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HARDY’S UNCERTAINTY PRINCIPLE AND UNIQUE
CONTINUATION PROPERTY FOR STOCHASTIC HEAT
EQUATIONS

AINGERU FERNANDEZ-BERTOLIN! AND JIE ZHONG?*

Abstract. The goal of this paper is to prove a qualitative unique continuation property at two points
in time for a stochastic heat equation with a randomly perturbed potential, which can be considered
as a variant of Hardy’s uncertainty principle for stochastic heat evolutions.
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1. INTRODUCTION

It is well known that the unique continuation property has extensive applications in control theory of partial
differential equations, especially observability for the system; see [31] for details, or [20, 27, 30] for the stochastic
case. Aforementioned works deal with uniqueness in domains, that is, under certain conditions, if a solution is
zero in a subset, then the solution is identically zero. Recently, there is a series of studies [5, 7-12] on uniqueness
of two time points, where the goal is to understand sufficient conditions for the solution at two different times
so that the solution vanishes. The methodology involved in their project is very robust, as it can be seen in
extensions of their results from heat equations to the magnetic Schrédinger equation [2, 4] and more recently
to the discrete Schrodinger equation [3, 13, 17]. We refer to [22] for an extension of these uniqueness results
to more general parabolic equations. It is also worth mentioning that [26] studied the relation of uncertainty
principle and observability in control theory.

The motivation of proving such unique continuation properties for solutions of heat or Schrédinger equations
knowing the behavior of the solution at two different times comes from the very famous result of Hardy [16] or
(p. 131 of [25]), concerning the decay of a function f and its Fourier transform

£ = (2@-?/ e 7T f(x) da.
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2 A. FERNANDEZ-BERTOLIN AND J. ZHONG

Under this definition of the Fourier transform, Hardy proves:

If f(z) = O(e71e*/B%) | f(€) = O(e=45°/*°) and afB < 4, then f = 0. Also, if aB =4, f is a constant
multiple of elel’/8%,

Since its original formulation, the Hardy uncertainty principle has been extended to more general settings.
For instance, we have the following L?-version of the uncertainty principle [24]:

e‘zlz/ﬁzf, 64‘5‘2/0‘2f € L*(R") and af <4 = f=0.

Moreover, thanks to the expression of solutions of free Schrédinger and heat equations, it is possible to rewrite
the Hardy uncertainty principle in terms of solutions of these equations. Since we are concerned with the heat
equation, in this case it is known that

1, €|I|2/526Af € L*(R") for some § <2 = f = 0.

Due to logarithmic convexity properties of solutions with fast decay properties at two different times, the
authors extend in [8, 11] this dynamic Hardy uncertainty principle to solutions of the equation d;u = Au + Vu,
where the potential V' is bounded, using only real variable techniques, whereas the previous known proofs of
the Hardy uncertainty principle, up to the endpoint case, were based on complex analysis arguments. In the
preliminary non-sharp version of the result in [8], they prove first that a solution with Gaussian decay at time
to = 0 and ¢; = 1 preserves this decay at any time in between, and, furthermore, in the open interval (0, 1)
the solution exhibits better decay properties. Combining this result with a Carleman estimate, they are able
to conclude uniqueness for solutions with a non-sharp rate of decay. Every step of the proof follows a formal
approach that is justified at the end of the proof, which represents a considerable technical difficulty.

In this paper, we provide a uniqueness result of two time points for the following stochastic heat equation
with random potential and multiplicative random noise:

{du = (Au+V(t,x)u)dt + G, z)udW(t), (t,x) € (0,1] x R, 1)

u(0) = wuyg,

which formally can be viewed as a heat evolution with a randomly perturbed potential V' + GW. Our aim is to
explore sufficient conditions for the solution u of equation (1.1), the potential V', the noise G and the behavior
of the solution at two different times ¢ty = 0 and ¢; = 1, in order to guarantee that v = 0. To the best of our
knowledge, this is the first work to study the stochastic counterpart in this topic.

It is reasonable to think that in the presence of a noise term, the statement will not change, at least for
small noises. We see in this paper that the approach introduced in [8] can be formally adapted to our setting
to extend the Hardy uncertainty principle, however, the justification procedure is much more challenging. As
a byproduct, a new interior regularity for the stochastic heat equation with a quadratic exponential weight is
provided, and the result itself is also interesting.

Before we state our main theorem, we need to assume the following hypothesis on the potential V' and the
noise G in equation (1.1).

Assumption 1.1. The measurable functions V and G : 2 x [0,1] x R™ — R satisfy the following conditions:

(1) V,G and VG are bounded on Q x [0,1] x R™;
(2) Given 7 > 0, there exists ¢ > 0 such that

sup |G(w,t,2)| < ————
te[0,1]| ) (VI +4dy)t=s

weN
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(3) lim sup  |V(w,t,2)| = lim sup  |VG(w,t,z)| =0.
L—oo4ef0,1],]z|>L L—0oye(0,1],]z|>L
weN weN

Notice that the potential V' considered in the deterministic case is bounded whereas in the stochastic setting
we require it to slightly decay at infinity. If we only carry out the formal arguments, we do not need neither
the potential nor the noise to decay, but we cannot forget that formal computations could lead to misleading
conclusions, as for example, it happens in the deterministic case for the Schrédinger equation (see Sect. 6 in
[8]). As we point out in Remark 3.5 we could relax condition (3) and assume that both V' and VG are bounded,
with small enough bounds when |z| is large. Since this would also be a technical assumption, for the sake of
simplicity we use condition (3) instead.

Condition (2) has a different nature. In the deterministic case, the approach to conclude uniqueness has two
steps. In the first step (Lem. 3 in [8]), the authors prove a logarithmic convexity estimate to see that the solution
has Gaussian decay at all times. Then, the second step (Lem. 4 in [8]) consists of proving that in the interior
of [0,1], both zu and Vu have also Gaussian decay. However, in the stochastic case, we have to show first the
interior regularity properties for the gradient of the solution, as explained in Remark 3.6. Roughly speaking, we
first prove an analogous version of Lemma 4 to conclude an analogous version of Lemma 3 in [8], which is done
in Lemma 3.4, and is where condition (2) appears.

Once we prove these interior properties, we can follow two different approaches. On the one hand, we could
prove a logarithmic convexity estimate analogous to Lemma 3 in [8] and then conclude uniqueness from this
logarithmic convexity result. On the other hand, we can combine the interior decay properties in Lemma 3.4 with
a Carleman estimate to get uniqueness. In this paper, we follow the second approach, since, even though one can
think that both approaches could be equivalent, it allows to consider a wider class of noises. As in deterministic
equations, Carleman estimates are extensively used in stochastic PDEs, for example, inverse problems or to
prove uniqueness (see [21, 28, 30]), and to show observability or controllability (see [1, 15, 19, 29]). In this work,
we follow the idea from [18], where the author applied Carleman estimates to study inverse problems.

Let us introduce some basic notations.

Let F = (Q, F,{F:}+>0,P) be a stochastic basis with usual conditions. On F, we define a standard scalar
Wiener process W = {W(t)}:>0. We assume that the filtration {F;}:>0 is generated by W.

Given a Hilbert space H, we denote by L%([0,1]; H) the Banach space consisting of all H-valued {F;}>0-
adapted processes X such that the square of the canonical norm E fol | X (t)||3 dt < oo; and denote by
Cx([0,1]; H) the Banach space consisting of all H-valued {F;};>o-adapted continuous processes X such that
the square of the canonical norm Esupy<;<; || X (#)||% < oo.

We denote by (-,-) the inner product in L?(R") and denote by || - || the norm induced by (-,-). We also use
the notation || fllec = esssup,, ¢ »)caxo,1]xrn |f (W, ¢, 2)[, when we say f is bounded on € x [0, 1] x R™.

Definition 1.2. We say u is a solution of equation (1.1) if w is in the space of
Cx([0,1]; L*(R™)) N L%([0, 1]; H'(R™)) such that for all p € C2°(R") and all ¢ € [0,1] we have

(u(t), ) = (uo,gp)+/0 (Vu(s), V) d8+/0 (Vu(s), ) ds—i—/o (Gu(s),p) dW (s), P-a.s.

The following is our main result.

Theorem 1.3. Suppose u is a solution of equation (1.1), and assume that

2 2
Elluol* < o0, Ellef*/* u(1)]? < oo,
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for some 0 < § < 1. Then we have u =0 in [0,1] x R™, P-a.s. if either V is bounded in [0,1] x R™ and G = G(t)
is a bounded function in [0,1], or Assumption 1.1 holds and

4y
144y

IG5 < : (1.2)

where v = 1/(26).

This result is not likely to be sharp, compared to the deterministic equation, but a combination of it with the
procedure developed in [11] will probably start a self-improvement argument. On the other hand, it is reasonable
to claim that a similar result holds for Schrédinger evolutions. We are currently working on both projects.

The first part of our main result deals with a deterministic noise G = G(t), independent of the space variable
z. In this case, it is easy to see from some obvious transform that the deterministic result still holds. This can
also be verified through the proof of a logarithmic convexity result analogous to Lemma 3 in [8] (see Rem. 3.2).
In particular, this implies that the deterministic result (G = 0) is trivially included in our statement, and,
therefore, in the sequel we only focus on the case that G is random and depends on .

Furthermore, if we consider V and G as deterministic functions, one can apply the deterministic result
proved in [11] to the function Eu, and conclude that the following statement holds true for solutions of (1.1)
with bounded deterministic potential V' and deterministic noise G:

Elluol|?, Elle™*/% 4(1)||2 < oo for some § < 2 = Eu = 0.

Theorem 1.3 shows that if 0 < § < 1 not only is our solution zero on expectation, but it is zero P-almost surely.
Moreover, it also extends the result to stochastic processes V' and G.

The rest of the paper is organized as follows: in Section 2, we provide necessary estimates, especially the
interior regularity for the decay of the solution. In Section 3, we first study formally the Gaussian decay of the
solution at the interior, and then focus on rigorous justifications. Section 4 is devoted to the proof of our main
result Theorem 1.3.

2. PRELIMINARY ESTIMATES

In this section, we start with the energy estimate for the solution u of equation (1.1), multiplied by a quadratic
exponential weight function.

Lemma 2.1 (Energy estimate). Suppose u is a solution of equation (1.1). Then there is a constant C > 0 such
that

2
E sup He¢”(t)|x‘2u(t)H < CMa V||l |2,
0<t<1

where v > 0,6+ (t) = v/ (1 + 4vt), and Mgy = ||G||% + 2[|V||o-

Proof. Formally, let v = e?(%)qy with ¢(t, ) = ¢~ (t)|z|?, then by Itd’s formula we have

dv = Oypvdt + [~Apv — 2V - Vo + Av + |V|?v + Vo] dt + Go dW (t).
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Applying Ito’s formula for ||v||? and integration by parts yield

t t
||v(t)||2+2/ IVol2ds = ||v(0)||2+2// (1Vel? + drp) o2 dads
0 0 R™
t t t
+/ ||Gv(s)H2ds+2/ (U,VU)de/ (v, Go) AW ().
0 0 0
It is clear that
|v@‘2+8t90207

and thus we obtain

||v(t)||2+2/0 V|2 ds = ||v(o)||2+/0’\\Gv(s)||2ds+2/0'(v,w)ds+2/0 (Gu,v)dW(s).  (2.1)

Taking expectation on both sides and getting rid of the gradient term, we have

t t
Elu(t)|? < Ello(0)]? + E / |Gu(s) |2 ds + 2E / (0, V0)|ds
0 0
t t
< EJo(0)]® + |G| E / lo(s)]1? ds + 2| V]| E / ()| ds
t
— ElJo(0)| + Moy E / u(s)|1? ds.
0
It follows from Gronwall’s inequality that
Eu(t)]? < eMovE|v(0)]?2,

which also implies that Efol lo(®)|? dt < eMevE|v(0)]2.
Now we go back to the equality (2.1), and use the Burkholder-Davis—-Gundy’s inequality with p = 1 to
estimate Esupg<;<; [|v(t)||* as follows:

1 1
E sup [[o(®)] < Eo(0)]? + |G|1% E / ()12 ds + 2[V]o / Jo(s)[1? ds
0<t<1 0 0

+ 2E sup
0<t<1

/Ot(Gv, v) dW (s)

1 1 1/2
S BN + MoE [ [lofs)]P ds + CE ( / (Gv,v>|2ds)
0 0

1
1
<E[oO) + MevE [ o) ds + 3E sup (0
0 0<t<1

1
+CIGI%E / (s ds.
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Therefore,

1
E sup [jo(8)[|* < 2E[lv(0)]* + 2(Ma,v +CIIGH§O)E/ [o()]]* dt
0<t<1 0

< 2E|o(0)||? + 2(Ma,v + C||G|%)eMeVE|v(0)]?
< eCMEVE[u(0)]7.

To justify the integration by parts and calculations carried out above, we use the same truncation and
mollification as in (Lem. 1 of [8]), which completes the proof. O

Interior regularity (or smoothing property) for deterministic parabolic equations is standard and well known,
i.e., the solution becomes smooth for any ¢ > 0, even though the initial data may be singular. Similar but more
subtle result for stochastic equations can be proved, see for example [14]. However, in the rest of this section,
we will show the interior regularity for the solution u of stochastic equation (1.1), with a quadratic exponential
weight, which serves as an important tool for the rigorous justifications in the later sections. The result itself is
also interesting and new in this stochastic context.

Let v > 0. Fix 0 < a < 1, let (, be a positive function in C2°(R) such that

0, r < max{vy,2} — 1,
wry =1 {72}
2r=*, r > max{vy,2}.

We define ¢, as a radial function in R™, i.e., pq(x) = @4 (|z]) satisfying

0 (0) =0 = lim, 00 )/ (7).

{wgm —@u(r)/r = —ata(r), 22)
Notice that ¢}, (r) = ar [ (4(s)/sds. This allows us to choose ¢, such that

)@ —a)/(2—a), ifr>max{y,2},
#alr) = {(1 + O(a))r?, if 0 < r < max{~y,2}. (2:3)

Lemma 2.2 (Interior regularity). Assume u is a solution of equation (1.1), and V,G and VG are bounded in
Q x [0,1] x R™. Then for any € > 0 we have

1
sup E|le??®vu(t)]|® + E/ |e7?« @ D2y (t) || dt < oo, (2.4)
€

e<t<L1

where @, is defined as in (2.2) and (2.3).
Proof. Define ¥(t,y) = n(t)0(y) € C5°([0,1] x R™) with

,,(t):{o, € [0,¢/4], 9@):{1’ ye Bia),

1, telg/2,1], 0, y¢ By(x),

for x such that |z| > N, where B,.(z) is a ball centered at = with radius r.
Since d(vu) = dypudt + 1 du, it follows from Itd’s formula applied to |[¢u|/? that

dllull® = 2(yu, d(¥u)) + [|[Gyul* dt,
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or

I OuO1 = [ [ w0000, auds
w [ ettt [ [ Vi s
0o JR»
[ Gl s ) dyaws) + 5 / G (s, )2 (5, ) (5,9) s,
o JR» 0 JRm»

where we have used the fact that ¢(0) = 0. Then by observing that

vttt dutty)dy = = [ GepVatPdy—2 [ Tot)- Tultn)i(t ).

Rn

and taking expectation we obtain

lIEHw(t)U(t)II2 +1E/ [4(s)Vu(s)||* ds
= E/ P(s,9)0st(s,y)u’ (s, y) dyds — 2E/ Vs, y) - Vu(s, y)¥ (s, y)u(s,y) dyds
R’n

—|—E// (5, )02 (s, y)u?(s,y) dyds + E/ IG(s) u(s)||? ds.

After using Cauchy—Schwarz inequality in the second integral on the right hand side of the previous equality,
we have that there is a constant C' depending on ||G/||s and ||V ||oo such that

1 1
sup E/ u?(t,y) dy + ]E/ / |Vu(t,y)|? dydt < gI[-E/ / u?(t,y) dydt. (2.5)
e<t<1 yEB1 () e/2 JyeBi(x) € e/4 JyEBa(x)

Next, let us differentiate the equation satisfied by u with respect to a variable x; and we obtain

where u; = 0,,u(t, z), and similarly for (Vu); and (Gu);. Repeating the computations as before with ¢ (t,y) =
n(t)0(y), where

17 yeBl/Q(x)v

”(“:{0’ et 9(”:{0 y ¢ Bio)

1, tele 1],

we get

sup IE/ ul(t,y) dy+IE/ / |Vul(t y)|? dydt
e<t<1 yeBl/Q ’UEBl/2

/ / u(t,y) dydtJrC’E/ / |Vu (t,y)|? dydt.
/2 JyeBi(x /2 Jy€B1(x
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Thus, it follows from (2.5) that

1
sup E/ |Vu(t,y)|2dy+]E/ / [D?u(t,y)|? dydt
e<t<1  JyeB, s(x) e JyeBia(x)

/ / u(t,y)?* dydt, (2.6)
e/4 JyeBa(x)
by summing in:=1,2,--- ,n

For y € By(x), and |x| 2 N with N sufficiently large, there is v > 0 such that

(I =v)e(y) < (1 —v/2)¢(@) < o(y),
where

p(x) = [2/(1+ 4y). (2.7)

Therefore,

1
sup IE/ 62(17”)7@(y)|Vu(t,y)\2dy+E/ / 2= W) | D2y (¢, ) |? dydt
yEB1/2(x) e JyeEBy ()

e<t<1

(7 1
<k / 201-v/2)vp(x) / W2(t, ) dydt
yEBa(x)

/ / e21*Wy2(t,y) dydt. (2.8)
/4 yEBz

Now by means of a covering lemma, see for example (Thm. 1.1 of [6]), we can find a sequence {z;} with
sup; |zj| > N such that {|y| > N} C U; Bija(z;) and > XB,(2;) < C(n). Summing in j, we conclude from
(2.6) and (2.8) that

sup E/ Vu(t, y)? dy—i—E/ / D2u(t, y)|? dydt
ly|>N ly|>N

e<t<1

< E/ / (t,y) dydt < oo, (2.9)
/4R

and

sup ]E/ 20=1)7eW)|Vy(t, y) \Qdy—l—E/ / 2= W) | D2y (t, ) |2 dydt
e<t<1 \y|>N ly|>N
C 1
< —E/ / 21 W2 (¢, y) dydt < oo, (2.10)
/4 JRn

by the energy estimate in Lemma 2.1.
Finally, we fix N and v such that (2.9) and (2.10) hold, and without loss of generality, we may assume
N > max{7,2}. In this case, we have

E / 272 |y ()2 dz = E / 2120 @) | Vy(t)2 dz + E / 212 @) |Vy(t)2dz, (2.11)
|2|>N {|z|>N}NE {le|>N}nES

where E, = {z € R" : 2|z % < a+ (2 —a)(1 —v)|z|>/(1 + 4v)}, and ES is the complement of E,,.
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For the first integral, we have that ¢, (x) < (1 — v)¢(x), where @ is defined in (2.7), and thus,
E / 2720 |Vu(t) dz < E / 20-119@) |y (t, )2 da,
{lz|>N}NEq |z| >N
which by (2.10) implies that

sup E/ 212 (@) |7y (1) 2 dz < oo. (2.12)
est<l  J{jz[>N}NE,

For the second integral, we use the fact that if + € ES, then |z| < 2Y/?[(1 4+ 47)/(1 — v)]*/* when a € (0,1).
In fact,

(2—a)(1l—-v)
1+ 4y

(27(1)(17V)‘1:|a<2_

2l+4y) 144y
1+4y

o < C-a)i-v) “1-v

202>~ > a+ <2= |zt <

a
|x‘2—a

Hence,

IE/ 212 @) |Gy (t, z)|? da < ]E/ 212 @) |7y (t) |2 da
{lz|=N}nEg {lz[=N}n{|z]<2t/*[(1+47)/(1-v)]t/ o}

< 627“’“(21/0'[(1+47)/(1”’)]1/G)E/ Vu(t,z)|? da,
|z|>N

which by (2.9) implies that

sup IE/ 2% @) |Gy (t, z)|? dz < oco. (2.13)
{lz|>2N}nEg

e<t<1

It follows from (2.11), (2.12) and (2.13) that

sup IE/ 2% @)Yy (t, z)|? do < oco.
e<t<i  Jjz|>N

Similarly,

1
IE/ / 2% (@) D2y (t, 2))? dz < oo.
e J]jz|>N

For the space integral over the region {|z| < N}, all the estimates are obvious, and we finish the proof. [

Remark 2.3. It is worthy to note that the estimates in Lemma 2.2 may blow up as a or £ goes to zero, which
indicates that we cannot use the energy estimate directly to work with sup,¢(g 1 E|e1#"u(t)||. However, we are
going to use this lemma qualitatively but not quantitatively, so this fact is not an issue for our purpose.

3. GAUSSIAN INTERIOR DECAY

We first introduce a formal calculation to be used frequently in the sequel.
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Lemma 3.1. Let S and A be a symmetric and a skew-symmetric operators, respectively, possibly dependent on
the time variable. Suppose V' and G are bounded stochastic processes in [0,1] X R™, and a reasonable function

f(t,x) satisfies
df = (S+A)fdt+ Vfdt + Gf AW (2).
We also assume that there exists a time dependent operator S; such that
d(Sf) = S fdt + Sdf.

Then there is a function Q(t) and a universal constant N such that

2

L og H(t) + Q(t)] >

& H2<t){IE(8tf +[S, Alf, ) + Dal(t) —

QMoo < N(IVllso + IVIIZ + IGI1Z),
where

H(t) =E||f|*, Ha(t) =E|Gf]?,
D(t) =E(Sf. f), Da(t) = E(S(Gf),Gf).

Proof. By Itd’s formula, we have

d(f, f) = 2(df, f) + |G f|*dt
= 2(Sf, f)dt + 2(V f, f)dt + 2(Gf, f) dW.

Thus
H(t) = 2D(t) + 2E(V f, f) + Hg(t).
Let us rewrite D as follows:
D(t) = JEQRS] + VI, )~ 5E(VA ),
and so
Ht) =EQSf+ V[, [)+EVf, f)+ Hg(t).
Then

DH(t) = = [[EQSf+ V£, I — [E(V £, £)*] + D(t)Hg (t).

DO =

By Itd’s formula again and equality (3.1), we have

d(SS, f) = (A(S), )+ (Sf,df) + (S(Gf), Gf)dt
= (Suf, /At +2(Sf,df) + (S(Gf),Gf)dt
= (Sif, f)dt +2||SFIPdt + 2(Sf, Af)dt + 2(Sf, V f)dt

(3.1)

(3.4)

(3.6)
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+2(Sf,Gf)dW + (S(Gf),Gf)dt
= (Suf. £)at + (18, AVf. £)dt + |27 + V|t — |V f%dr
+2(Sf,Gf)dW + (S(Gf),Gf)dt,

In the last equality, we use the identities
251, A7) = (1S, A7),
and
2SI+ 2S5,V S) = 5128 + VI = 5V SIP
Thus
D) = E(Suf + 15, Alf, ) + SEI2SS + VI = EIV I + Dalt).

Thus by (3.5) we obtain
i[lo H)] = — = _F
a8 THO O HO
where F' verifies

SE(WVES)  Holt) B
Ho . Hp TO=°

F(t) =

Then it follows from (3.8) and (3.9) that

L g 1)+ F(1)] = 29 [D“)] _ 2 [D(t) _ D(t)H (1)

de? T oAt H(t) H(t) )
= }Iiw{E(Stf + [S,A]f, )+ %]EHQSf + VfHQ _ %]E”VfHQ + Da(t)
= siq [ECSS +VE AP = BV S, PP - LW}

By Cauchy—Schwarz inequality, we have
[EQ2Sf+Vf, f)I? <E|2Sf + VfI*Ellf]*,
which, together with the inequalities
E(VHZ20,  EVFI? < VIR EIF
implies

2

Slo 0 + 0] 2 o {B(sis + 5. A1) + Dt - 2O v

Now let Q(t) = F(t) + t(1 — t)||V|%, and then (3.10) yields (3.2) and (3.3), which completes the proof.

11

(3.10)
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Remark 3.2. If the noise G is deterministic and independent of the space variable x, the term Dg(t) —
D(t)Hg(t)/H(t) on (3.2) will disappear as long as & does not involve derivatives with respect to time, as
will be our case. Thus, we can deal with the commutator part as the deterministic case in [8], and get rid of
Assumption 1.1 as well as the restriction on v to arrive at a logarithmic convexity result analogous to Lemma 3
in [8]. Moreover, it is easy to show that the noise does not play a role if one tries to prove uniqueness from the
logarithmic convexity estimate, so for space-independent deterministic noise the deterministic result still holds
in the stochastic setting. Notice that G = 0 is trivially a space-independent noise, so the deterministic result is
covered.

Recall that according to Remark 2.3, we are unable to control the term sup,cpg IE||6””””|2u(t)||2 directly
from the energy estimate. On the other hand, we cannot use this abstract result in the same way as in the
deterministic case to control that quantity. However, the next lemma allows us to bound the corresponding
L?-norm in the time variable. Moreover, it also shows that both

Elle |zfu(t)|> and E[e’* wu(t))?

are finite for almost every ¢ € [0, 1].
In the rest of this section, we will make another assumption on the potential V' and the noise G, due to the
stochastic conformal transformation studied in Lemma 4.1.

Assumption 3.3. The measurable functions V' and G : 2 x [0,1] x R™ — R satisfy the following conditions:

(1) V,G and VG are bounded on Q x [0, 1] x R™;
(2) Given 7 > 0, there exists € > 0 such that sup |G(w,t,z)| < /7]z|™° for |z] > max{vy, 2};

t€[0,1]
weN
(3) lim sup  |V(w,t,z)| = lim sup |VG(w,t,x)| =0.
L=ootefo1]|e|>L L=ootefo1],|o|>L
weN weN

Lemma 3.4. Suppose u is a solution of equation (1.1), and Assumption 3.3 holds. Then, for v > ||G|% /4,
there is N = N (7, [|[V]loo, |Glloos |VGlloo) such that

1 1 1
/E||e"*|w|2u(t)|\2dt+/ t(1—t)]E||evlw\2\x|u(t)||2dt+/ t(1 — OE|| e’ Vu(t)||? dt
0 0 0

= (Elle”'gu@n? + R[N u(1))? + S}z)puEllu<t>2> '
telo,

Proof. Let f = e7?u, where ¢ = ¢(z) is to be chosen. Then f satisfies, formally

df = (Sf+Af +Vf)dt + GfdW(¢),
where
S=A++9?Vyp|? and A=-29Vp-V —~yAp (3.11)

are symmetric and skew-symmetric operators, respectively. We do calculations as in Lemma 3.1, and recall that

H(t) =2D(t)+2E(V f, f) + Ha(t) and
D(t) = B(S, Alf. /) + 5BI25f + V> = SEIV I + Do(o)

where H, Hg, D and D¢ are defined in (3.4).
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Multiplying H(t) by (1 — 2t) and integrating in ¢ € [0,1], we get

/(1—27,‘ dt—Z/H £ di — H().

On the other hand,

/1(1 — 2t)H(t) dt
0
_ 2/1(1_27:) ()dt—|—2/1(1—2t)E(Vf,f)dt+/1(1—2t)HG(t)dt
0 0
_ 2/ D()d(t(1 — 1)) /1(1—2t)]E(Vf,f)dt+/l(1—2t)Hg(t)dt
0 0

- _2/0 1= t)D ()dt+2/o (1—2t)]E(Vf,f)dt+/0 (1= 26)He (t) dt

—2 /1t(1 —OE(S, Alf, f)dt - /l t(1—OR|2Sf + Vf|*dt
0 0
1 1
2
+/0 t1 - DE|V S| dth/O t(1 — t)Dg(t) dt

+2/0 (1—2t)]E(Vf,f)dt+/0 (1= 2)He () dt.

Therefore, we have

HO)+H(1)—2/1H(t)dt
0

1

> 2/ t(l—t)E([S,A]f,f)dt—/O t(l—t)E\|Vf\|2dt—2/O (1= 20E(Vf, ) dt

0

1 1
7/ (1— 26)He(1) dt+2/ {1 — ) De(#) dt.
0 0
Now, formally, if ¢(z) = |z|? we have from (3.11) that

(8. A0 =87 [ ViPar+s2® [ ol

and

(SG1.Gf) =~ [ V(G dz+ 492 / 22| f[? de
Rn Rn

> —2/ |G|2|Vf|2dx—2/ VG| f| dz.
R~ R~

13
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Thus,

1

1 1
2/ H(t)dt+4(4fyf|\G||§o)/ t(lft)IE/ |Vf|2dxdt+6473/ t(lft)E/ ||| f|? dadt
0 0 R 0 R™

1

< H(0)+H(1)+/1 t(l—t)IE||Vf||2dt+2/ (1= 20E(V/, f)dt
0 0

1 1
_ _ 2 2
+/0 (1 2t)HG(t)dt+4/O {1 t)E/Rn|VG| [ dadt.

By assumptions on G and V, for a given ¢ > 0, there exists L > 0 such that when |z| > L we have

max{ sup |G(w,t,z)|, sup |V(w,t,2)|, sup |VG(w,t,x)|p <e. (3.12)
te[0,1] te[0,1] te[0,1]
weN weN weN

Therefore, we obtain that

1 1
_ 2 — _ 21712 4z 2112 dp
/0 {1 — DE|VFIP dt / H1— t)E [ /M'V' PP da+ / |>L\vw P ]dt

\% 2
< ” ||00627L2 sup EH’U, ”2 / H
4 te(0,1]

In the same way, we also have
1 2
2/ (L= 20B(Vf,£)dt 2V e sup Bl ||2+2a/ Hit
0
1 2
/ (1 —2t)Hg(t)dt < ||G||2 e " sup ]E||u )||* + &2 / H(t
0

1
4/ t1—DE / VGPIfP dadt < VG2 sup Ellu(t)]? + 2 / H(t)dt
0 R™ t 0

)

Putting everything together yields

(2—952/4—25)/1H(t)dt+4(47— G||§O)/lt<1—t)1@/ IV fP2 dedt
0 0 n

1
+6473/ t(l—t)E/ |z?| f)? dedt < H(0) + H(1) + N sup E|u(t)]* (3.13)
0 R™ t€[0,1]

We can now choose ¢ small enough so that 2 — 9¢2/4 — 2¢ > 0 and conclude the result by using the inequality
(2.21) in [§]

]E/ IVfI? + 472||?| f|? da Z]E/ 21| wy)2 da. (3.14)
R Rn
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In order to make the calculations above rigorous, we set f, = e7%?=u, where ¢, satisfies (2.2) and (2.3). Then

'z i
Bijpa(z) = Lol s (T3 e 1y

|z| ||
and thus
D2(pa(:1';) _ 2In j’ O(a) Zi,jzl -57,]; lf 0 S |£C| S max{’y, 2}, (315)
2|z|=*I,, + O(a) Zi7j=1 E;;, if |z| > max{v, 2},

where I, is an n X n identity matrix, and £;; is the elementary matrix whose only nonzero entry is a 1 in ¢th
row and jth column. Also, in this case we have

1A%¢, ]l < C(n)a. (3.16)
Thus,
/ DQ%Vfa.Vfadx:/ ngoana~Vfadx+/ D2,V f, - Vf,dx
n |z|<max{v,2} |z[>max{v,2}
22/ |Vfa|2dx+n/ 0(a)|V ful? dz
|z <max{7,2} || <max{~,2}
+2/ |x\_“|Vfa\2dx+n/ 0@V ul2de,  (3.17)
|| >max{~,2} || >max{~,2}
and so
8y [ D*0uVfa:-Vfadx—4 / IGP |V fal dz > 4 / (47 +n0(a) = | G2V fol? dz
R™ R"™ |z]<max{vy,2} (318)
v f (37 -+ nO(@) ol |V fuf do +4 [ (72~ — [GI2)|V ful? .
|2 >max{v,2} || >max{y,2}

By choosing a small enough, the first two integrals on the right hand side of the above inequality are non-negative
by the condition that v > ||G||2,/4, and so is the last one due to the decay of the noise G in Assumption 3.3.
Observing that

([SaA]favfa) = 47/]1{ DQ(Pavfa -Vfadz + 473 IDZQDaVQOa : V‘Pa|fa|2 dr — FY/R’ A2¢a|fa|2 dz,

R

and repeating the formal computations as before, we obtain

1 1
(2 — 9% /4 — 26 — vC(n)a) / H,(t)dt + 473/ t(1— t)]E/ D20uVpa - Vipu| fal? dadt
0 0 R™

4 / (47 + nO(a) — [|GI%)|V ful? d + 4 / (37 + nO(@)) |z *|V fl? dz
|z] <max{vy,2} |

x| >max{v,2}

+4/ (V2|7 = |G*)|V fal? dz < Ha(0) + Ha(1) + N sup Elju(t)]?,
|z|>max{v,2} t€(0,1]

where H,(t) = E| f.(t)||?. By letting a tend to zero, we prove (3.13) rigorously.
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Next, we would like to replace the term [, |Vf[2>dz by [, €1**|Vu|?dz in (3.13). To do this, we notice

that (3.13) holds for f, = e(=P)=1*y; as well. Then by using the same argument as the interior regularity result
in Lemma 2.2, we can justify (3.14) with such f, for ¢ € [¢,1]. In the end, we send p and ¢ to zero and complete
the proof. O

Remark 3.5. Thanks to the decay of V and G in Assumption 1.1 for any ¢ > 0 there exists L > 0 such that
(3.12) holds when |z| > L. However, we use this fact for € > 0 so that 2 — 9¢2/4 — 2e > 0. This implies that
condition (3) in Assumption 1.1 could be replaced by

3L > 0 such that sup |V (w,z,t)], sup IVG(w,z,t)| < ¢
te[o,1], |z|>L tel0,1], |z|>L
weN we

for some universal ¢ > 0. Hence, no decay is really needed in V' and VG and what we really need is a small
enough bound for V' and VG far from the origin. Notice that the decay condition (2) in Assumption 1.1 for G
is also needed in our justification argument, so we are not allowed to remove this decay.

Remark 3.6. In order to show that the commutator is positive we have to absorb the integral [ |G|*|V f,|? dz
in one of the positive terms appearing in the commutator. According to (3.18) our only chance is to use the
positive integral [ |z|~%|V f,|? dz and hence we assume that the noise G has a polynomial decay (condition (2)
in Asm. 1.1).

4. PROOF OF MAIN RESULT

It is noted that in Lemma 3.4 we require that the solution u has the same quadratic exponential decay for
to = 0 and t; = 1, but Theorem 1.3 assumes no decay for the initial data. In order to overcome this issue,
we introduce the following conformal transformation, also known as Appell transformation for our stochastic
equation.

Lemma 4.1. Assume u(t,x) verifies
du = (Au+V(t,x)u)dt + G(t, z)udW(t), (t,z) € [0,1] x R™.

Let a, 8 > 0 and set

a(t)r|z|?
4

where

K= \/g — \/E a(t) = W and b(t) = \/ga(t)t,

then y verifies
dy = (Ay + Vy)dt + gy dW (b(t)), (4.2)
with

V(t,z) = [a@®))PV(b(t),a(t)z) and G(t,z) = G(b(t),a(t)x).
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Moreover, for any v € R,

Efle" Py ()]* = Bl (el Py )7, (4.3)
where s = b(t).
Proof. By Itd’s formula,

2
n_q , anlzl? arlz|? n RlT|* axlel?
2 1 — e 4

adue” T dt+aZe du(b(t),a(t)x) + a2a udt

)
where

+ du(7,a(t),x)|

z=a(t)z T=b(t)"

On one hand, observing that
b(t) b(t)
u(b(t),z) =u(0,2) + /0 [Au+ Vu(s, z)ds + /0 Gu(s, z)dW (s)
= u(0,2) + /0 [Au + Vau)(b(s), 2)V' (s) ds + /0 Gu(b(s), z) AW (b(s)),

where the second equality follows from the time change formula for Brownian motions, or more generally, local
martingales, see for example (Prop. 1.5, p. 181 of [23]), and

du(r,a(t)z) = ' (t)Vu(r, a(t)z) - z dt,

we have
_n _arlz? n _q, ’ / /"f|$|2

a~ze” 14 dy:§a dudt+ |(Au+Vu)b +ad'Vu- -2z +a u| dt + GudW (b(t)). (4.4)

On the other hand,
_n _anlel? 9 9 nkK K2 5
a"2e 1 Ay=a Au—i-/qu-x—F?au—an |z u. (4.5)
Then it follows from (4.4) and (4.5) that
_n _anlel? T 2 / 2 o1 2 Ko 2
a”ze 1 (dy—Aydt) = [(b' —a®)Au+ (a' — ka®)V -z + 5@ (@' — ka*)u + 4(a —a)|z*u] dt

+0'Vudt + GudW (b(t)).

Using the identities a’ = ka? and b’ = a?, we obtain (4.2). Then relation (4.3) is a consequence of the transform
(4.1) and the fact that a(t)a(s) = 1.
O

Remark 4.2. In Lemma 4.1, if u is F;-adapted, then y defined in (4.2) is Fy;)-adapted.

It is known that the conformal transformation y is equivalent in probability law to the process u satisfying

di = (AT + V(¢ z)a)dt + G(t, 2)adW (), (4.6)
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where

V(t,z) = [a(®)]PV (b(t), a(t)z), G(t,x) = G(b(1), a(t)z)/V (1), (4.7)

and W is another Wiener process. Since the norms we consider are under the probability expectation, we may
by a slight abuse of notation denote by u the conformal transformation of u. Then we have

E[le"%(0)]* = Efu(0)?, Bl (1) = Elle /),
by choosing @« =1, 8 =1+ 4y and v = 1/(20) in Lemma 4.1. We also have

WVlloo < L4+ 4D Vlioos 1Gllos < VI +41|Glloes  and  [VGlloo < (1+49)[VC]lco,

by the identities b’ = a? and ||al|oc = /T + 4.
Finally, we are ready to prove our main theorem.

Proof of Theorem 1.3. We consider v = 1/(26) > 1/2 and apply to the solution u the conformal transforma-
tion in Lemma 4.1. It follows from (4.7) that V and G satisfy Assumption 3.3, as long as V' and G satisfy

Assumption 1.1 and that Hé |2, < 47. Therefore, we can apply previous lemmas and the interior regularity to
show that the subsequent formal computations are correct.
For R > 0 and M > R we define the functions

0, |J3‘>2M, 1, te [%717%]7
0 = =
m () {1, ol <pr,  80) {o, te [0, ul— 5 1],

and consider v(z,t) = Oy (2)ng(t)u(z,t). For v > 1 we define ;1 and € > 0 such that

vV1+e <u< ¥ ’
2(1—¢) 1+e€

and f = e®v where

o, t) = o+ i — ey 2+ T —675)(1225) a4 E)ﬁs;(l -t

We observe that

dv = Oynlbudt 4+ OymrAudt + Vodt + GodW
Av = AOynru + OymrAu + 2VO0yng - Va.

Hence,
dv — Avdt = Fdt + Vodt + GudW,

where F := Oympu — (2VO0r Vu + Abyu)ng.
Now we write

e?(dv — Avdt) = df — (S + A)fdt = e? Fdt + V fdt + GfdW, (4.8)
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where S and A are symmetric and skew-symmetric operators, respectively. A computation shows (see Lem. 8
of [11])

S =A+4p?|z+ Rt(1 —t)er|* + 2uR(1 — 2t)(zy + Rt(1 —t))

TEATT (1+€e)R*(1 — 2t)
+ (t t+o )R 6 ,
A= —4p(z+ Rt(1 —t)e) -V — 2un,

(Sef+ IS AlSf) = 32u3/ (4p(1 —162;2 - 1)R€1

2
r+ Rt(1 —t)ey + |f|? dz

R2
—|—8u/ Vf2de+ S [ |f2da.
n 8[1, Rn
Let us multiply (4.8) by —2Sf, then integrate in space and time and take expectation to get
1 1 1 1 _
—2]E/ (df,Sf)dt+2E/ ||SfH2dt+2]E/ (Af,Sf)dt = —2E/ P4+ VLS. (49)
0 0 0 0

Using that d(Sf, f) = (Sef, /Hdt +2(Sf,df) + (S(éf), éf)dt the latter is equivalent to (remember that f is
of compact support)

1 1 T 1 B
QE/ ||Sf||2dt+IE/ (Stf+[S,A]f,f)dt+E/ (S(Gf),Gf)dt:fZE/ (PF +V£,.Sf)dt,
0 0 0 0

and, using Cauchy—Schwartz we arrive to

1
0

1 1 1
B[ ISP a+E [ S+ ALNa<E [ e F+Tia-E [ (S@).a0)
0 0 0
Next, from the definition of S we have S(éf) =GSf+ AGf +2VG - Vf and we observe that

Aéé\f|2dx+2/ vé.wéfdx:—/ IVG?|f]? da.
Rn ]R’n,

R™

The latter implies that

1
0

1 1 1 1
E / ISI2di+E / (S.f + 1S, Alf, f)dt <E / |ePF + VfIP dt + E / (Sf.fG?)dt + E / Tacelett

0 0 0 0

1 1
<9E / [P FIP dt + | V[2E / T
0 0
1 ! 2 1 14 ! 2 112 ! 2
+3E [ ISP+ SIGILE [ 1712 dt + IVGILE [ 1712
0 0 0
(4.10)
Thanks to the definition of the space-time commutator S; + [S,.A] we conclude

R

1 N 1 - B 1 L
B [ IfPar < (24 I + 5161 + IVEIE ) & [ 1P dre 28 [ e riPae
8uJo 2 0 0



20 A. FERNANDEZ-BERTOLIN AND J. ZHONG

Finally, we take R > 0 large enough depending on 17767V6 so that we can absorb the first term of the
right-hand side in a fraction of the left-hand side. Hence

2 1
ER / ||f||2dt<]E/ ||e‘PFH2dt<2E/ le?Orrnp u||2dt+2]E/ e (2V0as - VU + Abpra)np|| dt. (4.11)
0

We will study separately the two terms of the right-hand side. The first term is supported in {(z,t) |z| <
2M,t € [2R7 R] U [1 — %71 — ﬁ]}, where

1
plz + Rt(1—t)er|* < p(l+€)|z]* + p (1 + ) R (1—1) < p(l+e)|z)* + p <1 + 6) < ylz2 + g

Thus,
1 o R 1 2
E/ €2 Onraiyii]|2 dt < R262?+?E/ e a2 dt
0 0

and Lemma 3.4 implies that the last integral is bounded by the assumptions on the solution.

Since the second term is supported in @ € Bays \ Br, t € [55,1— %], we notice that

plz 4+ Rt(1 —t)eq|> < p(1 + e)|z> + p (1 + ) R2(1—1)% < p(1+&)|z]> + <1 + ) R? < ~|z* +

Therefore, the contribution of the second term is bounded by

1 B - 1 mm, g2 [1TV/2R o1 -
E/ e#(2V6ss - Vi + Abasitynal? dt < e ]E/ eVl (1@ + |Val)| dt.
0 1/2R

1 1
M if — 1— |, 1<4R%*(1—1t)s
oreover, if ¢t € [ZR’ 2R} < 4R%*t(1 —1t) so

1-1/2R 1
E/ e (Ja) + |va|)||2dtg4R2E/ e 4(1 — ) (ja] + [V |2 dt.
1/2R 0

Again, Lemma 3.4 shows that the last integral is bounded by the assumptions on the solution. Notice also
that we conclude that the second term in (4.11) tends to zero when M tends to zero. On the other hand, if

1-€1 . ~
(7,t) € Be(i—e)rya X [2, 2] Or(x) =nr(t) =1 (ie. f=e%u) and

puR*(1—¢€)? (1+eR* R? 9
t) > — 4p=(1 — —(1 .
plat) > L O - - (1+) >0

Altogether, we show that there exists N > 0 depending on the decay hypothesis of the solution, v and € (but
not on R) such that

2 .
eR %(4”2(176)27(1+6))E||ﬂ||2

B < R2? R/SN.
16p L2(Beq-or/ax[555]) = fe
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By letting R — oo we see that

]E”ﬂ”iz(RnX[%’g]) =0= U=u= 0 P—a.s.

O
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