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OPTIMAL CONTROL OF HIGHER ORDER DIFFERENTIAL
INCLUSIONS WITH FUNCTIONAL CONSTRAINTS

ErLiMHAN N. MAHEMUDOV 2 *

Abstract. The present paper studies the Mayer problem with higher order evolution differential
inclusions and functional constraints of optimal control theory (Prc); to this end first we use an inter-
esting auxiliary problem with second order discrete-time and discrete approximate inclusions (Prp).
Are proved necessary and sufficient conditions incorporating the Euler—Lagrange inclusion, the Hamil-
tonian inclusion, the transversality and complementary slackness conditions. The basic concept of
obtaining optimal conditions is locally adjoint mappings and equivalence results. Then combining these
results and passing to the limit in the discrete approximations we establish new sufficient optimality
conditions for second order continuous-time evolution inclusions. This approach and results make a
bridge between optimal control problem with higher order differential inclusion (Prc) and constrained
mathematical programming problems in finite-dimensional spaces. Formulation of the transversality
and complementary slackness conditions for second order differential inclusions play a substantial role
in the next investigations without which it is hardly ever possible to get any optimality conditions;
consequently, these results are generalized to the problem with an arbitrary higher order differential
inclusion. Furthermore, application of these results is demonstrated by solving some semilinear problem
with second and third order differential inclusions.
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1. INTRODUCTION

Optimal control of discrete-differential inclusions with lumped and distributed parameters has been expanding
in all directions at an astonishing rate during the last few decades. Note that the differential inclusions are not
only models for many dynamical processes but they also provide a powerful tool for various branches of mathe-
matical analysis; see more discussions and comments in the relatively recent publications [1, 3, 5, 6, 9, 15-17, 28]
and the references therein. First order differential inclusions play a crucial role in the mathematical theory of
optimal processes given in the next papers [8-12, 26, 27].

The paper [7] introduces a new class of variational problems for differential inclusions, motivated by the
control of forest fires. The area burned by the fire at time ¢ > 0 is modelled as the reachable set for a differential
inclusion 2’ € F(x), starting from an initial set. To block the fire, a wall can be constructed progressively in
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time, at a given speed. In this paper is studied the possibility of constructing a wall which completely encircles
the fire; are shown that the search for blocking strategies and for optimal strategies can be reduced to a problem
involving one single admissible rectifiable set. In the paper [5] are derived a variant of the nonsmooth maximum
principle for optimal control problems with both pure and mixed states and control constraints. A notable
feature is that a well known penalization technique is used for state constrained problem together with an
appeal to a recent nonsmooth maximum principle for problems with mixed constraints.

Closely related optimality problems for a first order differential inclusions were considered by Loewen and
Rockafellar [13] and Mordukhovich [27], and the present study is an important generalization of their works to
the problem with higher order differential inclusions. In the paper [13] are considered a Mayer problem of optimal
control, whose dynamic constraint is given by a convex-valued first order differential inclusion. Both state and
endpoint constraints are involved. Are proved necessary conditions incorporating the Hamiltonian inclusion, the
Euler-Lagrange inclusion, and the Weierstrass—Pontryagin maximum condition. The paper [27] is devoted to
the study of a Mayer-type optimal control problem for semilinear unbounded evolution inclusions in reflexive
and separable Banach spaces subject to endpoint constraints described by finitely many Lipschitzian equalities
and inequalities. First are constructed a sequence of discrete approximations to the optimal control problem for
evolution inclusions and proved that optimal solutions to discrete approximation problems uniformly converge
to a given optimal solution for the original continuous-time problem.

In fact, the difficulty in the problems with second order and especially as more for higher order ordinary
differential inclusions is rather to construct the Euler-Lagrange type second order adjoint inclusions and the
suitable transversality conditions. In general, a convenient procedure for eliminating this complication in optimal
control theory involving higher order derivatives is a formal reduction of the problems by substitution to the
system of first order differential inclusions or equations. But in practice returning to the original “higher order
problem” and expressing the arising optimality conditions in terms of the original problem data in general is
very difficult. That is why on the whole in literature only the qualitative properties of second order differential
inclusions are investigated (see [2, 4, 14, 25] and references therein). The paper [4] gives necessary and sufficient
conditions ensuring the existence of solutions to the second order differential inclusions with state of constraints.
Furthermore, the second order interior tangent sets are introduced and studied to obtain such conditions. In
the work [14] are proved the existence of viable solutions for an autonomous second-order functional differential
inclusions, where the multifunction that define the inclusion is upper semicontinuous, compact valued and
contained in the subdifferential of a proper lower semicontinuous convex function. In the paper [25] by using the
methodology of the viability theory the existence of Lyapunov functions for second-order differential inclusions
is analyzed. A necessary assumption on the initial states and sufficient conditions for the existence of local and
global Lyapunov functions are obtained.

In spite of the presence of the above mentioned qualitative studies, optimal control of problems with the higher
order differential inclusions has not been studied in the literature; up to our best knowledge, there a few papers
of Mahmudov [18-24] devoted to such studies. The paper [19] concerns itself with the second order polyhedral
optimization described by ordinary discrete and differential inclusions. The stated second order discrete problem
is reduced to the polyhedral minimization problem with polyhedral geometric constraints and necessary and
sufficient conditions of optimality are derived in terms of the polyhedral Euler-Lagrange inclusions. The paper
[20] is devoted to the study of optimal control theory with higher order differential inclusions and a varying
time interval, under some attainability condition are established sufficient conditions of optimality. The paper
[21] studies the Lagrange and Bolza types problems of optimal control theory with boundary value conditions
given by second order differential inclusions. Mainly our purpose is to derive sufficient optimality conditions for
mentioned problems with second order differential inclusions.

The paper [22] deals with a Bolza problem of optimal control theory given by second order convex differential
inclusions with second order state variable inequality constraints. Necessary and sufficient conditions of optimal-
ity including distinctive transversality condition are proved in the form of Euler-Lagrange inclusions. The paper
[23] studies a new class of problems of optimal control theory with Sturm-Liouville type differential inclusions
involving second order linear self-adjoint differential operators. Necessary and sufficient conditions, containing
both the Euler-Lagrange and Hamiltonian type inclusions and “transversality” conditions, are derived. The
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result strengthens and generalizes the problem with a second order non-self-adjoint differential operator; a
suitable choice of coefficients then transforms this operator to the desired Sturm-Liouville type problem.

The present paper is dedicated to one of the difficult and interesting fields optimization of the second order
ordinary differential inclusions with the functional constraints and its generalization to the case of m(m > 3)th-
order differential inclusions. The posed problems and the corresponding optimality conditions are new. In this
paper we consider a Mayer problem, although all results are valid even for a Bolza problem. The paper is
organized in the following order:

In Section 2, the needed facts and supplementary results from the book of Mahmudov [17] are given;
Hamiltonian function A and argmaximum sets of a set-valued mapping F', the locally adjoint mapping (LAM),
local tent is introduced and the initial-value problems for second order discrete and differential inclusions and
then mth-order differential inclusions with functional constraints are formulated. In Section 3, the optimal-
ity problem (Pgp) for the second order discrete inclusions with inequality type of endpoint constraints given
in Section 2 is reduced to the problem by finite number of geometric constraints. For such problems, we use
constructions of convex and non-smooth analysis; and here then, in terms of convex upper approximations,
local tents and LAMs prove necessary and sufficient conditions of optimality including the suitable comple-
mentary slackness conditions. In Section 4, the problem for second order continuous-time evolution inclusions
(Prc) is approximated with associated discrete-approximation problem (Pgppa) by using the first and the sec-
ond order difference operators and auxiliary set-valued mapping. It is noted that, transition to the problem
(Prpa) requires special equivalence Theorem 2.5 of an LAMs F* and Q* connecting the main results of dis-
crete (Ppp) and discrete-approximate (Prpa) problems. For construction of the transversality condition for
a Mayer problem in its general form, both Chain rule for subdifferentiation of composition of convex func-
tions and positive-homogeneity of LAM on the first argument skilfully are used. Consequently, the key to our
success is the approximation and formulation of the equivalence Theorem 2.5. For a non-convex problem, the
analogical results are proved by the help of local tents. It is obvious that this method, which is certainly of
independent interest from qualitative viewpoint, can play an important role in numerical procedures as well.
Section 5 is devoted to derivation of sufficient optimality conditions for second order differential inclusions with
the inequality type of endpoint conditions. Construction of the Euler-Lagrange and transversality inclusions
and the complementary slackness conditions are based on passing to the limit in the optimality conditions of
discrete-approximate problem (Prpa). At the end of this section is considered a Mayer problem (Pr¢) with
so-called semilinear second order continuous-time evolution inclusions and in the Weierstrass—Pontryagin form
the optimality conditions are formulated. In Section 6 sufficient conditions of optimality for mth-order differen-
tial inclusions (Pp) with functional constraints are deduced; the basic idea is again to replace the continuous
problem (Pg) by the discrete-approximation problem and according to (Pg) we associate the corresponding
mth-order discrete approximate problem. In this paper, the establishment of these conditions together with
the detailed transversality condition is omitted and we start our discussion with a presentation and study of
sufficient optimality conditions for problem (Pf). The results of Corollaries 6.2 and 6.3 regarding the optimality
conditions to a third order differential inclusions problems are necessary for a comprehensive and brief presen-
tation of the main results. In Section 7 sufficient conditions of optimality for second order differential inclusions
with non-functional initial and endpoint constraints are derived. In particular, the constructed higher order
Mahmudov’s inclusion coincides with the Euler—Lagrange inclusion for first order differential inclusions.

2. NEEDED FACTS AND PROBLEM STATEMENT

Necessary notions can be found in [17]. Let R™ be n-dimensional Euclidean space, (x,y) be an inner product of
elements z,y € R™, (z,y) be a pair of x,y. Assume that F(-,t) : R" x R" = R", ¢ € [to, 1] is a multivalued (set-
valued) mapping from R?*" into R™. Then F(-,t) is convex, if its graph gphF(-,t) = {(z,y,2,) : 2 € F(z,y,t)} is
a convex subset of R3". The multivalued mapping F (-, ) is convex closed if its graph is a convex closed set in R3".
The domain of F(-,t) is denoted by domF(-,t) and is defined as follows domF(-,t) = {(x,y) : F(z,y,t) # &}.
F(-,t) is convex-valued, if F(x,y,t) is a convex set for (z,y) € domF(-,t). Let us introduce the Hamiltonian
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function and argmaximum set for multivalued mapping F(-,t)

Hp4)(z,y,2") =sup{(z,2") : z € F(x,y,t)}, 2" € R",
FA?“g(xay; Z*at) = FA(x7y;Z*7t) = {Z € F(ﬂi,y,t) : <ZaZ*> = HF(~7t)($7yvz*)}7

respectively. For convex F(-,t) we set Hp(. 4 (2,y,2%) = —oc if F(z,y,t) = @.

Let intA be the interior of the set A C R3” and riA be the relative interior of the set A, i.e. the set of interior
points of A with respect to its affine hull Af fA.

The convex cone K 4(xo, Yo, 20) is called the cone of tangent directions at a point (g, yo, 20) € A to the set A if
from (z,79,2) € Ka(xo, Yo, 20) it follows that (Z, g, z) is a tangent vector to the set A at point (xg,yo, 20) € A,
i.e., there exists function ¢(\) € R3" such that (zo,%0,20) + A(Z, ¥, Z) + p(A) € A for sufficiently small A > 0
and A"tp(A\) — 0, as A | 0.

Definition 2.1. The cone K 4(zg,yo, 20) is called the local tent if for any (Zo, Jo, Z0) € 7K a(z0, Yo, 20) there
exists a convex cone K C K 4(xo,yo,20) and a continuous mapping ¥ (Z, 7, z) defined in the neighbourhood of
the origin such that

(1) (Zo, Yo, 20) € K, LinK = LinK s(x0, Yo, 20), where LinK is a linear hull for a setkK,

For a convex mapping F' a multifunction defined by

F* (2% (z,y,2),t) == {(a",y") : (a*,y",—2") € K onr(n(@,4,2) ),
KgphF(~,t)(xvy7 Z) = cone[gphF(-,t) - (.’IJ, y,Z)]

is called a locally adjoint multifunction (LAM) to F at a point (z,y, 2) € gphF, where K;‘phF(, t)(a:,y, z) is the

dual to the cone Kgpp(. 1) (2, Yy, z) = conelgphF(-,t) — (z,y,2)]. The LAM to non-convex mapping F is defined
as follows

F*(Z*7 (x7y7z)7t) = {(.’L'*,y*) : HF(~,t)(‘r17y17Z*) - HF(-,t)(xay>Z*) < <CE*7$1 - .’17>
+ Wy — ), V(@1, ) € R*Y, (2,y,2) € gphF (1), 2 € Fa(x,y; 2%, ).

Clearly for the convex mapping Hp(. (-, 2*) is concave and the latter definition of LAM coincide with the
previous definition of LAM. We note that the coderivative concept of Mordukhovich [27] is essentially different
for nonconvex mappings. Here, the principal difference is that the coderivative is not tangentially generated
and uses the nonconvex normal cone and allows to avoid really restrictive assumptions for necessary optimality
conditions for discrete and continuous systems.

Definition 2.2. With respect to [15] h(
point & € domg = {z : |g(z) < o0} if h(
homogeneous function, where

x) is called a CUA of the function g : R® — R! U {£oco} at a

z,
Z,x) > V(z,x) for all Z # 0 and h(-,x) is a convex closed positive

V(z,x) = sup limsup(1/a)[g(z + aZ + r(a)) — g(z)], a™*

r()  al0

r(a) — 0.

Here, the exterior supremum is taken on all r(«) such that a='r(a) — 0 as a | 0.
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Definition 2.3. A set defined as follows 0h(0,x) = {z* € R™ : h(Z,x) > (z*,Z),Z € R"} is called a subdif-
ferential of the function g at a point x and is denoted by dg(x). The main advantage of this definition is its
simplicity.

It should be noted that h(Z,x) is the support function of dg(x). Thus, h(Z,z) and dg(x) determine each
other one to one and the function h(-,z) defined by equation

Oh(Z,z) = sup{(Z,z) : 2" € Oh(0,2)} = srp{(:‘c,:c) cxt € dg(x)}

x*

must be a CUA of f at x. Besides, if h; and ho are CUAs for the function g at a point x and h; > hs then
O19(x) D 029(x), where 01g(x) and Oag(x) are the subdifferentials defined by hy and hs, respectively [17].
However, it is clear that hy is a worse approximation than hy in some neighbourhood of z.

Definition 2.4. For an arbitrary nonempty subset P C R3" the cone defined by
coneP = {(z,9,2) : T = ax,j = ay,zZ = az,(z,y,2z) € P,a > 0}
is called the cone generated by P. Let us now recall the next Theorem 2.1 [22] crucial in what follows.

Theorem 2.5. Suppose that the conver-valued mapping F(-,t) : R™ x R™ = R"™ is so that the cone
Koo (@:9,2), (2,9, ) € gphQ(-,¢ of tangent directions for the mapping Q(x,y,1) = 2y — o + h2F(z, (y —
x)/h,t) determines a local tent, where h is a fixed positive number. Then, the following inclusions are equivalent:
(2) (@ +y* —2")/h? (y* —22%)/h) € F* (z (. (y —2)/h, (z =2y + w)/h2),t)7
(z—2y+x)/h? € FA(z, (y — :z:)/h;z*,t), z* e R",
where Q a(x,y; 2%, t) is the argmazimum set for mapping Q(-,t). Let us mention the following useful proposition
from [22].

Proposition 2.6. For a proper convex function defined by g(x,y) = cp(m, (y — ;v)/h) the following inclusions
are equivalent:

(a) (2,57 € 0:9(2). 2 = (2,y) € domg; (8) (& + 5" hy*) € Do (x, (y — ) /).

Clearly for the convex mapping Hp (-, -, y*) is concave and the latter definition of LAM coincide with the previous
definition of LAM.

Section 2 deals with the following second order discrete model labelled as (Ppp):

minimize go(zn—_1,TN), (2.1)
(PFD) mt+2€F(mt7xt+17t)7 t:O77N_27 .’170:6(07 331:/817
gr(zn_1,2n) <0, k=1,...,m (2.3)

where z; € R", g (+),k = 1,...,r are real-valued functions, gi(-) : R® — R} U {£o0}, F(-,t) : R*" = R" is an
evolution multivalued mapping and N is fixed natural numbers, &y, Bl are fixed vectors. Conditions (2.3) are
endpoint constraints for second order discrete-time problem (Prp). A sequence {z;} = {z; : t=10,1,...,N}
is called the feasible trajectory for the stated problem (2.1)—(2.3). It is required find a solution {z;}Y to a
problem (Prp) for the second discrete-time problem, satisfying (2.2), (2.3) and minimizing go(zy—1,zn). The
problem (2.1)—(2.3) is convex if the F(-,t) and gx(-),k = 0,1,...,r are convex multivalued function and convex
proper function, respectively.
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In Section 4, we deal with the approximation of convex problem for second order differential inclusions with
functional constraints:

minimize @o(x(t1), 2 (t1)), (2.4)

(Prc) 2’ (t) € Fx(t),2'(t),t), ae. t € [to, t1], (2.5)

or(x(t),2' (1)) <0, k=1,...,7; x(tg) = ag, 2 (tg) = Bi. (2.6)

Here, F(-,t) : R?® = R" is an evolution convex mapping, x(-) : R® — R!, k = 0,...,r are convex continuous

functions, tg,t; and «q, 81 are fixed real numbers and vectors, correspondingly. It is required find a solution
Z(-) to a problem (2.4)—(2.6) for the second order differential inclusions, satisfying (2.5) almost everywhere
(a.e.) on [tg,t1], functional constraints and the initial conditions (2.6) that minimize the Mayer functional
©o(x(t1),2’(t1)). We label this problem with second order continuous-time evolution inclusions as (Pp¢). Here,
a feasible trajectory x(+) is an absolutely continuous function on a time interval [to,t1] together with the first-
order derivative whose second derivative belongs to the space L. Notice that such class of functions is a Banach
space, endowed with the different equivalent norms. For example,

()] = [(to)| + |2/ (to)] + [l (|1 o [[2(-)]] = Sa_ lle® ()1, where [lo®)()[[ = [ [#®)(¢)|dt, and |z

is an Euclidean norm in R"™

3. NECESSARY AND SUFFICIENT CONDITIONS FOR SECOND ORDER
DISCRETE INCLUSIONS

At first we consider the convex problem (2.1)-(2.3). Let us introduce a vector u = (29,21, .. .,,) € RPN+
and define in the space R*(V+1) the following convex sets

My = {u=(zg,...,2N) : (T4, Tt41, Ter2) € gphF (-, t)}; Dk = {u= (xo,...,2n) : gx(xn_1,2Nn) < 0}
Po={u=(xg,...,xN):x0 =00}, P ={u=(x0,...,2N): 11 :Bl}, t=0,1,....N—=2; k=1,...,r

Now, denoting fo(u) = go(xn—1,zn) we will reduce this problem to the problem with geometric constraints.
Indeed, it can easily be seen that our basic problem (2.1)—(2.3) is equivalent to the following one

r N-2
minimize fo(u) subject to S = ( ﬂ Dk> N < ﬂ Mt> NPyN P, (3.1)
k=1 t=0

where S is a convex set.
In the sense of the terminology of first order discrete inclusions [17, 27] we are ready to give the necessary
and sufficient conditions for the problem (2.1)—(2.3).

Definition 3.1. Let us say that for the convex problem (2.1)-(2.3) the regularity condition is satisfied if there
exist points x; € R™(x¢ = &g, x1 = f1) such that one of the following two conditions holds:

(1) (zt, Tpy1, Try2) € Ti(gphF (-, t)), t=0,...,N — 2, (xn_1,zN) € Tidomgo N TiBg, k=1...,7;
(40) (x4, X411, Tia2) € int(gphF (1)), t=0,...,N —2, (xny_1,2N) € intBg, k=1...,r;

(with the possible exception of one fixed t), and gy are continuous at (xy_1,zy), where By = {(zn_1,2ZN) :
gr(zy_1,2n) <0}, k=1,...,r. It follows from the regularity condition that if {#;}, is the optimal trajectory
in the problem (Prp), then the cones of tangent directions Kgpp,p(. (¢, Tt41, 7t + 2) are not separable and
consequently the condition of Theorem 3.2 ([17], p. 98) is satisfied.
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Condition T. Suppose that in the problem (2.1)—(2.3) the mapping F'(-,t) is such that the cones of tangent
directions Kgpnp(.¢)(T¢, Te41,T142) are local tents, where ; are the points of the optimal trajectory {735,
Suppose, moreover, that the functions gx (), k = 0, ..., admit a continuous CUA hy (-, (Zny_1,Zn)) ([17], p. 122)
at the points (Zy_1,Zn), which ensures that the subdifferentials 0, ) gr (TN -1, TN) = Oz,4)hr(0,Tn_1, T ) are
defined, where

Oz gk (EN-1,ZN) = {(*,y") : gr(@N_-1,ZN) > (x — TN_1,2%) + (y — TN, ¥¥), V(z,9)}.

Remember that non-smooth and non-convex function cannot be approximated in a neighbourhood of some
point with positively homogeneous functions, i.e., directional derivatives. Just for such a class of functions, we
have introduced the concept of CUAs.

Theorem 3.2. Let F(-,t) be an evolution conver set-valued mapping and gi(+), ko, 1,...,r be convexr continuous
functions. Let {Z}, be an optimal trajectory to the discrete-time problem with functional constraints (Prp).
Then there ezist the Lagrange multipliers A, > 0,k = 0,1,...,r and vectors xf,x}, ui(us =0),t=0,...,N—1
simultaneously not all zero, such that the discrete FEuler—Lagrange (i), transversality (ii) inclusions and the
complementary slackness conditions (iii) hold:

(’L) (J,‘: - /'1’2(7/’(‘:4-1) € F*(x:+2(i‘ta'it+l7it+2)7t)a t= 0517"'7N_ 2a

(i) (-1 — TN_1,—TN) € > MOgi(En—1,EN),
k=0
(ZZZ) )\kgk(i'N—lai'N) = O7 )\k Z 0, k= 1,. ey T

Moreover, if the reqularity condition is satisfied, then these conditions are sufficient for optimality of the
trajectory of {11 ,.

Proof. Since {Z+}7, is an optimal trajectory, it follows that, @ = (Zo,...,ZxN) is a solution of the problem (3.1).
For this convex mathematical programming we apply necessary optimality conditions from [12, 17]. Conse-
quently, if & = (Zg,...,Zy) is a point of minimum of problem (3.1). Then by Theorem 3.2 ([17], p. 98)
for a function fo(-) there exist not all zero vectors u®* € 9, fo(1),u*(t) € Ky, (4),t =0,1,...,N — 2,0} €
K}, (0),uy € Kp (1),u} € Kp (@) and the number Ao > 0, such that

N-2 T
w () + Y a +uh +uf = Au’”. (3.2)
t=i k=1

Hence, we should compute the cones appearing here. If Kppp(. o) (Ze, Toy1, Te42), (Te, Teg1, Teg2) € gphF (-, 1)
is a cone of tangent directions then by Proposition 3.1 [23]

KJ*VIt (’ﬁ) = {u* = (.%‘6, cee ’x*N) : (.13:, (xzf+17 szrQ) € K;phF(~,t)(jt7 jt-"—lvit-i-?)v m: =0,1 7& t,t+1,t+ 2}'

Moreover, g = g, u + Au € Py if and only if g = 0. By analogy for z; = Bl we have Z; = 0. As a result,
we derive

K (@) = {u" = (25, 0%) s =0t =1... N}, Kp (it) = {u* = (2,...,2%) s af = 0,t #1}.  (3.3)

Denoting fi(u) = gr(zn—1,2n),k =1,...,r and using Theorem 1.34 ([17], p. 50) we compute the dual cone
K}, (@); it is not hard to see that there are two cases: (1) there no points u for which fj.(u) < 0. Then since
€ Np_yDy and 0 = fx(a) < fr(u), by Theorem 3.1 ([17], p. 97) 0 € 0, fx(@) i.e. @ is a point of m?nimum
of fr(u); (2) there exists a point u such that fx(u) < 0. Then by the above mentioned theorem it is easy to
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see that

e v J(0,...,0) e RPVFED D E - f(@) < 0,
Kb, )_{—coneaufk(ﬂ), if  fi(a)=0.

Then taking into account that coned, fr(@) = (0,...,0) x{coned; ,)gr(Tn—-1,Zn)}, With the preceding
—_———

n(N-1)
notations we deduce that
(0,...,0) € RPN+, if gr(Zn_1,%n) <O,
Kf)k(ﬂ) = (0,...,0) x{coneﬁ(%y)gk(i]\;_l,i"N)}, if gk(fEN_l,iN) =0. (3.4)

n(N—1)

From definition of the function fO it is easy to see that the vector u®* € 0,fo(%) has a form u%* =
(9, 2%, .. 2%), 29" = 0,t =0,...,N —2; (2% _,,2%) € O(z,4)90(ZN—1,Zn). Furthermore, according to the
form of K Mt(N) and formula (3.3) we have

Uy = (0,.. -, 0, 2N _1y4: TNk)s (B(N_1)k: TNE) € Ok (EN-1,2N), b =1,....m,
u*(0) = (x5(0),23(0),0,...,0); v (1) = (0,27(1),25(1),0,...,0),
wH(N = 4) = (0,...,0,23 (N —4), 2 (N —4), 2} _,(N —4),0,0),
u(N=3)=(0,...,0,a3_3(N = 3), 2% _o(N = 3),zy_ (N — 3) )
(

W (N =2) = (0,0, 0,5y _o(N — 2),2 1 (N — 2,53y (N — 2)),
( ( ) l’t+1(t) xt+2( )) € KgphF(xt71't+1,fIJt+2) t= 2, . .,N - 3,
wy = (250,0,...,0), wi = (0,27,,0,...,0), (3.5)
where x{, ], &] are arbitrary vectors.
Now if gr(xn_1,2n) <0,k =1,...,r for a point (xy_1,2n), then the formula (3.4) is true. Let us denote
Tin_1k = —MT(N_1)kr TNE = —ARTNp Ak = 0,
‘f(kN—l)O = x?\}k—lvx}c\fo = I(I)\}kv ('er—l)kvx?Vk) € 8(as7y)gk(£N—1’5:N)v k= la ceey T (36)

Here A\ > 0, if gr(Zn_1,Zn) =0, and A\ = 0, if gp(Zn—1,Zn) < 0, that is the complementary slackness
conditions are satisfied

)\kgk({fol,i'N):O,k:].,...77'. (37)

We note that not all Ay is equal to zero, because not all u*(¢)(t =0,...,N —2), a5 (k=1,...,7),ug, ui, Ao
are zero. Moreover, if for some kg the points (zy_1,zn) satisfying gi, (zn—1,2n) < 0 do not exist, then as is
shown above 0 € Oy ) g, (TN—1, 2N ). Setting (2(n_1)ky, TNEy) = 0, Ak, = 1 and A\x = 0,k # kg, we obtain that
(3.7) is justified.

Now using the component-wise representation of (3.2) we deduce that

zgo +26(0) =0, 27; +27(1) +27(0) =0,
eit) +ai(t—1)+ai(t—2)=0,t=2...,.N—2 (3.8)
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and then from the second formula of (3.5) by definition of LAM we derive that
(x;(t)’ x:—l—l (t)) € F*( - $:+2(t)7 ('ih jt-i-lv i‘t+2)7 t)a t= 2a BERE) N -2 (39)

Introducing the new notations a7, (t) = pfy 1, =27 5(t) = 2f,5,t = 1,..., N — 2 in the third formula of (3.8)
we obtain by (3.9) that

(}, =5 i n) € F* (27405 (B, Fea1, Tega)st), t=2,..., N — 2. (3.10)

On the other hand it is easy to see that setting, xf, = —z§, u5 = 0 and z7; = —27 in the first and second
equalities, respectively, we can generalize the formula (3.10) to the case t = 0, 1. Finally, for t = N — 1 we have

o1 (N =2) + i (N = 3) + 350, Ty 1) = M2y
Obviously, for ¢ = N we can write
ey (N =2)+ 3 The = Aozl

Thus, with the preceding notations (3.6) we have

s T
UN—1— Tn_1 = Z)\kxfzvq)k% —Ty = Z)\kﬁvk- (3.11)
k=0 k=0

Combining the formulas of (3.11) we deduce that

.
(BN—1 = TN —2N) € > MDw ) 9k(EN—1,EN). (3.12)
k=0

Now the necessary condition of theorem follows from the formulas (3.10), (3.11), (3.12). On the other hand,
it is clear that by Theorems 1.30 ([9], p. 47) and 3.3 ([17], p. 98), under the regularity condition, the point
u% € 9, f(@) N K (), which exists by Theorem 3.2 ([17], p. 98), admits a decomposition (3.2) with parameter
Ao = 1 and by Theorem 3.4 ([17], p. 99) we have the desired result.

Theorem 3.3. Suppose that the Condition T for the non-convex problem (2.1)-(2.3) is satisfied. Then for
optimality of the trajectory {;}I.o in the non-convex problem, it is necessary that there exist numbers A\ >
0,k =0,...,r and pair of vectors {x}},{u;} not all zero, to satisfy the conditions of Theorem 3.2 written out
for non-convex problem.

Proof. In this case the Condition 7" ensures the conditions of Theorem 3.24 ([17], p. 133) for the non-convex
problem (3.1). Hence, according to this theorem, we get the necessary condition as in Theorem 3.2 by starting
from the relation (3.2), written out for non-convex problem.

4. NECESSARY AND SUFFICIENT CONDITIONS OF OPTIMALITY FOR
DISCRETE-APPROXIMATE PROBLEMS

Assume that h is a step on the t-axis and z(t) = zp(¢) is a grid function on a uniform grid on [tg, t;]. We intro-
duce the following first and second order difference operators (forward and backward difference approximations
A+17(t) = Al’(t) and A_Ji(t),t = to,to + h, e ,tl — 2)

Ax(t) = S[e(t+ ) — 2(t)], A_a(t) = %[m(t) ot — )], A% (t) = ~[Ax(t + h) — Ax(t)]

S
S
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and associate with the problem (2.4)—(2.6) the following second order discrete-approximate evolution problem

minimize ¢o (z(t1 — h), A_z(t1)), (4.1
A%z (t) € ( (t), Ax(t),t),t = to,to + h, ..., t1 — 2h,
or(z(tt — h),A_z(t)) <0, k=1,...,7;
x(to) = ag, Ax(ty) = b1.

First of all reduce the problem (4.1)-(4.3) to a problem of the form (2.1)—(2.3) with endpoints constraints.
Introducing a new set-valued mapping Q(-,t) : R™ x R®™ = R™ and functions gx,k =0,...,r

Q(m,y,t):2y—x+h2F( (y —x)/h, t)
ge(z(ty — h),z(t1)) = er(z(tr), A_z(tr)), k= co,T (4.4)

we rewrite the problem (4.1)—(4.3) as follows:

minimize go (z(t1 — k), z(t1)),
(Prpa) x(t +2h) € Q(x(t), x(t + h),t),

(4.5
(4.6
gk(x(tl—h),a:(tl)) <0, k=1,...,m (4.7
(4.8

NS

z(to) = g, x(to +h) = ag + hpB1,t =to,to + h,...,t1 — 2h.

O — =

By Theorem 3.2 for optimality of the trajectory {Z(¢)} := {Z(¢) : t = to,to + h,...,t1} in problem (4.5)—(4.8)
it is necessary that there exist a pair of vectors {f*(¢)}, {Z*(¢) }(i*(to) = 0) and a number A\, = \gp, > 0,k =
0,...,r, not all zero, such that the discrete Euler-Lagrange, transversality inclusions and the complementary
slackness conditions are satisfied:

(Z*(t) = B (R (t + h)) € Q*(Z*(t + 2h); (&(t), Z(t + h), Z(t + 2h)), t), (4.9)
Z(t+2h) € Qa(Z(t), Z(t + h); ‘*(t+2h) t), t=to,to+h...,t1 — 2h,

(A(ty — h) — 2" (t, — Zx\kagk (ti — h), & (1)), (4.10)

Megie (E(ty — ), &(t1)) =0, A\ > O,k =1,...,m (4.11)

Theorem 4.1. (Approzimate Euler—Lagrange conditions for second order discrete approzimations of constrained
evolution inclusions) Suppose that F(-,t) be a convex set-valued mapping, and gi(-,-),k =0,1,...,r be convex
continuous functions. Then for optimality of the trajectory {Z(t)} in the second order discrete approximation
problem (4.1)-(4.3), it is necessary that there exist the Lagrange multipliers A\, > 0,k =0,...,r and a pair of
vectors {a*(t),v*(t)} simultaneously not all zero, such that the second order approzimate Euler—Lagrange (1),
transversality inclusions (2) and the complementary slackness conditions (3) hold:

(1) (A%2*(t) + Av*(t),v*(t)) € F*(a*(t + 2h); (@(t), AZ(t), A%E (1)), 1),
A’Z(t) € Fa((t), AZ(t); 2™ (t + 2h), )- t=to,to+h...,t; —2h,
(2) (v*(t1 — h) + A_z(t1), Z)\k&pk (t1 — h), AZ(t)),

(3) Aegr(Z(t1 — h),Z(t1)) =0, A >0, k: =1,...,r
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And under the regularity condition, these conditions are also sufficient for optimality of {Z(¢)}.

Proof. In the above relationship (4.9) we should express the LAM Q* in term of LAM F*. Using the condition (2)
of Theorem 2.5 we obtain immediately

(@ () = " (6) + (¢t + ) = 7 (¢t + 20)) /0%, (1" (¢ + R) — 22" (¢ + 2R)) /]
€ F*(z*(t 4 2h); (2(t), AZ(t), A*Z(t)),t), t = to,to + h,..., 11 — 2h,
AZi(t) € Fa(a(t), AT(): 2" (¢ + 2h), 1).

Hence, denoting here o*(t) = [fi(t) — 22*(t + h)] /h we define *(t) = hv* (t) + 22*(t + h) and then we derive
converted second order approximate Euler-Lagrange inclusions as follows

(A2Z* () + Av*(£), 0 (t + b)) € F* (2" (t + 2h); (£(£), AZ(t), A%(t)), ). (4.12)

In the next step we will prove the transversality condition (2). Since @*(t; — h) = ht*(t1 — h) + 2z*(t1) and
9e(Z(ty — h), @(t1)) = i (&(t1), A—Z(t1)) (see (4.4)) with regard to Proposition 2.6 and backward difference
approximation we obtain

(ho*(ty — h) + &% (t1) — T (t1 — h), — Z M0 (2(t1), A_E(t1)). (4.13)

Now we observe that the LAM F* is positive homogeneous on the first argument that is, the inclusion (4.12)
can be rewritten as follows

(A%RZ*(t) + AR (t), ho* (t + h)) € F*(ha*(t + 2h); (Z(t), AZ(t), A*E(1)), 1). (4.14)

Consequently, setting x*(t) = hz*(t),v*(t) = hv*(t),t = to,to + h,...,t1 in (4.13), (4.14) we have the desired
result.
Later on we need the following useful result, which is implied from Theorem 2.5.

Proposition 4.2. Suppose that the convex-valued mapping Fo(-,t) : R® = R™ is so that the cone
Koo (2,9, 2), (x,y,2) € gphQ(-,t) of tangent directions for the mapping Q(v,y,z) =2y — x + h2Fy(x,t)
determines a local tent. Then, the following inclusions under the condition that y* = 22* are equivalent

(1) (z*,y") € Q*(z*; (m,y,z)i); z € Qalx,y; 2%, t), z* € R™,
(2) (z* + 2*)/h* € Fy (2% (2, (2 — 2y+x)/h2),t); (z — 2y + ) /h? € Fya(w; 2", ).

Proof. In the present case domF (-, t) = domFy(-,t) x R" and according to Theorem 2.5 ((z* +y* —z*)/h?, (y* —
22*)/h) € F§ (2*; (z, (2 — 2y + x)/h?),t) x {0}, whence we have (y* — 22*)/h = 0. It means that y* = 2z* and
then (z* +y* — 2%)/h? = (a* + 2z*)/h? € F§ (2*; (z, (z — 2y + ) /h?),, ). Analogously, using the Theorem 4.1 we
have.

Theorem 4.3. Suppose that the Condition T is satisfied for the non-convex problem (4.1)-(4.3), i.e. the
mapping F(-,t) is such that the cones of tangent directions Kgpnp(. ) (E(t), AZ(t), A%Z(t)) are local tents
and that the functions ¢i(-),k = 0,...,r admit a continuous CUA hp(-, (Z(t1 — h),A_Z(t1)) at the points
(Z(t1 — h), A_Z(t1). Then, for optimality of the trajectory {Z(t)}, it is necessary that there exist nonnegative
numbers A\, > 0,k =0,...,r and a pair of vectors {x*(t),v*(t)} not all zero, satisfying the conditions (1)—(3)
of Theorem 4.1 written out for non-convexr problem.
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Let us consider the following simplified version of Theorem 4.1.

Theorem 4.4. Suppose that in the discrete-approzimation problem (Ppp) F(z,(y — x)/h,t) = Fy(x,t), i.e.
a mapping Fy(-,t) depends only on x. Then, the adjoint second order Euler—Lagrange discrete inclusions (1),
transversality condition (2) and the complementary slackness conditions (3) of Theorem 4.1 have the forms

A%z*(t) € F§(z*(t + 2h); (£(t), A%E(t)), t =to,to + h, ..., t1 — 2h;

(A_z*(t1), —2*(t1)) € XT:Akawk (Z(ty — h), A_Z(t1)),

Moo (Z(t1 — h),A_;i(tlk):)O: 0, \y >0, k=1,...,7,
correspondingly.

Proof. By analogy with the proof of Theorem 4.1 let us return to the condition (4.9):
(z*(t) — 5*(t), m*(t + b)) € Q* (& (t + 2h); (2(t), Z(t + h), Z(t + 2h)), t).

Then by using the condition (2) of Proposition 4.2 we have the following inclusion

(Z*(t) — @*(t) + z*(t + 2h)) /h* € F*(2*(t + 2h); (2(t), A%E(t)),t),
A’%(t) € Foa(Z(t);a*(t +2h),t), t =to,to + h,...,t1 — 2h.

On the other hand the condition y* = 2z* of Proposition 4.2 implies that p*(t) = 22*(¢ + h). Then, by
substitution of p*(t) = 22*(t + h) into the last inclusion, we get

A2z (t) € Fg(z*(t + 2h); (2(t), A2tildex(t)), t).

The remaining discussion is similar to the proof of Theorem 4.1. The proof of theorem is complete.

5. SUFFICIENT CONDITIONS OF OPTIMALITY FOR SECOND ORDER
DIFFERENTIAL INCLUSIONS

In this section, the optimality conditions are given by using so-called second order adjoint differential inclu-
sions, which are expressed in terms of LAM. Construction of the Euler-Lagrange and transversality inclusions
and the complementary slackness conditions are based on passing to the limit in optimality conditions of
Theorems 4.1-4.4. These conditions involve useful forms of the Weierstrass—Pontryagin condition and second
order Euler-Lagrange type adjoint inclusions.

The adjoint Euler-Lagrange type differential inclusion

(a) (=¥ (t) + 0 (t),0* (1)) € F*(«*(t); (2(t), (1), 7"(1)), 1), ae. t € [to, t1].

The transversality condition at the endpoint t = t;

(b) (v*(t2) + 2™ (t1), —2" (t1)) € Dpo(E(t1), #'(t1)) + Y _ MDepw (E(t1), &' (t1)).

k=1

The complementary slackness conditions at ¢ = t;

(C) A/€<)0k(§;(t1)75:/(2‘:1)) = 07 Ak > 07 k= 17' -y T
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In what follows we assume that z*(t),t € [to,t1] is absolutely continuous function together with the first
order derivatives and x* (-) € L7 ([to,t1). Besides v*(-) is absolutely continuous and v* (-) € LY ([to,t1). The
following condition guarantees that the LAM F*(-,t) is nonempty at a given point:

(d) &(t) € Pa(@(), & (t);2" (£),1), ae.t € [to, 1.

In what follows, Theorem 5.1 is very important.

Theorem 5.1. (Sufficient conditions of optimality for second order evolution differential inclusions with func-
tional constraints) Suppose that pr(-),k = 0,1,...,r are conver continuous functions, F(-,t) is an evolution
convex set-valued mapping. Then for optimality of the trajectory Z(-) in the problem (Ppc) it is sufficient
that there exists a pair of absolutely continuous functions {x*(t),v*(t), },t € [to,t1] and Lagrange multipliers
A 2 0,k=0,...,7r(Ao = 1), satisfying a.e. the second order Euler—Lagrange inclusion (a), (d), the transversality
condition (b) and the complementary slackness conditions (c) at t =t;.

Proof. By Theorem 2.1 ([17], p. 62) we can write F™* (z*; (z, y,z),t) = 0wy Hp( ) (2,y,27),2 € Fa(z,y; 2%, 1).
Then using the Moreau—Rockafellar Theorem 1.29 ([17], p. 46) from condition (a) we obtain

(2 () + 0 (1), 0" (8)) € Oagp H (2(6), 8 (), 2% (1)), £ € [to, 1]

In turn on the definition of subdifferential set of the Hamiltonian function for all feasible trajectory x(t),t €
[to, t1] we rewrite the last relation in the equivalent form:

Hp(p(z(t), 2 (t), 2 () — Hpe ) (2(t

), & (1), 2*(1))
< (@ (1) + 0™ (1), 2(t) — T(t)) + (v (1), 2 (¢

) —T'(t)). (5.1)
Now by using definition of the Hamiltonian function, the inequality (5.1) can be reduced to the inequality

(@"(t),2* (1)) — (&"(t), 2*(1)) < (a*

which implies that

Integrating of the inequality (5.2) over the interval [tg,?;] we can write
| ) =30)" " 0) = (@), 2(0)=3(0))at+ (0 1) x00) (1)) = (0" (1), (1) = 3(01)) < 0. (53)

We transform the expression in the square parentheses on the left hand side of (5.3) as follows

((z(t) = 2(t))",2*(t)) = (=¥ (1), 2(t) — &(t)) = %«x(t) — &), 2" (1)) - %@*’(t), x(t) — @(t)).

Now by elementary property of the definite integrals we can compute the integral on the left hand side of
(5.3)

|t = a0)" s 0) — o 050 = 20t = (1) = (12).°02)

— (@' (to) — & (to), z* (to)) — (& (tr), x(t1) — E(t1)) + {x* (to), 2(to) — E(to))- (5.4)
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Then substituting (5.4) into (5.3), we have

(@ (tr) — & (1), 2" (tr)) — (&' (to) — & (o), =* (to))
— (" (t1) + 2" (tr), (t1) — B(t1)) + (v (to) + 2™ (o), 2 (to) — &(t)) < 0. (5.5)

Now, remember that by transversality condition (b) of Theorem 4.1 and by Moreau-Rockafellar Theorem
1.29 ([17], p. 46) for all feasible trajectories x(t),t € [to,t1] we can write

wo(z(t), o' () + D Aepw(2(t), 2/ (t1)) — o (E(t1), &' (11)) — Y Anpr (E(t1), & (1))
k=1 k=1
> (v (1) + 2" (t), 2(t) — E(t)) — (27 (1), 2/ (t1) — &' (1)) (5.6)

Recall that z(t),Z(t),t € [to,t1] are feasible solutions, that is x(tg) = Z(to) = ;' (to) = T'(to) = f1 and
from (5.5) we have

(@ (1), @ (t1) = & (1)) = (0" (t2) + 2™ (1), 2(t1) — &(t1)) < 0. (5.7)
Then by virtue of (5.6) and (5.7) we obtain
Dm0 Men (@ (t1), 2 (t1)) > D0p_g Ak (2(11), (1)), Ak > 0(Xo = 1), k= 1,..., 7, Va(t).

Thus, using the complementary slackness conditions (¢) at ¢ = ¢; for an arbitrary feasible solution z(-) we
deduce from this inequality that

)\090() (x(tl), .’Iﬁl(tl)) + Z )\kSDk (St'(tl), l‘l<t1)) Z )\090() (j(tl), .’f}/(tl)), )\k Z 0, k= 1, e, T (58)
k=1

Note that, () is a feasible solution and A, > 0,k = 1,...,7 that is, >, _; A (2(t1),2'(t1)) < 0. Then
from (5.8) we derive that oo (z(t1),2'(t1)) > ¢o(Z(t1), & (t1)),Va(:) that is, &(-) is optimal.

Corollary 5.2. In addition to assumptions of Theorem 5.1 let F(-,t) be a closed set-valued mapping. Then the
conditions (a), (d) of Theorem 5.1 can be rewritten in term of Hamiltonian function as follows

(2 () + 0 (), 0" (5)) € Doy H) (2(8), 7 (0), " ()5 () € D Hp ) (2(8), 7 (1), 2% (8)).

Proof. In fact, the validity of the first relation we have seen in the proof of Theorem 5.1. On the other hand
by Lemma 5.1 of [23] Oz-Hp. 4y (2, y, 2*) = Fa(z,y, 2%, t) and the assertions of corollary are equivalent with the
conditions (a), (d) of Theorem 5.1.

Below we prove that if a multivalued mapping F(-,¢) depends only on z, then the adjoint inclusion involves
only one conjugate variable.

Corollary 5.3. Suppose that for the convexr problem with second order continuous-time evolution inclusions
(Prc) f(x,2',t) = Fy(x,t), and that the conditions of Theorem 5.1 are satisfied. Then the second order Euler—
Lagrange differential inclusion (a), transversality condition (b) and the complementary slackness conditions (c)
att =t1 of Theorem 5.1 consist of the following

"

(i) «* (t) € Fy(a*(t); (2(t),3"(t)), t); 2"(t) € Foa(2(t);,2*(t),1), a.e. t € [to, ta].

(id) (2% (tr), —2" (1)) € Dpo(F(t1), # (1)) + Y MDpr(@(tr), & (11)), Mepr(E(t1), # (1)) = 0.

k=1
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Proof. In the present case formulation of conditions (i), (ii) based on limiting procedure in the conditions of
Theorem 4.4. Then by analogy with the proof of Theorem 5.1 sufficient conditions of optimality can be obtained.

Corollary 5.4. The results of Theorem 5.1 remain true for a Bolza problem with functional J[z(t)] =
fttol g(x(t), t)dt + p(z(t1),2'(t1) and in this case the condition (a) consists of the following

(d2dt*2(t) + dv*(t) *(t)) c F* (I*(t); (i‘(t),f'(t),f”(t)),t) _ {8g(i(t),t)} v {0}

Proof. Tt remains to note that in the proof of this corollary on the right-hand side of inequality (5.3) and,
consequently, (5.5) zero will simply be replaced by the integral of the difference g(z(t),t) — g(Z(t),t) over the
interval [to, t1].

Below nonconvexity of problem (Ppc) means that the Hamilton function Hp(p. 4, in general, is nonconcave
and functions g,k = 0,...,r are nonconvex functions satisfying the conditions (i), (ii).

Corollary 5.5. Suppose that o, : R?® — RY(k = 0,...,7) are nonconver functions and F(-,t) is a non-
convex set-valued mapping. Then for optimality of the arc Z(t),t € [to,t1] among all feasible solutions in
such a nonconvex problem (Ppc), it is sufficient that there exists a pair of absolutely continuous functions
{z*(t),v*(t)},t € [to,t1] satisfying a.e. the second order Euler—Lagrange inclusion (a), (d) of Theorem 5.1 in
the nonconver case and Lagrange multipliers A\ > 0,k =0,...,7(Ag = 1), and the transversality condition (i)
and the complementary slackness conditions (ii) at t = ty:

(1) po(x,y) — @o(E(t), & (1)) + Y Ml (. y) — or (E(tr), & (1))
k=1
> (v*(tr) + 2 (1), @ — F(t)) — (@ (t1),y — &' (1)),
(Zl) )\kgﬁk(f(tl),f/(tl)) = O, /\k > 0, k= 1, ey T

Proof. On the one hand by condition (a) of Theorem 5.1 and definition of LAM in the nonconvex case we
have the inequality (5.5). On the other hand, taking # = z(¢) and y = 2/(¢) in the condition (ii) the validity of
the inequality (5.6) is justified. Thus, the furthest proof of theorem is similar to the one for Theorem 5.1. To
illustrate how to apply the results of Theorem 5.1 consider the example; suppose now we have Mayer problem
(Prc) linear second order continuous-time evolution inclusions:

minimize g (z(t1), 2’ (t1)),

a"'(t) € F(x(t),2'(t)), aete[to,h] F(z,y) = Aix + Aoy + BU, (5.9)
or(z(t1),2'(t1)) <0, k=1,...,7r; z(to) = ap, 2 (to) = P,
where o, k =0,...,r are convex continuous functions, A;(i = 1,2), B are n X n and n X r matrices, respectively,

U is a convex closed subset of R". It is required to find a controlling parameter @(¢) € U such that the trajectory
Z(+) corresponding to it minimizes ¢q(z(t1), 2’ (¢1)).

Theorem 5.6. The feasible trajectory &(-) of problem (5.9) corresponding to the control function @(-) minimizes
wo(x(t1),2'(t1)) in the second order convex differential inclusions with endpoint constraints if there exists an
absolutely continuous function x*(-) satisfying the complementary slackness conditions (c) att = t1, the following
second order adjoint differential equation, the transversality condition and Weierstrass—Pontryagin condition:

(1) = ATat(t) — ASx* (1), a.e. t € [to, t1], (Bi(t),z*(t)) = 228<B%x*(t)>’

(A;:c*(tl) + ¥ (t), —m*(t1)> €S Mden (#(t1), 7 (1)), M =000 = 1), k=1,....n
k=0
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Proof. Obviously, if for a convex map F(z,y) = A1z + Asy + BU the LAM is nonempty, then F*(z*; (z,y, 2)) =
(Ajz*, A5z*) as —B*z* € K{;(u). Then according to Theorem 5.1 the Euler-Lagrange inclusion is

"

2 (1) + 0" (1) = Atz (1), v (t) = Alz* (). (5.10)

Differentiating second equation of (5.10) and substituting into first equation we immediately have the needed
second order adjoint equation. The other conditions of theorem is an immediate consequence of the conditions
(b)—(d) of Theorem 5.1. The proof is completed.

6. SUFFICIENT CONDITIONS OF OPTIMALITY FOR mTH-ORDER
DIFFERENTIAL INCLUSIONS WITH FUNCTIONAL CONSTRAINTS
In this section, the results obtained in Section 5 are generalized to the higher order (say mth-order) differential

inclusions. Assume that F(-,t) : (R™)™ = R",t € [to, t1] is a multivalued (set-valued) mapping from (R™)™ =
R™ x ... x R" into R™. In what follows taking into account that y = (y1,...,¥m—1) the Hamiltonian function,
—_——

m
argmaximum set and LAMs are defined completely by analogy. Now we deal with the convex optimal control
problem for mth-order differential inclusions with the functional constraints:

minimize ¢o (z(t1), 2’ (t1), ..., 2™V (1)), (6.1)

(Prr) dz;,gt) € F(x(t),2'(t),...,a™ V(t),1), a.e. t € [to, t1], (6.2)
or(z(t), o' (tr),...,am V() <0, k=1,...,r, (6.3)

z(to) = o, &' (to) = an, ...,z D (tg) = a1, (6.4)

where F(-,t) : (R”)m = R" is convex mapping, @i : (R”)m —RY %k =0,1,...,r are convex continuous func-

tions and ag,k = 0,1,...,m — 1 are fixed vectors. We label this problem as (Pg). The problem is to find
an arc Z(-) of the problem (6.1)—(6.4) satisfying almost everywhere (a.e.) on [tg,?;] the mth-order differential
inclusions (6.2), the functional constraints (6.3) and the initial conditions (6.4) that minimizes the Mayer func-
tional g (z(t1), 2/ (t1), ..., 2™V (t1)). Here, a feasible solution z(-) is an absolutely continuous function on a
time interval [t,¢1] together with the higher order derivatives until m — 1, and 2™ (-) € L ([to,t1]). Obvi-
ously, such class of functions is a Banach space, endowed with the different equivalent norms. For example,
2Ol = S ek ()] + 2™ ()l or [le()]] = Spg le® ()]l where [[29)()]s = [ [#®) ()], and [z is
an Euclidean norm in R™.

Notice that the principal method here is a direct method based on discrete approximations; we replace the
continuous problem (Ppy) by the discrete-approximate problem and then by passing to the formal limit we
formulate sufficient conditions of optimality for the original problem with mth-order derivatives:

minimize g (z(t1), Az(ty),.. ., A(m_l)x(tl)),

A™x(t) € F(z(t), Ax(t),. .., A(m_l)a;(t),t), t=to,...,t1 —mh; x(t) = g, ..., A" Va(ty) = am_1, (6.5)
where A¥ k =1,...,m are kth-order difference operators. In this section, establishment of these conditions is
omitted and we start our discussion with a presentation and study of sufficient optimality conditions for problem

(Pp). As aresult of approximation method described above we establish the so-called mth-order Euler-Lagrange
differential inclusion

(0) (=)™ (@) + vy (1), Vs () + Vi (0,03 (8) + 01 (0, 01(1)
€ F*(z*(t); (2(), &' (1), ..., 2™ (1)), 1), ae. t € [to, t]
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the transversality condition

(i) (=)™ D 1) 4 v,y (), (D)™ 2 (1) + 05 (), () + 0 (1), — (1)

€ Z/\kasﬁk(f(tl)’f'(t1)7 L M), Ao =1
k=0

and the complementary slackness conditions at ¢ = t1:
(ii1) Mo (2(t1), & (1), .., 8™V (1)) =0, M >0, k=1,....7.

In what follows we suppose that x*(t),t € [to,t1], is absolutely continuous function with the higher order
derivatives until m — 1, and 2*(™)(:) € LY ([to,t1]). Besides vj(t),k = 1,...,m — 1,t € [to,t;] are absolutely
continuous and v} (-) € LY ([to,t1]), k=1,...,m— 1.

Moreover in terms of argmaximum set we formulate the following condition guaranteeing that the LAM F*
is nonempty at a given point:

(iv) &™(t) € F(2(t), & (t), ..., 8"V ();2%(t),1), ae. t € [to, t1]-

It turns out that the following assertion is true.

Theorem 6.1. (Sufficient conditions of optimality for mth-order evolution differential inclusions with func-
tional constraints) Suppose that @y, : (R")m — RYLE =0,1,...,7 are convex continuous functions, F(-,t) :

(R”)m = R"™ is an evolution convex set-valued mapping. Then for optimality of the trajectory Z(-) in the prob-
lem (6.1)-(6.4) it is sufficient that there exist a collection of absolutely continuous functions {z*(t), v} (t),k =
1,...,m —1},t € [to,t1] and Lagrange multipliers A\, > 0(Ao = 1),k = 0,...,r, satisfying a.e. the mth-order
Euler-Lagrange inclusion (i), transversality condition (ii) and the complementary slackness conditions (iii) at
t=1;.

PT’OOf. Since F™* (Z*a (.’17, Y, Y25 - -5 Ym—1, Z)7 t) = 8(w, y)HF(-,t) (.’I}, Y1,925 - -y Ym—1, Z*)7 Y= (y17 Y2, -- 7y'mfl)a Z €
F(z,y1,Y2,- -, Ym—1; 2", t), by using the Moreau-Rockafellar theorem [12, 17] from the condition (i) and (iv)
we obtain the mth-order adjoint differential inclusion

’

(=™ (1) + v (501 () + Vi), 03 () + 07 (8), 0 (1))

€ Ny [Hr(py (B(), & (1), ..., 8™ D(t),2%(1))], t € [to, ta].

On the definition of sudifferential set of the Hamiltonian function Hp(. ;) we rewrite the last relation in the
form:

He( oy (2(t),2/(t),. .., ™ D), 2% (t)) — Hp(p (2(8), 7 (t), ..., 2™ D (t), 2% (1))
< (1) (1) + vy (1), 2(8) = 3(0)) + (v (8) + v (8), /(1) = (1))
+ <v;,2(t) + g, 5(t), 2" () — :z”(t)> +o (s + o) (1), 2D () — 3 ?) (t)>

+ (vi(0), 2" = 2D (). (6.6)
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In turn by using the definition of the Hamiltonian function, (6.6) can be converted to the following inequality

(1), (1)) = (20 0), (1)) < (1" 1), a(0) — 2(0) ) + S (v (1), 2(0) — (1)

+ %<v:‘n_2(t),x’(t) - f'(t)> 4ot %<U1‘(t),x(m*2) (1) - i(m,g)(t)>'

In turn, let us rewrite this inequality as follows

(a0 (@) = (@), 0% (1)) + (-1 12" (), 2 (t) - (1))
=3 g0 - 5D <o (6.7

k=1

Now, integrating (6.7) over the interval [to,t1] we have

/ttl (20 @) =2 (1), 2*(0)) + ( (=)™ 12" @), 2(t) — () )|t

m—1 m—1
+ <vk to) 2 F () = 2 F D (1)) = 37 (i) 2™ F (1) — 2D (1)) <o,
k=1 k=1

Consequently, taking into account that x(-),#(-) are feasible (z(¥)(tg) = 2 (tg) = ap,k =0,...,m — 1) we
can write

/t b [<x<m> (t) — &™) (t),x*(t)> + <(71)m+1x*(m)(t),x(t) - :z(t)>]dt

0

Denoting the expression in the square parentheses on the left hand side of (6.8) by M

M = (2t (t) = 5 (1), 2% (1)) + ( (=)™ e (1), 2 (1) - 3(1))

it is not hard to see that the first term on the right hand side of M can be converted as follows

(#70) = 50, 2°(0)) = {20~ E 00,2 0)) — S (D)~ 2D ), 1))
+ %<x<m73)(t) — Fm=3) (), " (t)> _ <x/(t) —# (), (_Umx*(mfl)(t» (6.9)

On the other hand the second term on the right hand side of M implies that

(C1m @), 2(0) — (1)) = L0 D @), 2(0) — (1)
<(—1)mx*(m’1)(t),x’(t) - :;;'(t)>. (6.10)
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Then from (6.9) and (6.10) we derive

M= %<x(m71)(t) - ;z<m71)(t),x*(t)> - %<x(m72)(t) _am2) gy, z*'(t)>
+ %<$(m73) (t) — 7(m=3) (t),x*” (t)> - = %<(m(t) _ f(t))y (*1)m$*(m71)(t)>,

Then we can compute the integral on the left hand side of (6.8) as follows:

/ Mdt = (=D )—5:<m*1>(t1),x*(t1)>—<x<mfl>(t0)—:z<m*1>(to),x*(to)>

n <x(m—2) (to) — 2 (ty), m*/(t0)> - <x(m_2) (t) =& (tl)ax*,(t1)>
4 <x(m—3) (t1) — 23 (ty), 2" (t1)> - <m(m_3) (to) — 3 (t0), 2™ (t0)>
== (@) = (0)) ()" ) ) = ((o(00) = 2 ()7 V). (61)

Since x(-), #(-) are feasible (z(¥)(tg) = ¥ (tg) = ag,k =0,...,m — 1) from (6.11) we deduce that

ty

[ ar = <x(m_1)(t1) - f(m_l)(tl),x*(t1)> - <x<m—2> (t1) — ™D (ty), 2" (t1)>

+ <{E(m_3)(t1) — 7(m=3) (tl),if*” (t1)> — .= <(1~(t1) — :f(tl))(—1)m7x*(m—1)(t1)>, (612)

Substituting (6.12) into (6.8) we derive

<x<m*1>(t1) — Fm=D ), x*(t1)> f <x<m*2> (1) — #m=2) (1), x*’(t1)> n <x<m*3> (t1) — 23 (1), x*”(t1)>

- <(az(t1) —#(ty)), (—1)ma* M= > <vk t), am=E=D () — j(m_k‘l)(t1)> <o0. (6.13)
k=1
Now by the transversality condition (ii) for all feasible trajectories we have
m—1

3 < D50 (1) 4 o (), 2™ F D (1) — :z<m—k—1>(t1)> <3 Megn(a(tr) @ (1), ..., 2D (1))
k=1

k=0

- Z Nepr (E(t1), & (t1), .., 2V (1)), (v5 (1) = 0). (6.14)
k=1
Finally, summing the inequalities (6.13) and (6.14) for all feasible solutions we derive

> dpr (@), @' (1), -, 2™ (1)) = Y Mo (E(t1), 7 (1), ., 2D (1)) 20, Va().
k=0 k=0
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In this inequality using the complementary slackness conditions (iii) at ¢ = ¢; we are convinced that the
inequality is justified

©o (x(tl), 2 (t1), .-, x(m_l)(tl)) + Z Ak Ok (J;(tl), T (t1),... ,x(m_l)(tl))
k=1

> o (8(t1), & (t1), ..., 3™V (t1)), M >0, k=1,...,7. (6.15)

Notice that z(-) is an arbitrary feasible trajectory and Ay > 0,k = 1,...,r. Then in the inequality (6.15) it
is obvious that >, _, Aww (z(t1), 2/ (t1), ..., x(™~Y(¢1)) < 0, which implies that

®o (x(tl),x'(tl), [N ,I(mil)(tl)) Z Yo (f(tl), f’(tl), ‘e ,:f(mil)(tl)), Vl‘()

and Z(t),t € [to, t1] is optimal.
The furthest proof of Corollary 6.2 below is similar to the one for Theorem 6.1.

Corollary 6.2. Let us consider the nonconvex problem (6.1)-(6.4) that is ¢y, : (R”)m —sRLE=0,1,...,7
are nonconver functions and F(-,t) is a nonconvex set-valued mapping. Then for optimality of the arc &(t),t €
[to, t1], among all feasible solutions of the problem (Py ) it is sufficient that there exists a collection of absolutely
continuous functions {x*(t), vi(t),k =1...,m—1},t € [to, t1] satisfying the complementary slackness conditions
(iii) of Theorem 6.1 and a new Euler—Lagrange and transversality inclusions:

(a) ((=1)™ 2" (1) + vy (8) + 2 (8), 0y () + 0 a(0), - 05 (8) + 07 (8),07(1))
€ F*(z*(t); (2(t), &' (1), ..., 2™ (1)), 1), a.e.t € [to,t1]

() D" Me[or (@ ymr) = p (), Z D @)] = (1" 0) + v (f), @ - 3(0) )
=0
-2

<(—1)k+1x*(k)(t1) + 5 (t1) Ym—k—1 — im_k_l(t1)>(v8(t1) =0), Vo,ys €R", k=1,...,m—1.
=0

=

3

=

Now we apply Theorem 6.1 to get sufficient conditions of optimality for the following third order differential
inclusions with functional constraints

minimize g (x(tl), 2 (t1), x"(tl)) ,

d3x(t) _ / _ " _
e € Go(z(t),t), a.e. t € [to, t1], z(to) = ap, 2’ (to) = ar, 2" (to) = az,
o (z(tr), 2’ (t1), 2" (t1)) <0, k=1,...,r, (6.16)
whereas usually ¢ : R — RYk = 0,1,...,7 are convex continuous functions, Go(-,¢) : R® = R" is an

evolution convex set-valued mapping.

Corollary 6.3. For optimality of the trajectory Z(-) in the problem (6.16) it is sufficient that there exists
an absolutely continuous functions x*(t),t € [to,t1], and Lagrange multipliers A\, > 0(A\g = 1),k = 0,...,r,
satisfying a.e. the following third order Fuler—Lagrange and transversality inclusions and the complementary
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slackness conditions at t = t1:
— (1) € Go (@ (1); (2(0), 7)) 1) Aupr (31, 7 (1), 7 (1)) = 0, A 2 0, k= 1,75

( — (t1), 2 (t1), *Z*(t1)> € Z A Op (i(tl), ' (ty), j,/(tl))'
k=0

Proof. Tt should be pointed out that in the Euler—Lagrange inclusion (i) of Theorem 6.1 one has
(=™ (1) + w3 (0),v3(8) + v} (1), 03 (1)) € G (2" (1); (2(0), 2" (1)) 1) x {0} x {0},

whence —z*" (t) 4+ v (t) € G (z*(t); (2(t), 2" (1)), t),v5(t) + v¥ (t) = 0,v%(t) = 0. Then taking into account
these relations we have the desired result.

7. SUFFICIENT CONDITIONS OF OPTIMALITY FOR SECOND ORDER
DIFFERENTIAL INCLUSIONS WITH NON-FUNCTIONAL INITIAL AND
ENDPOINT CONSTRAINTS

Note that in this section the optimality conditions are given for second order convex differential inclusions
(Pg) with convex initial point and endpoint nonfunctional constraints. These conditions are more precise than
any previously published ones since they involve useful forms of the Weierstrass—Pontryagin condition and second
order Euler-Lagrange type adjoint inclusions. In the reviewed results this effort culminates in Theorem 7.1.

minimize ®o (.’E )

(Po) 2" (t) € ( ( ), @' (t),t), a.e. t € [to, 1],
x(to) € Qo,x (to) € Qq; (tl) € My, x’(tl) € My,

where ¢ is a convex continuous function, F(-,t) : R?” = R" is convex set-valued mapping and Q;, M; C R"(i =
0,1) are convex sets.

In Section 5, we have seen that the following adjoint inclusion is the second order Euler-Lagrange type
inclusion for the problem (Pg)

"

(ay) (a: (t) +v*/(t),v*(t)) € F*(x*(t); (2(t), @' (t), 2" (¢)),t), a.e. t € [to, t1],

where
(b1) 7 (t) € Fa(&(t), @ (t);2* (1), 1), a.e. t € [to, t1].
The transversality conditions at the endpoints ¢ =ty and ¢ = ¢; consist of the following
(1) (v*(to) + 2 (o), —m*(t0)> € K, (#(t)) x K, (# (o)),
(dr) (0" (1) + 2% (02), =" (11)) € Dy 00 (8(02), & (1) = Ky, (3(01)) X Ky, (#(11)).

respectively. Now we are ready formulate the following theorem of optimality.

Theorem 7.1. Suppose that ¢ is a continuous and convex function, F(-,t) is a convex set-valued mapping
and Q;, M;(i = 0,1) are convex sets. Then for optimality of the feasible trajectory Z(t) in the problem (Pg) it is
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sufficient that there exists a pair of absolutely continuous functions {x*(t),v*(t)},t € [to, t1], satisfying a.e. the
second order Euler-Lagrange type inclusion (a1),(b1) and the transversality conditions (c1), (d1) at the initial
point t = tg and endpoint t = ty, respectively.

Proof. By the proof idea of Theorem 5.1 (see (5.5)) from (ay), (b1) we derive the following inequality

05 (W) FO)) gy (Al 00D e

dt dt
— (v (tr) + dx;gfl),x(tl) —a(t)) + (v'(to) + %&t(’),x(to) — i(to)). (7.1)

Now, by definition of dual cones K¢ (f(to)),Kél (&'(to)) from the transversality condition (c1) we deduce
that

_ <M, :v*(to)> + <v*(to) n dx;(tto),x(to) _ :E(to)> >0, Va(to) € Qo; V' (to) € Q1. (7.2)

Then it follows from (7.1) and (7.2) that

o2 (UL ) (o4 S0 ) o

Now, it can easily be seen that the transversality conditions (d;) at the endpoint ¢ = t1, can be rewritten as
follows

/ ~ ~/ * dm*(tl) * ~
polw(ty). ' (1)) = po(@(t), & (0) > (v* (1) + T2 4 a7 (t2), a(tr) — E(t))

+ <dx;§t1) —x*(ty), W)x*(tl) € Ky, (2(t1)), ¥ () € Ky (&'(t))
or, equivalently,
olalt). /(1) — eol(t). # (1)) = (v*(0) + U o) i(e)) (o (), LLZTOY gy

Thus, summing the inequalities (7.3), (7.4) for all feasible trajectories z(-) satisfying the initial conditions
z(to) € Qo, ' (to) € @1 and endpoint constraints x(t1) € My, 2'(t1) € My we have the needed inequality:

wo(x(tr), #'(t1)) — @o(Z(t1), 7' (t1)) = 0 or po(e(tr), 2'(t1)) = o(Z(tr), ¥'(f1))-
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