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ADAPTIVE STABILIZATION BASED ON PASSIVE AND SWAPPING
IDENTIFIERS FOR A CLASS OF UNCERTAIN LINEARIZED
GINZBURG-LANDAU EQUATIONS*

JIAN L1"** AND YUNGANG Liu?

Abstract. This paper is devoted to the stabilization for a class of uncertain linearized Ginzburg—
Landau equations (GLEs). The distinguishing feature of such system is the presence of serious
uncertainties which enlarge the scope of the systems whereas challenge the control problem. There-
fore, certain dynamic compensation mechanisms are required to overcome the uncertainties of system.
Motivated by the related literature, the original complex-valued GLEs are transformed into a class
of real-valued coupled parabolic systems with serious uncertainties and distinctive characteristics. For
this, two classes of identifiers respectively based on passive and swapping identifiers are first introduced
to design parameter dynamic compensators. Then, by combining infinite-dimensional backstepping
method with the dynamic compensators, two adaptive state-feedback controllers are constructed which
guarantee all the closed-loop system states are bounded while the original system states converge to
zero. A numerical example is provided to validate the effectiveness of the theoretical results.
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1. INTRODUCTION AND PROBLEM FORMULATION

The GLEs are used to model the phenomena of vortex shedding in the wake of bluff body such as circular
cylinder. Such phenomena will induce undesirable periodic force acting on the bluff body and give rise to severe
damage in certain circumstance. This motivates the investigations for the controls of GLEs. In fact, multiple
classes of control problems of GLEs such as chaos control [10-12], fuzzy control [8], robust H., control [16, 17]
and stabilization [1-3, 23, 24, 26] have been investigated over the last two decades. However, all the theoretical
results proposed in above literature are restricted by the assumption that all the system parameters are exactly
known. It is necessary to point out that the actual values of system parameters are rather difficult (or even
impossible) to obtain in practice. The uncertainties/unknowns of system parameters are existing ineluctably and
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will make the control problems much more challenging. Therefore, it is meaningful to investigate the controls
of uncertain GLEs.
In this paper, we investigate the stabilization of the following uncertain linearized GLEs:

At(i‘, t) = alAﬁ(i‘,t) + agAj(if', t) + a3A(9“c, t),
A(Oat) = u(t)a (11)
A(zg,t) = 0,

where A : [0, 4] X Ry — C is system state, u : R4 — C is control input with R, and C denoting the sets
of all positive real numbers and complex numbers, respectively; A; = %, Ay = ‘gg and Ayy = ‘?;T‘?; a is a
known complex constant with strictly positive real part and as, a3 are unknown complex constants. Due to the
presence of unknown parameters, the above system is essentially different from those of [1-3, 23] where as and
a3 are spatial-varying whereas exactly known. Moreover, as, a3 as well as some functions constructed by them

(see (1.4) below) don’t necessary belong to known or finite intervals and hence allow more serious uncertainties
than those of [20, 21].

Specifically, the control objective of the paper is to design adaptive controllers such that all the closed-loop
system states are bounded while the original system states converge to zero. Inspired by [1-3, 23], one important
idea for the controller design of GLEs is to change the original complex-valued system into a new one represented
by real-valued states and controls. Then, the following transformations are used for system (1.1):

plx,t) = R(B(z,t)) = % (B(x,t) —l—E(az,t)) , t(x,t) =IZ(B(xz,t)) = % (B(a:,t) —E(w,t)) ,

where for a complex number &, £ denotes its complex conjugation, R(£) and Z(£) respectively denote its real
part and imaginary part, and moreover,

e=24"2 Ba,t) = AF t)er. (1.2)
T4

It can be verified that p(z,t) and ¢(x,t) satisfy the following equations [2]:

pt(x,t) = agpee(,t) + brp(a, t) — artge(x,t) — bre(z,t),
t(z,t) = arpea(x,t) + bip(z,t) + antes(x,t) + bpe(a, t),
p(0,t) =0, ¢(0,t) =0,

p(L,t) = un(t), o(1,t) = us(t),

with

(a3 - g) (1.4)

We next turn to discussing system (1.3), to show the relationship between system (1.3) and (1.1), to present
the principal methods for control design used in the paper, and then to highlight the main contributions of the
paper.

Noting that the transformation from system (1.1) to (1.3) is invertible (see from (1.2)), the stability of real-
valued states of system (1.3) (i.e., p, ¢) will imply that of the complex-valued state of system (1.1) (i.e., A).
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Therefore, it is enough to design real-valued control inputs uy, u, for system (1.3), and then use the third line
of (1.4) to obtain the complex-valued control input u for original system (1.1). Moreover, since a; is known and
asz, az are unknown, the new parameters ar, a; are known while by, b; being unknown. In this paper, we are
going to estimate the new unknown parameters by and b, instead of estimating original parameters as and as.

To design stabilizing controller for system (1.3), two adaptive control schemes respectively based on passive
and swapping identifiers are proposed in this paper. First, two classes of identifiers are separately constructed,
which are sometimes termed observer although their purposes are parameters estimation. Then, by adopt-
ing infinite-dimensional bakcstepping transformations, the identifiers are separately changed into different new
systems from which two adaptive state-feedback controllers are constructed. It is proved that the proposed con-
trollers guarantee that all the closed-loop system states are bounded while the original system states converge
to zero.

To highlight the main contributions of the paper, the following three aspects specify the essential differences
between system (1.3) and those of the related literature while analyzing the essential obstacles of the traditional
methods for the stabilization of system (1.3):

(i) The coupling between subsystems makes system (1.3) more complex than single parabolic system in [13,
14, 27, 28], and hence makes the control of system (1.3) more challenging than those in the literature. Tt
can be seen from equations (1.3) that both the two PDE subsystem states (i.e., p and ¢) interact each
other. Then system (1.3) is coupled and hence more complex than single parabolic system investigated
in [13, 14, 27, 28]. Mainly due to the presence of the coupling in (1.3), the identifiers introduced for
parameters estimations and hence the resulting closed-loop system would be coupled. This makes the
compensation of unknown parameters and performance analysis of the resulting closed-loop system more
difficult than those of [13, 14, 27, 28].

(ii) System (1.3) is described by coupled parabolic equations which are essentially different from the coupled
hyperbolic systems in [4-6] or the coupled PDE-ODE systems in [18, 19, 29]. The distinctive characteristics
of the systems would give rise to different technique obstacles in control design and performance analysis.
For example, new infinite-dimensional backstepping transformations should be searched to change original
system into a target system. Moreover, the resulting target system will be coupled parabolic systems
rather than coupled hyperbolic or coupled PDE-ODE ones. Then, new framework should be established
for stability analysis of the resulting closed-loop system.

(iii) System (1.3) has serious unknowns which make the existing methods in [2, 3, 7, 20, 21, 23, 25, 30] ineffective.
In fact, coupled parabolic systems similar as (1.3) have been investigated in [2, 3, 7, 23, 25, 30], but their
system parameters are required to be exactly known rather than completely unknown. Then, the control
design methods of the literature are incapable for the stabilization of (1.3). Although in [20, 21], all system
parameters ar, a;, by and b; are unknown, their unknowns are severely restricted since all of them must
belong to known finite intervals. In this paper, although ar, a; are known, b, and b; are unknown and do
not necessarily belong to known or finite intervals, and hence allow more serious uncertainties. Moreover,
the adaptive method based on projector operator used in [20, 21] depends on the known bounds of unknown
parameters, which would be ineffective to the stabilization of system (1.3) since more serious uncertainties
exist. To overcome the serious uncertainties, new compensation scheme needs to be developed, under
which to construct a stabilizing controller.

Throughout the paper, we assume the existence and uniqueness of the classical solutions for the resulting
closed-loop systems since the main purposes of the paper are the designing of adaptive controllers and the proof
of stability for the adaptive schemes, and moreover, the parabolic character of the systems ensure their benign
behavior (see [13, 14, 27]).

The reminder of the paper is organized as follows. Section 2 presents some mathematical preliminaries for
control design where two important functions and their properties are given. Sections 3 and 4 propose the
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adaptive control design procedures based on passive and swapping identifiers, respectively. Section 5 gives the
numerical example to validate the effectiveness of the proposed methods. Section 6 addresses some concluding
remarks. This paper ends with an appendix which provides the proofs of some important lemma and proposi-
tions, and moreover, collects some useful inequalities and criterions.

Notation. Throughout the paper, the following notations are used. For a function z(z,t) : [0,1] x [0,+00) — R, let

1
2] = g/fo x,t)2dz. For a real-valued time-varying function f(t), f € £, is equivalent to (fooo |f(t)[Pdt)? < oo with

p > 1 and particularly f € Lo is equivalent to sup,s, | f(f)] < oc.

2. MATHEMATICAL PRELIMINARIES FOR CONTROL DESIGN

In this section, we present two important functions and their important properties which will be used in the
following control design and stability analysis.
The following two functions will be used in the following control design®:

I%(.’L‘,y) :ZGn($+ya‘r—y)7 ];C(:L_’y) :ZG2($+yax_y)7 (21)
n=0 n=0
where
Go(&m) = =3B (E—m). G§&n) = 15°- (€ =),

(e
Gnt1(&,m) iﬁf fonG 7, 8)dsdr + 450f5 fo G¢ (7, s)dsdr,
_1p

Go .y (§m) =—38 ngf (1, s)dsdr + 4ﬁf§ Jo Ge (7, 5)dsdr,

A aR(i)R+C)+albI c aRbI a;(bR+c)
b= ="

(2.2)

c is an arbitrary positive constant, by and b, are time-varying bounded functions (i.e., the dynamic estimates
of unknown constants by and b;, respectively).

The above two functions will be used as kernel functions to construct a pivotal invertible state transformation
(see (3.3) below) which plays quite important role in control design. For detail, under the state transformation,
original system is changed into a new one (named target system) whose stability in some sense implies that of
the original system. By choosing stabilizing controller for the target system, the desirable controller for original
system will be obtained by the invertible state transformation.

The specific expressions of kernel function I:;(ac,y) and l%c(x,y) are obtained from those of [2] by setting
br(y) = bg, b (y) =b; and fr(z) = f;(z) =0 in (28), (29) of the literature. It is necessary to point out that,
the kernel functions glven by (2.1) are time-varying since they include the dynamic estimates of unknown
parameters (i.e., bR7 b,), and hence are essentially different from those of [2] which are time-invariant. The
presence of time—varlance will make the control design and performance analysis for the control problem under
investigation much more difficult.

The following lemma addresses some important properties of l%() and I%C() which will be used in the following
controller design and stability analysis.

Lemma 2.1. The two infinite series given in (2.1) converge uniformly on T’ = {x,y,I;R,I;, 0 <z <
y < 1,|bg| < 1, |b;| < 01} with 61 being some positive constant. Moreover, k(-) and k°(-) are continuously

ITo reduce the notational burden, we suppress the time dependence and space dependence where it does not lead to a confusion.
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differentiable with respect to 5R, b, and twice continuously differentiable with respect to x, y on ', and satisfy

I;':La,(xay) = I;'yy(aﬂy) +B (xay) + C]Acc(xvy bl
koo (@) = kg, (2,y) — Bk(x, y) + Bk (2, 1), (2.3)
k(xvx) = 7%6337 kc(m,l‘) = %ch’
l%(x,O) =0, k°ax,0)=
Proof. See Appendix A in the end of the paper. O

3. ADAPTIVE CONTROLLER DESIGN BY PASSIVE IDENTIFIER

In this section, procedure of control design based on passive identifier is given. First, a dynamic system
(i.e., passive identifier) is introduced to help the estimation for unknown parameters. Then, the identifier is
changed into a new system under some infinite-dimensional backtepping transformation. Finally, an adaptive
state-feedback controller is constructed, which guarantees the desirable stability of the resulting closed-loop

system.
We first introduce the following passive identifier:

Pt = QrPaz + BRP — Qplgy — I;IL + ’72,5 (||P||2 + ||L||2) )
It = Q1pas + brp + anize + but + 72T (|0]% + 1el?) |
p(0) = i(0) =0,

p(1) = ug, i(1) = uy,

with v > 0 and p = p — p, I = ¢ — i which satisfy the following equations (called error system) by verifying from
(1.3) and the above equations:

Pt = QpPyz + BRP — Qrlgy — EIL - ’7215 (”9”2 + ||L||2) )
it = Q1Pgz +brp + aplzs + bpt — '722(||PH2 + ||L||2) )

- . (3.2)
p(0) = (0) =0,
p(1) = i(1) = 0.
Then, we adopt the following infinite-dimensional backstepping transformation:
(@) = ple)— [ (ko) +FeCe i), s
0 3.3

() = i) - / () ply) + R )i())dy,
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with
a,y) =Y ()" 'Cule+yz—y), @y =D (-)""Gilr+yz—y). (3.5)
n=0 n=0

By the above two transformations, the identifier (3.1) is changed into a new system from which it is convenient
to design controller and analyze the system performance.

Proposition 3.1. By transformations (3.3) and (3.4), the identifier (3.1) is changed into the following system:

0f = anif, — asit, — e’ + (b + 2 (ol + e]2) ) @
—bydt + [ (@ (y) H (x,y) + @' (y) H (w,y))dy,
0 = il + agit, - e+ (by+ 42 (o) + 1)) ) @
+ha? — [ (@F (y) HE () — ' (y) H (2, y))dy, (3.6)
P (0) = 1(0) = 0,
o(1) = un = (fy 0Py + fy B m)Ye(y)dy)
w'(1) = u; — (— Jo @ () (y)dy + [ ot (y w(y)dy) ,

S

where
(@) = o)~ fy (k@.p)it) + k(@ y)ily) ) dy,
@) = i@) — Jy (<k (@ 9)a) + ke y)i)) dy,
b) = kLy) - fy (K11 y) - (LI p) ds, o
vely) = ke(Ly) - fy (ROLOFEy) + k(1,8 v)) e, '
H(w,y) = k() + [ (ke Ol y) - ki@, OI(,y) ) de,
He(ey) = —ki(a.y) + [} (Rl () + i@, 0 ) e
Proof. See Appendix B in the end of the paper. O
For system (3.6), we choose the following controllers:
{uR = Jy i W) ()dy + g wC(y>dy7 59
wo= = fy b (y)ee(y)dy + fo Y)U(y)dy,
with b and b, satisfying
b, = 7f01 (pt — 1p) dax.

The following two propositions respectively give the performance of parameters estimators and adaptive
controller, which will be used in the stability analysis of the closed-loop system.
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Proposition 3.2. The updating law (3.9) guarantees that the following properties hold

by bry by b 1], 1171 € Loos

1 1201 WAz 1 1zl o lHLAL HAHE el Al ol iel € £z, (3.10)
I;R, I;I S £2.
Proof. See Appendix C in the end of the paper. O

Proposition 3.3. The adaptive controller (3.8) and (3.9) guarantees that the following properties hold

[P, 2[5 1A il € Loo M Lo,
[@P 1], 0[5 el llell € Loo N Lo, (3.11)
1521l; ezl lpzlls Izl € Loo

Proof. See Appendix D in the end of the paper. O

The following theorem gives the main results of the adaptive control design based on passive identifier in this
section.

Theorem 3.4. The adaptive controller (3.8) and (3.9) guarantees that all the closed-loop system states are
bounded and the original system states p and ¢ converge to zero ultimately, i.e.,

lim su x,t)|+ [z, t)]) = 0.
s (ot 0]+ e 1)

Proof. By Agmon’s Inequality (see Lem. H.1) and noting that ||p|[, ||¢|l; l|lpz]l, [|tz]] € Loo, We obtain that the
closed-loop system states p, ¢ are bounded on [0, 1] x [0, +00). Similarly, g, { are also bounded on [0, 1] x [0, +00).
Then, by (3.3) and noting the boundedness of kernel functions, the boundedness of @ and " follows.

In the following, we turn to showing the converge of p(z,t) and «(x,t). By Agmon’s Inequality and noting
that p(0) = ¢(0) = 0 and ||pz||, |tz|| € Lo, it suffices to show the converge of ||p|| and ||¢||. For this, by (D.2),
we have

(e 1P+ f)1?)
A/1<wwp @) do -+ B+ 27l +70P) [
/w”/ (@ (y) H (z,y) + @ (y) H (z, y)) dyda
- / 0t [ (@) H o) — ) H )

N —
Q—A‘Q_,

Then, there exists constant M such that & (|[@?||? + [|@*[|?) < M since all the terms on the right-hand side
of above inequality are bounded. This, together with the proven fact (||w?||? + [|@*[|?) € Loo N L1, concludes
limg s 1 oo (Hd}”HQ + Hd}LHQ) =0 (by Lem. H.4). Then, (3.4) implies that lim;_, - || 9| = lim¢— 1+ ||Z]] = 0. Simi-
larly, there holds lim;_, 1 oo ||]| = lim¢— 400 ||Z]| = 0, and hence lim;—, 1 o ||p|| = limi— 400 ||¢|| = 0. This completes
the proof. O
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4. ADAPTIVE CONTROLLER DESIGN BY SWAPPING IDENTIFIER

In this section, two classes of filters (i.e., state and input filters) are first introduced whose linear combinations
form the estimations of original system (named swapping identifier). Then, by the similar procedure as above
section, another adaptive state-feedback controller is constructed which guarantees the desirable stability of the
closed-loop system.

First, we employ the following two filters: the state filter
vtp = aRng - alv;m +p,
v = a vl 4+ agvl, +t,
v?(0) = v*(0) =0,
vP(1) =v*(1) =0,

(4.1)

and the input filter

N, = arNfhy — QMg
Ni = Ny + GrMiy,s
n?(0) =n'(0) =0, (4.2)
n°(1) = p(1),
n'(1) = ¢(1).

Define

L (4.3)

e’ = p—>brv? +bv — P,
€ = 1—bwP —brvt —n'.

It can be verified directly from (4.1) and (4.2) that, e” and €’ satisfy the following equations:

P _ P _ L
€ = Argy — Ar€yy,
Lo L
€ = a€el, + agel,,

e?(0) = €(0) =0,
e?(1) = €'(1) = 0.

Then, set
p= (;RUP — bt + n’, = bvP + I;RUL +n. (4.5)

It can be verified from (4.1) and (4.2) that p and ¢ satisfy the following equations (called swapping identifier):
Pt = QrPaz + BRP — Oplgy — BI[/ + Z;RUP - BIUL)

¢ = Q1 fug + bip + anizg + bt + b,vP + bpot,

(0) = 2(0) = 0,
A1) = ug, i(1) = u;.

>

(4.6)

>
Il

To make the control design convenient, we adopt infinite-dimensional backstepping transformation (3.3) and
its inverse one (3.4) with p, ¢ replacing by (4.5), and change the identifier (4.6) into a new system.
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Proposition 4.1. By transformation (3.3) and (3.4) with p, ¢ being defined by (4.5), the identifier (4.6) is
changed into the following system:

WD = apdl, — ayil, — P + bi@? — byt + bai? — byt
+Jo (@ (W) H (z,y) + @ (y)H (z,))dy,
W = a0, + aglt, — et + byt + b,wP + b, v”—i—b K
— Jy (@r(y)H (2, y) — i (y) H (z,y))dy, (4.7)

@ (0) = @*(0) = 0,
(1) = un — (Jy 0 )0y + J} 0 () (0)dy)
@'(1) = ur = (— Jo @ (y)tbc(y dy + fo W' (y) 1P(y)dy) 7

where
W () = oP(x) = [y (k(x,y)vP (y) + k2, y)o'(y))dy, (48)
v(x) = v'(@) = fo (= k(z,9)0°(y) + k(z, y)v (y))dy
Proof. See Appendix E in the end of the paper. O
We choose the following controllers:
1. Lo
un = Jy P (y )w< dy+fo ¢ (y)dy, (49)
up = - fO dy + fo w(y)dya
with b, and b, satisfying
1 AP Tal 1/~ Nayl
A + d 2 P— d
o v fy (pvf + ') da . v [y (P = pv*) dz (4.10)

L [[or ]2 + o L floe ]| + flot?

p=p—p,L=1—1, 7 being an arbitrary positive constant.
The following two propositions give the important performance of parameters estimators and adaptive
controller, which will be used in the stability analysis of the closed-loop system.

Proposition 4.2. The updating law (4.10) guarantees that the following properties hold

BR78178R7Z)I 61:007 Z;Raél ELQQ‘C(XJ?

liAll Izl
, € LoN L, 4.11
VIFIP IR+ /TP [P+ oe ]2 ? (4.11)

€1l e lls Nzl [zl € L2 N Lo

Proof. See Appendix F in the end of the paper. O
Proposition 4.3. The adaptive controller (4.9) and (4.10) guarantees that the following properties hold

@[], [ [, [lo”[l, f[o*]] € L2 M Lo, (4.12)
@z ll; N[zl 2]l vell € Loo- (4.13)

wlls |

Proof. See Section G of Appendix in the end of the paper. O
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The main results of this section are obtained in the following theorem.

Theorem 4.4. The adaptive controller (4.9) and (4.10) guarantees that all the closed-loop system states are
bounded and the original system states p(x,t) and i(x,t) converge to zero ultimately, i.c.,

Jm sup (o] + i@ 1)) =0

Proof. By (4.11) and using Agmon’s inequality, we known that ¢’ and €’ are bounded on [0, 1] x [0, +00).
Similarly, (4.12) and (4.13) imply that @, @*, v?, v* are bounded on [0, 1] X [0, +00). Then, transformation
(3.4) implies that p, i, and hence n?, n* are bounded on [0, 1] x [0, +00) (see from (4.5)). Thus, we obtain from
(4.3) that p and ¢ are bounded on [0, 1] x [0, 4+00).

By (G.1), we have

d i o
7 (19717 + 1@ ]1%)

M| —

1 1
SbR/ (wa”+w”)dx+b/ (d'D° — BPB") dz
0 0

. 1 1
+BR/ (0P + ”“L)dx+b/ (@' 8° + P da
0 0

+/ w/ (@) H(w,y) + 0" (5) H (2, ) dyda
/ / Y H (2, y) — @' (y)H(z,y)) dyda,

Noting that all the terms on the right-hand side of the above equality are bounded, there exists constant
M such that & (J@”[|> +[|@*||?) < M. This, together with the proven fact [[@?[> + [|@‘||> € £ leads to
limg o0 (0] + [|@*]|) = 0 (by Lem. H.4). Then, we obtain that limy— e SUp (o, 1] (|0 (2, t)| + [0 (2,1)]) =0
by Agmon’s inequality and noting that || ||, ||@; || are bounded, and limy—; 1 o0 SUP,epo, 1) (|(2, )| + |i(z, 1)[) = 0
by (3.4). By the similar derivation as above, we obtain that lim;—, . Sup,¢, 17 ([v*(2, )| + [v*(2,?)[) = 0 and
lim¢ s 0o SUPLeo, 17 (|€° (2, )] + €' (2, 1)[) = 0. Thus, (4.5) implies lim;— 0o SUP,e(o, 17 (177 (2, )| + |n* (2, 1)]) =0,
and hence (4.3) implies that lim;—, o sup,cpo, 1) (Ip(@, )] + [e(z,1)]) = 0. O

5. SIMULATION

In this section, we validate the effectiveness of the proposed method for system (1.1) with x4 = 1, the actual
values of system parameters being supposed as a; = 1+ 24, as = —1 + 5¢ and ag = 2 — 3i. Then, by (1.4), we
obtain that ap =1, a; = 2, by = 4.2 and b, = —4.9.

Noting that some controller gain functions (such as, k(), ke(-), I(-) and i”()) are given in the form of infinite
series whose compact sums are difficult to obtain, and moreover appropriate truncations of the infinite series
are sufficient for the practical implementation, we then replace l%(), l%c(~), ] (+) and ic() by their appropriations,
respectively, i.e.,

~ ~ ac A2 Acz A2 A3
k(z,y) ~ —3By+ Bty (2 — y?) 4 28 354 Py(a? —y?)?,
ke(z,y) ~ 38+ ELy(a? —y?) + %y(w —y?)?,
A Ge? 42 Ge2 543
(z,y) =~ L0y + B g hy(@® —y?) - 0y (2 — )2,

N) o~

~ Ac A 2 c
“(a,y) ~ —By+ ELy(x® —y?) - % (2% — y%)2,
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FIGURE 1. Trajectories of closed-loop system states p, ¢ with adaptive controller based on
passive identifier.
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FIGURE 2. Trajectories of parameter estimates b R, by with adaptive controller based on passive
identifier.

with 3, 3¢ being defined in (2.2) and ¢ = 5.

Using controller (3.8) and (4.9) with dynamic updating laws (3.9) and (4.10), respectively, and choosing the
system initial conditions as p(x,0) = 5sin(2nz), ¢(z,0) = 3cos(2mx) + 2sin(2wx) — 3€”, the initial values of
dynamic updating laws as I;R(O) = 4.5, b, (0) = 5 and adaptive gains as v = 0.01, we implement the simulation
by explicit Euler method (see [31]) with 20-step discretization in space. Consequently, four simulation figures
are obtained for the closed-loop systems. Specifically, Figures 1 and 3 show that the original closed-loop system
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F1GURE 3. Trajectories of closed-loop system states p, ¢ with adaptive controller based on
swapping identifier.
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FIGURE 4. Trajectories of parameter estimates BR, by with adaptive controller based on
swapping identifier.

states are bounded and converge to zero ultimately, Figures 2 and 4 show that all the parameter estimates are
bounded and converge to different constants ultimately.

6. CONCLUDING REMARKS

In this paper, stabilization of a class of uncertain linearized GLEs has been solved by adaptive control schemes
based on passive and swapping identifiers, respectively. Such stabilization problem is equivalent to that of a
class of uncertain coupled parabolic systems, which can not be solved by existing methods. By incorporating
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passive and swapping identifiers into dynamic compensation of unknown parameters, two adaptive state-feedback
controllers are constructed which guarantee the desirable stability of the closed-loop systems.

It is worthwhile pointing out that, the adaptive control schemes proposed in this paper can be extended
to solve the stabilization problem of more general system. For example, the 1-dimensional coupled parabolic
system can be extended to the multidimensional one (e.g., 3-dimensional system defined on a cylinder), unknown
constant parameters can be extended to unknown spatial-varying parameters. However, some technique obstacles
would appear in the control of system with unknown spatial-varying parameters, since new passive and swapping
identifiers should be designed and the dynamic compensators for unknown spatial-varying parameters would be
spatio-temporal varying rather than only time-varying.

The future research directions are twofold. First, controllers designed in this paper require all the system states
to be available for feedback. Hence, how to design a controller by more less measurements (e.g., only boundary
values of GLEs (1.1) or coupled system (1.3)) deserves further investigation. Second, this paper removes the
restriction that all the unknown parameters must belong to known finite intervals in the related literature while
ay of system (1.1) (and hence ay and a; of system (1.3)) being known. How to stabilize the system with all the
system parameters being unknown and do not belong to known finite intervals will be meaningful and deserves
further investigation.

APPENDIXES

This section collects the proofs of Lemma 1 and Propositions 3.1-4.3, as well as some useful inequalities and
criterions which will be frequently used in control design and performance analysis.

APPENDIX A. PROOF OF LEMMA 2.1

We only show the differentiability of k(-) and k¢(-) with respect to by, b, since the other claims are direct by
Lemma 2 and Theorem 4 in [2].

Firstly, we give the estimations of G,,(&, ) and G¢ (&, 7) by induction. Noting that |b,| < &1, |b,| < &;, there
is a positive constant ¢y such that |3] < ¢o and |3¢] < ¢o. Then, the first line of (2.2) gives that |Go(€,7)| < Q
and |G§(&,n)| < %. Suppose that

n+1 n+1 n
Gatem)] < TN (e ) < AT (A1)

Then, the second line of (2.2) give that

& 1
//|Gn7's\dsd7'—|—4 /|GCTS)|deT
0
nE n
'// (T + s)"dsdr. (A.2)
n JO

Noting that ¢ = x+y, n =2 — y, we have 0 < £ —n = 2y < 2, and hence

§ 13 n+l _ _n+l
/ / (7 + s)"dsdr = / (7 +n) T dr
n Jo n n-+1

13 n+1 n+1
S/ (T+mn) TS(§+77)
n n+1 n+1

A

1
\Gn+1(€,77)| =7
c
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substituting which into the right-hand side of (A.2) leads to

”*2(5 - 77)”“

Similarly, the following inequality holds

€+ )t

|G7C';,+1(€a77)| < W7

which, together with (A.4), implies that the induce assumption (A.1) holds.
Secondly, we show that 270 98 and $°°° 992 converge uniformly on I'. By the first line of (2.2), we

n=0 g3 n=0 gge
have
0Go| 1 3GC
< -< =0<
6B (5 77) =9 = €1, ’ =0<a,

with ¢; = 2 4 ¢g. Moreover, by the second line of (2.2), we have

aG”“— //G (7, s)dsdr + 5/ /77 OG- o)dsdr + 5// ;(T,s)dsdr (A.5)

Suppose that

0G,| _ M (E+n)  [0Gs| _ e +n) ws)
n! ’ B n! )
Then, (A.1), (A.3) and (A.5) give that
n+1 § M
’3GnA+1 < % / / (T+S)nd8d7+ / / 7+ s)"dsdT
)] 8- n! 0 "
At e+t ol (E+ 77)'“rl At (A7)
4-(n+1)! (n+1)! - (n+1)! ’
Similarly, there holds
N (/) e

205
0p

which,together with (A.4), implies that the induce assumption (A.6) holds.
Noting that 0 < £ + 7 < 2, we obtain from (A.6) that

= oG, e ( 201 = OGS, 01(201)"
noaﬂiz ’TLE:Oaﬂ Z nl

(n+1)! 7

The two infinite series on the right-hand side of above inequalities are convergent. Then, the two ones one the
left-hand side of above inequalities are unlformly convergent. Thus, k( ) is differentiable with respect to 3, and
hence is differentiable with respect to b, and b;. So does k°(-).
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APPENDIX B. PROOF OF PROPOSITION 3.1

First, w”(0) = w*(0) = 0 can be directly obtained by setting = = 0 in (3.3) while noting p(0) = (0) = 0.
Moreover, by setting = 1 in (3.3) while noting p(1) = ug, (1) = u,, we have

Then, substituting (3.4) into the right-hand side of the above equation and changing the order of integration
lead to the last two equations of (3.6).

In the following, we are devoted to the derivation of the first equality of (3.6), and then the second one can
be similarly obtained. First, computing the partial derivative with respect to ¢ from the first equation of (3.3)
along the solutions of (3.1), we have

xT xr
Wy = py —/ (K2, y)pe(y) + k(2 y)ie(y))dy —/ (ke(x,y)p(y) + ki (2, )i(y))dy
0 0
- aRpAa:g; + bRp - aliwz - bI’/ + FYQﬁ”p”Q + ’YQP~||LH2
—/ k(z,y) (aaﬁyy +brp — asiyy — b+ 25l + wgﬁIILIIQ) dy
0

~ [ R (@ + 510+ aniy + bua AP + 2l dy
0

7/0 (ke y)p(y) + k¢ (2, )ily) ) dy

L
&
8~ I/
|
ﬁ
|
P by
[}
—
&

5 s
s
—~
<
N~—
_l’_
T
—
&
<
N~—
~
—~
<
~—

N——
o,
<
N———

i

—a, (me _ /Ox (_]%C(x,y),éyy(y) + l%(m,y)iyy(y)) dy)

hrw? (@) = byt (2) +° (Ipl* + 4l]*) @ ()

- [ llw)it) + ki iw) s (B.1)
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with w?(z) = p — [ ( p(y) + ke (x,y)u(y )) dy and w'(z) = — [ ( ke (z,y)p(y) +IA€(x,y)L(y)) dy. The
first two terms on the rlght hand side of above equality (denoted by @ and (@), respectively) need further
treatments. For this, by direct computing from the first equation of (3.3), we obtain

e =02+ o ([ (o)) + i)
— i, + 6} (1%@:, 2)p(x) + k2, 2)i(x) +d/0 (ka2 )P0) + RS, y>2<y>>dy)
= g, L))+ b)) R, i) + K 27 (1)

s (2, 2)p(x) + k5 (2, 2)i(x) + /Ox (kva (@, 9)p(y) + ki (2, 9)i(y)) dy.

Then, by (2.3), we have

@ = ap?, + app(x) <(fxfe(a:,x) + kg (2, ) + l%y(a:,x))
tani(o) () + (o) + kloo))
b [ () = K)oy + an [ (ko) = By )01y
0 0

x

= a0, — anfp(z) + anfi(z) + aR/O (Bk(,y) + B%e(x,y)) ply)dy
+agr /I ( - BCIA{(‘%; y)+ B]%c(xv y))Z(y)dy
0 . ) )
— it — anf ( (z) - /0 (h(z,9)p(y) + kc(x,ym))dy)

anf (Z@_ / N o) + i y>2<y>)dy)
= apWl?, — apf’ + apfw". (B.2)

Similarly, we obtain

@ = a, i, — a5 — a, St (B.3)
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Substituting the above two equalities into (B.1) while noting that a:3¢ — apB = —by — c and a, 8 + arB° = by,
we have

WY = azpw?, — a;wk, + bpw” + ( B¢ —aRB) WP — bw' + (a,B—i—aRBC) w*
+ (Pl + 2 el) @ () = [ (el )pl) + i (@, 1)i()) dy
= anitl, — agity, — e’ = bt + (b + 22l +421?) @

—/Ow (e(a, 9)p(y) + K (,9)i(y)) dy. (B.4)

:\

Then, substituting (3.4) into the last term on the right-hand side of the above equation, we have

/Om (Fu(w,)aly) + k(2. 9)i(y) ) dy
= [Mta (w - [ (00 + 090 (©)) ac) ay
+ [t (w0 - [ (090 © + e ©) dc) an

Changing the order of integration, the following equalities hold

Iy Felay) fi (10, ©wP() + (g, u (€ >)dsdy

= Jo wP(y) [, ke(w, ©)I(&, y)dedy + [ w'(y) [, ke(w, ©)I°(€, y)dédy,
fkwcyfo( lcyé)w”() iy, w (5))d§dy

== Jo wry) J; i@, O (€ y)dgdy + [ w(y) [, ki@, (€, y)dgdy,

by which and noting the definitions of H(z,y), H°(z,y), we obtain that

_|_
v ( @)= [ (ble € ) - k@060 e ) ay

<

Substituting above equality into the last term on the right-hand side of (B.4) leads to the first equation of (3.6).

APPENDIX C. PROOF OF PROPOSITION 3.2

Choose the following Lyapunov function:



18 J. LI AND Y. LIU

Computing the time derivative of V' along the solutions of error system (3.2) and integrating by parts, we have

1
V= / P(anfos + Bup — arime — Bt — Pl —225]0?)de
0

brbr N b;b,
gl gl

1
+/ Z(alﬁxaj + b]p + aRZwa: + bRL - ’YQZHLHZ — ’}/2Z||p||2)d$ +
0

1 1 1
= —aR/ (P2 +12) d:v—i—ER/ (ﬁp—l—ZL)da:—&-EI/ (ip — pt)da
0 0 0 . .
b i
gl v

S

=21l 1811* = V2 lell®1A12 = el = [l 2l ~

Then, by (3.9), we obtain
1
y 2 | -2 2 AN2HAN2 212102 20121712 21 Al12117]]2
Vz—aR/O (P72 +22) dz = llpl* 1217 = v NellP111* = [l *Nall® = 21l (121>

Integrating both sides of the above equality over [0, ¢] arrives at V() < V(0), and hence gives the first line of
(3.10). Moreover, integrating both sides of the above equality over [0, +00) yields that

+oo +oo
aR/o (5= + ||Zw||2)dt—‘r'}/2/0 (el A1 + el 111 + Nl 120 + ol 1211%) dt
= V(0) = V(400) < V(0),

which shows that |||, [|Zz(l, [lellllpll, ezl [lelfiall, [lolllZll are square integrable on [0, +00). Then, by
Poincaré’s inequality (see Lem. H.2), we obtain that ||p|| and ||Z|| are square integrable on [0, +00), and hence
obtain the second line of (3.10). This, together with (3.9), implies the third line of (3.10).

APPENDIX D. PROOF OF PROPOSITION 3.3

We first give the relationships within some closed-loop system signals which will be frequently used in the
following proof. Since b, and b, are bounded (see (3.10)) and kernel functions k(-), k°(-), I°(-) and I(-) are
continuous with respect to each variable on bounded intervals, there exists positive constant M7 such that

[l < My (llall + 2l el < M (llall + 112l
oIl < My (f@? (| + [ ), (2]l < My (fJ@? ]| + [[a]])
el < llpll + {1l < [lpll + My ([l + fo*]]) ,

el < 12+ 112l < f12ll + Ml (| + [l )

(D.1)

which can be derived from (3.4) and the first two equalities of (3.7).

Then, we begin to prove the first two lines of (3.11). The first line of (D.1) implies that ||@”|], ||@"]] € Loo N L2
since ||p[], |IZ]] € Loo N L2 (see from (3.10)). Moreover, the last three lines of (D.1) would imply that ||5]], ||Z]|,
llell, el € Loo N Ly once |||, ||| € Loo N L2. For this, we consider

N =

d 1
G 7+ 10 2) = [ et + vty ar

1
= / w? (anggC — a;dl, — e’ + (br + ¥ ||pll* + V2 |e)?) @ — byt
0
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T / (P () H(z,y) + 0 () H (2, 9) dy) da

1
+/ g (azwg’z + aptl, — e + (bn +V2pl? + V2| el?)@" + byw?
0
xT
—/ (w*(y)H (x, y) —W(y)H(:v,y))dy)dx
0
= —agn (|02 + [l@4]1?) — ¢ (lo°]? + [[@*]1%)

1
+b, | (@'0° — @0Pw") dx + by / (WPo” + ' o*) da
0

/ / (W) H (2, ) — o' (y) H(x, ) dydz. (D2)

The last four terms on the right-hand sides of the above equality should be further estimated. First, by Young’s
inequality and noting that ||@”|], ||@"|| € Lo N L2, there exists a positive constant o7 such that

1 72
7 b
b,/ (wpr _ wpr> dz S o1 (”,wL”Z + ||,pr||2) + ﬁ (H,II}L”Q + ||’LTJP||2)
0 1
= o1 (@ ]* + [[@”]1) + b, (D.3)

with b, denoting the bound of b, and I denoting the function which belongs to £;. Similarly, the following
inequality holds

1
BR/ (P& + i) de < o (02 + [0°]7) + L. (D.4)
0

Then, by Young’s inequality and (D.1) while noting that ||5]|||oll, |Z]lllell, 18]l € Loo N L2 (see (3.10)), we have

1

ol / (0P + o'irt) de

< 2ol W+ ol 1]

Myt MV _ .
MET o120 - o 12 + X a2l - et +
o1

2Miy*

| /\

g 2
12l

IN

~ ~ N ~L N ~L 01 |~
(A1l + Nzl (1o N1 ) (Ilwpll2 + [[0t11%) + 200 ([10°]1% + [lo*]%) + 371111
1
< 20y ([J0?|2 + [l |2) + b (1?1 + [[0]|2) + 1. (D.5)

Similarly, the following inequality holds

1
WZIILIIQ/0 (@0 + ') de < 200 (J0°I* + @0']*) + b (Jlo?|* + [lo*]%) + & (D.6)
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Moreover, by Hoélder’s inequality, we have

/ o /’” (WP (y)H (z,y) + ' (y) H(x, y)) dydz
0 0
1 x 1 T
gnwwﬁ / / H(m,y)QddeIIw”ll-IIWII\/ / / He (e, y)2dyde
P12 + [|w||? 1Ix2x\/1$cx2x
< (@2 + [ |?) \//O/OH<,y>dyd+ /O/OH<,y>dyd).

By (2.1), there holds k; = %ER + %6“ ke = ng;iJR + ng:BI' Since k(-), k¢(-) are continuously differentiable

with respect to each variable on bounded intervals and b, € Lo, b, € Lo, we obtain that fol Jy H(z,y)*dydz,
fol Jy He(x,y)?dydz € Ly. Then, it follows from the above inequality that

1 x
/0 @ / (@ () H (z, y) + 0 () H* (2, ) dydzr < I ([0°] + [7]2) (D.7)
Similarly, there holds
1 x
- [ [ @) — i )G dude < 0 (0] + 1P). (D.3)

Substituting (D.3)—(D.8) into (D.2) leads to

| o

(l?I” + [[01%) < —(c — 600) (Jl&#]2 + %) + b (12 + 1*]1%) + 0o (D.9)

N | =
o

t

Then, by Lemma H.3, we obtain [[@”|, [[0*]| € Loo N L2 if 0 < 0y < §.
In the following, we turn to showing the last line of (3.11). First, by computing the time derivative and using
integration by parts, we have

1d ! !
53 (Al +1521) = [ papude s [ s
st | )=/ i
- ‘/ Prr (s + bap = arlew = bt = 22plpl2 = 22l11?) da
0
1
[} (@04 B+ s+ B =2l =270l
O ! !
= —aR/ (ﬁix—kiil) dx—bR/ (Pzxp + laxt) da:—&—bl/ (Powt — laep) dx
0 0 0
1
(Pl +22?) / (Poop + Tat) do
0
1 1
:—aR/ (ﬁix+zﬁx)dx+/ Pax (—bRp+b,L+72(||p||2+||LH2) p) dz
0

0
1
= [ e (B + Bip =52 (1ol + 1R o)
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Then, by Young’s inequality and noting that b, b, € Lo and llolls L]l € Loo N Lo, we have

1d

3 /s = 2
ST (||p$|\2+ubz||) o (B2l + B2l 2 (Lol + 11l12)* 111
R

b b 2
s (BRI + B0l +22 (ol + 1) 117) € £
R

Integrating both sides of the above inequality over [0, 400) leads to ||pzl], ||Zz|| € Loo
Similar to the derivation of (D.2), we have

N —

5 (ai? + ) = [ (@80 + 00, 01)

= /01 WP, <aRw" —ayt, — e’ + (by + 72 ||pl> + 2|e]|?)@” — b,
+ [ @) + i e, y))dy)dx
+ /01 W, (a,ng +apt, —cit + (ba +72|pl? + 22 [el?) @t + by”
- [ @wieey - o) dy) da

=~ (1L + % ) do = e (o1 + 02 1?) +5, | (00, — i ) da
~(ut Pl + 210 [ (@0 + it ) da
+f g, [ @ W + 0w ) duda
-/ g, | @@ - ) a.

By Young’s inequality, we obtain that

2 1, ~ A N b? - -
bi Jo (@,0" — g, 0f) du < 4 (J10F 1 + 105, %) + 25 (10l + [l@*]1%)
- b ~ ~
~b [y (if 207+ g L0") da STR(||w£w||2+||w;xH2)+£(Ilw"||2+llw‘||2),
(Ilpl|2ﬂL g || 2) Jo (g, + i) da
4 2 ~ ~
(Ilwmll2+llw 12) + 2 (oll® + 11el®)™ (o)1 + le]12)

Sy w2, fo wﬂ(y)H( z,y) + 0 (y) H(z, y))dydx

b, (P (y) HO (2, y) — i (y) H (a, >>dydx

Substituting the above five inequalities into the right hand side of (D.11), we have

N =

d . . 1 /- - 2 - -
L 2+ s2) < = (524 8+ (320l +420002)7) () + )
R

4 1 x 1 T
st (10 [ [ meanas s jar? [ e raan) <o,
ar 0o Jo 0o Jo

a N N 1 px c
< o ig, |2 + 2 (071 fy Jy H(w,y)*dyda + [0 [, 5 H (@, y)*dyds)

L 1 rx c
s%uwmnu%(nwﬂn S Ji F e )Py + [ | J,) [ HE G, y)dyda)

21

(D.10)

(D.11)
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which can be obtained by noting that [[@?], ||@, |[@°], [|@‘] € Lo N Ly and fol Jy H(z,y)*dydz,
fol Jy H¢(z,y)?dydx € L;. Integrating both side of the above inequality over [0, ¢] arrives at [|[@2]], [|@ ] € Loo.
Then, (3.4) implies that ||pzl, [|iz]] € Loo, and hence ||pz ], ||tz]] € Loo-

APPENDIX E. PROOF OF PROPOSITION 4.1

We just show the derivation of the first equation of (4.7) since the second one can be obtained similarly, and
moreover the last three lines of (4.7) can be obtained similarly to those of (3.6).
First, by the similar derivation of (B.4), we have

zw:ﬁf—A %@wﬁdw+kﬁxw%@ﬁmrié(&@wﬁ@%+%@wﬁ@ﬂ®
= ApPgz + BRP — Qrlgy — lA)IL + Z;R’Up - Z;IUL

—/ k(z,y) (aRﬁyy +brp — aslyy — bt +brv’ — blv‘) dy
0
lAcc(x, Y) (a,ﬁyy + (;,p + aplyy + bt + bv? + BRU") dy

h,
_ /0 (e, v)p(y) + kS ( )i(y))dy

i
—a, (Zm [ (—Ac(x,y)ﬁyy(y) + fc(m,y)iyy(y)) dy)

+@%—&W+QW—aw—/(&mwmw+%@wmwmy
0

(=)

Substituting (B.2) and (B.3) into the first two terms of the above equation and after some simple managements,
we arrive at

N ~ L ~ 7 o~ A 7w
Wy = arW?t, — a,w;, — cwf —b,w" + brv? — b, v
x

fA(@@mmw+%uwmwmy

L
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Then, substituting (3.3) into the last term on the right-hand side of the above equation and then changing the
order of integration, we obtain the first equation of (4.7).

APPENDIX F. PROOF OF PROPOSITION 4.2

Choose the following Lyapunov function:

no b

V(t) = n_
®) 2097 2027y’

(el + llel®) +

DN | =

where o9 is a positive constant to be determined later. Computing the time derivative of V'(¢) along the solutions
of (4.4) and using (4.10), we have

1 1 . .
V(t) = / € (ane?, —ase’,) dx + / € (a0, + age,)dr — 1 (BRBR + E,?)I)
0 Jo B 027
fo1 (bR (pv? + ') + b (0" — ﬁv‘)) d
oz (1+ [[vP]]? + [lo*]?)
fol (ﬁ(va” — b,vb) + Z(b,v" + vaL)> dx
o (1 + [loe |2 + [|v][?)

= —an ([e£]” + llez|*) -

= —ag ([l11* + [l ]1%) -

Noting that e’ — p = bvt —bpvP and € — i = —bvP — [;RUL, it follows from the above equality that

Jo (e —p) +i(e —)de

Vt — _ P12 L2
(t) ar ([l2)* + 1€ )?) + os (L1 [0?]% + [o°?)

12 1 N2 1=, -
= —ag (|21 + [l ]1?) — [[A11* + [I2] Jo (pe” + i) da
! ! oo (L+ [lor[|2 + [[vif|?) o2 (1 + [lvP]|2 + [[vt]]?)
1217 + llz? 21 le? || =+ [IZ[/]le

< —an (41* + llel?) -

. F.1
2+ [0 + o) T a2 1+ o + [0 ) (1)

Moreover, by Poincare’s inequality, Agmon’s inequality and then Young’s inequality, we have

Iplllentl + zfille 2llplllezll + 2[zlllles I
oz (L+[[o?[2 +[[01]12) ™ oay/T + [Jo ]2 + [Jo*]?

a L
< (el + llez %) +

2 (IlA11* + 11zlI*)
o3ar (1+[[v?|? + [|v*]|?)

IN

Substituting the above inequality into (F.1), we have

v Or 2 L2 1211 + lIZ]1> < 2 )
t <_ PN efv) + €y - 1 .
®) 2 (” | ez ) oo (1+ ||ve])2 + [|vt||?) 0205

Choosing oy > % and integrating the above inequality over [0,¢] and [0, 400), respectively, we obtain that

i 151 171
€20 el B br € Loy and e, el oo Vv

A8 Lo.
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On one hand, by Poincare’s inequality and noting that [[ef ||, [[€; || € L2, we have [|e?||, [[¢']] € L2. On the
other hand, replacing j by €” — b,v* + bzv” and noting the boundedness of ||€”||, b, and b,, we have

0 eP +B - NoP +[; <ot ~ ~
||p! — S H H | R| || 2” | i|2|| || S ||6p||+‘b3|+|b1| E‘Coo
VIl + o] VIl + o]
Similarly, there holds S |1 R—= Loo. Then, from (4.10), we arrive at
Vo2 +lv )12
: 5l llvP illvt 5 P
o] < I+ Al Ml pne
L+ [Pl + o]l VI e+ florf2 /T [oe]? 4 [ot]2

€ L2 N L. Then, the first two lines of (4.11) hold.

To derlve the last line of (4.11), we consider

d
7 (el + eal®) = —an (1. 1* + ez l®) <0

N |

By integrating both sides of the above inequality over [0, ¢], we obtain that ||e?||, ||€%]| € Loo, and hence |e2]],
lleLll € L2 N L. Then, we obtain that ||e?]|, ||€']| € L2 N Lo by Poincare’s inequality.

APPENDIX G. PROOF OF PROPOSITION 4.3

Part I: Proof of (4.12):
Consider the following computation

d ~ AL
7 (712 + [l ]1%)

DN | =

1
_ / WP <aRuA)§x —ay@, — e + by? — byt
0
b = bt + [ (@) o) + ) (0,0) dy) da
0
1
+ / ng (a,w;’m + apt, — i’ + bpw' + bw”
0

x

st bt = [ @) ~ 00 dy )do
= —ag ( Hw”ll2 + [[L]1?) — ¢ (Jlo°]1? + [l ]|?)
/ w”w"—l—ww)dx—i—b/ wP — wfw') dx

+ W' )dx—|—b/ (w0 + wPo") de

/1w / z,y) + o' (y) H(z, y)) dydz
o

(z,y) — ' (y)H(z,y)) dydz. (G.1)
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From (4.8), we obtain that ||0°| < My (||[v”]] + ||v*|]) and ||0*]] < My (|Jv?|| + ||v*|]), by which, (D.1) and using

Young’s inequality, we have

~ 72 2

b [y (PP +@tit) de < 203 (||0)% + [[@*]|?) + 22 (11512 + (17)12)

~ 72

br fy (0t — wPit) da < 20 ([[?]|2 + [lir]|2) + 22 (11]12 + [17]2)

A 2|7 2

br fy (@57 +wPo*) do < oy ([P + [[@]|?) + 252 (jlve )2 + [[ot]]?)
7 1 LU -~ A -, L MZI;) 2 L

by [ (@'5° + 0P8ty dz < o5 ([P + @) + 252E (02|12 + [v]|?) -

Substituting this and (D.7), (D.8) into (G.1) while noting that |by|, |b;| € L2, leads to

d ~ L ~ ~ ~ L
3 (12717 + [ 11%) < —an (10217 + llg 1) — (e = 603) (lo” ]| + [l*]|*)

L (0n+87) M3
20’3

|~

(AN 4 11201%) + 8 (P 1 + [t 117) + 2 (e 1+ [o%) -

llAll Lzl sl
Moreover, ST T Ve T € Lo (see (4.11)) implies that

1AI7 < b (P I+ N0 l2) 5 2P < ([P 1+ o)) -

Then, (G.2) changes into

d,. . . ) . ) .
7 71+ 10°1%) < —aw (1021 + (145 ]%) = (¢ = 603) ([@°|I* + [li*]]*)
0 (0P 1P+ o) + b (1?12 + [[*[[) + b

N | =

Moreover, from (4.1), we have

1

1d !
53 (07 117 = [ @ty = asot + p) ot [0 @ty + antt 4 0) o
0 1 0 1
=~ (121 + et ) + [ wrpdot [ vda,

By (D.1) and Young’s inequality, we have

1
/0 v pda < [[o°[l[lpll < [Pl + M|l (|07 + [l ]])
8M2

R

a 4 . .
< g 1P+ =l + (Il + o) -
R
Then, by Poincaré’s inequality and (G.3), it follows that

1
pd<a7R pQZ l P12 L)12 8M12 ~p112 L2
| Vpd < 5 1021+ L b (P 17+ 0t 17) + —— (] + [|*]%)
R

(G.2)

(G.5)
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Similarly, the following inequality holds

' 2 2 8M7 2 2

/0 vhede < 22 ”va D ([l )2+ [t )1?) + (P ]* + [l ]%) -
R
Substituting both of the above two inequalities into (G.5), we have
1d .
5 (P12 + o) < =52 (Jog)? + ot )
. 16M2 . ~
AL ([P + o) + Y = (@)1 + [l %) - (G.6)

Choose the following Lyapunov function:

V(t) =

l\-’)\@)

1
(2% + flor11%) + 5 (17 + Jlo* %) -

Computing the time derivative of V'(¢) and using (G.4), (G.6), we have

1602

V(t) < - (6(c—603) -
N ~y (4333
(2 + ) + 1y -
16M2Y . Ny )
< (6 (c— Gag) ) (62 + [ 12) + 11 (o] + [o]2)

~ L ‘ ar 2
i (10712 + 110 1%) + b= == (1017 + [l 17) -

) (2?11 + Nl 1) + 1 (oI + [lv* (1)

(21> + oz [1?)

R

16 M3
SG.R ’

Choosing 0 < o3 < &, § > 1607 ) and letting ¢ = min {2 (c —603) —

oM aRr
T (63 1 }, we have

V(t) < —qV(t) + LV (t) +1;.
Then, by Lemma H.3, we have V' € £ N L, and hence |[@”|], [|[@*]], ||o?]], |v*]] € L2 N Loo

Part II: Proof of (4.13):
By integration by parts, we have

1d L
2 gl + )
1 1
= 7/ U’m)x (aRvgz - alv;z + p) dzr — / ,U:Lvm (afvgz =+ aRU;z + L) dz
0 0
1 1
= —an (08l + et ) do — [ o2pdo— [ ot da (G.7)
0 0

The last two terms need to be further estimated. For this, by (D.1), (G.3) and noting that ||@?||, ||@*|| € L2, we
obatin

1
1
— [ tapde < aulor, P + o
0

M?
< anl[ve,|* + ||p||2 —

(o? 1 + fl* (1)
< anlve, | d$+11 +h (Ilvf'll2 + '),
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and
1
~ [ e < anlenal? + by () 4 0P)
0
Substituting the above two inequalities into (G.7) leads to

d
37 U2+ 105 1%) <l ([l + o))
Then, integrating both sides of the above inequality over [0, t] and noting |[v?]|, ||v*]| € Lo directly arrive at
[o2ll; 03]l € Loo-

Moreover, similar to the derivation of (G.1), we have

| &

(w2l + llwg. 1)

N |
o

t
_ /0 s (angw g, — e + bd? — by
#ht? bttt [ (@) H ) 0 0) o) dy
- /0 1 W, (alng + aptt, — e + byt + bw?
by + bt — /x (W”(y)H (z,y) — 0" (y)H (z,y)) dy) da
= —an (@211 + @, [1) — ¢ (lo? | + 1))

1 . . x
-/ w&(émp—&w+ém—w+ / <u>ﬂ<y>HC<x,y>—my)H(x,y))dy)dx
0 0

1 . . xT
- w;I(BRwL+6,wP+W+éRﬁL— / (uvf’(y)H%x,y)—w%y)H(x,y))dy)dx. (@.8)
0 0

Denote the third and fourth terms on the right-hand side of the above equality by @ and @), respectively, we
obtain their estimates as follows:

552 552 562
O < agll@f,|* + ="l |1 + =@t + == |o°)®
) 4 4 4
56? ~L)|2 5 ~p|2 b 2 o A2 ' ‘ c 2
A= I+ Sl H(w,y)*dydz + 3 [l He(z,y)*dydx
o Jo 0. Jo

s @Ry M (%
< anlhg P + 20 e ) o ot (7 + ) (o2 + 110 ]2)

2
5 1 T 1 T
3 (el + ot |?) (/ [ et [ HC(:c,yfdydx)
2 0 0 0 0

< agl @l |1 + i ([[0°]1? + [[v']%) + 1
< agl Wl |” + 11, (G.9)

where (D.1), (G.3) and (4.12) have been used. Similarly, we obtain

@ < aglwh,|? + 0.
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Substituting this and (G.9) into (G.1) arrives at

d .. .
3 (217 + [l ) < &

Then, by integrating both sides of the above inequality over [0, t], we yield that ||@2]|, ||@%]] € Loo-

APPENDIX H. SOME USEFUL INEQUALITIES AND CRITERIONS

The following four lemmas respectively give four important inequalities (see Lems. H.1 and H.2 later) and
two useful criterions (see Lems. H.3 and H.4 later) which will be used frequently in the stability analysis of the
closed-loop systems.

Lemma H.1. [9] (Agmon’s Inequality) For any w € C*[0, D], there hold:

w(0)? + 2[|w|| - [Jws]l,
w(D)? + 2wl - [lwa]-

——
£ E
8 8
e
IAIN

Lemma H.2. [9] (Poincaré’s Inequality) For any w € C'[0, D], there hold

lwl* < 2Dw(0)* + 4D?|lw, %,
< 2Dw(D)? + 4D?|Jw, ||*.

Lemma H.3. [15] Let o be a positive constant, v be a real-valued function defined on Ry and lq, ly be real-valued
positive functions defined on Ry. If l1,ls € L1 and satisfy

0 < —ov+1liv+ls, v(0) >0,

then, v € Loo N L.

Lemma H.4. [22] Suppose the function f(t) defined on [0,400) satisfies:
(1) f(t) = 0 for all t € [0,400),
(2) f(¢t) is differentiable on [0,400) and there exists a constant M such that 4O < ppovE >0,

(3) Ji7° f(t)dt < 0. *

Then, there holds
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