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ADAPTIVE STABILIZATION BASED ON PASSIVE AND SWAPPING

IDENTIFIERS FOR A CLASS OF UNCERTAIN LINEARIZED

GINZBURG–LANDAU EQUATIONS∗

Jian Li1,∗∗ and Yungang Liu2

Abstract. This paper is devoted to the stabilization for a class of uncertain linearized Ginzburg–

Landau equations (GLEs). The distinguishing feature of such system is the presence of serious

uncertainties which enlarge the scope of the systems whereas challenge the control problem. There-

fore, certain dynamic compensation mechanisms are required to overcome the uncertainties of system.

Motivated by the related literature, the original complex-valued GLEs are transformed into a class

of real-valued coupled parabolic systems with serious uncertainties and distinctive characteristics. For

this, two classes of identifiers respectively based on passive and swapping identifiers are first introduced

to design parameter dynamic compensators. Then, by combining infinite-dimensional backstepping

method with the dynamic compensators, two adaptive state-feedback controllers are constructed which

guarantee all the closed-loop system states are bounded while the original system states converge to

zero. A numerical example is provided to validate the effectiveness of the theoretical results.
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1. Introduction and problem formulation

The GLEs are used to model the phenomena of vortex shedding in the wake of bluff body such as circular

cylinder. Such phenomena will induce undesirable periodic force acting on the bluff body and give rise to severe

damage in certain circumstance. This motivates the investigations for the controls of GLEs. In fact, multiple

classes of control problems of GLEs such as chaos control [10–12], fuzzy control [8], robust H∞ control [16, 17]

and stabilization [1–3, 23, 24, 26] have been investigated over the last two decades. However, all the theoretical

results proposed in above literature are restricted by the assumption that all the system parameters are exactly

known. It is necessary to point out that the actual values of system parameters are rather difficult (or even

impossible) to obtain in practice. The uncertainties/unknowns of system parameters are existing ineluctably and
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will make the control problems much more challenging. Therefore, it is meaningful to investigate the controls

of uncertain GLEs.

In this paper, we investigate the stabilization of the following uncertain linearized GLEs:
At(x̆, t) = a1Ax̆x̆(x̆, t) + a2Ax̆(x̆, t) + a3A(x̆, t),

A(0, t) = u(t),

A(xd, t) = 0,

(1.1)

where A : [0, xd] ×R+ → C is system state, u : R+ → C is control input with R+ and C denoting the sets

of all positive real numbers and complex numbers, respectively; At = ∂A
∂t , Ax̆ = ∂A

∂x̆ and Ax̆x̆ = ∂2A
∂x̆2 ; a1 is a

known complex constant with strictly positive real part and a2, a3 are unknown complex constants. Due to the

presence of unknown parameters, the above system is essentially different from those of [1–3, 23] where a2 and

a3 are spatial-varying whereas exactly known. Moreover, a2, a3 as well as some functions constructed by them

(see (1.4) below) don’t necessary belong to known or finite intervals and hence allow more serious uncertainties

than those of [20, 21].

Specifically, the control objective of the paper is to design adaptive controllers such that all the closed-loop

system states are bounded while the original system states converge to zero. Inspired by [1–3, 23], one important

idea for the controller design of GLEs is to change the original complex-valued system into a new one represented

by real-valued states and controls. Then, the following transformations are used for system (1.1):

ρ(x, t) = R(B(x, t)) =
1

2

(
B(x, t) +B(x, t)

)
, ι(x, t) = I(B(x, t)) =

1

2i

(
B(x, t)−B(x, t)

)
,

where for a complex number ξ, ξ̄ denotes its complex conjugation, R(ξ) and I(ξ) respectively denote its real

part and imaginary part, and moreover,

x =
xd − x̆
xd

, B(x, t) = A(x̆, t)e
a2x̆
2a1 . (1.2)

It can be verified that ρ(x, t) and ι(x, t) satisfy the following equations [2]:
ρt(x, t) = aRρxx(x, t) + bRρ(x, t)− aIιxx(x, t)− bIι(x, t),
ιt(x, t) = aIρxx(x, t) + bIρ(x, t) + aRιxx(x, t) + bRι(x, t),

ρ(0, t) = 0, ι(0, t) = 0,

ρ(1, t) = uR(t), ι(1, t) = uI(t),

(1.3)

with 
aR = R(a1)

x2
d
, aI = I(a1)

x2
d
,

bR = R
(
a3 − a2

2

4a1

)
, bI = I

(
a3 − a2

2

4a1

)
,

uR(t) = R (u(t)) , uI(t) = I (u(t)) .

(1.4)

We next turn to discussing system (1.3), to show the relationship between system (1.3) and (1.1), to present

the principal methods for control design used in the paper, and then to highlight the main contributions of the

paper.

Noting that the transformation from system (1.1) to (1.3) is invertible (see from (1.2)), the stability of real-

valued states of system (1.3) (i.e., ρ, ι) will imply that of the complex-valued state of system (1.1) (i.e., A).
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Therefore, it is enough to design real-valued control inputs uR, uI for system (1.3), and then use the third line

of (1.4) to obtain the complex-valued control input u for original system (1.1). Moreover, since a1 is known and

a2, a3 are unknown, the new parameters aR, aI are known while bR, bI being unknown. In this paper, we are

going to estimate the new unknown parameters bR and bI instead of estimating original parameters a2 and a3.

To design stabilizing controller for system (1.3), two adaptive control schemes respectively based on passive

and swapping identifiers are proposed in this paper. First, two classes of identifiers are separately constructed,

which are sometimes termed observer although their purposes are parameters estimation. Then, by adopt-

ing infinite-dimensional bakcstepping transformations, the identifiers are separately changed into different new

systems from which two adaptive state-feedback controllers are constructed. It is proved that the proposed con-

trollers guarantee that all the closed-loop system states are bounded while the original system states converge

to zero.

To highlight the main contributions of the paper, the following three aspects specify the essential differences

between system (1.3) and those of the related literature while analyzing the essential obstacles of the traditional

methods for the stabilization of system (1.3):

(i) The coupling between subsystems makes system (1.3) more complex than single parabolic system in [13,

14, 27, 28], and hence makes the control of system (1.3) more challenging than those in the literature. It

can be seen from equations (1.3) that both the two PDE subsystem states (i.e., ρ and ι) interact each

other. Then system (1.3) is coupled and hence more complex than single parabolic system investigated

in [13, 14, 27, 28]. Mainly due to the presence of the coupling in (1.3), the identifiers introduced for

parameters estimations and hence the resulting closed-loop system would be coupled. This makes the

compensation of unknown parameters and performance analysis of the resulting closed-loop system more

difficult than those of [13, 14, 27, 28].

(ii) System (1.3) is described by coupled parabolic equations which are essentially different from the coupled

hyperbolic systems in [4–6] or the coupled PDE-ODE systems in [18, 19, 29]. The distinctive characteristics

of the systems would give rise to different technique obstacles in control design and performance analysis.

For example, new infinite-dimensional backstepping transformations should be searched to change original

system into a target system. Moreover, the resulting target system will be coupled parabolic systems

rather than coupled hyperbolic or coupled PDE-ODE ones. Then, new framework should be established

for stability analysis of the resulting closed-loop system.

(iii) System (1.3) has serious unknowns which make the existing methods in [2, 3, 7, 20, 21, 23, 25, 30] ineffective.

In fact, coupled parabolic systems similar as (1.3) have been investigated in [2, 3, 7, 23, 25, 30], but their

system parameters are required to be exactly known rather than completely unknown. Then, the control

design methods of the literature are incapable for the stabilization of (1.3). Although in [20, 21], all system

parameters aR, aI , bR and bI are unknown, their unknowns are severely restricted since all of them must

belong to known finite intervals. In this paper, although aR, aI are known, bR and bI are unknown and do

not necessarily belong to known or finite intervals, and hence allow more serious uncertainties. Moreover,

the adaptive method based on projector operator used in [20, 21] depends on the known bounds of unknown

parameters, which would be ineffective to the stabilization of system (1.3) since more serious uncertainties

exist. To overcome the serious uncertainties, new compensation scheme needs to be developed, under

which to construct a stabilizing controller.

Throughout the paper, we assume the existence and uniqueness of the classical solutions for the resulting

closed-loop systems since the main purposes of the paper are the designing of adaptive controllers and the proof

of stability for the adaptive schemes, and moreover, the parabolic character of the systems ensure their benign

behavior (see [13, 14, 27]).

The reminder of the paper is organized as follows. Section 2 presents some mathematical preliminaries for

control design where two important functions and their properties are given. Sections 3 and 4 propose the
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adaptive control design procedures based on passive and swapping identifiers, respectively. Section 5 gives the

numerical example to validate the effectiveness of the proposed methods. Section 6 addresses some concluding

remarks. This paper ends with an appendix which provides the proofs of some important lemma and proposi-

tions, and moreover, collects some useful inequalities and criterions.

Notation. Throughout the paper, the following notations are used. For a function z(x, t) : [0, 1] × [0,+∞) → R, let

‖z‖ =
√∫ 1

0
z(x, t)2dx. For a real-valued time-varying function f(t), f ∈ Lp is equivalent to

(∫∞
0
|f(t)|pdt

) 1
p < ∞ with

p ≥ 1 and particularly f ∈ L∞ is equivalent to supt≥0 |f(t)| <∞.

2. Mathematical preliminaries for control design

In this section, we present two important functions and their important properties which will be used in the

following control design and stability analysis.

The following two functions will be used in the following control design1:

k̂(x, y) =

∞∑
n=0

Gn(x+ y, x− y), k̂c(x, y) =

∞∑
n=0

Gcn(x+ y, x− y), (2.1)

where 
G0(ξ, η) = − 1

4 β̂ · (ξ − η), Gc0(ξ, η) = 1
4 β̂

c · (ξ − η),

Gn+1(ξ, η) = 1
4 β̂
∫ ξ
η

∫ η
0
Gn(τ, s)dsdτ + 1

4 β̂
c
∫ ξ
η

∫ η
0
Gcn(τ, s)dsdτ,

Gcn+1(ξ, η) = − 1
4 β̂

c
∫ ξ
η

∫ η
0
Gn(τ, s)dsdτ + 1

4 β̂
∫ ξ
η

∫ η
0
Gcn(τ, s)dsdτ,

β̂ =
aR(b̂R+c)+aI b̂I

a2
R+a2

I
, β̂c =

aRb̂I−aI(b̂R+c)
a2
R+a2

I
,

(2.2)

c is an arbitrary positive constant, b̂R and b̂I are time-varying bounded functions (i.e., the dynamic estimates

of unknown constants bR and bI , respectively).

The above two functions will be used as kernel functions to construct a pivotal invertible state transformation

(see (3.3) below) which plays quite important role in control design. For detail, under the state transformation,

original system is changed into a new one (named target system) whose stability in some sense implies that of

the original system. By choosing stabilizing controller for the target system, the desirable controller for original

system will be obtained by the invertible state transformation.

The specific expressions of kernel function k̂(x, y) and k̂c(x, y) are obtained from those of [2] by setting

bR(y) ≡ bR, bI(y) ≡ bI and fR(x) = fI(x) ≡ 0 in (28), (29) of the literature. It is necessary to point out that,

the kernel functions given by (2.1) are time-varying since they include the dynamic estimates of unknown

parameters (i.e., b̂R, b̂I), and hence are essentially different from those of [2] which are time-invariant. The

presence of time-variance will make the control design and performance analysis for the control problem under

investigation much more difficult.

The following lemma addresses some important properties of k̂(·) and k̂c(·) which will be used in the following

controller design and stability analysis.

Lemma 2.1. The two infinite series given in (2.1) converge uniformly on Γ = {x, y, b̂R, b̂I : 0 < x <

y < 1, |b̂R| ≤ δ1, |b̂I | ≤ δ1} with δ1 being some positive constant. Moreover, k̂(·) and k̂c(·) are continuously

1To reduce the notational burden, we suppress the time dependence and space dependence where it does not lead to a confusion.
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differentiable with respect to b̂R, b̂I and twice continuously differentiable with respect to x, y on Γ, and satisfy


k̂xx(x, y) = k̂yy(x, y) + β̂k̂(x, y) + β̂ck̂c(x, y),

k̂cxx(x, y) = k̂cyy(x, y)− β̂ck̂(x, y) + β̂k̂c(x, y),

k̂(x, x) = − 1
2 β̂x, k̂c(x, x) = 1

2 β̂
cx,

k̂(x, 0) = 0, k̂c(x, 0) = 0.

(2.3)

Proof. See Appendix A in the end of the paper.

3. Adaptive controller design by passive identifier

In this section, procedure of control design based on passive identifier is given. First, a dynamic system

(i.e., passive identifier) is introduced to help the estimation for unknown parameters. Then, the identifier is

changed into a new system under some infinite-dimensional backtepping transformation. Finally, an adaptive

state-feedback controller is constructed, which guarantees the desirable stability of the resulting closed-loop

system.

We first introduce the following passive identifier:


ρ̂t = aRρ̂xx + b̂Rρ− aI ι̂xx − b̂Iι+ γ2ρ̃

(
‖ρ‖2 + ‖ι‖2

)
,

ι̂t = aI ρ̂xx + b̂Iρ+ aRι̂xx + b̂Rι+ γ2ι̃
(
‖ρ‖2 + ‖ι‖2

)
,

ρ̂(0) = ι̂(0) = 0,

ρ̂(1) = uR, ι̂(1) = uI ,

(3.1)

with γ > 0 and ρ̃ = ρ− ρ̂, ι̃ = ι− ι̂ which satisfy the following equations (called error system) by verifying from

(1.3) and the above equations:


ρ̃t = aRρ̃xx + b̃Rρ− aI ι̃xx − b̃Iι− γ2ρ̃

(
‖ρ‖2 + ‖ι‖2

)
,

ι̃t = aI ρ̃xx + b̃Iρ+ aRι̃xx + b̃Rι− γ2ι̃
(
‖ρ‖2 + ‖ι‖2

)
,

ρ̃(0) = ι̃(0) = 0,

ρ̃(1) = ι̃(1) = 0.

(3.2)

Then, we adopt the following infinite-dimensional backstepping transformation:


ŵρ(x) = ρ̂(x)−

∫ x

0

(
k̂(x, y)ρ̂(y) + k̂c(x, y)ι̂(y)

)
dy,

ŵι(x) = ι̂(x)−
∫ x

0

(
− k̂c(x, y)ρ̂(y) + k̂(x, y)ι̂(y)

)
dy,

(3.3)

and its inverse transformation


ρ̂(x) = ŵρ(x)−

∫ x

0

(
l̂(x, y)ŵρ(y) + l̂c(x, y)ŵι(y)

)
dy,

ι̂(x) = ŵι(x)−
∫ x

0

(
− l̂c(x, y)ŵρ(y) + l̂(x, y)ŵι(y)

)
dy,

(3.4)
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with

l̂(x, y) =

∞∑
n=0

(−1)n+1Gn(x+ y, x− y), l̂c(x, y) =

∞∑
n=0

(−1)n+1Gcn(x+ y, x− y). (3.5)

By the above two transformations, the identifier (3.1) is changed into a new system from which it is convenient

to design controller and analyze the system performance.

Proposition 3.1. By transformations (3.3) and (3.4), the identifier (3.1) is changed into the following system:

ŵρt = aRŵ
ρ
xx − aIŵιxx − cŵρ +

(
b̂R + γ2

(
‖ρ‖2 + ‖ι‖2

))
w̃ρ

−b̂Iw̃ι +
∫ x

0

(
ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)

)
dy,

ŵιt = aIŵ
ρ
xx + aRŵ

ι
xx − cŵι +

(
b̂R + γ2

(
‖ρ‖2 + ‖ι‖2

))
w̃ι

+b̂Iw̃
ρ −

∫ x
0

(
ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)

)
dy,

ŵρ(0) = ŵι(0) = 0,

ŵρ(1) = uR −
(∫ 1

0
ŵρ(y)ψ(y)dy +

∫ 1

0
ŵι(y)ψc(y)dy

)
,

ŵι(1) = uI −
(
−
∫ 1

0
ŵρ(y)ψc(y)dy +

∫ 1

0
ŵι(y)ψ(y)dy

)
,

(3.6)

where 

w̃ρ(x) = ρ̃(x)−
∫ x

0

(
k̂(x, y)ρ̃(y) + k̂c(x, y)ι̃(y)

)
dy,

w̃ι(x) = ι̃(x)−
∫ x

0

(
−k̂c(x, y)ρ̃(y) + k̂(x, y)ι̃(y)

)
dy,

ψ(y) = k̂(1, y)−
∫ 1

y

(
k̂(1, ξ)l̂(ξ, y)− k̂c(1, ξ)l̂c(ξ, y)

)
dξ,

ψc(y) = k̂c(1, y)−
∫ 1

y

(
k̂(1, ξ)l̂c(ξ, y) + k̂c(1, ξ)l̂(ξ, y)

)
dξ,

H(x, y) = −k̂t(x, y) +
∫ x
y

(
k̂t(x, ξ)l̂(ξ, y)− k̂ct (x, ξ)l̂c(ξ, y)

)
dξ,

Hc(x, y) = −k̂ct (x, y) +
∫ x
y

(
k̂t(x, ξ)l̂

c(ξ, y) + k̂ct (x, ξ)l̂(ξ, y)
)

dξ.

(3.7)

Proof. See Appendix B in the end of the paper.

For system (3.6), we choose the following controllers:{
uR =

∫ 1

0
ŵρ(y)ψ(y)dy +

∫ 1

0
ŵι(y)ψc(y)dy,

uI = −
∫ 1

0
ŵρ(y)ψc(y)dy +

∫ 1

0
ŵι(y)ψ(y)dy,

(3.8)

with b̂R and b̂I satisfying { ˙̂
bR = γ

∫ 1

0
(ρρ̃+ ιι̃) dx,

˙̂
bI = γ

∫ 1

0
(ρι̃− ιρ̃) dx.

(3.9)

The following two propositions respectively give the performance of parameters estimators and adaptive

controller, which will be used in the stability analysis of the closed-loop system.



ADAPTIVE STABILIZATION BASED ON PASSIVE AND SWAPPING IDENTIERS 7

Proposition 3.2. The updating law (3.9) guarantees that the following properties hold
b̃R, b̃I , b̂R, b̂I , ‖ρ̃‖, ‖ι̃‖ ∈ L∞,
‖ρ̃‖, ‖ι̃‖, ‖ρ̃x‖, ‖ι̃x‖, ‖ρ‖‖ρ̃‖, ‖ι‖‖ι̃‖, ‖ι‖‖ρ̃‖, ‖ρ‖‖ι̃‖ ∈ L2,
˙̂
bR,

˙̂
bI ∈ L2.

(3.10)

Proof. See Appendix C in the end of the paper.

Proposition 3.3. The adaptive controller (3.8) and (3.9) guarantees that the following properties hold
‖ŵρ‖, ‖ŵι‖, ‖ρ̂‖, ‖ι̂‖ ∈ L∞ ∩ L2,

‖w̃ρ‖, ‖w̃ι‖, ‖ρ‖, ‖ι‖ ∈ L∞ ∩ L2,

‖ρ̂x‖, ‖ι̂x‖, ‖ρx‖, ‖ιx‖ ∈ L∞.
(3.11)

Proof. See Appendix D in the end of the paper.

The following theorem gives the main results of the adaptive control design based on passive identifier in this

section.

Theorem 3.4. The adaptive controller (3.8) and (3.9) guarantees that all the closed-loop system states are

bounded and the original system states ρ and ι converge to zero ultimately, i.e.,

lim
t→+∞

sup
x∈[0, 1]

(|ρ(x, t)|+ |ι(x, t)|) = 0.

Proof. By Agmon’s Inequality (see Lem. H.1) and noting that ‖ρ‖, ‖ι‖, ‖ρx‖, ‖ιx‖ ∈ L∞, we obtain that the

closed-loop system states ρ, ι are bounded on [0, 1]× [0, +∞). Similarly, ρ̂, ι̂ are also bounded on [0, 1]× [0, +∞).

Then, by (3.3) and noting the boundedness of kernel functions, the boundedness of ŵρ and ŵι follows.

In the following, we turn to showing the converge of ρ(x, t) and ι(x, t). By Agmon’s Inequality and noting

that ρ(0) = ι(0) = 0 and ‖ρx‖, ‖ιx‖ ∈ L∞, it suffices to show the converge of ‖ρ‖ and ‖ι‖. For this, by (D.2),

we have

1

2

d

dt

(
‖ŵρ‖2 + ‖ŵι‖2

)
≤ b̂I

∫ 1

0

(ŵιw̃ρ − ŵρw̃ι) dx+
(
b̂R + γ2‖ρ‖2 + γ2‖ι‖2

) ∫ 1

0

(ŵρw̃ρ + ŵιw̃ι) dx

−
∫ 1

0

ŵρ
∫ x

0

(
ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)

)
dydx

−
∫ 1

0

ŵι
∫ x

0

(
ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)

)
dydx,

Then, there exists constant M such that d
dt

(
‖ŵρ‖2 + ‖ŵι‖2

)
< M since all the terms on the right-hand side

of above inequality are bounded. This, together with the proven fact
(
‖ŵρ‖2 + ‖ŵι‖2

)
∈ L∞ ∩ L1, concludes

limt→+∞
(
‖ŵρ‖2 + ‖ŵι‖2

)
= 0 (by Lem. H.4). Then, (3.4) implies that limt→+∞ ‖ρ̂‖ = limt→+∞ ‖ι̂‖ = 0. Simi-

larly, there holds limt→+∞ ‖ρ̃‖ = limt→+∞ ‖ι̃‖ = 0, and hence limt→+∞ ‖ρ‖ = limt→+∞ ‖ι‖ = 0. This completes

the proof.



8 J. LI AND Y. LIU

4. Adaptive controller design by swapping identifier

In this section, two classes of filters (i.e., state and input filters) are first introduced whose linear combinations

form the estimations of original system (named swapping identifier). Then, by the similar procedure as above

section, another adaptive state-feedback controller is constructed which guarantees the desirable stability of the

closed-loop system.

First, we employ the following two filters: the state filter
vρt = aRv

ρ
xx − aIvιxx + ρ,

vιt = aIv
ρ
xx + aRv

ι
xx + ι,

vρ(0) = vι(0) = 0,

vρ(1) = vι(1) = 0,

(4.1)

and the input filter 

ηρt = aRη
ρ
xx − aIηιxx,

ηιt = aIη
ρ
xx + aRη

ι
xx,

ηρ(0) = ηι(0) = 0,

ηρ(1) = ρ(1),

ηι(1) = ι(1).

(4.2)

Define {
ερ = ρ− bRvρ + bIv

ι − ηρ,
ει = ι− bIvρ − bRvι − ηι.

(4.3)

It can be verified directly from (4.1) and (4.2) that, ερ and ει satisfy the following equations:
ερt = aRε

ρ
xx − aIειxx,

ειt = aIε
ρ
xx + aRε

ι
xx,

ερ(0) = ει(0) = 0,

ερ(1) = ει(1) = 0.

(4.4)

Then, set

ρ̂ = b̂Rv
ρ − b̂Ivι + ηρ, ι̂ = b̂Iv

ρ + b̂Rv
ι + ηι. (4.5)

It can be verified from (4.1) and (4.2) that ρ̂ and ι̂ satisfy the following equations (called swapping identifier):
ρ̂t = aRρ̂xx + b̂Rρ− aI ι̂xx − b̂Iι+

˙̂
bRv

ρ − ˙̂
bIv

ι,

ι̂t = aI ρ̂xx + b̂Iρ+ aRι̂xx + b̂Rι+
˙̂
bIv

ρ +
˙̂
bRv

ι,

ρ̂(0) = ι̂(0) = 0,

ρ̂(1) = uR, ι̂(1) = uI .

(4.6)

To make the control design convenient, we adopt infinite-dimensional backstepping transformation (3.3) and

its inverse one (3.4) with ρ̂, ι̂ replacing by (4.5), and change the identifier (4.6) into a new system.
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Proposition 4.1. By transformation (3.3) and (3.4) with ρ̂, ι̂ being defined by (4.5), the identifier (4.6) is

changed into the following system:

ŵρt = aRŵ
ρ
xx − aIŵιxx − cŵρ + b̂Rw̃

ρ − b̂Iw̃ι +
˙̂
bRv̆

ρ − ˙̂
bI v̆

ι

+
∫ x

0

(
ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)

)
dy,

ŵιt = aIŵ
ρ
xx + aRŵ

ι
xx − cŵι + b̂Rw̃

ι + b̂Iw̃
ρ +

˙̂
bI v̆

ρ +
˙̂
bRv̆

ι

−
∫ x

0

(
ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)

)
dy,

ŵρ(0) = ŵι(0) = 0,

ŵρ(1) = uR −
(∫ 1

0
ŵρ(y)ψ(y)dy +

∫ 1

0
ŵι(y)ψc(y)dy

)
,

ŵι(1) = uI −
(
−
∫ 1

0
ŵρ(y)ψc(y)dy +

∫ 1

0
ŵι(y)ψ(y)dy

)
,

(4.7)

where {
v̆ρ(x) = vρ(x)−

∫ x
0

(
k̂(x, y)vρ(y) + k̂c(x, y)vι(y)

)
dy,

v̆ι(x) = vι(x)−
∫ x

0

(
− k̂c(x, y)vρ(y) + k̂(x, y)vι(y)

)
dy.

(4.8)

Proof. See Appendix E in the end of the paper.

We choose the following controllers:{
uR =

∫ 1

0
ŵρ(y)ψ(y)dy +

∫ 1

0
ŵι(y)ψc(y)dy,

uI = −
∫ 1

0
ŵρ(y)ψc(y)dy +

∫ 1

0
ŵι(y)ψ(y)dy,

(4.9)

with b̂R and b̂I satisfying

˙̂
bR =

γ
∫ 1

0
(ρ̃vρ + ι̃vι) dx

1 + ‖vρ‖2 + ‖vι‖2
,

˙̂
bI =

γ
∫ 1

0
(ι̃vρ − ρ̃vι) dx

1 + ‖vρ‖2 + ‖vι‖2
, (4.10)

ρ̃ = ρ− ρ̂, ι̃ = ι− ι̂, γ being an arbitrary positive constant.

The following two propositions give the important performance of parameters estimators and adaptive

controller, which will be used in the stability analysis of the closed-loop system.

Proposition 4.2. The updating law (4.10) guarantees that the following properties hold
b̃R, b̃I , b̂R, b̂I ∈ L∞, ˙̂

bR,
˙̂
bI ∈ L2 ∩ L∞,

‖ρ̃‖√
1+‖vρ‖2+‖vι‖2

, ‖ι̃‖√
1+‖vρ‖2+‖vι‖2

∈ L2 ∩ L∞,

‖ερ‖, ‖ει‖, ‖ερx‖, ‖ειx‖ ∈ L2 ∩ L∞.

(4.11)

Proof. See Appendix F in the end of the paper.

Proposition 4.3. The adaptive controller (4.9) and (4.10) guarantees that the following properties hold

‖ŵρ‖, ‖ŵι‖, ‖vρ‖, ‖vι‖ ∈ L2 ∩ L∞, (4.12)

‖ŵρx‖, ‖ŵιx‖, ‖vρx‖, ‖vιx‖ ∈ L∞. (4.13)

Proof. See Section G of Appendix in the end of the paper.
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The main results of this section are obtained in the following theorem.

Theorem 4.4. The adaptive controller (4.9) and (4.10) guarantees that all the closed-loop system states are

bounded and the original system states ρ(x, t) and ι(x, t) converge to zero ultimately, i.e.,

lim
t→+∞

sup
x∈[0, 1]

(|ρ(x, t)|+ |ι(x, t)|) = 0.

Proof. By (4.11) and using Agmon’s inequality, we known that ερ and ει are bounded on [0, 1] × [0, +∞).

Similarly, (4.12) and (4.13) imply that ŵρ, ŵι, vρ, vι are bounded on [0, 1] × [0, +∞). Then, transformation

(3.4) implies that ρ̂, ι̂, and hence ηρ, ηι are bounded on [0, 1]× [0, +∞) (see from (4.5)). Thus, we obtain from

(4.3) that ρ and ι are bounded on [0, 1]× [0, +∞).

By (G.1), we have

1

2

d

dt

(
‖ŵρ‖2 + ‖ŵι‖2

)
≤ b̂R

∫ 1

0

(ŵρw̃ρ + ŵιw̃ι) dx+ b̂I

∫ 1

0

(ŵιw̃ρ − ŵρw̃ι) dx

+
˙̂
bR

∫ 1

0

(ŵρv̆ρ + ŵιv̆ι) dx+
˙̂
bI

∫ 1

0

(ŵιv̆ρ + ŵρv̆ι) dx

+

∫ 1

0

ŵρ
∫ x

0

(ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)) dydx

−
∫ 1

0

ŵι
∫ x

0

(ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)) dydx.

Noting that all the terms on the right-hand side of the above equality are bounded, there exists constant

M such that d
dt

(
‖ŵρ‖2 + ‖ŵι‖2

)
≤ M . This, together with the proven fact ‖ŵρ‖2 + ‖ŵι‖2 ∈ L1 leads to

limt→∞ (‖ŵρ‖+ ‖ŵι‖) = 0 (by Lem. H.4). Then, we obtain that limt→+∞ supx∈[0, 1] (|ŵρ(x, t)|+ |ŵι(x, t)|) = 0

by Agmon’s inequality and noting that ‖ŵρx‖, ‖ŵιx‖ are bounded, and limt→+∞ supx∈[0, 1] (|ρ̂(x, t)|+ |ι̂(x, t)|) = 0

by (3.4). By the similar derivation as above, we obtain that limt→+∞ supx∈[0, 1] (|vρ(x, t)|+ |vι(x, t)|) = 0 and

limt→+∞ supx∈[0, 1] (|ερ(x, t)|+ |ει(x, t)|) = 0. Thus, (4.5) implies limt→+∞ supx∈[0, 1] (|ηρ(x, t)|+ |ηι(x, t)|) = 0,

and hence (4.3) implies that limt→+∞ supx∈[0, 1] (|ρ(x, t)|+ |ι(x, t)|) = 0.

5. Simulation

In this section, we validate the effectiveness of the proposed method for system (1.1) with xd = 1, the actual

values of system parameters being supposed as a1 = 1 + 2i, a2 = −1 + 5i and a3 = 2− 3i. Then, by (1.4), we

obtain that aR = 1, aI = 2, bR = 4.2 and bI = −4.9.

Noting that some controller gain functions
(
such as, k̂(·), k̂c(·), l̂(·) and l̂c(·)

)
are given in the form of infinite

series whose compact sums are difficult to obtain, and moreover appropriate truncations of the infinite series

are sufficient for the practical implementation, we then replace k̂(·), k̂c(·), l̂(·) and l̂c(·) by their appropriations,

respectively, i.e., 
k̂(x, y) ≈ − 1

2 β̂y + β̂c2
−β̂2

16 y(x2 − y2) + 3β̂c2
β̂−β̂3

384 y(x2 − y2)2,

k̂c(x, y) ≈ 1
2 β̂

cy + β̂cβ̂
8 y(x2 − y2) + 3β̂cβ̂2−β̂c3

384 y(x2 − y2)2,

l̂(x, y) ≈ 1
2 β̂y + β̂c2

−β̂2

16 y(x2 − y2)− 3β̂c2
β̂−β̂3

384 y(x2 − y2)2,

l̂c(x, y) ≈ − 1
2 β̂

cy + β̂cβ̂
8 y(x2 − y2)− 3β̂cβ̂2−β̂c3

384 y(x2 − y2)2,
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Figure 1. Trajectories of closed-loop system states ρ, ι with adaptive controller based on
passive identifier.

0 0.2 0.4 0.6 0.8 1
4.5

4.505

4.51

4.515

4.52

t/s

b̂ R

0 0.2 0.4 0.6 0.8 1
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Figure 2. Trajectories of parameter estimates b̂R, b̂I with adaptive controller based on passive
identifier.

with β̂, β̂c being defined in (2.2) and c = 5.

Using controller (3.8) and (4.9) with dynamic updating laws (3.9) and (4.10), respectively, and choosing the

system initial conditions as ρ(x, 0) = 5 sin(2πx), ι(x, 0) = 3 cos(2πx) + 2 sin(2πx) − 3εx, the initial values of

dynamic updating laws as b̂R(0) = 4.5, b̂I(0) = 5 and adaptive gains as γ = 0.01, we implement the simulation

by explicit Euler method (see [31]) with 20-step discretization in space. Consequently, four simulation figures

are obtained for the closed-loop systems. Specifically, Figures 1 and 3 show that the original closed-loop system
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Figure 3. Trajectories of closed-loop system states ρ, ι with adaptive controller based on
swapping identifier.
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Figure 4. Trajectories of parameter estimates b̂R, b̂I with adaptive controller based on
swapping identifier.

states are bounded and converge to zero ultimately, Figures 2 and 4 show that all the parameter estimates are

bounded and converge to different constants ultimately.

6. Concluding remarks

In this paper, stabilization of a class of uncertain linearized GLEs has been solved by adaptive control schemes

based on passive and swapping identifiers, respectively. Such stabilization problem is equivalent to that of a

class of uncertain coupled parabolic systems, which can not be solved by existing methods. By incorporating
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passive and swapping identifiers into dynamic compensation of unknown parameters, two adaptive state-feedback

controllers are constructed which guarantee the desirable stability of the closed-loop systems.

It is worthwhile pointing out that, the adaptive control schemes proposed in this paper can be extended

to solve the stabilization problem of more general system. For example, the 1-dimensional coupled parabolic

system can be extended to the multidimensional one (e.g., 3-dimensional system defined on a cylinder), unknown

constant parameters can be extended to unknown spatial-varying parameters. However, some technique obstacles

would appear in the control of system with unknown spatial-varying parameters, since new passive and swapping

identifiers should be designed and the dynamic compensators for unknown spatial-varying parameters would be

spatio-temporal varying rather than only time-varying.

The future research directions are twofold. First, controllers designed in this paper require all the system states

to be available for feedback. Hence, how to design a controller by more less measurements (e.g., only boundary

values of GLEs (1.1) or coupled system (1.3)) deserves further investigation. Second, this paper removes the

restriction that all the unknown parameters must belong to known finite intervals in the related literature while

a1 of system (1.1) (and hence aR and aI of system (1.3)) being known. How to stabilize the system with all the

system parameters being unknown and do not belong to known finite intervals will be meaningful and deserves

further investigation.

Appendixes

This section collects the proofs of Lemma 1 and Propositions 3.1–4.3, as well as some useful inequalities and

criterions which will be frequently used in control design and performance analysis.

Appendix A. Proof of Lemma 2.1

We only show the differentiability of k̂(·) and k̂c(·) with respect to b̂R, b̂I since the other claims are direct by

Lemma 2 and Theorem 4 in [2].

Firstly, we give the estimations of Gn(ξ, η) and Gcn(ξ, η) by induction. Noting that |b̂R| ≤ δ1, |b̂I | ≤ δ1, there

is a positive constant c0 such that |β̂| ≤ c0 and |β̂c| ≤ c0. Then, the first line of (2.2) gives that |G0(ξ, η)| ≤ c0
2

and |Gc0(ξ, η)| ≤ c0
2 . Suppose that

|Gn(ξ, η)| ≤ cn+1
0 (ξ + η)n

2 · n!
, |Gcn(ξ, η)| ≤ cn+1

0 (ξ + η)n

2 · n!
, (A.1)

Then, the second line of (2.2) give that

|Gn+1(ξ, η)| ≤ 1

4

∣∣∣β̂∣∣∣ ∫ ξ

η

∫ η

0

|Gn(τ, s)|dsdτ +
1

4

∣∣∣β̂c∣∣∣ ∫ ξ

η

∫ η

0

|Gcn(τ, s)|dsdτ

≤ cn+2
0

4 · n!

∫ ξ

η

∫ η

0

(τ + s)ndsdτ. (A.2)

Noting that ξ = x+ y, η = x− y, we have 0 < ξ − η = 2y < 2, and hence

∫ ξ

η

∫ η

0

(τ + s)ndsdτ =

∫ ξ

η

(τ + η)n+1 − τn+1

n+ 1
dτ

≤
∫ ξ

η

(τ + η)n+1

n+ 1
dτ ≤ (ξ + η)n+1

n+ 1
(ξ − η) ≤ 2(ξ + η)n+1

(n+ 1)
, (A.3)
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substituting which into the right-hand side of (A.2) leads to

|Gn+1(ξ, η)| ≤ cn+2
0 (ξ + η)n+1

2 · (n+ 1)!
. (A.4)

Similarly, the following inequality holds

∣∣Gcn+1(ξ, η)
∣∣ ≤ cn+2

0 (ξ + η)n+1

2 · (n+ 1)!
,

which, together with (A.4), implies that the induce assumption (A.1) holds.

Secondly, we show that
∑∞
n=0

∂Gn
∂β̂

and
∑∞
n=0

∂Gn
∂β̂c

converge uniformly on Γ. By the first line of (2.2), we

have ∣∣∣∣∂G0

∂β̂

∣∣∣∣ =
1

4
(ξ − η) ≤ 1

2
≤ c1,

∣∣∣∣∂Gc0∂β̂

∣∣∣∣ = 0 ≤ c1,

with c1 = 2 + c0. Moreover, by the second line of (2.2), we have

∂Gn+1

∂β̂
=

1

4

∫ ξ

η

∫ η

0

Gn(τ, s)dsdτ +
1

4
β̂

∫ ξ

η

∫ η

0

∂Gn

∂β̂
(τ, s)dsdτ +

1

4
β̂c
∫ ξ

η

∫ η

0

∂Gcn

∂β̂
(τ, s)dsdτ. (A.5)

Suppose that ∣∣∣∣∂Gn∂β̂

∣∣∣∣ ≤ cn+1
1 (ξ + η)n

n!
,

∣∣∣∣∂Gcn∂β̂

∣∣∣∣ ≤ cn+1
1 (ξ + η)n

n!
. (A.6)

Then, (A.1), (A.3) and (A.5) give that∣∣∣∣∂Gn+1

∂β̂

∣∣∣∣ ≤ cn+1
0

8 · n!

∫ ξ

η

∫ η

0

(τ + s)ndsdτ +
c0c

n+1
1

2 · n!

∫ ξ

η

∫ η

0

(τ + s)ndsdτ

≤ cn+1
1 (ξ + η)n+1

4 · (n+ 1)!
+
c0c

n+1
1 (ξ + η)n+1

(n+ 1)!
≤ cn+2

1 (ξ + η)n+1

(n+ 1)!
. (A.7)

Similarly, there holds ∣∣∣∣∂Gcn+1

∂β̂

∣∣∣∣ ≤ cn+2
1 (ξ + η)n+1

(n+ 1)!
,

which,together with (A.4), implies that the induce assumption (A.6) holds.

Noting that 0 < ξ + η < 2, we obtain from (A.6) that

+∞∑
n=0

∂Gn

∂β̂
≤

+∞∑
n=0

c1(2c1)n

n!
,

+∞∑
n=0

∂Gcn

∂β̂
≤

+∞∑
n=0

c1(2c1)n

n!
.

The two infinite series on the right-hand side of above inequalities are convergent. Then, the two ones one the

left-hand side of above inequalities are uniformly convergent. Thus, k̂(·) is differentiable with respect to β̂, and

hence is differentiable with respect to b̂R and b̂I . So does k̂c(·).
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Appendix B. Proof of Proposition 3.1

First, ŵρ(0) = ŵι(0) = 0 can be directly obtained by setting x = 0 in (3.3) while noting ρ̂(0) = ι̂(0) = 0.

Moreover, by setting x = 1 in (3.3) while noting ρ̂(1) = uR, ι̂(1) = uI , we have


ŵρ(1) = uR −

∫ 1

0

(
k̂(1, y)ρ̂(y) + k̂c(1, y)ι̂(y)

)
dy,

ŵι(1) = uI −
∫ 1

0

(
− k̂c(1, y)ρ̂(y) + k̂(1, y)ι̂(y)

)
dy.

Then, substituting (3.4) into the right-hand side of the above equation and changing the order of integration

lead to the last two equations of (3.6).

In the following, we are devoted to the derivation of the first equality of (3.6), and then the second one can

be similarly obtained. First, computing the partial derivative with respect to t from the first equation of (3.3)

along the solutions of (3.1), we have

ŵρt = ρ̂t −
∫ x

0

(
k̂(x, y)ρ̂t(y) + k̂c(x, y)ι̂t(y)

)
dy −

∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy

= aRρ̂xx + b̂Rρ− aI ι̂xx − b̂Iι+ γ2ρ̃‖ρ‖2 + γ2ρ̃‖ι‖2

−
∫ x

0

k̂(x, y)
(
aRρ̂yy + b̂Rρ− aI ι̂yy − b̂Iι+ γ2ρ̃‖ρ‖2 + γ2ρ̃‖ι‖2

)
dy

−
∫ x

0

k̂c(x, y)
(
aI ρ̂yy + b̂Iρ+ aRι̂yy + b̂Rι+ γ2ι̃‖ι‖2 + γ2ι̃‖ρ‖2

)
dy

−
∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy

= aR

(
ρ̂xx −

∫ x

0

(
k̂(x, y)ρ̂yy(y) + k̂c(x, y)ι̂yy(y)

)
dy

)
−aI

(
ι̂xx −

∫ x

0

(
−k̂c(x, y)ρ̂yy(y) + k̂(x, y)ι̂yy(y)

)
dy

)
+b̂R

(
ρ−

∫ x

0

(
k̂(x, y)ρ(y) + k̂c(x, y)ι(y)

)
dy

)
−b̂I

(
ι−
∫ x

0

(
−k̂c(x, y)ρ(y) + k̂(x, y)ι(y)

)
dy

)
+γ2

(
‖ρ‖2 + ‖ι‖2

)(
ρ̃−

∫ x

0

(
k̂(x, y)ρ̃(y) + k̂c(x, y)ι̃(y)

)
dy

)
−
∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy

= aR

(
ρ̂xx −

∫ x

0

(
k̂(x, y)ρ̂yy(y) + k̂c(x, y)ι̂yy(y)

)
dy

)
−aI

(
ι̂xx −

∫ x

0

(
−k̂c(x, y)ρ̂yy(y) + k̂(x, y)ι̂yy(y)

)
dy

)
+b̂Rw

ρ(x)− b̂Iwι(x) + γ2
(
‖ρ‖2 + ‖ι‖2

)
w̃ρ(x)

−
∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy, (B.1)
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with wρ(x) = ρ −
∫ x

0

(
k̂(x, y)ρ(y) + k̂c(x, y)ι(y)

)
dy and wι(x) = ι −

∫ x
0

(
−k̂c(x, y)ρ(y) + k̂(x, y)ι(y)

)
dy. The

first two terms on the right-hand side of above equality (denoted by 1© and 2©, respectively) need further

treatments. For this, by direct computing from the first equation of (3.3), we obtain

ρ̂xx = ŵρxx +
∂2

∂x2

(∫ x

0

(
k̂(x, y)ρ̂(y) + k̂c(x, y)ι̂(y)

)
dy

)
= ŵρxx +

∂

∂x

(
k̂(x, x)ρ̂(x) + k̂c(x, x)ι̂(x) +

∫ x

0

(
k̂x(x, y)ρ̂(y) + k̂cx(x, y)ι̂(y)

)
dy

)
= ŵρxx +

d

dx
k̂(x, x)ρ̂(x) + k̂(x, x)ρ̂x(x) +

d

dx
k̂c(x, x)ι̂(x) + k̂c(x, x)ι̂x(x)

+k̂x(x, x)ρ̂(x) + k̂cx(x, x)ι̂(x) +

∫ x

0

(
k̂xx(x, y)ρ̂(y) + k̂cxx(x, y)ι̂(y)

)
dy.

Moreover, by integration by parts and using (2.3), we have

−
∫ x

0

(
k̂(x, y)ρ̂yy(y) + k̂c(x, y)ι̂yy(y)

)
dy

= −k̂(x, x)ρ̂x(x) + k̂y(x, x)ρ̂(x)− k̂c(x, x)ι̂x(x) + k̂c,y(x, x)ι̂(x)

−
∫ x

0

(
k̂yy(x, y)ρ̂(y) + k̂cyy(x, y)ι̂(y)

)
dy.

Then, by (2.3), we have

1© = aRŵ
ρ
xx + aRρ̂(x)

(
d

dx
k̂(x, x) + k̂x(x, x) + k̂y(x, x)

)
+aRι̂(x)

(
d

dx
k̂c(x, x) + k̂cx(x, x) + kcy(x, x)

)
+aR

∫ x

0

(
k̂xx(x, y)− k̂cxx(x, y)

)
ρ̂(y)dy + aR

∫ x

0

(
k̂cxx(x, y)− k̂cyy(x, y)

)
ρ̂(y)dy

= aRŵ
ρ
xx − aRβ̂ρ̂(x) + aRβ̂

cι̂(x) + aR

∫ x

0

(
β̂k̂(x, y) + β̂ck̂c(x, y)

)
ρ̂(y)dy

+aR

∫ x

0

(
− β̂ck̂(x, y) + β̂k̂c(x, y)

)
ι̂(y)dy

= aRŵ
ρ
xx − aRβ̂

(
ρ̂(x)−

∫ x

0

(
k̂(x, y)ρ̂(y) + k̂c(x, y)ι̂(y)

)
dy

)
+aRβ̂

c

(
ι̂(x)−

∫ x

0

(
− k̂c(x, y)ρ̂(y) + k̂(x, y)ι̂(y)

)
dy

)
= aRŵ

ρ
xx − aRβ̂ŵρ + aRβ̂

cŵι. (B.2)

Similarly, we obtain

2© = aIŵ
ι
xx − aI β̂cŵρ − aI β̂ŵι. (B.3)
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Substituting the above two equalities into (B.1) while noting that aI β̂
c − aRβ̂ = −b̂R − c and aI β̂ + aRβ̂

c = b̂I ,

we have

ŵρt = aRŵ
ρ
xx − aIŵιxx + b̂Rw

ρ +
(
aI β̂

c − aRβ̂
)
ŵρ − b̂Iwι +

(
aI β̂ + aRβ̂

c
)
ŵι

+
(
γ2‖ρ‖2 + γ2‖ι‖2

)
w̃ρ(x)−

∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy

= aRŵ
ρ
xx − aIŵιxx − cŵρ − b̂Iw̃ι +

(
b̂R + γ2‖ρ‖2 + γ2‖ι‖2

)
w̃ρ

−
∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy. (B.4)

Then, substituting (3.4) into the last term on the right-hand side of the above equation, we have∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy

=

∫ x

0

k̂t(x, y)

(
wρ(y)−

∫ y

0

(
l̂(y, ξ)wρ(ξ) + l̂c(y, ξ)wι(ξ)

)
dξ

)
dy

+

∫ x

0

k̂ct (x, y)

(
wι(y)−

∫ y

0

(
−l̂c(y, ξ)wρ(ξ) + l̂(y, ξ)wι(ξ)

)
dξ

)
dy.

Changing the order of integration, the following equalities hold

∫ x
0
k̂t(x, y)

∫ y
0

(
l̂(y, ξ)wρ(ξ) + l̂c(y, ξ)wι(ξ)

)
dξdy

=
∫ x

0
wρ(y)

∫ x
y
k̂t(x, ξ)l̂(ξ, y)dξdy +

∫ x
0
wι(y)

∫ x
y
k̂t(x, ξ)l̂

c(ξ, y)dξdy,∫ x
0
k̂ct (x, y)

∫ y
0

(
−l̂c(y, ξ)wρ(ξ) + l̂(y, ξ)wι(ξ)

)
dξdy

= −
∫ x

0
wρ(y)

∫ x
y
k̂ct (x, ξ)l̂

c(ξ, y)dξdy +
∫ x

0
wι(y)

∫ x
y
k̂ct (x, ξ)l̂(ξ, y)dξdy,

by which and noting the definitions of H(x, y), Hc(x, y), we obtain that∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy

=

∫ x

0

wρ(y)

(
k̂t(x, y)−

∫ x

y

(
k̂t(x, ξ)l̂(ξ, y)− k̂ct (x, ξ)l̂c(ξ, y)

)
dξ

)
dy

+

∫ x

0

wι(y)

(
k̂ct (x, y)−

∫ x

y

(
k̂(x, ξ)l̂c(ξ, y) + k̂ct (x, ξ)l̂(ξ, y)

)
dξ

)
dy

= −
∫ x

0

(wρ(y)H(x, y) + wι(y)Hc(x, y)) dy.

Substituting above equality into the last term on the right-hand side of (B.4) leads to the first equation of (3.6).

Appendix C. Proof of Proposition 3.2

Choose the following Lyapunov function:

V =
1

2

∫ 1

0

(
ρ̃2 + ι̃2

)
dx+

b̃2R
2γ

+
b̃2I
2γ
.
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Computing the time derivative of V along the solutions of error system (3.2) and integrating by parts, we have

V̇ =

∫ 1

0

ρ̃
(
aRρ̃xx + b̃Rρ− aI ι̃xx − b̃Iι− γ2ρ̃‖ρ‖2 − γ2ρ̃‖ι‖2

)
dx

+

∫ 1

0

ι̃
(
aI ρ̃xx + b̃Iρ+ aRι̃xx + b̃Rι− γ2ι̃‖ι‖2 − γ2ι̃‖ρ‖2

)
dx+

b̃R
˙̃
bR
γ

+
b̃I

˙̃
bI
γ

= −aR
∫ 1

0

(
ρ̃2
x + ι̃2x

)
dx+ b̃R

∫ 1

0

(
ρ̃ρ+ ι̃ι

)
dx+ b̃I

∫ 1

0

(
ι̃ρ− ρ̃ι

)
dx

−γ2‖ρ‖2‖ρ̃‖2 − γ2‖ι‖2‖ρ̃‖2 − γ2‖ι‖2‖ι̃‖2 − γ2‖ρ‖2‖ι̃‖2 − b̃R
˙̂
bR
γ
− b̃I

˙̂
bI
γ
.

Then, by (3.9), we obtain

V̇ = −aR
∫ 1

0

(
ρ̃2
x + ι̃2x

)
dx− γ2‖ρ‖2‖ρ̃‖2 − γ2‖ι‖2‖ρ̃‖2 − γ2‖ι‖2‖ι̃‖2 − γ2‖ρ‖2‖ι̃‖2.

Integrating both sides of the above equality over [0, t] arrives at V (t) ≤ V (0), and hence gives the first line of

(3.10). Moreover, integrating both sides of the above equality over [0, +∞) yields that

aR

∫ +∞

0

(
‖ρ̃x‖2 + ‖ι̃x‖2

)
dt+ γ2

∫ +∞

0

(
‖ρ‖2‖ρ̃‖2 + ‖ι‖2‖ρ̃‖2 + ‖ι‖2‖ι̃‖2 + ‖ρ‖2‖ι̃‖2

)
dt

= V (0)− V (+∞) ≤ V (0),

which shows that ‖ρ̃x‖, ‖ι̃x‖, ‖ρ‖‖ρ̃‖, ‖ι‖‖ι̃‖, ‖ι‖‖ρ̃‖, ‖ρ‖‖ι̃‖ are square integrable on [0, +∞). Then, by

Poincaré’s inequality (see Lem. H.2), we obtain that ‖ρ̃‖ and ‖ι̃‖ are square integrable on [0, +∞), and hence

obtain the second line of (3.10). This, together with (3.9), implies the third line of (3.10).

Appendix D. Proof of Proposition 3.3

We first give the relationships within some closed-loop system signals which will be frequently used in the

following proof. Since b̂R and b̂I are bounded (see (3.10)) and kernel functions k̂(·), k̂c(·), l̂c(·) and l̂(·) are

continuous with respect to each variable on bounded intervals, there exists positive constant M1 such that
‖w̃ρ‖ ≤M1 (‖ρ̃‖+ ‖ι̃‖) , ‖w̃ι‖ ≤M1 (‖ρ̃‖+ ‖ι̃‖) ,
‖ρ̂‖ ≤M1 (‖ŵρ‖+ ‖ŵι‖) , ‖ι̂‖ ≤M1 (‖ŵρ‖+ ‖ŵι‖) ,
‖ρ‖ ≤ ‖ρ̃‖+ ‖ρ̂‖ ≤ ‖ρ̃‖+M1 (‖ŵρ‖+ ‖ŵι‖) ,
‖ι‖ ≤ ‖ι̃‖+ ‖ι̂‖ ≤ ‖ι̃‖+M1 (‖ŵρ‖+ ‖ŵι‖) ,

(D.1)

which can be derived from (3.4) and the first two equalities of (3.7).

Then, we begin to prove the first two lines of (3.11). The first line of (D.1) implies that ‖w̃ρ‖, ‖w̃ι‖ ∈ L∞ ∩L2

since ‖ρ̃‖, ‖ι̃‖ ∈ L∞ ∩ L2 (see from (3.10)). Moreover, the last three lines of (D.1) would imply that ‖ρ̂‖, ‖ι̂‖,
‖ρ‖, ‖ι‖ ∈ L∞ ∩ L2 once ‖ŵρ‖, ‖ŵι‖ ∈ L∞ ∩ L2. For this, we consider

1

2

d

dt

(
‖ŵρ‖2 + ‖ŵι‖2

)
=

∫ 1

0

(ŵρŵρt + ŵιŵιt) dx

=

∫ 1

0

ŵρ
(
aRŵ

ρ
xx − aIŵιxx − cŵρ +

(
b̂R + γ2‖ρ‖2 + γ2‖ι‖2

)
w̃ρ − b̂Iw̃ι
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+

∫ x

0

(ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)) dy

)
dx

+

∫ 1

0

ŵι
(
aIŵ

ρ
xx + aRŵ

ι
xx − cŵι +

(
b̂R + γ2‖ρ‖2 + γ2‖ι‖2

)
w̃ι + b̂Iw̃

ρ

−
∫ x

0

(ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)) dy

)
dx

= −aR
(
‖ŵρx‖2 + ‖ŵιx‖2

)
− c

(
‖ŵρ‖2 + ‖ŵι‖2

)
+b̂I

∫ 1

0

(ŵιw̃ρ − ŵρw̃ι) dx+ b̂R

∫ 1

0

(ŵρw̃ρ + ŵιw̃ι) dx

+γ2
(
‖ρ‖2 + ‖ι‖2

) ∫ 1

0

(ŵρw̃ρ + ŵιw̃ι) dx

+

∫ 1

0

ŵρ
∫ x

0

(ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)) dydx

−
∫ 1

0

ŵι
∫ x

0

(ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)) dydx. (D.2)

The last four terms on the right-hand sides of the above equality should be further estimated. First, by Young’s

inequality and noting that ‖w̃ρ‖, ‖w̃ι‖ ∈ L∞ ∩ L2, there exists a positive constant σ1 such that

b̂I

∫ 1

0

(ŵιw̃ρ − ŵρw̃ι) dx ≤ σ1

(
‖ŵι‖2 + ‖ŵρ‖2

)
+

b̄2I
4σ1

(
‖w̃ι‖2 + ‖w̃ρ‖2

)
= σ1

(
‖ŵι‖2 + ‖ŵρ‖2

)
+ l1, (D.3)

with b̄I denoting the bound of b̂I and l1 denoting the function which belongs to L1. Similarly, the following

inequality holds

b̂R

∫ 1

0

(ŵρw̃ρ + ŵιw̃ι) dx ≤ σ1

(
‖ŵι‖2 + ‖ŵρ‖2

)
+ l1. (D.4)

Then, by Young’s inequality and (D.1) while noting that ‖ρ̃‖‖ρ‖, ‖ι̃‖‖ρ‖, ‖ρ̃‖ ∈ L∞ ∩ L2 (see (3.10)), we have

γ2‖ρ‖2
∫ 1

0

(ŵρw̃ρ + ŵιw̃ι) dx

≤ γ2‖ρ‖2‖ŵρ‖‖w̃ρ‖+ γ2‖ρ‖2‖ŵι‖‖w̃ι‖

≤ M2
1 γ

4

σ1
‖w̃ρ‖2‖ρ‖2 · ‖ŵρ‖2 +

M2
1 γ

4

σ1
‖w̃ι‖2‖ρ‖2 · ‖ŵι‖2 +

σ1

2M2
1

‖ρ‖2

≤ 2M4
1 γ

4

σ1

(
‖ρ̃‖2‖ρ‖2 + ‖ι̃‖2‖ρ‖2

) (
‖ŵρ‖2 + ‖ŵι‖2

)
+ 2σ1

(
‖ŵρ‖2 + ‖ŵι‖2

)
+

σ1

M2
1

‖ρ̃‖2

≤ 2σ1

(
‖ŵρ‖2 + ‖ŵι‖2

)
+ l1

(
‖ŵρ‖2 + ‖ŵι‖2

)
+ l1. (D.5)

Similarly, the following inequality holds

γ2‖ι‖2
∫ 1

0

(ŵρw̃ρ + ŵιw̃ι) dx ≤ 2σ1

(
‖ŵρ‖2 + ‖ŵι‖2

)
+ l1

(
‖ŵρ‖2 + ‖ŵι‖2

)
+ l1. (D.6)
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Moreover, by Hölder’s inequality, we have

∫ 1

0

ŵρ
∫ x

0

(ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)) dydx

≤ ‖ŵρ‖2
√∫ 1

0

∫ x

0

H(x, y)2dydx+ ‖ŵρ‖ · ‖ŵι‖

√∫ 1

0

∫ x

0

Hc(x, y)2dydx

≤
(
‖ŵρ‖2 + ‖ŵι‖2

)√∫ 1

0

∫ x

0

H(x, y)2dydx+

√∫ 1

0

∫ x

0

Hc(x, y)2dydx

 .

By (2.1), there holds k̂t = ∂k̂
∂b̂R

˙̂
bR + ∂k̂

∂b̂I

˙̂
bI , k̂

c
t = ∂kc

∂b̂R

˙̂
bR + ∂kc

∂b̂I

˙̂
bI . Since k̂(·), k̂c(·) are continuously differentiable

with respect to each variable on bounded intervals and
˙̂
bI ∈ L2,

˙̂
bI ∈ L2, we obtain that

∫ 1

0

∫ x
0
H(x, y)2dydx,∫ 1

0

∫ x
0
Hc(x, y)2dydx ∈ L2. Then, it follows from the above inequality that

∫ 1

0

ŵρ
∫ x

0

(ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)) dydx ≤ l1
(
‖ŵρ‖2 + ‖ŵι‖2

)
. (D.7)

Similarly, there holds

−
∫ 1

0

ŵι
∫ x

0

(ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)) dydx ≤ l1
(
‖ŵρ‖2 + ‖ŵι‖2

)
. (D.8)

Substituting (D.3)–(D.8) into (D.2) leads to

1

2

d

dt

(
‖ŵρ‖2 + ‖ŵι‖2

)
≤ −(c− 6σ1)

(
‖ŵρ‖2 + ‖ŵι‖2

)
+ l1

(
‖ŵρ‖2 + ‖ŵι‖2

)
+ l1. (D.9)

Then, by Lemma H.3, we obtain ‖ŵρ‖, ‖ŵι‖ ∈ L∞ ∩ L2 if 0 < σ1 <
c
6 .

In the following, we turn to showing the last line of (3.11). First, by computing the time derivative and using

integration by parts, we have

1

2

d

dt

(
‖ρ̃x‖2 + ‖ι̃x‖2

)
=

∫ 1

0

ρ̃xρ̃xtdx+

∫ 1

0

ι̃xι̃xtdx

= −
∫ 1

0

ρ̃xx

(
aRρ̃xx + b̃Rρ− aI ι̃xx − b̃Iι− γ2ρ̃‖ρ‖2 − γ2ρ̃‖ι‖2

)
dx

−
∫ 1

0

ι̃xx

(
aI ρ̃xx + b̃Iρ+ aRι̃xx + b̃Rι− γ2ι̃‖ι‖2 − γ2ι̃‖ρ‖2

)
dx

= −aR
∫ 1

0

(
ρ̃2
xx + ι̃2xx

)
dx− b̃R

∫ 1

0

(ρ̃xxρ+ ι̃xxι) dx+ b̃I

∫ 1

0

(ρ̃xxι− ι̃xxρ) dx

+
(
γ2‖ρ‖2 + γ2‖ι‖2

) ∫ 1

0

(ρ̃xxρ+ ι̃xxι) dx

= −aR
∫ 1

0

(
ρ̃2
xx + ι̃2xx

)
dx+

∫ 1

0

ρ̃xx

(
−b̃Rρ+ b̃Iι+ γ2

(
‖ρ‖2 + ‖ι‖2

)
ρ
)

dx

−
∫ 1

0

ι̃xx

(
b̃Rι+ b̃Iρ− γ2

(
‖ρ‖2 + ‖ι‖2

)
ι
)

dx.
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Then, by Young’s inequality and noting that b̃R, b̃I ∈ L∞ and ‖ρ‖, ‖ι‖ ∈ L∞ ∩ L2, we have

1

2

d

dt

(
‖ρ̃x‖2 + ‖ι̃x‖2

)
≤ 3

4aR

(
b̃2R‖ρ‖2 + b̃2I‖ι‖2 + γ2

(
‖ρ‖2 + ‖ι‖2

)2 ‖ρ‖2)
+

3

4aR

(
b̃2R‖ι‖2 + b̃2I‖ρ‖2 + γ2

(
‖ρ‖2 + ‖ι‖2

)2 ‖ι‖2) ∈ L2. (D.10)

Integrating both sides of the above inequality over [0, +∞) leads to ‖ρ̃x‖, ‖ι̃x‖ ∈ L∞.

Similar to the derivation of (D.2), we have

1

2

d

dt

(
‖ŵρx‖2 + ‖ŵιx‖2

)
=

∫ 1

0

(ŵρxŵρ,xt + ŵιxŵι,xt) dx

= −
∫ 1

0

ŵρxx

(
aRŵ

ρ
xx − aIŵιxx − cŵρ +

(
b̂R + γ2‖ρ‖2 + γ2‖ι‖2

)
w̃ρ − b̂Iw̃ι

+

∫ x

0

(ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)) dy

)
dx

+

∫ 1

0

ŵιxx

(
aIŵ

ρ
xx + aRŵ

ι
xx − cŵι +

(
b̂R + γ2‖ρ‖2 + γ2‖ι‖2

)
w̃ι + b̂Iw̃

ρ

−
∫ x

0

(ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)) dy

)
dx

= −aR
(
‖ŵρxx‖2 + ‖ŵιxx‖2

)
dx− c

(
‖ŵρx‖2 + ‖ŵιx‖2

)
+ b̂I

∫ 1

0

(ŵρxxw̃
ι − ŵιxxw̃ρ) dx

−
(
b̂R + γ2‖ρ‖2 + γ2‖ι‖2

) ∫ 1

0

(ŵρxxw̃
ρ + ŵιxxw̃

ι) dx

+

∫ 1

0

ŵρxx

∫ x

0

(ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)) dydx

−
∫ 1

0

ŵιxx

∫ x

0

(ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)) dydx. (D.11)

By Young’s inequality, we obtain that

b̂I
∫ 1

0
(ŵρxxw̃

ι − ŵιxxw̃ρ) dx ≤ aR
4

(
‖ŵρxx‖2 + ‖ŵιxx‖2

)
+

b̄2I
aR

(
‖w̃ρ‖2 + ‖w̃ι‖2

)
,

−b̂R
∫ 1

0
(ŵρxxw̃

ρ + ŵιxxw̃
ι) dx ≤ aR

4

(
‖ŵρxx‖2 + ‖ŵιxx‖2

)
+

b̄2R
aR

(
‖w̃ρ‖2 + ‖w̃ι‖2

)
,

γ2
(
‖ρ‖2 + ‖ι‖2

) ∫ 1

0
(ŵρxxw̃

ρ + ŵιxxw̃
ι) dx

≤ aR
4

(
‖ŵρxx‖2 + ‖ŵιxx‖2

)
+ γ4

aR

(
‖ρ‖2 + ‖ι‖2

)2 (‖w̃ρ‖2 + ‖w̃ι‖2
)
,∫ 1

0
ŵρxx

∫ x
0

(ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)) dydx

≤ aR
4 ‖ŵ

ρ
xx‖2 + 2

aR

(
‖ŵρ‖2

∫ 1

0

∫ x
0
H(x, y)2dydx+ ‖ŵι‖2

∫ 1

0

∫ x
0
Hc(x, y)2dydx

)
,

−
∫ 1

0
ŵιxx

∫ x
0

(ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)) dydx

≤ aR
4 ‖ŵ

ι
xx‖2 + 2

aR

(
‖ŵρ‖2

∫ 1

0

∫ x
0
H(x, y)2dydx+ ‖ŵι‖2

∫ 1

0

∫ x
0
Hc(x, y)2dydx

)
.

Substituting the above five inequalities into the right hand side of (D.11), we have

1

2

d

dt

(
‖ŵρx‖2 + ‖ŵιx‖2

)
≤ 1

aR

(
b̄2I + b̄2R +

(
γ2‖ρ‖2 + γ2‖ι‖2

)2) (‖w̃ρ‖2 + ‖w̃ι‖2
)

+
4

aR

(
‖ŵρ‖2

∫ 1

0

∫ x

0

H(x, y)2dydx+ ‖ŵι‖2
∫ 1

0

∫ x

0

Hc(x, y)2dydx

)
≤ l1,
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which can be obtained by noting that ‖ŵρ‖, ‖ŵι‖, ‖w̃ρ‖, ‖w̃ι‖ ∈ L∞ ∩ L2 and
∫ 1

0

∫ x
0
H(x, y)2dydx,∫ 1

0

∫ x
0
Hc(x, y)2dydx ∈ L2. Integrating both side of the above inequality over [0, t] arrives at ‖ŵρx‖, ‖ŵιx‖ ∈ L∞.

Then, (3.4) implies that ‖ρ̂x‖, ‖ι̂x‖ ∈ L∞, and hence ‖ρx‖, ‖ιx‖ ∈ L∞.

Appendix E. Proof of Proposition 4.1

We just show the derivation of the first equation of (4.7) since the second one can be obtained similarly, and

moreover the last three lines of (4.7) can be obtained similarly to those of (3.6).

First, by the similar derivation of (B.4), we have

ŵρt = ρ̂t −
∫ x

0

(
k̂(x, y)ρ̂t(y) + k̂c(x, y)ι̂t(y)

)
dy −

∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy

= aRρ̂xx + b̂Rρ− aI ι̂xx − b̂Iι+
˙̂
bRv

ρ − ˙̂
bIv

ι

−
∫ x

0

k̂(x, y)
(
aRρ̂yy + b̂Rρ− aI ι̂yy − b̂Iι+

˙̂
bRv

ρ − ˙̂
bIv

ι
)

dy

−
∫ x

0

k̂c(x, y)
(
aI ρ̂yy + b̂Iρ+ aRι̂yy + b̂Rι+

˙̂
bIv

ρ +
˙̂
bRv

ι
)

dy

−
∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy

= aR

(
ρ̂xx −

∫ x

0

(
k̂(x, y)ρ̂yy(y) + k̂c(x, y)ι̂yy(y)

)
dy

)
−aI

(
ι̂xx −

∫ x

0

(
−k̂c(x, y)ρ̂yy(y) + k̂(x, y)ι̂yy(y)

)
dy

)
+b̂R

(
ρ−

∫ x

0

(
k̂(x, y)ρ(y) + k̂c(x, y)ι(y)

)
dy

)
−b̂I

(
ι−
∫ x

0

(
−k̂c(x, y)ρ(y) + k̂(x, y)ι(y)

)
dy

)
+

˙̂
bR

(
vρ −

∫ x

0

(
k̂(x, y)vρ(y) + k̂c(x, y)vι(y)

)
dy

)
− ˙̂
bI

(
vι −

∫ x

0

(
−k̂c(x, y)vρ(y) + k̂(x, y)vι(y)

)
dy

)
−
∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy

= aR

(
ρ̂xx −

∫ x

0

(
k̂(x, y)ρ̂yy(y) + k̂c(x, y)ι̂yy(y)

)
dy

)
−aI

(
ι̂xx −

∫ x

0

(
−k̂c(x, y)ρ̂yy(y) + k̂(x, y)ι̂yy(y)

)
dy

)
+b̂Rwρ − b̂Iwι +

˙̂
bRv̆

ρ − ˙̂
bI v̆

ι −
∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy.

Substituting (B.2) and (B.3) into the first two terms of the above equation and after some simple managements,

we arrive at

ŵρt = aRŵ
ρ
xx − aIŵιxx − cŵρ − b̂Iw̃ι +

˙̂
bRv̆

ρ − ˙̂
bI v̆

ι

−
∫ x

0

(
k̂t(x, y)ρ̂(y) + k̂ct (x, y)ι̂(y)

)
dy.
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Then, substituting (3.3) into the last term on the right-hand side of the above equation and then changing the

order of integration, we obtain the first equation of (4.7).

Appendix F. Proof of Proposition 4.2

Choose the following Lyapunov function:

V (t) =
1

2

(
‖ερ‖2 + ‖ει‖2

)
+

b̃2R
2σ2γ

+
b̃2I

2σ2γ
,

where σ2 is a positive constant to be determined later. Computing the time derivative of V (t) along the solutions

of (4.4) and using (4.10), we have

V̇ (t) =

∫ 1

0

ερ (aRε
ρ
xx − aIειxx) dx+

∫ 1

0

ει (aIε
ρ
xx + aRε

ι
xx) dx− 1

σ2γ

(
b̃R

˙̂
bR + b̃I

˙̂
bI

)
= −aR

(
‖ερx‖2 + ‖ειx‖2

)
−

∫ 1

0

(
b̃R (ρ̃vρ + ι̃vι) + b̃I (ι̃vρ − ρ̃vι)

)
dx

σ2 (1 + ‖vρ‖2 + ‖vι‖2)

= −aR
(
‖ερx‖2 + ‖ειx‖2

)
−

∫ 1

0

(
ρ̃
(
b̃Rv

ρ − b̃Ivι
)

+ ι̃
(
b̃Iv

ρ + b̃Rv
ι
))

dx

σ2 (1 + ‖vρ‖2 + ‖vι‖2)
.

Noting that ερ − ρ̃ = b̃Iv
ι − b̃Rvρ and ει − ι̃ = −b̃Ivρ − b̃Rvι, it follows from the above equality that

V̇ (t) = −aR
(
‖ερx‖2 + ‖ειx‖2

)
+

∫ 1

0
(ρ̃ (ερ − ρ̃) + ι̃ (ει − ι̃)) dx

σ2 (1 + ‖vρ‖2 + ‖vι‖2)

= −aR
(
‖ερx‖2 + ‖ειx‖2

)
− ‖ρ̃‖2 + ‖ι̃‖2

σ2 (1 + ‖vρ‖2 + ‖vι‖2)
+

∫ 1

0
(ρ̃ερ + ι̃ει) dx

σ2 (1 + ‖vρ‖2 + ‖vι‖2)

≤ −aR
(
‖ερx‖2 + ‖ειx‖2

)
− ‖ρ̃‖2 + ‖ι̃‖2

σ2 (1 + ‖vρ‖2 + ‖vι‖2)
+

‖ρ̃‖‖ερ‖+ ‖ι̃‖‖ει‖
σ2 (1 + ‖vρ‖2 + ‖vι‖2)

. (F.1)

Moreover, by Poincare’s inequality, Agmon’s inequality and then Young’s inequality, we have

‖ρ̃‖‖ερ‖+ ‖ι̃‖‖ει‖
σ2 (1 + ‖vρ‖2 + ‖vι‖2)

≤ 2‖ρ̃‖‖ερx‖+ 2‖ι̃‖‖ειx‖
σ2

√
1 + ‖vρ‖2 + ‖vι‖2

≤ aR
2

(
‖ερx‖2 + ‖ειx‖2

)
+

2
(
‖ρ̃‖2 + ‖ι̃‖2

)
σ2

2aR (1 + ‖vρ‖2 + ‖vι‖2)
.

Substituting the above inequality into (F.1), we have

V̇ (t) ≤ −aR
2

(
‖ερx‖2 + ‖ειx‖2

)
− ‖ρ̃‖2 + ‖ι̃‖2

σ2 (1 + ‖vρ‖2 + ‖vι‖2)

(
1− 2

σ2aR

)
.

Choosing σ2 >
2
aR

and integrating the above inequality over [0, t] and [0, +∞), respectively, we obtain that

‖ερ‖, ‖ει‖, b̃R, b̃I ∈ L∞, and ‖ερx‖, ‖ειx‖,
‖ρ̃‖√

1+‖vρ‖2+‖vι‖2
, ‖ι̃‖√

1+‖vρ‖2+‖vι‖2
∈ L2.
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On one hand, by Poincare’s inequality and noting that ‖ερx‖, ‖ειx‖ ∈ L2, we have ‖ερ‖, ‖ει‖ ∈ L2. On the

other hand, replacing ρ̃ by ερ − b̃Ivι + b̃Rv
ρ and noting the boundedness of ‖ερ‖, b̃R and b̃I , we have

‖ρ̃‖√
1 + ‖vρ‖2 + ‖vι‖2

≤ ‖ε
ρ‖+ |b̃R| · ‖vρ‖+ |b̃I | · ‖vι‖√

1 + ‖vρ‖2 + ‖vι‖2
≤ ‖ερ‖+ |b̃R|+ |b̃I | ∈ L∞.

Similarly, there holds ‖ι̃‖√
1+‖vρ‖2+‖vι‖2

∈ L∞. Then, from (4.10), we arrive at

∣∣∣ ˙̂bR∣∣∣ ≤ γ‖ρ̃‖‖vρ‖+ γ‖ι̃‖‖vι‖
1 + ‖vρ‖2 + ‖vι‖2

≤ γ‖ρ̃‖√
1 + ‖vρ‖2 + ‖vι‖2

+
γ‖ι̃‖√

1 + ‖vρ‖2 + ‖vι‖2
∈ L2 ∩ L∞,

and
∣∣∣ ˙̂bI∣∣∣ ∈ L2 ∩ L∞. Then, the first two lines of (4.11) hold.

To derive the last line of (4.11), we consider

1

2

d

dt

(
‖ερx‖2 + ‖ειx‖2

)
= −aR

(
‖ερxx‖2 + ‖ειxx‖2

)
≤ 0.

By integrating both sides of the above inequality over [0, t], we obtain that ‖ερx‖, ‖ειx‖ ∈ L∞, and hence ‖ερx‖,
‖ειx‖ ∈ L2 ∩ L∞. Then, we obtain that ‖ερ‖, ‖ει‖ ∈ L2 ∩ L∞ by Poincare’s inequality.

Appendix G. Proof of Proposition 4.3

Part I: Proof of (4.12):

Consider the following computation

1

2

d

dt

(
‖ŵρ‖2 + ‖ŵι‖2

)
=

∫ 1

0

ŵρ
(
aRŵ

ρ
xx − aIŵιxx − cŵρ + b̂Rw̃

ρ − b̂Iw̃ι

+
˙̂
bRv̆

ρ − ˙̂
bI v̆

ι +

∫ x

0

(ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)) dy

)
dx

+

∫ 1

0

ŵι
(
aIŵ

ρ
xx + aRŵ

ι
xx − cŵι + b̂Rw̃

ι + b̂Iw̃
ρ

+
˙̂
bI v̆

ρ +
˙̂
bRv̆

ι −
∫ x

0

(ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)) dy

)
dx

= −aR
(
‖ŵρx‖2 + ‖ŵιx‖2

)
− c

(
‖ŵρ‖2 + ‖ŵι‖2

)
+b̂R

∫ 1

0

(ŵρw̃ρ + ŵιw̃ι) dx+ b̂I

∫ 1

0

(ŵιw̃ρ − ŵρw̃ι) dx

+
˙̂
bR

∫ 1

0

(ŵρv̆ρ + ŵιv̆ι) dx+
˙̂
bI

∫ 1

0

(ŵιv̆ρ + ŵρv̆ι) dx

+

∫ 1

0

ŵρ
∫ x

0

(ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)) dydx

−
∫ 1

0

ŵι
∫ x

0

(ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)) dydx. (G.1)
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From (4.8), we obtain that ‖v̆ρ‖ ≤M1 (‖vρ‖+ ‖vι‖) and ‖v̆ι‖ ≤M1 (‖vρ‖+ ‖vι‖), by which, (D.1) and using

Young’s inequality, we have



b̂R
∫ 1

0
(ŵρw̃ρ + ŵιw̃ι) dx ≤ 2σ3

(
‖ŵρ‖2 + ‖ŵι‖2

)
+

b̄2RM
2
1

2σ3

(
‖ρ̃‖2 + ‖ι̃‖2

)
,

b̂I
∫ 1

0
(ŵιw̃ρ − ŵρw̃ι) dx ≤ 2σ3

(
‖ŵρ‖2 + ‖ŵι‖2

)
+

b̄2IM
2
1

2σ3

(
‖ρ̃‖2 + ‖ι̃‖2

)
,

˙̂
bR
∫ 1

0
(ŵιv̆ρ + ŵρv̆ι) dx ≤ σ3

(
‖ŵρ‖2 + ‖ŵι‖2

)
+

M2
1 |

˙̂
bR|2

2σ3

(
‖vρ‖2 + ‖vι‖2

)
,

˙̂
bI
∫ 1

0
(ŵιv̆ρ + ŵρv̆ι) dx ≤ σ3

(
‖ŵρ‖2 + ‖ŵι‖2

)
+

M2
1 |

˙̂
bI |2

2σ3

(
‖vρ‖2 + ‖vι‖2

)
.

Substituting this and (D.7), (D.8) into (G.1) while noting that | ˙̂bR|, | ˙̂bI | ∈ L2, leads to

1

2

d

dt

(
‖ŵρ‖2 + ‖ŵι‖2

)
≤ −aR

(
‖ŵρx‖2 + ‖ŵιx‖2

)
− (c− 6σ3)

(
‖ŵρ‖2 + ‖ŵι‖2

)
+

(
b̄2R + b̄2I

)
M2

2

2σ3

(
‖ρ̃‖2 + ‖ι̃‖2

)
+ l1

(
‖vρ‖2 + ‖vι‖2

)
+ l1

(
‖ŵρ‖2 + ‖ŵι‖2

)
. (G.2)

Moreover, ‖ρ̃‖√
1+‖vρ‖2+‖vι‖2

, ‖ι̃‖√
1+‖vρ‖2+‖vι‖2

∈ L2 (see (4.11)) implies that

‖ρ̃‖2 ≤ l1 + l1
(
‖vρ‖2 + ‖vι‖2

)
, ‖ι̃‖2 ≤ l1 + l1

(
‖vρ‖2 + ‖vι‖2

)
. (G.3)

Then, (G.2) changes into

1

2

d

dt

(
‖ŵρ‖2 + ‖ŵι‖2

)
≤ −aR

(
‖ŵρx‖2 + ‖ŵιx‖2

)
− (c− 6σ3)

(
‖ŵρ‖2 + ‖ŵι‖2

)
+ l1

(
‖vρ‖2 + ‖vι‖2

)
+ l1

(
‖ŵρ‖2 + ‖ŵι‖2

)
+ l1. (G.4)

Moreover, from (4.1), we have

1

2

d

dt

(
‖vρ‖2 + ‖vι‖2

)
=

∫ 1

0

vρ (aRv
ρ
xx − aIvιxx + ρ) dx+

∫ 1

0

vρ (aIv
ρ
xx + aRv

ι
xx + ι) dx

= −aR
(
‖vρx‖2 + ‖vιx‖2

)
+

∫ 1

0

vρρdx+

∫ 1

0

vιιdx. (G.5)

By (D.1) and Young’s inequality, we have

∫ 1

0

vρρdx ≤ ‖vρ‖‖ρ‖ ≤ ‖vρ‖‖ρ̃‖+M1‖vρ‖ (‖ŵρ‖+ ‖ŵι‖)

≤ aR
8
‖vρ‖2 +

4

aR
‖ρ̃‖2 +

8M2
1

aR

(
‖ŵρ‖2 + ‖ŵι‖2

)
.

Then, by Poincaré’s inequality and (G.3), it follows that

∫ 1

0

vρρdx ≤ aR
2
‖vρx‖2 + l1 + l1

(
‖vρ‖2 + ‖vι‖2

)
+

8M2
1

aR

(
‖ŵρ‖2 + ‖ŵι‖2

)
.
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Similarly, the following inequality holds∫ 1

0

vιιdx ≤ aR
2
‖vιx‖2 + l1 + l1

(
‖vρ‖2 + ‖vι‖2

)
+

8M2
1

aR

(
‖ŵρ‖2 + ‖ŵι‖2

)
.

Substituting both of the above two inequalities into (G.5), we have

1

2

d

dt

(
‖vρ‖2 + ‖vι‖2

)
≤ −aR

2

(
‖vρx‖2 + ‖vιx‖2

)
+l1 + l1

(
‖vρ‖2 + ‖vι‖2

)
+

16M2
1

aR

(
‖ŵρ‖2 + ‖ŵι‖2

)
. (G.6)

Choose the following Lyapunov function:

V (t) =
δ

2

(
‖ŵρ‖2 + ‖ŵι‖2

)
+

1

2

(
‖vρ‖2 + ‖vι‖2

)
.

Computing the time derivative of V (t) and using (G.4), (G.6), we have

V̇ (t) ≤ −
(
δ (c− 6σ3)− 16M2

1

aR

)(
‖ŵρ‖2 + ‖ŵι‖2

)
+ l1

(
‖vρ‖2 + ‖vι‖2

)
+l1

(
‖ŵρ‖2 + ‖ŵι‖2

)
+ l1 −

aR
2

(
‖vρx‖2 + ‖vιx‖2

)
≤ −

(
δ (c− 6σ3)− 16M2

1

aR

)(
‖ŵρ‖2 + ‖ŵι‖2

)
+ l1

(
‖vρ‖2 + ‖vι‖2

)
+l1

(
‖ŵρ‖2 + ‖ŵι‖2

)
+ l1 −

aR
8

(
‖vρ‖2 + ‖vι‖2

)
.

Choosing 0 < σ3 <
c
6 , δ >

16M2
1

aR(c−6σ3) and letting q = min
{

2 (c− 6σ3)− 16M2
1

δaR
, aR4

}
, we have

V̇ (t) ≤ −qV (t) + l1V (t) + l1.

Then, by Lemma H.3, we have V ∈ L1 ∩ L∞, and hence ‖ŵρ‖, ‖ŵι‖, ‖vρ‖, ‖vι‖ ∈ L2 ∩ L∞.

Part II: Proof of (4.13):

By integration by parts, we have

1

2

d

dt

(
‖vρx‖2 + ‖vιx‖2

)
= −

∫ 1

0

vρxx (aRv
ρ
xx − aIvιxx + ρ) dx−

∫ 1

0

vιxx (aIv
ρ
xx + aRv

ι
xx + ι) dx

= −aR
(
‖vρxx‖2 + ‖vιxx‖2

)
dx−

∫ 1

0

vρxxρdx−
∫ 1

0

vιxxιdx. (G.7)

The last two terms need to be further estimated. For this, by (D.1), (G.3) and noting that ‖ŵρ‖, ‖ŵι‖ ∈ L2, we

obatin

−
∫ 1

0

vρxxρdx ≤ aR‖vρxx‖2 +
1

4aR
‖ρ‖2

≤ aR‖vρxx‖2 +
1

2aR
‖ρ̃‖2 +

M2
1

aR

(
‖ŵρ‖2 + ‖ŵι‖2

)
≤ aR‖vρxx‖2dx+ l1 + l1

(
‖vρ‖2 + ‖vι‖2

)
,
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and

−
∫ 1

0

vιxxιdx ≤ aR‖vιxx‖2 + l1 + l1
(
‖vρ‖2 + ‖vι‖2

)
.

Substituting the above two inequalities into (G.7) leads to

d

dt

(
‖vρx‖2 + ‖vιx‖2

)
≤ l1 + l1

(
‖vρ‖2 + ‖vι‖2

)
.

Then, integrating both sides of the above inequality over [0, t] and noting ‖vρ‖, ‖vι‖ ∈ L2 directly arrive at

‖vρx‖, ‖vιx‖ ∈ L∞.

Moreover, similar to the derivation of (G.1), we have

1

2

d

dt

(
‖ŵρx‖2 + ‖ŵιx‖2

)
= −

∫ 1

0

ŵρxx

(
aRŵ

ρ
xx − aIŵιxx − cŵρ + b̂Rw̃

ρ − b̂Iw̃ι

+
˙̂
bRv̆

ρ − ˙̂
bI v̆

ι +

∫ x

0

(ŵρ(y)H(x, y) + ŵι(y)Hc(x, y)) dy

)
dx

−
∫ 1

0

ŵιxx

(
aIŵ

ρ
xx + aRŵ

ι
xx − cŵι + b̂Rw̃

ι + b̂Iw̃
ρ

+
˙̂
bI v̆

ρ +
˙̂
bRv̆

ι −
∫ x

0

(ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)) dy

)
dx

= −aR
(
‖ŵρxx‖2 + ‖ŵιxx‖2

)
− c

(
‖ŵρ‖2 + ‖ŵι‖2

)
−
∫ 1

0

ŵρxx

(
b̂Rw̃

ρ − b̂Iw̃ι +
˙̂
bRv̆

ρ − ˙̂
bI v̆

ι +

∫ x

0

(ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)) dy

)
dx

−
∫ 1

0

ŵιxx

(
b̂Rw̃

ι + b̂Iw̃
ρ +

˙̂
bI v̆

ρ +
˙̂
bRv̆

ι −
∫ x

0

(ŵρ(y)Hc(x, y)− ŵι(y)H(x, y)) dy

)
dx. (G.8)

Denote the third and fourth terms on the right-hand side of the above equality by 1© and 2©, respectively, we

obtain their estimates as follows:

1© ≤ aR‖ŵρxx‖2 +
5b̄2R
4
‖w̃ρ‖2 +

5b̄2I
4
‖w̃ι‖2 +

5
˙̂
b2R
4
‖v̆ρ‖2

+
5

˙̂
b2I
4
‖v̆ι‖2 +

5

2
‖ŵρ‖2

∫ 1

0

∫ x

0

H(x, y)2dydx+
5

2
‖ŵι‖2

∫ 1

0

∫ x

0

Hc(x, y)2dydx

≤ aR‖ŵρxx‖2 +
5M1

(
b̄2R + b̄2I

)
4

(
‖ρ̃‖2 + ‖ι̃‖2

)
+

5M2
1

(
˙̂
b2R +

˙̂
b2I

)
2

(
‖vρ‖2 + ‖vι‖2

)
+

5

2

(
‖ŵρ‖2 + ‖ŵι‖2

)(∫ 1

0

∫ x

0

H(x, y)2dy +

∫ 1

0

∫ x

0

Hc(x, y)2dydx

)
≤ aR‖ŵρxx‖2 + l1

(
‖vρ‖2 + ‖vι‖2

)
+ l1

≤ aR‖ŵρxx‖2 + l1, (G.9)

where (D.1), (G.3) and (4.12) have been used. Similarly, we obtain

2© ≤ aR‖ŵιxx‖2 + l1.



28 J. LI AND Y. LIU

Substituting this and (G.9) into (G.1) arrives at

d

dt

(
‖ŵρx‖2 + ‖ŵιx‖2

)
≤ l1.

Then, by integrating both sides of the above inequality over [0, t], we yield that ‖ŵρx‖, ‖ŵιx‖ ∈ L∞.

Appendix H. Some useful inequalities and criterions

The following four lemmas respectively give four important inequalities (see Lems. H.1 and H.2 later) and

two useful criterions (see Lems. H.3 and H.4 later) which will be used frequently in the stability analysis of the

closed-loop systems.

Lemma H.1. [9] (Agmon’s Inequality) For any w ∈ C1[0, D], there hold:{
w(x)2 ≤ w(0)2 + 2‖w‖ · ‖wx‖,
w(x)2 ≤ w(D)2 + 2‖w‖ · ‖wx‖.

Lemma H.2. [9] (Poincaré’s Inequality) For any w ∈ C1[0, D], there hold{
‖w‖2 ≤ 2Dw(0)2 + 4D2‖wx‖2,
‖w‖2 ≤ 2Dw(D)2 + 4D2‖wx‖2.

Lemma H.3. [15] Let σ be a positive constant, v be a real-valued function defined on R+ and l1, l2 be real-valued

positive functions defined on R+. If l1, l2 ∈ L1 and satisfy

v̇ ≤ −σv + l1v + l2, v(0) ≥ 0,

then, v ∈ L∞ ∩ L1.

Lemma H.4. [22] Suppose the function f(t) defined on [0,+∞) satisfies:

(1) f(t) ≥ 0 for all t ∈ [0,+∞),

(2) f(t) is differentiable on [0,+∞) and there exists a constant M such that df(t)
dt ≤M, ∀t ≥ 0,

(3)
∫ +∞

0
f(t)dt <∞.

Then, there holds

lim
t→+∞

f(t) = 0.
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[3] O.M. Aamo, A. Smyshlyaev, M. Krstić and B.A. Foss, Output feedback boundary control of a ginzburg–landau model of vortex
shedding. IEEE Trans. Automat. Contr. 52 (2007) 742–748.

[4] H. Anfinsen and O.M. Aamo, Adaptive stabilization of 2 × 2 linear hyperbolic systems with an unknown boundary parameter
from collocated sensing and control. IEEE Trans. Automat. Contr. 62 (2017) 6237–6249.



ADAPTIVE STABILIZATION BASED ON PASSIVE AND SWAPPING IDENTIERS 29

[5] H. Anfinsen and O.M. Aamo, Adaptive stabilization of n + 1 coupled linear hyperbolic systems with uncertain boundary
parameters using boundary, Syst. Contr. Lett. 99 (2017) 72–84.

[6] H. Anfinsen and O.M. Aamo, Adaptive control of linear 2 × 2 hyperbolic systems. Automatica 87 (2018) 69–82.

[7] A. Baccoli, A. Pisano and Y. Orlov, Boundary control of coupled reaction diffusion processes with constant parameters
Automatica 54 (2015) 80–90.

[8] K. Cohen, S. Siegel, T. McLaughlin, E. Gillies and J. Myatt, Closed-loop approaches to control of a wake flow modeled by the
Ginzburg-Landau equation. Comput. Fluids 34 (2005) 927–949.

[9] K.D. Do and J. Pan, Boundary control of three-dimensional inextensible marine risers, J. Sound Vib. 327 (2009) 299–321.

[10] A.E. Hramov, A.A. Koronovskii and P.V. Popov, Generalized synchronization in coupled Ginzburg-Landau equations and
mechanisms of its arising. Phys. Rev. E 72 (2005) 037201.

[11] M.X. Jiang, X.N. Wang, Q. O and H. Zhang, Spatiotemporal chaos control with a target wave in the complex Ginzburg-Landau
equation system. Phys. Rev. E 69 (2004). 056202.1–4.

[12] L. Junge and U. Parlitz, Synchronization and control of coupled Ginzburg-Landau equations using local coupling. Phys. Rev.
E 61 (2000) 3736–3742.

[13] M. Krstic and A. Smyshlyaev, Adaptive boundary control for unstable parabolic PDEs–Part I: Lyapunov design. IEEE Trans.
Automat. Contr. 53 (2008) 1575–1591.
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