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CONTROLLABILITY OF LOW REYNOLDS NUMBERS SWIMMERS
OF CILIATE TYPE

JEROME LOHEACY* AND TAKEO TAKAHASHI?

Abstract. We study the locomotion of a ciliated microorganism in a viscous incompressible fluid.
We use the Blake ciliated model: the swimmer is a rigid body with tangential displacements at its
boundary that allow it to propel in a Stokes fluid. This can be seen as a control problem: using
periodical displacements, is it possible to reach a given position and a given orientation? We are
interested in the minimal dimension d of the space of controls that allows the microorganism to swim.
Our main result states the exact controllability with d = 3 generically with respect to the shape of the
swimmer and with respect to the vector fields generating the tangential displacements. The proof is
based on analyticity results and on the study of the particular case of a spheroidal swimmer.
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1. INTRODUCTION

The aim of this article is to analyze the controllability of a system associated with a model of micro-swimmers.
The swimmers considered here are ciliated microorganisms immersed in a viscous incompressible fluid. We use
the Blake ciliated model [4, 5]: we assume that the shape of the swimmer is fixed, and we replace the propelling
mechanism of the cilia by time periodic tangential displacements. Due to the micro-scale of the swimmer (very
low Reynolds numbers), the inertial forces are neglected and in particular, the fluid motion is governed by the
steady-state Stokes system. For more details about this model, we refer the reader to [4, 5, 14, 26, 27, 37]. An
important property of the corresponding system is that it can be rewritten as a finite-dimensional nonlinear
control problem and this permits the use of the geometric controllability theory. Such an approach is classical
and comes back to [2, 33]. In the case of very high Reynolds numbers, one can assume that the fluid is potential
and this leads also to a finite-dimensional nonlinear controlled system that can again be studied with the
geometric controllability theory: see [7] for one of the first results in that direction.

The study done here follows the works of San et al. [33], Sigalotti and Vivalda [36], where a similar model is
considered. In this first model, the swimming mechanism is modeled by a tangential velocity which is unrelated
to a tangential displacement. If we impose that this tangential velocity comes from a boundary displacement,
the problem is more complicated and is only tackled in San et al. [34]. In this last work, only axi-symmetric
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swimmers are considered and the control problem corresponds to a motion of the swimmer along the axis of
symmetry.

Let us mention several other classes of swimmers which have been tackled in the literature. Apart ciliated
swimmers, let us mention, among them, the three link swimmer introduced in [32], the three sphere swimmer
introduced in [31] and for which the controllability has been shown in [2] (its extension, the n-sphere swimmer
has been first studied in [3]). Another swimming mechanism consists in small deformations at its boundary.
Such a model is considered in [24, 25]. Let us also mention some other related works: the case where the fluid
is inviscid and potential leads to a very close theory see [11-13, 29].

In this paper, we deal with swimmers of arbitrary shape and our aim is to control all the rigid motions of
the swimmer, i.e. its position and orientation by using boundary displacements. Our first contribution is to give
a model for such a swimming mechanism and to write the corresponding fluid-swimmer system as a suitable
controlled system. Let us briefly explain how the boundary displacement of the swimmer is built. First of all,
the shape of the swimmer is defined as the image of the unit sphere S? of R? by some diffeomorphism Id +¥,

of R3. The displacement on the boundary is obtained from d vector fields 61, - - , 64 of S? from which we build

the map Xs(s) : y € S* — exp, (Z?:l sidi(y)) € S%. For s € R? small enough, Xjs(s) is a diffeomorphism of S2.

The definition of the exponential map on manifolds can be found, for instance, in [22, 23, 28]. The main result
(Thm. 2.8) states that for d > 3 and generically with respect to ¥y and 4, the swimmer is controllable, i.e. any
rigid position of the swimmer can be tracked and reached. Let us emphasize that here, we only need d = 3
elementary deformations. This is a novelty compared to other controllability results, see for instance [3, 24],
where four elementary deformations are required to fully control the rigid position of the swimmer. Let us also
point out the works [1, 18] where less than four elementary deformations are required. Nevertheless, in these
works, the fluid is only present on half of the space R?, and they enrich the reachable set using the boundary
effects. Finally, let us also quote that due to the scallop theorem [32] (see also [30]), it is known that at least two
elementary deformations are required to control the swimmer. We believe that our result holds true for d = 2
(see Rem. 4.6) but the proof should follow a different method. Indeed, we use here explicit formulas for the
Stokes system in the exterior of a ball. Unfortunately because of symmetry properties of the sphere, it seems
that for such a shape, we need d > 3. In order to reach d = 2, we would need to remove such a symmetry, but
in that case the difficulty would be to compute the solutions of the Stokes system.

This article is organized as follows. In Section 2, we introduce the model corresponding to the ciliate locomo-
tion. We introduce in particular the velocity fields 6 = (d1,...,d4) that generates the tangential displacement.
The shape of the microorganism is parametrized by a transformation of the unit sphere of R? through a diffeo-
morphism Idgs +¥g. The corresponding fluid-structure system is written in (2.9). We also give the main result
(Thm. 2.8), that is the exact controllability for d > 3 and generically with respect to ¥y and §. We rewrite
the fluid-structure system in Section 3 so that we can apply general results from the geometric controllability
theory and in particular the Rashevsky—Chow theorem. In order to use such a theorem, we need to compute the
Lie brackets associated with the controls. These Lie brackets involve in particular several Stokes systems with
non-homogeneous Dirichlet boundary conditions. Consequently, to obtain explicit formulas we particularize the
problem in Section 4 by considering the case where the shape of the swimmer is a ball. In that case, using a
classical work of Brenner (6], we can consider particular cases for § = (d1,...,d4) and show that for d = 3, there
exists a choice such that the system is controllable. Using analytical properties of the system, with respect to
Uy, 6 and s, we can then prove the main result of this paper (Thm. 2.8).

2. THE MODEL AND THE MAIN RESULTS

This section is organized as follows. First we introduce some notation in Section 2.1. Then we present in
Section 2.2 the swimmer mechanism, that is how we model the boundary displacements as a diffeomorphism of
the boundary of the swimmer. We couple this with the Stokes system and with the Newton laws to obtain our
model in Section 2.3. Finally, we state the main results, in particular Theorem 2.8, in Section 2.4.
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2.1. Notation

We first give some notations used throughout the article.

— | - | stands for the Euclidean norm on R or on Mj3(R).
— Given k € N, CF(R?) is defined by

C’g(Rg):{fEC’k(RB) | lim 021072073 f(x)| =0, Yai,as, a3 € Nsit. 011—|—042—|—043<k}.

|z| =00

This is a Banach space when endowed with the norm:

Iflloymsy = D sup |91 952952 f ()| .
ay,a,a3€N, z€R?
ay+az+az<k

We also set C5°(R?) = m CE(R?).
k=0

— Given k € N* U {oo}, DF is the connected component of
{re CER3)3 | Idgs +f is a C'-diffeomorphism of R%}

containing 0.
— For a C*™-manifold M, TM is the tangent bundle of M and C*¥(M,TM) is the set of k-differentiable
tangent vector fields of M.

2.2. The swimmer mechanism

Before entering in the core of this section, let us say some words about the model construction. First of all,
we assume that the shape of the swimmer is diffeomorphic (by a diffeomorphism Id +¥) to the unit ball By of
R3, and its boundary is thus diffeomorphic to the unit sphere S? of R3.

Then, we consider boundary displacements of the swimmer associated with a tangential velocity. To simplify,
we consider the tangential velocity on S? and construct the corresponding boundary displacements also on the
sphere. Such a displacement should be a diffeomorphism and this leads to some constraints on the tangential
velocity. Then we apply Id +¥( to obtain a boundary displacement of the swimmer, and we immerse it in the
Stokes fluid where it can move through rigid motions. This mechanism is summarized in Figure 1.

Note that in the case of an axi-symmetric swimmer moving along its axis of symmetry, a similar model is
considered in [26] and [34]. Nevertheless, in these articles the diffeomorphism Id +J is explicit (prolate spherical
coordinates) and it is easier to write the boundary displacement from the tangential velocity.

For any k € N* U {oo} and any © € C*(S?, TS?), we can consider the mapping

X8 = S% y e cos(10(y)])y + sinc(|0(y)])O(y)- (2.1)

Here, we recall that sinc is the cardinal sine function. If © = 0, then X’ = Idg2. Formula (2.1) comes from the
exponential formula X = exp(©) in the case of S? (see for instance [22, 23, 28]). Expanding the sine and cosine
functions, one can see using the above expression and [38] that for every k € N*, © € C*(S?, TS?) — X € C*(S?)
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FIGURE 1. Swimmer model and swimming mechanism.

is analytic. In fact, we have,

X = cos |O| Idgz +sin |O| g = i( ) ) |9|2n
- v o]~ & 2.0,y

-y (Q(H‘i):)' ((2n+ 1) 1dg: +0) |O]>".

Let us now consider for k € N*U{oo} and d € N*, § = (61,...,8q4) € CF (SQ,TSQ)d. For any s = (s1,...

R?, we write

d
= 859
i=1

and we consider the mapping X5(s) obtained from (2.1) with © = ©;(s):

d d d
Xs5(s): S = S?, y s cos Zsjéj(y) y + sinc Zsjéj(y) Zskék(y)
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We denote by J(8) the set of s € R such that X;s(s) is a diffecomorphism of S? and by J () the connected
component of 7 (d) containing 0. We have the following standard result which proof is postponed in Appendix B.

Lemma 2.1. Given k € N* U{oo}, d € N* and 6 = (61,--- ,0q4) € CF(S%, TS?)4, J(6) and J () are nonempty
open subsets of RY.

Remark 2.2. In particular, there exists ¢ = ¢(§) > 0 such that for every s € RY, with [s| < &, Xs(s) is a
C*-diffeomorphism of S2.

For every d € N* and every k € N* U {co}, we write (see Sect. 2.1 for the definition of DE)
Sck(d) = DE x C*(s?, TS?)%.

This is a subset of the Banach space CF(R?)? x C*(S?,TS?)?. We use the notation | - | for the norm of
CK(R3)3 x C*(S?, TS?)4:

(o, )1l = 1Pollcr(msys + [I0]lcn(s2 Ts2)a-
The elements ¢ = (g, ) of SC*(d) characterize the swimmer: ¥, corresponds to the shape of the swimmer
S, = (IdR3 +Uy) (SQ) (2.4)

and § corresponds to the swimming mechanism. Our main result will be generic with respect to these swimmer
characteristics in the topology of CF(R3)3 x C*(S?, TS?)?: for any given swimmer characteristics ¢, one can find
swimmer characteristics ¢ arbitrary close to ¢ that allows the swimmer to control its trajectory.

For every ¢ = (¥, ) € SC*(d), we define the global boundary displacement of the swimmer X, by

Xo(s) = (Idgs +Wg) 0 Xs(s) (s € T(3)). (2.5)

For every s € J(8), X.(s) is a C*-diffeomorphism from S? onto S.. Our aim is to find a time dependent function
s: Rt — J(8) so that the boundary displacement X.(s(t)), t € RT can control the position of the swimmer.
In what follows, we add the following constraint on s: there exists T > 0 so that

s(kT) = s(0) (k€ N). (2.6)

Such a constraint is natural for the swimming mechanism and allows us to focus on a “cycle”, that is ¢t € [0, T].
We are thus lead to consider function s such that s(7") = s(0). We can see that this constraint does not play
any role in our controllability result.

In what follows, in order to establish our generic result with respect to the characteristics of the swimmer,
we need to introduce the subset of SC¥(d) x R? corresponding to the points (¢, s) such that X.(s) is a C*-
diffeomorphism from S? onto S.. To this end, we set

AR (d) = {((qfo,a),s) € SCHd) xR | s € j(é)} , (2.7)

where d € N* and where k € N* U {occ}. We have the following result on .A*(d) (we postpone the proof in
Appendix B).

Proposition 2.3. For any d € N* and k € N*, A*(d) is a connected open set of CF(R3)? x C*(S?, TS?)4 x R
The set A<(d) is dense in A*(d). Furthermore, (c,s) € A*(d) — X.(s) € C¥(S%,R?) is analytic.
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Remark 2.4. In particular, assume k € N* U{oo}, d € N*, ¢ € SC*(d), T > 0 and that 5 € C°([0, T])¢ satisfies
(¢,3(t)) € A¥(d) for all t € [0,T]. Then from the above proposition and from a compactness argument, there
exists ¢ > 0 such that for every ¢ € SC*(d) and for every s € C°([0, T])¢ satisfying

[ —cll + [I5 = sllcoo,mye <,
we have (c,s(t)) € A¥(d) for all t € [0, T].

2.3. Fluid—structure interactions and motion of the swimmer

Immersed into a viscous incompressible fluid, the swimmer described in the above section can translate and

rotate. We write for Q € SO(3) and h € R3,
X'(h,Q.5)(y) = QXc(s)(y) +h (yeS®) and  S'(h,Q)=QS.+h.
We also denote by F. C R3 (respectively by Ff(h,Q)) the unbounded connected component of R3\ S,

(respectively R?\ ST(h, Q)). These correspond to fluid domains.
A point on the surface of the swimmer can be parametrized as follows

z=X"hQ,s)(y)  (yes?).
Assume that (h, @, s) is a C* function with respect to the time. Then the velocity of the above point z is:

d X.(s)
dt

oi(t,2) =QQT(x —h)+h+Q (Xe(s)™H(QT (x — 1))

Here and in what follows, -| denotes the matrix transposition and the dot above a function means its time
derivative.
The system describing the motion of the swimmer is given by the following system:

~Aut 4+ Vpi =0 in F'(h,Q), (2.8a)
divu’ =0 in F'(h,Q), (2.8b)
ul(t,x) = vl (t,2) on ST(h,Q), (2.8¢)
lim u'(t,z) =0, (2.8d)
/ o(ul,pHndl =0, (2.8¢)
St(h,Q)
/ (z —h) x o(ul,pHndl =0, (2.8f)
SHh,Q)

where n is the unit outer normal to dF'(h, Q) and where we have used the notation
1
o(ul,ph) :=2D(ul) — p'T3, D(ul) := 3 (Vu+ (Vu)").

The functions uf and p' are respectively the velocity and the pressure of the fluid. Equations (2.8a) and
(2.8b) are the Stokes system, (2.8¢) corresponds to the no-slip boundary condition. Finally, (2.8¢) and (2.8f)
are the Newton laws with the hypotheses that the inertial effects can be neglected.



CONTROLLABILITY OF LOW REYNOLDS NUMBERS SWIMMERS OF CILIATE TYPE

We then perform a change of variable to work in a referential attached to the swimmer: we set

ul(t,2) = Q)u (1, Q) (x — A1),  pl(t,2) =p(t.QE)" (z — h(t))),

where for any w € R3,

0 —Ws3 W2
Aw) = | ws 0 -w
—Ww w1 0

After some calculation (see, for instance, [35]), we obtain the following system:

—Au+Vp=0 in Fg,
divu =0 in F,

(Xc(s)fl(x)) on S,,

/ o(u,p)ndl’ =0,
Se

/ x X o(u,p)ndl’ =0,

Se
h=Qt,
Q=QA(w).

In what follows, we will rewrite the above system as a finite-dimensional dynamical system with state (h, @, s)

and control input §, see Section 3, equations (3.5) and (3.9).

2.4. Main results

In order to state our main result, we first give the definition of a solution:

Definition 2.5. Assume T > 0, k € NU {oo} with k > 2, d € N* and consider ¢ = (¥, ) € SC*(d). Suppose
also s € WH1(0,T)? is such that X.(s(t)) is invertible for all ¢ € [0, T]. We say that (u,p, £,w, h, Q) is a solution

of (2.9) if

(h,Q) € WHH0,T;R® x SO(3)), (f,w) € L*(0, T;R® x R%),
(u,p) € L' (0,75 (DV*(Fe)® N Hipo(Fe)®) x (LA(Fe) N Hjpe(Fe)))

and if they satisfy the equations of (2.9) almost everywhere or in the trace sense.

We have used the notation D4 for the homogeneous Sobolev spaces (see [17]). In particular

DY2(Fo) ={f € L},.(F.), Vf e L*(F.)’}.
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We refer to Proposition 3.3 for the well-posedness of the system. Our main result (Thm. 2.8) ensures that

generically with respect to the swimmer characteristics ¢, the system (2.9) is controllable. Let us precise our
definition of controllability:

Definition 2.6. We say that (2.9) is controllable in time T > 0 for ¢ = (g, d) € SC*(d) if for any
ho,hn € R?, - Qo, Q1 € SO(3),
there exists s € W1(0,T) such that X.(s(t)) is invertible for ¢ € [0, T], such that
s(0) = s(T)

and such that the solution of (2.9) with

satisfies

Remark 2.7. This says in particular that for a swimmer of shape S. given by (2.4), there exist periodic
boundary displacements associated with the tangential velocities § so that the swimmer can control its position
h and its orientation Q. The invertibility of X.(s(t)) can be written as s(t) € J(d). The condition s(0) = s(T")
corresponds to the idea that the swimmer is repeating this mechanism periodically (see (2.6)).

The main result states a better property (tracking) that the controllability: for a given trajectory, there exist
boundary displacements associated with the tangential velocities § so that the position of the swimmer can
remain arbitrary close to the trajectory.

Theorem 2.8. Given d >3, e, > 0, ¢ = (¥y,0) € SC*(d), T > 0 and (h,Q,3) € CO([0,T];R? x SO(3) x
J ().
There exists ¢ = (¥q,d) € SC(d) such that
le—cll <e,

and there ezists s € C°°([0,T]; RY), with

st) e J(0),  s(0)=35(0),  s(T)=5(T) and |s(t)=s()]<n  (t€[0,T]),

satisfies

together with

The proof of this theorem in given in Section 4.5.
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Remark 2.9. Let us point out that we obtain a tracking property (and the controllability) not only for the
position (h, Q) but also for the boundary displacement (that is for s € J(9)).

We have in particular the following corollary.

Corollary 2.10. Assumed >3, ¢ >0, ¢ € SC*(d), and T > 0. There exists ¢ € SC>(d) with
le =7l <e,

such that (2.9) is controllable in time T for the swimmer characteristics c.
In particular the set of swimmer characteristics ¢ such that the system (2.9) is controllable is an open dense

set of SC*(d).

Remark 2.11. In our opinion, the most important point of our above results is that the controllability
can be achieved with only d = 3 controls. As already mentioned in the introduction, the existing swimming
controllability results were obtained for d > 4 controls (see for instance [3, 24]).

Based on the above theorem, we can also derive the existence of optimal controls. We refer to [13] for similar
optimal control problems.

Theorem 2.12. Given d >3 and ¢ = (9, 0) € SC*(d) such that the system (2.9) is controllable and set A a
compact of R? containing 0 in its interior and K a compact set of J(8) which is connected by C*-arcs and has
a nonempty interior. Let g € CO(Ry x R? x SO(3) x R x R%: R) such that g is convex with respect to the fifth
variable.

Given (h°,Q0), (b, Q') € R? x SO(3) and s°, s* € K, we have:

1. there exists Ty > 0 such that for every T > T, the optimal control problem

s € WhHee(0,T),
s(t) e K (t €[0,TY)),
s(8) € A (t€(0,T) ae.), (2.10)
(h, Q) solution of (2.9),
h(o) = h07 Q(O) = QO7 S(O) - 07
WT)=h', Q(T)=Q", s(T)=s'
admits a solution;
2. the time optimal control problem
min T
T>0,
s € WHe(0,T)4,
s(t) e K (t €10,7Y),
s ed  (te(0,T) ae), (2.11)
(h, Q) solution of (2.9),
h0)=h"  Q(0)=Q° s(0)=s"
WT)=h', QT)=Q' s(T)=s"

admits a solution.

Proof. Let us scratch the proof for the first optimal control problem, that is (2.10).
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We apply the Filippov theorem ([10], Thm. 9.3.i, p. 314) and its extension, see ([10], Sect. 9.5, p. 318 ). One
can check that conditions ((a), (b), (¢), p. 317 of [10]) are fulfilled with the above hypotheses.

The only hypothesis that needs to be checked carefully is the existence of an admissible control, i.e. that there
exists a triplet (h, @, s) satisfying the constraints of (2.10). To this end, we are going to construct a trajectory
on the time interval [0, 1] satisfying the constraint on s. First of all, since K is connected by C'-arcs and since
the interior of K is nonempty, there exist a point 3 in the interior of K and two C'-arcs 3y : [0,1/3] — K and
§1:[2/3,1] = K such that

50(0) =5, 5(1/3) =3, 51(2/3)=35 5(1)=s"

Let us then define (ﬁo, QO) € R3 x SO(3) the final value of the solution of (2.9) in [0, 1/3] with initial condition
(h°, Q%) and control 8. Similarly, we define (/ﬁl, @1) € R3 x SO(3) the initial condition such that the solution
of (2.9) in [2/3, 1] with initial condition (at 2/3) (ﬁl, @1) and control 37 reaches (h', Q') at the final time (such
a construction can be obtained by time reversion).

We conclude, using Theorem 2.8, together with the fact that 5 is in the interior of K, that there exists a control
5172 € C*([1/3,2/3]; RY) steering (h°,Q°) to (h', Q") and such that §;/5(t) € K for every t € [1/3,2/3].

All in all, by concatenation of 59, 51/, and 51, we have built a control 5 € Whee(0,1;R?) steering (h°, Q°) to
(h', Q') and such that 3(t) € K for every t € [0,1].

Nevertheless, the property ds(t)/dt € A may not hold. For T' > 0, we take the control s(t) = 5(t/T) and we see
that s(t) € K for every t € [0,T] and this control steers (h?, Q) to (h', Q') in time T. Furthermore, we have
supo, 7y |3 = * supyg,1; [d5/dt|. Since 5 € W>(0, 1; R9) and since 0 is an interior point of A, we conclude that
for T larger than some T, (depending on § and A), s is an admissible control.

For the time optimal control problem, namely (2.11), the proof is similar and relies on ([10], Thm. 9.2.i,
p. 311) and its extensions. O

3. REWRITING THE SYSTEM

This section is devoted to rewrite system (2.9) as a nonlinear finite-dimensional control problem (system
(3.9) below) and to compute Lie brackets that will be useful to apply the Rashevsky—Chow theorem.
From now on, we assume k > 2. It is used in the regularity of the solution of the Stokes system.

3.1. Decomposition of the system

In this paragraph, we follow the classical decomposition of low Reynolds number swimmers, see for instance
the pioneer work [2]. Given d € N*, k > 2 and ¢ € SC*(d), let us first expand (2.9¢). To this end, we define

Di(s) = 05, Xe(s) 0 Xe(s)™H (i€ {L,--- . d}, (¢, 5) € A*(d)) (3.1)
so that for any solution (h, @, s) of (2.1), the relation (2.9¢) writes

3 3 d

u(t,z) =Y Li(tei + > wilt) (e; x x)+ Y &({)DL(s(t)(z) (v €S),
A 1

i=1 i= i=1



CONTROLLABILITY OF LOW REYNOLDS NUMBERS SWIMMERS OF CILIATE TYPE 11

where (e1, es, e3) is the canonical basis of R?.
This leads us to consider the following Stokes systems

—Au’c—i—Vp’c:O in fca
divul =0 in F.
'LLZ = €; on S(:, (7’ € {]‘7 2’ 3})7 (323‘)
lim ul(z)=0,
|z|—o00
,Aué + Vpi =0 in F.,
divul =0 in F,
U= ei3 X on 5. (i € {4,5,6}), (3.2b)
lim w(z)=0,
|z|—o00
—Avg+ Vg, =0 in Fe,
div 1)2 =0 in F.
i i ¢ ) 1,--- . 2
vt = D(s) on S,, (i e {1, ,d}) (3.2¢)
lim v!(z)=0,
|| =00

Notice that v’ and g are also functions of s. In (3.2), the pairs (uf,pl) and (vi,q.) are well-defined in
(DM2(F)*n Hfoc(}") ) x (L3(Fe) N H}, (Fe)), where DV2(F,) = {f € L}, .(Fe), Vf € L*(F.)*}. We refer to
([17], Lem. V.1.1, p. 305, Thm. V.1.1, p. 306) for the well-posedness of the exterior Stokes problem.

Then

u=u(l,w,\,s) Zﬂu +Zwul+3—|—231

satisfies (2.9a)—(2.9¢). In that case, (2.9¢) and (2.9f) can also be rewritten. Indeed, after an integration by parts
and using ([17], Thm. V.3.2, p. 314), we find

/Sc e;-o(u,p)ndl’ = 2/ D(u) : D(u?) dz

‘FL‘

and

/ (e; xx) o(u,p)ndl’ = 2/ D(u) : D(ui?) du,
Se

Fe

where n is the unit outer normal to dF..
We define the matrices K, € Mg(R) and N.(s) € Mg 4(R) by:

K,=2 </]:CD(UJ2) : D(ug)dx>”€{1 .... ; and  N.(s) = -2 (/fﬂD(ui) : D(vﬁ)dx)l . (3.3)

ie{1,...,6}
Je{1,....d}
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so that relations (2.9¢) and (2.9f) are equivalent to

K, (6) — Nu(s)s. (3.4)

The following result holds (see [24]).

Lemma 3.1. Given k > 2, the mapping (c,s) € A¥(d) — (K., Ne(s)) € Mg(R) x Mg 4(R) is analytic and for
every ¢, K. is positive definite.

We recall that A*(d) is defined by (2.7). We refer to [38] for the definitions and properties of analytic functions
in Banach spaces.
Finally, (2.9) writes

h=Q, (3.5a)
5=, (3.5¢)
(f)) = K 'N.(s)\ (3.5d)

In the above set of equations, we have introduced the new control variable A = $. In fact, since we also want to
impose some conditions on s, we put s in the state of the system and the control of this extended system is .
This also shows that (2.9) is a finite-dimensional nonlinear dynamical system with control A.

3.2. Formulation of the system in a Lie group

Let us define:

(35) 0o
P, @) = [NV e Mas®) (h,Qu8) € R x My(R) x BY)
0 0 1

and
E3,d) = {P(h,Q,s), (h,Q,s) € R x SO(3) x R} C GLy5(R).

Notice that the map P : R? x SO(3) x R¢ — E(3,d) is a bijection. In addition, endowed with the matrix
product, E(3,d) is a Lie group whose Lie algebra is:

¢(3,d) = {p(t,w,\), (L,w,\) € R? x R? x R},

with,
p(l,w, \) = q(f, A(w), \)
(Ag g) 0 0
and with  q(¢, M, s) = 0 0 | EMas®)  ((Lw ) e R? x R® x RY, M € M3(R)).
0 0 0
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Clearly, p : R? x R? x R? — ¢(3,d) is a bijection.
Let us finally define:

1(Q) = P(0,Q,0) € E(3,d)  (Q€SO(3)),
so that we have:
Thas (B2 x SO3) x RY) = g1 (I(Q)e(3,d)) -

Let us define for every j € {1,...,d},
Vi(s) = Q(S) =K1 s)e; c,s) e A

the jth column of K 'N.(s), with {e;};e1,....ay the canonical basis of R%. With such a notation, (3.5d) becomes,
d .
! 12
O£
j=1 ¢

Fi(s) =p (€(s),wl(s).€5) € ¢(3,d)  and  fI(h,Q,5) = [(Q)FU(s) € Trno.oB(3.d), (3.7
with T, E(3,d), the tangent space of E(3,d) at the point P(h,Q, s).
Based on Lemma 3.1 we obtain the following lemma.

Lemma 3.2. Given k > 2 and d € N*, for every j € {1,--- ,d}, the map ((c,s),h,Q) € A*(d) x R3 x SO(3)
fi(h,Q,s) € Mai5(R) is analytic.

Proof. From Lemma 3.1 and the definition (3.6), we deduce that

Let us also define:

(c,5) € A*(d) = (£i(s),wl(s)) € R®

is analytic. Using that p and P are linear maps, we deduce the result. O

Relation (3.5) now reads:

O B o o\ [(@A@) Q) 4
d 0 0 0 0
0 0 0 0 0 O
d d _ d
Q)Y p(th,wl, e = TQF(s)N =Y 17, Q,5) (3.8)
j=1 j=1 j=1

and can also be written as
d h
g Zq*l f1(h,Q,9)) A; - (3.9)

From [24], Proposition 1.6 (see also [16]), we deduce.
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Proposition 3.3. Let k € NU{oo} withk > 2, d € N*, (19,6) € SC*(d), T > 0 and X € L}, (R} )¢ (respectively
A€ CPTL(R)Y, pe N*).

Then for every (ho,Qo,s0) € R® x SO(3) x J (), the system (3.9) endowed with the initial condition
(h, @, $)(0) = (hg, Qo, s0) and control A admits a unique mazimal solution (h, @, s) which is absolutely continuous

(respectively of class CP).
t
Furthermore, if for everyt € [0,T], s(t) = so +/ A(7) d7 belongs to J(§), then the solution (h,Q,s) of (3.9)

0
endowed with the initial condition (h,Q, s)(0) = (ho, Qo, o) is well-defined on [0, T].

3.3. Lie brackets computations

Let us now compute the Lie brackets of the system (3.8). We have

Onfe(h,Q,8)-h=0, 0,fi(h.Q,s)-e;=1(Q)y,Tuls) and Iqfi(h,Q,s)- (QAw)) = L(Q)p(0,w,0)fi(s).

In order to make relations shorter, we set 0;,, .. ;, for (’“)Sl.1 -++0s, . This notation will be used all along the
article.
For i,j € {1,---,d}, we have

[ cvfi] a(h Q,s)f fj a(h,Q,s)f&j fcl
(@(an—&ﬁ+pmwamﬁ—pmw;mﬁ)

. . . J 1y _ i J I\t — AV
( ajgz 8[],83'002 _ aiwg7 0) + <A(WC)A(MC) 0 A((“)c)A(wc) A(wc)gc 0 A(wc)ﬂc 8))
1(Q) (p (0;€, — 0;47, 907, — w?, 0) + p (wl x €& — wl x ¥, wl x w!,0))
I(Q)F (V7 — VI + VI V), (3.10)
reminding that V! = (%) and where we have defined
3 i J s iy s i
(E)r (&)= (" Grsm B erxr (@ dululcr)
w? w?, wl X w?
and p ((ﬁ)) =p(l,w,0) (6,w € R?). (3.11)

Let us also express the third order Lie brackets which will be useful in the following. With a similar computation
to the one done in (3.10), we have, for every 4, j, k € {1,--- ,d},

L U2 £ = 1(Q) b (B, (8, Vi — OV ) + Ok VI AV + VI NORV

c? c)

+VEN(0;V] =0,V + VI AVE)). (3.12)
By induction, we can show that the Lie brackets of elements of {fcl, e ,ff} have the form
1(Q)p(V),
where V' depends only on {ﬁ, e ,f‘(f}. This implies two properties: the dimension of the Lie algebra generated

by the family {f,---, f¢} does not depend on the position (h,Q) € R? x SO(3) of the swimmer. We can thus
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compute the Lie brackets only for h = 0 and @@ = I3. The second property comes from the definition (3.11) of p.
We see that the Lie brackets are always included in the following subspace of ¢(3, d):

{p(t,w,0), (t,w) eR* xR},

of dimension 6. If we can generate this subspace with the Lie brackets of {fcl, S ff}, then, using the form (3.7)
of fJ, we obtain that the Lie algebra generated by {fcl, S fg} is ¢(3,d). In the following lemma, we summarize
the above properties, and we particularize the second one in the case of Lie brackets of order 2 or 3.

Lemma 3.4. Letd > 2, (h,Q) € R3 x SO(3) and (c,s) € A*®(d) then we have

dimLie, g.¢) {f2, -+, f¢} = dimLie 1, ¢ {f2. -+, f¢} ((h, Q) € R?® x SO(3)). (3.13)
In particular, if
dim Span {p~([fZ, £)(0,15,5)), i.j € {1,--- ,d}} =6 (3.14)
or if
dim (Span {p~" ([f, £)(0. 13, 8)), 0~ ([fE. [f2, £I1)(0. 15, 8)), i gk € {1,--- ,d}}) =6, (3.15)

then the Lie algebra generated by the family {fcl, e ,fcd} is mazximal:

Lie(o14,5) {fo. -+, 2} = e(3,d).

Note that (3.13) ensures that the dimension of the Lie algebra evaluated at a point (h, @, s) is independent
of h € R? and Q € SO(3). In addition, using the analyticity of {fcl, e ,ff} with respect to s, we will also
show in the following lemma that the dimension of the Lie algebra is also independent of s, that is to say that
the map (h, Q, s) € R? x SO(3) x J(§) — dim Lie(,,q,s) {fg, e ,ff} € N is a constant map. In particular, it is
sufficient to compute the dimension of the Lie algebra generated by the vector fields {f}, -, f¢} at the point
(h,Q,s) = (0,13,0). This is our strategy in what follows (see Sect. 4.4).

Lemma 3.5. Let d > 2 and ¢ = (¥o,8) € SC*(d). Then for any (h,Q,s) € R? x SO(3) x J(4)

dimLie(h,Q,s) {fcla e 7fg} = dimLie(O,Ig,O) {fc17 e afcd} .
Proof. Since J(d) is open and connected, there exists a Cl-path, 5 :[0,1] — J(§) joining 0 to s. By simply
taking the control A = ds/dt, the solution of (3.9) with initial condition (0,I5,0) is at time 1 at the position
(h1,Q1,s) for some hy € R3 and Q; € SO(3). Now, using the analyticity of {fcl, ,fcd} with respect to

(h,Q,s), we can apply Hermann—Nagano theorem ([20], Thm. 6, p. 48) and deduce that the dimension of the
Lie algebra generated by { fr fd } is constant in an orbit. This yields

dimLie(OJg_,o) {fcl, s 7fg} = dimLie(hl’th) {fcl7 e ,fcd} .
Finally, using (3.13), we deduce.

dimLie(hl,Ql,s) {fclu o 7fg} = dimLie(h,Q,s) {fc17 o 7fg}a

for any (h, Q) € R3 x SO(3). This ends the proof. O
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To obtain the dimension of the Lie algebra generated by f!,---, f4, we will compute the associated Lie
brackets. To this end, one has to compute the derivatives of s — V!(s), where V! is defined by (3.6). That is to
say that we have to compute:

92N (s)e; = —2 (ag (/F D) : D(vi(s)) dx))

c

i€{1,...,6} ) )
[ 7@z, 024i(s) mte
=2 ( / D(ul) : D (920 (s)) dx) = 7 (3.16)
F i€{1,...,6} / T X 0o (agvg(s), a?qg(s)) ndx
Se

c

for j € {1,--- ,d} and for a € N¢.
In the above expression, vJ(s) and ¢/(s) are the solutions of (3.2c). In particular, (9%vi(s),0%q%(s)) is solution
of the following system

—A(9gv;) + V(9gq;) =0 in F,,
div(95;) =0 in Fe, (3.17)
o0y($) = 05DI(s)  on S,

with D! defined by (3.1). In general, it is not possible to obtain an explicit formula for 92N (s)e;, but this can
be done in the case of the sphere and for particular boundary conditions (see Sect. 4).

4. THE CASE OF THE UNIT SPHERE

In this section, we consider the situation where S, = S? and namely the case where ¥y = 0.

4.1. Derivation of boundary conditions

In this paragraph, we compute the expressions of D’ given by (3.1) for ¥y = 0 at s = 0. In that case, we
have.

Proposition 4.1. Let d > 1 and ¢ = (0,6) € SC*(d). Fori,j,k € {1,---,d}, we have
9;D(0) = — Gr 6; - 6,
: 1
Ok,jD.(0) = 6(_2 (85,0k) 6; + (6:,01) 6 + (8;,6;) Ok

+ (GF(Gr‘ai'5k)'5j+GF(GF5i'63')'5k+G1"5i'(GF(Sj'(Sk+GF5k'5j))-

N | =

In the above relations, the differential operator Gr is defined by
Gru-v:=Vu-v+ (u,v)Ids (4.1)
The proof of the above result is obtained by combining Lemmas 4.2 and 4.3.
Lemma 4.2. Let d > 1 and ¢ = (0,0) € SC*(d). Fori,j,k € {1,---,d}, we have at s =0

Dé = 8iX5 )
9;D% = 9;,X5s — VD DI,
Ok,j DL = 0y ;X5 — (VOR.DL - DI + VD! - 9y DI + V9, ;X5 - DF).
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Proof. Let us first notice that for ¥ = 0, we have D! = 9;Xs5 0 X, 571 or equivalently,
0;Xs = D! o X5
and hence, at s =0 (X5(0) = Ids2),
Di = 0;Xs;
— 1st derivative:
9;,iXs = 9;D. 0 X5 + VD} 0 X5 - 0;Xs = (0;D. + VD, - D) o X;
and hence, at s =0,
9;D. = 8;;Xs — VD, Di;
— 2nd derivative:
Ok,jiXs = (Ok,; DL+ VORDL - DI + VD' -9, DI +V (9;D. + VDL - D!) - DF) o X
and hence, at s =0,

Ok,j Dl = 0y jiXs — (VOR DL - DI + VDL - 0,DI + V0, ;X5 - D).

Let us now compute the derivatives of Xj.

Lemma 4.3. For 6 = (61,---,8q4) € C*(S?, TS?)?, we have at s =0, fori,j,k € {1,--- ,d},

X(s (S)‘SZO = Idgz,
0iX5(8)]s—¢ = 0is
8j,iX5(3)‘s:0 = — <5i7 (5j> Idgz,
-1
Ok,5,iX5(8)| ;g = ?«53‘7 61) 6; + (04, 0k) 05 + (83, 6;5) O ).

Proof. To simplify the notation, we set X = X5 and © = O4(s) = Zle 5305,
o0 _1 n
For every n € N*, set A, = ((2n + 1) Ids2 + O), so that, according to (2.2), we have X = Z =0 A, 017"
— (2n+1)!
Then, for every n € N*, we have:
— 1st derivative:
9; (An|O"™") = 6;|01*™ + 2nA,,(5;, ©)|0*" >

and hence,

az-(An@F”)L-o{? CRCYand A=

otherwise
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— 2nd derivative:

95 (An|O7™) = 2nd; (3;,0) |O*"~2 + 2nd; (6;, ©) |2
+2nA, (6;,6;) |02 + 2n(2n — 2) A, (5;,0) (5;,0) |O>"~*
=2n ((6; (6;,0) + 65 (6:,0) + Ay, (6:,0;)) [O]*" % + (2n — 2) A, (6;,©) (6;,0) |O]*" )

and hence,

9y (AnlOP™)| o =

i50j Idg2 if :1’
{g<5 0j)Ids= ifn and 95X g = — (0i, 0;) Idse;

otherwise

— 3rd derivative:

Ok j.i (An|®\2") =2n ((6¢ (05,0k) + 85 (0, 0k) + O (0i,0;)) |@|2”*2
2n — 2) (8; (8;,0) + 6; (6:,©) + Ay, (65, 0;)) (6, ©) [O]*"*
2n — 2)6y, {6;, ©) (4,,0) |6 *
2n — 2) A, (6:,01) (6;,0) [O]*"* + (2n — 2) A, (6;, ©) (3, 5x) [O]"*
2n — 2)(2n — 4) A, (6, ©) (3, 0) (3, ©) |0 F)
=20 ((8; (87, 0) + 8; (04, O) + 6k (3, 0;)) |©]*" 2
+(2n = 2) (3; (d5, ©) (dk, ©) + 05 (J:,©) (0k, ©) + 6k (d:,©) (35, 0)
+ A5 (85, 65) (&, ©) + (85, k) (35, 0) + (5, ©) (5;,0%))) [O]*"~*
+(2n — 2)(2n — 4) A, (6;, ©) (5;,©) (5, ©) |8 ~F)

+(
+(
+(
+(

and hence,

. (8, (85, 00) + 05 (6, 64) + 0p (61,8,)) ifn—=1,
8k7j,i(An®|2)|s—0:{0( 0ir 0 405 (00 ) 0 (00 031)

otherwise
-1

and 3k’j,iX|s:O = ? ((5Z <6j, §k> + (5j <6i,6k> + Ok, <(5i, (%)) .

We are now in position to give the proof of Proposition 4.1.

Proof of Proposition 4.1. According to Lemmas 4.2 and 4.3 and (4.1), we deduce
Di(0)=6; and 9;DL(0) = —Grd; - §;.
We also have
i D(0) = %1(@'»510 8 + (04, 0k) 05 + (33, 05) O
+ V(Gro; - 0x) - 05 + V; - (Gr dj - 6p) + V ((03,65) Ids2) - 0,

~1
= ?(<5j75k>5i + (85, 0k) 85 + (61, 05) O
—(Gr 6, - 68, 8;) Idsz + Gr (Gr 6, - 6¢) -
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— <517 Gr (5]‘ . 5k> Idgz +Grd; - (GF (5]‘ . Jk)

(V8 - 64,8, Idsz + (65, V6, - 64) Idsz + (61 6;) 61
-1

3

Symmetrizing this expression with respect to j and k, we obtain the result.

4.2. Stokes solutions on the exterior of a sphere

({05, 0k) 0; + (6:,0k) 6; — 2(8;,6;) 6) + Gr (Gr ;- 0x) - 6 + Gr 6; - (Gr 6, - 0r) -

19

The results given here are borrowed from [6]. In this section, we use spherical coordinates (7,0, ¢) € Ry x

[0, 7] x [0,27) which are recalled in Appendix A.
We recall that a spherical harmonic of degree n > 0 is defined by

[0,7] x [0,27] — R

~ mym 4.2
0.0) = D WV0.9) (42)
and a rigid spherical harmonic of degree —(n + 1) by
R% x [0,7] x [0,27] — R .
(r,0,¢) = 1703 a6, ), (43)
with 7" any real coeflicient, and where Y,* is defined by
Y. (0, ) = ™ cos(mp) P (cos §),
Y2(0,0) = 2PV (cosb), (neN, 0<m<n, (6,p) €0,7] x [0,27]), (4.4)
Y, m(6,9) = et sin(mig) P (cos ),
with
7(271—&—1) ifm=0,
am
oy = ' (neN,0<m<n)
(2n+1)(n —m)! im0
27 (n +m)!
and with P" is the associated Legendre polynomial of degree n and order m, that is to say that
P (z) = 1 (1- 332)% an (2> —1)™) (xe[-1,1], neN, me{0,---,n})
n - an| d$n+m ) ’ ’ ) i .
We recall that the family {Y"}nen, forms an orthonormal basis of L?(9Sy), see for instance ([15],

me{fny... ’n}
Chap. VII, Sect. 5.3, p. 513). More precisely, this family is orthonormal for the scalar product

2 ™
(C,T):/O /0 C(0,0)Y(0,p)sinfdbdp.
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Remark 4.4. Let us mention that,

1
PY(z) = ST (2 —1) ==z,
%dx L g2 1 (z € [-1,1)).
Pf(m):i(l—xz)z ?(an—l) =(1-2%)?2
and hence,
1 3 .
Yi(6,p) = —Wcoscpsme,
Y(0,0) = |/ = cos, ((6,) € [0,7] x [0,2r).
s
—1 3 . .
Y (0,0) = —Wsmgosmﬂ,

According to Lamb [21], see also Brenner ([6], Eq. 2.13), the solution (v,q) of the Stokes equation in an
exterior domain can be expressed in spherical coordinates (see Appendix A for the related definition of spherical

coordinates and expression of the usual operators V, div and rot) as

= n—2 n+1

v = Z <I‘Ot (X_(n+1)T6T) + V¢_(n+1) - mTZVp_(n_A,_l) + n(2n_1)p_(n+1)7’67~) (458,)
n=1

7= P-(nt1) (4.5b)
n=1

where X_(n41); #—(nt1) and p_(,41) are rigid spherical harmonics of degree —(n + 1) defined as in (4.3).
Furthermore, the drag and torque exerted on the immersed domain by the fluid can be expressed as

F=—47V (r’p_s), (4.6a)
T = -8V (r*x_2). (4.6b)

Let us mention that F' and T are constant vectors of R3. In fact, we have,
v (7"3 (r_2Y10(9, <p))) =

Vo
\ (TS (T_2Y11(9a¢))) = \/EV (rcospsinf) = va =\
\/7

<
—
=3
2B
=
S
@,
5
=
Il
B
=)
<
<

I
=~
&l
SR O oo~
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When the exterior domain is the exterior of the unit ball of R3, v - e,, divpr v and rotr v for 7 = 1 can be
expressed as a sum of spherical harmonics (see (A.1) for the definitions of divr and rotr),

voe, =Y X, (4.7a)
n=0

divpv = >V, (4.7b)
n=0

rotrv = Z Zn, (4.7¢)
n=0

with X,,,Y,, and Z,, spherical harmonics of degree n.
According to [6], X—(n+1), @—(n+1) and p_(,41) are related to X,,Y, and Z, by

0 e 4
X—(n+1)(7”7 yp) = m n(0, ), (4.8a)
0 P X(6.0) + V(6 4.8b
G (nt1) (1,0, 0) = m(n n(0,0) + Yo (0,9)), (4.8b)
—(n 2n —1
Py (1,0,0) =7 ( +1)n7+1 ((n+2)X,(0,9) + Yn(0,9)) (4.8¢)

for every n € N*.

Using the decomposition (4.7) for (3.17) we obtain

o 47V (r3p_
oo = (amy (1ot %))-

Since 92 DI (s) is a tangential field, p_» and x_o are given by (4.8) with X = 0, i.e.

T72 T72
p72(7"797%0) = 7Y1(0790) and X72(7"797%0) = 721(03@)7

where Y7 and Z; are defined from (4.7) with v = 92D/ (s). More precisely, we obtain

(divr 92 Di(s), Y}

(divr 92 Di(s),

. - (divp 02D (s), YY)
IS N(s)e; = —V3m 2(rotr 02 Di(s),Y!)
2(rotr 92 DI (s), Yy 1)
2(rotr 92 Di(s), YY)

P—‘h<|
e~
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Let us also recall that for a spherical body, the matrix K. introduced in (3.3) is (see Sects. 5.2 and 5.3 of [19])

27 <3I3 0 > and hence,

0 4l
(divp 9g DY (s), Y1)
(divp O DI(s), ¥y ")
; 3 (i3 0 (divp 02 Di(s), Y)
ay/J] — 4/ — (3 s ¢ 11
BV =\ g ( 0 ;13) (rotr 92 Di(s), Y} (49)
(rotp 9 DI(s),Y; ')
{rotr 02 Di(s), Y)

4.3. Particular choices of §
In order to fully define the swimmer configuration, ¢ = (0, ), we introduce some explicit choices of d;’s.

The first type of §; that we consider is

e
(0, 0) = 0gY,M (0, 0)eg + 0, Y, (6, @)ﬁ (4.10)

and the second type is
e
En(0,0) = 0,Y(0,0) 75 = DoV (0, 9)es (4.11)

with n € Nand m € {—n,--- ,n}.
Let us remind that, according to Proposition 4.1, we have

Let us then compute V!(s) given by (4.9) at s = 0 for the two possible choices of §; given by (4.10) and (4.11).

— If §; = ¢™.  Assume m > 0, the case m < 0 is similar. In order to compute V(0), one have to compute
the solution v = v,.e, + voey + vye, of the Stokes equation set on the exterior of the unit ball with the

Dirichlet boundary condition v = d;, that is to say that at » = 1, v,, v¢ and v, shall satisfy

0r0,0) =0, vgl6.0) = DY (6,0) = i sin B(P) (cos 0) cos(mep)
—mcy'

1 .
and v,(0, ) = @awynm(o,@ = P (cos ) sin(mep).

In order to express the solution in a sum of rigid spherical harmonics, we compute the decomposition in

spherical harmonics in (4.7),

e -v=>0,
. -1 .
divpv = pr (Og(vgsinb) + 0, v,)
B (—89(sin2 O(P") (cos)) — m—QPm(cos 9)> cos(me)
sin 0 " sinf "
2

_ _.m —1 _ 2 my/ _ m m
=—cl (Sineag((l cos” ) (P (cosh)) = cosQHP” (cos 9)) cos(mep)
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= cy'n(n + 1) P (cos 0) cos(my)
=n(n+1)Y",

1 :
rotp v = ] (Og(vy sin @) — Dyvp)
= siCSO (—mdy (P} (cosf)) — msinO(P") (cos ) sin(me)

=0.

In the above relations, we have used the property of the associated Legendre polynomials, see for instance
([15], Chap. V, Sect. 10.3, p. 327)

d 2\ pmy/ m? me m
ac (A1=C)(PM(©) - Tl Q) = —n(n+1)P(C).

Consequently, by orthogonality of spherical harmonics, we obtain V/(0) = 0, for n > 2.
- If 6; =¢. Assume m > 0, the case m < 0 is similar. Similarly, we have to compute the solution v =
Ve, 4+ vgey + v,e, of the Stokes equation set on the exterior of the unit ball with the Dirichlet boundary

condition:
1 m —mcyt )
v, =0, vg = siﬁ(%y" 0,¢) = oy P (cos ) sin(myp)

and vy = —0gY, " (0, p) = ¢ sinO(P)")' (cos 0) cos(mep)
and similarly to the previous case, we obtain
e,-v=0, divpv=0 and rotrv= —n(n+1)P"(cosf)e™?.

Consequently, for n > 2, we have V(0) = 0.

Lie brackets at s = 0. Due to the choice of the ¢;’s given by (4.10) and (4.11), we obtain (choosing

n > 2) Vi0) =0 for every i € {1,--- ,d}. Consequently, at s = 0 the expression of the Lie brackets given
in (3.10) and (3.12) are

[e(0,15,0) = p (0,0, €;) , (4.12a)
[£1, £1(0,15,0) = p (9, V) — 9;VF), (4.12b)
L5142, £201(0,15,0) = p (0 (9;V — V7)) - (4.12¢)

4.4. Explicit computations

In this section, we combine (4.9) and 4.1 in order to compute explicitly (4.12). This computation has been
made by using the computer algebra system maxima.

Case d = 4. In this case, we consider § = (01, - ,04), with

61 =(y, S =¢7, 53=¢§ and &;=(5.



24 J. LOHEAC AND T. TAKAHASHI

Setting Ai}j = 8]‘/02(0) — 81‘/CJ<0) the 6 X 6 matrix (Alg I A1)3 ‘ A174 | A273 | A274 | A3,4) is

95/2 53/2

0 0 0 0 0
93/2 53/2 Vi
PSR 0 0 0 0 0
0 0 34\\/}%3” 0 0 0
0 0 0 0 537/ 0
V2T )

0 0 0 0 0 —Ujf/z

2
0 0 0 90 0 0

This, together with Lemma 3.4, ensures that the dimension of the Lie algebra generated by f1,..., f2 is of
maximal dimension (i.e. 6 + 4 = 10) for s = 0.

Case d = 3. In this case, we consider § = (91, d2,03), with
61:@1, (52252 and 53:Cg.
Setting A; ; = 9;Vi(0) — 8;VJ(0) and AF; = 8 (0;Vi(s) — BiVI(s))|,_, the 6 x 3 matrix (A1g | Az | Ags)

is
95/2 53/2

0 0
93/2 53/2 Vin
= 0 0
0 0 0
0 0 0
0 0 0
0 0 %

and the 6 x 9 matrix (Af, | Ay | A, | A%g | A%S | Ai)g | Aég | A%?, | A%?,) is

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
8949 2360 V7
’ ’ 07/2 286732 0 N ’ ﬁ 3/2 T 143 73/2 0
249 5 3879 /5 75357
0 0 . T@wavien 0 —Ens 0 IBEDR 0 0
0 oot 5575 772 0 0 0 s 0 0 0
0 0 0 0 0 0 0 0 0

This, together with Lemma 3.4, ensures that the dimension of the Lie algebra generated by f1, f2, 3 is of
maximal dimension (i.e. 6 +3 =9) for s = 0.

In conclusion of the above computations, we have the following results.

gegnrrza) 4.5. For every d > 2 and every (c,s) € A*(d), we set A;;(s) = 0;Vi(s) — 0;VI(s) and Aﬁj(s) =
kg, (S)-

— For every d > 4, the analytic maps

A%(d)
(¢, s)

R

%
= det (Ar2(s) | A1s(s) | Ara(s) | Azs(s) | Azals) | Aszals))
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and (at s =0)

SC*(d) — R
c = det (A12(0) | A1,3(0) [ A14(0) | A23(0) | A2.4(0) | Az,4(0))

are non-identically 0.
— For every d > 3, the analytic maps

A%(d) — R
(c.s) = det (Arp(s) | Ars(s) | Aas(s) [ AT5(s) | AT o(s) | Afs(s))

and (at s =0)

SC*(d) — R
¢ = det (A12(0) | Ar3(0) | Az3(0) | AT5(0) | AT 5(0) | A 5(0))
are non identically 0.

Remark 4.6. We tried to prove a similar result for d = 2 but our numerical simulations seem to indicate
that it is not possible. More precisely, we went up to the computation of Lie brackets of fifth order. In all
the computations, we performed the maximal rank of the Lie algebra evaluated at s = 0 was 3. In these
computations, we have considered all possible choices of § given by (4.10) and (4.11) up to spherical harmonics
of order 6. We have also taken the parameters m and n in (4.10) and (4.11) randomly, using a Poisson law for
n, and again the maximal rank obtained was 3.

However, we believe that the generic result, Theorem 2.8 is still valid for d = 2 but probably the spherical
swimmers are too symmetric to be controllable with only two elementary deformations.

From Lemma 4.5, we deduce.

Proposition 4.7. Given d >3, ¢ >0 and ¢ = (Vy,0) € SC*(d), there exists ¢ = (¥, ) € SC*(d) such that
le—ell <e
and
dimLieg,q¢) {2, fi} =d+6  ((hQ,s) € R x SO(3) x J(9)). (4.13)
Furthermore, for almost every s € J(8) and every (h,Q) € R? x SO(3), we have

— ford =4,

Lie(h,Q,s) {fcla afg}
= Span ({£2(h,Q,5), -+, f2(h,Q,9), } U{[fL, f(h,Q,s), i,j € {1,--- ,d}}); (4.14)

— ford =3,
Lie(n,g.0) {fco -1 fE}

= Span ({ £ (h,Q,s), -+, f&(h,Q,8)} U{[fL, fi](h,Q.s), i,5 € {1,--- ,d}}
U{fc,fc,fcﬂ(hQ,S),i,j,ke{l, (d}}) . (4.15)
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Proof. Let us sketch the proof for d > 4. The proof in the case d = 3 is similar.
The analyticity of the map

F:ceSC%(d) — det (A1 2(0) | A1 3(0) | Ay 4(0) | Ag3(0) | Az s(0) | Az 4(0))

given in Lemma 4.5 and its non-nullity ensure that for every ¢ there exists ¢ such that ||c —¢|| < € and F(c) # 0.
This together with Lemma 3.5 gives (4.13).
In addition, using the analyticity of

(c,8) € A(d) = det (A1 2(s) | A13(s) | Ara(s) | Az3(s) | Aza(s) | Azals)),
we obtain (4.14). O

4.5. Proof of Theorem 2.8

In this paragraph, we prove Theorem 2.8 using Proposition 4.7 together with Lemma 3.5 and a standard
consequence of Rashevsky—Chow theorem (see [20], Thm. 3 and Cor., p. 109).

Proof of Theorem 2.8. Assume d > 3, ¢ > 0, ¢ = (¥,0) € SC*(d). From Proposition 4.7, there exists ¢ =
(g, 08) € SC*(d) such that

le =2l <e,
and
dimLieg, g {f2, [} =d+6  ((h,Q,s) € R x SO(3) x J(4)).
We then apply (Cor., p. 109 of [20]). O

5. CONCLUSION AND PERSPECTIVES

We have proposed a new model for the swimming of ciliate micro-organisms, extending the model in [34] in
the case where the geometry is not axisymmetric. The swimming mechanism consists in boundary displacements
associated with tangential velocities. We have shown that generically with respect to the shape of the swimmer
and to the tangential velocities, our swimmer can move into a Stokes fluid for at least d = 3 tangential velocities.
It is already known since [32], that d = 1 is not sufficient (see also [30]). It is still an open question to know if
d = 2 is sufficient (generically). From our numerical investigation, for a spherical swimmer it seems that d = 2
is not enough. One could also try to adapt the method developed here to other models such as the one in [25]
but in that case the Lie brackets are more complicated to compute. We should also expect the same kind of
result in the case of low Reynolds numbers (potential fluid) as in [11, 12].

We would like also to extend our results to a Navier—Stokes fluid and for a fluid-structure system confined
in a bounded domain. All the methodology used here does not work anymore. For a Navier—Stokes fluid, the
system is of infinite dimension and for a bounded domain, we see that the dimension of the Lie algebra generated
by the tangential velocities may depend on the position of the swimmer.

APPENDIX A. FORMULA IN SPHERICAL COORDINATES

These results are borrowed from (Sect. A.15 of [19]) and are recalled here for the sake of completeness.
Consider the spherical coordinates:

x=rsinfcosy, y=rsinfsing and 2z =rcosh,
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with (r,60,¢) € Ry x [0, 7] x [0, 27]. We have:

e, = sinf cos pe; + sin fsin pes + cos fes,
eg = cos 6 cos pe; + cosfsin ey — sin fes,

e, = —sinype; + cos pes.

Let f,v,,vs,v, be scalar functions and set v = v.e, + vges + v, €, then we have

1
Vf=0-fer+ a&feGJF o Lpfegm
o1 2 1 .
dive = T—Qﬁr(r vp) + Tsmeag(vg sinf) + mé)@v@,
1 . 1 1 1
rotv = ez (0 (vy sin @) — Oyvg) € + - <811198er - 8,»(7’1@,)) ey + - (Or(rve) — Ogvy) €45

and we define

divrv :=re, - V(e, -v) —rdive

=7 (&vr — r%ar(r%r) -

1 . 1
neﬁg(vg sinf) — W@%)

1 .
= —2u, — ] (Og(vgsinf) + 0, vy) , (A.1a)
rotr v := re, - rotv
1 .
= (Og(vy sinb) — O,vy) - (A.1Db)

Let u = u,e, + ugey + uye, and v = v,.e, + vgeg + vy e,. Then we have:

Vu = 8Turere;r + 8ru96962— + Gruwewe:

1 1 1
+ . (Do — ug) ereq + - (Dpug + u,) egeq + ;Bgug,e@eg
1

1 L1 .
(sin@a(pur — u@> ere, + " (Sineawug — cotan 9u¢> epe,

1
(Sinea@u@ + u, + cotan Gu(;> ewe; .

1

r

1

r
So that we have,

1 1 1
Vu v = v, (Orure, + Orugeqs + Orugey) + vg < (Ogur — ug) e, + — (Opug + u,) €9 + 8gu¢e<p>
r r r
1
— | —0,up — cotanfu,, | eq

1 1
+o, | = | —50,ur —uy, | €r +
r \ sind sin 0

1
r
1 1
+ (Smea Uy + Uy + cotan 9u9> e¢>

_ Yo —up) + e _
= <UT8TuT + . (Opur — ug) . (Smoa Uy u¢>) e,
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1
+ (vTarug + %9 (Ogug + uyr) + UT“’ (Singag,w — cotan Hug,)) ey
1

Vo v
+ (vraruv, + 7(’“)91@, + 7(p (sin@awuw + u, + cotan 9u9>> e,

and in particular, for u = ug(6, p)es + uy (0, p)e, and v = vg(0, p)es + v, (0, ¢)e,, we have at r = 1,

1
Vu-v=—(voug + v,u,) €, + (Uaaeue + v, (S,Q(%ue — cotan 9u¢)> ey
in
1
+ (veaeug, + v, (sin@apuw + cotan 9ue>) €,
= —(u,v)e, + Gru-wv, (A.2)

where we have used the notation (4.1) for Gr. This yields the following expression

1 1
Gru-v= (v989u9 + v, (mea“’“" — cotan 9u¢>) e + (voaguw + v, (sin(‘)apuw -+ cotan Oue>) e, (A.3)

APPENDIX B. PROOFS OF SOME TECHNICAL RESULTS

We gather here proofs of some results stated in this article.
Proof of Lemma 2.1. In order to prove that j(é) is a nonempty open set of R?, we first recall (see [8], Prop. 2,
p. 287) and ([9], p. 1) that the set O of the C*-diffeomorphisms is a nonempty open set of C*(S2).

Moreover, from (2.2) and (2.3), we have for any (J,s) € C*(S?, TS?) x R¢

2n

o] n d d
6 0) = 3 gy |+ Dy S sibi0 | [ ss050 (B.1)
n=0 j=1 j=1

and thus the map 2 : s € R — X;(s) € C*(S?) is continuous (analytic). Finally, using that J(6) ==271(0) we
deduce that J(6) is an open set of R%.

Since J(6) is a connected component of an open set, J(J) is open.

Finally, since {0} C J(§) C J (), the sets J(8) and J(4) are nonempty. O
Proof of Proposition 2.3. In order to prove the connectivity of A¥(d), let us consider f : A*(d) — {0,1} a

continuous function. For every Uy € DE and every § € C*(S?, TS?)?, we have by definition that J () is connected
and contains 0. Consequently,

f(Wo,0,8) = f(¥0,8,0) (s € T())
Now, using the continuity of (¥o,d) — f(¥g,d,0) and the connectivity of SC*(d), we conclude that
f(%0,0,0) = £(0,0,0) ((¥o,) € SC*(d)).

This yields the connectivity of A*(d).
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In order to prove that A*(d) is open in C§(R3)3 x CF(S2, TS?)4 x RY, we first recall (see [24]) that D§ is an
open set of CF(R?)3. Consequently, since

A¥(d) = Df x {(5,s) € C¥(S*, TS*)* xR | s € J(0)},

it is enough to prove that {(d,s) € C*(S?, TS?)¢ x R? | s € J(8)} is open in C*(S? TS?)? x R

Assume (0,3) € C*(S?, TS?)? x R? with 5 € J(5). We want now to show that if (5,s) € C*(S?, TS?)? x R?
is close to (9,3), then s € J(d). Since J(J) is open and connected, it is path-connected. Thus, we can consider
a continuous map ¥ : [0,1] — J(6) with 7(0) = 0 and (1) = 5. Now, we use the continuous (analytic) map
(see (B.1))

Z:(6,s) € CF(S?, TS x R — X5(s) € CF(S?)
and the open set O of the C*-diffeomorphisms in C*(S?) to deduce as in the above proof that

=10) = {(5,5) e OF(s2,TS?)? xRY | s € i(&)}

is an open set. Thus, there is an open neighborhood of the compact set {0} x Im(¥) in E*I(O). In particular,
there exists € > 0 such that if

16 = 8llox(s2 ws2ya + [7(t) — 5] <, (B.2)
for some ¢ € [0,1], then s € J (). Assume
15 = 8l @ mnys + 15 — 5| < e,

then if we extend the path % by a straight line joining 5 to s, the corresponding path v satisfies {6} x Im(vy) C
=-1

E71(0). By definition, all the points of Im(~y) belong to J(d) and thus s € J(9).
The density of A*(d) in A*(d) follows from the density of C5°(R?)? x C*°(S%, TS?)? x R? into C¥(R?)3 x
C*(S%,TS?)? x R? and from the fact that A¥(d) is an open set.
Finally, the analyticity of (c,s) € A¥(d) — X.(s) € C*(S?,R?) comes from (2.5) and the expression of Xjs(s)
(see (B.1)).
O
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