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EIGENVALUE VARIATION UNDER MOVING MIXED
DIRICHLET-NEUMANN BOUNDARY CONDITIONS AND
APPLICATIONS

L. ABATANGELO!, V. FELLI>** AND C. LENA®

Abstract. We deal with the sharp asymptotic behaviour of eigenvalues of elliptic operators with
varying mixed Dirichlet—-Neumann boundary conditions. In case of simple eigenvalues, we compute
explicitly the constant appearing in front of the expansion’s leading term. This allows inferring some
remarkable consequences for Aharonov—Bohm eigenvalues when the singular part of the operator has
two coalescing poles.
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1. INTRODUCTION AND MAIN RESULTS

The present paper deals with elliptic operators with varying mixed Dirichlet—Neumann boundary conditions
and their spectral stability under varying of the Dirichlet and Neumann boundary regions. More precisely, we
study the behaviour of eigenvalues under a homogeneous Neumann condition on a portion of the boundary
concentrating at a point and a homogeneous Dirichlet boundary condition on the complement.

Let © be a bounded open set in R? := {(z1,22) € R? : 29 > 0} having the following properties:

Q is Lipschitz, (1.1
there exists €9 > 0 such that I'c, := [—&g,&0] x {0} C ON. (1.2)
We consider the eigenvalue problem for the Dirichlet Laplacian on the domain €2
—Au=Au, in{
’ ’ 1.3
{u =0, on 0f). (13)

We denote by (A;j);>1 the eigenvalues of problem (1.3), arranged in non-decreasing order and counted with
multiplicities.
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F1GURE 1. The mixed boundary condition problem in the domain 2.

For each € € (0,¢¢], we also consider the following eigenvalue problem with mixed boundary conditions:

—Au=Au, in

u=0, on 0N\ T, (1.4)
% =0, onl,,
with ', := [—¢,¢] x {0}, see Figure 1. We denote by (A;(g));>1 the eigenvalues of problem (1.4), arranged in

non-decreasing order and counted with multiplicities.
A rigorous weak formulation of the eigenvalue problems described above can be given as follows. For ¢ € (0, &0,
we define

Q. = {u IS Hl(Q) : Xoo\r.Yo(u) = 0 in L2(8Q)}7

where v, is the trace operator from H'(Q) to L?(92), which is a continuous linear mapping (see for instance
[20], Def. 13.2) and xao\r, is the indicator function of 02\ I'. in 0Q. Furthermore, we define the quadratic
form g on H(Q) by

q(u) :z/Q|Vu|2 dz. (1.5)

Let us denote by qo the restriction of ¢ to H}(€2) and by g. the restriction of ¢ to Q.. The sequences (\;);j>1
and (Xj(e));>1 for € € (0,e0] can then be defined by the min-max principle:

Aj = min max q(u)2 (1.6)
ECH}(Q) subspace UEE HU”
dim(e)=;
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and
. q(u)
N :: 1.
J (E) 5Cg5n’;i1%space Iileag'( Hu||2 ’ ( 7)
dim(e)=;
where

Jull = [ (@)

Since H'(f2) is compactly embedded in L?(f2) (see e.g. [20], Lem. 18.4), the eigenvalues of qg, defined by
equation (1.6), and those of g., defined by equation (1.7), are of finite multiplicity, and form sequences tending
to +o0.

Remark 1.1. Let us fix &1 and &3 in (0, o] such that e; > eo. Since H}(Q) C Q., C Q.,, the definitions given
by formulas (1.6) and (1.7) immediately imply that A\;(e1) < A;j(e2) < A; for each integer j > 1. The function
(0,e0] 2 € = Aj(e) is therefore non-increasing and bounded by A; for each integer j > 1.

Remark 1.2. For the sake of simplicity, in the present paper we assume that the domain € satisfies assumption
(1.2), i.e. that 99 is straight in a neighborhood of 0. We observe that, since we are in dimension 2, this assumption
is not restrictive. Indeed, starting from a general sufficiently regular domain 2, a conformal transformation leads
us to consider a new domain satisfying (1.2), see e.g. [9]. The counterpart is the appearance of a conformal
weight in the new eigenvalue problem; however, if Q is sufficiently regular, the weighted problem presents no
additional difficulties.

The purpose of the present paper is to study the eigenvalue function € — \;(g) as e — 0*. The continuity of
this map as well as some asymptotic expansions were obtained in [12] (see also Appendix C of the present paper
for an alternative proof of some results of [12]). Here we mean to provide some explicit characterization of the
leading terms in the expansion given in [12] and of the limit profiles arising from blowing-up of eigenfunctions.

Spectral stability and asymptotic expansion of the eigenvalue variation in a somehow complementary setting
were obtained in [3]; indeed, if we consider the eigenvalue problem under homogeneous Dirichlet boundary
conditions on a vanishing portion of a straight part of the boundary, Neumann conditions on the complement
in the straight part and Dirichlet conditions elsewhere, by a reflection the problem becomes equivalent to the
one studied in [3], i.e. a Dirichlet eigenvalue problem in a domain with a small segment removed.

Related spectral stability results were discussed in ([8], Sect. 4) for the first eigenvalue under mixed Dirichlet—
Neumann boundary conditions on a smooth bounded domain  C RY (N > 3), both for vanishing Dirichlet
boundary portion and for vanishing Neumann boundary portion.

We also mention that some regularity results for solutions to second-order elliptic problems with mixed
Dirichlet-Neumann type boundary conditions were obtained in [13, 19], see also the references therein, whereas
asymptotic expansions at Dirichlet—Neumann boundary junctions were derived in [9].

Let us assume that

AN (i.e. the Nth eigenvalue of gg) is simple. (1.8)

Let un be a normalized eigenfunction associated to Ay, i.e. un satisfies

—AUN:)\NUN, in Q,
un =0, on 0§, (1.9)
Jou%(x)de = 1.

It is known (see [12]) that, under assumption (1.8), the rate of the convergence Ay (e) — Ay is strongly related
to the order of vanishing of the Dirichlet eigenfunction uy at 0. Moreover uy has an integer order of vanishing
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k> 1at 0 € 09 and there exists § € R\ {0} such that
r~Fun(rcost,rsint) — Bsin(kt) as r — 0 in C7([0, 7)) (1.10)

for any 7 € (0,1), see e.g. ([10], Thm. 1.1). Actually, one can see that g is directly linked to the norm of the
kth differential of uy at 0. More precisely, if we consider

2

& u(@)|? = Y

i15eij=1

du
Jar, .0z, )

i

then

g _ ldux O
(k)2 2F—1
This follows by differentiating the harmonic homogeneous functions Sr* sin(kt) and Br* cos(kt) with respect to
21 and a9 and considering d*ux (0).
Our main results provide sharp asymptotic estimates with explicit coefficients for the eigenvalue variation
AN — An(€) as € — 07 under assumption (1.8) (Thm. 1.3), as well as an explicit representation in elliptic
coordinates of the limit blow-up profile for the corresponding eigenfunction u%, (Thm. 1.4).

Theorem 1.3. Let Q be a bounded open set in R? satisfying (1.1) and (1.2). Let N > 1 be such that the Nth
eigenvalue \y of qo on Q is simple with associated eigenfunctions having in 0 a zero of order k with k as in
(1.10). For e € (0,e0), let An(e) be the Nth eigenvalue of g- on Q. Then

lim
e—0Tt

An — An(e) _ g km <k1)2
2k 922k—1 L%J
with B # 0 being as in (1.9)—(1.10).

Theorem 1.4. Let Q be a bounded open set in R? satisfying (1.1) and (1.2). Let N > 1 be such that the Nth
etgenvalue Ay of qo on  is simple with associated eigenfunctions having in O a zero of order k with k as
in (1.10). For € € [0,¢0), let An(g) be the Nth eigenvalue of q. on 2 and u%, be an associated eigenfunction
satisfying [, [uy[?dz =1 and [, uSy un dz > 0. Then

e Pusy(ex) — B + Wio F7Y) ase —0F

in HL_(R%), a.e. and in C2 (R \ {(1,0), (—1,0)}), where § is as in (1.9)~(1.10),

loc
Yr(rcost,rsint) = r¥sin(kt), fort € [0,7] and r > 0, (1.11)
F(&,m) = (cosh(§) cos(n), sinh(§) sin(n)),  for £ =0, n € [0,2m), (1.12)

and

Wilen) = gimp 2 () expl- = 20)€)sin((k - 29 (1.13)

j=0

Actually, the fact that lim,_ o+ AN%‘,CN(E) is finite and different from zero and the convergence of e %5, (ex)
to some mnontrivial profile was proved in the paper [12] with a quite implicit description of the limits
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(see also Appendix C for an alternative proof). The original contribution of the present paper relies in the explicit
characterization of the leading term of the expansion provided by [12] and in its applications to Aharonov—Bohm
operators, see Section 2. The key tool allowing us to write explicitly the coefficients of the expansion consists in
the use of elliptic coordinates, which turn out to be more suitable to our problem than radial ones, see Section 3.

2. APPLICATIONS TO AHARONOV—-BOHM OPERATORS

The present work is in part motivated by the study of Aharonov—Bohm eigenvalues. In this section we describe
some applications of Theorem 1.3 to the problem of spectral stability of Aharonov—Bohm operators with two
moving poles, referring to Section 4 for the proofs.

Let us first review some definitions and known results. For any point a = (a1,a2) € R?, we define the
Aharonov-Bohm potential of circulation 1/2 by

Aa(x):1< (w2 — az) 21— ay )

2 (1‘1 — a1)2 + (IQ — a2)2’ (.’,El — a1)2 —+ (ZZJQ — a2)2

Let us consider an open and bounded open set Q with Lipschitz boundary, such that 0 € Q. For better readability,
we denote by H the complex Hilbert space of complex-valued functions L?(£2,C), equipped with the scalar
product defined, for all u,v € H, by

(u,v) ::/ﬁu@dx.

We define, for a € ﬁ,

Q4P = {u em(@.c): e (@)} , (2.1)

|z —al

the quadratic form ¢2® on Q28 by

AB (u) .

qz iV + Aa)u|2 dz, (2.2)

|
Q

and the sequence of eigenvalues ()\343 (a))j> , by the min-max principle
AB
AB L . qa (U)
A7 (a) = min max ————=. (2.3)

E£CQAP subspace uEE Hu”2
dim(&)=;

It follows from the definition in equation (2.1) that QA4 is compactly embedded in H. The above eigenvalues
are therefore of finite multiplicity and /\;-”3 (a) = 400 as j — +oo.

Remark 2.1. Let us note that, as shown in ([16], Lem. 2.1), Q4% is the completion of the set of smooth
functions supported in Q \ {a} for the norm || - ||» defined by

A
lullz = Tlul® + 2 (w).

Let us point out that functions in Q2F satisfy a Dirichlet boundary condition, which is not the case in [16].
However, this difference is unimportant for the compact embedding.
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Remark 2.2. We could also consider the Friedrichs extension of the differential operator
(iV + Aa)*(iV 4+ Ax)u = —Au+ 2iA, - Vu + [Aal u

acting on functions u € C2°(Q\ {a},C). As shown for instance in ([15], Sect. I) or ([7], Sect. 2), this defines
a positive and self-adjoint operator with compact resolvent, whose eigenvalues, counted with multiplicities, are
(A8 (a))j>1. It is called the Aharonov-Bohm operator of pole a and circulation 1/2.

In recent years, several authors have studied the dependence of eigenvalues on the position of the pole. It
has been established in ([7], Thm. 1.1), that the functions a — A5 (a) are continuous in Q. In [1, 2], the two
first authors obtained the precise rate of convergence )\;-‘B (a) — )\;-‘B(O) as a converges to the interior point
0 for simple eigenvalues. In order to state the most complete result, given in ([2], Thm. 1.2), we consider an
L2-normalized eigenfunction u%; of q()“B associated with the eigenvalue )\ﬁB(O). We additionally assume that
ARP(0) is simple. From ([11], Sect. 7) it follows that there exists an odd positive integer k and a non-zero
complex number Sy such that, up to a rotation of the coordinate axes,

t k
r_%u(l)v(r cost,rsint) — Boe’? sin <2t> in C17 ([0, 27], C)

as r — 0%, for all 7 € (0,1). The integer k has a simple geometric interpretation: it is the number of nodal
lines of the function u%, which meet at 0. We say that u%, has a zero of order k/2 in 0. Our coordinate axes are
chosen in such a way that one of these nodal lines is tangent to the positive x1 semi-axis.

Theorem 2.3. Let us define a. := e(cos(a),sin(a)), with e > 0. We have, as ¢ — 0T,

MV (ae) = A7 (0)

2 2
- ;7;7?01 ( fkT;j ) cos(ka)e® + o (e%).

Remark 2.4. The expansion in [1, 2] involves a constant depending on k, defined as the minimal energy in a
Dirichlet-type problem. We compute this constant in Appendix A in order to obtain the more explicit result in
Theorem 2.3.

Let us now consider, for any € > 0, an Aharonov-Bohm potential with two poles (¢,0) and (—¢,0), of fluxes
respectively 1/2 and —1/2:

A=A — Ao

As in the case of one pole, we define the vector space Q?B by

~ u ~
Q1P = {u e B (@,0); MLd e LQ(Q)} , (2.4)

where e = (1,0), the quadratic form ¢*% on QA% by

AB(y) = ? ul® dz :
4P () /ﬁ|<v+Ae> 2 da, (2.5)
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and the sequence of eigenvalue (A;‘B (5))j> , by the min-max principle

AB
)\;‘B(s) = min max qai(;‘) (2.6)
SCQ?B subspace UEE Hu”
dim(&)=;

It follows from Corollary 3.5 of [15] that, for any j > 1, )\]AB (€) converges to the jth eigenvalue of the Laplacian

in Qase— 0", In [3, 4] the authors obtained in some cases a sharp rate of convergence. In order to state the
result, let us introduce some notation. We denote by gy the quadratic form on Hg(€2) defined by equation (1.5),
replacing 2 with 2, and we denote by ()\j)j>1 the sequence of eigenvalues defined by equation (1.6), replacing

Q with © and q with go. We fix an integer N > 1 and assume that h) N is a simple eigenvalue. We denote by uy
an associated eigenfunction, normalized in L2 (Q)

Theorem 2.5. ([4], Thm. 1.2) If un(0) # 0, we have, as € — 0,

AB(o) =Ry 4 2T 2 oo
A =S+ b0+ ()

In the case iy (0) = 0, it is well known that there exist k € N\ {0}, 3 € R\ {0} and « € [0, ) such that

r*n(rcost,rsint) — Bsin (a — kt) in €57 ([0, 27], C)

as r — 0T for all 7 € (0,1). In particular, there is a nodal line whose tangent makes the angle «/k with the
_ ld*an (o)

positive x; semi-axis. As above we can characterize 3 as |3|? (EDZ 251

Let us assume that
Qs symmetric with respect to the z;-axis.

Since XN is simple, uy is either even or odd in the variable o and « is either 7/2 or 0 accordingly.

Theorem 2.6. ([3], Thm. 1.16) If iy is even in xo, which corresponds to o = 7/2, we have, as € — 0T,

~ kB2 _ 2
/\QB(E) = AN + 74:—51 ( fkillj > 52k +0(€2k) )
2

Remark 2.7. The statements in [3] contain a constant Cj which we put in a simpler form in Appendix A, in
order to obtain Theorem 2.6.

As a corollary of Theorem 1.3, we prove in Section 4 the following result, which complements the previous
theorem.

Theorem 2.8. If Uy is odd in xo, which corresponds to a = 0, we have, as ¢ — 0T,

< kmB k-1
/\]f\XIB(g):)\N—;]:Bl( L%J ) 52k+0(€2k).

Remark 2.9. As discussed in Section 4, the assumption that Ay is simple can be slightly relaxed, admitting,
in some cases, also double eigenvalues.
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3. SHARP ASYMPTOTICS FOR THE EIGENVALUE VARIATION

3.1. Related results from the literature

As already mentioned in the introduction, some asymptotic expansions for the eigenvalue variation Ay — Ay (g)
were derived in [12]. Let us first recall the results from [12] which are the starting point of our analysis.

Let s := {(x1,73) € R? : 25 =0 and x; > 1 or x; < —1}. We denote as Q the completion of 030(@\ s)
under the norm (g |Vu|?dz)'/2. From the Hardy type inequality proved in [14] and a change of gauge, it
follows that functiong in Q satisfy the Hardy type inequalities

1 2
4 RZ ‘JJ - e|2 RZ
2 ¥
and
1 2
4 R2+ ‘Jj + e|2 Ri

where e = (1,0). Inequalities (3.1) and (3.2) allow characterizing Q as the following concrete functional space:

Q= {u €L,.(RY): Vue L*(R?Y), te] € L*(R%), and u =0 on s}.
We refer to the paper [12], where the following theorem can be found as a particular case of more general
results.

Theorem 3.1 ([12]). Let Q be a bounded open set in R? satisfying (1.1) and (1.2). Let N > 1 be such that the
Nth eigenvalue An of qo on Q) is simple with associated eigenfunction uyn having in 0 a zero of order k with k
as in (1.10). Fore € (0,¢), let An(e) be the Nth eigenvalue of ¢ on  and uS, be its associated eigenfunction,
normalized to satisfy [, |uy|*dz =1 and [, uS uy dz > 0. Then, ase — 0%,

)\N — )\N(E) 9 1 6wk
— — —f ) 37332 wg dry, (3.3)
e Pusy (ex) = By +wy) in HE(RZ), (3.4)

with 8 # 0 being as in (1.9)—(1.10), ¥y, being defined in (1.11), and wy, being the unique Q-weak solution to the
problem

—Aw, =0, inR%,

wy = 0, on s, (3.5)
% = —881/’”’“, on T'y.

Convergence (3.3) can be obtained combining ([12], Eq. (4.6)) for simple eigenvalues, ([12], Eq. (3.4)) together
with ([12], Lem. 3.3). As well, (3.4) is given by ([12], Eq. (2.3)), which is a consequence of ([12], Thm. 5.2),
([12], Eq. (4.10)), ([12], Lem. 3.3). For the sake of clarity and completeness, we present an alternative proof
in Appendix C, which relies on energy estimates obtained by an Almgren type monotonicity argument and
blow-up analysis.

We remark that in [12] the author describes the limit profile wy, solving (3.5) with polar coordinates. On the
contrary, our contribution relies essentially on the use of elliptic coordinates in place of polar ones. This allows
us to compute explicitly the right hand side of (3.3), thus obtaining the following result.
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Proposition 3.2. For any positive integer k,

/ L Owy q km ( k—1 )2
—wpdr) = ——— _ .
1 Oxs 21\ 5]
The proof of Proposition 3.2 relies on an explicit construction of the limit profile wy, using a parametrization

of the upper half-plane Ri by elliptic coordinates, a finite trigonometric expansion, and the simplification of a
sum involving binomial coefficients.

3.2. Computation of the limit profile wy

Let us first compute wy. By uniqueness, any function in the functional space Q that satisfies all the conditions
of problem (3.5) is equal to wy. In order to find such a function, we use the elliptic coordinates (£, n) defined by

{ml = c.osh(g) c.os(n), (3.6)
x2 = sinh(&) sin(n).

More precisely, we consider the function F' : (§,n) — (z1,21) defined by the equations (3.6). It is a C'* dif-
feomorphism from D := (0, +00) x (0,7) to R%. We note that F is actually a conformal mapping. Indeed, if
we define the complex variables z := x; + izo and ¢ := £ + in, we have z = cosh(({), which proves the claim
since cosh is an entire function. Let us denote by h(£,n) the scale factor associated with F', expressed in elliptic
coordinates. We have

h(€.m) = |cosh!(C)] = [sinh(C)] = [sinh(&) cos(n) + i cosh(€) sin(n)] = 1/cosh’(€) — cos?(n).

For any function u € Q, let us define U := wo F. From the fact the F' is conformal, it follows that |VU] is in
L?*(D) with

/ |VU|? dfdn:/ Vu)® da.
D R3

We also have

ou 1 oU

o™ = i, o€ " 7

for any « € I'y, where n € (0, ) satisfies x = F'(0,n) = (cos(n), 0). Furthermore, U is harmonic in D if, and only
if, u is harmonic in Ri.
We now give an explicit formula for wy o F.

Proposition 3.3. For any positive integer k, wy o F' = Wy, where Wy, is defined in (1.13).
Proof. Let us begin by computing the function ¥y, := ¢y, o F. We have 9y (x) = Im (z’“), so that

U (€,m) = Im ((cosh(¢))*) ,

where the complex variables z and { are defined as above. Using the binomial theorem, we find

1</ k 4 1INk .
wmm=m%Z(jﬁwm‘=%2(jﬁwwwmwwmy
j=0 =0
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This can be written

5]
Bl = g 2 () s (05— 20)8)sin (1 - 2000
=0

by grouping terms of the sum in pairs, starting from opposite extremities. In particular, for all € (0, ),

1)
ov 1 . k . .
FeOm =g 3 (2§ )it 20m.
We now define
Ve, n) = — LEJ ( k )e(kr2j)fsin((k2j)77).
’ 2k—1 = j

The function |VV| is in L?(D) and, for all € (0, ),

Fe 0 =g 3 (=20 (5 s -2

Additionally, V' vanishes on half-lines defined by n = 0 and n = &, which are the lower and upper boundary of D,
respectively, and are mapped to (R x {0}) \ I'; by F. It can be checked directly that V o F~! € Q. Finally, V is
harmonic in D, since it is a linear combination of functions of the type (£,7) — e*"€e*™™ which are harmonic.
We conclude that V o F~1 is a solution of problem (3.5), and therefore V = wy, o F' by uniqueness. O

Proof of Theorem 1.4. Theorem 1.4 follows combining Theorem 3.1 and Proposition 3.3. O

Corollary 3.4. For any positive integer k > 1,

1 L] 2
5wk ™ k
1%wkdx2 531 ;(k—%)(g) (3.8)
Proof. Using (1.13), a direct computation gives
[55)
1 A(F ) emt-2g : :
VWi(Em) = 53 (k —25) ;e (—sin ((k —2j)n) , cos ((k —2j)n).

=0

Recalling (3.7), we perform a standard change of variables in the left-hand side of (3.8) to elliptic coordinates
and this yields the thesis. O

3.3. Simplification of the sum

We now prove the following result.
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Lemma 3.5. For every integer k > 1,

S e (x5 ).

Proof. We will use repeatedly the two following properties of binomial coefficients. First, the Vandermonde
identity: for any non-negative integers m, n and r,

§<Zn><rﬁj)<m:n) (3.9)

and second, the elementary identity

n n{n-1
(T>_T(T_1) (3.10)
with n and r positive integers.

Let us now fix an integer k > 1. To simplify the notation, we write
kE—1 s . k 2
5= {QJ and S::Z(k‘—?g)(j ) .
7=0
Next, we remark that

2
7527

2
S:SO_Esl_k

with
s 2 s 2 i 2
so= k(b)) s=ie-n(h ) s=ye ()
7=0 J 7=0 J 7=0 J

Let us compute the previous sums when k& = 2p + 1, with p a non-negative integer. We first have

$-350T-3(0)

where the last equality is a special case of identity (3.9). We then find

2 (5)ea () =550 GEN)

= j=1

711’“‘ k-1 =1\ k[ 2k—2
T2 ¢ k—2-0 )" 2\ k-2
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by applying identity (3.10) followed by (3.9). Finally, identity (3.10) implies
P 2 p— 2
9 k—1 9 k—1
So =k (j—l =y ("

=1
R (G k=1 (k=1 N\ K[ 2%-2\ K[ k-1Y
2 \Z\ ! P 2\ k-1 2 P ‘

=3 () (R (R ) (%)
() ()= (5 (5

where the second equality follows from Pascal’s identity and the third from identity (3.10).
Let us now treat the case k = 2p, with p a positive integer. In a similar way as before, we find

=3 (5 (5)-(0))=3(%)5(5).

Jj=0

Si=3 zk:j@)(k_j)(kﬁj)_ﬁ(ﬁf :];2(2;:22>_1§<§>2

We obtain

and
p—2 2 9 [k—1 2 2 2 2
2 k—1 k k—1 k—1 k 2k —2 of k—1
= . = — . —2 = — — .
> ka_()( j ) 2 JZZO j p-1 7\ k-1 )7 pen

We finally obtain, after simplifications,

2
S:k(i_}>.
This completes the proof of Lemma 3.5.
3.4. Conclusions
By the results from the preceding subsections, we can now prove Proposition 3.2 and Theorem 1.3.
Proof of Proposition 3.2. It follows from Corollary 3.4 and Lemma 3.5.

Combining the above results, we can now prove our main theorem.

Proof of Theorem 1.3. Theorem 1.3 follows from the combination of Theorem 3.1 and Proposition 3.2.
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4. ASYMPTOTIC ESTIMATES FOR AHARONOV—BOHM EIGENVALUES

4.1. Symmetry for the Aharonov-Bohm operator

As in Section 2, we assume Q C R? to be a bounded open set with a Lipschitz boundary, such that 0 € Q. We
additionally assume that €2 is symmetric with respect to the x;-axis and that  :=QnN Ri also has a Lipschitz
boundary.

According to ([18], Thm. VIIIL.15), there exists a unique Friedrichs extension H. of the quadratic form ¢2B,
that is to say a self-adjoint operator whose domain D(H,) is contained in QsAB and which satisfies

(H.u,v) = ¢2B(u,v) = /A(z'V + A u-(iV+A)vde  for all u,v € D(H,),
Q

where we are denoting by qu both the quadratic form defined in (2.5) and the associated bilinear form (see
Fig. 2). We recall in this section the results proved in [3] concerning the properties of H., in particular the
effect of the symmetry of the domain on its spectrum. Since most of the proofs in the present section reduce to
a series of standard verifications, we generally only give an indication of them. We use gauge functions ., for
e € (0,g0], whose existence is guaranteed by the following result. In the sequel the denote as o the reflection
through the zi-axis, i.e. o(x1,z2) = (z1, —22).

Lemma 4.1. For each € > 0, there exists a function ®. in C> (R2 \ FE) satisfying
(i) P.o0 =, in R?\ Ty
(ii) |®.| =1 in R2\T.;
(iii) (iV + Ag) @ =0 in R? \ T;
(iv) . =1 on (R x {0})\ I'c and lims_,g+ P (t,£0) = xi for every t € (—¢,¢).

We define the anti-unitary operators K. and %¢ by K.u := ®2u and ¥°u := %o 0. The subspace D(H.) C ‘H
is preserved by K. and X¢. The operators K., ¢ and H. mutually commute. In particular, we can define the
following subsets

Hie:={ueH: Ku=u};
D(Hk,) :={u € D(H,) : Kcu=u}.

The scalar product (-, -) gives H  the structure of a real Hilbert space. As suggested by the notation, we define
Hg . as the restriction of H, to D(Hg ). It is a positive self-adjoint operator on Hy . of domain D(Hg ),
with compact resolvent. It has the same eigenvalues as H., with the same multiplicities. The fact that K and
¢ commute ensures that Hy . and D(Hg ) are 3°invariant. We can therefore define

ke = {u€Hge Eu=ul
D(H;(,E) = {U € D(HKV;;—) . Ecu = u}7
%o ={ue Hie : XU = —u};
D(H;l(f) = {U G D(HK,s) . Ecu frd 7u}'
We have the following orthogonal decomposition of H . into spaces of symmetric and antisymmetric functions:

Hie=Hie ® i (4.1)

We also define Hy . and Hf _ as the restrictions of Hy . to D(Hj; ) and D(Hj ) respectively. The operator
Hi . is positive and self—adjomt on Hj . of domain D(Hj ) , with compact resolvent. Similar conclusions hold
for 7—[ % - Decomposition (4.1) implies the following result.
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FIGURE 2. The domain considered for Aharonov-Bohm eigenvalues with collapsing symmetric
poles.

Lemma 4.2. The spectrum of H . is the union of the spectra of Hy; . and HY ., counted with multiplicities.

Remark 4.3. Let us note that we can give an alternative description of the spectra of Hj . and Hj .. One
can check that they are the spectra of the quadratic form ¢A? restricted to Q4% N Hic . and Q4B N Hi e

g
respectively. These spectra can therefore be obtained by the min—max principle.

4.2. Isospectrality

In this subsection, we establish an isospectrality result between Aharonov-Bohm eigenvalue problems with
symmetry and Laplacian eigenvalue problems with mixed boundary conditions, in the spirit of [6].

To this aim, we define an additional family of eigenvalue problems, similar to problems (1.3) and (1.4). With
the notation 9 := 92N R and 9 := 9NN (R x {0}), we consider the eigenvalue problem

—Au=Au, in €,

u = O, on 8Q+, (42)
gu — 0, on 9.

We denote by (¢j);>1 the eigenvalues of problem (4.2). We also consider, for each € € (0,¢],

—Au=Au, in €,

u=0, on 004 UT,, (4.3)
%:O, on 09 \ T'¢,
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and denote by (u;(¢));>1 the corresponding eigenvalues. In order to give a rigorous definitions, we use a weak
formulation. We define

Ro = {u c HY(Q); Xo0,You = 0 in LQ(OQ)},
and, for € € (0, ],
Re = {u c HY(Q); Xoq, ur.You = 0 in L2(8Q)}.

We denote by 79 and r. the restriction of the quadratic form g, defined in equation (1.5), to Ry and R.
respectively. We then define (p;);>1 and (p;(€));>1 as, respectively, the eigenvalues of the quadratic forms 7
and r.; they are obtained by the min—max principle.

Remark 4.4. We can give another interpretation of the eigenvalues (y;);>1 and (A;)j>1. Using the unitary
operator ¥ : u — uo o, we obtain a orthogonal decomposition of L2 (Q
functions:

into symmetric and antisymmetric

L*(Q) =ker (I - %) @ ker (I +%). (4.4)

This decomposition is preserved by the action of the Dirichlet Laplacian —37 and we can therefore define —A®
(resp. —A%) as the restriction of —A to symmetric (resp. antisymmetric) functions in the domain of —A. One
can then check that (4;);>1 is the spectrum of —A® and (\;);>1 is the spectrum of —A®.

It remains to connect the eigenvalues of problems (4.3) and (1.4) to the eigenvalues of H.. To this end, we
define the following linear operator, which performs a gauge transformation:
U.: H — L*9,C)
u = \@681149.

We recall that L?(2) denotes the real Hilbert space of real-valued L? functions in 2. We have the following
result.

Lemma 4.5. The operator U, satisfies the following properties:

(i) U. (Hk,) C L3(Q) and Ue (Q2F) c HY(Q,C);
(i) U. induces a real-unitary bijective map from QAP NHi. to Re such that @2B(u) = q(Ucu) for
every function u € QAB N Hices
(iii) U. induces a real-unitary bijective map from QAP N H% _ to Q. such that ¢2P(u) = q(Ucu) for
every function u € Q4B N Hic .-

Proof. If u € Hk -, then u = &2, so that ®.u = ®.u, that is to say ®.u is real-valued. This proves the first half
of (i). For the second half, let us assume that u € Q45 Using the definition of Q4 given in equation (2.4),
and Property (iii) of Lemma 4.1, we find the following identity, in the sense of distributions in Q:

v (65u) =®,Vu+V (55) u=®. (V—-id)u in Q.

This proves that ®.ujq € H*(€2,C) and that

/Ql(v —iA)ul” do = /Q IV (@.u)|” da
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Let us now additionally assume that u € Q28 N Hi .- Since Xu = u, Property (i) of Lemma 4.1 implies that

(®.u) o 0 = ®_u. Therefore,
/ lul® do = 2/ ’65u‘2 dz :/ |Uul? dz.
Q Q Q

Furthermore, Property (iv) of Lemma 4.1 and the equation ¥¢u = w imply that w vanishes on T'c, hence
U.u € R.. This implies that ®.u € H'(Q) and

/QI(V—iAe)ul2 dasz/ﬁ!V(@u)!2 dxzz/QW(@u)f de/Q\V(UEu)F dz.

We conclude that the mapping U : Q2P NHj . — R. is well-defined, real-unitary, and that ¢ (u) = ¢ (Uzu).
To show that the mapping is bijective, we consider the operator V. defined in the following way: given v € L?(2),
we denote by v its extension by symmetry to €2 and we set

‘/EU = ﬁée:ﬁ

It can be checked, in a way similar to what has been done for Ue, that V. induces the inverse of U, from R.
to Q2B N Hij o This proves (ii). The proof of (iii) is similar, the difference being that we must check that ®.u

vanishes on (R x {0})\ I'. when v € Q4% N Hi o O

Corollary 4.6. The spectra of Hj . and Hj, _ are (j1;(¢));j>1 and (\j(€));j>1 respectively.

4.3. Eigenvalues variations
Let us first state some auxiliary results, which we prove in Appendix B.
Proposition 4.7. For all N € N*, un(e) = pn ase — 0.

Proposition 4.8. Let uy be a simple eigenvalue of —A® (see Rem. 4.4) and un be an associated eigenfunction,
normalized in L? (). If un(0) # 0, then

= 277(’[/,2 [0} 1 as
i (E) = v+ Ty (O F (|log<s>|) e

If
r~*un(rcost,rsint) — Beos (kt) in CV7 ([0, 7], R)
as — 0% for all 7 € (0,1), with k € N* and B € R\ {0}, then

kr2 (k-1 1\’
uN(e):MN+47]:ﬂ1< [Ck_l ) e +0(e?) ase—0.

2

We now prove Theorem 2.8. Since uy is odd in xo, XN belongs to the spectrum of —A®. Since XN is simple,
it does not belong to the spectrum of —A®, according to the orthogonal decomposition (4.4). It follows from
Remark 4.4 that there exists K € N* such that Ay = Agx and that Ag is a simple eigenvalue of gy in 2. By
continuity, A (e) = Ak as e — 0.
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From Corollary 4.6, Proposition 4.7 and the fact that XN is simple, it follows that there exists e; > 0 such
that AP (¢) = Ak (g) for every € € (0,£1). The conclusion of Theorem 2.8 follows from Theorem 1.3, using the
fact that A\ is simple. Let us note that the eigenfunction 7y in Theorem 2.8 is normalized in L? (ﬁ), while
the eigenfunction uy in Theorem 1.3 is normalized in L2 (Q) We therefore have to apply Theorem 1.3 with
B =12 B to obtain the correct result.

We can use the results of the preceding sections to study some multiple eigenvalues. Let p) ~ be an eigenvalue
of —A on (AZ, possibly multiple. We define

Ny ::min{MGN*;XM:XN} and N ::max{MEN*;XM:XN}.

According to Remark 4.4, there exists K € N* such that XN = Ak or there exists L € N* such that XN = ur.

Proposition 4.9. Let us assume that XN = Mg with K € N* and that Ak is a simple eigenvalue of qo. Let us
denote by ux an associated normalized eigenfunction for qy, and let us assume that

rFug (rcost,rsint) — Bsin (kt) in CV7 ([0, 7], R)
asr— 0% for all T € (0,1), with k € N* and 8 € R\ {0}. Then

~ kB k-1
)‘]A\lif(g):)\N_W ( LEJ ) EQk-‘rO(E%) as € — 0.
2

Proof. Let us set m := N; — Ny + 1, the multiplicity of h\ ~- If m =1, the conclusion follows from Theorem 2.8.
We therefore assume m > 2 in the rest of the proof. Remark 4.4 and the fact that A is simple imply that there
exists L € N* such that up = pp41 = -+ = pr+m—2 = An. From Proposition 4.7, we deduce that there exists
€1 > 0 such that, for every € € (0,¢1),

PR @5 A1 (©) - AR ()} = Ak (€) e (e), - rrm—2(e)} -

The function € — A () is non-increasing, and e — p; () is non-decreasing for every j € {L,...,L+m — 2},
therefore p1;(e) > pu; = Av = Ax > Ak (e). In particular AyZ () = Ak (e) for every e € (0,&1). The conclusion
follows from Theorem 1.3. O

Proposition 4.10. Let us assume that :\\N = pr, with L € N* and that py, is a simple eigenvalue of —A®. Let
us denote by ur, an associated eigenfunction for —A®, normalized in L*(Q). If ur,(0) # 0, then

~ o2 1
AB _ 2
ME) = A @)+ (|1og<e>|> wel

If
r~*up(rcost,rsint) — Beos (kt) in CY7 ([0, 7], R)
asr — 0T for all 7 € (0,1), with k € N* and B € R\ {0}, then

~ kB k-1 1\’
)‘ﬁ?(g):)‘f\’"‘ﬂi({q >52k+0(82k) as e — 0.

2
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Proof. In a similar way as in the proof of Proposition 4.9, we show that there exists €1 > 0 such that, for every
e € (0,e1), AyZ(¢) = pr(e). The conclusion then follows from Proposition 4.8. O

4.4. Example: the square

As an application of the preceding results, let us study the first four eigenvalues of the Dirichlet Laplacian

for the square
Q= (ff,f) : 45
573 (4.5)

The open set € is symmetric with respect to the z1-axis. We define € := QN R% . We denote by (:\\j)jzl the

eigenvalues of the Dirichlet Laplacian on the square Q and, for € € (0,7/2), we consider the Aharonov-Bohm
eigenvalues ()\3‘“3(5))]_>1 defined in Section 2.

It is well known that the eigenvalues of the Dirichlet Laplacian on Q are
Xm’n :=m? + n27
with m and n positive integers, and that an associated orthonormal family of eigenfunctions is given by
U (T1,2) = %fm(xl)fn(xQ)a

where

fr(z) =

sin(kx), if k is even,
cos(kx), if kis odd.

Proposition 4.11. Let us assume that XN is stmple. Then XN = mem = 2m? for some positive integer m, and

AN cannot be written in any other way as a sum of squares of positive integers. Moreover we have, as € — 0T,

AB(\ _ Y 8 o !
M) =R it (|1og<s>|)

if m is odd and
MEBe) =y — 554 +0 ()

if m is even.

Proof. In the case where m is odd, an associated eigenfunction, normalized in L2 (ﬁ), is
2
Um,m (21, T2) = — cos(maxy) cos(mxz).
7r

The first asymptotic expansion then follows from Theorem 2.5. R
In the case where m is even, an associated eigenfunction, normalized in L?((), is

2
Upn,m (%1, T2) = - sin(maxq) sin(mas).
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Then /)\\N = Ak, where A\ is a simple eigenvalue of gyg. Furthermore,

2

72Uy (7 cost, Tsint) — ™ sin(2t) in OV ([0, 7], R)
e

as 7 — 0T for all 7 € (0,1). An application of Proposition 4.9, taking care of normalizing in L?(Q2), gives the
second asymptotic expansion. O

Proposition 4.12. Assume that XN = Xm’n = m? + n? with m even and n odd, and that XN has no other

representation as a sum of two squares of positive integers, up to the exchange of m and n. Then XN has
multiplicity two; up to replacing N with N — 1, we can assume that Ay = Axy1. Then, as e — 07,

AP (e) = Ay — 47711252 +0(e%);
MEB () =y + 47711252 +0(e?).
Proof. The associated eigenfunctions
U, (X1, T2) = %sin(mxl) cos(nws)
and

2
Unm(T1,22) = - cos(nzy) sin(mas)

are normalized in LQ(Q) and respectively symmetric and antisymmetric in the variable z5. It follows that
AN = i = Ak, where uy, is a simple eigenvalue of ry and Ax a simple eigenvalue of gg. Furthermore,

2
7y, (rcost, Tsint) — s (t) in C57 ([0, 7], R)

T
and
1 . 2m . 1.7
T Upm(rcost,rsint) - —sin (¢) in C7 ([0, 7], R)
™
as r — 07 for all 7 € (0,1). The asymptotic expansions then follow from Propositions 4.10 and 4.9 O

Remark 4.13. We note that if h) N 18 even, in any representation P\ ~ =m? +n2, m and n have the same parity.
Therefore, if n # m, Ay cannot be a simple eigenvalue either of 7 or of go. On the other hand, if Ay is odd, in
any representation Ay = m? +n2, m and n have the opposite parity. Therefore, as soon as Ay can be written
in at least two different ways as the sum of two squares, Ay cannot be a simple eigenvalue either of o or of ¢q.
The cases described in Propositions 4.11 and 4.12 are thus the only ones in which we can apply the results of
Section 4.3 for the square.

The first four eigenvalues of the Dirichlet Laplacian on the square Q satisfy the assumptions of either Proposi-
tion 4.11 or Proposition 4.12, so we can apply the previous results to derive the following asymptotic expansions
of the Aharonov-Bohm eigenvalues )\343(6) for j =1,2,3,4.
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Corollary 4.14. Let )\j‘B(a) be the Aharonov-Bohm eigenvalues defined in (2.5)—(2.6) with Q being the square
defined in (4.5). Then we have, as € — 0T,

8 1 1
MEB (e :2++0();
0O =21 g O\ Tog@)
16
)\QAB(E):5—?€2+O(82);

MB(e) =5+ %52 +0(e%);
MtB(e) =8 — %54 +o(e").

4.5. Example: the disk

Let (r,t) € [0,1] x [0,27) be the polar coordinates of the disk. It is well known that the eigenvalues of the
Dirichlet Laplacian on the disk are given by the sequences

{38 1 trz1 U G2 kdnks1,
where j, , denotes the kth zero of the Bessel function J,, for n > 0, £ > 1. We recall that j, = j,/ & if, and

only if, n = n’ and k = k' (see [21], Sect. 15.28). The first set is therefore made of simple eigenvalues; their
eigenfunctions are given by the Bessel functions

uo, k(7 cost, rsint) := \/;mefo(jo,kr) for k > 1. (4.6)

The second set is made of double eigenvalues whose eigenfunctions are spanned by

uy, (T cost,rsint) := \/ngn(jn,kr) cos nt, (4.7

Uy, (T cost,rsint) = \/%mcfn(jnykr) sin nt, (4.8)

for n,k > 1. We stress that these eigenfunctions have L?-norm equal to 1 on the disk. It is convenient to recall
(see [21], Chap. III) that for any n € NU {0}

+oo ( l)k(%z)""—%

J(z) = kZ:O m (4.9)

We denote by (Xj)j>1 the eigenvalues of the Dirichlet Laplacian on the disk
Dy = {(z1,22) €ER*: 2 + 23 < 1}

and, for e € (0,1/2), we consider the Aharonov-Bohm eigenvalues (A2 (5))j>1 defined in Section 2.

Proposition 4.15. If XN s simple, there exists an integer k > 1 such that XN = jg,k- Then

AB () — 2 2 1 o 1
M) = dox T T Go P Tiog@)] T (|log<s>|) (4.10)
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as € — 0T, If :\\N is double, there exist integers n > 1 and k > 1 such that XN = jz’k. Up to replacing N by

N — 1, we can assume that XN = /):N+1- Then, as € — 0t

\AB 22 2nj7217k n—1 ? 2n 2n 411
N (5) - jmk - (n!)242”*1|J’ (]n k)|2 nglJ 9 +o0 (E ) s ( . )
2nj2n 1 2
AB ) nk n 2n 2n
AN+1(€) = .],’hk + (n!)242n_1|J/ (jn k)|2 ( ngl > £ +o0 (E ) . (412)

Proof. We first consider the case where the eigenvalue XN = j&k is simple; then an associated eigenfunction,
normalized in the disk, is ug ; defined by equation (4.6). It follows from equation (4.9) that

1 1
0)=4/=— >0.
uo.(0) \/;Jsuo,k)ﬁ

Theorem 2.5 gives us the asymptotic expansion (4.10).

We then consider the case where XN is double, with XN = //\\N+1 = j?l’k, n,k > 1. We note that jz’k is a
simple eigenvalue of qg, and that the restriction of \/iu% , to the upper half-disk is an associated normalized
eigenfunction. It follows from equation (4.9) that

2 1 1 g\ :
"y (rcost,rsint) — \/;J’ Gl D) (Jék) sinnt in CV7 ([0, 7], R)

as r — 0. The asymptotic expansion (4.11) then follows from Proposition 4.9. In a similar way, j?% i 1S a simple
eigenvalue of —A*®, and u;, , is an associated normalized eigenfunction. It follows from equation (4.9) that

_ . 2 1 1 Jnk " . 1
r~"u’ o (rcost,rsint) = 4/ — - == cosnt inC"7 ([0,n],R
i g (5 075

as 7 — 07. The asymptotic expansion (4.12) then follows from the second case of Proposition 4.10. O
Additionally, there exist relations between the zeros of Bessel functions (to this aim we refer to [21], Chap.
XV.22): in particular, the positive zeros of the Bessel function J,, are interlaced with those of the Bessel function

Jnt1 and by Porter’s Theorem there is an odd number of zeros of J,,;2 between two consecutive zeros of J,,.
Then we have

0 <joi1 <Ji1<Jjo1<Jo2<ji2<...
and hence, since j3 1 > j2 1, the first three zeros of Bessel functions are, in order,
0 <Jo1 <Jji1<Ja21.

Combining this information with Proposition 4.15, we find for example the following asymptotic expansions for
the first few Aharonov-Bohm eigenvalues )\343 (¢) on the disk Dy as e — 0*:

2 1 1
MP(e) =45, + - +0(),
() = don + G R Toe@)] T ° \TTog@)
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1 jis
AAB(g) — 2 _ 2 L €2 4 o(e2),
2 ( ) jl,l 2 |J{(J1,1)|2 ( )
NPB(e) =4, + 17‘7%’1 e + o(e?)
’ B2 ()P ’
M) = 3y - LT e
! 26415202 ’
1 a1
MP(e) =451+ =g et +oleh).

64 [J5(j2,1)]

APPENDIX A. COMPUTATION OF THE CONSTANTS

A.1 The Neumann-Dirichlet case

In the present section, we use the above results to compute the quantities appearing in Section 4 of [1]. In
order to avoid a conflict of notation with the present paper, for any odd positive integer k, we denote here by
Y., m), and wj, what is denoted in [1] by ¢y, my and wy, respectively.

As in [1], we use the notation

so == {(21,0) ; 2} > 0};
and
s:={(z],0) ; 2} > 1}.
We now define the mapping G : R — R?\ 5o by
G(z) == (22 — 22, 22125).
The mapping is conformal; indeed, if for 2 € RZ we write z := 1 + iz2 and 2’ := 2 + iz}, with
o’ = (21, 73) == G(z),

we have 2’ = 22. The scale factor associated with G is h(z) = 2|z| = 2|z|. Let «’ be a function in H' (R?\ s¢)
and u := v’ o G. Since G is conformal, |Vul| is in L? (R%), with

/ |Vul|® da z/ Vo' da'.
R2 RZ\SO

+

Furthermore, for any ' in the segment (0,1) x {0}, which we write as ' = (2, 0), we have

o', 1 Ou - o’ 1 Ou
By g (h0) 1= (),
vy (@) 2,/ 0xo ( 1 an Oov_ (=) 2,/ Oxa 1
where %(m’ ) and g;{ (2') denote the normal derivative at z’ respectively from above and from below. We also

note that u is harmonic in R? if, and only if, v’ is harmonic in R? \ so.
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Let us now denote by wj, the extension by reflexion to R?\ s of wy,, originally defined on Rf_. We recall that

wy, is the unique finite energy solution to the problem

—Aw, =0, inRZ,

wy, =0, on s,
ow,, oYy, 2
o = "o OnORI\s,

where ), (rcost,rsint) = r*/2sin (£ ¢).

Lemma A.1. For any odd positive integer k, wy, = w;, o G.

Proof. Let us write v := W}, o G. By uniqueness, it is enough to prove that v solves (3.5). From the remarks at the
beginning of the present section, it follows that v is harmonic in Rﬁ_. Let us now show that ¢, := 9}, o G. Indeed,
for 2’ € R?\ sg, ¥},(z') = Im ((2')*/2), and therefore f(z) = Im ((22)*/2) = Im (2*) = ¢x(z), where 2’ = G(),
z and 2’ are defined as above, and where we use the determination of the square root on C\ so defined by G~1.

From this and the previous remarks, it follows that v satisfies the boundary conditions of problem (3.5).

As in [1] we define
and

We note that the right hand side of (3.3) is equal to —23%my.

Corollary A.2. For any odd positive integer k, mj, = %mk.

Proof. We have

1 1 ~
m) = —f/ \Vwl|” da’ = —7/ \va,|? da.
2 Ri 4 R2\So

Using Lemma A.1 and the conformal invariance of the L?-norm of the gradient, we find

/ﬁ W@me/QWWFM:—mh
R2\80 R2

+

In particular, Corollary A.2 and Proposition 3.2 imply that

;o ko ( k-1
"= e [k )

O

thus proving, in view of ([1], Thm. 1.2), the explicit constant appearing in the asymptotic expansion of

Theorem 2.3.
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A.2 The u-capacities of segments
In this last section, we simplify the constant Cj occurring in ([3], Lem. 2.3).

Proposition A.3. For any positive integer k,

Proof. According to equation (22) in ([3], Lem. 2.3),
k
Cr=Y ilAl*,
j=1

where A; ; is the jth cosine Fourier coefficient of the function 7 +— (cos n)*. To be more explicit, let us expand
(cosn)* into a trigonometric polynomial. We write

e+ e 1 k —923)i
(cosn)¥ = (2 ) = o E ( j >e(k 25)in
=0

By grouping the terms of the sum in pairs starting from opposite extremities, we find

| L=y
(cosn)* = ST Z < P ) cos((k —25)n) + cx
j=0
where
1
c, =0ifk=2p+1 and ck%<];>ifk2p.
It follows that
| L= 2
Ck - 4k—1 (k - 2]) ( >
7=0
and we conclude using Lemma 3.5. O

Proposition A.3 and ([3], Thm. 1.16) provide the explicit constant appearing in the asymptotic expansion of
Theorem 2.6.
APPENDIX B. AUXILIARY RESULTS FOR EIGENVALUES VARIATIONS

This section is dedicated to the proof of Propositions 4.7 and 4.8. In order to make a connection to the results
of [3], which we use, let us present an alternative characterization of the eigenvalues (p;);>1 and (u;(€))j>1.
We define

@i = {uGH&(ﬁ\Fs) : uoazu},
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and we denote by ¢° the restriction of gy (see the paragraph preceding Thm. 2.5 for the notation) to O.. One
can then check that we obtain the eigenvalues (p;(¢));>1 from g¢ by the min-max principle. In the same way,
we define

~

Q= {ueH&((AZ) : uoa:u},

we denote by ¢* the restriction of the quadratic form ¢p, and one can check that we obtain the eigenvalues
(5)j>1 from @° by the min-max principle. Let us note that —A®, defined in Remark 4.4 as a self-adjoint
operator in ker (I — ¥), is the Friedrichs extension of ¢°. We denote by —A$ the Friedrichs extension of @7,
which is also a self-adjoint operator in ker (I — ).

Let us first prove Proposition 4.7. Since pun(g) > pun for all € € (0, o] and since € — pn(e) is non-decreasing,
we have existence of p} = lim. ,o+ pn(€), with p% > pn. It only remains to show that p}, < pn. In order to
do this, let us note that the space

D? = {uGC’é’o(ﬁ\{O}) : u:uoo}

is dense in ker (I — X). Indeed, the space C°(£2\ {0}) is dense in L2(£2), since {0} has measure 0. Therefore, if
we fix u € ker (I — X)), there exists a sequence (¢,,)n>1 of elements of C2(Q\ {0}) converging to u in L(Q).
We now set @, := 1/2(¢p, + ¢n 0 o). We have @, € D* for every integer n > 1. Since u = 1/2(u + u o o), we
have the inequality

1
ll6n — u”m(g) H‘Pn UHL2(§) + §H<Pn ©o—uo° U||L2(§) = llon — “||L2(§),

and this implies that the sequence (&, ),>1 converges to w in ker (I — X).
According to the min—max characterization of eigenvalues and the previous density result,

qo(u)
1 aX —+
£CD? subspace ueé ||uH2
dim(g)=N

BN =

Let us now fix § > 0 and an N-dimensional subspace £ C D? such that

Qo (u)

uets [lu ||2 -

un + 6.

There exists €1 > 0 such that & C @2 for every € € (0,e1]. This implies that, for every € € (0,&4],

s ~
pn(e) = min max G:(u 2) < qu(u2) <
SCQ subspace “E€E ||U|| u€Es ||U||
dlm( £)=N

UN + 0.

Passing to the limit, we obtain first p3 < pny + 9, and then pj, < iy, concluding the proof.

Let us finally prove Proposition 4.8. We recall that, as a corollary of Theorem 1.10 in [3], taking into account
Proposition A.3 we have the following result.

Proposition B.1. Let v be a simple eigenvalue of —A and uy an associated eigenfunction normalized in
LQ(Q) Let us assume that uy € Q. For e > 0 small, we denote as )\N( ) the Nth eigenvalue of the Dirichlet
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Laplacian in ) \Te. If un(0) # 0, then

o~ _/\ 27T 2 1 +
Ro(e) =+ o0 o () 0"

If
r~*un(rcost,rsint) — Beos (kt) in CV7 ([0, 7], R)

asr — 0T for all 7 € (0,1), with k € N* and B € R\ {0}, then

A ~ k32 _ 2
An(e) = AN + ﬁ( LkzllJ ) 52k+0(52k) ase— 0T,

Let us note that if the hypotheses of Proposition B.1 are satisfied, h) ~ is a simple eigenvalue of —A® and uy an
associated eigenfunction. But the converse is not true. Indeed, we have seen in Section 4.5, in the case of )\3 for
the unit disk that Ay can be simple for —A*® without being simple for —A. Proposition B.1 is therefore weaker
than Proposition 4.8. However, the proof of Theorem 1.10 in [3] can be adapted to prove Proposition 4.8. Let
us sketch the changes to be made. The proof in [3] mainly relies on Theorem 1.4 of [3], and uses the u-capacity
and the associated potential defined in ([3], Eqgs. (6), (7), and (8)). The following Lemma gives an alternative
expression when both u and the compact set K are symmetric; it follows easily from Steiner symmetrization
arguments.

Lemma B.2. Ifu e @S and K C Qis a compact set such that o(K) = K, then
Capg (K, u) = min{&*(V) Ve andu—V e HHQ\ K)}

and the potential Vi ,, belongs to @5.
Our proof of Proposition 4.8 relies on the following analog to ([3], Thm. 1.4).

Proposition B.3. Let py be a simple eigenvalue of —A® and uy, an associated eigenfunction, normalized in
L2(Q). Then

pr(e) = pr + Capg(Te,ur) + o (Capg (e, ur))  ase — 0T,

In order to prove Proposition B.3, we note that Lemma B.2 implies in particular that u; — Vr_,, is the
orthogonal projection of uy on H} (ﬁ \Te)N Q* and Capg(T'c,ur) is the square of the distance of uy from
H&((AZ \T)nN @s, both defined with respect to the scalar product induced by ¢* on 0°. We also note that we can
use the estimates of Vp_,, given in Lemma A.1 and Corollary A.2 of [3]. We can therefore repeat step by step
the proof of Theorem 1.4 in Appendix A of [3], replacing L? (ﬁ) by ker (I — %), H&(ﬁ) with OF, H} (ﬁ \T.) b
HO(Q\F )N Q°, gand g. by ¢° and @2, —A and —A, by —A® and —AZ, AN by pp and uy € H&(ﬁ) by ur, € os.
We obtain Proposition B.3. The estimates of Capg(I'c,u) proved in ([3], Sect. 2) then give us Proposition 4.8.

APPENDIX C. ALTERNATIVE PROOF OF THEOREM 3.1

We find useful to show an alternative proof of Theorem 3.1. This proof is based on sharp estimates from
above and below of the Rayleigh quotients for the eigenvalues Ay and Ay (e). Such estimates require energy
bounds on eigenfunctions obtained by an Almgren type monotonicity argument and blow-up analysis for scaled
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eigenfunctions. We mention that such a strategy was first developed in [1, 2, 5, 17] for eigenvalues of Aharonov—
Bohm operators with a moving pole. On the other hand, the implementation of this procedure for our problem
requires a quite different technique with respect to the case of Aharonov—Bohm operators with a single pole,
when estimating a singular term appearing in the derivative of the Almgren frequency function (i.e. the term
(C.16)). Indeed, in the single pole case estimates can be derived by rewriting the problem as a Laplace equation
on the twofold covering, whereas in this case the singular term (C.16) turns out to have a negative sign and
this is enough to proceed with the monotonicity argument (see Sect. C.2).

In this argument, an important step is a blow-up result for scaled eigenfunctions.

In what follows, we aim at pointing out the main steps of the proof, together with a more deepened analysis
at the crucial points. We list below some notation used throughout this appendix.

— For r >0 and a € R, D,.(a) = {x € R? : |z — a| < r} denotes the disk of center a and radius 7. We also
denote the corresponding upper half-disk as D;' (a) = {(z1,22) € D,(a) : z2 > 0}.

— For all r > 0, D, = D,(0) is the disk of center 0 and radius r; D} = {(z1,%2) € D, : z3 > 0} denotes the
corresponding upper half-disk.

— For r > 0 and a € R?, S;(a) = {(x1,72) € OD,(a) : z2 > 0} denotes the upper half-circle of center a and
radius 7. We also denote S;f := S;F(0).

C.1 Limit profile

This section contains a variational construction of the limit profile which will be used to describe the limit
of the blow-up sequence.
Let us consider the functional Ji : @ — R (see Sect. 3.1 for the definition of Q)

1
Je(u) = %/R? |Vu(x)|2dx—/_1 u(xl,())g—i:(xl,O)dxl, (C.1)

with vy, defined in (1.11). We observe that %(xl,()) = kx1*=1 and J is well-defined on O.

Lemma C.1. For allk € N, k> 1, let wi € Q be the unique weak solution to (3.5) and let

1
mg = —*/ \Vwk|2 dz
RQ

2
2
be as in (A.1). Then
mg = nggl Jk(u) = Jk(wk) < 0. (02)
Furthermore, wy(z) = O(ﬁ) as |x| = +oo.
Proof. The proof follows from standard minimization methods, Hardy Inequality and Kelvin Transform. O

Lemma C.2. For every k € N, k > 1, there exists a unique @ € (oo H'(D}) such that

Oy — Yy € Q,
—Ad®, =0, mn Ri in a distributional sense,
(C.3)
P =0 on s,
aéiy’“ =0 on T'y,
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where v = (0,—1) is the outer normal unit vector on OR%. Furthermore, the unique solution to (C.3) is given
by

Dy = Y + wy,

where wy, is as in Lemma C.1 and )y, is defined in (1.11).

Proof. The existence part is proved by taking ®; = ¥y + wy. To prove uniqueness, one can argue by contradiction
exploiting the Hardy Inequality (see [1], Prop. 4.3 for a detailed proof in a similar problem). O

For future convenience, we state and prove here the following lemma, which relates the limit profile ®;, (more
precisely, its kth Fourier coefficient) to the minimum my,.

Lemma C.3. Let ®; be as in Lemma C.2. Then

/ Dy (cost,sint) sin(kt) dt = _ M + T
0 k 2

Proof. Let us define the function
w(r) = /" wg(rcost, rsint) sin(kt)dt, r >0,
0
where wy, is as in Lemma C.1. Then, recalling that ®; = wy + ¥y, we have that
w(l) = /O i Oy (cost,sint) sin(kt) dt — g (C.4)

Since w is the kth Fourier coefficient of the harmonic function wy, it satisfies the differential equation

1 1 / kz .
W'+ -w' = —Zw=0in (1, +00),
T r

i.e. (r*+2*(r=*w)’")" = 0. Hence there exists C,, € R such that (r’kw(r))/ = Cr~ 1420 for r > 1. Integrating
the previous equation over (1,7) we obtain that

w(r) —w(1) Co (1 ! ) , forallr>1.

T2k \© 2k

Lemma C.1 provides that w(r) = O(r~1) as r — 400, hence, letting 7 — +o00 in the previous identity, we obtain
that necessarily C,, = —2kw(1) and then

wr) =w)r *, ' (r) = —kw()r~*71 forall r > 1. (C.5)

On the other hand, by definition

W'(r)=r=Ft /S+ % Y ds, (C.6)
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with v being the outer unit vector to dD;". Combining (C.5) and (C.6) we obtain that

_ _7/ 8wk ¢kd8
S+

Multiplying the equation —Awy = 0 by 1y, integrating by parts on Df, and recalling that ¢, =0 on I'y, we
obtain that

0 0
/D+Vwk-V1/)kdnc:/8D+ Ok Py ds —/ wk¢kd8

whereas multiplying —A, = 0 by wy and integrating by parts on Df' we obtain that

/ Vwk'Vwkdx:/ —— wy ds.
Dt 8D 8V

1

Taking into account the boundary data, we obtain that

owg [ Ok [ Ok
sy Ov 4§ sr Ov W 81'2
so that
1 Oy, 1 Oy
1)=—- - — [ = w. C.7
w(1) k Jsr 81/wk+k: plﬁmgwk (C.7)
Since 6&/ = ki)y, on ST, it results that kw(1) = fST %wk, so that (C.7) can be rewritten as
1 0Py
1) =—-w(1 -
w() = () + [ G
and thus
w(l) = L Ok w
Zk T, 8ZE2
From (C.2) we deduce that w(1) = —+my, and recalling (C.4) the proof is concluded. O

C.2 Monotonicity argument

In order to prove convergence of blow-up eigenfunctions, energy estimates in small neighborhoods of the
Dirichlet—Neumann junctions are needed; such estimates are obtained via an Almgren type monotonicity

argument which is sketched here.
For A € R, u € H*(Q) and r € (0,50) such that D" C €, the Almgren frequency function is defined as

E(u,r,\)

N(u,r,\) = Hiuwr)
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where

r

E(u,r,\) = /D+ <|Vu(as)|2 - AuQ(z)) dz, H(u,r)= 1/S+ u? ds.

In the following, we assume that assumption (1.8) is satisfied, i.e. the Nth eigenvalue Ay of go is simple, and
we fix an associated normalized eigenfunction uy, so that uy satisfies (1.9). For all 1 <n < N, let u,, € H}(Q)
be an eigenfunction of gy associated to the eigenvalue A,, such that

/ [un(2)]?de =1 foralll<n< N
Q
and
/ Up () U (z)dz =0 if 1 <n,m <N and n # m.
Q

For every ¢ € (0,¢9], let u5, be an eigenfunction of ¢. associated with Ay(e), i.e. solving

—Auf = An(e)ufy, in

uy =0, on 0N\ T, (C.8)
3(;&5 =0, onl,,
such that
/ luy(2)]*dz =1 and / ufy (@) un(z) dx > 0. (C.9)
Q Q

Forall 1 <n < N and ¢ € (0,eq], let u5 € Q. be an eigenfunction of problem (1.4) associated to the eigenvalue
A = Ay (g), i.e. solving

—Aut, = A, (e)us, inQ,

n n?

us, =0, on 0Q\ T,

(C.10)
38115 =0, on I'.,
such that
/Q |ué (z)]*de =1 foralll<n< N (C.11)
and
/Qufl(x)ufn(x)dxz() if 1 <n,m< N and n #m. (C.12)

We observe that, in view of Remark 1.1,

An(e) <Ay foralle € (0,60 and 1 <n < N. (C.13)
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Arguing as in Lemma 5.2 of [1], it is possible to prove the following properties:
(i) there exists Ry € (0, min {50, T{\Tv}) such that DEO C Q and
H(u;,r) >0 forallee (0,Ry), r€(e,Ro) and 1 <n < Nj;

(ii) for every r € (0, Ro], there exist C;, > 0 and «, € (0,7) such that H(ug,r) > C, for all € € (0, o) and
1<n<N.

By direct calculations it follows that, for all € € (0, Ry), e <7 < Rg, and n € {1,2,...,N},

d 2
—H(u,r) ="~ :
d,r (un7 T) r \/S';f' u7l

d R B
@E(umn An(€)) = 2/&+

U gs = 2B, v A (e)), (C.14)
1% r

2
€
ous,

ov

ds — % (M(s,un,A (e ))+An(€)/+(ui(m))2dx>, (C.15)

T

where v denotes the exterior normal unit vector to D and

L 1 9 ou A,
M(e,u,A) = lim <2|Vu| T-n— %(l"vu)— Su x-n)ds, (C.16)

being A5 := Dy (—¢,0) U D{ (£,0) and n denoting the exterior normal unit vector to D} \ A§. For details in a
similar problem see ([17], Lems. 5.5 and 5.6). A crucial step in the monotonicity argument is the possibility of
recognizing the sign of the quantity M (e, u, A).

To this aim, we first state the following result describing the behaviour of solutions to (1.4) at Dirichlet—
Neumann boundary junctions.

Proposition C.4. Let € € (0,e09), A € R, and u € Q. \ {0} be a nontrivial solution to problem (1.4).
Then there exist two odd natural numbers j;, = jr(€,u, A),jr = jr(e,u, \) € N and two nonzero real numbers
Br = Br(e,u,\), Br = Br(e,u, A) € R\ {0} such that

67E/2y((—e,0) + 60(t)) — Br cos (t)  in C([0,7]), (C.17)
§7In/2u((2,0) + 60(t )) = Brsin (4t) in C7((0, 7)), (C.18)

as 6 — 0% for any o € (0,1), where O(t) = (cost,sint). Moreover,

5L/ ((—¢,0) + 60(t)) —
57J’R/2+1Vu((6, 0) +60(t)) — ? B

in C%9([0,7]) as § — 0F for any o € (0,1), where T(t) = (—sint, cost).

Proof. Through a gauge transformation, in a neighbourhood of each junction (+¢,0) the problem can be rewrit-
ten as an elliptic equation with an Aharonov—Bohm vector potential with pole located at the junction; then the
asymptotics follows from Theorem 1.3 of [11]. O
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Lemma C.5. Let ¢ € (0,g0] and u € Q. be a solution to equation (1.4) for some A € R. Moreover, let
Jjr = jo(e,u, M), jr = jr(e,u, A) € N odd and Br, = fBr(e,u,\), Br = Br(e,u,A) € R\ {0} be as in Proposi-
tion C.4 and let M(e,u, A) be as in (C.16). Then

0, iij>1 and jr > 1,

T 22 oo .
) —€5BL, if jp =1 and jr > 1,
MEwN =90 g ifjn>1 and jp=1
SMR> JL ana jr = 1,

—eZ(B3 +B%), ifjL =1 andjr=1.

In particular, M (g,u,\) <0.

Proof. Since A5 NR% = Sgr(fe, 0)uU S;'(s, 0), we split (C.16) into the corresponding two contributions.

Negligible terms. On S (—¢,0), we have that z = (—¢,0) + §0(t) for some t € [0,7] and n = —6, where
0(t) = (cost,sint); hence - n = ecost — d. From (C.17) and (C.19) we have that u((—¢,0) 4+ d6(t)) — 0 and

|Vu((—e,0) + 60(t))|? = @5”‘2(1 + 0(1)) uniformly on [0,7] as § — 0. From the Dominated Convergence
Theorem we then obtain

/ (|Vul? = \?)z - nds
S;(—E,O)

- 6/07r(|Vu((—s,0) +50(1))]% = MNu((—z,0) + 56(1))|?) ( cost — §) dt

2o if > 1,
2
BLe [Teostdt =0, if j =1,

as 6 — 0.

Leading term. We now look at the last term

_/S;r( @(x~Vu)ds:/ (0 - Vu)(x - Vu)ds,

—£,0) on 5F(—€,0)
since @ = —n on S (—¢,0). From (C.19) we have
5L/ 2H Iy ((—e, 0) + 60(1)) - O(t) — %ﬁL cos (92%)
in C°([0,7]) as § — 0. On the other hand, for z = (—¢,0) + §6(¢) we have that
gy L I cost o sin (P20 o
0~ 2T Vu((—e,0) +00(t)) - — —¢ 5 Br (cos ( 5 t) cost—i—sm( 5 t) smt)

in C°([0,7]) as 6 — 0. Thus, by the Dominated Convergence Theorem, we have

—/S %(:vVu)ds

F(—e,0) ON

= 6/7F(Vu((—e, 0) +90(t))-((—¢,0) +66(t))) (Vu((—¢,0) 4+ 06(¢))-0(¢)) dt
0
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. {07 if g, > 1,
—£(BL)? foﬂ (cos? (&) cost + cos (L) sin (%) sint) dt, if j, =1,
B {0, if jr > 1,
—=B% [, cos? (&) dt, if jL =1,
B {0, if j, > 1,
—£Bm, ifjr =1,

as & — 0. One can follow the same argument to compute the contribution coming from Sgr(s, 0). Putting together
the two contributions we obtain the thesis. O

This turns out to be sufficient to prove the following:

Lemma C.6. For anyn € {1,...,N}, e € (0,Ry), and r, R such that e <r < R < Ry we have that
N(ufl,r, An(e))+1< (N(ufl, R, A (€) +1) 62)\NR2.

In particular, for every & € (0,1) there exists rs € (0,Ro) such that, for any € € (0,rs) and r € (g,75),
NSy, r,An(€)) < k40, k being as in (1.10).

Proof. Once the negative sign of M(e,u,A) is established (Lem. C.5) the proof proceeds as in Section 5
of [1]. O

Lemma C.6 is the key point for a priori estimates on energy of the blow up sequence in half-disks. These
estimates are in turn fundamental to deduce estimates on the difference of eigenvalues, as it appears in the
following subsection.

C.3 Estimates on the difference of eigenvalues

Firstly, we are going to estimate the Rayleigh quotient for Ay (g). Let R > 1. With Ry as in the previous
section, for every ¢ € (0,&¢p) such that Re < Ry we define the function

int it
U%L’E, in Dy,
VR, =

uy, inQ\ D},

where v{'t is the unique solution to

int __ : +
—AU&E =0, in Dy,

int _ +
vgfe =up, on Sg_, (C.21)
vfﬁzzo, on I'ge \ T,
avint

5= =0, on I',,

i.e., by the Dirichlet principle, the unique solution to the minimization problem

/+ [Vuigt|Pde = min{ng Vo> v e H'(D}.), v=un on S{_, v="0on I'p \Fa}. (C.22)
D €

Re
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In order to handle the denominator of the Rayleigh quotient we proceed with a Gram-Schmidt process. Since
we are taking into account wuq,...,uny_1 as the first N — 1 test functions for the Rayleigh quotient, which are
already orthonormalized in L?(Q2), we define

3 vre = 2oy (Jovre ;) u;

UR,e = _
o = 05" (o ome )

L2(Q)

Using the Dirichlet Principle and the asymptotics (1.10) one can easily prove the following energy estimates for
vt in small disks.
Lemma C.7. There exists a constant C' > 0 (independent of € and R) such that, for every R > 1 and e € (0, &)

such that Re < Ry, the following estimates hold:

/D Vot Pde < O(ReP, (C.23)

/ lint [2ds < C(Re)2+1, (C.24)
S;E 7

/ lvit|2de < C(Re)?F+2, (C.25)
|l

Re

To our aim, for every R > 1 we define vy as the unique solution to the minimization problem

/+|VUR|2d$:min{/+Vv|2dm:v€H1(DE), v =1p; on S}, U:OonFR\Fl}.
D oy

R

The function vg is the unique weak solution to

—A’UR = O7 in DE,

— +
VR = ?/Jk; on SR7 (026)
vr =0, on FR\Fl,
65’—5 =0, on I'y.
As well, we introduce the following blow-up functions
uy (ex) Uj:?,t (ez)
Us(z) := . VE(z) = :_7]6 (C.27)
Combining (1.10) with the Dirichlet Principle, we can establish the following convergences
U. — By, as € — 0 in H'(D};) for every R > 1; (C.28)
VE 5 Bug for e — 0 and for any R > 1; (C.29)
vr — @, in H'(D;") as R — +oc for any r > 1. (C.30)

Proposition C.8. For any R > 1 and € € (0,g9) such that Re < Ry, we have that

7)\]\](?%— Ay < fr(e)
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where

0 0
iy < [ (-2

with ¥y defined in (1.11) and vy in (C.26).
Proof. We note that

2 N-1

2
Uu; = H’URg”iz(Q) - (/ UR,e Uj dx)
L2(Q) j=1 \J/&

N-1
— Z </ UR,erdx>
j=1 ¢ =
N-1
:1_/D+ u?vdx—l—/D |vmt|2dx—z

2
(/ VR, Uj dx)
Re Re Jj=1 Q2

=1+0@E*"?) ase—0 (C.31)

in view of (1.10) and (C.25) and since, for all j < N,

/ VR ujde = —/ uy uj do + / v}%‘te ujdr = O(e"?) as e — 0. (C.32)
Q D;E ;E
The functions us,...,un_1,%r, are linearly independent (since they are nontrivial and mutually orthogonal)

and belong to Q.; if we plug a linear combination of them into the Rayleigh quotient (1.7) we obtain

2
— Ay

N-1
V( Z ojuj + OéN’l]Rﬁ)

An(e) = An < max /
Q =

(a1,...,an)eRY

N 2
E]'=1 laj|"=1

= ZQQ)\ +aN/|VuRE\ +2ZajaN/VuJ Vige—AN

(a,... OtN)GRN
Z;V 1 “3‘1‘2_1

N—-1 N—1
= max [Za Aj —An) +a% (/ |VuRE| —)\N)—FQZa]aN/VuJ VuRE].
=1

(G ()/N)ERN
N 2 Jj=1
Z —1 loy7=1

In view of (C.23) and (1.10) we have that

/ Vg Vu; = —/ Vuy - Vuj dr +/ Vot - Vujda = O(" ). (C.33)
Q D;E DRE
Moreover, from convergences (C.28)—(C.30) we have

/IV’UR,EPCL’E—)\N:_/ |VUN|2CI.’E—|—/ |vvzm‘,| dx
Q + Dt

DRE Re

:52k<—/ |VU5|2da:+/ |VVER|2da:> 252’%2(—/ |V¢k|2dx+/ |VUR|2d33+0(1))
Dy Dy Dy Dy
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_ _2kp2 ‘%R_%
=%k (_/g;wk<3V 6y>ds+o(1)> as e — 0.

(C.34)
Collecting (C.31), (C.32), (C.33), and (C.34), we obtain that
/ ‘vaR,6|2 - )\N
Q
N-1 9 N-1
fQ |Vug.e|? + Z (fQ VR,e uj) Aj—2 Z (fQ VR, uj) Jo Vure - Vu;
= ]71 N1 ‘771 D) - )\N
HUR,E =21 (Jovreus) “j‘ L2(9)
= g2k B2 / zpk(M—M)ds—i—o(l) as € — 0.
st v Ov
From (C.31), (C.32), and (C.33) it follows that, for every j < N,
/ Vu; - Vige = O(e"!) ase — 0.
Q
Hence, the assumptions in ([1], Lem. 6.1) are fulfilled by p(e) = fs; wk(%’f - %)ds+o(1), a=1,0(c) = B2
and M = 2k — 1 and the conclusion follows. O
In the sequel we denote
0 0
e / [ 20m _ 00 g (C.35)
ot Ov ov
R
Lemma C.9. Let ki be defined in (C.35). Then limp_, 400 kp = 2my, with my, as in (C.2).
Proof. From (C.26) it follows that the function og defined as
or(r): / vr(r(cost,sint))sin(kt)dt, r € [1,R], (C.36)
0
satisfies the equation (r'T2¢(r~*g)’) = 0 and hence, for some cp € R, (r~*og(r)) = & in (1,R).
Integrating the previous equation over (1,r) we obtain

_ CR 1
r*or(r) — or(1) = % (1 - r%)’ for all r € (1, R]. (C.37)

Since (C.26) implies that or(R) = 37R¥, from (C.37) we deduce that

CR R%k T

and then

p3 R —or(l) . R

or(r)=r R2k _ 1 W(%*UR(U),
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for all r € (1, R]. If we differentiate the previous identity and evaluate it in » = R, we obtain

k—1
ot (R) = k % (3R + 1)~ 205(1)). (C.38)

On the other hand, differentiating (C.36), we obtain that
or(r) = r_l_k/ Vog - v ds (C.39)
sF

and then from (C.38) and (C.39)

k—
=R~ k/ g (%—Rds—k R ll(g(R%H)anRu)) (C.40)

As well, from the definition of ¥ (1.11) we have that

wk

wk 0 %k R (C.41)

Combining (C.40) and (C.41) we obtain that

2k R* (7 2k R* [ T . .
KRR = W <2 — O'R(l)) = W <2 7/0 ’UR(COSt,Slnt) Sln(kt) dt>

and hence, via (C.30),

Rl_ig_loo KR = 2k<72r - /0 Oy (cost,sint) sin(kt) dt).

By Lemma C.3, the proof is concluded. O

We are now going to estimate the Rayleigh quotient for Ay. Let R > 1. Choosing Ry as in the previous
subsection, for every € € (0,e9) such that Re < Ry and for any j = 1,..., N we define the function

int : +
_ JwiRe, in Dy, 0.4
Wj,Re = et Q (C.42)
W;'R.es in QY DR57

where, letting u$ be as in (C.8)—-(C.12),
jezée :ui mQ\DRE,

and w;”}a . is the unique solution to

int  _ +
—ij‘-"R =0, in Dy,

int +
wi's o = uj on Sg, (C.43)

nt
wi'p . = 0, on I'g..
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By the Dirichlet principle, we have that w;%’s is the unique solution to the minimization problem

/ \ij-”ﬁe\gdx = min {fD+ |Vol?dz :v € HY(D}.), v = u$ on Sf_, v=0on I‘RS} . (C.44)
D+ e Re

Re

In order to handle the denominator we proceed with a Gram-Schmidt process. We then define

" Wj R, )
Uj e = —>2—, j=1,...,N, (C.45)
|05 Rr.ell L2 ()
where Wy R := WnN, R, and
N -
~ ’LU'7R7 ’LUZ,R, dx ~ .
wj’R’s = WiRe — Z IQH ~J - ||2 : We R,e for ] = 1, .. .,N —1.
Sir1 WERelL2 ()

We can derive the following estimate of the energy of eigenfunctions u; in half-disks of radius of order e.

Lemma C.10. For1<j < N and¢ € (0,20), let u$ be as in (C.8)~(C.12). For every 0 € (0,1/2), there exists
ps > 1 such that, for all R > ps, e < 22 and 1 <j < N,

R’

/S s < C(ReY, (C.46)

/ X IVu§|? da < C(Re)*™, (C.47)
Re

/+ [uS|? dz < C(Re)* %, (C.48)

DRE

/S itk ds < O(Re)* 2, (C.49)

/ IV dr < OB, (C.50)
Re

/ [wih |?da < C(Re)*™?, (C.51)
. |WR,

Re

for some constant C > 0 depending only on Ry and \y.

Proof. From (C.10) and (C.13) we know that {u}.c(0,c,) is bounded in H*'; hence, from of property (ii) at page
31 we deduce that, for € sufficiently small, N(u5, Ro, \;(€)) is bounded uniformly with respect to e. Estimates
(C.46)—(C.48) then follow from Lemma C.6; we refer to ([1], Lem. 5.8) for a detailed proof in a similar problem.
Estimates (C.49)—(C.51) can be proved combining estimates (C.46)—(C.48) with the Dirichlet principle (see [1],
Lem. 6.2 for details in a similar problem). O

For § € (0,1/2) fixed, let ps be as in Lemma C.10. For ¢ sufficiently small in such a way that use < Rg, we
introduce the following blow-up functions:

5 _ uj(er) Wil ()

Ue(z) := WR(;L‘) = \/ﬁ

(C.52)

VH(u§V7M5€)’ :
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We notice that, by scaling,

1 N
— |U.|?ds = 1.
Hs J st

Theorem C.11. Let § € (0,1/2) be fized and let rs > 0 be as in Lemma C.6. For all R > us,
the family of functions {Us(x) : Re <rs} is bounded in HY(D}).

In particular, for all R > ps,

[ IVuil do = O u ), as e >0,
DEE

/ lusy|2ds = O(cH (uy, pse)), ase— 0T,
S}‘;E

/ lusy|?de = O(e®H (uSy, use)), ase— 0T,
+

Re

39

(C.53)

(C.54)

(C.55)
(C.56)

(C.57)

Proof. We omit the proof which can be derived from the monotonicity result given in Lemma C.6 following the

same argument as Lemma C.10; for details in an analogous problem we refer to ([1], Thm. 5.9).
By the Dirichlet principle and Theorem C.11 we have also the following estimates.

Lemma C.12. For all R > max{2, us},
the family of functions {WER :Re < m} is bounded in Hl(DJlg).

In particular, for all R > max{2, us},

/D+ ‘Vwﬁ},€]2 dz = O(H (uy, pse)), ase— 07T,

Re

[ ke e = O i ). ase =0,

Re

[ ki s = 0 H R pse)), o< 0.

IERg]

We are now in position to prove a sharp upper bound for the eigenvalue variation Ay — An(e).

Proposition C.13. There exists R > 2 such that, for all R > R and € > 0 with Re < Ry,

)\N — )\N(E)

< gnle
H(“i\ﬁ/‘éé—) < 92(¢)

where

gR(E)z/ |vw§|2dx—/ VO.2dz+o(1) and gr(e) = O(1) ase— 0,
D} D

R

with U. and WE defined in (C.52).

O

(C.58)

(C.59)
(C.60)

(C.61)

(C.62)
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Proof. As already mentioned, we take into account the Courant—Fisher characterization for Ay recalled in
(1.6) and consider the N-dimensional space spanned by the functions {@; g, } 1 defined in (C.45). Before

proceeding, we note that

H'II]N,R,EH%Z’(Q) =1+ O(EZH(u’fV7M55)),

i R.eW d
dR,s - fQ Wj R,eWN,R,e AT _ 0(63—6 H(u‘j\,,ugs)), for all j < N,

||1DN,R,E||2L2(Q)

as € — 0, thanks to (C.57), (C.61), (C.48) and (C.51). On the other hand,

195, .el172 (@) = 1+ O(*),

4 d
e = JoWinetenedr O(2%),  for all j # ¢,

||“~’£,R,e ||%2(Q)

as e — 0 and for any j =1,..., N — 1 thanks to (C.51) and (C.48).
If we plug a linear combination of {4 3757}§V:1 into the Rayleigh quotient we obtain that

2

AN §( ma; )eRN ( E a]uJRE> dz,
A1, XN
Zjv 1 s [2=1
and then
N
R
AN — An(e) < max E Mmoo,
(a1, aQN)E]RNjnzl »
Ej_llajlz_l '
where

= / Vﬂj,R,E . VﬂmR’E dz — )\N(€)5jn,
Q

with 0, = 1if j =n and §;, = 0 if j # n.
From (C.14) and Lemma C.6, if R > us and Re < rs we have

1 d

H(TN,T)@H(UN’T) (k+9) forall use <r <rs.

2
= =N An(e) <

ﬁ\l\D

Integration of (C.66) over the interval (use,rs) and Property (ii) at page 31 yield
H(uS, pse) > Cse®k 20 if pse < rs,
for some Cs > 0 independent of e. Estimate (C.46) implies that
H(uy, pse) = O(e*™%)  ase — 0.

From (C.63), (C.52), Theorem C.11, and Lemma C.12 we deduce that

in 2 e 2
WO wvrelZag)  (Jpr, Vel [de— fpe [V [*dr)
my N | + 2 @

7 |
@)

(C.63)

(C.64)

(C.65)

(C.66)

(C.67)

(C.68)
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(S, ige) (/ VWE? de — / V0.2 dz + 0(1)), (C.69)
D D}

as € — 0. On the other hand, if j < N, by the convergence of the perturbed eigenvalue, (C.64), (C.50), (C.47)
we have that

mij——/\N(é)—F% (Aj(e)—/ ‘Vuj‘zdaH—/ ‘Vwé"ﬁel dx)
] D;E

0;,r,e ||L2(Q)

2
1 R,e ~
+ ~7/ V( d,” We, R, )
ij7R75||%2(Q) Q Z b :

>3
2 R ~
- ;.52 </ ij,R,E'V<Zd€J€wZ*R’E) dx)
J.Rellz2() \Ja 1>

=(Aj—An)+o0o(l) ase—0.

dx

From (C.63), (C.64), (C.47), (C.50), (C.55), and (C.59), it follows that, for all j < N,

||wgRsHLZ(Q)HwNRsHLZ(Q)m 1}\%; /D+ (ij"és Vw%t,t}%,s - Vuj - Vuj:\,) dx
Re

/ (Zd“ Wy RE) Vwn e dr = 0(g1—5 H(uiwusa)).

>3

Hence, by (C.63) and (C.64), we have that
mjﬁ = 0(51_‘s H(ui\,,uge)) and mi’,ﬁi = mjf, = 0(51_5 H(u%,ma))

as € — 07. From (C.64), (C.47), (C.50), we deduce that, for all j,n < N with j # n,

L2 (@ym

- / N (Vuith.  Vuilh,. = Vus - Vug, ) da
Dy,

/ (> diiere) - V(Y dicinge) do

0;.R.ell L2() |1 Wn, R

£>35 h>n
R,e ~
_/V(Zd/fa ngE) Vwp, g, dz
>4

/ Vwjpe - V( Z dﬁiwh7R7E) dz=0(*%) ase —0.

h>n

Hence, in view of (C.64),

R 2-26
my, =0(E""") ase—0.
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Taking into account (C.67), we can then apply ([1], Lem. 6.1) with o(¢) = H (uS, ps€), p(e) = gr(e), a =1-196
and M = 4k in order to deduce

Z m; ajan—H(uN,uge)(/D+ |VW5R|2dz7/D+ |VUE|2dx+0(l)>
R R

(al,...,aN ER jn=1

Z;V 1 “%“211
?;{ui’m < ggr(e) with gg as in (C.62). We notice that, from
Theorem C.11 and Lemma C.12, for all R > max{2, us}, gr(e) = O(1) ase — 0T. The proof is now complete. [

as € — 0%, which, in view of (C.65), yields

Combining Proposition C.8, Lemma C.9 and Proposition C.13 we obtain the following upper/lower estimates
for /\N — )\N(E).

Proposition C.14. There exists a positive constant C* > 0 such that
—28%mp 2 (1 + 0(1)) < Ay — An(e) < CF H(uSy, pse), ase — 0,
with my, < 0 as in (C.2) and (A.1).

C.4 Sharp blow-up analysis and asymptotics

Let us consider the function
F:Rx HNQ) — Rx H Q) (C.70)
(A ) —> (Q(s@) — AN, —Ap — As@),

where ¢ is defined in (1.5) and —Ap — Ao € H1(Q) acts as

—Ap — \ d A d
H*1(52)< ¥ U >H1(Q) /va Vudr = /gau v

for all ¢ € H}(Q). We have that F(Ay,uxn) = (0,0), F is Fréchet-differentiable at (Ay,uy) and its Fréchet-
differential dF(An,un) € L(R x H{(€2),R x H~(€2)) is invertible. Therefore we can control [Ay(¢) — Ax| and
lwn,re —unllga |l with [[F(An(€) — wN,RellRxm-1(0)- Then the norm [|F(An(e) — wn,rellrxa-1(q) can be
estimated taking advantage of the computations performed in Section C.3, thus yielding

lwn,re — unllmi @) = O( H(?L%ua%:))

as € — 07 for every R > 2, us being as in Lemma C.10 for some ¢ € (0,1/2) fixed.
As a consequence, for every R > 2

/(;Q)\D;

Using (C.71) and the uniqueness part of Lemma C.2, we can identify univocally the limit of the blow-up family
{U.}. introduced in (C.52) and prove that

lim 7Ek —i M
=0t /H(uiy, pse) 1B\ Jsi [Pk[>ds

2
dr =0(1), ase—0%. (C.71)

ok

V(0 - i)
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- B s
e~ i T @ + 72
U, — 3 fs;r& @7 [2ds p ase—0 (C.72)

in H(D}) for every R > 1 and in C%C(@\ {e, —e}), see Theorem 8.1 of [1] for details.
Combining (C.72) with the Dirichlet principle, we can prove convergence of the blow-up family W2 introduced

in (C.52): for all R > 2,
Wk B P wgp  ase— 0t in HY(D}), (C.73)
18 fS;5 | |2ds

where wg is the unique solution to the minimization problem

and

/+\VwR(ac)|2 dz = min {/ +|Vu|2 dz: uwe H'(D}), u=®, on SE, u=0on FR} ,
DR DR

which then solves

—Awg =0, in DF,
WR = (I)k, on SE,
WR = O, on FR.

To obtain the exact asymptotics for Ay — Ay (€) it remains to determine the limit of the function gr(e) defined
in (C.62) of Proposition C.13 as € — 0 and R — +o0.

Lemma C.15. For all R > R and € > 0 with Re < Ry, let gr(e) be as in Proposition C.13. Then

El_iféﬂ gr(e) = MRR (C.74)
where
Fp = /S+ (VwR VRS V7 z/)q»k ds, (C.75)
R
with v = ﬁ Furthermore imp_, 4 o0 R = —2my,, where my, is defined in (A.1) and (C.2).

Proof. We first observe that, by (C.62) and convergences (C.72)—(C.73),

. Hs 2 2 Hs ~
lim gr(e) = </ |Vwg| dm—/ |V &y dx) = ————=—Rkpg
e—0+ fSL |®x[2ds \ Jp# D} fSL |Py|2ds
with &g as in (C.75). We observe that

Rip = /S+ (VwR V-V, - y)wk ds + I,(R) + Ix(R) (C.76)
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where
I(R) = /S+ <<I>k - wk)v(wk - @k) vds, I(R)= /S+ (cbk - wk)v<wR - q/;k) v ds.

Testing the equation —A(z/)k — <I>k) = 0 with the function 9, — @y, recalling that ¥, — & = 0 on s, and
integrating it over R3 \ D}, thanks to Lemma C.2 we obtain that

I(R) = / |V(®r — v)|? = / |Vwi|* -0  as R — +o0.
RI\Dj; RI\D}

Let ng : R — R be a smooth cut-off function such that nz = 0 in D;Lz/z’ nr=1inR2 \ D}, 0<ng <1, and
[Vng| < %. Testing the equation —A(¢, — wg) = 0 in D}, with the function ng(®x — %) we obtain

I(R) = V(wg — i) - V((®r — Yr)nr)

+
Dr

so that, in view of the Dirichlet Principle, Lemma C.2 and the fact that wy € Q,

32
R < [ V(@ vmPdr<e [ V@ Pdes g [ -
D} DIADY, R Jiny,,
w2
§2/ \Vwk|2dx+128/ —F—dz =0
Di\D}, , Df\D}, , |z — el

2
|z—el

as R — +oo, where in the last line of the above estimate we have used that % < for all z € D;.

Therefore we need just to study the limit of the quantity fS+ %(wR — &), as R — +00. To this aim, we
R
consider the function

&(r) = / Oy (rcost,rsint)sin(kt) dt, r>1, (C.77)
0

and notice that it satisfies the differential equation £” + %5’ — ’j—jﬁ = 0 which can be rewritten as
(r T2 (TRE)) = 0in [1, +00).

Therefore there exists some C¢ € R such that

(Tﬁkﬁ(r))/ = rlc-ék in [1,400).

Integrating the previous equation over [1,r] we obtain that

e - = 55 (1- ). (©78)
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From (1.11), Lemma C.1, and Lemma C.2 it follows that

&(r) = / Yy(rcost,rsint)sin(kt) dt —|—/ (q)k(r cost,rsint) — ¢y (r cos t,rsint)) sin(kt) dt
0 0

= grk +0(r™), asr— 4oo,

and hence r=*¢(r) — Z as r — +o0. Letting r — 400 in (C.78), this implies that % = 5 —&(1), so that

Er)=2r"+ (€)= Z)r ", &) =kIrF 4 k(Z —¢1)r ! (C.79)
for all » > 1. In particular, from (C.79) we have that
7 &) = gr% —r*¢(r), forall r > 1,
whose substitution into (C.79) yields
E(r) =kmrFt —k @, for all r > 1.
r

On the other hand, differentiating (C.77) we obtain also

N 0%,
6 (T) - 7'1+k S,VJF W "l}k ds (080)
so that
d
/ 9%, Y ds = k(zr?k —rF€(r))  for all 7 > 1. (C.81)
Si 61/

Now we turn to
Cr(r) ::/ wg(rcost,rsint) sin(kt) dt
0

which is t}}e kth Fourier coefficient of the harmonic function wgr and hence satisfies, for some Cgr € R,
(r=%¢r(r) = Tlcﬁ in (0, R]. Integrating the previous equation over [r, R] we obtain that

_ _ Cr 1 1
R Cr(R) — 7 *¢r(r) = o (T% - RQk) , for all r € (0, R).
By regularity of wr we necessarily have that Cr = 0. Hence

Cr(r) = %rk and (R(r) = kCRR—(kmrk_l, for all € (0, R]. (C.82)

From the definition of (g we have that (j(r) = & [¢+ Vwr - v ds. Hence

. Vwg - v ds = k—g’}(,f?’) r2k
S
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from which, taking into account the boundary conditions for wg, it follows that
/ Vwpg - vipp ds = kRPE(R). (C.83)
Sk
Combining (C.81), (C.83), and (C.79) we conclude that
4 0P k 2k
—— 1 — — | ds = 2kR"E(R) — knR" =2k( £(1) —
SE 31/

ﬂ—) = —ka

by virtue of Lemma C.3. O

o |

By combining the previous results we obtain the following asymptotics for the eigenvalue variation.

Theorem C.16. Let Q be a bounded open set in R? satisfying (1.1) and (1.2). Let N > 1 be such that the Nth
eigenvalue Ay of qo on Q is simple with associated eigenfunctions having in 0 a zero of order k with k as in
(1.10). For e € (0,e9) let An(e) be the Nth eigenvalue of g- on Q2. Then

. AN —An(e) 2
g 2 o,

with B being as in (1.10) and my, being as in (A.1) and (C.2).

In particular, Theorem C.16 and (C.72) above provide a proof of Theorem 3.1 that is alternative to the one
given in [12].
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