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ANALYSIS OF THE CONTROLLABILITY FROM THE EXTERIOR
OF STRONG DAMPING NONLOCAL WAVE EQUATIONS*

MAHAMADI WARMA** AND SEBASTIAN ZAMORANO?

Abstract. We make a complete analysis of the controllability properties from the exterior of the
(possible) strong damping wave equation associated with the fractional Laplace operator subject to
the non-homogeneous Dirichlet type exterior condition. In the first part, we show that if 0 < s < 1,
Q CRY (N >1) is a bounded Lipschitz domain and the parameter § > 0, then there is no control
function g such that the following system

U + (—A)°u+5(—=A)°ur =0 in Qx(0,7),
U = gXOx(0,T) in (RV\ ©) x (0,7),
u(+,0) = ug, us(+,0) = ug in Q,

is exact or null controllable at time 7' > 0. In the second part, we prove that for every § > 0 and
0 < s < 1, the system is indeed approximately controllable for any 7' > 0 and g € D(O x (0,T')), where
O C RN\ Q is any non-empty open set.
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1. INTRODUCTION

Let © ¢ RY (N > 1) be a bounded open set with a Lipschitz continuous boundary 9. The aim of the
present paper is to study completely the controllability properties from the exterior of the (possible) strong
damping nonlocal wave equation associated with the fractional Laplace operator. More precisely, we consider
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2 M. WARMA AND S. ZAMORANO

the system

uge + (—A)*u+6(—A)suy =0 in Q x (0,7),
U= gXOx(0.T) in (RV\ Q) x (0,7), (1.1)
u(+,0) = up, u(-,0) =uq in Q,

where u = u(z,t) is the state to be controlled, g = g(z,t) is the control function which is localized on a subset
Oof RN\ Q,§>0,T>0,0< s < 1 are real numbers and (—A)* denotes the fractional Laplace operator,
which is given formally by the following singular integral:

s u(z) — u(y
(—A)*u(z) = Cy.P.V. /RN |x(—)y|NJ<F2) dy, = €RY,

where Cy s is a normalization constant that depends on N and s only. We refer to Section 3 for the precise
definition.

We mention that it is nowadays known that the system (1.1) is not well-posed if g is prescribed at the
boundary 0f2. This follows from the fact that the stationary problem, that is, the following Dirichlet problem

(=A)’u=0 in Q, u=g on 99,
is not well-posed. The well-posed Dirichlet problem for (—A)® is given by (see Prop. 3.2)
(~A¥u=0 in Q, u=g in RV \Q.

That is, the function g must be prescribed in RY \ . For these reasons, it has been shown in [46] for the first
time, that the classical notion of boundary controllability for local partial differential equations (PDEs) does
not make sense for fractional PDEs involving (—A)®, and therefore it should be replaced by a control that is
localized outside the domain where the PDE is satisfied. This is a consequence of the nonlocality of (—A)*. We
refer to [46] and the references therein for more details on these topics.

We shall show that for every g € L2((0,T); W*2(RN \ Q)), if ug and u; belong to a suitable Banach
space, then the system (1.1) has a unique solution (u,u;) satisfying the regularity u € C([0,T]; W*23RY)) N
CL([0,T]; L*()). In that case, the set of reachable states is given by

R((u0,u1), T) = {(u( T),ue(T) : g € L2((0, Ty W2 (RN \ Q).

Let W—2(Q) denote the dual of the energy space W3 (Q) (see Sect. 3).
We shall consider the following three notions of controllability.

— The system is said to be null controllable at T" > 0, if
(0, 0) S R((UO, ul), T)

In other words, there is a control function g such that the unique solution (u,u;) satisfies u(-,T) =
ut(+, T) = 0 almost everywhere in .
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— The system is said to be exact controllable at T > 0, if
R((uo,u1),T) = L*(Q) x W~5%(Q).
— The system is said to be approximately controllable at T" > 0, if
R((ug,u1),T) is dense in L*(Q) x W*2(Q),

or equivalently, for every (fg, ;) € L*(2) x W=%2(Q) and € > 0, there is a control g such that the
corresponding unique solution (u,u) of (1.1) with ug = u; = 0 satisfies

[u-T) = ol 20y + lue(- T) = Gl 2@y <& (1.2)

In the present article we have obtained the following specific results.

(i) Our first main result says that if 6 > 0, then the system is not exact or null controllable at any time 7" > 0.

(ii) We also obtain that the adjoint system associated with (1.1) satisfies the unique continuous property for
evolution equations.

(iii) The third main result states that the system (1.1) is approximately controllable, for every 6 > 0,0 < s < 1,
T > 0, and for every g € D(O x (0,T)), where O C RV \ Q is any non-empty open set. Since the system
is not exact or null controllable (if 6 > 0), it is the best possible result that can be obtained regarding the
controllability of such systems.

The null/exact controllabilty from the interior of the pure (without damping) wave equation (with strong
zero Dirichlet exterior condition) associated with the bi-fractional Laplace operator has been investigated in [6]
by using a Pohozaev identity for the fractional Laplacian established in [37]. More precisely, the author in [6]
has considered the following problem:

g + (—A)%5u = [Xwxo,ry in Qx(0,7T),
u=(—APu=0 in (RV\ Q) x (0,7), (1.3)
u(+,0) =wug, u(-,0) =uy in Q,

where % < s < 1, u is the state to be controlled and f is the control function localized in a certain neighborhood
w C Q of the boundary 99. He has shown that the system (1.3) is exact/null controllable at any time T > 0, if
% < s <1 and at any time T > Ty if s = %, where Tj is a certain positive constant. We notice that, since the
system (1.3) is reversible in time (which is not the case for (1.1) if 6 > 0), then in this case, the null and exact
controllabilties are the same notions.

Always in the case § = 0, most recently, we have studied in [28] the controllability of the space-time fractional
wave equation, that is, the case where in (1.1), we have replaced uy by the Caputo time fractional derivative
D¢ (1 < a < 2). We have obtained a positive result about the approximate controllability from the exterior.
The corresponding problem for interior control has been studied in [26]. The case of the fractional diffusion
equation from the exterior, that is, when 0 < a < 1, has been completely investigated in [46]. We mention that
due to the results in [29], fractional in time evolution equations can never be null/exact controllable. The null
controllabilty from the interior of the heat equation associated with the fractional Laplace operator (with zero
Dirichlet exterior condition) has been recently studied in one space-dimension in [7] by using the asymptotic
gap of the eigenvalues of the realization in L?(2) of (—A)® with the zero Dirichlet exterior condition. The
null controllability from the exterior for the one-dimensional fractional heat equation has been very recently
studied in [47] by using the above mentioned asymptotic gap on the eigenvalues. The case N > 2 is still an open
problem.
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In the present paper, using some ideas that we have recently developed in [28, 46], we shall study the
controllability of the nonlocal wave or/and the strong damping nonlocal wave equations with the control function
localized in the exterior of the domain €2 where the evolution equation is satisfied. To the best of our knowledge,
it is the third work (after our work [46] for the case 0 < o <1 and [28] for the case 1 < a < 2) that addresses
the controllability of nonlocal equations from the exterior of the domain involved, and it is the first work that
studies the controllability from the exterior of wave and/or strong damping nonlocal wave equations involving
the fractional Laplace operator.

We also notice that from our results, when taking the limit as s 1 17, we can recover the known results on
the topics regarding the controllability from the boundary of the local wave or the strong damping local wave
equations studied in [38, 51] and their references. That is, the case where the control function is localized on a
subset w of Of.

In many real life applications a source or a control is placed outside (disjoint from) the observation domain
Q where the PDE is satisfied. Some examples of control problems where this situation may arise (since the
topic is new, our findings have been not yet validated by concrete examples) are: (i) Acoustic testing, when
the loudspeakers are placed far from the aerospace structures [27]; (ii) Magnetotellurics (MT), which is a
technique to infer earth’s subsurface electrical conductivity from surface measurements [41, 48]; (iii) Magnetic
drug targeting (MDT), where drugs with ferromagnetic particles in suspension are injected into the body and
the external magnetic field is then used to steer the drug to relevant areas, for example, solid tumors [2, 3, 30];
(iv) Electroencephalography (EEG) is used to record electrical activities in brain [34, 49], in case one accounts
for the neurons disjoint from the brain, one will obtain an external source problem. This is different from the
traditional approaches where the source/control is placed either inside the domain € or on the boundary 92 of
Q. We refer to our very recent paper [1] for some preliminary numerical analysis results.

Anomalous diffusion and wave equations are of great interest in physics. In [31] it has been shown that the
fractional wave equation governs the propagation of mechanical diffusion waves in viscoelastic media. Fractional
order operators have also recently emerged as a modeling alternative in various branches of science. A number
of stochastic models for explaining anomalous diffusion have been introduced in the literature; among them
we quote the fractional Brownian motion; the continuous time random walk; the Lévy flights; the Schneider
grey Brownian motion; and more generally, random walk models based on evolution equations of single and
distributed fractional order in space (see e.g. [16, 23, 32, 39, 50]). In general, a fractional diffusion operator
corresponds to a diverging jump length variance in the random walk. We refer to [14, 19, 20, 42] and the
references therein for a complete analysis, the derivation and the applications of the fractional Laplace operator.

The rest of the paper is structured as follows. In Section 2 we state the main results of the article. The first
one (Thm. 2.1) says that if 6 > 0, then the system (1.1) is not exact/null controllable at time 7" > 0. The second
main result (Thm. 2.4) shows that the adjoint system associated with (1.1) satisfies the unique continuation
property for evolution equations and the third main result (Thm. 2.5) states that for every ¢ > 0, the system
(1.1) is approximately controllable at any time 7" > 0. In Section 3 we introduce the function spaces needed
to study our problem and we give some known results that are used in the proof of our main results. This is
followed in Section 4 by the proof of the existence, uniqueness, regularity and the representation of solutions
of (1.1) and its associated dual system in terms of series. Finally in Section 5, we give the proof of the main
results stated in Section 2.

2. MAIN RESULTS

In this section we state the main results of the article. Throughout the remainder of the paper, without
any mention, § > 0 and 0 < s < 1 are real numbers and  C RY (N > 1) denotes a bounded open set with
a Lipschitz continuous boundary. Given a measurable set £ C R, we shall denote by (-,-) r2(g) the scalar
product in L?(E). We refer to Section 3 for a rigorous definition of the function spaces and operators involved.
Let W, -2 (€2) denote the energy space and we denote by W~=%2(€) its dual. We shall let (-, -) 11 be their duality
pairing.

Our first main result is the following theorem.
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Theorem 2.1. Let § > 0. Then the system (1.1) is not exact or null controllable at time T > 0.
Next, we introduce our notion of solution. Let (ug,u;) € L2(2) x W~52(Q) and consider the following two

systems:

vee + (A0 +5(=A)Pv, =0 in Qx(0,T),
v=g in (RN \ Q) x (0,7), (2.1)
v(-,0) =0, v(,0)=0 n €

and

Wy + (*A)SUJ + 5(*A)Swt =0 in x (O, T),
w=0 in (RV\ Q) x (0,7), (2.2)
w(-,0) =ug, w(-,0)=1uy in Q.

Then it is clear that u = v 4+ w solves the system (1.1).

Definition 2.2. Let g be a given function. A function (v, v;) is said to be a weak solution of (2.1), if the
following properties hold.

— Regularity:
{v € C([0.7]; L2(52)) 0 CH (0, T} W~*(%), (2.3)
v € C((0,T); W=52(Q)).
— Variational identity: For every w € WO‘S’2(§) and a.e. t € (0,7),
(e, w)_1 1+ ((=A) (v + dvy),w) _1 1 =0.
— Initial and exterior conditions:
v(-,0) =0, v:(-,0) =0 in Q and v=gin (RY\ Q) x (0,7). (2.4)

It follows from Definition 2.2, that for a weak solution (v, v;) of the system (2.1), we have that the functions
v(-,T) € L3(Q) and v, (-, T)) € W=52(Q).
Now, let us consider the following backward homogeneous system

Yir + (=AY = 6(=A)*¢y =0 in Qx(0,7),
b =0 in (RV\ Q) x (0,7), (2.5)
Y, T) =0, (-, T)=—¢1 in Q,

which is the dual system associated with (2.2). In fact, multiplying the first equation in (2.2) with a function
Y = Y(t,x) satistying ¥(t,-) € D((—A)%) (the domain of the self-adjoint operator (—A)% defined in (3.4)
below), integrating by parts over (0,7"), and then over Q by using the integration by parts formula (3.11), or
by noticing that ((—A)H¢1,¢2)r20) = (61, (—A)p2)12(0) for every ¢1, ¢2 € D((—A)}), we get the system
(2.5). By abuse of terminology, one usually says that (2.5) is the adjoint system associated with (1.1).

Our notion of weak solution to (2.5) is as follows.

Definition 2.3. Let (¢0,41) € W (Q) x L2(2). A function (1,1);) is said to be a weak solution of (2.5), if
for a.e. t € (0,T), the following properties hold.
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— Regularity and final data:

¥ e C([0,T); Wi *(92)) N CL([0,T); L2(R2)),
Yu € C((0,T); W—*2(Q)),

and (-, T) = 1o, Y (-,T) =1y in Q. B
~ Variational identity: For every w € W§*(Q) and a.e. t € (0,T),

(Ve w) +{(=A)* (¥ — ), w) _1 1 = 0.

11 1

2:32 )

The next theorem, which is our second main result, says that the adjoint system (2.5) satisfies the unique
continuation property for evolution equations.

Theorem 2.4. Let (1ho,11) € W32 (Q) x L2(Q) and (1, 4;) the unique weak solution of (2.5). Let O € RN \ Q
be an arbitrary mnon-empty open set. If Nyip =0 in O x (0,T), then ¢» =0 in Q x (0,T). Here, Ny is the
nonlocal normal derivative of 1 defined in (3.9) below.

The last main result of the article concerns the approximate controllability of (1.1). For this, we notice
that the study of the approximate controllability of (1.1) can be reduced to the case ug = u; = 0 (see e.g.
[26, 28, 38, 45, 46, 51]).

Theorem 2.5. The system (1.1) is approximately controllable for any T > 0 and any control function
g € D(O x (0,T)), where © C RN\ Q is an arbitrary non-empty open set. That is,

2 —5,2/5 2 —5,2/5
FOPAE T m (1) g€ DO x (0,1} T
L

2(Q) x WT2(Q),

R((0,0),T)

where (u,uy) s the unique weak solution of (1.1) with ug = uy = 0.

3. PRELIMINARIES

In this section we give some notations and recall some known results as they are needed in the proof of our
main results. We start with fractional order Sobolev spaces. Given 0 < s < 1, we let

|u(z) — u(y)|?

WS*QQ::{ueLZQ:/ dzd <oo},
() () alo |r—y/Nt2s Y

and we endow it with the norm

1

2 2

- 24 / [u@) = u®)I” 4 q,) "
fulbwesay o= ([ o as+ [ [ HO0E sy

We set
WeE(Q) = {u eW?(RY): u=0 in RY \Q}~

For more information on fractional order Sobolev spaces, we refer to [14, 43].
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Next, we give a rigorous definition of the fractional Laplace operator. Let

LYRNY = {u RY — R measurable, /RN % dz < oo}.

For u € L1(RY) and € > 0 we set

u(z) — u(y)

N
JIN s dy, z€R

(—A)2u() == C.s /{

yERN: |[z—y|>e} |I -

where C'y 5 is a normalization constant given by

S22SF (2$+N)
Ongi=m — 2 ) 3.1
i I N ) 3.1)
with T' being the usual Euler-Gamma function. The fractional Laplacian (—A)® is defined by the following
singular integral:

ulz) = uly) dy = lim(=A)%u(z), = €RY, (3.2)

(—A)*u(z) i= Cx s PV. g, dy = lim(-A);

RN [T —

provided that the limit exists. Note that £1(RY) is the right space for which v := (—A)3u exists for every ¢ > 0,
v being also continuous at the continuity points of u. For more details on the fractional Laplace operator we
refer to [11, 13, 14, 18, 20, 21, 43, 44] and their references.

Next, we consider the following Dirichlet problem:

{(A)Su =0 in Q, (3.3)

u=g in RV\ Q.

Definition 3.1. Let g € W*2(RV \ Q) and G € W*2?(R") be such that G|g~y\q = g. A function u € W*2(RY)
is said to be a weak solution of (3.3) if u — G € W*(Q) and

/ / W@ =0 4oq, — 0, v o e wp@).
RN JRN

y|N+29

The following existence result is taken from [24] (see also [22]).

Proposition 3.2. For any g € W3RN \ Q), there is a unique u € W*2(RY) satisfying (3.3) in the sense of
Definition 3.1. In addition, there is a constant C > 0 such that

llullws2@yy < Cllgllwe2@y\q)-

Next, we consider the closed, symmetric, continuous and non-negative bilinear form

_ O W)@ W) s
Flu,v) = /RN/]RN dzdy, u,v e Wy “(Q).

|(E _ ‘N+2s
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Let (—A)3, be the self-adjoint operator in L?(f2) associated with F in the sense that
{D((A)SD) = {u e W5 (@), 31 € L3(Q), Flu,v) = (f,0)120) Vv € WS> @)},
(=A)5u = f.

More precisely, we have that
D((—A)p) = {u € W5’2(§), (—A)ue LQ(Q)} , (=A)pu=(—=A)°u in Q. (3.4)
Then (—A)3, is the realization of (—A)® in L?(2) with the condition u = 0 in RN \ Q. It is well-known (see e.g
[19, 40, 46]) that (—A)% has a compact resolvent and its eigenvalues form a non-decreasing sequence of real
numbers
0<A <A< <A < (3.5)
In addition, the eigenvalues are of finite multiplicity. Let (¢, )nen be the orthonormal basis of eigenfunctions
associated with (A, )nen. Then ¢, € D((—A)3%) for every n € N, (¢, )nen is total in L?(Q) and satisfies

satisfying lim A, = oo.
n—oo

—A)’on = Ann i Qa
(=A)%¢ P i (3.6)
on=0 in RV \ Q.
With this setting, we have that for u € WJ*(Q),
1
(o) 1 2
”uHWoS’Q(ﬁ) = (Z q% u <Pn 2 Q)‘ ) (3.7)
defines an equivalent norm on W*(Q). If u € D((—A)%), then
2 = 2
el ayy) = I=A)pul3eq) = (00 20|
In addition, for u € W~%2(Q), we have that
2 S 2
||u||W—s,2(Q Uy Pn LQ(Q)’ (38)

In that case, using the Gelfand triple (see e.g. [5]), we get the following continuous embeddings: WS*(Q) —

L2(Q) — W=2(Q).
Next, for u € W*2(R™) we introduce the nonlocal normal derivative N, defined by
UW) 4, p e RV, (3.9)

u
Nou(z) := CN’S/;ZW
where Oy, is the constant given in (3.1). By ([22], Lem. 3.2), for every u € W*2(R¥), we have that Nyu €

LRV \ Q).
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The following unique continuation property, which shall play an important role in the proof of our main
results has been recently obtained in ([46], Thm. 3.10).
Lemma 3.3. Let A > 0 be a real number and O C RN \ Q an arbitrary non-empty open set. If o € D((—A)3)
satisfies

(—A)pe=Ap in Q and Nyp =0 in O,

then ¢ =0 in RV,

Remark 3.4. The following important identity has been recently proved in ([46], Rem. 3.11). Let g € W*2
(RN\ Q) and U, € W*2(R") the associated unique weak solution of the Dirichlet problem (3.3). Then

RN\Q Q

For more details on the Dirichlet problem associated with the fractional Laplace operator, we refer the
interested reader to [9-11, 13, 24, 35, 36, 43, 46] and their references.

The following integration by parts formula is contained in ([15], Lem. 3.3) for smooth functions. The version
given here can be obtained by using a simple density argument (see e.g. [46]).

Proposition 3.5. Let u € W2(RY) be such that (—A)u € L*(Q). Then for every v € W2(RY), we have

Cws (u(x) = u(w)(0(@) — v(y))

|1. _ y|N+25

:/Qv(—A)Su dx—i—/ vNGu dz. (3.11)

RN\Q

Remark 3.6. We mention the following facts regarding the identity (3.11).
(a) Firstly, we notice that

R\ RY\ Q)2 = (Qx QU x RY\Q)U(RY\Q) xQ).

(b) Secondly, if u =0 in RN \ Q or v = 0 in RY \ , then

(u(x) — (@) (0() = 0(w) (u(z) — u() (v2) = o)) |

|z — y|N+2s |z — y|N+2s

so that the identity (3.11) becomes

%/RN /RN (u(x) — u()(v(z) — v(y) dxdyz/@v(—A)su dx—l—/ N da (3.12)

|z — y|Nr2s RN\Q

We conclude this section with the following convergence result.

Lemma 3.7. Let u € W2 (Q) < W3*(Q) be such that (—A)%u, Au € L*(Q). Then the following assertions
hold.

(a) For every v € Wy(9),

lim [ v(—A)°udz = —/ vAu dz. (3.13)
st1= Jo Q
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(b) For every v € WH2(RY),

lim vNsu do = / vo,u do, (3.14)
st1™ JrRN\Q o0

where Oyu is the normal derivative of u in direction of the outer normal vector U.

We refer to ([12], Prop. 2.2) for Part (a) and to ([15], Prop. 5.1) for Part (b).

4. SERIES REPRESENTATION OF SOLUTIONS

In this section we give a representation in terms of series of weak solutions to the system (2.1) and the dual
system (2.5). Evolution equations with non-homogeneous boundary or exterior conditions are in general not
so easy to solve since one cannot apply directly semigroup methods due the fact that the associated operator
is in general not a generator of a semigroup. For this reason, we shall give more details in the proofs. The
representation of solutions in terms of series shall play an important role in the proof of our main results.

We recall that (¢p)neny denotes the orthonormal basis of eigenfunctions of the operator (—A)%, associated
with the eigenvalues (\p,)nen.

Let 6 > 0 and set

DJ = 5202 — 4. (4.1)

We have the following two situations.

—If§>0,since 0 < Ay <A <--- <A, <--- and lim,_,o0 A\, = +00, it follows that there is a number
Np € Ng := NU {0} such that §2),, < 4 for all n < Np. In that case we shall use the following notations.
(a) If DS > 0, that is, if 62\, — 4 > 0, then we let

(b) If DS < 0, that is, if 62X\, — 4 < 0, then we let

~ _ i/ —D9 ~ _ ~ _
A= (SA”% VoDn R = % and B, =Im(\}) = ¥ _—n (4.3)

— If § =0, then D9 := —4),, < 0 for all n € N. In that case we let

A= 4iv/An, =0 and B, = V. (4.4)

Remark 4.1. An immediate and important consequence is the following. If D% > 0, then we have that A < 0
for all n > Ny, and in addition

1
AF— —5 A, = —00, as m — oo. (4.5)

This fact will be used in the proof of our main results.
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4.1. Series solutions of the system (2.1)

Recall that we have shown in Section 2 that a solution (u,u:) of (1.1) can be decomposed as v = v+ w where
(v, v¢) solves (2.1) and (w,w;) is a solution of (2.2). Let 6 > 0 and consider the system (2.2). That is,

Wy + (~A)*w + §(~A)w, =0 in Qx (0,7),

w=0 in (RV\ Q) x (0,7T), (4.6)
w(-,0) =ug, we(-,0) =1y in Q.

W:<w> and W0:<u0>.
Wy Uy

Then (4.6) can be rewritten as the following first order Cauchy problem:

Let

Wt+A§W:O in QX(O,T), (47)
W(-,0) =Wy in Q, )
where the operator matrix As with domain D(As) := D((—A)%) x D((—A)%) is given by
0 —I
As = s s |- 4.8
o= (ot an ) )

Let H := W?(Q) x L?(Q) be the Hilbert space equipped with the scalar product

((v1,v2), (w1, w2))n ::/ viW der/ vows dx
Q

Q
(v1(z) —vi(y))(wi(z) —wi(y))
—|—/RN /RN dzdy.

o =y

The following result is classical in an abstract form. We include the proof for the sake of completeness.
Lemma 4.2. The operator —As generates a strongly continuous semigroup on H.

Proof. We prove the lemma in several steps. We shall apply the Lumer-Phillips theorem (see e.g. [4], Thm. 3.4.5)
to the operator Bs = —As — I.

Step 1: We claim that Bs is a closed operator. Indeed, assume that U, € D(Bs) satisfies U,, — U in H and
BsU, — V in H, as n — oo, where

Un:<ug), U:<u1> and V:<v1>.
u U2 V2

This means that u} — u; in Wg*(Q), uf — ug in L2(Q) and

—ul 4 ul — vy in W*(Q),
—ul — (=A)5(ul +0ul) = vy in L2(),
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as n — 00. Thus uff + uf — uy +uz and (=A%, (u} + 6ul) — —(uz + vq), in L3(2), as n — oco. Recall that
(—A)3%, is a closed operator in L%(Q). So, u1 + duz € D((—A)%) and (—A)%, (u1 + duz) = —(ug + v2). We have
shown that U € D(Bs) = D(As) and Bs(U) = V. Hence, the operator By is closed.

Step 2: We show that B; is a dissipative operator, that is,
AMU|x < ||BsU — AU| |y for any A >0 and U € D(Bs). (4.9)
Indeed, let A > 0 and U € D(B;s). Then

<85U, U>H = (ulaul)LQ(Q) + (uz,ul)Lz(Q)
(205 2, (2 ) o+ ((CA)5) 20 (=805 )

— ((—A)%ul,ug) - 6((—A)f3u2,uQ)L2(Q) — (u2,u2) 12(0)-

L2(Q)
L2(Q)
Since

(((*A)i))mufz,((*A)%)l/zul)mm - (uQ’(fA)i’ul)Lz(m N ((7A)%ul’u2>”<ﬂ>’

it follows from the preceding identity that

(BsU,U)3 = — (u1,u1) 200y + (u2,u1)r2(0)
Y200 (— 1/2 ANS
(<< D) (8)p) ) (A )
( ) DU, 2>L2(Q) - 5((*A)§)U2,U2) L2(9) - (U27U2)L2(Q)

= () + (20 2(@) — ((F2)5)un, (=2)5) )

- 5(<<—A>3>1/2u2, (C)p) ) | = (2, us)rogen. (4.10)

L2(Q)

Since |(u1,u2)r2(0)| < 3 (||u1||2L2(Q) + ||uQ||2LQ(Q)), it follows from (4.10) that

1 1 S S
B0 < = (Glhllacey + luala + 1205 ey + H(-A)5) Pl ) <o

Thus
(BsU = AU, U)y = (BsU,U)w — AU |13, < =A|[U|%, U € D(Bs).

This implies that A|U||3, < |(BsU — AU, U)w| < [|BsU — AU||%||U||% and we have shown (4.9).

Step 3: Since D((—A)3) is dense in L2(Q) and in W;*(Q), it follows that D(Bs) is dense in H.
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Step 4: We show that R(I — Bs) = H. We have to solve the equation (I — Bs)U =V for every V' € H. That is,
the system

2uy — us =1,
2us + (—A)bD(m + 6UQ) = V2.
Since (—A)3$, is a non-negative self-adjoint operator in L?(f2), a simple calculation gives

ur = ((~A), +251) (41 + (1 +20)(~A)) " vu + (A1 + (1+25)(-2)3)  vs

-1

us = (4(5 ~ DI+ (1- 25)(_A)SD) (41 + 3(—A)f3> T+ 2(41 +(1+ 25)(_A)SD) v,

and we have proved that R(I — Bs) = H.

Finally, it follows from the Lumer-Phillips theorem, that the operator Bs generates a strongly continuous
semigroup (€/54);>0 on H and thus, the operator —As generates the strongly continuous semigroup (e #45),5¢ =
(ete!Bs);50 on H. The proof is finished. O

Remark 4.3. As a consequence of Lemma 4.2, it follows from semigroup theory (see e.g. [4], Chap. 3) that,
for every (ug,u1) € Wg*() x L*(Q), the first order Cauchy problem (4.7) has a unique strong solution W €
C([0,T]; H). Hence, the system (4.6), has a unique (weak) solution (w,w;) satisfying

w e C([0,T]; We2(€0) n ([0, T]; L2(2)). (4.11)

Next we give the representation of solutions in terms of series.

Proposition 4.4. Let (ug,u;) € W (Q) x L2(Q). Then the solution (w,w;) of (4.6) is given by

w(z,t) = Z (An(t)(Um n)r2Q) + Bn(t)(u1, %)L?(Q))%(x)’ (4.12)
n=1
where
(cos(ﬂnt) - % sin(ﬁnt))ea"t if n < Ny,
An(t) = )\T_Le)\::t _ )\T_il_e)?\%t ' (413)
Y if n > Ny,
and
sin(fB,t) et ifn < No,
By(t) == eA;tn_ At (4.14)
m an > NO.

Here, XX, ay, and B, are the real numbers given in (4.2), (4.3) and (4.4).
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Proof. Using the spectral theorem for self-adjoint operators, we can proceed as follows. We look for a solution
(w,wy) of (4.6) in the form

Z );#n) L2(Q) on(T). (4.15)

For the sake of simplicity we let wy,(t) = (w(,1), ¥n)r2(q)- Replacing (4.15) in the first equation of (4.6),
then multiplying both sides with ¢y and integrating over €2, we get that w,(t) satisfies the following ordinary
differential equation:

wi (t) + Apwp (t) + SN, wl, (t) = 0. (4.16)

Solving (4.16), calculating, letting uo, = (uo, ¢n)r2(Q) and ui, = (U1, ©n)r2(Q), We get

No s}
w(zx,t) = Z (a}l cos(But) + a2 sin(ﬁnt))eo‘“tapn(x) + Z (a3 Mt 4l e/\"t) ©n (), (4.17)

n=1 n=Nop+1

where
al =ug,, a2 = Yn = Onlom g0 < No,
Bn
and
A - A
ai:u7 aiz% for n > Np.

Therefore, we obtain the following expression of w:

Ny

in(But)]
Z [uon (cos Bnt) — ﬂ—sm(ﬂn )) —&-ul,nsm(g)] e, ()
)\—exnt — Aternt et — ek::t
+ Z |f¢0m ( n- 1 ) + Ui p <+>1 on (). (4.18)
A M =N A — A

Let A, (t) and B, (t) be given by (4.13) and (4.14), respectively. Then (4.12) follows from (4.18).
A simple calculation gives

) =Y (400, + Ba(0)urn )on(@) = Y o nen(a) = uola),

n=

=

and
=3 (44000 + By (O)ur 0 )n(a) Z Ui (@) = 1wy (2).
n=1

It is straightforward to verify that w given in (4.12) has the regularity (4.11). Since we are not interested with
solutions of (4.6), we will not go into details. The proof is finished. O
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Next, we consider the non-homogeneous system (2.1), that is,

Ve + (—A)SU + 6(—A)svt =0 in Qx <O,T),
v=g in (RN \ Q) x (0,7), (4.19)
v(+,0) = 0,v¢(-,0) =0 in Q.

We have the following result.

Theorem 4.5. For every g € D((RY \ Q) x (0,7)), the system (4.19) has a unique weak (classical solution)
(v,v;) satisfying v € C=([0,T]; W2(RN)) and is given by

00 t
1 1
v(z,t) = nz::l (/O (g(-j),./\/’swn) L2(RN\Q)EBn(t — T)dT> on(x). (4.20)
Moreover, there is a constant C > 0 such that for all t € [0,T] and m € Ny,
107 0, ) lwe2@ny < C (1072 gll Lo 0.0y @) + 1079 ) lwe2@mia)) - (4.21)

Proof. We proof the theorem in several steps.

Step 1: Consider the following elliptic Dirichlet exterior problem:

AP =0 Q
{fzb—;¢ RV \ 0. (422

We have shown in Proposition 3.2 that for every g € W*2(RN \ Q2), there exists a unique function ¢ € W*2(RY)
solution of (4.22), and there is a constant C' > 0 such that

[¢llws2@®yy < Cligllws2@y\)- (4.23)
Since ¢ depends on (z,t), then ¢ also depends on (z,t). If in (4.22) one replaces g by 9*g, m € N,
then the associated unique solution is given by 0/"¢ for every m € Ny. From this, we can deduce that

¢ € C([0, T]; W*2(RY)).
Now let (v,v:) be a solution of (4.19) and set w := v — ¢. Then a simple calculation gives

Wit + (—A)Sw + 6(—A)swt = VUt — ¢tt + (—A)SU — (—A)S¢ + 5(—A)Svt — 6(—A)S¢t
= V¢t + (—A)S’U + (S(—A)S’Ut — d)tt = _¢tt in Q X (07T)

In addition
w=v—¢=g—g=0 in (RVN\Q)x(0,T),
and

w(+,0) =v(-,0) = &(-,0) = —9¢(-,0) in Q,
wt(-,O) = ’Ut(',0> — (bt(,O) = —¢t(~,0) in Q
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Since g € D((RN \ Q) x (0,7T)), we have that ¢(-,0) = d;¢(-,0) = 0 in . We have shown that a solution (v, v;)
of (4.19) can be decomposed as v = ¢ + w, where (w,w;) solves the system

Wt + (—A)Sw + 5(—A)Swt = _¢tt in Qx (O,T‘)7
w=0 in (RN \ Q) x (0,T), (4.24)
w(-,0) =0, dw(-,0) =0 in Q.

We notice that ¢y € C>([0, T]; W2(RY)).

Step 2: We observe that letting

w 0
W:(wt> and (I)tt:(¢tt)’

then the system (4.24) can be rewritten as the following first order Cauchy problem
Wt+A5W:q)tt in Qx (O,T),
0 4.25
w(0) = ( 0 ) in Q, (4.25)

where Ajs is the matrix operator defined in (4.8). Proceeding as the proof of Proposition 4.4 and using semigroup
theory, we get that (4.25) has a unique classical solution W and hence, (4.24) has a unique weak (classical)
solution (w,w;) such that w € C*°([0,T]; W*2(R")) and is given by

i (/ (Drr(7) 0n) p2(0) Bult — T)dT) on(x), (4.26)

where we recall that B, is given in (4.14). Integrating (4.26) by parts we get that

wtet) == 3 ([ @) Bl = r)ir ) )

:if: (((l%( s T)s 0n)12(Q) Bn(t —7) :t> on()
- i (@6 B[ ) oule)

We observe that B, (0) =0 and B],(0) = 1 for all n € N. Since ¢(-,0) = ¢¢(-,0) = 0, we get

oo

w(z,t) = —p(x,t) — Z (/0 (o(-,7), @n)L2(Q)B;{(t - T)dT) on(x). (4.27)

n=1
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Using the fact that ¢, satisfies (3.6) and the integration by parts formula (3.11)—(3.12), we get

(¢(a ), /\nSDn) - (¢(’ 7), (7A)8(pn>L2(Q)

= (A9 0) i o BNopn —uid) o

L2(Q)

RN\Q

From (4.27) and (4.28) we can deduce that

w(z,t) = —d(z, 1) + Z (/ ( NS%)H(RN\Q)%B;;@ - T)dT) on(2).

We have shown (4.20). Since ¢,w € C°°([0, T]; W*2(R¥)), then v € C>([0, T]; W*2(RN)).

Step 3: Using (4.26) and calculating, we get that for every ¢ € [0,T],

I(=2)pw( )l F20) =

2
(/ d)'r'r ’ )» wn)L2(Q) Bn(t - T)Ch—) Pn

L2(Q)

2
Z )\ (br‘r , T (Pn)L2(Q) (t - T) dTLpn

L2(Q)
2 2
/ Z | Grr(o7)s 0n) 2y | PaBalt = 7)| ar. (4.29)
We claim that there is a constant C' > 0 (independent of n) such that
AnBr(t)| <C, VneN and t€0,7T]. (4.30)
We have the following situations.
~ If § = 0, then DY < 0 so that a,, = 0, 3, = VAn, Af =0 for every n € N. Thus
A2 sin® (vAnt
An B (t)]? = % <1, YneN.
AR
~ If § > 0 and Ny = 0, then since A¥ < 0, we have that
22t _ 9oL +AN)E + e2MIt 4A)\2 A\
A B (B)]? = A2 S < n__ < M ypeNl
| )| " (A — Ah)2 TO02X2 —4), T 6N — 47 me
— If 6 >0and 1 < Ny < 00, then since «,, < 0, we have that
2 o2 2
3 4 4
MaBa(t)? = 220t e M AAn ey oy,

B2 B2 4-0%2N, T 4-086%AnN,
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and since A\ < 0 for all n > Ny, we have that

20t 9o (A ANt + 2Nt _ 4)\% _ 4\
(A — A\1)2 T 02M2 —4N, T 6N — 4]

B ()] = A25 Vn> N

The proof of the claim (4.30) is complete.
It follows from (4.29), (4.30) and (4.23) that for every ¢ € [0, 17,

-85l < € [ Nore 7oy 47 <€ [ ornte )y ar
< C/ g7 (s T2 @mrgy 47 < CTNgetl| 2o 07y 2 @N\0)) - (4.31)
Using (4.31), we get that for every ¢ € [0, T7,
[o(, Ollwez@yy < C (I(=A)pw(, )llz2(a) + 160, ) lws2 @)
< C (lgetll oo 0,7y w=2@3\0)) + I9C, E)lw=2@v\0)) -

We have shown (4.21) for m = 0. Proceeding by induction on m we get (4.21) for m € Ny. The proof is
finished. O

Next, we give the following result of existence and representation of solutions.

Corollary 4.6. For every (ug,u1) € W§(Q) x L*(Q) and g € D(RN \ Q) x (0,T)), the system (1.1) has a
unique weak solution (u,u;) given by

Z( o + Bu(t)ur ) (@)

+ ni; </0t (g(-,T),Nscpn> L2(RN\Q)TBN(t - T)d7> n(2).

Proof. Since a weak solution (u,u;) of (1.1) can de decomposed into © = v + w where (v, v;) solves the system
(2.1) and (w,w;) is the unique weak solution of (2.2), the result follows from Proposition 4.4 and Theorem 4.5.
The proof is finished. ]

We conclude this subsection with the following remark.
Remark 4.7. We mention the following facts regarding the total energy of our system.

(a) If g = 0, then the system (1.1) can be rewritten as an abstract Cauchy problem (see (4.6) and (4.7))
involving the self-adjoint operator (—A)$, defined in (3.4). In that case, if § > 0, then the total energy of
the associated system is given by

Eult) = 5 (e Dl + 100t Do) -

DN | =
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Using the abstract result in ([25], Thm. 1.1), we can deduce that, if uy € Wg'?(Q) and u; € L2(Q), then
there are two positive constants C' and 7 such that

Bu(t) <C (He—nt(—A)SDuO”%z @+ ||€_nt(_A)SDu1H%2(Q))

+Ce M (||u0||wb:, + ||u1|\L2(Q)) >0, (4.32)

where (e~7(=2)b) 5 is the semigroup on L?(Q) generated by —(—A)3%. Since the first eigenvalue \; =
A1(s) of (—A)3, is strictly positive (see (3.5)), then using semigroup theory, we have that there is a constant
C > 0 such that

le™ 20 fll 2y < Ce™ ™ fllrz(), 20, f e L*(Q).

This estimate together with (4.32) imply the following exponential decay of the energy:
But) < C<6_2m n e—zm) (IluoHWs 2 + 3 Q)) t>0. (4.33)

b) If g is non-zero, then a semigroup method cannot be used and we do not know if we have an exponential
g
decay as in (4.33) of the associated energy.

4.2. Series solutions of the dual system

Now we consider the dual system (2.5). That is, the backward system

Yoy + (=AY — §(=A)p, =0 in Qx (0,T),
P =0 in (]RN \ Q) x (0,7), (4.34)
¢(7T) = 1p07 _wt('u T) = wl in Qa

Let Yo,n := (Y0, ¥n)r2Q) and 1, = (Y1, 9n)12(0). We have the following existence result.

Theorem 4.8. For every (o, 1) € Wi () x L2(Q), the dual system (4.34) has a unique weak solution (1), ;)
given by

Z(Wm n —t)+¢1,nDn(T—t))<pn(x), (4.35)

where Cyp(t) = An(t), Dp(t) = —B,(t) and we recall that A,(t) and B,(t) are given in (4.13) and (4.14),

respectively. In addition the following assertions hold.

(a) There is a constant C' > 0 such that for all t € [0,T],

6 )22y + e, gy < € (ol + W2y ) (4.36)
and
e )2z < (I0lZyz gy + 11132y ) - (4.37)

(b) We have that ¢ € C([0,T); D((—A)$%)) N L>((0,T); L*(£2)).
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(¢) The mapping
[OaT) St Nsw(vt) € LQ(RN \ Q)a

can be analytically extended to the half-plane X1 :={z € C: Re(z) < T}.
The proof of the theorem uses heavily the following result.

Lemma 4.9. There is a constant C > 0 (independent of n) such that for every t € [0,T],

max{|Cn(t)|2, A2 Co (1)

2
, |c;<t>|2} <c, (4:38)
and

1 2 2 1y 2
AiDn(t)| 5 A Dn()[”, [ Dy (1)

max {

Proof. Firstly, we notice that it suffices to prove (4.38) and (4.39) for n > Ny. Secondly, we recall that A\ < 0
AEA

A2 D;(t))z} <cC. (4.39)

for every n € N. Thirdly, it is easy to show that there is a constant C' > 0 such that ‘ ’ < C for every

n > Ny. From this estimate, we can deduce (4.38) and (4.39) by using some easy computations as in the proof
of (4.30). O

Proof of Theorem 4.8. Let

7/)0 = Z’L/}O,n@na 77[]1 = Z¢1,n@n~
n=1 n=1

We proof the theorem in several steps. Here we include more details.

Step 1: Proceeding in the same way as the proof of Proposition 4.4, we easily get that

hE

(@,t) = 3 [CulT = 0o + DalT = )10 ea(a), (4.40)

n=1

where we recall that C,,(t) = A, (t) and D,,(t) = —B,,(t). In addition, a simple calculation gives ¥ (z,T) = ¥o(x)
and ¢ (z,T) = —¢n(z) for a.e. x € Q.
Let us show that v satisfies the regularity and variational identity requirements. Let 1 < n < m and set

U (2, t) =

NE

(Gl = 0.0+ Da(T = 1)361,0] 0 ().

n=1

For every m,m € N with m > m and ¢ € [0,T], we have that

n 1 1 2
H’L/)m(l‘, t) - Tﬂm(% t)”?}[/;ﬂ(ﬁ) = Z A Cn(T - f)%,n + A3 Dn(T - t)wl,n
n=m-+1

<2 )

1 2 m
AZCW(T = t)on| +2 Y

n=m-+1 n=m+1

(4.41)

1 2
A2 D (T — )1 ]| -
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Using (4.38) and (4.39) we get from (4.41) that for every m,m € N with m > m and t € [0,T],

m 1 2 2
[t (2, 1) — Y (, t)||We ey < C Z Anon| + )¢1,n — 0 as m,m — oo.
n=m-+1 n=m++1
We have shown that the series
Z [ T — ) + Do (T —t)zz;l,n]gon — (1) in W),

and that the convergence is uniform in ¢ € [0, T]. Hence, ¢ € C([0,T]; Wg*(2)). Using (4.38) and (4.39) again
we get that there is a constant C' > 0 such that for every t € [0, T,

G Dl 2@y < C(IWollwzae + 1l 2y)- (4.42)

Step 2: Next, we claim that 1, € C([0,T]; L?(2)). Calculating, we get that

(tom Zm: { T —t)hon + Dy, (T *tﬁ/)l,n]@n(ff)-

n=1

Proceeding as above, we can easily deduce that the series
(o)
Z [CLT = )0 + Di(T = )10 — (1) in L2(Q),

and the convergence is uniform in ¢t € [0, T]. In addition using (4.38) and (4.39), we get that there is a constant
C > 0 such that for every ¢ € [0,T],

a2y < Ol + nl3aay ) (4.43)

The estimate (4.36) follows from (4.42) and (4.43).

Step 3: We show that v, € C([0,T); W=52(Q)). Using (3.8), (4.38) and (4.39), we get that for every ¢ € [0, 7],
s ) s 2 2

A0 amy <23 ( TEACA(T = o o7 =)

o (e )

< C(Ilol2yay + 1113200y )- (4.44)

_8)1/1077, )\’rELDn(T_S)’@[]Ln
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Using (3.8), (4.38) and (4.39) again we get that there is a constant C' > 0 such that for every ¢ € [0, T7,

)

2
2)‘ Cl - S)T/)O,n +

NG TR 22 ( A EADL(T = ).

5 )

< CIolZsag + 101132y )- (4.45)

1 2 1
A CL(T = s)on| + [ANDL(T — 8)Y1.n

Since Py (-, 1) = —(=A)L0(-,t) + 5(=A)51e(+, 1), it follows from (4.44) and (4.45) that
e 12— aqy < € (020 gy + )32y )

and we have also shown (4.37). We can also easily deduce that v € C([0,T); W=52(Q)).

Step 4: We claim that v € C([0,T); D((=A)%)) N L>=((0,T); L3()). Tt follows from the estimate (4.36) that
¥ € L=((0,T); L?(£2)). Proceeding as above we get that

||¢('at)||2p((_A)§D) = ||(*A)SD¢('J)||%2(Q)

<2 Z ( (T — t)/\éwo,n ’ + n(T = )1
n=1

2
) : (4.46)
It follows from (4.46), (4.38) and (4.39) that

I D arg) < C (ol + 1132 )

and we can also deduce that ¢ € C([0,T); D((—A)%)). We have shown the claim.

Step 5: It is easy to see that the mapping [0,T) > t — (-,t) € L2(RY \ Q) can be analytically extended to Y.
We also recall that for every t € [0,7T) fixed, we have that ¥(-,t) € D((—A)%,) C W2(RY). Therefore, Nyv(-,t)
exists and belongs to L2(RV \ Q).

We claim that

Z( T~ 1)+ Da(T — 1)t ) N (@), (1.47)

and the series is convergent in L2(RY \ Q) for every t € [0, 7). Indeed, let ¢ > 0 be fixed but arbitrary and let
t€[0,T —¢]. It is sufficient to prove that

S [CuT— i+ DT ] Ne

n=Np+1

— 0 as Ny — 0.

L2 (RN\Q)
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Since Ny : W2(RY) — L2(RY \ ) is bounded, then using (4.38) and (4.39), we get that there is a constant
C > 0 such that

2

S (CulT — o+ Dul — 1)) N

n=~No+1

L2(RN\Q)
2

S (CulT 0+ DoT = )i )

n=No+1 w2 ()
(oo} oo
<C ( S onl?+ D] |¢1,n|2> — 0 as Ny — oo.
n=No+1 n=Nop+1

Thus, N, is given by (4.47) and the series is convergent in L?(RY \ Q) uniformly on any compact subset of

[0,T).
Besides, we obtain the following continuous dependence on the data. Let m € N be such that m > Ny and

consider

0 =3 (CalT — 0+ DT — 1y ) Nogpn). (1.48)

k=1

Using the fact that the operator N : W§*(Q) — L2(RN \ Q) is bounded, the continuous embedding W3*(92) —
L2(€), (4.38) and (4.39), we get that there is a constant C' > 0 such that for every ¢ € [0, 7],

2

Z Ci(T — t)o kN
=1

L2(RN\Q)
No 2 2
< 2|3 CW(T =)o, Naspr Z Ci(T — t)o kNsepr
k=1 LQ(]RN\Q) k=No+1 L2(RN\Q)
2 2
T — t)do, ek Z Cr(T = t)tho ke
Wé”z(ﬂ) F=Notl W @)
<cC (Z Cu(T — N wosl? + > Ck(T —t)A] wo,kF) < Cllvollfy sy (4.49)
k=Nop+1
Analogously, we obtain that there is a constant C' > 0 such that for every ¢ € [0, 7],
2
— )1k Nsepr < ClllF2(0y- (4.50)
L2(RN\Q)

It follows from (4.49) and (4.50) that

NG )22y < C (1ol a + 132y ) (4.51)
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Next, since the functions Cy,(z) and D, (z) are entire functions, it follows that the function

Z [Cn(T - Z)¢0,n + Dn(T - Z)¢1,7L:|M9§0n

n=1

is analytic in Xp.
Let 7 > 0 be fixed but otherwise arbitrary. Let z € C satisfy Re(z) < T — 7. Then proceeding as above by
using (4.38) and (4.39), we get that

Z qu,nCn(T - Z)Ns@n + Z wl,nDn(T - Z)Ns@n
n=m-+1 L2 (RN\Q) n=m-+1 L2(RN\Q)

o 2 o0

<C Y it +C¢ Y [l — 0 as m - o

n=m+1 n=m+1
We have shown that
Ns'(/}('a Z) = Z I/)O,nC’n(T - Z)NSQDn + Z wLnDn(T - Z)Ns<pn7 (452)
n=1 n=1

and the series is uniformly convergent in any compact subset of Y.7. Thus, N1 given in (4.52) is also analytic
in 7. The proof is finished. O

5. PROOF OF THE MAIN RESULTS

In this section we prove the main results stated in Section 2.

5.1. The lack of exact or null controllability
We start with the proof of the lack of null/exact controllability of the system (1.1). For this purpose, we will

use the following concept of controllability.

Definition 5.1. The system (1.1) is said to be spectrally controllable if any finite linear combination of
eigenvectors, that is,

M M
o = Z Uo,nPn, UL = Z U1 nn, M >1 arbitrary,
n=1

n=1
can be steered to zero by a control function g.

Remark 5.2. We mention that to prove the lack of null/exact controllability of the system (1.1), we shall
prove that the system is not spectrally controllable. Using some classical results on control theory (see e.g.
[17, 33, 38]), this implies that the system is not null or exact controllable. One can also see it directly from the
proof as we shall mention below.

Let (u,u:) and (1, 1) be the weak solutions of (1.1) and (2.5), respectively. Multiplying the first equation in
(1.1) by 4, then integrating by parts over (0,7) and over € and using the integration by parts formulas (3.11)
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and (3.12), we get

/Q ( — ug) + uthy — 5u(—A)S¢) :0de _ /OT /RN\Q (g(x,t) + 6gt(x7t))J\fs¢(iﬂ,t)dxdt. (5.1)

Using the identity (5.1) and a density argument to pass to the limit, we obtain the following criteria of null
and exact controllabilities.

Lemma 5.3. The following assertions hold.

(a) The system (1.1) is null controllable if and only if for each initial condition (ug,u1) € W*(€) x L3(Q),
there exists a control function g such that the solution (1, :) of the dual system (2.5) satisfies

(u1,¥(+,0)) p2(0) — (o, ¥ (+,0)) 1 1 + (uo, 6(=A)*Y(+,0)) 1,

-1+
/ / g(x,t) + 6g(x,t) )NSQZJ x,t)dadt, (5.2)
RN\Q

[N
[N

for each (1o,v1) € L*(Q) x W=52(Q).
(b) The system (1.1) is exact controllable at time T > 0, if and only if there exists a control function g such
that the solution (¢,1:) of (2.5) satisfies

(ue (- %)Lz(n) (- T),¥1) 1 1 — (u(-,T),6(=A) o)1 1
/ / (z,t) + 0g4(, t))./\/sw(m,t)dxdt, (5.3)
RN\Q

for each (1o,v1) € L*(Q) x W=52(Q).

Now, we are able to give the proof of the first main result of this work.

Proof of Theorem 2.1. Firstly, since ¢, € Wg?(Q) < L2(Q) — W~%2(Q), it suffices to prove that the system
is not spectrally controllable.

Secondly, using Definition 5.1, we show that no non-trivial finite linear combination of eigenvectors can be
driven to zero in finite time. To do this, we write the solution of (2.5) in a better way. With a simple calculation,
it is easy to see that

Ny
P(z,t) :Z (a e (T + by, ern (7= t)) on(x)
n=1
+ 3 (a AT | A (T t))g)n(x), (5.4)
n=Ngo+1
where

~ 1 < i
an = 3 (1777/)7/} nfiw ,n>7
- 12 B 5." 1 (5.5)
bn 5 ((1 + El)% n Bn '(/Jl,n) )
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and
A, 1
/\, )\+ wO n )\; — )\x wl,n7

—)\ 1

bn = n — n-
)\; — )\;t 1p(], )\’; — )\7_;_ 1/11,

Now, we write the initial data in Fourier series

S )
Ug = g UonPn, UL = § UL nPn,
n=1 n=1

and suppose that there exists M € N such that

Ugp = Uy =0, Vn>M.

(5.6)

(5.8)

Assume that (1.1) is spectrally controllable. Then, there exists a control function g such that the solution
(u,us) of (1.1), with ug,u; given by (5.7)—(5.8), satisfies u(-,T) = u¢(-,T) = 0 in . From Lemma 5.3 we have

(u1,¥(+,0))p2(0) — (o, (-, 0))1 _1 +
/ / g(x,t) + 0gs(x, t))Ns¢(m,t)dxdt,
RN\Q

for any solution (¢, ;) of the dual system (2.5).

We divide the proof in the following two cases.

Case 1. M > Nj.
We consider the following trajectories:

Y(z,t) = ern XHr- Don(x), Pz, t)= e (7= Y (x) for n < Ny
Y(x,t)=e A (T~ Von(x), Y(x,t)=er TV, (z) for Ny <n < M.

Replacing (5.10) in (5.9) we obtain, for any n € (0, Npg], the following system:
Ut n + U0 AL+ S Ay = / / (g(z,t) + 0gs (2, 1))e M Ny, (x)dadt,
RN\Q

T ~
Ul,n + UO,TLA; + 5”0,n)\n = / / (g(a:, t) + 591&(177 t))ei)\;t-/\/swn(x)dl'dtv
0 RN\Q

and replacing (5.11) in (5.9), it follows that for any No < n < M,

T
Urm o NE A+ Butg A = / / (9, £) + 8gu(z, 1)) Nupy () dardt,
RN\Q

T
Ul + UonA, + 0Ug Ay = / / (g(z,t) + 5gt(17,t))ef)‘;t./\/;gon(x)dxdt.
RN\Q

(5.9)

(5.12)

(5.13)

(5.14)

(5.15)
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Next, define the complex-valued function of complex variable,

F(z) = /0 (/RN\Q(g(x,t) + 5gt(m,t))/\fsg0n(a:)dx> e*tdt. (5.16)

According to Paley-Wiener theorem, F' is an entire function. Due to (5.8), from (5.14) and (5.15)
we obtain that F satisfies F(i\}) = F(i\,;) = 0, for all n > M. Besides, we know that A} — —§
as n — oo (see Rem. 4.1). Then, F is zero in a set with finite accumulation point. This implies that
F = 0. In particular, F(i\}) = F(iX,;) = 0. From (5.12) to (5.15), it is easy to see that ug, = 1., = 0
for n < Ny and wugp, = u1,, = 0 for Ny < n < M. Thus the trivial state is the only one which can be
steered to zero.
Case 2. M = Ny or M < Nj.

In these cases the identities (5.14) and (5.15) do not appear. Proceeding as above we get the desired
result.

We have shown that the system (1.1) is not spectrally controllable. That is, there exist initial conditions (ug,u1)
(nontrivial) such that for any exterior control function g, the associated solution (u,w;) of the system (1.1) is
not identically zero at time 7. Namely, the system (1.1) is not null controllable. On the other hand, since the
exact controllability implies the null controllability and the latter one fails, we finally obtain that the system
(1.1) is not exact controllable. The proof is finished. O

Remark 5.4. We can observe that in the case 6 = 0, the previous conclusion is not valid. This is due to the
fact that, when § = 0, the previous computation gives the following system for n < M:

T ~
Ul,n +u0,n)\j{ :/0 /RN\Qg(x,t)e_wt/\/'sgon(x)dxdt,

T T
ULy + UonA, = / / g(z, t)e N, (z)dzdt.
0 JRM\Q

Since Af — +ico, as n — oo, it follows that the set {A*},cn, on which the function F defined in (5.16) is zero,
does not have a finite accumulation point. Thus we cannot conclude that ug , = u1, = 0 for all n < M. This
shows that the analysis of the null/exact controllability of the pure wave equation (without damping) with the
fractional Laplacian must be done by using other techniques as in the classical case s = 1. Finally we mention
that in the case § = 0, except the bi-fractional system (1.3), it is still unknown if the fractional wave equation
(0 < s < 1) is null or exact controllable from the interior (that is, when the control function is localized in a
subset w of ) or from the exterior (that is, as the system (1.1) with 6 = 0).

We conclude this subsection with the following observation.
Remark 5.5. We mention the following situations.

(a) Firstly, we notice that if s is close to 1, using the results obtained in [8], we can deduce that the eigenfuctions
©n € Wy2(Q), for every n € N, and the net {¢,} = {@n.so<s<1 converges as s T 1~ to the eigenfunc-
tions of the Laplace operator with the zero Dirichlet boundary condition. This implies that if (¢, 1) €
W2 (Q) x L2(Q) — W2 (Q) x L2(Q) and s is close to 1, then the solution (1, ;) of the dual system has
the following regularity: ¢ € C([0, T]; Wy *(Q)) N C* ([0, T]; L2(Q) and 4y, € C([0,T); (Wy*(€2))*)). There-
fore, if the control function g has enough regularity as in Lemma 3.7 and (ug,u1) € VVOL2 (Q) x L3(9Q),
then in Lemma 5.3, using (3.13) and (3.14), and taking the limit of (5.2) and (5.3) as s T 17, we can
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deduce that

(u1,9(+,0))r2(0) — (w0, (-, 0))1,-1 — (uo, SAY(+,0))1,-1
= ' x x I(@,t) o
=[] (st + dnta) 252 o,

for every (1o, 1) € L?(Q) x (W&’Q(Q»*’ and

— (ue(-,T)s%0) L2y + (- T),¥1)1,—1 — (u(-, T), 6Avo)1, -1
T x
_ /0 /SQ (g(x,t) + 5gt(x,t)) aq’béy’ D o,

respectively. These are the notions of null and exact controllabilities, respectively, of the following (possible)
strong damping local wave equation:

Utt*AU*(;AUt:O in QX(O,T),
U = gXwx(0,T) on 90 x (0,7T); (5.17)
u(+,0) = ug, ue(,0) =uy in Q,

studied by several authors (see e.g. [38, 51] and the references therein). Here, (-, )1 _1 denotes the duality
pairing between W, ?(Q) and (W, 2(2))*.

(b) In the above sense, the results obtained in the present paper for the fractional case 0 < s < 1 are consistent
with the ones obtained for the case of the Laplace operator in one space dimension N = 1 in [38]. For this
reason, following the techniques we developed in the present article, we anticipate that the approximate
controllability or the lack of exact/null controllability of the system (5.17) proved in [38] for one space
dimension, that is, N = 1, is also valid for any dimension N > 1. These anticipated results will be written
rigorously in a forthcoming paper.

5.2. The unique continuation property

Here we show that the dual system satisfies the unique continuation property.

Proof of Theorem 2.4. Let O C RN \ Q be an arbitrary non-empty open set. Suppose that AV, = 0in O x (0,T).
Then,

Z( T — t)on + Do(T —t)wln) Nagn(@) =0, ¥ (2,8)€Ox (0,T).  (5.18)
Since N1 can be analytically extended to Xr (by Thm. 4.8(c)), it follows from (5.18) that

=3 (Cul@ = o + DalT = 1,0 ) Nsipnl@) =0, (w,) € O x (=00, T), (5.19)

n=1
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Let {Ax}ren be the set of all eigenvalues of the operator (—A)7, and let {¢g; }1<j<m, be an orthonormal
basis for ker(A — (—A)%). Then, (5.19) can be rewritten as

N, t) =D | Y vor,Negr, (z) | Cu(T 1)

k=1 \j=1
+Z Z%k N, (@) | Dp(T —t) =0, V (z,t) € O x (—00,T). (5.20)

Let z € C with Re(z) =7 > 0 and let m € N. Since ¢y, 1 < j < my, are orthonormal, then using the fact
that the operator N : D((—A)3%) ¢ W2(RY) — L*(RY \ Q) is bounded, the continuous dependence on the
data of NV (see (4.51)), and letting

m mp
=3 (S o Mo, (@) | X TICw( - 1
k=1 \j=1

m

my,
+ Z Z 1/1171§j./\/'s<,0kj (x) 6Z(t7T)Dk(T —t),
k=1 \j=1

we obtain that there is a constant C' > 0 such that for every ¢ € [0, 7],
lm (> )l 2y < CD (oo + o) ) (5.21)

The right hand side of (5.21) is integrable over ¢ € (—oo,T) and

(10l + Il 2@ ) -

I =

T
[ e (ol + lalzae) =

By the Lebesgue dominated convergence theorem, we can deduce that

T o M 0o my
/ et~ h) Z > o Nagn, (@) | Cu@ =)+ 3 [ S iy Nagw, (2) | DU(T — )| dt
k=1 \j=1 k=1 \j=1

ZZ < 2)Yok; + Fr(z )¢1,k,~>/\/ss0kj, z € RN\ Q, Re(z) >0
k=1

where
1— aggﬁk a;;ﬁk
k + k if £ < Ny,
By(z) =4 7~ (aw+ ) 2= (ar = Br) ’
1 A A :
— T T - — if k> No,
A — AL \z—A] Z—= Ay
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and
-1 1

+ if k < N,
261(z = (ax + Br)  2Bk(z — (a = Bi)) ’
— if & > Ny.
PEY: <Z—Ag Z—A,;> ' 0

From (5.20) we get that

S (Bulelok, + Ful2)nw, )Negi, () =0, @ € O, Re(z) > 0. (5.22)
k=1j=1

Using the analytic continuation in z, we get that (5.22) holds for every z € C\ {)\g, AL Hesn, and also for every
z € C\ {ag + Br, o — Brfr<N,-

For k < Ny, we take a small circle about ay, + Bk, but not including {a; + 5; }i25. Then, integrating over that
circle we get

S Qg + ﬂk 1 :|
1— & 7% [ | Moo, =0, 0. - 3
]Z::l [( 2By, ) Vo,k, 26, Y1k Ok, = ( )

Now, integrating over a small circle about ay — fi and not including {a; — §; }ix, we obtain

ok 4+ B 1
(Oék; Bk, Yok, + T wl,k]) Noor, =0, z€O. (5.24)
32:1 Br; Br;

Let

3

k
1 ag; + 5;%. 1
= 1 — 2k TPk LI
Uy, : [( 2B, ) Yo,k 25 ¢1,k]:| Py

(Ozkj + Bk,
28y,

Il
-

Vi =

IVF

1
Yok, + 2&Cji/h,kj) Pk -

j=1

It follows from (5.23) and (5.24) that Ny} = Nsi2 = 0 in O. We have shown that
(AP =Mk nQ and Nohb=0 in0O, =12

It follows from Lemma 3.3 that ¢} = 0 (I = 1,2) for every k. Using the fact that {¢x,}1<j<m, is linearly
independent in L?(Q), we get that

(e77P +/6k7‘ 1 y
(=Y i) =0 122m,
2Bk,

2y,
a; + B 1 .
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Therefore, we can deduce that
Yok =1,k =0, k< No. (5.25)

On the other hand, since the real number A} and A, (see (4.5)) satisfy
+ 1 -
Ay~ -5 and A\ ~—Xx as k— oo,

then for k& > Ny, we can take a suitable small circle about /\$ and not including {>‘z+}l7ék and also not including
{A\; k>N, and integrating (5.22) over that circle, we get that

me AT
k; 1

—— Yok, + — 1k, | Nsr, =0, €0. 5.26

Z <)\k.7’ - )‘zj Yo Ay — )‘zj wl,k]) o ’ (520

j=1
Let us consider
mg AT
k; 1
1/&1 = Z <J+1/10,kj + +1/J1’kj> Ok, -
=\ M Aky = Ak,
It follows from (5.26) that Nt} = 0 in O. Thus, 9 solves the elliptic problem
(=A)*Y} = Mt} in Q and Nyhi = 0 in O.

From Lemma 3.3 we get that 1} = 0 in Q for every k. Since {©k; }1<j<m, is linearly independent in L2(Q), we
deduce that

AL 1
M ok ——— ik ok | =0, V1< <my.
(AI;_)\zj%,k, )\];_Az_jwl,k, <Pk3> J k

Thus,
A 1
— ko + ———1k = 0. (5.27)

Similarly, taking a circle about A, and not including {\; };xx and also not including {)\;};D No» We obtain
that

mp +
k. 1
— 5o, — mj> Nogr, =0, z€O.
2 (xk' S T Y,

j=1 J

Let

Jj=1

2 - _)‘:j 1
Vi = Z m%,kj - m%,kj Dk; -
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It follows from (5.26) that Ny? = 0 in O. Hence, %7 solves the elliptic problem
(—A)*YE = \tp? in Q and Ny = 0 in O.

From Lemma 3.3, we get that 17 = 0 in  for every k. Therefore,

-\ 1
—_— e =0. 5.28
WSS Yo,k Y U1k (5.28)

Finally, from (5.27) and (5.28) we get that
Yok =1,k =0, k> No. (5.29)

From (5.25) and (5.29), we finally obtain that ¥ = ¥; = 0. Since the solution (¢,;) of the adjoint system is
unique, we can conclude that ¢ = 0 in Q x (0,7'). The proof is finished. O

5.3. The approximate controllability

We obtain the result as a direct consequence of the unique continuation property for the adjoint system
(Thm. 2.4).

Proof of Theorem 2.5. Let g € D(O x (0,T)), (u, us) the unique weak solution of (1.1) with ug = u; = 0 and let
(1, %+) be the unique weak solution of (2.5) with (¢g,41) € Wg*(Q) x L2(Q). Firstly, it follows from Theorem
4.5 that u € C°°([0,T); W*2(RY)). Thus u(-,T) € L*(Q) and u(-,T) € W~2(Q). Secondly, it follows from
Theorem 4.8 that ¢ € L>((0,T); L?(R)). Therefore, using the identity (5.1) we can deduce that

- <ut('vT)awO>f + (u('vT)7¢1)L2(Q) - <u('7T)a5(_A)SwO>%,7

D=

_ / T/ (96020) + 890 )N, 0) . o
0 JRN\Q
IF (do.n) € D((—A)p) x L2(Q) = Wy (€ x L2(%), then (5.30) becomes
— (- D))y + (u(T) v~ 5(_A)Sw°)m<m

T
= /0 /RN\Q (g(m,t) + §gt(x,t))/\fsw(x,t) dadt. (5.31)

Since D((—A)%) x L2() is dense in W*(Q) x L?(Q), to prove that the set {(u(~,T),ut(~,T)> : g€ DO x

(O,T))} is dense in L?(2) x W~%2(Q), it suffices to show that if the pair of functions (10,11) € D((—A)3%) x
L?(Q) is such that

+ (u(.,T),w1 - 5(—A)Swo> —0, (5.32)

for any g € D(O x (0,T)), then 1y = 11 = 0.
Indeed, let (vo,91) € D((—A)%) x L*(Q) satisfy (5.32). It follows from (5.31) and (5.32) that

T
/ / (g(x, t) + i (, t))Nsw(w, t) dadt = 0,
0 RN\Q
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for any g € D(O x (0,T)). By the fundamental lemma of the calculus of variations, we have that

Nap=0 in Ox(0,T).

It follows from Theorem 2.4 that ¢ = 0 in O x (0,7T). Since the solution (¢,1;) of (2.5) is unique, we can
conclude that ¥y = 11 = 0 in Q. The proof is finished. O
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