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ON MEAN FIELD GAMES MODELS FOR EXHAUSTIBLE
COMMODITIES TRADE

PHILIP JAMESON GRABER"* AND CHARAFEDDINE MOUZOUNI?

Abstract. We investigate a mean field game model for the production of exhaustible resources. In this
model, firms produce comparable goods, strategically set their production rate in order to maximise
profit, and leave the market as soon as they deplete their capacities. We examine the related Mean
Field Game system and prove well-posedness for initial measure data by deriving suitable a priori
estimates. Then, we show that feedback strategies which are computed from the Mean Field Game
system provide e-Nash equilibria to the corresponding N-Player Cournot game, for large values of V.
This is done by showing tightness of the empirical process in the Skorokhod M1 topology, which is
defined for distribution-valued processes.
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1. INTRODUCTION

Since its introduction about ten years ago, the theory of the Mean Field Games has expanded tremendously,
and has become an important tool in the study of dynamical and equilibrium behavior of large systems. The
theory was introduced separately by a series of seminal papers by Lasry and Lions [27-29] and Caines et al.
[4, 5], and in lectures by Pierre-Louis Lions at the College de France, which were video-taped and made available
on the internet [32]. The main idea is inspired from statistical physics literature, and consists in considering that
a given player interacts with competitors through their statistical distribution in the space of possible states.

Mean Field Games (MFG) theory provides a methodology to produce approximate Nash equilibria for stochas-
tic differential games with symmetric interactions and a large (but finite) number of players N. In these games,
the exact equilibrium strategies could be determined by a system of coupled Hamilton-Jacobi-Bellman equations,
derived from the dynamic programming principle. However, the dimension of the system in general increases in
N, which makes this system extremely hard to solve either analytically or numerically, especially for large values
of N. The Mean Field Game approach simplifies the modelling, and allows to compute an approximation of
Nash equilibria by solving a system of two forward-backward coupled PDEs. This simplification justifies partly
the interest in the MFG modelling for several applications.
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2 P. JAMESON GRABER AND C. MOUZOUNI

In this paper, we revisit a family of MFG models related to competing producers with exhaustible resources.
The dynamic market evolution is driven by the use of certain existing reserves to produce and trade comparable
goods. Producers disappear from market as soon as they exhaust their capacities, so that the fraction of
remaining firms decreases over time. This type of model was first introduced by Guéant et al. [22], and addressed
also by Chan and Sircar in [13], where it is referred to as “Bertrand & Cournot Mean Field Games.” In [14],
the same authors use a similar MFG modelling approach, to discuss recent changes in global oil market. A
more sophisticated model for the energy industry is proposed recently in [33], where producers have also the
possibility to explore new resources to replenish their reserves.

From a mathematical standpoint, Bertrand & Cournot MFG system consists in a system of a backward
Hamilton-Jacobi-Bellman (HJB) equation to model a representative firm’s value function, coupled with a forward
Fokker—Planck equation to model the evolution of the distribution of the active firms’ states. The exhaustibility
condition gives rise to absorbing boundary conditions at zero. A rigorous analysis of this system was provided
in [21], where authors show existence of smooth solutions to the system of equations, and uniqueness under
a certain restriction. Unconditional uniqueness is proved in [20], in addition to the analysis of the case with
Neumann boundary conditions.

Otherwise, very little is known so far on the rigorous link between the so called Bertrand & Cournot MFG
models, and the corresponding N-Player Bertrand-Cournot stochastic differential games. Indeed, the classical
theory cannot be applied to this specific case for two main reasons: on the one hand, because of the absorbing
boundary conditions; and on the other hand, because in our model players are coupled through their controls,
and therefore belongs to the class of extended Mean Field Games (¢f. [3, 9, 18, 19]). This has motivated the
present work, in which we analyse rigorously this question for Cournot competition.

We investigate the mean-field approximation for N-Player continuous-time Cournot game with linear price
schedule, and exhaustible resources. In this context, the producers’ state variable is the reserves level, and
the strategic variable is the rate of production. Producers disappear from the market as soon as they deplete
their reserves, and the remaining active producers are constrained to set a non-negative rate of production, in
order to manage their remaining reserves and maximize sales profit. Due to this constraint on the production
rate — which is natural from a modeling view point — we obtain a Hamiltonian function that is less regular
in comparison to [13, 20, 21]. Market demand is assumed to be linear, so that the received market price is a
non-increasing linear function of the total production across all producers. Further details and explanations
about the model will be given in Section 1.2.

We start by studying the resulting system of coupled PDEs (the MFG system) by deriving suitable a priori
estimates in Holder spaces. We shall assume that the initial data is a probability measure that is supported
on (0, L], for some L > 0, which entails that all producers start with positive reserves. Hence, our analysis
completes that which is found in [20, 21], by treating the case of a less regular Hamiltonian function and initial
measure data. Next, we prove that the feedback control given by the solution of the Mean Field Game system
provides an e-Nash equilibrium (¢f. Def. 1.3) to the corresponding N-Player Cournot game, where the error € is
arbitrary small for large enough N. This result shows that the MFG model is indeed a good approximation to
the game with finitely many players, and reinforces numerical methods based on the MFG approach. As in the
classical theory, the key argument in the proof of this result is a suitable law of large numbers. In our context,
the main mathematical challenge comes from the fact that agents interact through the boundary behaviour,
and are coupled by means of their chosen production strategies. To prove a tailor-made law of large numbers,
we employ a compactness method borrowed from [23, 30], by showing tightness of the empirical process in the
space of distribution valued cadlag processes, endowed with Skorokhod’s M1 topology [30]. In contrast to the
classical tools used so far, this method does not provide an exact quantification of the error &, which is its
main downside. Nevertheless, this approach has proven to be convenient for studying systems with absorbing
boundary conditions. We also believe that it could be extended to the case of a systemic common noise, just as
[30] contains an analysis of a stochastic McKean-Vlasov equation. However, we do not address this case here,
finding the analysis of the stochastic HIB/FP-system somewhat out of reach under our assumptions on the
data (cf. [10], Sect. 4, and the hypotheses found there).
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For background on Skorokhod’s topologies for real valued processes, we refer the reader to [38] and references
therein. The M1 topology is extended to the space of tempered distributions, and to more general spaces in [30].
The fact that the feedback MFG control provides e-Nash equilibria for the corresponding differential games with
a large (but finite) number of players, was first noticed by Caines et al. [4, 5] and further developed in several
works (see e.g. [11, 25] among many others). Cournot games with exhaustible resources and finite number of
agents is investigated by Harris et al. in [24], and the corresponding MFG models were studied in [13, 14, 22, 33]
with different variants, and numerical simulations. We refer the reader to [3, 12, 22, 29] for further background
on Mean Field Game theory.

The paper is organized as follows. In the remainder of this section, we give some technical notations and
preliminaries, introduce the mathematical description of the N-Player Cournot game with limited resources and
the corresponding Mean Field Game, and state the main results of this paper. In Section 2 we prove existence
and uniqueness of regular solutions to the MFG system by deriving suitable Holder estimates. In Section 3 we
show that the feedback control computed from the MFG system is an e-Nash equilibrium to the N-Player game.
For that purpose, we start by showing the weak convergence of the empirical process with respect to the M1
topology, then we deduce the main result by recalling the interpretation of the MFG system in terms of games
with mean-field interactions.

1.1. Notations and preliminaries

Throughout this article we fix L > 0, define @ := (0, L), and Q7 := (0,T) x (0, L). For any domain D in R or
R? we define D to be the closure of D, L*(D), 1 < s < oo to be the Lebesgue space of s-integrable functions on
D; L*(D), to be the set of elements w € L*(D) such that w(z) > 0 for a.e. z € D; WF(D), k €N, 1 < s < o0,
to be the Sobolev space of functions having a weak derivatives up to order k which are s-summable on D; C(D)
to be the space of all continuous functions on D; Co(D) to be the space of all continuous functions on D that
vanish at infinity (Co(D) = C(D) when D is compact); C?(D) to be the space of all Holder continuous functions
with exponent 6 on D; C2°(D) to be the set of smooth functions whose support is a compact included in D; Sg
denotes the space of rapidly decreasing functions, and S} the space of tempered distributions.

For a subset D C Qr, we also define C1:?(D) to be the set of all functions on D which are locally continuously
differentiable in ¢ and twice locally continuously differentiable in z, and by W}!-?(D) the space of elements of
L#(D) having weak derivatives of the form 8/ 9% with 2j + k < 2, endowed with the following norm:

i ok
lwllye = D 1605wl

Ls-

The space of R-valued Radon measures on D is denoted (D), which we identify with Co(D)* endowed with
weak* topology, and P (D), P(D) are respectively the convex subset of probability measures on D, and the
convex subset of sub-probability measures: that is the set of positive radon measures pu, s.t. u(D) < 1. For any
measure p € M(D), we denote by supp(u) the support of p.

Throughout the paper, we fix a complete filtered probability space (Q, F,F = (F)i>0,P), and suppose that
is rich enough to fulfill the assumptions that will be formulated in this article. We also fix constants r, 0,7 > 0,
and denote by C' a generic constant whose precise value may change from line to line. We also use the notation
C(a, B,7) and the like to point out the dependence of some constant on parameters «, 3,v. Moreover, we use
the notation X ~ p to define a random variable X with law p. For any R-valued function w we define the

positive and negative parts of w, respectively:

1 1
wt = 5(\w| +w) and w” =

(] = w);
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and for any x,y € R we use the following notation for the minimum and maximum, respectively:

1 1
1:/\y::§(x+y—\x—y|) and x\/y::§(x—|—y—|—|x—y|).

Let us recall a few basic facts on stochastic differential equation with reflecting boundary in a half-line. Given
a random variable V' that is supported on (—oo, L], we look for a pair of a.s. continuous and adapted processes
(X1)e>0 and (&§%);>0 such that:

t t
X, :v+/ b(s7Xs)ds+JWt—/ yx,—1) d€X € (o0, L),
0 0

t

6 = [ tixonyagk, (1.1a)

0

Xo=1V, 56)( =0, and &¥ is nondecreasing,
where (Wy);>0 is a F-Wiener process that is independent of V. The random process (X;);>o is the reflected
diffusion, (&% )i>0 is the local time, and the above set of equations is called the Skorokhod problem. Throughout
the paper, we shall write problem (1.1a) in the following simple form:

dX; =b(t,X;)dt + o dW; — d&~, Xo=1V.

Suppose that the function b is bounded, and satisfies for some K > 0 the following condition:

[b(t, ©) — b(t, y)| < Kz —y| (1.1Db)

forall ¢t € [0,T], and z,y € (—o0, L]. Then, it is well-known (see e.g. [1, 15]) that under these conditions, problem
(1.1a) has a unique solution on [0, T]. Moreover, this solution is given explicitly by:

X :=Ty(Y), & =Y, —Ty(Y); (1.1c)

where the process (Y3):e[o,r) is the solution to

t
Y, = v+/ b(s,T(Y))ds + oW, (1.1d)
0

and where T is the so called Skorokhod map, that is given by

ry(Y)=Y;— sup (L—-Y5) .

0<s<t

Furthermore, notice that

XX > inf (V;— Y 1.1
& §ivn = Uel%’h]( t t+v) (1.1e)

for any t € [0,T) and h € (0,T —t). In fact, when & < &~ then

0<&pi= sup (L—Yy) = sup (L—-VY.) = (Yo, —L)
0<s<t+h t<s<t+h
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for some t < vy <t + h. Therefore

& —&hn= s (L-Y) - sup (LY
0<s<t 0<s<t+h
> (Y—t - L) - (Yvo - L) > inf (Y% - Y;Jrv)'
v€E[0,h]

This entails (1.1e) since the last inequality still holds when & = &Y ,. B
Now we consider a boundary value problem for the Fokker-Planck equation. Let b in L2(Qr), mo € P(Q),
and consider the following Fokker—Planck equation

2

g .
My = 5 Mg — (bm), =0 in Qr (1.2a)
m(0) =mo in Q,
complemented with the following mixed boundary conditions:
o2
m(t,0) =0 and ?mw(t,L) +b(t,L)m(t,L)=0 on (0,7). (1.2b)

Then we define a weak solution to (1.2a) and (1.2b) to be a function m € L'(Qr) such that m|b|? in L (Q7),
and

T L 0_2 L
0 0 0

for every ¢ € C°([0,T) x Q) satisfying
5(,0) = 6u(t,L) = 0, Vi € (0,7). (1.24)

This is the definition given by Porretta in [35]. The only difference is that here we consider mixed boundary
conditions and measure initial data.

When mg € L'(Q)+, the problem (1.2a) endowed with periodic, Dirichlet or Neumann boundary conditions
has several interesting features that were pointed out in Section 3 of [35]. In particular, they are unique ([35],
Cor. 3.5) and enjoy some extra regularity ([35], Prop. 3.10). Note that these results still hold in the case of
mixed boundary conditions (1.2b). Throughout the paper, we shall use the results of ([35], Sect. 3) for (1.2a)
and (1.2b).

In the case where b is bounded, we shall use the fact that (1.2a) and (1.2b) admits a unique weak solution,
for any mg € P(Q). In fact, one can construct a solution by considering a suitable approximation of mg, and
then use the compactness results of ([35], Prop. 3.10) in order to pass to the limit in L!(Q7). The uniqueness is
obtained by considering the dual equation, and using the same steps as for Corollary 3.5 of [35] (¢f. Prop. B.1).

1.2. Mathematical description of the model and main results

Let us now give a precise description of the problems considered in this paper. Consider a market with
N producers of a given good whose strategic variable is the rate of production, and where raw materials are
in limited supply. Concretely, one can think of energy producers that use exhaustible resources, such as oil, to
produce and sell energy. Firms disappear from the market as soon as they deplete their reserves of raw materials.
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Let us formalize this model in precise mathematical terms. Let (Wj ) be a family of N independent

1<j<N
F-Wiener processes on R, and consider the following system of Skorokhod problems:

AX} = —g} dt + o dW; — d¢¥’, 13)
Xi=Vi, i=1,...,N. '
Here (V1,..., V) is a vector of i.i.d and Fy-measurable random variables, such that Vi, ..., Viy are independent

of W1, ..., W respectively. Let us fix a common horizon T > 0, and set
Tt =inf{t >0 : XZSO}/\T.

The stopped random process (X ' models the reserves level of the it producer on the horizon T,

i )
tAT ) t€[0,T]

which is gradually depleted according to a non-negative controlled rate of production (qz) The stopping

te[0,T]"
condition indicates that a firm can no longer replenish its reserves once they are exhauste([i, a]md the Wiener
processes in (1.3) model the idiosyncratic fluctuations related to production. In addition, we consider L to be an
upper bound on the reserves level of any player. This latter assumption is also considered in [20, 21] and is taken
into account by considering reflected dynamics in (1.3). Since the rate of production is always non-negative,

note that reflection has practically no effect when L is large compared to the initial reserves and o.

Remark 1.1 (State constraints). Instead of reflecting boundary conditions, one could insist upon a hard state
constraint of the form X} < L. Some recent work on MFG with state constraints suggests this is possible
[6-8], provided one correctly interprets the resulting system of PDE (the Fokker—Planck equation presents a
special challenge). In this work we take a more classical approach, for which probabilistic tools are more readily
available.

The producers interact through the market. We assume that demand is linear, so that the price p’ received
by the firm i reads:

A , _ . 1 .
pi=1- (¢ +Kq), where g = N_1 qu]lt<’rfa for 0<t<T. (1.4)
i

Here x > 0 expresses the degree of market interaction, in proportion to which abundant total production will
put downward pressure on all the prices. Note that only firms with nonempty reserves at ¢t € [0, T] are taken into
account in (1.4). The other firms are no longer present on the market. The producer 7 chooses a non-negative
production rate ¢’ in order to maximize the following discounted profit functional:

T
VAU :E{/ N e L d5+erTUT(XL:)}a
0

where the terminal profit ur is a smooth function satisfying wr(0) = 0. Observe that firms can no longer earn
revenue as soon as they deplete their reserves. We refer to [14, 24] for further explanations on the economic
model and applications.

We denote by A, the set of admissible controls for any player; that is the set of Markovian feedback controls,
ie. qp = ¢ (6,X},...,X}N); such that (¢f)iecp,7] is non-negative, satisfies

T
/ |qg|2]ls<7i ds] < 09,
0

E
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and the ith equation of (1.3) is well-posed in the classical sense. Restriction to Markovian controls rules out
equilibria with undesirable properties such as non-credible threats (cf. [16], Chap. 13).
Now, we give a definition of Nash equilibria to this game:

1,%
.

Definition 1.2 (Nash equilibrium). A strategy profile (q . ,qN’*) in va:l A, is a Nash equilibrium of the

N-Player Cournot game, if for any i = 1,..., N and ¢* € A,
TN (")) < TEN (g5, 4™7).

In words, a Nash equilibrium is a set of admissible strategies such that each player has taken an optimal
trajectory in view of the competitors’ choices.

The existence of Nash equilibria for the N-Player Cournot game with exhaustible resources is addressed
n [24]. In particular, the authors show the existence of a unique Nash equilibrium in the static (one period)
case, and study numerically a specific duopoly example by using a convenient asymptotic expansion. In general,
the analysis of equilibria for N-Player Cournot games is a challenging task both analytically and numerically,
especially when N is large. In the case of exhaustible resources, the dynamic programming principle generates
an even more complex PDE system because of the nonstandard boundary conditions which are obtained (cf.
[24], Sect. 3.1).

To remedy this problem several works have rather considered a Mean-Field model [13, 14, 22, 24, 33] as an
approximation to the initial N-Player game, when N is large. More precisely, we introduce the following:

Definition 1.3 (e-Nash equilibrium). Let € > 0, and let (g%, ...,¢") be an admissible strategy profile (i.e. an
element of vazl A.). We say (¢',...,¢") provides an e-Nash equilibrium to the game J1V, ... JNN provided
that, for any i =1,..., N and ¢’ € A,,

TN (@) ) <e+ TN (@"...,qY).

In words, an e-Nash equilibrium is a set of admissible strategies such that each player has taken an almost
optimal trajectory in view of the competitors’ choices, where ¢ measures the distance from optimality.

To construct e-Nash equilibria, we turn to the corresponding mean field problem. Let us now consider a
continuum of agents, producing and selling comparable goods. At time ¢ = 0, all the players have a positive
capacity x € (0, L], and are distributed on (0, L] according to my.

The remaining capacity (or reserves) of any atomic producer with a production rate (p);>¢ depletes according
to

AX) = —pilicrr dt + olyerp dW; — X7,
where
P i=inf{t >0: X/ <0} AT,

and (Wi)iepo,r) is a F-Wiener process. A generic player which anticipates the total production g expects to
receive the price

p=1—(kq+p)

and solves the following optimization problem:

T
max 7o (p) = max B { [ e 0= p e ds e T (Xé)} . (15)
p=0 p=>0 0
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The maximum in (1.5) is taken over all F-adapted and non-negative processes (p;)¢cjo,7] such that

T
E / ps|*Ls<rr ds| < 00
0

and (X{)sejo, exists in the classical sense.
According to MFG theory, the equilibrium in this setting can be computed by solving the following coupled
system of parabolic partial differential equations:

2

o .
Ut + 7@” —ru+ qi’m =0 inQr,

2

mg — ?mazx - {qu,mm}x =0 in QT;
m(t,0) =0, u(t,0)=0, ug(t,L)=0 in (0,T), (1.6)
m(0) =mo, w(T,z)=ur(z), inl0,L],
2
%mm + Qumm = 0 in (OaT) X {L}a
where the function g, ., involved in the system is given by:
1 L
qu,m(tv 37) = 5 (1 - K’(I(t) - uw(ta x))Jr ’ where q(t> = / Qu,m(tv x)m(t, {L') d,CC, (17)
0

and k > 0. Here m is the density of a continuum of market actors, g, (¢, ) is the optimal production rate of
an atomic player with reserves x at time ¢, and u is the the game value function of an atomic player following
the production policy gy m.-

Let us assume that ur is a function in C2(Q), such that the first derivative of ur denoted by u}. fulfils

uwp >0 and ur(0) =up(L) =0 (H1)

and that mg is a probability measure with support away from 0, i.e.

mo € P(Q), and supp(mg) C (0, L]. (H2)

We shall say that a pair (u,m) is a solution to (1.6), if

(i) ueCh*(Qr), u,us € C(Qr);
(i) m € C(0,T);M(Q)) N L (Qr), and [m(t)zx < 1 for every t € (0, TY:
(iii) the equation for u holds in the classical sense, while the equation for m holds in the weak sense (1.2¢).

The following lemma establishes the connection between (u,m) and problem (1.5):

Lemma 1.4. Let (u,m) be a solution to (1.6) and set p; := qu,m(t,Xf*). Then

L
mase 7.(p) = () = [ u(0.:) o (18)

The proof of Lemma 1.4 is standard, and is given in Appendix A. We deduce that the MFG system (1.6)
describes an equilibrium configuration for a Cournot game with exhaustible resources and a continuum of
producers.
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We are now in a position to state the main results of this paper.
Theorem 1.5 (Well-posedness). There exists a unique solution (u, m) to system (1.6).

Theorem 1.6 (Existence of e-Nash equilibria). Let (u,m) be the solution to the MFG system (1.6), and let
Qu,m be given by (1.7). For any N > 1 andi € {1,...,N} let

{dffz' = —qum(t, X]) dt + o dW] — dg*’ 19)

X{ =V,
and set G := qu.m(t,X}). Then for any e > 0, the strategy profile (¢%,...,G") is admissible, i.e. belongs to

Hfil A., and provides an e-Nash equilibrium to the game JHN, ... TNV for large N. Namely: Ve > 0, 3N, > 1
such that

YN 2N Vi=1,....N, TN (q5(@)) <e +T0N(@....dY), (1.10)

for any admissible strategy q; € A..

The proof of Theorem 1.5 is given in Section 2, while Section 3 is devoted to the proof of Theorem 1.6.

2. ANALYSIS OF THE MFG SYSTEM

This section is devoted to the analysis of (1.6). We begin by establishing some preliminary estimates having
to do with (i) the existence and regularity of g, defined in (1.7) and (ii) some regularity properties of weak
solutions to the Fokker—Planck equation. Then we prove some a priori bounds on solutions of the system (1.6),
which gives way to our proof of Theorem 1.5 by means of classical fixed point theory.

2.1. Preliminary estimates

We start by giving an alternative convenient expression for the production rate function g, ,,. We aim to
write gy,m as a functional of u,, m and the market price function py, ,,, that is defined by [13]:

Pum(t, ) =1 — (qum(t,x) + K£q(t)). (2.1)

The latter expression means that the price py (¢, ) received by an atomic player with reserves x at time ¢,
is a linear and nonincreasing function, of the player’s production rate g, (¢, z), and the aggregate production

rate across all producers q(t). For any p € 9M(Q), we define

1 L
o) = Tt €00 = 1=l a) = [ d (2.2)

and set

L
B(t) = — /p%m(t,x)m(t,x)dx. (2.3a)

n(m(t)) Jo

By integrating (2.1) with respect to m and after a little algebra one recovers the following identity

a(m(t)) +c(m(t))p(t) =1 - £q(t),
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which entails

Pum(t, ©) = a(m(t)) + ¢ (m(t)) (t) = qum(t, ©), (2.3b)

and
Qum (L, @) = % {a (m(t)) + ¢ (m(t) p(t) — ux(t,2)} " (2.3¢)

This duality is also known as Bertrand and Cournot equivalence, and expresses the fact that the problem of
controlling the rate of production by anticipating global production, is equivalent to the problem of controlling
the selling price by anticipating the average price in the market and the rate of active producers. We omit the
details and refer to ([13], Sect. B.2). For convenience, we shall often use (2.3c) as a definition for gy .

In contrast to the systems studied in [13, 20, 21], py ., has no explicit formula and is only defined as a fixed
point through (2.3a)—(2.3c). The following Lemma makes that statement clear and point out a few facts on the
market price function.

Lemma 2.1. Let u € L™ (O,T;CI(Q)), m € LY(Qr)+, and £ > 0. Then the market price function py ., is

well-defined through (2.3a)—(2.3c), belongs to L*>°(0,T;C(Q)), and satisfies
_Hux”oo < Pum < L (2.4)

Moreover, if u, is non-negative, then p, m is non-negative as well.

Proof. Let f : R? — R be given by f(z,y) = 2 — %(:c - y)*.ﬁNote that f is 1-Lipschitz in the first variable, and
%—Lipschitz in the second. For any p,w € X := L*(0,T;C(Q)), define

1 L
Lm,p)(t) :=a(m(t)) +c(m(t))p(t), where Bp(t):= m/o p(t,z)m(t, z) dz,

and

A(’LU, m,p)(t,as) = f(é(mvp)(t)7w(t7x))'

We note the following inequalities for future reference:

£, D)6 — 0, 90 < 1 ()~ 5 () (2.50)
A0, m,p)t,) = A, )1 < 1 8 = (0 (2.5D)
A, m, ) (1,2) — A, m, )1 )| < 5 (e, ) — ! (1,2, (2.5¢)
[AQw,m,p) (¢ ) — Alw, m’, p)(t,2)] < |(m. p) () — (i, p) (D) (2.54)
We aim to use Banach fixed point Theorem to show that
p = a(m) + c(m)p — + {a(m) + c(m)p — uz}* (2.6)

2

has a unique solution p, ,, € X, which satisfies (2.4). For any p € X, let us set

9(p) = Aluz,m,p) = alm) + c(m)p — 5 {alm) + c(m)p — u.}*
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Observe that ¥(X) C X, and p < 1 entails ¢(p) < 1. Moreover, if we suppose that p > —||uz| 0o, then it holds
that

P(p) = —c(m)|uzlloo,

so that ¥(p) > —||uz|leo, since ¢(m) < 1. On the other hand, by appealing to (2.5b) we have

K
19 (p1) — ¥(p2)llx < Trn Ilp1 —p2llxy  Vp1,p2 € X

Therefore by invoking Banach fixed point Theorem, and the estimates above we deduce the existence of a unique
solution p,, ., € X to problem (2.6) satisfying (2.4).

When u, is non-negative, note that p > 0 entails t(p) > 0, so that the same fixed point argument yields
Du,m > 0. [

Next, we collect some facts related to the Fokker—Planck equation (1.2a) and (1.2b).

Lemma 2.2 (regularity of ). Let m be a weak solution to (1.2a) and (1.2b), starting from some mq satisfying
(H2). Suppose that b is bounded, and satisfies (1.1b). Then the map t — n(t) := n(m(t)) is continuous on [0,T].
Moreover, if in addition mq belongs to L*(Q), then we have:

(1) the function t — n(t) is locally Hélder continuous on (0,T); namely, there exists v > 0 such that
In(t1) — n(t2)] < Clto, [1blloo) [tr — 2" Vi1, t2 € [to, 7] (2.7a)

for all tg € (0,T); B
(ii) for any o > 0 and ¢ € C*(Q), there exists f > 0 such that

L
/ ¢(x) (m(t1,x) —mtz,2)) dz| < Clto, [[bllos, [[Bllea) [t — t2” Wt1,t2 € [to, T] (2.7b)
0

for all to € (0,T).

Remark 2.3. This lemma shows that ¢ — m(t) is locally Holder continuous in time in (0, 7] with respect to
the (C*)* topology; this is useful later to get equicontinuity for construction of a fixed point (¢f. Sect. 2.3). Our
method of proof does not allow us to show Holder continuity on all of [0, 7], because it is based on heat kernel
estimates, which degenerate as ¢t — 0 (¢f. Eq. (2.16)). However, we find it difficult to construct a counterexample.

Proof. The proof requires several steps and lies on the probabilistic interpretation of m which we recall briefly
here, and use in other parts of this paper.

Step 1 (probabilistic interpretation): Consider the reflected diffusion process governed by
dX; = —=b(t, X;)dt + o dW; — A&,  Xo ~ mo, (2.8a)
where Xy is Fo-measurable, (W),c(0,7) is @ F-Wiener process that is independent of Xy, and set
T:=inf{t>0:X; <O}AT. (2.8b)

By virtue of the regularity assumptions on b, equation (2.8a) is well-posed in the classical sense. Furthermore,
since the process (% )¢>0 is monotone, (X;)¢e(o,7) is a continuous semimartingale. Hence, by means of Ito’s rule
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and the optional stopping theorem, we have for any test function ¢ € C°([0,7T) x Q) satisfying (1.2d):

E [6(0, Xo)] = E UO (—@(v, X,) - ";%(U,XU) + ¢Z(U,Xv)b(v7Xv)> dv] ,

and thus the law of X; is a weak solution to the Fokker—Planck equation. The function b being bounded, one
sees that

E

T
/ b(s, X,)? ds] < 0.
0
Therefore, by virtue of the uniqueness for (1.2a) and (1.2b) (¢f. Prop. B.1), we obtain:
/ m(t,z)de =Pt < ;X € A) (2.8¢)
A

for every Borel set A € Q and for a.e. t € (0,T).

Step 2: Now, let us show that t — P(t < 7) is right continuous on [0,T]. In fact, we have for any ¢ > 0 and
te 0,7

Pi<7t)—Plt+h<rm)=Pt+h>1t<T) (2.9a)
<Pt+h>27Xi > e)+ Pt <Xt <e).

On the one hand, for every t € [0, 7T

lim Pt < 75X <€) < lim P(0< X <€) =0, (2.9b)

e—0t e—0t

thanks to the bounded convergence theorem. On the other hand

Plt+h>71;X: > €) SIP’( inf X, —X; < —e)
vElt,t+h]

<P (veh[%fh] c(Wiso — Wi) + (65 — &50) < —e + h”bHoo) 7

where we have used the fact that the local time is nondecreasing and b is bounded. Furthermore, by using (1.1e),
it holds that

X _¢X > inf (Y, - Y, > inf (W, —W, — hl|b]|so-
& —&itn _veﬂ[%’h]( t — Yitw) _Uvelﬁ)’h]( t t+0) — h|b]loo

Therefore

— 2h||b]|so
Pt+h>71;X;>€) <P| sup B,— inf BUEA ,
ve[0,h] v€[0,h] o

where (By)¢>0 is a Wiener process.
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Now, choose € = e(h) := h'/?1log(1/h). We have e(h) — 0 as h — 0%, and by using Markov’s inequality and
the distribution of the maximum of Brownian motion we get:

Pt +h>7X; >¢€) < E(h)_zwﬁ 1By < ) —2(;|b||ooh1/2' (2.9¢)
Thus 0 <P(t<7)—P{t+h<7)—=0ash—0".
Step 3 (Hélder estimates): Now, we prove (2.7a) and (2.7b). At first, note that (2.8¢c) entails
L
| ooty ar = Efp(x1c] (2:10)

fora.e. t € (0,T) and for any ¢ € C(Q). Actually (2.10) holds for every ¢ € [0, T, since the RHS and LHS of (2.10)

are both right continuous on [0, 7], and my is supported on (0, L]. Indeed, on the one hand ¢ — fOL o(x)m(t, z) dx
is continuous on [0, 7] for any continuous function ¢ on Q, since m € C([0,7T]; L*(Q)) (cf. [35], Thm. 3.6). On

the other hand, for any ¢ € C(Q)
El¢(Xesn)Livhar — O(Xe)Liar| < [[@lloc(P(t <7) =P(t+ h < 7)) + E|$(Xepn) — o(Xe)|,  (2.11)
so that

lim E|p(Xipn)Lithar — ¢e(Xe)lier| =0
h—01

thanks to (2.9a)—(2.9¢), and the bounded convergence theorem.
Now, let us fix € > 0 and define ¢, = ¢.(z) to be a smooth cut-off function on [0, L], which satisfies the
following conditions:

0<¢e<1; 0< ¢, <2/e; el =0; pelioer) =1 (2.12)

As a first step, we aim to derive an estimation of the concentration of mass at the origine. Namely, we want to
show that for an arbitrary k£ > 1,

L 5 2\ —1/2K
/ (1 — de(x))m(t, ) dz < C(k, ||bl|o) (1 _emmt/AL ) /2% vt e (0,T). (2.13)
0
Given (2.10), this is equivalent to showing that
0o\ —1/2k
E[(1 = ¢e(X¢))Li<r] < C(k, [|blloo) (1 —e Tk ) e'/?k Vit e (0,T] (2.14)

holds for any k > 1. Apply Girsanov’s Theorem with the following change of measure:

dQ

t o gt
| =exp{—0o! X - X,)2ds b = W,
il exp{ o /0 b(s, Xs)dW; 5 b(s, X5)*ds ¢

0
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Under Q, the process (X¢);c[o,r) is a reflected Brownian motion at L, with initial condition Xo, thanks to (1.1c).
Moreover, by virtue of Holder inequality, we have for every k > 1:

Ep [(1 - ¢e(X0)ier] = Bg [U7 (1 — ¢e(X)Lier] < Bol¥,* V¥ Eg [(1 — ¢e(X0))FLyer] "

< Bp[0} ¥ 1¥ Eg [(1 - 6o(X0) 1er] "

1/k

< [ {Clho) [ b, X as}| Y o - (X)L

Indeed, one checks that

1/2k

, I\ 2 gt
Ee[0! ¥V < Bp (7)Y Ep [exp{2(1 ’“) / b(s,XsfdsH ,
0

g

where (Z;);>0 is a super-martingale. Hence, using the fact that b is bounded, we obtain

1/k

Ez [(1 = ¢e(Xe))Licr] < Ck, [|blloo)Eq [(1 = de(Xe)) Lo ] (2.15)
Now
L
Bo [(1 - 0(X0) Licr] = [ (1= 6u(a)) ult o) o
0
where w solves
1
wy = iwm, w(t,0) =0, w,(t,L) =0,w|i=0 = my.
We can compute w via Fourier series, namely
L
_ “X2¢/2 _ 2 . _ @Cn—Dm
w(t, ) nz;l Ane sin(A\,z), A,: 7 /0 sin(Apy)dmo(y), Ap: —7
Note that
L
/ (1= @) w(t, ) do < (20)"2||w(t, )| 2
0
1/2
< €el/? Z L|An|2e*)‘it (Parseval)
n>1
1/2

< /2 4 .

= L(1 — e-m2t/4L%)
So (2.15) now yields

4 1/2k
Be [(L - 0CX)Licr] < O W) (i —oosmrsy ) /2 (2.16)

which is (2.14). This in turn implies (2.13).
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Furthermore, note that for any 1 < s < 3/2,

Im(t1) = m(t2)lly1 < C (Imollp, [mlb?llz:) [t — 2] =1* Vi, by € [0, T, (2.17)

where W_1(Q) is the dual space of Wg’sl(Q) = {veWL(Q) : v(0)=0}. This claim follows from
Proposition 3.10 (iii) for [24], where we obtain the estimate

[ml L=, :21(@)) + IVl Lo (@) + 17l 2o @) + IMell 1o 0. 1w ) < C (Imoll s [lm[bl? (|21 ) (2.18)

for any s up to 3/2 and v up to 3. In particular, (2.17) follows from the estimate on ||m| L0, T; W (Q)) Now,

fix 0 < t; <ty <T, and let ¢, be the cut-off function that is defined in (2.12). Based on the specifications of
(2.12), observe that

[ Gellws, < Cet/=.

Since ¢, satisfies Neumann boundary conditions at x = L and Dirichlet at x = 0, it is a valid test function and
we can appeal to the estimates above to obtain for any k£ > 1,

L
n(t1) —n(t2)| = /O {(1 = 0c(2)) + de(2)} (m(tr, 2) — m(ty, x)) dz

L L
g/o |1—¢6(x)||m(t1,a:)—m(tg,x)\dx—l—/0 6o ()1, z) — mlts, z)) dz

L L
S/O (1—¢s(w))(m(t1,w)+m(t27w))dw+/0 Pe(x)(m(ty, ) — m(te, x)) dz

2 2 _1/2k
< Ok, [blloo) (1= e /A7) 2 gy, (k) = m(t2) g

—1/2k
< C(k, Hb”oo) (1 o €7ﬂ2t1/4L2) e1/21<: + Cefl/s|t1 _ t2‘171/s’ (219)

where we have used (2.13) in the penultimate line and (2.17) in the ultimate line. Given 0 < v < (s —1)/(s+2),
we take € = |t; — to|*(*=")~! and then set k = % > 1 to obtain (2.7a).

Finally, let ¢ € C*(Q) for some a > 0, an let ¢y € (0,7). In view of (2.10), we have for every ty,ts € [to, T],

L
/0 ¢(x)(m(t1, z) — m(tz, 2)) do| <E|S(Xe, )L <r — ¢(Xey)Lig<r| < Bllee (In(t1) —nlta)| + E Xy, — X, |%).

Hence, by using (2.7a) and the Burkholder-Davis-Gundy inequality ([37], Thm. IV.42.1), we deduce the desired
result:

L
/0 () (m(tr, ) — mts, ) de| < C(to, [|blloo)$]lcx [tr — 2|,

for some B > 0.
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Step 4 (general data): Now, we suppose that mg is a probability measure satisfying (H2), and not necessarily an

element of L!(Q). Let us choose a sequence (mj) C L'(Q)+, which converges weakly (in the sense of measures)
to mg, such that

L
Img [l S/O dmg <1, (2.20)

and let m™ to be the weak solution to (1.2a) and (1.2b) starting from m{. The function b being bounded, we
can use ([35], Prop. 3.10) to extract a subsequence of (m"™), which converges to m in L'(Q7). Owing to (2.7a),
the sequence n™ := n(m™) is equicontinuous. Hence, one can extract further a subsequence to deduce that 7 is
continuous on (0,7]. Combining this conclusion with the fact that ¢ — P(¢ < 7) is right continuous on [0, 7]
and (2.8¢c), we deduce in particular that

nt) =Pt <7), Vte(0,T]. (2.21)

Now, since mg is supported on (0, L] one has n(mg) = n(0) = P(0 < 7) = 1, which in turn entails that n is
continuous on [0, 7] thanks to (2.9a)—(2.9¢) and (2.21). The proof is complete. O

Remark 2.4. When my satisfies (H2) and does not necessarily belong to L'(Q), the probabilistic characteri-
sation (2.10) still holds for every ¢ € [0,T]. In fact, using the same approximation techniques as in Lemma 2.2
— Step 4, and appealing to (2.7b) and (2.8c¢), it holds that

L
| otamit.o)de = B[00 11,
0
for every t € [0,T], @ > 0 and ¢ € C*(Q). Thus, (2.10) ensues by using density arguments.

2.2. A priori estimates

Now, we collect several a priori estimates for system (1.6).

Lemma 2.5. Suppose that (u, m) satisfies the system (1.6) such that m € L*(Qr)4, and u belongs to W12(Qr)
for large enough s > 1. Then, we have:

(i) the maps u and u, are non-negative; in particular
0 < qum < 1/2; (2.22)
(i) there exists @ > 0 and a constant co > 0 such that
lullco @rys 1vallco @z < o (2.23)
where cq depends only on T and data. In addition, we have
[tgallco (s < e1(Q',0) VQ cC (0,T) x (0, L];
If in addition mo belongs to L*(Q), then there exists a Hélder exponent 6 > 0 such that

[Pu,mllco (o, 71x[0,L]) < €2(t0,0), Vto € (0,T),
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and
Juell ooy < c2(Q',0) YQ' CC (0,T) x (0, L].

Proof. For large enough s > 1, we know that u,u, € C(Qr) thanks to Sobolev-Holder embeddings. In view of

2

o
—Up — 7um +ru > 0,

one easily deduces that u > e~"T min, up, which entails in particular that « > 0 thanks to (1). Thus, the
minimum is attained at u(¢,0) = 0, so that wu,(¢,0) > 0 for all ¢ € [0, T]. Differentiating the first equation in
(1.6) we have that u, is a generalised solution (cf. [26], Chap. III) of the following parabolic equation:

0.2
Ugt + —— Ugger — TUg — QumUzz = 0.

2

By virtue of the maximum principle ([26], Thm. III.7.1) we infer that u, > 0, since u,(t,0), u, (¢, L) and u/. are
all non-negative functions. Therefore (2.22) follows straightforwardly from (2.3¢) thanks to Lemma 2.1.

Note that u solves a parabolic equation with bounded coefficients. Since compatibility conditions of order
zero are fulfilled thanks to (#1), then from ([26], Thm. IV.9.1) we have an estimate on u in W.*(Qr) for
arbitrary k£ > 1, namely

lulhwyon <€ (Iaumliran + el g o) <€ (Mumlman + lurl oz o ). 220

This estimate depends only on T, k and data, thanks to (2.22). We deduce (2.23) thanks to Sobolev-Hélder
embeddings.
Now, let ¢ € C°((0,T") x (0,+00)). Observe that w = ¢u, satisfies

2 2

o
Wy + ?wa::zz —TW = qumWz = ¢tuw + 02¢wuzz + ?¢zzum - QU,m(b:L’uw

For any k > 1, the right-hand side is bounded in L¥(Q7) with a constant that depends only on ¢, and previous
estimates. Since w has homogeneous boundary conditions, we deduce from ([26], Thm. IV.9.1) that [|wa|ce gy
is bounded by a constant depending only on the norm of ¢ and previous estimates. The local Holder estimate
on Uy, then follows.

Let p(t,d?) = pu,m(taz)' Recall that p(t,l‘) = f(f(m,p)(t),ux(t,x)) where f('ray) =T %(‘T - y)Jr (Cf
Lem. 2.1). Since f is 1-Lipschitz in the first variable and %—Lipschitz in the second, we deduce that

Ip(t1, z1) — p(ta, x2)| < [€(m, p)(t1) — £(m, p)(t2)| + %|uz(t1, x1) — ug (t2, T2)|. (2.25)

In particular, for each ¢,

1) — Bl 22)| < slua(t,21) — et 22) (226)

which, by (2.23), implies that p(¢,-) is Holder continuous for every ¢.
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Now, we further assume that mo € L1(Q)y to use (2.7a) and (2.7b). We shall use the following function
which is introduced in Lemma 2.1:

1 L
L(m,p)(t) =a(m(t)) +c(m(t))p(t), where p(t)= W/O p(t, x)m(t, ) dx.

Fix ¢ty € (0,T) and for t1,ts in [ty, T] write

L
Um,p)(t1) — £(m, p)(t2) = a(m(t1)) — a(m(t2)) + k(a(m(t1)) — a(m(tz)))/o p(t1,-) dm(t)
L
+/<;a(m(t2))/0 p(t1,-) d(m(t1) — m(t2))

L
sram(ta)) [ or,) = 2 ) dmle), (2.27)

where we have used the fact that ¢(m) = ka(m)n(m). Observe that n — Hlm is k-Lipschitz in the 7 variable,

and recall that p(¢1,-) is Holder continuous. Moreover, by virtue of (2.23) we know that g, ., satisfies (1.1b).
Therefore, using the upper bound on a(m), c(m) and (2.7a) and (2.7b) we infer that

[£m, ) (0) = Em,p)(t2)] < Cltx = 2]+ - Ipt1,) = plta, o (2:28)

Note that the constant in (2.28) depend only on ¢y and  thanks to (2.22), (2.23) and Lemma 2.1. Using now
(2.28) in (2.25), and choosing 6 small enough, we deduce

1 1
TPt ) = p(t2, )llee < Clta — ol + S llus(t1, ) = wa(ta, oo < Clta = taf”. (2.29)

Putting together (2.26) and (2.29) we infer that p has a Holder estimate, whereupon by (2.28) so does £(m, p).
Thus gy, also has a Holder estimate, and so does u; by the HJB equation satisfied by u. O

2.3. Well-posedness

We are now in position to prove the main result of this section.

Proof of Theorem 1.5. The proof requires several steps, the key arguments being precisely the estimates col-
lected in Lemmas 2.1-2.5.

Step 1 (data in L'): We suppose that my is an element of Ll@ satisfying (H2). Define X to be the space of

couples (v,v), such that v and v, are globally continuous on Qr, and v belongs to L'(Q7). The functional
space X end