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A NON-HOMOGENEOUS BOUNDARY VALUE PROBLEM FOR
THE KURAMOTO-SIVASHINSKY EQUATION POSED IN
A FINITE INTERVAL*

JING L1, BING-YU ZHANG? AND ZHIXIONG ZHANG?**

Abstract. This paper studies the initial boundary value problem (IBVP) for the dispersive Kuramoto-
Sivashinsky equation posed in a finite interval (0, L) with non-homogeneous boundary conditions. It is
shown that the IBVP is globally well-posed in the space H®(0, L) for any s > —2 with the initial data in
H?(0, L) and the boundary value data belonging to some appropriate spaces. In addition, the IBVP is
demonstrated to be ill-posed in the space H®(0, L) for any s < —2 in the sense that the corresponding
solution map fails to be in C2.
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1. INTRODUCTION

In the late 1970s and early 1980s, Kuramoto [13, 14] and Sivashinsky [22, 23] derived the Kuramoto—
Sivashinsky equation independently as a model for phase turbulence in reaction-diffusion systems, or as a model
for plane flame propagation, describing the combined influence of diffusion and thermal conduction of the gas
on stability of a plane flame front. Since then, many works addressing the Kuramoto—Sivashinsky equation have
appeared in the fields of both physics and mathematics.

From the point of view of mathematics, the well-posedness problem of the Kuramoto—Sivashinsky equa-
tion has been studied extensively. Most of these existing literatures deal with the Cauchy problem, the initial
boundary value problem (IBVP) with periodic boundary conditions, or the IBVP with homogeneous bound-
ary conditions. We list a few references in these respects. For the Cauchy problem (i.e., pure IVP), Pilod
[21] studied the dispersive Kuramoto—Velarde equation with initial datum in H*(R) (s > —1). For the IBVP
with periodic boundary conditions, Nicolaenko and Scheurer [18] used the standard energy methods. In [24],
Tadmor obtained the existence and stability by another approach. For the IBVP with homogeneous bound-
ary values in a non-cylindrical domain, Cousin and Larkin [8] used the Faedo-Galerkin method to obtain the
existence and uniqueness of global weak, strong and smooth solutions. For the non-homogeneous IBVP, there
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exist relatively few articles. Cerpa and Mercado [6] obtained the well-posedness results with small initial datum
u(z,0) € H=%(0,1) and non-homogeneous boundary conditions.

Besides the aforementioned papers on the well-posedness, there is a rich literature concerning other topics
for the Kuramoto-Sivashinsky equation. To list a few of them, see [7, 9, 11, 12, 19] for the long time behavior,
see [1, 5, 6] for the control problem.

This paper considers the well-posedness of the non-homogeneous IBVP for the following dispersive Kuramoto—
Sivashinsky equation (sometimes, we call it Korteweg-de Vries-Kuramoto-Sivashinsky equation) defined on a
finite interval (0, L):

Ut + Uggza + 5uzzm + Ugy + UL, = 07 (ZL’,t) € (0, L) X (O,T),
u(z,0) = ¢(z), z e (0,L), (1.1)
U(O,t) = hl(t)a U(L’t) = h2(t)7 uz(o’t) = h3(t)7 uw(Lvt) = h4(t)a te (OvT),

where L > 0, T > 0 and § € R. Assuming that the initial datum ¢ € H*(0, L) and the boundary data
h(t) := (ha(t), ha(t), ha(t), ha(t)) € H*(0,T),

where

5413 3 s
8 8

H5(0,T) := Hit3(0,T) x Hit¥(0,T) x Hit5(0,T) x Hit5(0,T),

we seek the lowest Sobolev index s such that the solution of (1.1) exists globally in C([0,T]; H*(0, L)).
Recall that the Cauchy problem

Opw 4 602w + pu(0tw + 0%w) = a(d,w)?,  w(x,0) = wo(x), p>0

was shown in [21] to be well-posed in H*(R) when s > —1, and is ill-posed when s < —1 in the sense that the

corresponding solution map fails to be C?. Taking =1, a = —%, and setting u = w,, it leads to the global

well-posedness in H*(R) (s > —2) for the following dispersive Kuramto-Sivashinsky equation:

{Ut + Ugzor + OUzge + Ugy + Uly = 0, (J?,t) €eR x (O,T), (1 2)

u(z,0) = ¢(z), z €R.
In addition, the IBVP of the following dispersive Kuramoto-Sivashinsky equation posed in a half line R™

Ut + Ugpgze + 5UJ,JLQ: + Uzy + UUL = 07 (Z‘, t) S R+ X (Oa T)7
u(i, 0) = $(a), r € R, (13)
w(0,8) = hi(t), ua(0,8) = ha(t), ¢ € (0,T),

was shown by us to be globally well-posed in the space H*(R') for any s > —2 with ¢ € H*(R"), and
(h1(t), ha(t)) belongs to some subspace of Hi+%(0,T) x Hi+%(0,T) (see [16], Thm. 1.1).

Now we turn to consider the IBVP (1.1). Before we present the global well-posedness result for IBVP (1.1)
in our main theorems, we give the following definition of s-compatibility conditions.



A NON-HOMOGENEOUS BVP FOR KURAMOTO-SIVASHINSKY EQUATION 3

Definition 1.1. Let T > 0 and s > 1 be given. (¢, h) € H*(0,L) x H*(0,T) is said to be s-compatible if

(i)
(6x(0), 61 (L), 9, (0), &4 (L)) = A*)(0) == (n{" (0), h$?(0), nS(0), B{(0)),
k=0,1,...,[5] -1

k—1
or(r) = =1 (x) — 0¢y" 1 (z) — P_y(2) — Z Cljc—1¢j($)¢;cfj71($)7 k=1,2,...
Jj=0
where C,z_l = % and [-] is the floor function.
Our first main result in this paper is stated as follows.
Theorem 1.2. Let L >0, T >0, 6 € R and (¢, l_i) € H*(0,L) x H*(0,T) is s-compatible.

(i) If s > 0, then IBVP (1.1) admits a unique solution u € C([0,T]; H*(0,L)).

(i1) If =2 < s <0, and in addition tf+eh e HO(0,T) for some 0 < e < 1, then IBVP (1.1) admits a unique
solution u € C([0,T]; H*(0, L)).

Moreover, in both (i) and (ii), the corresponding solution map from the space of initial and boundary data to
the solution space is continuous.'

Our next main result is about the ill-posedness of the following Kuramoto—Sivashinsky equation defined on
a finite interval (0, L) with homogeneous boundary conditions:

Up + Uggrr + Uge + Uty = 0, (33'7 t) S (0, L) X (O, T)7
u(z,0) = o(z), xz € (0,L), (1.4)
w(0,t) =0, u(L,t) =0, ugye(0,t) =0, uye(L,t) =0, te(0,T).

IThe solution map is in fact real analytic.
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Theorem 1.3. Let L >0, T > 0 and s < —2. Then the flow map of the homogeneous IBVP (1.4):
E:H°(0,L) — C([0,T]; H*(0, L)), ¢ u(t)

is not C? at the origin.

Remark 1.4. Theorem 1.3 is some kind of “weak” ill-posedness result. It implies that one cannot use the
contraction mapping argument to obtain the well-posedness of IBVP (1.4) when s < —2. To our best knowledge,
how to construct a counterexample directly to show the ill-posedness when s < —2 is still open.

This paper mainly focuses on lower regularity solutions of IBVP (1.1), especially when the Sobolev space
index s is negative. For smoother solutions when s > 0, the global well-posedness result can be obtained by the
same approach developed in Section 4 of [16]. Hence, we omit the proof for the first part of Theorem 1.2.

Our strategy to obtain the well-posedness in this paper is similar to that in [16]. Both papers have used
the contraction mapping principle to yield the local well-posedness, based on the analysis of the associated
linear problems. In the analysis of the boundary integral operator Wy, (), both papers have borrowed the idea
developed in [2-4] for the Korteweg-de Vries equation. However, in this paper, we choose a different kind of
working space from the working space X: ,» defined in (3.3) of [16]. As a consequence, there exist many technical
differences both in establishing smoothing properties and nonlinear estimates between the two papers.

On the other hand, our paper also has many similarities to [21]. For instance, our working space X 1 defined
at the beginning of Section 3 is very much like the space X3 defined in (12) of [21]. Our smoothing properties
are expressed in a style like Proposition 1 in [21]. Our estimate for the nonlinear term wu, in Section 3 is nearly
along the same way as Proposition 2 in [21]. In some sense, the approach developed in [21] for the Cauchy
problem has been adapted to treat the non-homogeneous IBVP in this paper.

The advantage of our new approach used in this paper lies in two aspects. One is to make our proof more
concise and shorter compared with the one in [16]. The other is to enable us to follow the existing proof method
for the Cauchy problem when one continues to study the IBVP.

When —2 < s < 0, both approaches adopted in this paper and [16] can yield the well-posedness of IBVP (1.1)
and IBVP (1.3), respectively. Unfortunately, these approaches can not effectively tackle with the limiting case
s = —2. We believe that the well-posedness with big initial data for s = —2 may be obtained by an alternative
method. We do not discuss the ill-posedness of (1.1) when s < —2 in this paper for technical reasons. Instead,
we study the ill-posedness of (1.4) when s < —2 and show that the corresponding solution map fails to be C2.
This means that it is impossible to use the contraction mapping principle to prove the well-posedness of IBVP
(1.4).

The rest of this paper is organized as follows. Section 2 is devoted to study the associated linear problems
to obtain various smoothing properties for their solutions. In Section 3, we deal with the nonlinear estimates.
Thanks to the fixed point theory, the local well-posedness is established. In Section 4, a priori estimate is derived
when the Sobolev index s = 0. And we obtain the global well-posedness for the IBVP (1.1). In Section 5, we
obtain the ill-posedness of IBVP (1.4) when s < —2.

2. SMOOTHING PROPERTIES FOR THE ASSOCIATED LINEAR PROBLEMS

In this section, we discuss the associated linear problem, which is fundamental for the analysis of the nonlinear
problem given in Sections 3 and 4.

2.1. Statements of the results
Recall h(t) := (hy(t), ho(t), hs(t), ha(t)) and

H(0,T) := Hit5(0,T) x Hit3(0,T) x Hit5(0,T) x Hit5(0,7T)
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for any s € R.
It is worth mentioning that the following two propositions still hold for an arbitrary Sobolev index s. However,
we only give the proof for —2 < s < 0.

Proposition 2.1. Let 6 e R, L >0,T >0, —2<s<0 and ¢ € H*(0,L). Then IBVP

v(z,0) = ¢(x), z € (0,L), (2.1)
v(0,t) =0, v(L,t) =0, v,(0,t) =0, v,(L,t)=0,t€(0,T)

admits a unique solution v € C([0,T]; H*(0,L)). Moreover, there exists a constant C > 0 such that for any
¢ € H*(0,L) and 0 < e < 1, it holds

sy
lvllcqo,m): e 0,)) < Cllolla+ (0,1 [t vlleo,mL20,0)) < Clollmso,1)- (2.2)
Proposition 2.2. Let 6 €R, L>0,T >0, —2< s <0 and h € #*(0,T). Then IBVP

Vt + Vozze + 0Vzge = 0, (:E,t) € (07 L) X (OaT)v
v(z,0) =0, z € (0,L), (2.3)
U(07 t) = hl(t)’ U(L’ t) = h2(t)’ Ux(07 t) = h3(t)’ vm(Lvt) = h4(t)> te (O’T)

admits a unique solution v € C([0,T]; H*(0,L)). Moreover, there exists a constant C > 0 such that for any
h € H*(0,T), it holds

lvlleqo, ;2 0,2)) < Cllllags0,1)- (2.4)

Furthermore, if ti+en e 1O (0, T) for some 0 < e < 1, then it holds

Lsl 4 o T Ll e
15+l < C (IRl + 165 Rlwoomn ) - (2.5)

2.2. Proof of Proposition 2.1
Step 1. Define a linear operator A : D(A) C L?*(0, L) — L*(0, L) as below

-Aw = Wz, D(A) = H4(07 L) N Hg(o’ L)

By semigroup theory (cf. Thm. 2.7 in Sect. 7.2 of [20]), the operator A generates an analytic semigroup in
L?(0, L). With the perturbation of a lower order operator, Ajw := Aw — 6w, is still the infinitesimal generator
of an analytic semigroup W.(¢) in L?(0, L). By restriction, A; can generate a Cop-semigroup in V,, = D(A;“) for
0 < a < 1 (for the definition of fractional powers of closed operators, see Sect. 2.6 of [20]). Then by duality, 4,
generates a Cp-semigroup in H*(0, L) for any —2 < s < 0. We still denote this semigroup by W,(t) for simplicity.

Hence, for any —2 < s < 0, IBVP (2.1) admits a unique solution v in C([0,7T]; H?(0,L)) satisfying
lvlle o,y e 0,)) < Cllollme(0,) for some constant C' depending only on s. Thus the first estimate in (2.2)
is true.

Step 2. We prove that the second estimate in (2.2) holds for any —2 < s < 0.



6 J. LI ETAL.

When —2 < s < 0, multiplying the first equation in (2.1) by T%—erv, integrating by parts and noting that
v(0,t) =0, v(L,t) =0, v,(0,t) =0, v.(L,t) =0, we arrive at

1/thT|Z+E,U ? dr — M-‘,—E /tT;|—1+2e||U”2 dT+/t|Tf1|+e1} H2 dr=0
2 Jo dr L2(0,L) 4 0 L2(0,L) 0 xx|lL2(0,0)47 = Y-

This yields that for any ¢ € [0, 7],

1, s bolsl |s] bl
I + [ Il ndr = (F +9) [ 75 ol

which, using the Hoélder inequality, leads to

Lsl Isl
It +EUH%’([O,T];L2(07L)) + [t Jre71||2L2(0,T;H2(0,L))

s
s 1-Ll Is|

T lg-ite 2 T 4 =
<C / o5 dr / 101l 12 0,247 : (2.6)
0 0 ’

< Clvll? 4
L

Is1.(0,T;L2(0,L))

Nl

here, / 7 "2 dr < +ooforany —2 < s <0and 0 <e <1, and C is a common constant that may change

0
its value from line to line.
When s = —2, multiplying the first equation in (2.1) by 7v, we get that for any ¢ € [0,T],

1 t d 1 ) 1 t ) t N )
5 ; dTHTZU||L2(0,L)dT*§ ) ||UHL2(0,L)d7'Jr ) ”Tzv:caCHLZ(O,L)dT:Ov

which gives

1 1
||t2vl|%‘([0,T];L2(O,L)) + ||t2U||2L2(o,T;H2(0,L)) < C||U||2L2(0,T;L2(0,L))d7~ (2.7)

Combining (2.6) and (2.7) together yields that for any —2 < s < 0 and 0 < ¢ < 1, it holds

[E [E
18T+ 0l 0.13:22(0,Ly) + 1ET T0NT20.082(0.)) < C||”Hi§(0 rrrony) (2.8)

From the results in Section 15 of Chapter 4 in [15], it follows that the solution of IBVP (2.1) satisfies v €
Hit2(0,T;L%(0,L)) and

||v||H%+%(O,T;L2(O,L)) S CH(bHH’(O,L) (29)

Therefore, by (2.8), (2.9) and the embedding H$*3(0,T) < LT (0,T),

Lol Lol 4
1t vl ogo,z200,0)) + 18T T Vll20,0:82(0,1)) < CllYllme(0,1)- (2.10)

Hence, (2.10) implies that the second estimate in (2.2) holds. O
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2.3. Proof of Proposition 2.2

In this proof, we borrow some ideas from [2-4], which were used to study non-homogenous boundary value
problems of the Korteweg-de Vries equation. By harmonic analysis tools, the solution of IBVP (2.3) can be
represented explicitly. First, we recall the following lemma, which is Lemma 2.5 in [3] with a minor modification.

Lemma 2.3. Let v(p) be a continuous complex-valued function defined on (0,+00) satisfying the following two
conditions:

(i) There exist § > 0 and b > 0 such that sup [Rer(p)] > b;
0<p<s P

(i) There exists a complex number o + if8 such that lim 2(p) =
p——+o0 p

Then there erists a constant C' > 0 such that for all f € L?(0,+c0),

We now return to the proof of Proposition 2.2. The proof is divided into three steps.

+oo
| e i

0

< C (-0 £ las) + 1 Ollzr) ) -
L2(0,L)

Step 1. Apply the Laplace transform with respect to ¢ in equation (2.3) to yield that for any 7 with Rer > 0,

T + Vppgs + 00gze = 0, (z,7) € (0,L) x C,
A ) ) . (2.11)
@(077_) = hl(T)’ ﬁ(LvT) - hZ(T)a @z((),T) = h3(7—)7 @x(LaT) = h4(7—)a T€C,
where
—+oo R —+oo
o(x,T) = / e To(x,t)dt, hi(t) = / e Thi(t)dt, j=1,2,3,4.
0 0
The solution of IBVP (2.11) can be expressed as below
4
o(z,7) = ch(T)eAj(T)m, (2.12)
j=1
where A\;(7) (j = 1,2,3,4) are the solutions of the characteristic equation
Mo +r=0. (2.13)
And ¢;(7) (j =1,2,3,4) are the solutions of
1+ co 4 3+ cq = hy (1),
CleLkl(T) + C2eL>\2(T) + 636L>\3(T) + C4eLA4(T) — iLQ(T),
(2.14)

01)\1(7') + CQ)\Q(T) + 63)\3(7') + 04)\4(7') = ﬁ3(7’)

e M (1)) oo (7)) 4 eghg (7)eP (1) 4 ey dy(7)eP M) = hy(7).
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From (2.12)—(2.14) and by Cramer’s rule, one finds that for any fixed r > 0, the solution of (2.3) takes the form
of

1 r+i00 4 r+1i00 tAJ( ) ( )

—i00 —100

where A(7) denotes the determinant of the coefficient matrix of (2.14), and A;(7) denotes the determinants of
the matrices which replace the jth-column of A(7) by the column vector (hy(7), ho(7), hs(7), ha(r))T.

Let vy, (z,t) solve IBVP (2.3) with h;(t) = 0 when j # m. Therefore, (2.15) shows that
4

4 4 r+ico
v(z,t) = z_:lvm ,t) Zzzm/ et “”)) A (r)dr, (2.16)

m=1 j=

where A ,,,(7) is obtained from Aj;(7) by letting B (1) =1 and hy(7) = 0 for [ # m. Since the right-hand side
of (2.16) is continuous with respect to r and the left-hand side does not depend on r, we can take r = 0 in
(2.16). Consequently,

(2.17)

To obtain the estimate for v*(z,t), we set 7 = i8p* with 0 < p < +oc0 in (2.13). Then the solutions of
characteristic equation (2.13) also satisfy

4 3
(A) +51(A) 18i=0
p p\p

A0 N
when p > 0. For any given § € R, as p — 400, it has — = — + 0o(1), where — satisfies
pp P

A0\
() L 8= 0.
p

0

A direct computation shows that those — satisfying the above equation are just
p

_\/\/§+1ii\/\/§—1, \/\/§+1iz’\/x/§—1.
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Thus, the four solutions of characteristic equation (2.13) can be written as below

VV24+1+ip\/V2 =1+ o(p), A;(p)zp\/\@+1—¢p\/\/§—1+0(p),

M (p)=—p (p)
M(p)=—p\V2—1—ip\/V2+1+0(p), M (p) =p\/\/§—1+z’p\/\/§+1+o(p).

Hence, from (2.17), one gets that

4 4 +
16 (1 sy 3t (e Djm(P) 5
=3 % /0 (N 02 S i (), (2.18)

where AT (p) == A;m(i8p*), AT (p) := A(i8p*), Iif, (p) 1= hm (i8p*).

Similarly, to estimate v~ (z,t), we put 7 = i8p* = —i8p* with 0 < p < 400 in characteristic equation (2.13).
Then the corresponding solutions of (2.13) are

A () =X (p), 5=1,2,3,4,

where )\;' (p) is the conjugation of )\j(p). Hence, (2.17) yields that

4 _
_ 16 [ et A= (p)e Dim(P) 55
v (2,t) = z Z 7/0 e~ BN () Aj’_i(p)pghm(p)dp, (2.19)

where A} (p) = Aj o (—i8p*), A~ (p) := A(—i8p?), hiy (p) := hp(—i8p*). Comparing (2.18) and (2.19), we
deduce that

v (z,t) = vt (z,t),

which gives

v(x,t) = vt (2, ) + vt (x,t). (2.20)
+
Now we calculate the large-p asymptotics of the ratios AAT(,(S) (m=1,2,3,4; j =1,2,3,4). Tt is easy to
check that
AT1(p) = MO = M)eEMH L AF (M = ANeEMT T 4 F (0] — el A,
AL (p) = MO = AD)eEOTHD 1 xF (A = AP A 4 AT (AF — el D),
Af(p) = AT = AP0 1 AT = AD)eP 022D AT (N] — AT )el O A,
AT(p) = MO = MNP 1 AT = A )eP 00X 4 AT (A — A )el 05 TAD),
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A*(p) = OF = AD)OT = Af) (HATH) 4 EI D))

FOF ~ X0 — ¥9) (407D 4 rd0aD)

FOF = ADO = A (FOTD 4 POID).

Therefore, as p — 400, it holds

o Le(VVariHVVa-a)
N €—2L,o\/\/§—1.

+
Lo /a1 AQ,Q(P) o o= LoV VI

AL(P) N Ail(ﬂ)

At(p) 7 At(p)

Ail(P) N AIl(P)

At(p) 7 AT(p)

Similarly, one can show that

AIQ(P)

A*(p)

A:)tz(P) ~ e

At(p)
Afa(/’) ~p 1 A;?)(P)
At(p) " At(p)
Ads(p) - Al5(p)
A*(p) T AT(p)

13i4(p) m}p_le_Lp\/VE_l Zx{4(p),w

A*(p)

D) | o Alale)

At (p)

ATt (p) ’

N p—lepr(\/ Va+1+y/V2-1)

~1,-2Lp V2-1

—l,=Lp V241
T At (p)

p’le’LP‘/‘/E’l.

T AT (p)

(2.21)

(2.22)

(2.23)

(2.24)

Let v(z,t) = Whyar(t)h be the solution map of equation (2.3), then Wpyq,(t)h has been represented explicitly
by (2.18) and (2.20). In Step 2, we will show that Wy, (¢) is actually a continuous map form #H*(0,7T) to

C([0,T); H*(0, L)).

Step 2. After a continuous extension (for instance, a zero extension), ﬁ(t) can be defined on R*. For simplicity,
we still denote the extension by h(t), and denote the corresponding solution of the pure BVP by v. Therefore,
to prove (2.4), it suffices to show that for —2 < s <0,

sup [[v(-, )l ms0,0) < Cllhl3s m+)-
teRT

(2.25)
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First, we prove that estimate (2.25) holds when s = 0, —1, —2. This technical requirement for s appears in (2.26),
where the H*(0, L)-norm estimate can be transfered to the L?(0, L)-norm one. Then, for non-integer negative
values of s, estimate (2.25) can be obtained by standard interpolation theory.

From (2.18), we see that for any t € R,

it xr e A (0) 4 ’
||’U ( ”HS(OL) <CZZ / ei8r t(i)\j (p)z%lﬁh%(p)dﬂ
= At(p) e
m= (0,L)
, (2.26)
1A e AT
<C> > / (A (p))” e (et L anl0) e (),
=1 j=1 |70 (p) £2(0.1)
By (2.26) and Lemma 2.3, one has that for any ¢t € RT,
2 o [T rert 2 25 | A) 1 (p) ’ 67 2
1* G0 0.1 SCZZ/ (e ¢ j<P>+1) AT ()] Aj;(p) P L(p)’ dp
m=1j=1"0
Therefore, from (2.21)—(2.24), the above inequality yields

sup [0 (- )1 F(0,1)

teR+
IR 2| At 0] 1y 2

<C 25+6< LRex} (p) 1) j,m + ‘ d

< mzz/ P+ (e +1) | 3| o) 4

(2.27)

+oo . 2

SC p25+6‘hii- p dp—|—0/ 25+6 )) dp
0

+oo R R 2
+C pett ‘hﬁf(p)‘ dp+C / pett ‘hi (p)‘ dp.
0 0

Setting 1 = 8p* in (2.27), and recalling that hf (p) := b (i8p*) and hy,(7) = f+°° e " hy, (t)dt, we conclude
that

2
dp

OO\W

“+o0
sup [0 oy <C [ (L)
teRT

+o0 )
/ e~ hy(T)dr
0
Foo s .3 too ?
+C’/ (1+u2)i+§/ e "M hy(r)dr| du
0
+oo s | T 2 (2.28)
+C’/ (1+p?)its / e "M hg(r)dr| du
0

+oo . 1 +oo )
+C’/ (1+p?)its / e FThy(r)dr| dup
0 0

< C”h‘ ’QJ{S(R+)~

Identity (2.20) and estimate (2.28) yield that (2.25) holds for s = 0, —1, —2.
Step 3. We prove that estimate (2.5) is true.
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It follows from (2.3) that ¢ := ' +<v satisfies

Gt + Qs + 0 = (51 + )t T+ 1, (2,1) € (0,L) x (0,T),
q(x,0) =0, z € (0,L),
ls| Is] (2.29)
q(0,t) =t Tthy(t), q(L,t) =17 Tho(t), te (0,7),
G (0,8) = 5 +ehg(t),  qu(L,t) =t T +hy(t),  te(0,T).
Let 6 and ¥ be solutions of
0y + Orpns + 000w = (Bl + )5+, (,t) € (0,L) x (0,T),
0(x,0) =0, z e (0,L), (2.30)
6(0,¢) =0, 6(L,t) =0, 6,(0,¢t) =0, 6,(L,t) =0, te(0,T)
and
'lgt + /lga:mzz + 57-9:nzx = 07 (CE, t) € (07 L) X (03 T)v
9(z,0) =0, z € (0,L),
ls| ls| (2.31)
9(0,t) =t T teh(t), O(L,t) =17 T=ho(t), te(0,7),
95(0,8) = tT+ehs(t), Vo(L,t) = tE+ehy(t),  te(0,T),
respectively. Tt follows from (2.29)—(2.31) that
sl
tT v =q=0+9. (2.32)
By the Minkowski’s inequality, the solution of IBVP (2.30) satisfies that for any ¢ € [0, 7],
! |S| Llie—1
||0('7t)HL2(O,L) = Wc(t—T) (I +E)T 4 1}(7‘) dr
0 L2(0,L)
t
< C/O HWC(t - T)(T‘fi'ﬁ—lv(T))‘ pon® (2.33)
t
|s] e Is| | e Is]
<C | (t-m) a2 ||t—T) T T 2W(t —7)(r 7! ( dr.
<c [(t-r ¥t fe-nFriwe—ne et o

From Proposition 2.1 (take € = 5 in (2.2)), then (2.33) implies that for any ¢ € [0, 77,

t Clsl_ey, lsly._
10C, D) 2201, SC/u—ﬂ L8 Ly () | oy dr
0

t
< C sup ||'U(7_)||HS(O7L)/ (t—T)f‘TfiT'TwE*ldT
7€[0,T] 0

< Clwlleqo,ms;ms0,0))-
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Recalling estimate (2.4) just obtained in Step 2, we know that the above estimate implies

10llcor1:22(0,2)) < Cllllas 0,1)- (2.34)

Again by estimate (2.4) and noting tliten ¢ H°(0,T), we conclude that the solution 9 of IBVP (2.31) satisfies

m —
19Mlcqo.11:L200,)) < ClIET TR 30 (0,7)- (2.35)

Therefore, (2.32), (2.34) and (2.35) deduce the desired estimate (2.5). O

3. LOCAL WELL-POSEDNESS

The main purpose of this section is to discuss the local well-posedness of the dispersive Kuramoto-Sivashinsky
equation (1.1). By the results of the associated linear equation presented in Section 2, if we further get a suitable
estimate for u,, + uu, (see Lem. 3.1), then using Banach contraction principle we can seek a fixed point solution.

The following unified notation & 7 will be used in the sequel:

lwlleo,11:L2(0,L))5 s=0,
wllx, » =

Isl
lwllego, im0,y + It* Twlleqo,ric20,0)), —2 <s<0.

Lemma 3.1. Let L > 0,0 < T < 1. For any given —2 < s < 0, choose 0 < ¢ < min{ 2§S, %}. Then there exists
a constant C' > 0 such that for any u, v € X, 7, it holds

where a(s,e) = min{é _ % ~ 92, 6714}.

t
/0 We(t = 7) (Uae + uvg) (T)dT < 0T (lullx, r + llull, 2 0], 2)

Xs, T

Proof. The proof is divided into several steps.
Step 1. We prove that

< O3 572y
C([0,T];H=(0,L))

/0 We(t — T)ugy (7)dr KXo (3.1)

By L?(0,L) — H*(0, L) and the Minkowski’s inequality, we see that for any ¢ € [0, 7],

o

/O t We(t — T)Ugy (T)d7

H#(0,L)

/Ot We(t — T)ugg (T)dr

L2(0,L) 3.2
t (3.2)
<c / IWelt = 7)ttaa (D) 20,1 AT
0
t |

dr.
L2(0,L)

(t — ) itW,(t — T)(T%Hu(r))m‘

< C’/ 77%75(15 - 7')7%7E
0
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From Proposition 2.1 and (3.2), one gets that for any ¢ € [0, T,

t
< c/ R (TR0 b
0

t
< c/ S T)f%fe||T‘+4'+Eu(7)||L2(O7L)dT.
0

o(t — T)uge(7)dr

H#(0,L) “lla-2(0,1)

t
s| |s
SC sup ||T|T+EU(T)HL2(O,L)/ T_Tl_é‘(t—T)_%_edT.
0

T€[0,T]

When 0 < ¢t < T, put ¢ := %,it has

1
Is| ls]
:tl———a—%—a/ ¢ (1_<) 27edc
0
<ori-ii-

Combing the above two formulae, we arrive at estimate (3.1).

In fact, by the Minkowski’s inequality, we see that for any ¢ € [0, T],

|

< C/ ilie t_T)%Jre} [We(t = 7)o (T)l 20,1, AT

Step 2. We claim that

/ Wt — T)ugg (r)dr < CT% |ul|x, - (3.3)

C([0,T};L2(0,L))

/ We(t — T)ugy (7)d7

t
[s]
< C/ tate IWe(t — T)um:r(T)”LQ(O L) dr
L2(0,L) 0 7

< C/O [(t e L T)'s%z} H(t O EEWL(E — ) (),

“llz20,1)

From Proposition 2.1, the above inequality shows that for any ¢t € [0, T,

H / Wo(t — 7)utg (7)dr

<0 [ [=n b e ot 0 |t

L2(0,L)

H-2(0,L)

_1_ Is]

! 1_¢ —=l_¢ Isl=2 ﬂ«ks
<c | [t-nhe e B - )T I ) e,y
0
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t
<C sup [P U)o [ (-0 a0
T€[0,T] 0

< OT= % ||ul| v,

< OT ||u x,

when 0 < € < g5. This gives estimate (3.3).

Step 3. We claim that

The proof is divided into three cases: —2 < s < f%, f% <s< —-land -1 <s<0.

< C«Tmin{%—‘%'—Qs,G—i} [l
C([0,7};H+=(0,L))

XS,T||U| Xs - (34)

/0 Wo(t — 1) (uv)s (r)dr

Case 1. —2 < s < —3. By the Minkowski’s inequality, we see that for any t € [0, T,
2

/0 Wo(t — ) (uv)a(r)dr

t
<c / Wt = 7)(@0)e ()l 0.1 A7
H#(0,L) 0

(3.5)
' —lsl—2e lelte el ye
<o [ rEE |we - [ rEwE )] o) dr.
0 x H*(0,L)
From Proposition 2.1, then (3.5) implies that for any t € [0, T],
t
’/ We(t — 7)(uwv),(7)dr
0 H+(0,L)
t
< C/ roe [(T%_‘—Eu)(T%_‘—E’U)} T H dr (3.6)
0 x H#(0,L)

(% Tu)(r ) (7)

t
< C/ o T
0

By L'(0,L) < H**1(0, L) when s < —%, and from the Holder inequality, then (3.6) shows that for any ¢ € [0, T,

t
< C/ rol2e
0

Is] Is] Ls|
<C sup [|7 T u(7)|[L2(0,) sup ||TT+E'U(7-)”L2(O,L)/ T2 T ¥dr
r€[0,T] 7€[0,T] 0

[P

/ We(t — 7)(uwv),(7)dr
0

Hs(0,L)

() () (7)|

L(0,L)

< OT'= 5 =2 |y

XS,T||U| Xs, T

< OT3 7% |u|

XS,THU‘ Xs,1°

Here, we have used the fact % — % —2e<1-— |2i‘ — 2¢ in the last step.
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Case 2. —% < s < —1. By H'(0,L) = H*(0,L) and the Minkowski’s inequality, we see that for some 0 <
0<<1andanyt€ [0, 7],

/Wth (uv)(7)dr

<c/

1 1
Note that [|w|g-1¢0,z) < C’||w||;l_2(0 L)||w||22(0 p for any w € L?(0,L). From Proposition 2.1 (take ¢ = ¢ and

s = f% — o in (2.2)), the above inequality implies that for any ¢ € [0, 7],

t
<c / Wt = 7)(w0)a ()l 0.1, 7
H=(0,L) 0

Ell

Welt = 7) [(r'5 Feu)(r'3+0) ar.

.o
x H-1(0,L)

/Wth (uv)y (T)dr

H=(0,L)

<C 7'_‘%_28

0 2(0,L)
[wet == [y 4] @, ar
T L2(0,L)
t (27 )« s 3
<C | 7 ‘gl_%(t -7) < L >X2 W.(t — 1) {(T‘Tl“u)(Tuﬁv)} T
0 z H=2(0,L)
+e sl e sl 1 ¢ 2 (3.7)
|l =)W= ) [0 )] () dr
z L2(0,L)
b e, _ 340 . [EI E 2
<C [ rEEe- T W) [T )| ()
0 x H (0,L)

el e T te
H[(T4 wirs U)]x(T) H™277(0,L) o
L _lilg _Bre . lelye v iolte
<c|r (t-n= | [T w0 dr
0 T H~277(0,L)
<o [ s e o) ar
= Jo H Z7(0,0)

By L*(0,L) < H~27°(0,L) when 0 < ¢ < 1, and by the Holder inequality, (3.7) yields that for any ¢ € [0, 7],

o(t = 1) (uv)(7)dT

H#(0,L)
<c/ 2y — )~ (75 e (150 (7)|
L'(0,L)
t 3
Lelte el e —Ll_oe B R
<C sup |77 U(T)||L2(07L) sup |71 ’U(T)HLz(O,L) T2 (t—7)""® ~2dr
T€[0,T] r€[0,T] 0

13 _Isl_ 5

< CT1s _7_55_§||u|

o [P

< OT ||ul| x

ol
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When0<€<%and0<a<é.
Case 3. —1 < 5 < 0. By L?(0,L) — H*(0,L) and the Minkowski’s inequality, we see that for any ¢ € [0, T,

3

t sl 2te
gc/ T R O
0

/0 We(t — 7)(uwv), (7)dr

t
<c / IWoalt = 7)(@0)a ()l 2o 1 A7
Hs(0,L) 0

dr,

(t = W - ) [ ) ()
L2(0,L)

where 0 < o < 1. By Proposition 2.1, the above inequality implies that for any ¢ € [0, 7],

/ Wt — 7)(uv), (7)dr
0

Hs(0,L)
ls| §+o L] L]
SC/ 777725@77')7775 {(TT+EU)(TT+E’U)} (T)H s dr
0 © H™277(0,L)
<o [ gt (5 e () (r)|
H™277(0,L)

Similar to the proof of Case 2, we deduce that

< CTE 5 3Ty
Hs(0,L)

/ Wt — 7)(uv), (7)d7
0

1
xor[llx, e < CT3 [ullx, pllv]lx, -
When0<5<$and0<a<%.
Combing the results obtained in Case 1-Case 3, we know that (3.4) is true.

Step 4. We claim that

Htl‘s‘“ /0 We(t — 1) (uw), (r)dr

C([0,T];L2(0,L))

In fact, by the Minkowski’s inequality, we see that for some 0 < 0 < 1 any ¢ € [0, T,

Ht?i'+8 /O t Wt — 7)(uv)e(r)dr

t

Isl
o) < C/o et |We(t — T)(UU)I(T)HLQ(O,L) dr
L2(0,L

K Ll | Lol
SC/O {(t—T) iteprat } IWe(t = 7)(wv)e(7)l 20,1y A7

t s 3+%+0 %+0 s -
<c [ oo T e 0T [cF ) @ ar
0 * L2(0,L)
t s %+a %+0‘ s s
+ C’/ 7*%'*5(15 —7) T e ||(t—-1) T WLt - 1) [(T%+Eu)(T%+EU)} (1) dr.
0 r L2(0,L)

17

1
< CT5 Jullx, o V]l - (3.8)
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Again by Proposition 2.1, the above inequality implies that for any ¢ € [0, T7,
Ll [
ta Wc(t —7)(uv),(T)dr
st3+o
< C/ f(t—71) %

BT _3+4e |
+C ft—7)" 73
0

Similar to the proof of Case 2, we obtain that

L2(0,L)

| . ar
H~377(0,L)

Islyo , Lslo,
[(Hreweitn] @ . an
z H™277(0,L)

“t3+5 /Ot Wt — 7)(uv)e(r)dr

C([0,T};L2(0,L))

< OTF 52 %l o ol
< OT% ulx,
When0<€<%and0<a<%
From (3.1), (3.3), (3.4) and (3.8), we obtain the desired result of Lemma 3.1. O

With a slight modification of the original proof of Lemma 3.1, we can obtain the following “stronger” estimate
in some sense.

Lemma 3.2. Let L > 0, 0 < T < 1. For any given —2 < s < 0, ch00560<5<mln{2 ,810} and 0 < K <
min{|s|, 64} Then there exists a constant C > 0 such that for any u, v € XSy, it holds

t
/ We(t = 7) (tze + uvy) (T)dT < OT* ([[ullx, » + [l r 0]l 2, )
0 C([0,T);H*+#(0,L))
where (s, ) = min{} — —‘ -2, 4}
Proof. The proof is divided into two steps.
Step 1. We prove that
T) Uz (T)dT <C (3.9)
C([0,T];H*++(0,L))
Noting that L?(0, L) — H***(0, L), we have
T)Uge (T)dT T)Ugy (T)dT .
HS+“(0,L) L2(0,L)
Along the same lines of the proof in Step 1, Lemma 3.1, one can arrive at estimate (3.9).
Step 2. We claim that
t
/ We(t — 7)(uwv),(7)dr < e = =250 |y, 0] 2 o (3.10)
0 C([0,T);H=+~(0,L))
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The proof is divided into three cases: —2 < s < —% — K, —% —k<s<—-1—-rand —1—x<s< —&k.

Case 1. -2 < s < —% — k. Similar to the proof in Lemma 3.1, it has

/0 We(t — 7)(uwv),(7)dr

Hs+r(0,L)

t
scénmﬁ—ﬂwwwwmﬂ@mw

t
< C’/ TR We(t—T) [(T%“u)(r%“v)] (7')” dr
0 z Hetr(0,L)
! —lsl_oc m-{-e m-{-e
<C [ 7= [(7’ TTEy) (77 v)} (7’)H dr
0 P He+5(0,L)
¢ 7m725 mjts ﬂjts
<C /O 2 || e (5 v)(T)HHmH(OyL) dr.

By L'(0,L) < H*+***1(0, L) when s < —2 — £, and from the Holder inequality, then the above formula shows
that for any ¢ € [0, 7],

t
< C/ T_%‘_%
0

< O3 2|y

/ We(t — 7)(uwv) g (7)dr
0

Hs+r+1(0,L)

dr

Is| Is| ‘
L'(0,L)

(7w (o))

XS,THU”XS,T

< T3 572y

XS,T||U| X 1°

Case 2. -3 —k <s< —1—kx. By H}(0,L) < H**%(0, L), we see that

Then, along the same lines of the proof in Lemma 3.1, one can arrive at

/0 We(t — 7)(uwv), (7)dr

t
scﬁénwutfﬂuwnvaAQMdr
)

Hs+5(0,L

13_|s| _ 5
<CTT6—T—%5_%||U|

1
< X < OTO |ul|x, 1 [|v]
Hs+r(0,L)

Xs,T||U| Xs.1

/ We(t — 7)(uv),(7)dr
0

1 1 1
when 0 <e < g5, 0<K<gand 0 <o < 55.

Case 3. —1 —rk < s < —k. By L?(0,L) < H*T%(0, L), one has

/ We(t — 7)(uwv),(7)dr
0

t
sc/nmﬁ—ﬂwwwmm@mw-
Hs+r(0,L) 0

Similar to the proof in Lemma 3.1, one can obtain that

5_Isl _3._ o 1
< CTs™ 2 77 u|lx, o0l 2, » < CT3 |l x, pl|v]| 2, 2

Hs+%(0,L)

/ Wt — 7)(uv)s (r)dr
0
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when 0 <e < g5, 0<k< g5 and 0 <o < 55.
Combing the results obtained in Case 1-Case 3 leads to (3.10). Finally, (3.9) and (3.10) together imply that

Lemma 3.2 holds. O

Proposition 3.3. Let § e R, L >0, 0 < T < 1. For any given —2 < s < 0, choose 0 < ¢ < min 2?;5, 8—10}.
Assume that ¢ € H*(0,L), h € #*(0,T) and t'i+eh € HY(0,T). Then there exists a Ty € (0,T] depending on
@Il £+ 0,1y + ||EHH5(07T) + Ht‘%‘“ﬁﬂﬂo(oj), such that IBVP (1.1) admits a unique solution u € X5 1, . Moreover,
the corresponding solution map from the space of initial and boundary data to the solution space is continuous.

Proof. The solution of IBVP (1.1) can be written in the form

u(t) = We(t)d + War(t)h — /0 We(t = 7) (Uao + wug) (7)dr. (3.11)

For w € X5 1, (d) := {w € Xs 1.

|lwl|x, -, < d}, define

T(w) = We(t)¢ + War (H)h — /o We(t — 7) (Wee + wwy) (7)dT. (3.12)

Then by Propositions 2.1—2.2, Lemma 3.1 and (3.12), we obtain that for any w, wy, wy € Xs 1, (d),

IT(w)]

X, 1,

T 1sl e a(s,e
< C (Illmre0,1) + Wl 0.1y + 165 < Rlloo.m) ) + CTE (|

2
Xs 1,

xor. + v

and

IT(w1) — T(wa)| x, -,

<o ([Jwy — wa

Ao+l +wallx, o, Jwr —w2llx, ) -
Similar to the proof of Proposition 4.1 in [16], through a suitable choice of T, we can show that I" is a contraction
map in X, 7, (d). The fixed point theorem guarantees that IBVP (1.1) admits a unique solution u = I'(u) in

Xs 1, (d). O

4. GLOBAL WELL-POSEDNESS

In Section 3, we have obtained the local well-posedness for IBVP (1.1). In order to derive the global well-
posedness, we usually need to construct a priori estimates for all s lies in (—2,0]. However, by virtue of Lemma
3.2, we only need to establish a prior estimate for s = 0.

4.1. A priori estimate for s =0

Similar to Subsection 4.1 of [16], we can prove that IBVP (1.1) is actually locally well-posed in
C([0,T,; L*(0, L)) L?(0, T; H%(0, L)) under the condition (¢,h) € L%(0,L) x H°(0,T). Our rest proof is
along the same lines as the proof for a priori estimate (4.9) in [16]. For any given T > 0, we claim

that there exists a continuous nondecreasing function v : Rt — RT such that for any solution u €
C([0,T; L*(0, L)) L*(0, T; H%(0, L)) of IBVP (1.1), it holds

lulleqoryzao.en <7 (820, + 1l ) - (4.1)
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Let y solve
Yt + Yzzza T 5yxzz = 07 (xv t) € (07 L) X (Oa T)a
y('r70) = 07 x 6 (07 L)7
y(07t) = h1<t)7 y(L7t) = hQ(t)7 yw(oat) = h3(t)7 yw(Lvt) = h4(t)a te (OaT)
and z solve

2t + Zozew + 0Zune + Zow + 220 = _(zy)z —YYz — Yz, (l’,t) € (O,L) X (O,T),
2(x,0) = (), z € (0,L),
2(0,¢) =0, z(L,t) =0, 2,(0,¢) =0, z,(L,t) =0, te(0,T).

Then it is easy to check that u =y + z.

Multiplying both side of the first equation in (4.3) by z and integrating by parts, we get

1d
5&”2”%2(0@) + ”Z:WH%Z(O,L)

L L L
1
= Hzx||2L2(o,L) —l—/o zzyzda + 5/0 2pyda — /0 Zzeydz.

21

(4.2)

(4.4)

Now we estimate the four terms on the right hand side of (4.4). The Gagliardo-Nirenberg’s inequality and the

Young’s inequality imply that for some 0 < £ < 1,

1 1 2
Hsz%%O,L) <C (||sz||22(07L)”Z'sz(o,L) + ||Z||L2(O,L)>
< Cllzaall 20,0 121l 200,y + ClIZ11Z2 0.1y

S g2||zxm||%2(oyl/) + (6% + C) ||Z||%2(O,L)'

(4.5)

From the Gagliardo—Nirenberg’s inequality, the Holder’s inequality, the Young’s inequality and (4.5), we get

L
/0 zeyzda < ||zl Lo o,y 1920 L 0,0) < Nz2ll7oe 0,0y + 19211 71(0,1)

1 1 2
< C (Izae | oo 120 I F2corny + 2alliz,ny) + I9ll3ago, 12320,y
< Cllzae ez, 122l 20,0) + Cllzallz20,0) + 1912200, 1212 2(0,1)

< Elzeallizqor) + (£+0) 220120,y + 1Wl1720,00 1217 20,1

< (CF+C2) eaalZagony + (S +C) (S +C) 12220,y + 181220, 1222 0.1

Similar to (4.6), we acquire

1 L
5 2tde < lelim ol < VoalEen + 19100

< (Ce+C8) ||zaallao ) + (£+0C)(§+0) I2lza0,0) + 1Wlz20,0)-

(4.7)
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Again, by the Young’s inequality, it holds

L
1
_/o Ze2ydt < ||zall L2 0,2) 10l 220.0) < Ell2aalF2(0.1) + @v”yH%?(O,L)' (4.8)

Choosing £ small enough, from (4.4)-(4.8), we deduce that

%HZH%?(O,L) + HzmzH%?(O,L) < (C + ||y||%2(O,L)) HZH%?(O,L) + ||1/H%2(0,L) + C||y|\2L2(o,L)~ (4.9)
Proposition 2.2 implies that
lyllcqoryzzo.2)) < Clibllaoo.m)- (4.10)
From (4.9) and (4.10), for any ¢ € [0, 7],

d - - -
SO0, < € (1+ 1B ) 126 D100y + € (Il zy + Wilmom ) - @11)

Applying the Gronwall’s inequality to (4.11), one gets

sup [lz( )72 (0.1,

t€[0,T)
L (4.12)
oT(1+||h > e
< ST 0m) 101200,y + €T (Wil oy + 1FlRiocom )] -
This implies that there exists a continuous nondecreasing function v, : RT™ — R™ such that
Izloo a0 <% (I9ll2.) + W) (4.13)
From (4.10), (4.13) and uw = y + 2z, one concludes that (4.1) is valid. O

4.2. Proof of Theorem 1.2

Although we will take the same strategy as [16] to yield the global well-posedness, we still give a detailed
proof for Theorem 1.2 for the reader’s convenience.
We only need to consider the case when —2 < s < 0. In fact, if s = 0, combining the local well-posedness stated
in Proposition 3.3 and a priori estimate (4.1) in Section 4.1, we immediately obtain the global well-posedness
of IBVP (1.1) when s = 0.

Now assume that —2 < s < 0. Let 6 € R, ¢ € H*(0,L), h € H*(0,T) and tli+eh € H°(0,T) for some
0 < e < 1. From Proposition 3.3, we know that there exists a T, € (0,T] depending on ||¢|/z+(o,1), [|7|

H=(0,T)
and Ht%+5}_7:||7_[0(07'1“), such that IBVP (1.1) admits a local solution v € X, 7. And we will consider the solution
in the time intervals [0, 7] and [T, T] separately.

First, we consider the solution of (1.1)

u(-,t) = We(t)o(-) + Wbdr(t)fz — /0 We(t — 7) (uge + uug) (-, 7)d7

in the time interval [0,T}]. In the right hand side, there are three terms. For the first term, there exists
0 < Ty < Ty such that W.(t)¢ € C([T1,Ts]; H*(0, L)). For the second term, recalling tii+eh € HO(0,T) =



A NON-HOMOGENEOUS BVP FOR KURAMOTO-SIVASHINSKY EQUATION 23

) x H5(0,T) x H5(0,T), we know that there exists 0 < Ty < T}, such that Wiy, (t)h €
L)) by Proposition 2.2. For the third term, by Lemma 3.2, there exists a small x > 0 such that

=
~

t
/ Wo(t = 7)(ttae + wite) (7)dr € C([0, To]; H*5(0, L)).
0
By iterating this argument, we can obtain that
t
/ Wt — 7) (g + wtia) (r)dr € C([T5, Tu); L(0, L)).
0

for some 0 < T3 < T. Take Ty = max{T}, T, T3}, then the solution u of (1.1) in the time interval [0, T}] satisfies

ue C([0,T.]; H*(0, L)), wue C([Ty,T.]; L*(0,L)).

Next, we consider the solution of equation (1.1) in the time interval (T, T). Denote U(x,t) = u(z,t — T}),
then U satisfies:

Ut + Upaaz + 0Ugza + Uz + UU, = 0, (x,t) € (0,L) x (0,T —Ty),
U(z,0) = u(z, Ty), xz € (0,L),

U(0,t) = ha(Ty + 1), U(L,t) = ho(Ty + 1), te (0, T —-1T.,),

U, (0,t) = hg(Tu + t), Ug(L,t) = ha(Ti + 1), te (0, T -T.,),

where u(z,T,) € L(0, L) and (hy (T, +t), hao(Ty +t), hs(Ty + 1), ha(Ty +1)) € HO(0,T —T,) = H:(0,T —T,) x
HE(0,T—T,) x H5(0,T —T,) x H5(0,T —T,). By a priori estimate (4.1) for s = 0 obtained in Section 4.1, we
conclude that U exists globally, and U € C([0, T — T.]; L*(0, L)). This implies that U € C([0,T — T\]; H*(0, L)).
Hence u € C([Ty, T); H*(0, L)).

Finally, combining the well-posedness results on two intervals [0,7,] and [T.,T] together, we have u €
C([0,T7; H*(0, L)). O

5. ILL-POSEDNESS: PROOF OF THEOREM 1.3

The proof strategy is inspired by [10, 17, 21], which concerning the ill-posedness issues for the Cauchy
problem of several kinds of nonlinear dispersive equations.

Proposition 5.1. Let T > 0 and s < —2. Then there does not exist any subspace 23 of C([0,T]; H*(0,L))
such that the following three items all hold for IBVP (1.4):

(i) llulleqorymeo,)) < Cllull 2z, Vue 2f;
(i) IWe#)9ll 2z < Cll9lls0,0), V&€ H(0,L);

(iii) H /0 Wt — ) )(r)dr

< Cllullzgllvll 2z,  Vu,ve Z7.
Z7

Proof. We give the proof by contradiction argument. Assume that there exists such a space 27 as stated in
Proposition 5.1. For any ¢, ¢ € H*(0, L), take u(t) = W.(t)¢ and v(t) = W,(¢)3p. By our hypothesis of (i), (ii)
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and (iii), one can obtain that

o

/O Wt — 7) (Wel(7) () 0 (We(7)i0() ) dr

H#(0,L)

/0 Welt — 7) (Wel7)$(2)) 0 (W76 () dr

< COWe(r)p(@) || 22 [[We (1) () || 25
< Cllo() s 0,0y 10 (@) | 7o 0,2), YO<t<T.

We claim that when s < —2, for any positive constant C' and 0 < ¢ < T, there exist suitably selected ¢ and
9 such that

which contradicts (5.1).
In fact, we choose ¢ and v as below

> Cll¢(z)]
H=(0,L)

/0 Wt — 7) (Wel(7) () 0 (Wel(7)0() ) dr

a2 0.0)[¥(@) | 20,1 (5:2)

TNz

w(x):N_s_%sin T xz € (0,L).

o(x) = N~"2 gin 77T(N2_ 1)337

Here N is a positive integer and we will let N tend to infinity later. One can check that @] g=(0,z) ~ 1 and

19|/ 72 (0,2) ~ 1. Define p(N) := —(=X)* + (ZX)2. Recall the definition of We(t), we have

(We(m)p(2)) 0 (We(r)p(z))

— <e”(N+1)TN—5—% sin W(Nz‘ 1)33> o, (ep(N)rN—s—é sin wJI\/fa:)

= (ep(NJrl)TNSé sin TN+ 1)x> (WNGP(N)TNS§ cos W]Zx>

L L

— T N-25p(NHDT4p(N)7T (sin W—Lx + sin

- (2N + 1)35) .

L

Hence,

t

Wc(t - 7') (WC(T)¢(x))ax (WC(T)’L/)(J"))

0

t
_ / (D=7 T Ar=2s p(N+D (V)7 i T2 4
t
+/ PNV (=) T \r—28 p(N+ D)7 4p(N)7 i) m(2N + 1)xd7
. 2L L

t

T T 1
— | T N—2s (Dt g T eP(N+1)7+p(N)r—p(1)T
{2L L p(N+1)+p(N)—p(1) 0
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t

s —2s 2N+1
( 2[3N ( ep)( +( )t ) sin 7T(2N + l)xep(N+1)T+p(N)T—p(2N+1)T
p(N+1)+p(N)—p@2N +1 L
0
—2s
_F N (D)t (6p<N+1>t+p(N>t—p<1>t _ 1) gin T
2L p(N +1) +p(N) = p(1) L
T N— 2561)(2N+1)t

+-= (eP(N+1)t+P(N)t—p(2N+1)t _ 1) sin w
2L p(N +1) + p(N) — p(2N + 1) L
For any fixed 0 < t < T, the above equality shows that

/0 Wo(t — 7) (We(r)()) D (We(r)tb(x))dr ~ O(N~%~)sin % + o(1)sin @

as N — 4o00. Therefore,

~ O(N72574).
Hs(0,L)

o(t = 1) (We(T)(2)) 0 (We (7)o (x))dr

Note that ||@||gs(o,) ~ 1 and |[¢||gs(0,z) ~ 1, the above inequality yields that (5.2) holds for our specially
selected ¢ and ¥ when s < —2. O

Proof of Theorem 1.3. Let s < —2. Assume that there exists T > 0 such that IBVP (1.4) admits a local solution
w e C([0,T); H?(0, L)), and the flow map

2: H*(0,L) - C([0,T]; H*(0,L)), ¢~ u(?)

is C? at the origin. Then the solution of IBVP (1.4) can be written as follows
¢
(E(@))(t) = We(t)o — /0 We(t = 7)B((E(9))(7), (E())(7))dr,

where B(p, 1) = 29, ().

Along the same lines as [10, 21], we can compute the first and second Fréchet derivative of Z at the origin to
obtain

and
BEGNO =~ [ Welt = BO7)0 Wl
From the assumption on the smoothness of = at the origin, we conclude that
d3(Z) € L(H*(0,L) x H*(0,L), H*(0, L)).
Hence,

IOl 01y < ol s
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all ¢,¢ € H*(0,L). The above estimate is equivalent to (5.1). From Proposition 5.1, we know that

Theorem 1.3 is valid. O
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(1]
2]

(3]
(4]
(5]
(6]
(7]
(8]
(9]

[10]
(11]

(12]
(13]

[14]
(15]

[16]
(17]

(18]
(19]

(20]

21]
(22]

23]
(24]

REFERENCES

A. Armaou and P.D. Christofides, Feedback control of the Kuramoto-Sivashinsky equation. Physica D 137 (2000) 49-61.
J.L. Bona, S. Sun and B.-Y. Zhang, A non-homogeneous boundary-value problem for the Korteweg-de Vries equation in a
quarter plane. Trans. Am. Math. Soc. 354 (2001) 427-490.

J.L. Bona, S. Sun and B.-Y. Zhang, A nonhomogeneous boundary-value problem for the Korteweg-de Vries equation posed on
a finite domain. Commun. Partial Differ. Equ. 28 (2003) 1391-1436.

J.L. Bona, S. Sun and B.-Y. Zhang, A non-homogeneous boundary-value problem for the Korteweg-de Vries equation posed
on a finite domain II. J. Differ. Equ. 247 (2009) 2558-2596.

E. Cerpa, P. Guzmdn and A. Mercado, On the control of the linear Kuramoto-Sivashinsky equation. ESAIM: COCV 23 (2017)
165-194.

E. Cerpa and A. Mercado, Local exact controllability to the trajectories of the 1-D Kuramoto-Sivashinsky equation. J. Differ.
Equ. 250 (2011) 2024-2044.

P. Collet, J.-P. Eckmann, H. Epstein and J. Stubbe, A global attracting set for the Kuramoto-Sivashinsky equation. Commun.
Math. Phys. 152 (1993) 203-214.

A.T. Cousin and N.A. Larkin, Kuramoto-Sivashinsky equation in domains with moving boundaries. Port. Math. 59 (2002)
335-349.

A. Demirkaya, The existence of a global attractor for a Kuramoto-Sivashinsky type equation in 2D. Discrete Contin. Dyn.
Syst. (2009) 198-207.

A. Esfahani, Sharp well-posedness of the Ostrovsky, Stepanyams and Tsimring equation. Math. Commun. 18 (2013) 323-335.
L. Giacomelli and F. Otto, New bounds for the Kuramoto-Sivashinsky equation. Commun. Pure Appl. Math. 58 (2005)
297-318.

J.S. I’yashenko, Global Analysis of the Phase Portrait for the Kuramoto-Sivashinsky Equation. J. Dyn. Differ. Equ. 4 (1992)
585-615.

Y. Kuramoto, On the formation of dissipative structures in reaction-diffusion systems. Prog. Theor. Phys. Suppl. 64 (1978)
346-367.

Y. Kuramoto, Instability and turbulence of wavefronts in reaction-diffusion systems. Prog. Theor. Phys. 63 (1980) 1885-1903.
J.L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Applications. Vol. II. Springer-Verlag,
Berlin-Heidelberg-New York (1972).

J. Li, B.-Y. Zhang and Z.X. Zhang, A nonhomogeneous boundary value problem for the Kuramoto-Sivashinsky equation in a
quarter plane. Math. Meth. Appl. Sci. 40 (2017) 5619-5641.

L. Molinet, F. Ribaud and A. Youssfi, Ill-posedness issues for a class of parabolic equations. Proc. R. Soc. Edinburgh 132
(2002) 1407-1416.

B. Nicolaenko and B. Scheurer, Remarks on the Kuramoto-Sivashinsky equation. Physica D 12 (1984) 391-395.

B. Nicolaenko, B. Scheurer and R. Temam, Some global dynamical properties of the Kuramoto-Sivashinsky equations: nonlinear
stability and attractors. Physica D 16 (1985) 155-183.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations. Applied Mathematical Sciences,
Vol. 44. Springer-Verlag, New York (1983).

D. Pilod, Sharp well-posedness results for the Kuramoto-Velarde equation. Commun. Pure Appl. Anal. T (2008) 867-881.
G.I. Sivashinsky, Nonlinear analysis of hydrodynamic instability in laminar flames—I. Derivation of basic equations. Acta
Astronaut. 4 (1977) 1177-1206.

G.I. Sivashinsky, On flame propagation under conditions of stoichiometry. STAM J. Appl. Math. 39 (1980) 67-82.

E. Tadmor, The well-posedness of the Kuramoto-Sivashinsky equation. SIAM J. Math. Anal. 17 (1986) 884-893.



	A non-homogeneous boundary value problem for the Kuramoto-Sivashinsky equation posed in a finite interval
	1 Introduction
	2 Smoothing properties for the associated linear problems
	2.1 Statements of the results
	2.2 Proof of Proposition 2.1 
	2.3 Proof of Proposition 2.2 

	3 Local well-posedness
	4 Global well-posedness
	4.1  A priori estimate for s = 0
	4.2 Proof of Theorem 1.2

	5 Ill-posedness: Proof of Theorem 1.3 

	References

