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NECESSARY AND SUFFICIENT CONDITIONS FOR THE STRONG
LOCAL MINIMALITY OF C! EXTREMALS ON A CLASS OF
NON-SMOOTH DOMAINS

JupiTH CAMPOS CORDERO! AND KONSTANTINOS KOUMATOS?*

Abstract. Motivated by applications in materials science, a set of quasiconvexity at the boundary
conditions is introduced for domains that are locally diffeomorphic to cones. These conditions are shown
to be necessary for strong local minimisers in the vectorial Calculus of Variations and a quasiconvexity-
based sufficiency theorem is established for C! extremals defined on this class of non-smooth domains.
The sufficiency result presented here thus extends the seminal theorem by Grabovsky and Mengesha
(2009), where smoothness assumptions are made on the boundary.
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1. INTRODUCTION

The problem of finding necessary and sufficient conditions for a map to be a strong local minimiser of a
given functional is a fundamental question in the Calculus of Variations. The scalar case was first solved by
Weierstrass and, later, Hestenes [16] extended these results by considering minimisers that allow more than one
independent variable.

Regarding the vectorial case, the problem has received considerable attention over the past decades. In [30],
Zhang proved a sufficiency theorem in which the strong quasiconvexity of the integrand is used to prove that
smooth solutions to the weak Euler—Lagrange equations are spatially local minimisers. In other words, this
means that minimality can be obtained when considering sufficiently small domains.

Ball conjectured in [4] that a natural way to extend the Weierstrass theory to the vectorial case had to be
based on the conditions of quasiconvexity in the interior and at the boundary, the latter having been introduced
in [7] and shown to be a necessary condition for strong local minima; see also [17, 22, 25] for other works related
to the notion of quasiconvexity at the boundary. More precisely, Ball’s conjecture states that under suitable
quasiconvexity conditions, if a map is sufficiently smooth, satisfies the weak Euler-Lagrange equations and the
strict positivity of the second variation, then it is a strong local minimiser.

Further achievements for the vectorial case were obtained in [29]. In addition, Kristensen and Taheri showed
that, under strong quasiconvexity and p-growth conditions, W' P-local minimisers are partially regular, i.e.
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of class C1' almost everywhere in their domain. Their result extended the partial regularity that Evans had
established for the first time for global minimisers under similar assumptions on the integrand [11]. Furthermore,
and in contrast to the previous achievements on the vectorial problem, Kristensen and Taheri modified the
remarkable example by Miiller and Sverdk in [26] to construct a strongly quasiconvex integrand with strictly
positive second variation, such that the corresponding weak Fuler-Lagrange equations admit Lipschitz solutions
that are not W'P-local minimisers [21]. This made it clear that Lipschitz regularity of the extremal is not enough
to ensure strong local minimality. Székelyhidi extended further the example of Kristensen and Taheri to the
case of polyconvex integrands [28].

However, it was only until the seminal paper [14] of Grabovsky and Mengesha that the conjecture of Ball
was settled. They showed that, for domains of class C', a strong version of the aforementioned quasiconvexity
conditions is in fact sufficient for a C! map to be a strong local minimiser of an integral functional under specific
growth and coercivity assumptions on the integrand.

The aim of the current work is to address the vectorial problem without the C! regularity assumption on
the domain but instead allowing certain types of singularities of the boundary. More specifically, we establish
a quasiconvexity-based sufficiency result for minimisers defined on domains that are locally diffeomorphic to
cones (see Def. 2.7 for a precise definition).

Similarly to the work in [14], it is shown that when complemented with the satisfaction of the weak Euler—
Lagrange equations and the (strong) positivity of the second variation, a strong version of the quasiconvexity in
the interior and the suitably adapted conditions of quasiconvexity at the singular boundary are indeed sufficient
for a C! map to be a strong local minimiser.

The need to extend the Weierstrass theory to domains of this type arises naturally in view of applications.
For example, models based on energy minimisation, and consequently the techniques of the vectorial Calculus
of Variations, have been very successful in materials science where typical specimens are polyhedral. Indeed, the
work presented here has been largely motivated by [5] where, in a simplified model, a set of quasiconvexity con-
ditions at edges and corners of a (convex) polyhedral domain was employed to explain remarkable experimental
observations in a shape-memory alloy (see [6]). In particular, it was shown that, in this simplified model, the
quasiconvexity conditions hold in the interior and at edges, thus preventing the localised nucleation of the high
temperature phase; in contrast, and consistent with observations, quasiconvexity was lost at certain corners
allowing for nucleation. The sufficiency result presented in the current work could be used to strengthen the
result of [5] in a different modelling regime where variations that are not localised are also considered. This may
indeed be an interesting direction to pursue. We remark that quasiconvexity conditions at points of the boun-
dary with conical singularities were first discussed in ([7], Rem. 2) but, to the best of the authors’ knowledge,
this idea had not been previously applied.

The plan of the paper is as follows: in Section 2, we state the general assumptions under which we establish
our results. We further give all the required definitions on our domains as well as the generalised quasiconvexity
conditions at the singular boundary. In Section 3, we show that all these quasiconvexities at the boundary
conditions are indeed necessary for a strong local minimiser and, in Section 4, we state and prove the correspon-
ding quasiconvexity-based sufficiency theorem which generalises the result of [14] to the case of domains locally
diffeomorphic to cones. Our strategy of proof shares many of the underlying ideas found in [14]. However, in the
present work we establish a Garding inequality, that encapsulates the quasiconvexity conditions, and is crucially
used to show that the concentrating part of a sequence of suitable variations does not lower the energy. On the
other hand, in [14] the behaviour of the energy on this concentrating part of the variations is handled via a
localisation argument.

Our proof is broadly motivated by the work in [9], and the resulting Garding inequality comes as a generali-
sation of Zhang’s result on spatially local minimisers. The proof of this generalisation, in the general case under
consideration, becomes notationally involved and potentially difficult to follow its otherwise simple and clear
ideas. Hence, for the convenience of the reader, the lemma is proved in the simpler case of the domain being
itself a cone, though the result is stated for the general case. The interested reader is referred to Section 5 for
a full proof of the lemma.
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2. PRELIMINARIES AND DEFINITIONS

Let Q C R? be a bounded Lipschitz domain (i.e. open and connected) and consider an integral functional of
the form

I(u) :/QF(m,u(x),Vu(x))dx, (2.1)

which is to be minimised over a set of admissible maps </, where u: @ — R and the function F: Q x RV x
RN*d 5 R are continuous. The Weierstrass problem consists in finding necessary and sufficient conditions for
a map ug to be a strong local minimiser of the functional I in o7, the space of admissible maps &/ being part
of the problem.

For our purposes, we define

o = {ue CYQLRY) :u(z) =u(z) forallz € Tp}, (2.2)

where I'p C 9Q and @ is continuously differentiable on some open set in R? containing Th.

Note that if u € &7, then u(z) = @(z) for all z € I'p. Hence, without loss of generality, we assume that I'p
is the interior of I'p, relative to Q. By defining I'y := dQ \ T'p, 'y is a relatively open subset of 9Q and
0Q =T'p UTy. Indeed, if z € 90\ Ty, then z has an open neighbourhood in 9 that does not intersect I'y.
Therefore, this neighbourhood must belong to the interior of I'p, which is I'p. Additionally, we must require
that I'p has itself a Lipschitz boundary in 92 in the sense of ([2], Def. 2.1). This assumption allows us to make
the identification (see [2], Prop. 6.2)

{ue C=(Q,RN) : u(x) =0 on Ip}W"*
= {u e WHP(Q,RY) : Tu(z) = 0 #% - ae. onTp},

where T' denotes the trace operator.

We note that the subscripts D and N in I'p and I'y stand for Dirichlet and Neumann and are meant to
help the reader associate the two parts of the boundary of  as the prescribed (I'p) and free (I'y) boundary,
respectively.

Definition 2.1. A map ug € &/ is a strong local minimiser of I in & if there exists an € > 0 such that, whenever
u € o and ||u — ug||w < €, it holds that I(u) > I(ugp).

Equivalently, because the uniform topology on the space of continuous functions is metrisable, the notion of
strong local minimisers can be expressed in terms of sequences.

Definition 2.2. Let the space of variations Var(<) be given by
Var(«) = {¢ € C'(LRY) : p(z) =0 forall z in I'p}. (2.3)

We say that a sequence {¢;} C Var(4/) is a strong variation if ¢; — 0, as j — oo, uniformly in z € Q.

Then, a map uy € &/ is a strong local minimiser of I in & if, and only if, for every strong variation {¢;}
there exists J > 0 such that

I(up + ¢;) > I(ug) forall j > J. (2.4)
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More generally, given an open set w C R such that w N Q # 0, we consider the following space of variations
defined in w.

Var(w,RY) := {p € C'(@,RY) : p(z) =0 for all z in (I'p N@) U (QwNQ)} .

We note that Var(«/) = Var(Q,RY).
Next, for ug € o7, let

R (uo) = { (uo(z),Vug(z)) : z€Q}.

Then, in addition to the continuity of F', we assume that for some p € [2,o0)

[HO] the partial derivatives of first and second order in (y, z) of F(x,y, z), denoted by Fy, F,, Fy,, F,, and

F,., exist and are continuous on O x % where % is an open and bounded neighbourhood of % (ug) in
RN x RN*4 for a given map up € WHP(Q, R");
[H1] (growth conditions) for all z € 2, y € RY and »z € RV*4

(&) [F(x,y,2)] < Cy)(1 +[2]7)

(b) |Fulz,y,2)| < Cly)(L+[=P")
and

(c) |Fy(z,y,2)] < Cy)(1+ [2"),

where C(y) > 0 is in L (RY) and depends on F.

loc

Remark 2.3. Following [14], we remark that under the p-growth assumed in [H1] (a), the notion of strong or
weak local minimisers for I in &/ remains the same if we enlarge the space of admissible maps to

o= {ue COQRY)NW"P(QRY) : u(z)=a(z) forallz € I'p}.

This is due to the fact that & is dense in &’ under the topology generated by the norm
|lull + ||Vu|l, and the functional I is finite and continuous on &/’ under this topology. In particular, this
implies that given ¢ € Var(w,RY), by extending ¢ to Q so that it takes the value 0 in Q\w, we may assume
that ¢ is in the closure of Var(«/) with respect to the above norm. Then, if ug is a strong local minimiser of T
in 7, the minimality condition

I(ug + ) > I(uo)

also holds for these maps provided that ||¢||. is small enough. We will often make use of this remark without

always appealing to the above argument.
We use the notation a - b to denote the usual inner product on RY or RN¥*?_ respectively. Note that, in both
cases, we can write a - b = tr(ab?). Also, we use the notation in [14] whereby a single z argument in F or any

of its derivatives, means that it is being evaluated at (x, uo(z), Vuo(z)).

Under [HO] and [H1] (a) it is well known (see [7, 14, 24]) that necessary conditions for a map ug € & to be
a strong local minimiser of I are the following:

(I) satisfaction of the weak Euler-Lagrange equations, i.e.

/Q [Fy (@) - pla) + Fu() - V()] dz = 0,
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for all ¢ € Var(&);
(IT) non-negativity of the second variation, i.e.

/Q [Fyy (@) (@) - (@) + 2B, (@)p(x) - V() + Fia(2)Vipla) - Vpla)] da > 0,

for all ¢ € Var(«/);
(III) for all zg € €2, F(zg, uo(xo),-) is quasiconvex in the interior, i.e.

| 1o wo(a0), Vuo(z) + V(@) = Flao)] do >0,

for all ¢ € CL(B,RY) where B denotes the unit ball in R
(IV) for all zg € 'y in the neighbourhood of which 9 is C, F(xg,uo(z0),-) is quasiconvex at the (smooth)
boundary, i.e.

/7 [F (0, uo(20), Vuo (o) + V(x)) — F(z0) — F.(20) - Vio(2)] dz > 0

n(zg)

for all ¢ € V,(4,), where

Vin(ag) = {wg Cl(%,RN) : p(x) =0 for allxeaBﬂ%};

B ={xzeB : z-n(xg) <0}, and n(zp) is the outward unit normal to I at x.

n(0)

As mentioned above, Grabovsky and Mengesha [14] showed that, under additional hypotheses on F' and for
Q of class C!, a strengthened version of the above conditions is in fact sufficient for a map vy € &7 to be a
strong local minimiser of I. In this work, we establish a sufficiency theorem for the case in which the domain is
locally diffeomorphic to a cone and, in order to make this definition precise, we introduce some terminology.

Definition 2.4. A closed set € C R? is a cone with a vertex at 0 € R? if, and only if, whenever z € € it also
holds that

tr € ¢ for all ¢t > 0.

Similarly, a closed set € C R? is a cone with a vertex at zg € R? if, and only if, the set € — x¢ is a cone with
vertex at 0.

Remark 2.5. A cone may have more than one vertex: the set of points € := { (r,y,2) ER® : z>|y] } is a
cone and any point on the X-coordinate axis is a vertex of €.

Lemma 2.6. Let € C R? be a set such that 0 € 0F and OF is the graph of a function h: R — R in
an appropriate coordinate system. Then, € is a cone with vertex at 0 € R if, and only if, h is positively
1-homogeneous and, up to a change of coordinates,

¢ ={x=(a",2q) €ER? : wq>h(a)},

where ©’ = (x1,...,24-1).



6 J.C. CORDERO AND K. KOUMATOS

For our purposes, we require that our domains are locally diffeomorphic to cones and we make this definition
precise:

Definition 2.7. We say that an open and bounded set Q C R? is locally diffeomorphic to a cone if for every
point zp € I there exists a ball B(zg,rs,) centred at xg of radius r;, > 0 such that, up to a change of
coordinate system,

QN B(wo, 12,) = w0 + {2 = (2',2a) € B(0,72,) : ga(x) = h(g'(2))}

where g: QN B(xg,72,) — 0 — g(Q N B(zg,74,) — o) is a diffeomorphism, g = (g1,...,94) = (¢',94) and
h: R¥! — R is a positively 1-homogeneous function. For simplicity, we assume det Vg(z) > 0, i.e., that g is
orientation-preserving.

We also say that Q C R? is locally a cone if for every point zg € 9 there exist r,, > 0 and a cone € with
vertex at g such that QN B(zg, ry,) = € N B(xg, r4,) (S0, the diffeomorphism g that exists above is the identity
in R%).

In addition, if © C R? is locally diffeomorphic to a cone, we say that € has a conical boundary.

We emphasise that, for both the sufficiency and necessity results we require that our domains are locally
diffeomorphic to cones. For the sufficiency result this comes from the uniform bounds required for the localisation
process in Theorem 4.3 (see (5.6)). This appears in analogy to the localisation procedure performed for the
sufficiency theorem in ([14], Thm. 11.10), where uniform bounds between the boundary and its (flat) local blow-
up are needed. For the necessity, the condition is required to build the appropriate comparison maps despite the
fact that, essentially, the quasiconvexity condition arises as necessary by blowing up the minimality condition.

Also, as the remark below shows, the stated condition is strictly stronger than the condition that every point
of the boundary admits a unique blow-up (which must then necessarily be a cone — see [23], Prop. 2.1).

Remark 2.8. We note that if a neighbourhood of zy € 01 is diffeomorphic to a cone, i.e.
QN B(xg,72,) =0+ {7 = (2',24) € B(0,72,) : galz) > h(d ()},
then the blow-up cone at xg is precisely the cone ¥ defined by
¢ ={z=(2,2q) ER? : 34> h(z)}.

Indeed, if the blow-up of QN B(xg,r4,) at xo exists, then it is the same as the blow-up set of  at zg. A direct
computation shows that

(£.5) + o2 nige) )

@' ya) + galey) > h(g'(ey)) }-

QN B(xo,Tze) — To
€
{

Up to affine transformation, we may assume that g(0) = 0 and Vg(0) = I;. Denoting by V, the one-sided
derivative in the direction y, we infer that

an B(%;Tzo) —To _ { W) : ga(ey) — g4(0)

_ hlg'(ey)) —hlg(0)) }
g £

=0 (', ya) + Vga(0) -y > Vylhog)(0)}
={(Wya) + ,ua=h¥)},
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where the last equality follows from the 1-homogeneity of h as

V,ylhog)(0) = lim MIEN) ZRGO) h<w) — h(Vg/(0)y) = h(y))-

e—0+ £ e—0t

Hence, 2 being locally diffeomorphic to a cone is stronger than the condition that it admits unique blow-ups
at every boundary point. In fact, it is strictly stronger as the following example shows.
Consider the set

Q:—{(x,y) €R? : ze[-1,1\{0} and — /1 — 22 <y < 2%sin <;> }U{(0,0)}.

Then, (0,0) € 9 and 09 is Lipschitz. Also,  blows-up around (0,0) into the lower half-space in R?, however,
Q is not diffeomorphic to a cone in any neighbourhood of (0,0) as, locally, 9Q is the graph of the function
f(x) = 2?sin (1), which is not C*.

We may now define the quasiconvexity at the boundary conditions and recall the classical quasiconvexity in
the interior (Fig. 1).
Definition 2.9. Let F: RV*4 » R, A € RV*? and denote by B the unit ball in R,

— We say that F' is quasiconvex in the interior at A if
[ P+ Vpl@) - FLa) doz 0
B

for all p € CL(B,RY).
— Let ¥ be a cone with vertex at 0. We say that F' is quasiconvex at A at the boundary with associated
cone ¥ if

/B F(A+ V(@) = F(4) = FI(4)- Vel do > 0

for all p € V. Here, By := BN % and

Vi :={p€CY(Bs,RY) : p(z)=0forallz € 0BNE }.

Remark 2.10. Note that, by [H1], F satisfies a p-growth and hence the quasiconvexity conditions in the
interior and at the boundary in Definition 2.9 also hold for test functions ¢ € CL(B,RN)W'" = Wy*(B,RY)
and ¢ € Vi W'? | respectively, where the closure is taken in the strong topology of WP, The proof in the case
of the interior can be found in ([8], Prop. 2.4) and the proof for the conditions at the boundary is essentially the
same. This remark is crucial in the analysis that follows. As with Remark 2.3, if ¢ € CL(w, RY) for some w C B,
by extending ¢ to B such that it takes the value 0 outside B\w, we obtain a map in Wy?(B,RY) and the
quasiconvexity condition still holds for these maps. The analogous situation holds for the case of quasiconvexity
at the boundary and the space Ve W7,

It is also well-known (see e.g. [13], Rem. 5.1) that quasiconvexity in the interior is independent of the particular
choice of the set on which integration is performed (in our case the unit ball B). Indeed, if the condition holds
for B C R%, it also holds for any bounded, open set D C R? with #4(0D) = 0. Similarly, quasiconvexity at the
boundary also does not depend on the specific form of the sets By and we make this precise in the following
definition and lemma, motivated by [7].
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Q

FIGURE 1. A visualisation of the sets By in the definition of quasiconvexity at the boundary,
translated and scaled onto the respective parts of 2. The corresponding space of test functions
Vi simply amounts to smooth maps on the respective section of the unit ball which vanish on
the part of the boundary that also belongs to the closed unit ball; that is, they vanish on the
curved boundary whereas the conical part of the boundary is free.

Definition 2.11. A standard conical-boundary region with associated cone % is a bounded Lipschitz domain
D C R? such that there exists dy € 9D satisfying:

(i) D — dy is contained in ¢ C R? with vertex 0;
(ii) for each = € ¥, the following set has a non-empty 1-dimensional interior:

Dﬂ{d0+t$ : t>0}.

Lemma 2.12. Let F: RV*4 5 R and A € RVN*?. If F is quasiconvex at A at the boundary with associated
cone €, then, for any standard conical-boundary region D with associated cone €, it holds that

/D [F(A+ V() — F(4) — F'(4) - V(x)] dz > 0,
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for all p € Vb, where
Vb ={peC'D,RY) : o(x)=0 forallz € 9D N (do +int¥) } .
Proof. Suppose that F' is quasiconvex at A at the boundary with associated cone % and let D be a corresponding
standard conical-boundary region. By Definition 2.11, there exists dy € 0D such that D — dy C %. Then, for
€ > 0 small enough, we can ensure that

e(D—dy) C BNE.

Note that the conical part of the boundary of (D — dp) is still contained in 0%
Therefore, if ¢ € Vp and we define ¢: BNE — RY by

b(z) = { ep(do +x/€), x€e(D—dp)

0, otherwise,

then 1 € Ve W', Hence, by Remark 2.10, the quasiconvexity condition applies for v to give

0< / [F(A+ Vip(x)) — F(A) — F'(A) - V()] dz
BN%
= /(D_d )[F(A +Vi(do + z/€)) — F(A) — F'(A) - Vo(dy + z/¢)] da

= ¢ /D[F(A +Ve(y) — F(A) = F'(A) - Vo(y) dy.

3. NECESSARY CONDITIONS

Equipped with all the required definitions, we proceed to discuss the necessity of quasiconvexity at the
boundary for a map ug € & to be a strong local minimiser of the functional I. We recall that

I(u):/QF(x,u(x),Vu(x))dx
and
o ={ue CLHQ,RY) : w(x)=a(z) forallz € T'p }.

We begin by compiling all the necessary conditions in one theorem. We also recall that a single z argument in
F, or any of its derivatives, corresponds to the triple (x, ug(z), Vug(z)).

Theorem 3.1. Let Q C R? be locally diffeomorphic to a cone. Foruy € o7, assume that F': Q x RN x RV*4 5 R
is continuous and satisfies [HO] and [H1]. If ug is a strong local minimiser of I in of , then the following hold:

(I) ug satisfies the weak Euler—Lagrange equations, i.e.

[ 1@ ele) + Fo(o) - Vot do =0,

for all v € Var(&);
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(II) the second variation at ug is non-negative, i.e.

/Q (Fyy(@)p(2) - (@) + 25, () V() - pla) + Fia(2)Vipla) - Vipla)] da > 0,

for all ¢ € Var(</);
(I1I) for all zg € Q, F(xo,uo(x0),-) is quasiconver in the interior, i.e.

/B[F(xo, o (o), Vato () + Vep(a)) — Flag)]dz > 0,

for all ¢ € CL(B,RY);
(IV) for all xg € Ty, a neighbourhood of which is diffeomorphic to a cone €, F(xo,uo(xo),) is quasiconver at
the boundary with associated cone €, i.e.

/J&IF(QEO’ uo(zo), Vuo(wo) + V() — F(zo) — F:(20) - Ve(x)] dz = 0,

for all p € Vig.

Proof of Theorem 8.1. The proofs of (I), (II) are standard and can be found in e.g. [10]. The necessity of (I11)
is essentially due to Meyers [24] (see also [7]). The proof of (IV) with € a half space, amounting to the standard
quasiconvexity at the boundary condition, can be found in Ball and Marsden [7]. Nevertheless, here, we give
a variant of the proof which is also appropriate for proving the quasiconvexity at the singular points of the
boundary.

To this end, let g € I'y and let g be the respective diffeomorphism between QN B(xg, ry,) and a cone € N B.
Without loss of generality we assume that Vg(zo) = I4. Also, let ¢ € Vir and define

ue(z) = 4 Mo(@) tee (sdglenl) | o€ g (g(wo) + 2By)
(z) =
uo(z), otherwise in .

We remark that for € > 0 small enough

g '(g(z0) +eBg) C 1,
g Y(g(x0) +e(0BN By)) C Q and
g Yglzo) + (BN OBy)) C T'y.

Hence, the function ¥, = u. — ug lies in the closure of Var(«) in the topology generated by the norm
llulleo + [|Vu]|p and ||¢e|le — 0, as € — 0. By Remark 2.3 and the fact that wg is a strong local minimiser, we
infer that

Also, since ug is a strong local minimiser, it satisfies the weak Euler-Lagrange equations in (I) with 1. as a
test function, i.e.

/Q[Fy(x) e () + Fe(x) - Vipe ()] dz = 0.
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Consequently, the minimality condition results in
o< | [F(z, uc(x), Vue(2) = F(x) = Fy(2) - ¥ (2) — F.(x) - Vo (2)] da.
97 (g(z0)+eBy)

Changing variables to

ye(x) = (9(x) — g(w0))/e

with inverse z.(y) = g~ (g(wo) + ey) and Va.(y) = Vg (g(x0) + ey) we deduce that

0< e /B [F(ae(y), uo(ze(y)) + ep(y), Vuo(ze(v)) + Ve (y) Vg (z<(v)))

—F(z:(y)) — eFy(z(y)) - o(y) — Fo(z(y)) - Veo(y)Vg(z(y))] det[Vg ' (g(x0) + ey)] dy.

Dividing by ¢? and sending € — 0, bounded convergence implies that

0< /B(’ [F (20, uo(x0), Vug(zo) + Vo(y)) — F(x)] det[Vg (g(x0))] dy

— /B“ [F(x0,uo(xo0), Vug(zo) + Veo(y)) — F(zo) — F.(z0) - Vo(y)] dy,

noting that Vg1 (g(z0)) = (Vg(z0))™! = 1.

11

O

We remark here that the assumption on the domains being locally diffeomorphic to a cone is used to construct
appropriate comparison maps to obtain the quasiconvexity at the boundary as a necessary condition. However,
having local Wh'-homeomorphisms between Q and a cone would be enough to obtain the conclusion (see [3]).

4. SUFFICIENT CONDITIONS

In this section, we prove our main result in the form of a quasiconvexity-based sufficiency theorem for a map
ug € 2/ to be a strong local minimiser of I in /. For this we require additional coercivity conditions on the

integrand F which we state here. We recall that p € [2, ).

[H2] (coercivity conditions) F' is bounded from below. If p = 2, we assume that

/QF(%U(I%VU(»T)) dz 2 ea(r)|lulff 2 — ea(r)

for all u € &7 such that ||ul|» < 7, where ¢1(r) > 0 and c2(r) > 0 are locally bounded. If p > 2, we assume

that for all ¢ € Var(«/) with |||l <7,

/Q[F(%UO(SE) + (), Vuo(z) + Vep(x)) — Fo)] de > e1(r)[|Vell) — c2(r)l|Veol[3

for some ¢;(r) > 0, co(r) > 0 which are locally bounded. Note that the latter condition needs only apply

to ug.

Lastly, as in [14], we require an additional uniform continuity assumption:
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[UC] For every & > 0 there exists § > 0 such that, for every z € RV*? and x,x¢ € Q with |z — x| < §, it holds
that

|F(x0,uo(x0), Vug(zo) + 2) — F(z,uo(z), Vuo(z) + 2)| < (1 + |2[P).

For brevity we also introduce the function S below.

Definition 4.1. For k € N, let S: R¥ — R denote the function

1
S(€) = (|€* +[¢7)® .
We are now in a position to state our main theorem.

Theorem 4.2 (Sufficiency theorem). Let Q C R? be locally diffeomorphic to a cone. Let ug € o/ and assume

that F: Q x RN x RVN*d 5 R is continuous and satisfies [HO]-[H2|. Further assume that for some co > 0 the
following hold:

(I) wug satisfies the weak Euler—Lagrange equations, i.e., for all ¢ € Var(</),

[ 1@ ela) + Folo) - Vot do =0,

(II) the second variation at ug is strongly positive, i.e., for all p € Var(&/),
/Q[Fyy(iv)w(x) - (@) + 2Fy: (2)Vep(2) - () + Foz(2)Vip(z) - Vip(2)] dz > ol [Vl 35

(III) for all xy € Q, F(xg,uo(wo), ) is strongly quasiconvexr in the interior, i.e., for all
p € CLB,RY),

/B [F (20, o 0), Vuo(o) + Vep(x)) — F(zo)] dz > colS(Ve) I3

(IV) for all free-boundary points xo € Uy, F (2o, uo(x0),) is strongly quasiconvez at the boundary, i.e. for all
@ € Vg, with € the cone associated to xg given by Definition 2.7,

/B, [F (20, u0(x0), Vuo(zo) + V() — F(x0) — F.(0) - Vo] dz > co||S(Ve)|I3;

(V) ug satisfies [UC].
Then, ug is a strong local minimiser of I in o .

The proof of the sufficiency theorem is based on the Garding inequality given by Theorem 4.3 below. In its
original form due to Zhang [30], the result asserts that, under the quasiconvexity assumptions, any C! solution
of the Euler-Lagrange equations is a spatially local minimiser. In the presence of lower order terms in F, we
obtain a variant — equivalent to a Garding inequality — appropriate for our purposes.

Theorem 4.3. Let Q C R? be locally diffeomorphic to a cone. Let ug € CYQ,RYN) and assume that
F: QxRN x RN*4 5 R s continuous and satisfies [HO]-[H2]. In the notation of Theorem 4.2, suppose that

conditions (I), (III) and (IV) are satisfied. Then, there exist some R > 0 and 6 > 0 such that, denoting by
Q(zo, R) := QN B(xg, R), the following hold:
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(1) for all zo € Q

| (315e@)F - Cle@P) da

Q(z0,R)

< / (F(z,uo(z) + (), Vuo () + Vo(z)) — F(z)) dx (*)
Q(zo,R)

for all o € WP (Q(xo, R),RN) with |||~ < 8. Here, ¢o > 0 is the constant that appears in conditions
(III) and (IV) and C > 0 is a constant with C = C(d, , ||u||«);

(2) for all o € Q such that Q(xo, R) NTy # 0 and Q(zo, R) is diffeomorphic to a cone €, () holds for every
function ¢ € Var(Q(zo, R),RN)W"* satisfying |||~ < 3§, where the closure is taken in the strong topology
of WhP(Q, RY).

Before proceeding with the proof of this theorem, we state the following technical lemma regarding the growth
conditions that the shift of the integrand F' satisfies. We postpone the proof of the lemma until the Appendix A.

Lemma 4.4. Let Q C R? be a Lipschitz domain. Assume further that F: Q x RN x RJ\LXd — R is a continuous
integrand, ug € C*(Q,RY) and that [HOJ, [H1] and [UC] hold. Define the function G: Q x RN x RN*d 5 R by

G(z,y,2) := F(z,uo(x) +y, Vup(z) + 2) — F(x) — Fy(x) -y — Fy(x) - 2

1
= [ (= 0L ua(a) + 19, Vuo(w) +12)](0:2). 0. 2)
0
where the bilinear form L(x,v,w) is given by

L(z,v,w)[(y,2), (9, 2)] := Fyy(z,0,w)y - §+ Fy(z,0,w)y - 2 + Fy=(2,0,w)§ - 2

+ F..(z,v,w)z - 2.

The following hold:

(a) for each x € Q, v,y € RN and z,2 € RV*? and for some locally bounded function C(y,4) on R*N,
G(z,y,2) = Gz, 3, 2)| < Cly,9) (Ap-1(y, 2,5, )|z — 2| + Ap(y, 2,8, 2)ly — 4]) ,
where
Ap(y, 2,9, 2) = [yl + |91 + 2] + |2 + 2" + [2]7.
In particular, for some locally bounded function C(y),
|G, y,2)] < Cy) (IS +1S(=) ) 5

(b) for every e > 0 there exist R = R(c) > 0 and § = 5(¢) > 0 such that, for all zo,x € Q, z € RN*? and
JeRY™ if |z —xg| < R, w=2J and |y| + |J — 14| < 6, then

|G(0,0,w) — G(z,y, )| det J|| < cly|?|det J| + &|S(2)|?| det J| (4.1)

for some constant ¢ > 0 where 1 denotes the d x d identity matriz;
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(c) for every e > 0 there exists 6 = §(¢) > 0 such that, for all z € RN*4 and J € R if w = 2J and
|J —14] <90, then

co [IS(w)[* = |S(2)[*| det J|| <elS(z)[. (4.2)

We next proceed to prove Theorem 4.3 for the case in which €2 is locally a cone, with the purpose of presenting
more clearly the ideas behind this result. The reader is referred to Section 5 for the more technical part involving
domains locally diffeomorphic to a cone.

Proof of Theorem 4.3 (when § is locally a cone). Take J = 1; and € = ¢ in Lemma 4.4, with ¢g > 0 as

in assumptions (I1I) and (IV). Then, there exist R > 0 and 6 > 0 such that for any zo € Q, ¢ €
Var(Q(zg, R), RV)W"? with ||¢||L= < §, we can ensure that

G(20,0,Vy(x)) = G(z,9(2), Vo(2)) < Clo(z)* + %OIS(W?@))I2 (4.3)

for every x € Q(xo, R). We remark here that J plays the role of the Jacobian of the diffeomorphism locally
mapping {2 into a cone. Hence, if 2 is locally a cone J = 1.

It is now straightforward to conclude the proof. Note that for xg € Q or z¢p € I'p with Q(z, R) NT'y =0,
the quasiconvexity condition (/1) remains valid if B is replaced by Q(z¢, R). Similarly, if Q(z¢, R) NIy # 0
(in particular, if zg € T'yy) then, by assumption,

Q(z0, R) = € N B(xo, R)

for some cone € and Lemma 2.12 now states that the quasiconvexity condition (I'V) remains valid for Q(xo, R).

Of course, this is also true for the strong quasiconvexity condition at hand. Then, ¢ € Var(2(zo, R), RN)W"”
is an appropriate test function by Remark 2.10 and we obtain that

‘o / 1S(Veo(z)) 2 dz < / Glao, 0, Vo)) dz
Q(zo,R) Q(zo,R)

< [ (6 e, Velw) + PIS(To)P) do

Q(Io,R)

e / () da.
Q(zo,R)

Zo,
Since ug satisfies the Euler—Lagrange equations, we deduce that

€o

2 / (15(Ve@)P? = Cle()?) dz
Q(zo,R)

< / (F(z, uo(x) + o), Vuo (z) + Vep(a)) — F(x)) de,

Q(z0,R)

which is the required inequality. O

Remark 4.5. Let Qg(zo, R) := QN Q(zo, R), where Q(zo, R) is a cube centred at x, with sides parallel to
the coordinate axes and side length 2R. Then, it is easy to see that, for a function ¢ € Var(Qq(zo, R), RN)W"?,
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we can assign the value of 0 in Q(zo,2R) \ Qg (zo, R) and hence assume that ¢ € Var(Q(zg,2R), RN)W"?,
Therefore, Theorem 4.3 still remains valid if we exchange Q(zg, R) by Q¢ (zo, R) in the statement.

The following result provides a global estimate that derives from the Garding inequality in Theorem 4.3.

Proposition 4.6. Let (hy) C Var(Q,RNM)W"? N L=(Q,RY) and (ax) C R be sequences such that

ksoo
= Nlhell- =5 0;

— a;'S(hy) 220 in L2(Q);
~ a,'S(Vhy) is bounded in L2(£2).

Then,

liininf %Oaf/w’(th(x))P dz Sliininf a;Q/G(x,hk(x),th(x)) dz.
—oo —3oo
Q Q

Proof. Step 1. The first step will be to establish that we can cover by a finite sequence of rectangles (%;) e,
on which we can apply the Garding inequality from Theorem 4.3 and such that their interiors are pairwise
disjoint. Furthermore, we construct (#;) in such a way that, for a given Radon measure p on R?,

1W(0R;) = 0. (4.4)

Let R > 0 as in Theorem 4.3. Since (2 is locally diffeomorphic to a cone, for each x € Q we may find a cube
Q(z,r,) of side-length r, < %, with sides parallel to the coordinate axes, such that the diffeomorphism from
Definition 2.7 exists for Q(z,2r,) (note the doubling of the side-length of the cubes). This is a cover for  and,
by compactness, we may extract a finite subcover with the same property.

We may split this finite cover into rectangles with pairwise disjoint interiors. Indeed, to achieve this, we can
extend the faces of the cubes in the finite cover and then take the rectangles that result enclosed within these
extensions, as in Figure 2. Note that, if we dilate by a factor of two the rectangles intersecting 0f2, the dilation
being with respect to their centre, in each of these dilations there will also be a diffeomorphism taking that
portion of € into a cone. This follows from the fact that such a diffeomorphism exists for all the cubes of the
form Q(x,2r,) such that they intersect 9.

Whereby, we have J C N and pairwise disjoint open rectangles (#;);es such that

oc| )%

jeJ

Condition (4.4) can be achieved by noting that at most a countable number of hyperplanes parallel to the
coordinate axes can admit positive y-measure. Hence, the initial cover Q(x,r,) can be taken by requiring that
the faces of each Q(z,r,) are contained in hyperplanes so that, when intersected with a neighbourhood of
2, they have null y-measure. Note that the faces of the rectangles %; are necessarily contained in the same
hyperplanes as those that contain the faces of the cubes Q(x,r,). Since these hyperplanes have null y-measure,
the faces of each #; will also have null y-measure.

Step 2. The second part of the proof consists on using the cover above to construct a global version of
Theorem 4.3. The localisation that enables us to use the Garding inequality on the rectangles built above will
lead to having an error term, that will vanish when we consider suitable sequences of variations.
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Q1) 7
\ i
/ \
Q ) Q
/ /
)
\
\
\

FIGURE 2. On the left: Finite cover of Q with cubes Q(z,r;). On the right: Finite cover of
with the rectangles having disjoint interiors, generated by the cubes. Note that, for simplicity,
in this figure the finite cover with cubes Q(z,r,) is not represented so that it satisfies the
condition of QN Q(x,2r,) being diffecomorphic to a cone. However, the construction of the
rectangles #; can be done in the exact same way if we start with a finer cover of cubes.

Let AZ; denote the dilation of %, with respect to the centre of the rectangle by a factor of A € [1,2]. Let
also Oz, = QN AZ;. We will show that

/\Sw Pde—cy / <|SV<p ))|2+‘S(;\0(_x)1>’2>dx

jes Qo =,

< /(F(% uo() + ¢(2), Vuo(z) + V() = F(z) + Cle(z)[?) dz

Q

- / (Gl plx), V() + Clip(a) ) da (4.5)

Q

for all A € (1,2) and all ¢ € Var(Q,RVN)W"” with ||¢|[1-(qr~) < § and § > 0 as in Theorem 4.3.

Consider the cover for  built in the previous step and, for each j € J and any A € (1,2), take cut-off
functions p; € Ci(?%j) such that 15, < p; < 1y, and |Vp;| < {5 with ¢ > 0 a constant independent of j.
Note that the rectangles A%; have bounded overlap since there is a finite number of them.

Additionally, if ¢ € Var(Q,RN)W'" then p;p € Var(Qxg,,RN)W"" and, since 2%; C Q(xo, R) for some
neighbourhood adequate to guarantee (x) from Theorem 4.3, then

[ 3150 GseNPas < [ (Pleuo+ pye Yo+ Vipso)) - F@) dot [ Cloyol da.

A% A% AR

Since ug is an F-extremal, this also implies that

2 [ 150Nt ae < [ [Glepie o0 + Closel] da

Qrz. Q.
AR AR
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But p; =1 on (g, and, hence,

“© / SVt Y [ ST s

Q/\,%j 79%
Q:’Z’j Q’\Wj 7Q%j

By Lemma 4.4 (a), we find that for each z € Q, y € RY and z € RV*4 the function G satisfies

|G, y,2)| < Cly) (IS +1S(2)°) (4.6)

for some locally bounded C(y). Noting that ¢ is bounded, using (4.6) and after adding up the previous
inequalities over j, we obtain

/|SV<p |2dx< /|SV<p |2dm+ Z /

je]ﬂx} —Qz;

< / (F(z, w0 + ¢, Vo + Vi) — F(z) + Clgf) do
Q

V(pj®)) |2 dx

+ey / [1S(pj0)* + 1S(V(pje))|* + Clpjpl?]] da

i€ q.. _q,
oz =,

< / (F(z, w0 + ¢, Vuo + Vi) — F(z) + Clgf?) da

s + sl +|s (725)|

+Clel?|

since |p;| < 1. Hence, (4.5) follows because 0 < A —1 < 1 and |S(¢)|> < 2|¢|? as ||l < &

Step 3. To conclude the proof of the proposition, we take a sequence (hz) C Var(Q, RN )W 0 L=(, RY) such
that:
koo
~ Nl =5 0;

- ale(hk) 50 in L2(Q);
~ a,*S(Vhy) is bounded in L2(Q2).

Then, for k € N large enough, we can apply (4.5) with ¢ = hy, to obtain, after dividing by aj, that

“« *2/|S Vhi(@)Pdz— ¢y / <|S Vhi(2)? + a;,2 S(i’“fxl))r) dz

jEJQ
< a;Q/(F(x, uo(z) + hy, Vuo(z) + Vhg(z)) — F(z) + Clhi(2)]?) dz
Q

= i [ (Gl hal), V(@) + ) P) . ()
Q
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Next, since a;ls(th) is bounded in L2(f2), for a subsequence that we do not relabel we may assume
*

that a;2|S(Vhy)22% = pin C°(Q)" = . (Q), where 27 denotes the d-dimensional Lebesgue measure.
Furthermore, given that a, *S(hi) ~— 250 in L2, then for every A € (0,1),

limsupz / (ak2|5 Vhi(x )|2+a;2

k—oo
jes gy =,

s <§k£x1>>'2> de <3 (@n (57, — %))

jed
Whereby, taking liminf in (4.7), we obtain that

hmmf—ak /|S (Vhi(z))]? dm—cZu QN (\Z; — %))

jed

<11£n1nf ay, /G z, hg(z), Vhg(z)) dz.

Note that for the last inequality above we are using that ||hg||Lz < ||S(hk)||L2.
Finally, by sending A N\, 1 and using (4.4), we conclude that

11m1nf —ak /|S (Vhi(2))]? dz = llmlnf—oa;2/|5 (Vhi(z))]? dx—cZu (QNo%;)

jeJ

§li£ninf a;Q/G(x, hi(z), Vhg(x)) da.
—yoo
Q

O

A fundamental tool in the proof of the sufficiency theorem (Thm. 4.2) is a decomposition result that finds its
origins in the decomposition lemma established by Kristensen [19, 20] and, by other means, by Fonseca—Miiller—
Pedregal in [12]. This result allows, up to subsequences, the splitting of a weakly converging sequence into an
oscillating and a concentrating part. We enunciate here Theorem 4.7 concerning a variant of the decomposition
lemma that enables us to split simultaneously the normalisations in W12 and WP, respectively, of a given
sequence. This version of the decomposition lemma was established in [14], where its proof can be found. We
remark that this is based on the Lipschitz truncation strategy followed in [12], while Kristensen’s proof uses the
Helmholtz decomposition theorem.

Theorem 4.7. Let Q C R? be a bounded Lipschitz domain and p € [2,). Let () C Var(&/) such that i — 9
in WH2(Q, RY) and assume that (i) is a sequence in (0, 1] such that ngiy. is bounded in WHP(QRN). If p = 2,
assume that g = 1. Further, suppose that oy > 0, a, — 0 and that agr — 0 uniformly in Q. Then, there
exist a subsequence of (V) (not relabelled), sequences (gr) C —v + Wh=(Q,RN), (by) € WE=(Q,RN) with
¥+ gp(x) =bp(x) =0 for x € Tp and Ry C Q such that

(a) wk*w‘i’gk‘i‘bk’

(b) gr — 0 and by — 0 in WH2(Q RY);

(c) for all x € Q\Ry, ¥r, = ¥ + g and Vo, = Vb + Vgi;
(d) d(Rk) — 0 and, hence, Vb, — 0 in measure;

) (IVgr|?) and (InkVgx|P) are both equiintegrable;

(e
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(f) ar(¥ 4+ gx) = 0 and aiby — 0 uniformly in Q and
Wl N
(8) mkbe — 0 in WHP(Q,RY).

We note that since b, € WH=(Q,RY) and b, = 0 on I'p, then also b € Var(«/)W"”. The following lemma
will also play a crucial role in the proof of Theorem 4.2 and, though simple, we present its proof here.

Lemma 4.8. Let W: RVN*? 5 R and 2y € RV*?. Suppose that W is of class C? in a neighbourhood of zy and
that it is strongly quasiconvex (in the interior) at 2o, i.e. for all ¢ € CL(B,RY),

/ [W(z0 + Vo) — W(z0)] dz > co/ |S(Vy)|* da.
B B
Then, for every zy € RN*4 and every o € CL(B,RY), it holds that
200/ |Vo|? do < / W..(20)Ve - Vo du,
Q Q
i.e. W (20)[, -] — 2co| - |2 is quasiconvex.

Proof. By the quasiconvexity at zq it follows that, for every ¢ € CL(B,RY), t = 0 minimises the real valued
function

J(t) ;:/B (W (20 + tVe) — W (20) — 0| S(tV)|?] da. (4.8)

Hence,
0<J"0) = /B [W...(20) Ve - Voo — 2¢0|Vep|?) da. (4.9)
O

Remark 4.9. For F and wup as in Theorem 4.2, Lemma 4.8 says that condition (I/I) on the
strong quasiconvexity in the interior implies that, for each x € Q and any a(z) € RV*4 the function
H(z,2) = F..(2)z -z — 2c|z — a(x)|? is quasiconvex at every z € RV*4,

4.1. Proof of the sufficiency theorem

The remainder of this section is devoted to the proof of the sufficiency theorem (Thm. 4.2).

Proof. We prove the result arguing by contradiction. Suppose that the theorem does not hold. Then, we can
find a sequence (o) C Var(Q,RY) such that ||¢p|i-ory) — 0 and

/F(ac, uo(x) + v (x), Vug(x) + Ve (z)) doe < /F(x) dz (4.10)
Q Q

for all k € N. As in Lemma 4.4, we use Taylor’s theorem and define
G(z,y,2) = F(z,uo(x) +y,Vuo(r) + 2) — F(z) — Fy(z) -y — Fx(2) - 2

1
- / (1= )Lz, wo (&) + ty, Vuo(z) + £2)[(9, ), (y, 2)] d,
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where
L(xm,w)[(% Z)v (yv Z)] = Fyy(xa v, w)y "y + 2Fyz(xa v,w)y -z 4+ Fzz(xa v, 'LU)Z CZ.

Note that, since ug is an F-extremal, for every k € N it holds that

/G(gj, Pk Vgpk) dx
Q

_ / /O (1= )Lz, uo(x) + ton(2), Vaio () + V() [(0r, Veor ), (wr, Veor)] dt da
Q

_ /(F(x, wo(@) + (@), Vuo (&) + Veor()) — F(x)) d < 0. (4.11)
Q

This inequality suggests the underlying idea of the proof which is to exploit the strong positivity of the second
variation to obtain a contradiction. Indeed, by a normalisation argument we show that one can construct a
sequence of variations (1) suitable for this purpose.

We remark that, for simplicity, we will use the notation Q(x,r) := QN Q(x,r), where Q(z,r) is the cube with
side length 2r rather than the ball B(x,r). Note that, due to Remark 4.5, Theorem 4.3 remains valid if we use
cubes instead of balls. We divide the proof into several steps.

Step 1. In this step, we will show that the coercivity assumption [H2] reduces the problem to the case of
W1 P-local minimisers. In particular, we show the following.

1

Claim 1. Let v := ||S(Veor)||L2, ar = ||Ver|lLe and By = (2|Q|)%75||V<pk||Lp. We claim that v, — 0 and
consequently, o, — 0 and S — 0. Moreover, the sequence of variations (¢ ) is such that

8P
0<sup—t =A< (4.12)
keN O

for some real number A > 0.

Proof of Claim 1. By virtue of assumption [H2] and (4.10), () is uniformly bounded in W12 (€2, R") and must
therefore converge weakly to 0, since it converges strongly to 0 in L*(Q, RY).

Note that v, > 0 for all k € N and () is a bounded sequence because p > 2. Therefore, up to a subsequence
that we do not relabel, v, — v > 0. Next, setting ax = 1 and hy, = ¢y in Proposition 4.6 and using (4.11), we
infer that

0< C—Ofy = lim inf C—O/|S(V(pk(z))|2dx < liminf/G(aj,(pk(z),V(pk(z)) dz <0.
2 k—o 2 k—oo
Q Q

Hence, v = 0 and 7, — 0. Regarding the boundedness of 8% /a3, this is trivial if p = 2. If p > 2, from the
coercivity assumption (H2) applied to ¢y it follows, after dividing by a3, that for every k € N,

01515; —c2 < a,;Q/ [F(J:,uo(x) + ka(x),VuO(x) + V@k(l')) _ F(x)] dz < 0.
Q
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This proves that the sequence (B ) is bounded and the claim follows. We remark that, similarly to [14], assump-
k

tion [H2] was required precisely to reduce the problem to that of W'P-local minimisers.

Step 2. Note that, by Claim 1,

/ G(x, ¢, Vor)dz — 0
Q

and a contradiction cannot be reached in this way. Instead, we define the normalised sequence of variations
Vv = ozglgok € Var(Q, RY). The sequence 15, may be bounded in W2 but, unlike ., will concentrate and fail
to converge strongly in W2, We first decompose the sequence 1, into an oscillating and a concentrating part
using Lemma 4.7.

To this end, let 0y := % and note that, by Holder’s inequality,

1_1
ar = [[Ver(lLe < (21Q)=77 [Verllr = Bi-

Therefore, n, = % € (0,1] for every k € N. Also, it is clear that axvy = ¢r — 0 uniformly and, to apply the
decomposition lemma, we need only observe that (ngtx) is bounded in WhP(€Q,RY), because [|niViy|P =
Q

B P [IVer|P = (2|Q)'"%. Then, up to a subsequence that we do not relabel, there exist sequences (gi) C
Q
—p + WE=(Q,RY) and (by) € WH=(Q,RY) with ¢ + gx = bx = 0 on I'p, as well as sets (Ry) C  such that:

) wk_z/)—i—gk"'bka

) gr — 0 and by — 0 in WH2(Q,RY);

) for all z € Q\Ry, v = ¢ + gr and Vo, = Vi + Vgy;
) Xd(Rk) — 0 and, hence, Vb, — 0 in measure;

) (|Vgr|?) and (|77ng;€\1’) are both equiintegrable;

) ap(v + gr) — 0 and aibr, — 0 uniformly in © and

) kbk—\Oan“’(Q RN)

(a
(b
(c
(d
(e
(f
(g

Next, as in [14], we proceed to prove an orthogonality principle between the oscillating and concentrating
parts of ¢, implying that they act on the functional independently. We show the following.

Claim 2. As k — oo, it holds that
oz;Q/ [G(z, athr, . Vo) — G(x, agbr, apVbr) — G(z, o (Y + g), o (Vi) + V)] do — 0.
Q

In particular,

k—ro0

lim inf a; ? / [G(, agby, apVby) + G(z, (¥ + gr), ax (VY + Vgi))| dz
Q
= hmlnfak / |G (2, arthr, apVibe)| da

= lim inf af/ G(z, pr, Vor)dz < 0.
Q

k—>oo
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Proof of Claim 2. Recall that, by the decomposition lemma, v, = 9 + g), for * € Q\ Ry and that Z4(R;) — 0
Then,

limkSUp 0422/ [G(z, artr, ar Vi) — Gz, agby, arVoy) — Gz, ap(V + gk), ar (VY + V)| do
)

< Tim sup / ()] dz + lim sup a2 / G e, an (8 + gu), an (Vap + Vo) | da
k Ry k Ry
— [+ 11,
where

fk(w) = Oz,;Q [G(l‘, ak¢k7 Osz’Q/Jk) — G({E7 Ozkbk, Oékak)] .

We show that I = II = 0 by proving the equiintegrability of the integrands. To prove that IT = 0, simply note
that by Lemma 4.4 (a)

a2 |G (2, ar (v + gr), (VP + V)|
< 0 2C (o (¥ + i) [IS (e (¥ + gi) > + IS (e (V) + Vi) %]
< Clow(v + gr)) [w + gl + o} 2 + gil? + [V + Vi + of Ve + ngl”] :

However, by the decomposition lemma, ax(¥ + gr) — 0 uniformly and (|gx|?) as well as (|Vgg|?) are
equiintegrable. Also, by the boundedness of (3—%) and the fact that
k

_ BY
ol 2| Vgi|P = a—’gnZngl”,
i

we deduce that (af ?|Vi 4 Vg|P) is equiintegrable and so is (a? 2|y + gx|P). Hence, IT = 0.

To prove that I = 0, we prove the equiintegrability of (fi). Note that by Lemma 4.4 (a), for every y,9 € RV,
2,2 € RN*? and for every z € Q,

|G(x,y,2) = G(x,9,2)] < C(y,9) [Ap-1(y, 2,9, 2) |2 = 2| + Ap(y, 2,9, £)|ly — 9] -

Then, by Young’s inequality, we obtain that for any £ > 0, there exists a constant C. such that

| fr] < Cagt (Ap-1(artn, abi, a Vi, apVbg)|Vip + Vgy|)
+ Cay ' (Ap(cthy, cbr, o Viby, Vg )) |1 + gyl
< (1wl + bl + [Vn] + [Voe] + o |V + af [V ) [V + Vi

+ € (el + [be] + Vo] + Vo] + b Ve l? + o [Vbel?) [0+ gl
< oC (Ul + 100 + [VUR[2 + [VOu[2 + o} Venl? + o} [Vl
Ce (V9 + Vagil? + af Vi + Vo ?)

+eC (|el® + [bel® + [V |* + [Vbi|?)

5
+ Celip + g2 + (o} Vunl? + o IVERIP) (6 + gi)| =5 Y eia)
=1
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Above, C' is a constant (varying from line to line) since apt, and agby are uniformly bounded. Observe that
Y, by are both bounded in W12(, RV). Also,

P
—2 B
Al | VP = Oj’glnkvwklp

k
is bounded in L*(©2,RY), since (5—’2) is bounded by (4.12) and (nt%) is bounded in W1?(Q, RY). Similarly,
k
the same is true for o *|Vby,|P by the boundedness of (1;by) in W (Q, RY). Hence, for any set A C Q we have

[ 1a@lde<ect [ a@art [ et [ e

P

As with term I1, since ax (v + gr) — 0 uniformly, es is equiintegrable. Also, by the boundedness of (5—’5) and
k
the fact that
B

ol 2| Vgi|P = ?ni\vgklp,
i

we deduce that (a272|ng|p ) is equiintegrable and, hence, so is e5. Finally, since (|1 + gx|?) is also equiintegrable,
the same holds for (fx). This concludes the proof of Claim 2 and the orthogonality principle.

Step 3. In the same spirit as [14], we now prove that the quasiconvexity conditions prevent the concentrating
part of the sequence 9, i.e. by, to lower the energy. We remark, however, that our strategy to achieve this differs
from the original one in [14] on that it fully relies on the Garding-type inequality from Proposition 4.6. Whereby,
under the smoothness assumption on the extremal, it persists as a natural consequence of the quasiconvexity
conditions. Specifically, we show the following:

Claim 3.

limkinf 04,;2/ G(z, agbr, arVbg) dax > 0.
Q
This implies, in turn, that

limkinf/ fe(z)de < lirr%cinf af/ G(z, or, Vi) dz < 0.
Q Q

P
Proof of Claim 3. In virtue of Claim 1 and since OéZ_Q = z—’;ni, the first part of the claim is a direct consequence
k

of applying Proposition 4.6 with hy = aibr and ar = ay. The second part follows from this, since then

liminf/ fre(z)dz Sliminf/ fi(z) dx—|—liminfa£2/ G(z, apby, arVby) dx
k Q k Q k Q

< limkinf a,;Q/ G(z, or, Vor,) dx <0.
Q

Step 4. Step 3 has established that any reduction of the energy must come from the purely oscillating sequence
(¥ 4+ gx)- In this step, we show that this term can be controlled from below by a Young measure version of the
second variation, which must be nonpositive due to the inequality proved in Step 3. This will contradict the
positivity of the second variation.
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Claim 4. Let (v;), be the Young measure generated by the sequence (V/,), which is bounded in L2. Then,

5/ [Fyym)wwmpyz(x)w-vw /

F..(x)z- zdum(z)} dz < lim inf/ Sre(x) de.
2 RNxd k Q

Hence, by Claim 3, we also have that

3 [ [+ ovos [

Nxd

F,.(x)z- zdum(z)] dz <0.

Proof of Claim 4. Recall that in the proof of Claim 2 it was established that (f) is equiintegrable. Now, let
e > 0. Since (Vi) is measure-tight! and Vb, — 0 in measure, we can take m. > 0 large enough so that, for

every m > me,

|fr(z)|dz < e

(Vi [=m}u{ Vb |2m)

for all k € N. Hence, for all m > m.,

fe(x)de —e < | fr(z)dz. (4.13)
/

{\Vwk\<m}ﬁ{\ka|<m}

Also note that, since the Young measure v, has finite second moment (see [27], Lem. 4.3) and = — F,,(z) is

uniformly bounded, the dominated convergence theorem implies that, by taking m. larger if necessary,

F,.(x)z- Z]lRNxd\m(Z) dv,(z)dz| < e for all m > m..

Q RNxd

Then, for m > m,,

/ [Fyy(x)lﬁ(ﬂﬁ) '¢($)+2Fyz($)¢($)'V¢($)+/Fzz($)2~zduz(2) dx
Q
< / Fy(2)0(2) - (x) + 25, () () - Vib(a) da

Q
+ /Q / F..(2)z - 21(0,m)(2) dvz(2) dz +&. (4.14)

Next, consider the integrand H: Q x RV*d

— R given by
H(z,z) :=F,,(x)z - Z]lB(o,m)(z)-

TA sequence (uy) is measure-tight if lim e supy ZL¢({x € Q : |ug ()| > t}) = 0.
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Note that 1o m)(2) is lower semicontinuous as the indicator function of the open set B(0,m). Hence, H(z,)
is lower semicontinuous for every x € Q and, since Vi), generates the Young measure v,

//Fzz(x)z%]lg(o’m)(z) dvg(2)da < hmlnf / F,.(x)Viy, - Vi), d.
Q

[Vipr [<m

Also, 1y, — 9 strongly in L2(Q,RY) and (V) is bounded in L2(2, RN*4), so that the family (F,(z)v - ¥ +
2F,,(z)Yr - Vibi )k is equiintegrable and, by Young measure representation,

[ 1Pt 6+ 2wy Tl do = Jim [ (B @+ 2P (@ - T da

Combining the last two equations with (4.14), we obtain that for all m > m.,

/Q |:Fyy(x)’(/} Y+ 2F.(2)y - Vi + /Fzz(x)z : Zde(Z):| dz

§ lim lnf/ [Fyy(x)wk : ¢k + QFyz(x)'l/)k . V"l)k + Fzz(x)vwk . Vwk] dx
{IV¢r|<m}

k—oo
+ lim [Fyy ()Y - Y + 2F,.(x)Yr - V| do + €
koo J{| vk >m}
< li inf /{ ooy B @V 2By (@ Vo4 Pesla)Vin - Vi) do ot 22 (415)
* Vapi|<m

Note that the last inequality follows from the fact that (Vi) is measure-tight, the equiintegrability of the
sequence (Fyy(x)y - i + 2F,.(x)¢r - Vibi )k, and by choosing m. larger if necessary.

We now claim that

%lim inf / [Fyy (2)r - Y + 2Fy- (2) Y - Vi + Foo (2)Vihy, - Vapi] da

k—o0
{IVipr|<m}

= lim inf / fr(z)dx. (4.16)

k—oo
{IVipr | <m}n{|Vbi|<m}

Then, by (4.13), (4.15) and letting ¢ — 0 (the dependence on m. will have been removed), we conclude that,

1
3 /Q [Fyy(x)z/}(ac) () + 2F,.(2)Y(x) - Vip(z) + /Fzz(x)z czdvg(z)| do
< lim 1nf/ fr(z

concluding the proof of Claim 4.

To prove (4.16), we introduce the notation

L(ty7 tz)[?ﬁ Z} = L(xa UQ(I') +ty, VUQ(I‘) + tZ)[(?J? Z)’ (y7 Z)]
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and note that

Jelw)de = If + I3 + I5 + I,

{IVehr|<m}nf|Vb|<m}

where

1
If = /Q Il{W’l’ka}ﬁ{\kaKm} / (1 — t) [L(tam/;k,toszdJk) — L(0,0)} [1/)k,V1/1k} dt dx;
0

1
Iy = 5/ L(0,0)[¢r, Vaby] da;
{|Vepr|<m}
1
Iéf = 75/ L(an)[wk’vwk] (1 - 1{|ka\<m}) (‘L’L';
{|Vepr|<m}

1
Llf = 7/ 1{W¢k\<m}ﬁ{ka|<m}/ (1 — t)L(tayby, tag Vb)) by, Vby] dt dz.
Q 0

The term I} is precisely the one appearing on the left-hand side of (4.16) and it thus suffices to prove that IF,
I§ and I} all converge to 0 as k — oo. It is clear, by the dominated convergence theorem, that since oy, — 0,
IF — 0 as k — o. Regarding the term I¥, note that the sequence of functions

L(tagbr, tar Vo) [Vbr, Vor|Live, |<min{|ver|<m}

is bounded in L=(Q) for all ¢ € [0, 1] (recall ayby — 0 uniformly) and, therefore, it is equiintegrable. In addition,
this sequence converges to 0 in measure because Vb, — 0 in measure and, by [HO], all partial derivatives of
second order of F' are continuous. These two facts imply, by Vitali’s convergence theorem, that I¥ — 0 as k — oo.

Furthermore, given that Vb, — 0 in measure and (|¢|) is equiintegrable, we also have that

|15 < Cm/ [Ve| (1 = Livpe|<my) dz — 0, as k — oo
Q

Hence, (4.16) follows and, consequently, Claim 4.

Step 5. In this last step, we show that the inequality obtained in Claim 4 together with the strict positivity of
the second variation leads to a contradiction.

By Lemma 4.8 (see also Rem. 4.9), for any = € €, the function H(z,2) = F.,(z)z -z — 2co|z — U, |? is quasiconvex
at every z € RV*4 where v, = Vi(x) a.e. in Q. In particular, since (), is a gradient Young measure and
H(x,-) has quadratic growth, Jensen’s inequality from the characterisation of gradient Young measures® implies
that for a.e. x € Q,

%Fzz(x)Vz/J(x) -Vip(x) + o /RNxd |z — Vop(2) | dvg(2) < %/ F,.(x)z - zdug(2). (4.17)

RN xd

On the other hand, in Step 4 we showed that

/Q {Fyy(:c)w.meyz(xw : V¢+/Fzz(x)z . Zdyz(z)} de <0

2See, for example, [18] or ([27], Lem. 5.1).
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and, by (4.17), we may hence deduce that

1

3 / [Fyy(x)y - +2F,. ()¢ - Vo + F,.(z)Vy - VY] da
Q

—I—Co/ /|Z—V1/)|2du$(z)dx§0.
Q

However, the second variation has been assumed strongly positive (see assumption (I7) in Thm. 4.2), so that
the above inequality implies

Co

|V1/)\2dx+co/ /|z—V¢|2dum(z) dz <0,
2 Ja Q

i.e. Vi =0, ¥ = 0 (by Poincaré’s inequality) and v, = 0y a.e. in . In particular, we infer that Vi — 0 in
L2(Q,RY) and that Vi, — 0 in measure (since the generated measure is an elementary Young measure, see
[27], Lem. 4.12).

To conclude the proof, we first note that

p=2 _2
o’ Yy = Bray, P k.

p-2
Hence, for a subsequence that we do not relabel, we may use (4.12) to further deduce that «}” 1, — 0 in
WHP(Q,RN). Then, it is clear that

— ;' S(agyy) — 0in L? and
— ;' S(a,Vipg) is bounded in L2

Whereby, we may apply Proposition 4.6 with hy = agyr = ¢ and a = oy, to estimate

Co . . ~Co 2
90 _ Y Blv
5 hgl_)lgf 2/| Yr|® dx
Q
. . Co 2 p—2 P
ghmmf—/ (|V¢k\ + ol 2|V ) da
k—oo 2
Q
<liminf o, ?G(z, ¢x, Vepr) dz < 0.

k—oo

Since ¢y > 0, this is a contradiction and the proof of Theorem 4.2 is complete.

5. THE CASE OF DOMAINS LOCALLY DIFFEOMORPHIC TO A CONE

In this section, we establish the proof of Theorem 4.3 for the general case in which € is locally diffeomorphic
to a cone.

Proof of Theorem 4.3 (general case). Observe first that, by compactness of 9S), there are a finite set of points
{y1,...,ym} C OQ and radii 71, ..., 7y > 0 such that

M -
e (oo )
j=1
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and for which there exist cones 6;,...,%y and orientation-preserving  diffeomorphisms
g;: Qy;,r5) = Z; C €, with g;(0Q N B(y;,r;)) C 0%;. Hence, for z, € 'y arbitrary, z. € B (y;, ) for some
1<j<M.

Assume temporarily that, for any § > 0, there exist some Ry > 0 independent of x,, a conical boundary
region D, and a diffeomorphism ®: D, — Q(x;,7;), such that

D(xy) = 45 (5.1)
1® —1dp.[lcr (. B, Ry),re) T | det VO = 1| co(p.nB(a., Re)) < 05
B(l‘*,Rl) Q (I)(B(QL‘*,RQ)),

where R; > 0 is a positive radius that does not depend on x,.
Under this assumption, for a fixed £ > 0, we use Lemma 4.4 (b) and (c) to find 0 < § < 1 and R, > 0 such
that the inequality

|G(20,0,2J) = co|S (2 J)]> = (G(z,y,2)|det J| — co| S(2)[*| det J|)|
< clyl?| det J| + ] S(2)[?| det J| (5.4)

is satisfied whenever x € Q(xo, R.) and |y| + |J — 14| < d. For such a § > 0, we may take Ry such that (5.2)—(5.3)
hold. We further assume that ||®||c1(p.np(a. ry)re) < 2 and we set

1
R:= Zmin{RE,Rl,rj,diam(Q) 11 <ji< M}

In order to show that ug indeed satisfies (x) of Theorem 4.3, we consider the following cases.
Case 1. If Q(z9, R) NI'y # 0, we choose z, € Q(zo, R) NI'y such that z, is a vertex of the cone into which, by
assumption, Q(zg, R) can be mapped under a diffeomorphism. Whereby, Q(zg, R) C Q(x., 2R). Furthermore, if
z. € Qyy, ), then Q(z,,2R) C Q(ys, 5).

We now consider ® as above. Then, for any & € ®~1(Q(zo, R)), we have |®(£) — 29| < R and, consequently,

|®(€) — x| < Ry. Hence, by (5.3), |¢ — .| < Ro. Then, if ¢ € Var(Q(zg, R), RN)W"" satisfies

el (@(ao,r) Yy <0 (5.5)

with § > 0 as above, in virtue of (5.2) we can substitute © = ®(£), y = @(P(€)), z := Vo(P(&)) and J := VP(¢)
in (5.4) to obtain, after integrating over ®1(Q(z0, R)),

/ G0, 0, Vip(B(€)) VB(£)) dé
@1 (Q(z0,R))
e / |S(Vo(B(€))V(E)) 2 de
-1 (Q(x0,R))
- / G(B(E), (B(E)), V(B(E)))] det VE(E) | de
d-1(Q(zo,R))
IS (TR det V(e de
<e / (@ (€))7 | det VE(€)| de
d-1(Q(zo,R))

e / IS(Vip(B(€))[] det VB (€)] e, (5.6)
@1 (Q(z0,R))



NECESSARY AND SUFFICIENT CONDITIONS FOR THE STRONG LOCAL MINIMALITY OF C! EXTREMALS 29

We are interested in using the quasiconvexity at the boundary in order to simplify the above expression. With
this aim, we define ¢: ®71(Q(xg, R)) — RY as

P(§) = po ®(§).

We wish to establish that ¢ is a suitable test function for the quasiconvexity at the boundary condition
that we have imposed. Indeed, by construction, D := ®~(Q(z0, R)) is a standard conical-boundary region and
@(z) =0 for all z € D N int¥, so that the quasiconvexity at the boundary can be applied at x, with this test
function by Remark 2.10 and Lemma 2.12.

Noting that V@(€) = Vp(P(€))VP(E), the quasiconvexity at the boundary condition reads

0 S/ G(xo,07V(soo<I>)(€))d€—Co/ [S(V(p 0 @)(€))I” dé. (5.7)
®1(Q(z0,R)) @

“1(Q(xz0,R))
From inequalities (5.6) and (5.7), we infer that

- / G(®B(), p 0 B(E), Vip( ()| det VB(E) | dé
@1 (Q(z0,R))

+co / 1S (Vi (@(6))) 2] det VO(€)] e

@-1(Q(x0,R))
< / S(Ve(@(€))) 2| det VO (€)] de

-1(Q(zo,R))

e f [o(B(€)) | det VE(©)| de.
@1 (Q(20,R))
Applying the change of variables x = ®(&), this leads to

- / Gz, plx), V() + ol (Veo(e)) P da
Q(xz0,R)

SE/ |S(Vg0(x))|2 dx—i—c/ |g0(30)|2 dz. (5.8)
Q(IQ,R) Q(IQ,R)

Also, since ¢ € Var(Q(zg, R), RN)W"” and ug is an F-extremal,
/ o ol () Vo) ) + P o), V() - V() s =0
Q(zo,R

This, together with (5.8), implies for ¢ = ¢ that

C
> -3 S (Vo)) | de,
Q(zo,R)
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which gives the desired inequality after adding ¢ fSl(mo R) |S (Vo(z)) |? dz to both sides of the above expression.

This concludes the proof of (x) for o in a neighbourhood of T'y.
Case 2. To prove (*) if 29 € Q is not in the neighbourhood of radius R of I'y, a simpler version of the above
proof works, since we can then use that the standard quasiconvexity holds in € and take ® as the identity
diffeomorphism in the above proof, given that there is no need, in this case, to transform the boundary into a
subset of a cone. All other calculations follow in the exact same way.
To conclude the proof of the theorem, it remains to show that the diffeomorphism ® can be constructed with
the required properties. We emphasize that the role of ® is to locally “blow-up” the boundary of {2 by smoothly
mapping it into the corresponding cone.

We observe that, for z, € I'y arbitrary, z. € B(y;,r;) for some 1 < j < M. Recall that Z; = ¢;[Q(y;,7;)]
and write

A:=Vy,(z,) € R™ and D, := A_lgj — A_lgj(sc*) +z, CRY,
Consider the diffeomorphism ®: D, — Q(z;,r;) given by

(&) ==g; ' (A6 — ) + g () - (5.9)
Clearly,
Ol (x) = A7 (g5(2) — gj(@)) + 2.
and, hence, ® is well defined. We then observe that, for £ € D,,

(&) — &+ [VO(E) — L
= 1g; "(A(€ — =) + gj(2.)) — g; 1 (g;(9))]
+ | [Vg; (A€ = 2.) + gj(2.)) — Vg (2.) 1] Vg ()
= lg; (A€ — z.) + g5 (2.)) — g5 (9;(9))]
+ ][V (A€ — 2.) + g;(22) — Vg; (g5 (2.))] Vg ()]
< cwf(JAlIE — x|+ |gj(z.) — g;()]) + clAJwi (|A[|€ — 2.]), (5.10)

where wg and w{ are moduli of continuity of gj’1 and Vg;l, respectively.

Since g; is continuous over the compact set Q(y;,r;) and the set {g1,...,ga} is finite, this implies that,
given § > 0, there exists some Ry > 0, that does not depend on z,, such that (5.2) is satisfied.

By uniform continuity and the fact that ®(z,) = x,, we can further find R; > 0, independent of x,, such
that (5.3) also holds. O

APPENDIX A. PROOF OF THE TECHNICAL LEMMA

For the ease of the reader, we restate Lemma 4.4 which we prove in this section. We remark that its proof is
motivated by the truncation strategy originated in [1].

Lemma A.1. Let 2 C R? be a Lipschitz domain. Assume further that F': Q x RN x RJXXd — R is a continuous
integrand, ug € C*(Q,RY) and that [HOJ, [H1] and [UC] hold. Define the function G: Q x RN x RV*4 5 R by

G(z,y,2) == F(z,uo(z) +y,Vuo(z) + 2) — F(z) — Fy(2) -y - Fo(2) - 2

- / (1= )Lz, uo(x) + ty, Vuo(z) + £2)[(4 ), (4, 2)]
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where the bilinear form L(x,v,w) is given by

L(xa v,w)[(y, Z)a (Q,ﬁ)] = Fyy(xa v,w)y : rg + Fyz(xavaw)y c 2+ Fyz(x,vvw)g 2
+F..(x,v,w)z- 2.

The following hold:

(a) for each x € Q, y,9 € RN and z, 2 € RN*4 and for some locally bounded function C(y,7) on R?N,
G(2,y,2) = G(x,9, )| < Cly,9) (Ap-1(y, 2., )|z — 2] + Ap(y. 2,8, 2)ly — 4]) ,
where
Ap(y: 2,9, 2) = [yl + |91 + |2] + 2] + |27 + |2
In particular, for some locally bounded function C(y),
Glz,y,2)] < Cy) (ISW)I° +1S(=) ) 5

(b) for every e > 0 there exist R = R(e) > 0 and § = 6(¢) > 0 such that, for all xo,z € Q, z € RV*? and
JeR™ if |z —xo| < R, w=2J and |y| + |J — 14| < 6, then

|G(0,0,w) — G(z,y, 2)| det J|| < cly|?|det J| + &|S(2)|?| det J|
for some constant ¢ > 0 where 1 denotes the d x d identity matriz;
(c) for every e > 0 there exists 6 = §(¢) > 0 such that, for all z € RN and J € R if w = 2J and
|J —14] <9, then
co HS(z J)|2 — |S(z)|2| det JH <<€|S(z)|2.
Proof. To prove (a), by the triangle inequality we estimate
|G($7 Y, Z) - G(xv :ga 2)‘ < |G($v Y, Z) - G(ﬂf, :ga Z)‘ + |G($, 3:/, Z) - G({E, gv 2)| =: 1+ 1IL

We next use a truncation strategy and consider two cases.

Case 1: |y| + |§| + |2] + |2] < 1. The approach that we follow is based on the quadratic behaviour of G for small
values of |y| + |g]| + |z| + |2|.

I< /0 (Fy(z,uo(x) + 9+ t(y — 9), Vuo(z) + 2) — Fy(z, uo(2), Vuo(z) + 2)) - (¥ — 9) dt‘

| [ (Ben(e). Fuo(o) +2) = By, un(e), Vo)) - (0~ ) dt\

§A /0 | Fyy (2, uo(z) + st(y — 9), Vuo(z) + 2)(t(y — 9)) - (y — 9)| dsdt

—&—/0 /0 |Foy(x,uo(x), Vug(x) + s2)z - (y — y)| dsdt

<c(lyl + 19l + 21+ 12D [y — 9l
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Moreover,

11
IT §/ / |Fy-(x,uo(z) + 7, Vug(z) + 2+ t(z — 2))7 - (2 — 2)| dsdt
0o Jo

1ol
+ / / |F,.(x,ug(x), Vug(x) + s2)2 - (z — 2)| dsdt
o Jo
<c(lyl + 191 + [z + [2]) [z = 2.
We emphasise that the last inequality in each of the two estimates above relies only on condition [HO] and the
fact that ug and Vug are uniformly bounded.

Case 2: |y| + |§| + |z| + |2| > 1. By the triangle inequality, the fundamental theorem of calculus and [H1] (b),
we obtain that

1
IS/O [Fy(z,uo(x) +§ +t(y — §), Vuo(x) + 2) - (y = §)| dt + [Fy(2) - (y — )]

<Cy, )yl + (9] + |2 + 2] + [2[")[ly — 9.

Similarly, we can deduce that

1
I < / |F.(z,uo(w) + 9, Vuo(z) + 2 +t(z — 2)) - (2 — 2)| dt + |F.(z) - (2 — 2)|
0
<C(y, )yl + 191+ 12| + 2] + 127" + 2P )]z — 4.

This concludes the proof of (a), after using the definition of A,.
To prove (b), fix € > 0 and estimate as

|G (0,0, w) = G(z,y,2)| < |G(20,0,w) = G(20,0,2)[ + |G(20,0, 2) — G(x,0, 2)]
+|G(x,0,2) — G(z,y,z)| = I+ 1T +IIL.

To estimate term I, note that w = z.J and we may assume that |J —I4| < 1 so that J < ¢(d). Then, setting
y =4 = 0 in part (a) we deduce that, for § small enough,

I = |G(z0,0,w) — G(20,0,2)| < c(|z] + |w| + [2[P" + [w|P1) |z — w]
< c(lel + [P — Tall2]

<elS(2)%
To estimate term III, we may take |y| < 1 and use part (a) again with 2 = z and § = 0, to find that

Il = |G(2,0,2) — G(z,9,2)| < c(lyl + |=] + |27yl

< c(lyl? + lyllz] + [yl|=IP)
e((1+Coly? +Z1S(2))
= cly* +¢[S(2) P,

IN
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where the last inequality follows by setting |y| < § < £/c and Young’s inequality. The estimate for II follows a
similar strategy to the proof of (a). In particular, for |z| <1,

|G(x0,0,2) — G(z,0,2)|

IN

1
/ |F..(x,up(x), Vug(z) + tz) — F..(z0, uo(xo), Vuo(xo) + t2)| |z|2 dt
0

A

o (|z — wol) |2/,

where @ is a modulus of continuity depending, in this case, also on the C' function wy.
On the other hand, for |z| > 1, we observe that

|G(x0,0,2) — G(z,0,2)| < |F(x,ug(x), Vug(z) + 2) — F(zq, uo(z0), Vuo(xo) + 2)|
+ |F (o, uo(x0), Vuo(zo)) — F(x,up(z), Vug(z))|
+ | (2, uo (), Vuo () — Fx (20, uo(20), Vuo(xo))] |2]-

From the uniform continuity assumption [UC] and the continuity of F, and Vuy, it is clear that there exists an
R = R(e) > 0 such that if |x — zg| < R, it holds that

IS S(1+]27) + S| < elS ) (A.1)
The two estimates together imply that there exists an R = R(g) > 0 such that if |z — 20| < R and z € RV*¢
1 = |G(20,0,2) — G(x,0,2)| < |S(2)|?.

We thus deduce that, given € > 0, we can find R = R(g) > 0 and § = §(¢) > 0 such that for all z¢,z € Q with
|z — 20| < R and for all z € R¥*? and J € R¥™? with |y| + |J — 14| < §

(G0,0,w) — Gy, 2)| = T+ 11+ T < eyl + ]S ()
The conclusion of (b) follows from this and the continuity of the determinant.
Finally, to prove (c) we observe that, for any given C,e > 0 there is a § = d(¢) € (0,min{5,1}) such that,
if |J —14] <6 with J € R™?, we can ensure that |J — I3 + |1 — |det(J)]| < ;5. We now estimate, for any
z € RV*d and J € R4 with |J — 14| < § as above, that

co [[S(z T)|* = |S(2)P| det J|| <co [[|S(z N)* = [S(2)]*| + [S(2)]*[1 — | det J|]]

+C1S(2) 21 — | det J|| (A.2)
<CIS(2)P1J = Ta| +S(2)[*|1 — | det J|[]
<e]S(2)% (A.3)

We remark that inequality (A.2) follows from the Lipschitz properties of the function S, since [t? — sP| <
c(p)(tP~t 4+ sP~ )|t — s| for t,s > 0, p > 1. Note also that we are using |J| < C, since |J —I;| < § < 1. This
concludes the proof.
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