value function V is non-negative, therefore

Vi(y) 2 V() — Vily) = V()| = —Me|lyly
Increasing if necessary the value of Ms, we also have for all y € By (M764) the following upper estimate Vi (y) <

Ms||y||3, since Vi, only contains terms of order 2 and more.
For a given v > 0, consider the following localized problem:

Traw) =3 [ ICu0IZat+5 [ w02 e+ vigum)

subject to: y = Ay + Nyu + Bu, y(0) = yo,
ly(T)lly < llyolly-

inf
(y,u)eW(0,T)x L2(0,T)
(Pr,y)

Problem (Pr ) is similar to (Pr ), with the additional constraint: ||y(T)|ly < 7¥[lyolly. Our strategy now is
the following: we prove the existence of a solution to (Pr . ) such that the additional constraint is not active
for an appropriately chosen value of v. The obtained solution is then necessarily a local solution to (Pr ).
Let v > M;. For all yo € By (d4), the restriction to (0,T) of the pair (y,a) is feasible (for problem (Pr . - )),
by (4.2). Moreover, Vi (5(T)) < Ma||g(T)||3- < MEMas||yo||3-, therefore
Ik (0.1, Uyo,1)) < (My + Mi M) |lyol[3--
Consider now a minimizing sequence (yn, un)nen for (Pr ). We can assume that for all n € N,

I1k (Y un) < (My + M7 Ms)||yoll3-

Using the lower bound of Vi, we obtain that for all n € N,

1 o

§|\Cyn||i2(o,T;Z) + QHUnH%Q(o,T) < (M + M7 Ma)[[yolly + Moy |lyolly-
Therefore, there exists a constant M3 > 0, independent of 7" and +, such that for all n € N,

[unll 20,7y < Ms(llwolly + 72 llwoll3) < Ms (64 +~7°63).

Let us reduce the value of &y, if necessary, so that Msz(ds +7263) < 65. Thus, for all n € N, [Juy||r2(0,1) < J3.
Applying Lemma 4.1, we obtain that there exists a constant My, independent of T" and ~, such that for all n € N|

lynllw o,y < Ma(llgolly +7lwoll¥)-
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Thus, the sequence (Y, Un)nen is bounded in W (0,7T) x L?(0,T). Using the techniques of Proposition 2 of [7],
one can show that all limit points (y,u) of the sequence (there exists at least one) are solutions to problem
(Pr,,~) and satisfy:

lull 20,7y < Ma(llwolly +7*llwoll$),
19l 220,75y < Ma(llyolly +7llwoll3), (4.3)
N9l 20,5+ < Ma(llwolly + 2 lwoll3)-
We need to find an estimate on [|y||z (o, 7;y). As usual, this is achieved by multiplying the state equation by
y, estimating the right-hand side with Young’s inequality and then applying Gronwall’s lemma. Following the

first steps of the proof of Lemma 1 of [7], we obtain the existence of a constant M > 0 (independent of ¢ and T)
such that

%Ily(t)HQy < M(ly®I3 + [u®F + lyl3 lu®)]?), vt € [0,T].

Applying Gronwall’s lemma, we obtain that

t
I < (O + [ MUy + Mpu(e)P ds) e

We already have a bound on [|yo[|y. Therefore, by (4.3), |lul|z2(0,7) is bounded and thus the exponential term
in the above inequality is bounded. Using again (4.3), we obtain that there exists a constant M5 (independent
of T and ~) such that

ly®)lly < Ms(llyolly +2[lyolly) < Ms(1+7%64)llvolly, ¥t € [0,T). (4.4)

Now, we fix v = max(2Ms, M) and reduce the value of &,, if necessary, so that v24, < % It follows from (4.4)
that

3
ly(D)lly < §M5Hyo||Y < 2Ms|lyolly < vllvolly-

This proves that the final-state constraint is not active, therefore, (y,u) is also a local solution to (Pr ).
Moreover, (4.3), (4.4) and the inequality 7?64 < 1 together yield

3 3
[ullz0,) < §M3||y0||Y and  [|yllwo,1) < §maX(M4,M5)||Z/0HY7

which concludes the proof, for k > 3.

The proof is quite similar for k& = 2, therefore we only give the main lines. The main difference is that it is not
necessary anymore to localize the problem with an a-priori final-state constraint, since Vo > 0. As before, one can
show that there exists a constant M > 0 such that for [jyo||y sufficiently small, Jr k(7 0,1), %0,1)) < M|yoll3-
Therefore, there exists a minimizing sequence (yn, uy) (now directly for Problem Pr ) such that

1 «
SNCY 012y + 5 207y < Ty un) < Milyoll3-

Applying Lemma 4.1, we deduce that (y,,u,) is bounded in W(0,T) x L?(0,T). We show then that any weak
limit point (there exists at least one) is a global solution to the problem and satisfies estimate (4.1). O
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Lemma 4.3. Let 64 and M > 0 be given by Proposition 4.2. There exists d5 € (0,04] and M’ > 0 such that
for all yo € By (05) and for all local solutions (y,w) to problem (Pry) satisfying the bound (4.1), there exists a
unique costate p € W(0,T), satisfying

—p— (A+uN)p— C*Cy = 0,
p(T) — DVi(y(T)) = 0, (4.5)
ou+ (p, Ny + B)y = 0,

and the following bound: |p|lw o,y < M'||lyolly -

Proof. The costate p is uniquely defined by the first two lines of (4.5). The well-posedness of this adjoint equation
can be studied with the same methods as those used for Lemma 2.2 (see the details of the proof in Lem. 1 of
[7]). A classical calculation, based on an integration by parts, allows to show the third relation. It follows that
the triplet (y,u,p) is the solution to the linear system (2.8), where

(f:9,h,q) = (0,uN"p,(Ny,p)y, DVi(y(T)) — Ty(T))

and @ = II. We have

lgll2o, v+ < lullzo. ) IN |l cev,vy IpllL< 0,157y < Mllyolly lpllw 0,1)>

2l 20,7y < INlzevy Wl 220,70 [Pl e 0,77y < Mlyolly l[pllw o,1)5
lally < M|ly(T)|ly, and [|g|ly < M|ly(0)]]y

Therefore, there exists a constant M; > 0, independent of T', such that

H(y07 f7g’haq)||TT,o < MlH?JOHY(l + HpHW(O,T))'

Let us denote by M the constant involved in (2.8). We obtain with Proposition 2.6 that

[pllwo,m) < MiMallyolly + MiMoa|lyolly [lpllw(0,1)-
The announced bound on p follows, taking 65 = min(d4, (2M;M3)~1) and M’ = 2M; Ms. O

We are now ready to prove an estimate for ||(yr .k, urk, prx) — (§,4,D)||, by “comparing” the associated
optimality conditions and applying the inverse function theorem.

Proposition 4.4. There exist dg € (0,05], 6 > 0, and M > 0 such that for all yo € By (ds), problem (Pry)
has a unique local solution (yrk,ur k) with associated costate pr i satisfying

” (yT,kv UT,kva’k‘) HAT,O < 5(/3

Moreover,
{ I (yr,ks wr e, 1 E) — (U
|

(., M|ly(T)|I3,
(Y& ur s PTR) — (Y, U, P

ﬁ) ”AT,U
| MeMg(T) |5

)| Ar, -2

IN A

where §, 4, and p are the restrictions of Y1(yo), U1(yo), and Py (yo) to (0,T).
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Proof. Step 1: construction of ®5 and application of the inverse mapping theorem.
Consider the mapping @5, defined as follows:

y(0)
y— (Ay + (Ny + B)u)
Dy: (y,u,p) € Aror— | —p—A*p—uN*p—C*Cy | € Trp. (4.7)

oau+ (Ny+ B,p)y
p(T) — DVi(y(T))

The reader can check that the mapping ®o, considered from Ar o to Yr is differentiable, with a Lipschitz-
continuous derivative, in a neighborhood of (0,0,0). The size of the neighborhood and the Lipschitz-modulus
can be both chosen independently of T. One can also prove that the mapping ®2, considered from Ar _» to
Y7, is differentiable and that there exist 6 > 0 and M > 0 such that for all (y,u,p) and (7,4, p) € Ba,.,(9),

||D(I32(ﬂ,ﬂ,ﬁ) - D¢2(y’u7p)||L(AT,—>\;TT,—>\) < MH(Q,’LNL,ﬁ) - (y’u’p)”AT,O' (4'8)

Some elements of proof concerning the regularity of ®5 are given in the Appendix. See also Remarks A.2 and B.1
on the necessity to apply the extension of the implicit function theorem given in Theorem A.1. By Proposition
2.6, the derivative D®4(0,0,0), seen as an element of L(Ar; Yr,0) and of L(Ar _x; T _x), has a bounded
inverse. Moreover there exists M > 0 such that

H‘D@Q(O’070)71H£(TT‘0§AT,0) <M and ||D@2(07070)71||L(TT,7>\;AT,7>\) <M.

Therefore, by the inverse mapping theorem, there exist dg > 0, d5 > 0, M > 0 (all independent of T'), and three
mappings

(Y0,q) € By (36)* = (Va,Us, P2)(v0,q) € AT

such that for all (yo,q) € By (J6)?, the triplet (Va,Us, P2)(yo,q) is the unique solution to

@2y, u,p) = (0,0,0,0,9), (¥, u,p)llar, < - (4.9)

The mappings Vs, Us, and P, are Lipschitz-continuous in the following sense: for all (yo,q) € By (d6)? and
(90, p) € By (d6)?,

max ([|go — vollv. 17 — gllv) (4.10)

<
< max ([[go — yollv, e — allv)-

(Y2, Uz, P2)(Fo,q) — (Vo Uz, P2) (Yo, @)l ar o
||(y27u2»7)2)(3707(j) - (y%u?»PQ)(yOyQI)HAT,—A

The weight e=*T comes here from the weight used in front of the variable g in the definition of Y7 _. All along
the proof, the value of g is reduced. Let us emphasize the fact that the new values of dg can all be chosen
independently of T'.

Step 2: Characterization of (yr k, ur k, PT.k)-

By M; and Ms we denote the constants involved in Proposition 4.2 and Lemma 4.3, respectively. Let us reduce
the value of Jg, if necessary, so that dg < min(ds,dg/Mi,d;/Mz). For all yo € By (Js), there exists a solution
(yr.k, ur,) to problem (Pr ) with associated costate prj such that

||(yT,k7UT,kva,k)HAT,o < max(M, M2)ds < 5&-
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Moreover @o(yr k, ur i, P1.k) = (¥0,0,0,0,0) by Lemma 4.3. This proves that (yr g, ur ks, prk) is the unique
solution to (4.9) and therefore that

(Y1, ur ke, DT ) = (V2,Us, Pa) (Y0, 0). (4.11)

This also proves the (local) uniqueness of local solutions to (Pr.j).

Step 3: Characterization of (g, u, p).

The polynomial function Vj is a Taylor approximation of order k of the value function. Therefore, DV}, is a
Taylor approximation of order £k — 1 of DV. As a consequence, there exist M3 and § > 0 such that for all
y € By (d),

IDVi(y) = DV(W)lly < Ms|ly]§- (4.12)

If necessary, we reduce § so that M3 < §5. We reduce then the value of g, if necessary, so that dg < &2 and so
that [|[V1(yo) |l o= (0,00;v) < 6 for all yo € By (J6). Let yo € By (dg). Let us denote by 9, u and p the restrictions
to (0,T) of Y1(yo), U1(yo), and P1(yp). As a consequence of Lemma 3.3, we have

(I)Q(ﬂ,ﬂ,ﬁ) = (yOa 07 O7O7Q)7
with ¢ = DV, (9(T)) — DV(5(T)). By (4.12), we have ||q||y < M3||g(T)||% < M36* < §. Since the mappings V1,

Uy, and Py are Lipschitz continuous, the value of dg can be reduced, for the last time, so that ||(7, @, p)||a., < Jg.
Therefore, (g, u,p) is the unique solution to (4.17) and thus

(¥, u,p) = (Y2, U2, P2) (Yo, q)- (4.13)

Step 4: Proof of estimate (4.6).
Combining (4.10), the definition of ¢, and (4.12), we obtain that

(Y, Uo, Pa) (Y0, 0) — (Yo, Uz, P2) (Y0, @) | are < M|IG(T)|I5
(Y2, Us, P2)(F0, ) — (V2 Uz, Pa) (40, @) llar_ < Me T |5(T)]|5.

Estimate (4.6) follows, using the characterizations (4.11) and (4.13). O

In the sequel, the triplet (V2,Us, P2)(yo) indicates the solution (with its associated costate) to (Pry). The
triplet is also denoted (yrk, ur k, pr,kx) When no ambiguity is possible.

Proposition 4.5. There exist 67 € (0,d6] and M > 0 such that for all yo and gy € By (d¢),
[Y1(F0) — Y1 (o) w0,y < Mo — yollv- (4.14)
Moreover, for all T > Ty,
1V2(70,0) = Va(y0,0)llwy0,1) < Ml|Fo — yollv- (4.15)

Remark 4.6. As a direct consequence of the above proposition, we obtain that for all yo € By (d7), for all
t € ]0,00),

7Oy < Me™lyolly, (4.16)

where ¢ is the optimal trajectory. Moreover, for all t € [0,T], ||lyrx(t)|ly < Me=*!|lyolly, where yr i denotes
the optimal trajectory associated with the solution to (Pr ).
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Proof of Proposition 4.5. Step 1: construction of the mapping ®3 and application of the inverse mapping
theorem.

Consider the mapping ®3, defined as ®5 but from Ar  to T 5. We let the reader check that @3 is well-defined,
differentiable, with a locally Lipschitz-continuous derivative. By Proposition 2.6, D®3(0,0,0) has a bounded
inverse. Moreover, there exists M > 0 such that ||D®3(0,0,0)~ || < M, for all T > Tp. Therefore, by the inverse
mapping theorem, there exist d; > 0, 65 > 0, M > 0 (independent of T'), and three M-Lipschitz continuous
mappings

Yo S BY((S?) — (y37u37P3)<y0) € AT7>‘

such that for all yo € By (d7), the triplet (Vs,Us, Ps)(yo) is the unique solution to

®3(y,u,p) = (40,0,0,0,0), |[(y,u,p)|las, < 07 (4.17)

As in the proof of the previous proposition, the value of d7 will be reduced, still the new values of §; can be
chosen independently of T'.

Step 2: The mappings ®5 and ®3 coincide.

Let us reduce 67 > 0, if necessary, so that d7 < dg. By Lemma 2.1, for all yo € By (d7),

[(Va,Us, P3)(yo)llare < M|[(Vs,Us, P3)(yo) A » s

where the constant M is independent of T. Reducing d7 so that d7 < d5/M, we obtain that for all yo €
By (67), |(V3,Us,P3) (Y0, q)l|aro < 0. We also have ®o((V3,Us, P3)(y0)) = (¥0,0,0,0,0). Since ||yo|ly < dg, we
obtain that (¥3,Us,P3)(yo) is the unique solution to (4.9) (with ¢ = 0) and finally that (Vs,Us, P3)(yo) =
(Va,U2,P2)(yo,0). The estimate (4.15) follows, using the Lipschitz-continuity of Vs for the Wy (0, T)-norm.
Step 3: Proof of estimate (4.14).

Estimate (4.14) can be proved in a very similar way to (4.15), therefore, we only sketch the proof. Consider the
mapping P4, defined as follows:

y(0)
v — (Ay + (Ny + B)u)
Dy: (y,u,p) € Apr— | —p—A*p—uN*p—C*Cy | € Trx.
au+ (Ny+ B,p)y
p(T) — DV(y(T))

Applying the inverse function theorem (using in particular Proposition 2.6), one obtains three Lipschitz-
continuous mapping V4, Uy, and P4. Then, one can show that these mappings locally coincide with Yy, U,
and Py, respectively. Estimate (4.14) follows. O

The following corollary collects the different estimates that will be used in the analysis of the last section.

Corollary 4.7. There exists a constant M > 0 such that for all yo and §o € By (67), for all 7 and T with
0<7<T,

max ([|V1(50) — Y1(yo) llw 0,7, 11 (F0) — Ur (o)l 22 0.)) < MlGo — wolly (a)
1€} (V1 (50) — V1 (yo)lly < Mo — yolly (b)

lyrk(Dlly < Me™ 7 |lyolly (c)

max(||yrx = Yllw(o,r); [lurk — @l L2(0,m)) < M AEEDTyo |3, (d)

lyri(T) = G(r)|ly < M = FFOAT g1 (e)
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Proof. Estimate (a) is proved in Proposition 3.2. Estimates (b) and (¢) are proved in Proposition 4.5. By

Proposition 4.5, we have ||7(t)||y < Me=*|lyo|y. Combined with Proposition 4.4, we obtain that

Wz ur e, prok) — (7,8, D) ag,_, < Me M EFDT g5

We obtain then with Lemma 2.1 that

1Y,k ur e, pT,) — (.8, D)4, < €V

< MeAT—/\(k-‘rl)T”yO”Iic/.

from which estimates (d) and (e) immediately follows.

5. ERROR ESTIMATES FOR THE RECEDING-HORIZON METHOD

Proof of Theorem 2.4. We fix now 79 > 0 such that

ro = Me 0 < 1,

where M is the constant provided in Corollary 4.7. We make use of the following notation:

r= Me_)\T’ 0= e)\T_)\(k—H)T”yOH];‘/a tn =0T, Yn= g(TLT),

where T' > 7 > 19. Note that r < ry < 1.
Step 1: Well-posedness of the algorithm.

(yT,k}a uT,kapT,k) - (?]7 ’aaﬁ)HAT,,A

Let us prove by induction that for all n € N, the algorithm is well-posed at steps 0, 1,...,n — 1 and that
yn € By (87). For n = 0, the statement is true by assumption. Assume that it holds for a given n. Since
Yn € By (d7), by Proposition 4.4, problem (Prj) with initial condition y, has a unique local solution yr k.
Moreover, by estimate (¢), |yn+1lly = llyre(n+1)7)|ly = llyr.x(7)lly < rllynlly < 7. Therefore, the statement
holds at (n+ 1), which concludes the proof of well-posedness. Note that a direct consequence of the last inequality

is that
lynlly < r™|lyolly, foralln e N.

Step 2: Estimation of [|[yry — 9llw(0,00) and [[urz — U £2(0,00)-
Consider the following sequences:

anp = 1max (HyRH - §||W(tn,tn+1)7 lurs — ﬁ||L2(tn,tn+1))

b" = Hyn - gn“Y'
We prove in this second step that for all n € N|

an < MOrF™ + Mb,,,
bup1 < MOr*™ 4 rb,,.

Before proving these two estimates, observe that by Proposition 4.5, for all n € N\{0},
[Fnlly < Me 2 [lyolly < Me ™ |lyolly < llyolly < b7

Of course, we also have ||Jolly = llyolly < 7.

(5.1)
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Let n € N and let us prove (5.2). Let (yrx,ur k) be the local solution to (Pry) with initial condition y,,

(characterized in Proposition 4.4). Recall that by construction, yrp (t, +t) = yrk(t), for t € (0, 7). Moreover,
by dynamic programming, §(t, +t) = V1(gn;t), for t € (0,7). Therefore,

lyre = Gllw (tn tnsn) = YT — V1(Tn)llw(0,r)
< Mlyr, = 1) llwo,7) + 1Y1(¥n) = Y1 (@) llw(0,7)-

Using estimate (d) and (5.1), we obtain |lyr,x — V1 (yn)lw(0,r) < Mer™AEFDT ||y 16 < MOrkn. Using estimate
(a), we find |1 (yn) — V1(@n)lw(o,7) < M||yn — Unlly = Mb,. Combining the last three obtained estimates, we
obtain that

lyre — JIW (e tn, ) < MOTE™ + Mb,.

The term |[ury — l|z2(¢, t,.,,) can be estimated exactly in the same way. Estimate (5.2) follows.
Estimate (5.3) can be proved similarly. We have

[Yn41 = Unsally < llyrw() = Vilyn; Ty + 1V1(yn; 7) = Vi(@n; )y
Using estimate (e) and (5.1), we obtain
lyr,(7) = V1(yn; Tlly < M AEHDT |y [ < Mort.
Using estimate (b), we obtain that
V1 (g3 7) = V1 )y < Me™||yn = Gully = b
Combining the last three obtained estimates, we obtain (5.3).
Step 3: Proof of estimate (2.6).
Let us set ¢, = b, /r" 1. By (5.3), we have

Cnt1 < MOrE=0n 4o < Mo+ Cns

since k > 2. We have ¢y = by = 0, therefore ¢, < nM8 and b, < MOnr™1. Moreover, a,, < MG(T’“" + m""_l)
and finally

o0
max (|yra — Yllw(0,00) [urE — U]l L2(0,00)) < Z an
n=0

< M@Z{)(r’“”+nr”*1) :Mg(l—rk + (1—r)2) = Mo(l_rg + (1 —r0)2>’
n=

which proves (2.6).
Step 4: Proof of estimate (2.7).
In the following equalities, we denote the norms || - || £2(0,00;2) and || - [[2(0,00) by || - || to simplify. We have

1 Q@ 1, o,
T (ur,y0) = V(o) = (51Cyrnl? + Sllural?) = (1€ + 5 all?)
- <i)a yRH - (AZ/RH + (NyRH + B)URH)>L2(0,oo;V),L2(0,oo;V*)
+ <ﬁ7g - (Ag + (N:lj + B)’a)>L2(07OO;V),L2(O,OO;V*)' (54)
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Indeed, the last two terms (in brackets) are null. The four following relations can be easily verified:

1 1, o _ 1 _
§HCZJRH||2 - §||Cy||2 =(C*"CY,yrH — y>L2(0,oo;Y) + §HC(yRH - y)||2,

Q o _ _ 07 _
§HURHH2 - §HU||2 = (U, URH — W) 12(0,00) T 5 lurE — al%, (5.5)
Nyrgury — Nyt = Ny(urg — @) + N(yrg — 9)u + N(yru — 9)(ury — u),

— (D, URH — ) 12(0,003V),L2(0,003V*) = (s YRH — U) L2(0,00:V*),L2(0,003V') -

Combining (5.4) and (5.5) yields

1 _ « _
J(ur,yo) = V(yo) = 5I1C(yrn — DI+ 3 llurm — ull?
+ <ﬁ’N(yRH - g)(URH - ’a)>L2((),oo;V);L2((),oo;V*)
+ <Z_) + A*Z_) + ﬂN*ﬁ + C*Cg7 yRH - g>L2(O,OO;V*);L2(O,OO;V)
=0
+ <C¥ﬁ + <N37 + Bvﬁ>Y7uRH - E>L2(0,oo)'
=0

The three remaining quadratic terms (on the right-hand side) can be estimated with (2.6). We finally obtain

I (urm,yo) — V(o) < Mmax(lyra — §llw(0,00): lura — @l 22(0,00))
< M(e_’\(T_T)_MTHyo||§€/)2,

as was to be proved. O]

6. THE CASE OF QUADRATIC TERMINAL COST FUNCTIONS

In this section, we extend our analysis to the situation of a terminal penalty cost which is a non-negative
quadratic functional. A particular case is the one of a zero penalty, which can be seen as a first-order Taylor
expansion of the value function. Let us fix a bounded set Q (in £(Y)) of symmetric and positive semi-definite
operators. Problem (Pr ) is now replaced by the following one in the design of an RHC method:

1 /T a [T 1
f — Cy(t)||% dt —/ 2 dt + =(y(T), Qy(T))y,
R T, 2/0 [Cy(®)[I7 dt + 2 ), u(t)”dt + 2<y( ), Qu(T))y (Pro)

subject to: y = Ay + Nyu + Bu, y(0) = yo,

where Q € Q. The analysis which has been done in Sections 4 and 5 can be adapted to this new class of terminal
cost functions without difficulty. In order to prove Theorem 6.2 below, we simply comment on the modifications
which have to be realized. First the existence of a global solution to (Pr ) can be established, assuming that
llyolly is sufficiently small. The proof is the same as the one of Proposition 4.2 (in the case k = 2). One can then
derive optimality conditions. They have the same form as in Lemma 4.3, but with another terminal condition:

pr.(T) = Quyr.o(T).

Proposition 4.4 has to adapted as follows.
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Proposition 6.1. There exist 6 > 0, 8’ > 0, and M > 0 such that for all yo € By (8) and for all Q € Q, problem
(Pr ) has a unique local solution (yr.q,ur,qg) with associated costate pr.q satisfying

|(yr.q, ur,q: pT.Q) Iar, <9

Moreover,

{ (yr.@, ur.q:pr.Q) — (¥
[

(¥, 4, M(IQ — || vy + ly(D) Iy ) ly(D)
(yr,q,ur,Q,r1,Q) — (¥, 0, P

<
< MeM(1Q = Tl gevy + y(D) v ) ly(D) v

Pllaro
)”AT,—)\
where g, 4, and p are the restrictions of Y1(yo), U (yo), and P1(yo) to (0,T).

The proof is very similar to the one of Proposition 4.4. Basically, one needs to replace DV} by ) everywhere
in the proof. The last component of ®; must be replaced by p(T') — Qy(T'). The variable ¢ which is introduced
later must be redefined as follows: ¢ = Qy — DV(y). Then, we have

lally = 1Qy — DV(y)lly < (Q — Mylly + [Ty — DVW)lly < 1Q — [z llylly + Mllylly

and the proposition follows.
The statement of Proposition 4.5 is unchanged. In Corollary 4.7, estimates (d) and (e) write now:

max(||lyr.x — Glwo,r), lure — @l r20.r)) < Me T2 ([Q — 10| vy + e |lyolly) |wolly
lyri(t) — 9(m)lly < Me T 2(1Q — 10| vy + € lolly ) lyolly-

We finally obtain the following theorem.

Theorem 6.2. There exist 79 > 0, § > 0, and M > 0 such that for oll T > 19, for all T > 7, for all Q € Q,
and for all yo € By (9), the Receding-Horizon method with quadratic penalty cost is well-posed. Moreover, the
following estimates hold true:

max(||yra — Jllw (0,000 |urE — @l 12(0,00) < Me 2T =DAT(1Q = 10| vy + e lyolly ) 101y (6.1)
—oN(T—7)— _ 2
T (urm,yo) — V(o) < Me X T=7"2T(1Q — 1| vy + e M lwolly) llwolly.  (6.2)

where U is the unique solution to problem (P) and § the associated trajectory.

Remark 6.3. The same comment as in Remark 2.5 regarding the dependence of (6.1) with respect to 7 and
T can be made. For Q = 1II, estimates (6.1) and (6.2) coincide with (2.6) and (2.7), respectively, for k = 2.

7. NUMERICAL ILLUSTRATION

This section is dedicated to the numerical illustration of estimates (2.6) and (6.1). We focus on the dependence
of |lurm — @l|12(0,00) With respect to the sampling time 7 and the prediction horizon T'. We consider for this
purpose a stabilization problem with state variable of dimension 2, described by the following data:

05 1 1 0.2 —0.2 10 1
A‘(o 1)’ B_(1>’ N‘( 0 0.2)’ C_(o 1)’ yo_(l)’ a=0.1.

We have generated different controls with the RHC algorithm, for values of 7 and T ranging from 0.1 to 2.8 and
for the following three terminal cost functions: ¢ = 0 (case k = 1), ¢ = V5 (case k = 2), and ¢ = V3 (case k = 3).
All optimal control problems have been solved with the limited-memory BFGS method, with a tolerance of 10712
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Case k=1: ¢ =0.

T
T 0.1 0.4 0.7 1.0 1.3 1.6 1.9 2.2 2.5 2.8
0.1 43e+0|83e—1|26e—-1]|11e—1|47e-2|20e—2|81e—-3|3.3e-3|14e-3]|55e—4
0.4 1.6e+0 | 3.9e—~1 | 1.6e—1|6.9e—-2|29e-2| 1.2e-2 | 49e-3 | 2.0e—-3 | 8.2e—4
0.7 5.8e—1|22e-1|97e-2|42e-2|1.7e-2|7.2e-3|29e-3|1.2e-3
1.0 2.7e—1|13e-1|6.0e-2|2.6e—2|1.1e-2|4.5e-3|1.8e-3
1.3 1.5e—1|82e-2|3.8e—2|1.7e-2|69e-3|28e-3
1.6 8.6e—2|52e—-2|25e-2|11le—-2|4.4e-3
1.9 53e—2|3.3e—2|1.6e—2|6.8e-3
2.2 34e-2]21e-2|1.0e-2
2.5 2.1e—2 | 1.3e-2
2.8 14e-2

Case k = 2: ¢(y) = Va(y) = 3(y. 1Iy)y-

T
T 0.1 0.4 0.7 1.0 1.3 1.6 1.9 2.2 2.5 2.8
0.1 6.8e—1|1.5e—2|38e—4|1.8e—4|80e-5|25e-5]|72e—6|2.0e—6]|52e-T7|14e-7
0.4 49e—2|18e—3|18e—4|1l1e—4|39e-5|1l1le-5|3.1e—6|84e-7|22e-7
0.7 72e—-3|59e—4|12e—4|50e—5|1.6e=5|4.5e—6|1.2e—6 |3.2e—7
1.0 32e—-3|26e—4|50e-5|20e-5|63e—6|1.8e—6|48e-7
1.3 1.5e-=3|1.1e—4 | 2.0e—5|83e—6 | 2.6e—6 | 7.2e—7
1.6 6.5e—4 | 4.6e—5|8.1e—6 | 3.4e—6| 1.0e—6
1.9 2.8e—4|19e-5|3.3e—6 | 14e—6
2.2 1.1e—4|79e—6 | 1.4e—6
2.5 4.7e=5|3.2e—6
2.8 1.9e—5

Case k= 3: ¢(y) = Vs(y).

T
T 0.1 0.4 0.7 1.0 1.3 1.6 1.9 2.2 2.5 2.8
0.1 14e-1|1.7e—4|1.5e-5]|3.2e—6|1.2e—6|2.7e-7|52e—8|9.3e-9|1.9e-9 |1.0e-9
0.4 1.0e—3 | 4.6e—5 | 3.3e—6 | 1.8e—6 | 4.4e—7|87e—8 | 1.6e—8 | 3.5e—9 | 1.4e—9
0.7 1.5e—4|1.5e-5|1.8e—6|56e—7|1.2e-7|22e—8|4.0e—9|22e-9
1.0 7.7e=5|51le—6|53e-7|15e-7|31e-8|57e-9|25e-9
1.3 2.8e—=5|1.5e—6|1.4e—7|3.9e-8|8.7e—9 | 2.8e—9
1.6 8.4e—6 | 4.1e-7|3.6e-8|11e-8|28e-9
1.9 23e—6 | 1.1e=7|9.4e-9 | 4.6e—9
2.2 6.3e—7|3.0e—8 | 2.6e—9
2.5 1.7e-7 | 7.7e-9
2.8 4.3e—8

FIGURE 1. |lupy — | 12(0,00), fOr

for the L?-norm of the gradient of the reduced cost function. For the discretization of the state equation, we
have used the Runge-Kutta method of order 4 with time-step equal to 0.01. The approximations of the optimal

control are computed on the interval (0, 5).

As a consequence of estimates (2.6) and (6.1), there exist for each of the three different cost functions two
constants 79 > 0 and M > 0, both independent of 7 and T', such that ||ury — [ £2(0,00) < Me=(RTDATHAT {5

To < 7 < T. Thus the quantity

is bounded from above, for sufficiently large values of 7. The results obtained for |[ury — @||£2(0,00) and p(7,T)

p(T, T) = IH(HURH — ﬂ”LQ(O,oo)) + (k? + 1))\T — AT

are shown on Figures 1 and 2, where A ~ 1.5.

various values of 7 and T and for k£ = 1,2, 3.
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Case k =1: ¢ =0.

T
7 |01]04]07|10|13]| 1.6 1.9 2.2 2.5 2.8
0116]09]06|0.7(07| 07 | 07 | 0.8 0.8 0.8
0.4 1.1/06(06]06| 07 | 0.7 | 0.7 | 0.7 | 0.7
0.7 05]104|05]| 0.6 0.6 0.6 0.6 0.6
1.0 0204 05 0.6 0.6 0.6 0.6
1.3 0.0 0.3 0.5 0.6 0.6 0.6
1.6 —-0.1] 0.3 0.5 0.6 0.6
1.9 —-0.1] 0.3 0.5 0.6
2.2 —-0.1] 0.3 0.5
2.5 —-0.1] 0.3
2.8 —0.1

Case k = 2: ¢(y) = Wao(y) = 2y, Ily)y.

T

T 0.1 04 | 0.7 1.0 1.3 1.6 1.9 | 22 | 25 2.8
01} -01|-26|—-49|—-43|-37|-35|-34|-34|-34]|-33
0.4 -18| -38|—-47|-38|-36|-34|-34|-33|-33
0.7 —28|—-40|—-42|-37| -36|-35|-34| -34
1.0 —28|-39|—-42|-38|-36|—-35|—-35
1.3 26| -39 | —-42|-38|-35|-3.5
1.6 —25|-38| —-42| -3.7| =35
1.9 25| =38 | —-4.2 | -3.7
2.2 25| -3.8| —4.2
2.5 —2.5| =38
2.8 —2.5

Case k = 3: ¢(y) = Vs(y).
T

T 0.1 04 | 0.7 1.0 1.3 1.6 1.9 2.2 2.5 2.8
01} -16|—-64|-70|—-68|—6.0| —=57| =55| =54 | =52 | —4.1
0.4 51| —-64|-72|—-6.0| 56| =55 |-54| =51 | —4.1
0.7 —56|—-62|—-65|—-59| —=5.6| 55| —54| —4.2
1.0 —50|—-59| —-63| -5.8| =5.6 | =5.5| —4.5
1.3 —4.6 | =58 | —6.3 | —5.8 | =5.5 | —4.8
1.6 —4.5| =5.7| 63| —5.8 | =5.3
1.9 —4.4 | =5.7| —6.3 | =5.3
2.2 —44|-56|—6.3
2.5 —4.4| -5.6
2.8 —4.4

FIGURE 2. p(7,T) := In(|lury — tl|12(0,00) + (k + 1)AT — A7, for various values of 7 and T'
and for k =1,2,3.

A first observation is that ||urm — [/12(0,00) IS decreasing with respect to 7' and increasing with respect
to 7. It is also decreasing with respect to k, which shows (at least on this particular example) the interest of
considering a high-order Taylor expansion of the value function as terminal cost.

Let us examine now the number p. In order to justify that p is constant, we compare the variation of p with
the variation of —(k + 1)AT + A7 over the considered values of 7 and T. We exclude, in the three cases, the
results obtained for 7 = 0.1, which is acceptable since our estimate only holds for sufficiently large values of 7.
In the first case (k = 1), the number p(7,T') takes values between —0.1 and 1.1. The variation of p (equal to 1.2)
is rather small in comparison with the variation of the quantity —2AT + A7, which reaches its maximum, —0.6,
at (1,T) = (0.4,0.4) and its minimum, —7.8, at (7,7) = (0.4,2.8) (we exclude again the case 7 = 0.1). In the
second case (k = 2), the number p(7,T) takes values between —4.2 and —1.8. The variation of p (equal to 2.4)
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is small in comparison with the variation of —3AT + A7 (equal to 10.8). In the third case (k = 3), the number
p(7,T) takes values between —7.2 and —4.1. The variation of p (equal to 3.1) is small in comparison with the
variation of —4XT + A7 (equal to 14.4). We can therefore consider that the variation of p is small in these three
cases, and thus that p is constant. We finally conclude that our error estimate gives an accurate description of
the dependence of |[upy — 1| 12(0,00) With respect to 7 and 7.

8. CONCLUSION

We have analyzed the RHC algorithm for a class of non-linear stabilization problems. Different types of
terminal cost functions have been considered for the sequence of finite-horizon problems to be solved at each
iteration. An exponential rate of convergence with respect to the prediction horizon T" has been obtained and
observed numerically on a simple example.

Future research will focus on the adaptation of our results for other types of non-linearities. As was men-
tioned in the introduction, our results can be extended to the case of finite-dimensional systems of the form
y = Ay + Bu + f(y,u) where f and its derivative vanish at 0. The general case of time-dependent systems
of the form y(t) = A@t)y(t) + B(t)u(t) + f(t,y(t),u(t)) is open. The case where A and B are periodic could
be considered, by utilizing the stabilizability results obtained in [32] for infinite-dimensional periodic linear
control systems. Another direction of research is the analysis of the RHC method for problems satisfying the
turnpike property. Let us mention that some results have already been obtained in [6] for time-independent
linear-quadratic problems, for which the turnpike property holds. Finally, one could generalize our error esti-
mates by taking into account the time-discretization of the finite-horizon problems. It has been shown recently
in [17] that non-uniform time-grids are well-suited for solving linear-quadratic optimal control problems with
RHC schemes (in a nutshell: a fine grid is used on (0,7) and a coarser one on (7,T)). This result can certainly
be extended to a non-linear setting, using the techniques of the present work.

APPENDIX A. INVERSE MAPPING THEOREM

For completeness, below we give a formulation of the inverse mapping theorem, used several times in this
article.

Let A be a vector space equipped with two norms, || - ||s, and || - ||a,- The space A, equipped with || - ||a,
(resp. || - ||la,) is denoted A, (resp. Ap). Similarly, let T be a vector space equipped with two norms, || - ||y, and
|- |, With the same convention as before, we write T, and Y. It is assumed that the spaces Ay, Ap, Ty, and
T, are Banach spaces.

We consider a mapping ¢: A — T, such that ¢(0) = 0.

Theorem A.1. Assume that ¢ is continuously differentiable from A, to Ty and from Ay to Y. We assume that
D¢(0), as a linear mapping from A, to T, and as a linear mapping from Ay to Yy is bijective with a bounded
inverse. Let My > 0 be such that

[DA(0) Ml 2(awra) < Mo and  [[DS(0) ™ | za,,1,) < Mo. (A1)

Assume further that there exist §o > 0 and My > 0 such that for all 1 and x2 € By, (dp),

{ |Dé(2) = Do) e, ey < Mallaz =l 42

[D@(w2) — Dd(z1)ll £y, ry) < Millz2 — 21]|A,-

Let 0’ > 0 and let 6 > 0 be such that 0’ < &g, MqgM16' < 1, and % < ¥'. Then, there exists a mapping

X: By, (0) — Ba,(0") such that for all y € By, (0), X(y) is the unique solution to

¢(x) =y and |zl <0 (A.3)
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Moreover, for all y; and y2 € By, (9),

23

1€ (y2) = X(y)lla, < Mo(1 = MoM16") " lyz = vl (AA)
1X(y2) = X(y1)lla, < Mo(1 — MoM18") g2 =yl
Remark A.2. 1. For ||-||a, = |- ||a, and || |lx, = || ||, the above theorem is the classical inverse function

theorem. The particularity of the formulation of the theorem is that the mapping z € A, — D¢(z) €

L(Ap, YTp) is locally Lipschitz-continuous, see (A.2).

2. The constants ¢’ and § as well as the Lipschitz modulus of X can be explicitly obtained as functions
of the upper bound on [[D¢(0) || z(y,x) and of the Lipschitz modulus of D¢(-). In Proposition 4.4 and

Proposition 4.5 they can be both chosen independently of 7.

Proof of Theorem A.1. Step 1: Existence of a solution to (A.3).
Fix y € By, (d). Consider the sequence (2, )nen in X, defined as follows:

70=0, @ny1 =20+ DG(0) " (y = é(an)), VneEN.
Let us prove by induction that for all n € N\{0},

1 — (MoM;8')"

1= MMy Mod and  ||zn — zn_1lla, < (MoM;6")" =1 Mé.

[zn]la, <

Note that for all n € N,

1 — (MoM,6")" Mob < Mod
1— MyM,o' 1~ MM,

By (A.1), we have

Iz1]la, = llz1 — zolla, = [1DG0) " ylla, < 1DGO0) Ml zera,am lyllr, < Mod.

Therefore, the assertion holds true for n = 1. Assume that it holds up to some n € N\{0}. We have

1
O(n) — $(an_1) = / Do (By + (1~ 0)rn1)(in — 1) d6,

where |0z, + (1 — 0)xn_1]la, < Olzn|la, + (1 = 0)||xn-1]ja, < 0" < dp. By construction, we have

Tn41 — Tn = D(ZS(O)il(y - ¢($n))
= D(0) " (y — d(@n—1) + d(@n-1) — ¢(zn))

1
= D(0)~ (/0 (DH(0) — D0z, + (1 — 0)2p_1)) (23 — Tn1) d9> .

Using (A.1) and (A.2), we deduce that

Tt — @plla, < MoMid'||xn — 2p_1lla, < (MoM:16")" Moo.

(A.5)
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Moreover,

Hxn-&-lHAa < Hxn-i-l anAQ HanAa
1 — (MyM6)™ 1— (MyMio)™ 1
—( 0771 ) Myd = ( 071 )

< (Mo M;6')" Mys
< (Mol 8')" Mod + 1 — MoM,o' 1 — MoM;5

Myd',

and thus the assertion is true for n + 1.
As a consequence of (A.6), the sequence (x,,)nen is a Cauchy sequence and thus possesses a limit, say x, such
that ||z]|a, < ¢’. Passing to the limit in (A.5), we obtain that ¢(z) = y.
Step 2: Uniqueness of the solution to (A.3).
Let 2’ € By, (4") be such that ¢(z') = y. Since

1
0= 6(a') - B(x) = / Do (0’ + (1 — 0)x)(a’ — ) do,

we have

1

v —x = Dp(0)"! (/0 (D(0) — D(0’ + (1 — 0)z))( — ) d6).

Therefore, by (A.1) and (A.2), ||z’ — z||a, < MoM;6||z’ — z||s,. Since MoM;8’ < 1, we deduce that x = a’.
Step 3: Lipschitz-continuity of the mapping X.
Let y and ' € By_ (), and let « and 2’ € By, (d’) be such that ¢(x) =y and ¢(z’) = . Since

Y —y = ola') — o) = /0 Do (02’ + (1 — 0)x)(a' — ) do,
we have
¥ — 2= Dg(0) ({4 — ) + (DH(0) - /0 Do (0’ + (1 0)a) (&' — ) d6) ).

Using (A.1) and (A.2), we obtain that
o’ = 2lla, < Molly’ = gl + MoMs&'|la” — ., (A7)
and finally that

My
.’L‘/—Z‘ < — f— . A8
I = s, < =3z 1V~ vl (A8)

Estimates (A.7) and (A.8) are both true when using the norms || - ||a, and || - ||, , and thus (A.4) is proved.
O
APPENDIX B. TECHNICAL COMMENTS

Complement of proof, Proposition 4.4. We justify here that ®q, considered from Ap _y to Yr _, is differen-
tiable, with a Lipschitz-continuous derivative on bounded subsets of W(0,T) x L2(0,T) x W(0,T). To this
purpose, we focus on the following mapping:

©: (y,u) € W_x(0,T) x L*,(0,T) — Nyu € L*,(0,T;V*).
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Note first that

oy, Wl 0,750+ = ||67)\.NyuHL2(O,T;V*)

A

e)\THe_)\.Ny||Loo(07T;V*) €_>\.’U,||L2(O7T)

IN

Me)\T”y”‘/V_,\(O,T)||u||L27>\(O,T)-
Furthermore, we have
©(y2,u2) — p(y1,u1) = N(y2 — y1)ur + Nyi(ug — u1) + N(y2 — y1)(uz — uy).

It follows that

IN(y2 = y1)urll 2 o1 < M INI v llye = villw_s o lwllzz 0.1

INy1(ug —w1)llz2 0,r5+) < ETIN I corivollvllw_s 0.0 lue —willzz 0,7

and

A\

IN(y2 = y1)(uz — w2 ozive) < ETINI v lv2 = villw_yo.myllue — willzz om)

IN

§€AT||N||£(Y;V*)(||H2 —yiliv_ o +llue —willZs o)
This justifies that ¢ is differentiable, with Dp(y,u)(z,v) = Nyv + Nuz. Finally, we have

[De(y2, u2)(z,v) — Do(yr, ur)(z,v)| 22 | 0.7v+)
<IN (y2 = y) (e o)l L2omiv ey + 1IN (€7 2) (ug — ua) || 20,750+
< M([ly2 = yillwo,r) + lluz — urll20.1)) (12llw_s 0.0y + [0ll22 0.1))
thus,

[ Dp(y2, u2) — Dp(yr, ui) |l cow_s 0.myx 22, (0.1):22 , (0.13v+))
< M(lly2 — yillwo,ry + lluz — uallL2o,m))-

as was to be proved. We emphasize that the constant M in the above inequality does not depend on 7. The
other terms can be treated similarly, in order to prove (4.8). O

Remark B.1. We can observe that the mapping
(y,u) € W_r(0,T) x L2,(0,T) = Dy € LIW-x(0,T) x L2,(0,T); L2,(0,T; V™))
is globally Lipschitz-continuous:
1D (y2, u2) — Dep(y1, ul)HE(W,A(&T)><L27>\(07T);L27A(0,T;V*))
< MM (|lya = yallw_y 0.1 + llue — willz2 (0,1))-
The modulus, however, grows with T'. This is the reason why the implicit function theorem cannot be applied in
a direct way in Proposition 4.4 with ®, defined from A7 _x to T 1. The formulation of the implicit theorem that

we suggest allows to overcome this difficulty and should also be useful when investigating the RHC algorithm
for other stabilization problems.
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