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INFINITELY MANY PERIODIC SOLUTIONS FOR A SEMILINEAR
WAVE EQUATION WITH X-DEPENDENT COEFFICIENTS*

Hut WEI! AND SHUGUAN J1h2**

Abstract. This paper is devoted to the study of periodic (in time) solutions to an one-dimensional
semilinear wave equation with z-dependent coefficients under various homogeneous boundary condi-
tions. Such a model arises from the forced vibrations of a nonhomogeneous string and propagation of
seismic waves in nonisotropic media. By combining variational methods with an approximation argu-
ment, we prove that there exist infinitely many periodic solutions whenever the period is a rational
multiple of the length of the spatial interval. The proof is essentially based on the spectral properties
of the wave operator with z-dependent coefficients.
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1. INTRODUCTION

In this paper, we are concerned with the existence of infinitely many periodic solutions to the wave equation
with z-dependent coefficients

P — (plw)us)s = pp(a)u+ pl@)ulu, teR, 0<z<m, (L1)
with the boundary conditions
aru(t,0) + biug(¢,0) =0, asu(t,m) + bou,(t,7) =0, t € R, (1.2)
and the periodic conditions
u(t+T,z) =u(t,z), we(t+T,2) =w(t,x), teR, 0<z<m. (1.3)
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2 H. WEI AND S. JI

Here a? +b? # 0 for i = 1,2, 0 < p < 1 and g > 0 is a constant, and the period T is a rational multiple of 7.
For convenience, we write

a
T =2w—
7rb,

where a, b are relatively prime positive integers.

As stated in [2-4, 15-21, 26, 27], equation (1.1) is a mathematical model to account for the forced vibrations of
a bounded nonhomogeneous string and the propagation of seismic waves in nonisotropic media. More precisely,
the vertical displacement u(t, z) at time ¢ and depth z of a plane seismic wave is described by the equation

w(z)uy — (v(2)uz), =0 (1.4)

with some initial conditions in ¢ and boundary conditions in z, where w(z) is the rock density and v(z) is the
elasticity coefficient. By the change of variable

equation (1.4) is transformed into

px)ue — (p(x)tz)x = 0,

where p = (wr)'/? denotes the acoustic impedance function.

It is well known that when p(z) is a non-zero constant, it corresponds to the constant coefficients wave
equation. A great deal of attention has been paid to find periodic solutions of nonlinear wave equations with
constant coefficients since 1960s. The related results are [1, 5-7, 12, 13, 23-25, 30] and the references therein.
In recent decades, the problem of finding infinitely many periodic solutions of wave equations with constant
coefficients has captured much research interest. In [28], with the aid of variational methods, Tanaka proved
that there exist infinitely many periodic solutions for the nonhomogeneous one-dimensional wave equation with
the nonlinearity |u[P~!u, where 1 < p < 14 /2. Later, he [29] extended the result to the case p > 1 by a delicate
calculation. Employing variational methods together with an approximation argument, Ding et al. [14] obtained
the existence of infinitely many periodic solutions to the one-dimensional homogeneous wave equation with
the general nonlinearity satisfying superlinear or sublinear growth (see also [33] for the existence of infinitely
many solutions of periodic Hamiltonian elliptic system). For higher dimensional case, Chen and Zhang [10, 11]
considered the wave equation with the nonlinearity |u[P?~1u in a ball in RY and obtained the existence of infinitely
many periodic solutions by using variational methods and an approximation argument, where 0 < p < 1. These
results are essentially based on the properties of the spectrum of the wave operator.

On the other hand, Barbu and Pavel [2-4] first studied the problem of finding periodic solutions to the
nonlinear wave equations with z-dependent coefficients. For the nonlinear term satisfying Lipschitz continuous
and sublinear growth, Barbu and Pavel [3] proved the existence and regularity of periodic solutions. Rudakov
[26] considered the existence of periodic solutions for such wave equation with power-law growth nonlinearity.
Ji and Li [20] obtained an existence result of periodic solution for the case that coefficients may not satisfy
the restriction 7,(z) > 0, which actually solves an open problem posted in [3]. For the bounded nonlinearity,
without the restriction n,(z) > 0 on the coefficients, Ji [17] obtained the existence of periodic solutions for
the Dirichlet-Neumann boundary value problem. Chen [9] applied a global inverse function theorem (see [22])
to prove the existence and uniqueness of periodic solutions for a system of nonlinear wave equation with -
dependent coefficients. These papers deal with the problem under the Dirichlet boundary conditions. Compared
with the above works, Ji and his collaborators acquired some related results for the general Sturm-Liouville
boundary value problem [15, 18], and periodic and anti-periodic boundary value problem [16, 19]. In [31], by
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using topological degree methods, Wang and An obtained an existence result on periodic solution of the problem
with resonance and the sublinear nonlinearity under Dirichlet-Neumann boundary conditions. Recently, with
the help of the Leray-Schauder degree theory, Ji et al. [21] obtained the existence and multiplicity of periodic
solutions under the Dirichlet-Neumann boundary conditions. The restriction to such type of boundary value
problem guarantees the compactness of the inverse operator on its range.

In comparison with these works, the aim of this paper is devoted to the existence of infinitely many periodic
solutions for the problem (1.1)—(1.3). In order to solve this problem, we construct a suitable function space which
is called working space here. By combining the Zs-index theory with minimax method for even functionals, we
first work out the problem on some given subspaces of the working space. Then we obtain infinitely many
periodic solutions of the problem (1.1)—(1.3) by a limiting process. Our method is based on a delicate analysis
for the asymptotic character of the spectrum of the wave operator with z-dependent coefficients under various
homogeneous boundary conditions, and the spectral properties play an essential role in the proof.

In this paper, we make the following assumptions:

(A1) p(z) € H?(0,) is such that 0 < p(x) < By for any z € [0, 7], and

po = essinfn,(x) > 0,

where

1p" 1(p 2
Mp(x) = 2, 1 (p

(A2) Set iy = ag — %1 <p1(0)>, Q9 = as — %" (‘;((:))), B1 = —by, B2 = bs, and satisfy

a; >0, B; >0and a; + 3; > 0, fori=1,2.

The rest of this paper is organized as follows. In Section 2, we give some notations and preliminaries such
as the definition of weak solution of problem (1.1)—(1.3), the asymptotic character of the spectrum of the wave
operator with z-dependent coefficients under various homogeneous boundary conditions, and the definition of
the working space, etc. Meanwhile, we characterize the solutions of problem (1.1)—(1.3) as the critical points
of the corresponding variational problem, and state the main results. In Section 3, we prove the bounds of
the corresponding functional on some spherical surfaces and some subspaces. In Section 4, with the aid of Zo-
index theory and minimax method, we obtain a sequence of the critical points for the corresponding functional
restricted on some given subspaces. In Section 5, by an approximation argument, we prove the main result.

2. PRELIMINARIES AND MAIN RESULTS
Set @ = (0,T) x (0, 7), and denote

U= {’l/) € COO(Q) : alw(tvo) + blw:c(ta O) =0, aﬂ/)(t,ﬂ') + waz(taﬂ—) =0,
1#(0,1‘) = ¢(T, x), ¢t(0a Z‘) = wt(T7 J})}

Let

L7(Q) = {u: el ) = /Q lu(t, )" p(z)dtdz < oo}, r> 1.
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It is well known that ¥ is dense in L"(Q) for any r > 1, and L?(Q2) is a Hilbert space with the inner product
(u,v) = / u(t, z)v(t, z)p(x)dtdr, Yu,v € L*(Q).
Q

We rewrite (1.1)—(1.3) on Q in the following form

p(@)ue — (p(2)ua)e = pp(z)u + p(@)ul’ " u, (t,2) € Q, (2.1)
1u(t, 0) + brug (¢,0) = 0, agu(t, ) + baug(t,7) =0, t € (0,T), .
w(0,z) = u(T,x), u(0,z) = w (T, z), € (0,m). (2.3)

Definition 2.1. A function u € L"(f2) is said to be a weak solution to problem (2.1)—(2.3) if

/ u(pty — (pths) )dtdx — / (pu + |u|P~ u)ppdtds = 0, Vip € .
Q Q

In order to look for the periodic solutions of problem (2.1)—(2.3), we need to use the complete orthonormal
system of eigenfunctions {¢;(t)¢x(z) : j € Z,k € N} in L*(Q) (see [32]), where

oi(t) = T_%ei”jt, v, =2j7T~ ' jez,
and A, or(z) are given by the Sturm-Liouville problem

— (p(x)pi(x)) = Aip(x)en(x), k €N,
a1¢k(0) 4+ b1¢,(0) =0, (2.4)
azpk () + bagpl(m) = 0.

It is known that \? is increasingly convergent to 400 as k goes to 400. Set z(z) = (p(z))/?¢@x(x), then (2.4)
can be transformed into the following Sturm-Liouville problem

2 () + (O (fﬂ)) k() =0, keN,
a12£(0) — b1z ( ) = (2.5)

oz () + Bazy(m )—0’

where «y, 3; satisfy the assumption (A2) for ¢ = 1,2. In this situation, it is more convenient to study the
properties of the eigenvalues \;. Now, we divide (2.5) into the following several cases:

Case 1: a1 > 0,8, =0,a2 > 0,5, = 0;
Case 2: a1 > 0,5 =0,a2 = 0,52 > 0;
Case 3: a1 =0,081 > 0,as > 0,52 = 0;
Case 4: a1 = 0,81 > 0,a2 =0, 55 > 0;
Case 5: a1 > 0,81 > 0,a9 > 0,52 > 0.

Here, Case 1 is called Dirichlet boundary conditions, Case 2 and Case 3 are called Dirichlet-Neumann boundary
conditions, Case 4 is called Neumann boundary conditions and Case 5 is called general boundary conditions.
In what follows, we shall deal with problem (2.1)—(2.3) according to the different types of boundary conditions.
However, it is worthwhile to remark that, Case 2 and Case 3 are actually equivalent under the transformation
T =m — x, so we only need to deal with Case 2 for these two cases.
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Define the linear operator Ly by

LO’(/) = P_l (mﬁtt - (p’(/)w)w)a V¢ € \117

and denote its extension in L?(2) by L. It is known that L is a selfadjoint operator (see [3, 15]), and u € L?(£2)
is a weak solution of problem (2.1)-(2.3) if and only if

Lu = pu + |uP~tu.

Moreover, it is easy to see that the eigenvalues of L have the form Aj, = /\% — VJ2 Denote the set of eigenvalues
of operator L by

AL) = { Nk s Aje = A} — Vi)

To analyze A(L) in great detail, we need to use the asymptotic formulas of Ag, which are characterized by
Barbu and Pavel [3] for Case 1, and Ji [15] for Cases 2-5, respectively.

Lemma 2.2 ([3]). Assume that p(z) satisfies (A1), then the eigenvalues of problem (2.5) with the Dirichlet
boundary conditions (i.e., Case 1) have the form

A = k+ 60, with 0, — 0 as k — oo,

where
O<%§\/k2+po—k§0k§\/k2+p1—k§%, for k>1, (2.6)

with py = %fow np(x)de and ps = +/po +1—1.
By Lemma 2.2, we can easily obtain the following lemma.
Lemma 2.3. Let assumption (A1) hold. Then, for Case 1 we have

(i) L has at least one essential spectral point, and all of them belong to [2p2, p1];
(i) If X € A(L) and X & [2p2, p1], then X is isolated and its multiplicity is finite.

Proof. By Lemma 2.2, the eigenvalues of operator L can be rewritten as
Nk = A7 — I/J2 =a"%(ka + Ora — jb)(ka + Ora + jb).

Thus, when ka # |j|b, it is easy to verify that |\jz| — oo as j,k — oco. On the other hand, when ka = |j|b, by
(2.6) we have

P

Qk)erl,

200 (%)2 +2p2 < Nji = 0x(2k + 0k) < p1 + (

as k — oo. Therefore, A(L) has at least one accumulation point in [2ps, p1]. Moreover, X is isolated and its
multiplicity is finite when A € A(L) and A € [2pa, p1]. The proof is completed. O

For Case 1, we have the main result.
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Theorem 2.4. Assume that 0 < p < 1, and p ¢ A(L) and satisfies p > p1. If the assumption (A1) holds,
then the problem (2.1)—(2.3) with Dirichlet boundary conditions (i.e. Case 1) has infinitely many periodic weak
solutions u; satisfying

/ lu [P pdtdz — 0, as 1 — oo.
Q

Recalling that Case 2 is equivalent to Case 3, Ji [15] has given the asymptotic formula of A, for Case 2, and
we state it as the following lemma.

Lemma 2.5 ([15]). Assume that p(x) satisfies (A1), then the eigenvalues of problem (2.5) with Dirichlet-
Neumann boundary conditions (i.e., Case 2) have the form

A =k+1/2 4 6 with 6, — 0 as k — oo,

where
p3 P1 P1

<6 < < )
2k +1 \/(k—|—1/2)2—|—p1+/€+1/2 2k +1
PO

with p3 = 8- and py = %foﬂ n,(x)de.

0<

By a similar proof as that of Lemma 2.3, we can obtain the following Lemma 2.6, Lemma 2.9 and Lemma 2.12.
Thus, their proofs are omitted here.

Lemma 2.6. Let assumption (A1) hold. Then, for Case 2 we have

(i) L has at least one essential spectral point, and all of them belong to [ps, p1];
(ii) If X € A(L) and X & [ps3, p1], then X is isolated and its multiplicity is finite.

Theorem 2.7. Assume that 0 < p <1, and p ¢ A(L) and satisfies u > py1. If the assumption (A1) holds, then
the problem (2.1)-(2.3) with Dirichlet-Neumann boundary conditions (i.e., Case 2 or 3) has infinitely many
periodic weak solutions u; satisfying

/ lu [P pdtdz — 0, as [ — oo.
Q

Similarly, for Case 4, we have the following results.

Lemma 2.8 ([15]). Assume that p(z) satisfies (A1), then the eigenvalues of problem (2.5) with Neumann
boundary conditions (i.e., Case 4) have the form

A =k + 0 with 0, — 0 as k — oo,

where
0< B2 <t <ViRep—k<E for k>,

with py = T+ po — 1 and p1 = 2 [ ny(x)d.
Lemma 2.9. Let assumption (A1) hold. Then, for Case 4 we have

(i) L has at least one essential spectral point, and all of them belong to [2p2, p1];
(i) If x € A(L) and X & [2p2, p1], then X is isolated and its multiplicity is finite.
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Theorem 2.10. Assume that 0 < p < 1, and u ¢ A(L) and satisfies p > p1. If the assumption (A1) holds, then
the problem (2.1)—(2.3) with Neumann boundary conditions (i.e., Case 4) has infinitely many periodic weak
solutions u; satisfying

/ lu [P pdtdz — 0, as [ — oo.
Q

For Case 5, we have the following results.

Lemma 2.11 ([15]). Assume that p(x) satisfies (A1), then there exists a constant Ny > 1 such that the
eigenvalues of problem (2.5) with the general boundary conditions (i.e., Case 5) have the form

A =k + 60 with 6, — 0 as k — oo,
where
0< B2 <<V +2-k< T for k2N,

with

l/a ! T
p2=+1+po—1, P4:*(5fi+ﬁfi+1+/ Up(ff)dif)-
0

™

Lemma 2.12. Let assumption (A1) hold. Then, for Case 5 we have

(i) L has at least one essential spectral point, and all of them belong to [2p2,2p4];
(i1) If x € A(L) and X ¢ [2p2, 2p4], then X is isolated and its multiplicity is finite.

Theorem 2.13. Assume that 0 < p < 1, and p ¢ A(L) and satisfies p > 2py. If the assumption (A1) holds,
then the problem (2.1)—(2.3) with the general boundary conditions (i.e., Case 5) has infinitely many periodic
weak solutions w; satisfying

/ lu [P pdtdaz — 0, as 1 — oo.
Q

Remark 2.14. In order to acquire the solutions of problem (2.1)—(2.3) wvia variational methods, we construct
a function space E (which is called the working space here and will be given later) in which the critical point
theory can be applied.

On the other hand, by a careful observation, the conditions and conclusions in Theorems 2.4, 2.7 and 2.10
are very similar, thus their proofs can be accomplished in a similar way. Moreover, we find the only difference
between Theorem 2.4 and Theorem 2.13 lies in the range of the constant . More precisely, in Theorem 2.4 we
require p > pi1, but p > 2p4 in Theorem 2.13. The condition p > p; or p > 2p4 can make sure that the working
space E is well defined, which plays an essential role in the proof. Therefore, by above discussion we only give
the proof of Theorem 2.4 here and by the same argument we can also prove Theorem 2.13.

In what follows, we always assume that p ¢ A(L) and p > p1, then there exists a constant § > 0 such that

Ajr —p| >8>0, jeZkeNt. (2.7)
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For u € L*(Q), we rewrite u(t,z) = Y ujrp;(t)pr(x), where uj, are the Fourier coefficients. Define the
gk

function space

E={ue Q| lulf = A - nllul? < oo},

jik
which is called the working space here. The estimate (2.7) shows that || - ||z is a norm on E. Furthermore, the
space F is a Hilbert space equipped with the norm || - || g.

Since [[u[|72(q) = 2 [ujk/?, from (2.7), we have
Jik

lullZs () < 07 lullZ (2.8)

which implies the continuous embedding E — L?(2). Moreover, for 1 < r < 2, the continuous embedding
L2(Q)) < L7(Q) implies that there exists a constant C' = C(r) such that

lull @y < Cllulle- (2.9)

Let f(u) = [u[P~'u and F(u) = [;' f(s)ds = ﬁ\uw‘l. It is easy to see that if f is odd, then F' is even.
Define the functional

1
D(u) = —5((L — pu,u) —|—/ F(u)pdtdx, Vu € E. (2.10)
Q
Thus, ® is an even C! functional on E and
(@' (u),v) = —((L — p)u, ) +/ f(uw)vpdtdz, Yu, v e E. (2.11)
Q

Consequently, u is a weak solution of problem (2.1)—(2.3) if and only if ®'(u) = 0. Thus, we can characterize
the solutions of problem (2.1)—(2.3) as the critical points of the functional ® in E. In addition, from the proof of
Lemma 2.3, it’s not difficult to see that ® is neither bounded from above nor from below, which shows that we
can not obtain the critical points of ® by a simple minimization or maximization. In what follows, by variational
methods together with an approximation argument, we prove that there exist infinitely many periodic solutions
for the problem (2.1)—(2.3).

3. BOUNDS OF THE FUNCTIONAL &

As already noted in Remark 2.14, here we give all the details only of the proof of Theorem 2.4; so, we deal
with Case 1 and consider Lemma 2.3 as starting point of our setting.

In this section, we consider the bounds of ® on some spherical surfaces and some subspaces, which can help
us to distinguish the critical points by the different critical values. Thus, we firstly need to decompose the space
F into some suitable subspaces.

Recalling that p ¢ A(L) and p > p1, the working space E can be decomposed as a direct sum £ = ET @ E~,
where

Et = {u €Elu= Z wind;(t)er(x), jeZke N+}7
Ajk>p

E = {u € Elu= Z ujkd; () pr(x), jEZke N+}.
Aje<p
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Denote

Ey = {u eL’@u= 3 upd;(t)pn(a), jeZke N+}.
ka=|j|b

For any u € E~, we write u = Y ujr¢;ps, then
A<y

(L= mu,u) == g = pllugl® = —lull. (3.1)
Aje<p

Moreover, for any u € E*, by a similar calculation we have
(L = pyu,uw) = |lullp- (3.2)

Remark 3.1. By Lemma 2.3, we have Fj is an infinite dimensional space spanned by the eigenfunctions ¢;py,
for ka = |j|b. Moreover, it is easy to see dim(E™ N Ey) < oo and dim(E~ N Ey) = .

For any I,m € NT, let

5
I

span{gjn | —m < j <m, 1<k <m},
fo (WmﬂE‘) oEY, Ei=E o (Wl mE+),
and denote
E™=E™NE,.
Obviously, E™ C E™! E =, cn+ E™, and E" is a finite dimensional space.
Lemma 3.2. There exist o7, Ry > 0 such that
®(u) > oy, Yu € Ej41N Sy,

where Sg, = {u € E | |Jullg = Ri}.

Proof. For w € Ejy1 = E- ® (W31 N ET), split w = u™ +u~, where u™ € W;,1 N ET and u~ € E~. Since
dim(Wy1 N ET) < oo, all norms of u™ in Wy, 1 N ET are equivalent. Moreover, since the projection mapping
P LPT(Q) — W;,1 N ET is bounded, then there exists a constant Cy > 0 such that

[u*]lE < Collull3 - (3.3)
From (2.10), taking any u € E we have

1 1
——{((L - — P pdtd
5{( u)u,u>+p+1/QIUI pdtdx

®(u)

1 1, _ 1
gt + 51+ Colul s oy + = [ 1 e = Colful s o
=1+ I, (34)
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where

I = —§||u+||129 + %Hu‘\l% + Collul o1 (),
and

I, = / [uP pdtdz — CO||U||LP+1

p+1

In what follows, we devote to estimate I; and Is.
By (3.3), we obtain

1 1, 1
Lz glut g + gl = 5l (3-5)

On the other hand, in virtue of 0 < p < 1, for any & > 0 large enough (which will be chosen later), there
exists a constant 6, > 0 small enough such that

[f(w)] = [ul® = Klul, for |u| < 6. (3.6)
Thus
2 for |u| <6
F = Pl > +1|U| -
W =gl = { Lt for ful > 6,
Set
u, if |u] < 4, 0, if Ju| < 0y,
1= Uz =
0, if |u] > 0k, w, if Ju| > dy.

Then u = uy +uz and ||ul|gr+1(q) < |lutllpri1() + |zl Lr+1(q). Moreover, reviewing Q = (0,7 x (0,7) and
0 < p(x) < Bo, by Holder’s inequality, we have

(A2 Q)_/ fus P pdtdar < (BoTm) 2 s [55 0y

Thus

I > 7H lui|? pdtda + ——

P pdtdr — Collul|?,
_p+1 . +1 \as, lua [P pdtda 0||u||LP+1(Q)

1 1
- ||u1||m>+ a5 oy — Collul3ae o)

1

1 2CO||U2||Lp+1(Q)> ||u2||LP+1(Q)

> (p+ (T - 200) o sy +

where Q5. = {(t,2) € Q| |u| <}
Now, take x > 0 large enough such that 55 (BoTm) v+t 2 2Cy > 0, then fix d, satlsfymg (3.6). In addition, by
(2.9) we have [Jua||Lp+1(q) < [JullLr+1(0) < C”UHE Take R; > 0 small enough such that p+1 —2Co(CR)? > 0.
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Thus, we obtain
I, >0, for ue Ep;NSkg,.

Consequently, by combining I > 0 with (3.5), from (3.4) we obtain

1 1
(u) > Sllul} = SRP, for ue BN S,

Taking o; = %R%7 we arrive at the conclusion.

Proposition 3.3. {§ — 0 as | — co, where

u
SN 1 Posetes

weEy oy llulle
Proof. In view of E; = E~ @ (W, N E1), we have (E;)* C E*. Therefore, by Lemma 2.3,

AT

ik = min{Ajx € A(L) [ Ajp > pfor k> 1, or j >l or j < -}

is well defined.
For u € (E;)*+\{0}, we have

[ullf = (L= wusu) =Y i = pllugl* = Ny, = mllullfzq)-
7,k

By (2.9) and (3.8), with the help of Holder’s inequality, we obtain

0170
lull ey < ullzeo Ul (o) < 507
( @=L (Q) ()\; oy — )02

ulle,

where r <p+1,and 1/(p+1)=6/2+ (1 — )/r

Noting u € (E;)+\{0}, it is easy to see that AT, — oo as [ — oo. Consequently,

ik

) 1-6
Q= sup l[ul| 410 < +C 0, as 10,
weEy oy llulle Ak — )%

We arrive at the result.

Lemma 3.4. There exists a constant gy > 0 such that
d(u) < o, Yuc (E)*.
In addition, o — 0 as | — oo.

Proof. Noting (E;)* C E*, for u € (E;)*, by (3.7) we have

D(u) =

1
(L - Muu+4—j/WW%&M<f4Mm+——<”wH?P

11

(3.7)
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Since 0 < p < 1, a direct calculation yields

2(p+1) 1 (p+1)? 1 1\ 2@ty
® < _ g, iop 1 ptlTToe (7 _ 7) 5
2(p+1)
Let o = (p% - %)Cl =7 by Proposition 3.3, we have g; — 0 as [ — co. The proof is completed. O

4. SEQUENCE OF CRITICAL POINTS FOR RESTRICTED FUNCTIONAL

In this section, we intend to employ the Zs-index theory and minimax method to obtain a sequence of critical
points for the functional ® restricted on some subspaces of E.
At first, in order to make the following statement more precise, we make some notations. Denote

S={ACE™{0} | A=A, —A=A}

which is made of closed symmetric subset of E™\{0}, where A denotes the closure of A. For any ¢ € R, let
9 ={u € E| ®(u) > ¢} denote the level set of ¢ at ¢, and

K={ueE™|® (u)=0}

denote the critical points set of ®,, = ®|gm.
The mapping v : ¥ — NU {+o0} is called genus if it satisfies, for any A € 3,

0, if A=,
Y(A) = ¢ inf{N € Z, |3 an odd mapping h € C(A4,RM\{0})},
+00, if no such odd mapping.

In this paper, we need to use the following properties of genus (see [8]).
(G1) Assume E = Ey & By, dim E; = N, and v(A) > N for A € &, then AN By # 0.
(G2) Assume that U C RY is an open bounded symmetric neighborhood of the origin in RY, then v(9U) = N.
(G3) (Super-variant) For any continuous odd mapping i : E™ — E™ it holds v(A) < v(h(A4)), VA € X.

The following compact embedding plays an important role in this paper.

Proposition 4.1. For any r € [1,2], the embedding
Eo Ey— L"(Q), (4.1)

18 compact.

Proof. For u € E& Ey, we write u = Y  ujpP;@k.

ka#|jlb
1

Noting |lullz = (3 [Ajk — plluje|?)?, we have that the mapping
3k

1
T0 - U = Zujkd)jgok — {|>\]k — [L|2Ujk}
Ji.k

is continuous from E © Ey to [2, where % denotes the space of square summable sequences.
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Observing that |A;x — u| — 0o as j, k — oo, it follows that the mapping
1
7 Ak — ul2ugey = {uge}

is compact from 2 to 2.
Since {¢;¢x} is a complete orthonormal sequence of L?(£2), then the mapping

To @ {Ujk} = u = Zujkqﬁjapk

Jik

is continuous from {2 to L*(Q).
Consequently, the mapping

om0 : B © Ey — LQ(Q)

is compact. Furthermore, for 1 < r < 2, the continuous embedding L?(2) < L"(2) implies that the embedding
Ec© Ey — L"(Q) is compact. O

To acquire the critical points of ®,, = ®|gm on subspaces E™ by variational methods, it needs to verify
that ®,, satisfies (P.S) condition, which means that any sequence {u;} C E™ for which ®,,(u;) is bounded and
! (u;) — 0 as i — oo contains a convergent subsequence.

Lemma 4.2. ®,, satisfies (PS) condition.

Proof. Assume {u;} C E™ is such that ®,,(u;) is bounded and ®/,(u;) — 0 as i — oo. Split u; = u; + u;,
where uj € E* and u; € W,,, N E~.
For u} € E*, since ®'(u;) — 0 as i — oo, by (2.11) and (3.2), we have

oWl > (=) ) = (L =) = [ o~ i paeda
> Nl I — Nl o i o1 0)- (4.2)
By combining (2.9) with (4.2), a direct calculation yields
[uf |z = Clluilly < o(1), (4.3)

where the constant C' is independent of 3.
For u; € W,,, N E~, by (2.11) and (3.1) we have

o()llui Il = (¥ (ua), u;) = =((L = pug ,ui’) + /Q Jus P~ ujug pdtda
> (a1 = sl s o 7 N1 0,
Similarly, we have
lui |2 = Clluillz < o(1). (4.4)

Since 0 < p < 1 and |lus||% = ||lu;[|% + ||u; ||%, by (4.3) and (4.4), we have that there exists a constant M > 0
independent of 7 such that

uillz < M.
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On the other hand, since FE is a Hilbert space, we have u; — u in E along with a subsequence as i — oo
for some u € E™. For the sake of convenience, we still use {u;} to denote the subsequence. Let 4~ denote the
weak limit of {u; }, and decompose u; = v; +y; and u* = v + y, where v, y are the weak limits of {v;}, {y:}
respectively, and v;,v € ET © Ey, y;,y € ET N Ey.

In what follows, we devote to proving u; — u in E™.

In virtue of dim(W,,, N E~) < oo, it follows u; — u~ in E.

Noting v;,v € ET © Ey and u; = v; +y; +u; , we have u; —v; € (ET © Ey)*. Thus, we have

(L = p)(uwi —vi),v; —v) = 0.

Therefore, we have

lvi = vl = (L — ) (v; — v),v; —v)
= —(®'(u;),v; —v) —l—/ |ui|p_1ui(vi —v)pdtde — (L — p)v,v; —v)
Q
< o(W)[lvi = vl + lusll7 o1 () lvi = vl otr @) + 0(1). (4.5)

Since v;,v € ET © Ey, by (4.1), we have v; — v in LPT1(Q) as i — co. Therefore, from (4.5), we obtain
lv; —vllg = 0, as ¢ —0.
Since dim(E™T N Ey) < oo, it follows y; — y in E. We complete the proof. O
Recalling dim £}y ; < oo, denote
Fn={AecX|ACE™ ~v(A)>dimE",},
and

cim = sup inf ®,,(u), Vm € NT. (4.6)
AeFm ucA

By the properties of genus and deformation lemma argument (see [8]), we have the following lemma.

Lemma 4.3. ¢, is a critical value of ®,, and satisfies
o1 < Cim < 01

Proof. Firstly, we prove that ¢, is a critical value of ®,, by contradiction. If ¢, is not a critical value of ®,,,
then there exists & > 0 such that ®; '[cj, — &, cim + & N K = 0, provided by the (PS) condition.

By the definition of ¢y, for any e € (0,£), there exists Ay € %" such that inf,ec 4, P, (u) > ¢ — € which
implies

Ay C (I)%’”_E.

Since ®,, € C1(E™,R) is even and satisfies (PS) condition, then there exists an odd map n € C([0,1] x
E™,E™) satisfying:
(a) n(t,-) is a homeomorphism of E™, V¢ € [0,1];
(b) (1, Bt —%) C B
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By the properties (G3) and (a), we obtain vy(Ay) < v(n(1, Ag)). Thus, we have (1, Ay) € #". Noting
Ay C ®&m—¢ by the property (b) it follows

Cim = inf (I)m(u) > Cim €,
u€n(1,A0)

which is a contradiction. Therefore, ¢;,,, is a critical value of ®,,.
Secondly, since dim £]" < dim Ef; < oo, then for A € F/", by the property (G1) of genus, we obtain
AN (EM)* #0. Since (EM)* = (E™)L U (E)* and A C E™, we have
AN (E)*t =An(EM* #0.

Thus, from Lemma 3.4, we have

inf ®,,(u) <  sup Pn,(u) < sup D, (u) <g, VAeF".
ueA wEAN(E)L ue(E)+

Consequently, ¢, = SUp g 7 infuea @ (u) < o
On the other hand, denote Si;' = Ejl; N Sg,, where R; is the constant occurred in Lemma 3.2. Thus, by the
property (G2) of genus, we have y(S% ) = dim E7} . Thus, S§, € #/". By Lemma 3.2, we obtain

= s inf ® > inf @ > inf o > o;.
Clm AEl;le ’ul,IElA m(U) - Ué%gl m(U) uEEllillﬂSRl m(U) ai

We complete the proof. O

Let {u;m} be the sequence of critical points of ®,, corresponding to the critical values ¢;,,. Whereafter, we
shall to prove that {u;,} contains a convergent subsequence as m goes to infinity.

5. THE PROOF OF THEOREM 2.4

In this section, we first prove that for every | € NT there exists u; € E such that u;,, — u; in E as m — oo.
Then we prove that u; are the critical points of the functional .

Lemma 5.1. For anyl € NT there exists a constant My > 0, independent of m, such that ||upm||p < M; for all
m € NT.

Proof. Since uy,, are the critical points of ®,,, we have @/ (u;,,) = 0. Thus,
(L — p)ugm,v) = / U [P upmupdtde, Yo € E™. (5.1)
Q

Taking v = wuyy, in (5.1), by Lemma 4.3, we have

1 1
>(I)m m) — - = mp+1 dtdz.
01 = (Uz) (p+1 2>/Q|Ul pdidr

Thus, there exists a constant C' > 0 independent of m such that

Hulm”LPH(Q) <C. (5.2)
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Split w = b, +u;, , where uf € E™ N ET and u;,, € E™ N E~. Noting ||u;} ||% = (L — p)u;t ,u)! ) and
taking v = uyy, in (5.1), by (2.9) and (5.2), we obtain

a1 = (L = @t t) = | P i pitds < Ol
Q
Therefore, we obtain |lu; ||z < C. Similarly, ||u;, ||r < C. Consequently, there exists a constant M; > 0

independent of m such that ||uim|| g < M;. The proof is completed. O

Since F is a Hilbert space, by Lemma 5.1, we have u;,, — u; in E along with a subsequence as m — oo for
some u; € E. The following lemma shows that we can extract a subsequence of {u;,} which converges strongly
tou; € E.

Lemma 5.2. vy, — u; in E along with a subsequence as m — oo for some u; € E.

Proof. Decompose Uy = Vi + Yim + Wim + 21 and w; = v; + y; + wy + 2z, where vy, y;, wy, z; are the weak
limits of {vim }, {vim}> {wim}, {zim} respectively, and vy, v; € EY 6 Eo, yim, 1 € ET N Eg, wim,w; € E~ © Ey,
Zim, 21 € E7 N Ey.
Recalling E™ C E™*! and E =,y E™, we have
l(id — Pp)ullg — 0, as m — oo, Yu € E,

where id denotes the identity mapping and P,, : E — FE,, is the natural projection. In addition, in virtue of
(2.9), we obtain

[(id — Pn)ullz,, ) — 0, as m — oo, Vue€ E. (5.3)
(i) For vy, v € ET © Ey, by (3.2), we have
[vim = vl = (L = 1) (Wim = v1), vim = v1) = {(L = 1)V, vim — v1) = (L = p)or, vum — vi). (5.4)

In virtue of vy, — v; in E as m — oo and E — L?(Q), we have v;,,, — v; in L?(2). Furthermore, with the aid
of Proposition 4.1, we obtain vy, — v; in LPT1(Q) as m — oo. Thus, it follows

((L = p)vg, vgm —v) = 0, as m — oco. (5.5)

On the other hand, noting vi,,v; € ET © Ey and uym = Vi + Yim + Wim + 2im, We have up, — v, €
(E* © Ey)*. Thus

(L = ) (uim — Vim), Vim — vi) = 0.

Since uy, € E™, and (id — Py,)v; € (Em)l- and vy — Py € E™, from (5.1) we have
<(L - N)Ulmavlm - Ul> = <(L — ,u)ulm,vlm — Ul)
= <(L - M)ulma Vim — val> + <(L - M)ulma Pru — ’Ul>
= / Wi [P~ g (Vi — Pravy) pdtda
Q

< Nlml|7 o1 (g lvim = villova (@) + ltiml i1 () 1(id = P )vill Lo+ ()
< o(1), (5.6)
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where the last inequality is acquired by (5.3) and vy, — v; in LPT1(Q).
Inserting (5.5) and (5.6) into (5.4), we have

lvim — vil|lg — 0, as m — . (5.7)

(ii) Similarly, for wy,, w; € E~ & Ey, we have

|wim — wl||% = —((L — p) (Wi — wy), Wy —wy) — 0, as m — o0. (5.8)

(iii) For yim,y € ET N Eg, Remark 3.1 shows dim(E™ N Ey) < oo. Thus, ¥, — y; in E implies

yim — uille — 0, as m — oo, (5.9)

(iv) For zym, 2z € E~ N Ep, noting that dim(E~ N Ey) = co and Proposition 4.1 can not be applied, we will
prove 2y, — 2; in E as m — oo by the monotone method.
Since zp, — z in E, we have

l2tm — 2|5 = —((L — ) (ztm — 21), 2um — 21)
= —((L — p)uim;, ztm — Pmz) + (L — p)z1, 2im — 21)

< —(f(uim), (id = Pp)z) — (f (wim), 2im — 21) + o(1).

In virtue of (5.2) and (5.3), we have
|(f (), (id = Prn)20)| < Nlwimll7 o1 () 1 (id = Prm) zil| o1 (@) = 0, as m — oo.
On the other hand, decompose
(fluim), zim — z1) = (f (wim) — f(Qm + 20), 20m — 20) + (f(Um + 210) = fw), 20m — 20) + (f (), z0m — 21),

where Ui, = Vim + Yim + Wim.-
Since f(u) = |u|P~1u is nondecreasing in u, then

<f(ulm) - f(ﬂlm + Zl)u Zlm — Zl> > 0.

By (2.8) and (5.7)—(5.9), we have i, — 4; in L?(Q2), where 4; = v; + 1y, + w;. Moreover, since f : u — |u[P~1u
is continuous from L?(Q) to L*?(Q). Thus, we have

<f(ﬂlm + Zl) - f(ul)v Zlm — Zl> — 03 as m — oo0.
In addition, in virtue of z, — 2 in L?(£, p), we have
(f(w), zim —z1) = 0, as m — oo.

Consequently,

|l ztm — 21l % — 0, as m — oo. (5.10)

Finally, from (5.7)—(5.10), we obtain

||Ulm —wllg — 0, as m — 0.

The proof is completed. O
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Now we are in the position to prove Theorem 2.4.

Proof of Theorem 2.4. Since wu;,, are the critical points of ®,,, a simple calculation yields
(L — p)ugm, wim — v) = (f(Wm), Uim — Pnv), Yo € E.
Thus, with the aid of monotonicity of f(u), we have

(L = ) Ui, Ui — v) = (f(0), urm — v) = (f (Wim), Uim — Pmv) — (f(V), Uim —v)
Z <f(ul7n)7v - P’H’L > (511)

By (5.2) and (5.3), we have
[ (ttm), 0 = Pt < N1 16 = Pl ooy = 0, s m — oo.

Thus, noting uy,, — w; in F as m — oo and passing to the limit in (5.11), a simple calculation yields that for
any v € E,

0= lim (f(um),v — Pnov)
m—o0

< lim (L — p)ugm, tym — v) — lm (f(v), Ut — v)

m—r oo m—r o0

= (L = pu, wr = v) = (f(v), w = v). (5.12)

Taking v = u; — s for s > 0, ¢ € E in (5.12), and dividing by s, we obtain

(L = pur, ) = (f(w — s¢),¢) = 0.

Now letting s — 0 in above inequality, we have

(L = pur, ) = (f(w), ¢) = 0.

Since 1 is chosen arbitrarily, then

i.e.,

(L — s, ) — /Q f(ur)ppdtdz = 0, ¥y € E.

On the other hand, noting w;, — w; in E as m — oo and by (2.9), we have
D(upm) = D(uy), as m — oo,
where ®(u) is defined by (2.10). Therefore, by Lemma 4.3, we obtain

0<0; <P(wy) < o
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Since g; — 0 as | — oo, then {u;} are infinitely many weak solutions of problem (2.1)—(2.3). In addition, since
®'(u) =0and 0 < p <1, by g = 0 as I — oo, a simple calculation yields

1 1\ !
P dtde = | —— — = ) 0, as I )
/Q\Uz\ pdtdz <p+1 2) (ur) =0, as [ — o0

The proof of Theorem 2.4 is completed. O
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