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MULTIPLE POSITIVE BOUND STATES FOR CRITICAL
SCHRODINGER-POISSON SYSTEMS

GI10VANNA CERAMI' AND RICCARDO MOLLE?*

Abstract. Using variational methods we prove some results about existence and multiplicity of
positive bound states of to the following Schrédinger-Poisson system:

{ —Au+V(z)u+ K(z)p(z)u = v’ (SP)

—A¢ = K(x)u? r € R?.

We remark that (SP) exhibits a “double” lack of compactness because of the unboundedness of R?

and the critical growth of the nonlinear term and that in our assumptions ground state solutions of
(SP) do not exist.
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1. INTRODUCTION

This paper deals with the question of finding solutions to systems of the type

{ ih; = S AE+ (V(2) + B) + K (2)d(2)¢ — f(x,[¢])
-Ap=K(z)* =zeR?

where h is the Planck constant, ¢ is the imaginary unit, m is a positive constant, E is a real number, & : R? x
[0,T] — C.

Such equations have strongly attracted the researchers attention because their deep physical meaning: we
just mention they appear in Semiconductor Theory and Quantum Mechanics models (see f.i. the celebrated
papers [4, 7, 9, 21, 22] and the book [25]).
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2 G. CERAMI AND R. MOLLE

Our interest is focused in the search of standing waves, that is solutions &(z,t) = e~ i u where u is a real
function. In this case one is led to study the existence of functions u satisfying

_%Au +V(z)u+ K(z)p(x)u = f(x,|ul)
(sp)

—A¢ = K(z)u? z € R3.

Such a system is usually known as Schrodinger-Poisson system because first equation, which is a nonlinear
stationary Schrodinger equation, is coupled with a Poisson equation. This model has been introduced in [3] to
describe electrostatic situations in which the interaction between an electrostatic field and solitary waves has
to be considered; the nonlinear term f simulates the interaction between many particles, while, by the effect of
the Poisson equation, the potential is determined by the charge of the wave function itself.

More precisely we are interested in the existence of positive, physically meaningful solutions of (sp) when
flxz,u) = uP and p =5 is the critical exponent with respect to the Sobolev embedding, moreover we look for

h2

solutions when g is a constant, which without loss of generality can be assumed equal to 1. Therefore, the

problem we address becomes

{ —Au+ V(@)u+ K(2)$(x)u = v (SP)

—A¢ = K(x)u? z € R3.

It is well known that, in studying Schrodinger-Poisson systems, even in subcritical cases, one has to face
many difficulties: some come from the coupling and appear in the potential, some originate from the lack of
compactness due to the invariance of R? under translations. In addition, in the critical case the invariance by
dilations of R? has to be considered and make the things even harder to handle.

During last fifteen years system (sp) has been widely investigated, mainly considering nonlinearities having
subcritical growth: first results have been obtained for equations with coefficients V(z) and K(x) constants
or radially symmetric; then, an increasing number of papers has been devoted to cases in which no symmetry
assumptions are requested.

Describing the interesting and various contributions given to the study of the subcritical case in a exhaustive
way, without forgetting something, would be an hard task, so we prefer to refer readers interested in a rich
bibliography to the papers [1, 5] and to the book [6].

Less contributions has received the analysis of (sp) in the critical case. Between those appeared in the latest
years and treating equations with non constant coefficients we refer the readers to [10, 19, 20, 23, 24, 29, 30]
and references therein. However, we remark that the researchers attention has been mainly devoted to the
question of existence and multiplicity of semi-classical solutions (i.e. the case in which, in (sp), % — 0, as in
[19, 20, 24]). Furthermore, we also stress that all the researches we are aware, concerning the search either of
semi-classical either of classical solution (as in [10, 23, 29, 30]), are carried out under assumptions which allow
to work in frameworks that ensure the existence of ground state solutions.

Here we consider situations that must be faced by more refined tools. We ask the potentials V (z) and K (z)
satisfy:

lim‘z|_>+oo V(ac) = Voo >0 (Z)
V(z) > Vs VzeR3 (44) (Hy)

(V — Vi) € L3/2(R?) (i)
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and
limy,| 00 K(z) =0 (4)
K(z)>0 VxeR3 K#£0 (i) (Hg)
K € L2(R3). (i11)

Indeed, as shown in Section 2, Proposition 2.8, under the above assumptions the existence of positive solutions
cannot be obtained by minimization methods and ground state solutions do not exist. Similar topological
situations related to (SP) have been considered in the subcritical case in [12, 15]. Here the critical growth of
the nonlinear term makes more difficult the question.

The results we obtain are stated in the following theorems, where S denotes the best Sobolev constant.

First theorem is concerned with potentials vanishing at infinity:

Theorem 1.1. Let Vo =0. Let (Hy), (Hg), and

Vi K12\ 3
<1+| |§3/2+S3|/L;> <1+45|V|L3/2)<2 (1.1)

be satisfied.
Then (SP) has at least a positive solution.

Second theorem provides existence and multiplicity of positive solutions when V,, # 0, namely:

Theorem 1.2. Let Voo > 0. Let (Hy) and (Hg) be satisfied.
Then a real number V > 0 exists such that if Voo € (0,V), then (SP) has at least a positive solution.
Moreover, if in addition to (Hy) and (Hg),

V= Vilyse  |K2.\° 3

holds, V"> 0 can be found so that, when V., € (0,V), (SP) has at least two distinct positive solutions.

It is worth observing that Theorem 1.1 generalizes to Schrodinger-Poisson systems a well known result proven
in [2] for nonlinear Schrédinger equations. Indeed, in [2] the non-existence of ground state solutions and the
existence of a positive not least energy solution to

{ —Au+ V(z)u = |ul N2 reRN (SE)

u(z) =0 as T — 00

has been shown assuming Vi, = 0, V(z) Z 0, V(z) € L™/?, and, in addition, a restriction on |V|a/2 quite
analogous to the bound |V|s/2 < (2% —1)S one can deduce from (1.1) setting K = 0.

On the other hand, as far as we know, no results concerning solutions of (SE) when V., > 0 are available,
while a Pohozaev type inequality shows that when V is a positive constant (SE) has no solutions. Therefore,
it seems interesting to remark that from Theorem 1.2 it follows, as corollary, a non trivial existence and
multiplicity theorem for (SE). We state it explicitly, assuming N = 3 because Schrédinger-Poisson systems
are here considered in R?, nevertheless, reading the paper and the proof of Theorem 1.2, it is not difficult to
understand that everything also holds for any dimension N > 3.

Theorem 1.3. Let N =3,V,, > 0. Let (Hy) be satisfied and |V — Voo|ps/2 # 0.
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Then a real number V > 0 exists such that if Voo € (0,V), then (SE) has at least a positive solution.
Moreover, if in addition to (Hy)

|V — Vil a2 < (28 = 1)S

holds, V> 0 can be found so that, when Vi, € (0,V), (SE) has at least two distinct positive solutions.

Of course some of our arguments, mainly those related to the lack of compactness question, take advantage of
some ideas introduced in [2]. However we strongly point out that in the present paper we face different situations,
we need new delicate estimates concerning the nonlocal term, the variational framework in which we work must
be different, and we use here very refined and more subtle tools to control translations and concentrations of
Palais-Smale sequences.

The paper is organized as follows: in Section 2 the variational framework is introduced, some useful facts are
stated, the compactness question is studied and the nonexistence of ground state solutions is proved, Section 3
contains some basic, deep estimates, and in Section 4 the proof of Theorems 1.1 and 1.2 is performed.

2. VARIATIONAL FRAMEWORK, COMPACTNESS STUDY,
NONEXISTENCE RESULT

Hereafter we use the following notation

— || - || denotes the norm in H, that is

lul = (fus (IVl? + Vaou?)da)'*  when H = H'(R?)
[l = (foo |Vul2da) ' when H = DI2(R?).

— |ulg, 1 < g < +00 denotes the norm in the Lebesgue space L(R?), while the norm of u in L(Q), Q C R3,
is denoted by |ulq q-

~ B,(y), Vy € R3, denotes the open ball of radius p centered at y, (-|-)gs denotes the scalar product in R3,
and for any measurable set O C R3, |O| denotes its Lebeasgue measure.

— S is the best Sobolev constant, that is

ul® _ ]l

S = (2.1)

weH!(R3) |ulZ  uwepr2(r3) |ul’

Throughout the paper we set

moreover we assume V and K satisfy (Hy) and (Hg) respectively.

It is well known (see f.i. [12, 27]) that (SP) can be transformed in a nonlinear Schrédinger equation with
a non local term. Indeed, the Poisson equation can be solved by using the Lax-Milgram theorem, thus for all
u € DV2(R3) a unique ¢, € D2(R?), satisfying

—A¢ = K(z)u?, (2.2)
is obtained. Then, inserting ¢,, into the first equation of (SP) one gets

—Au+ V(z)u + K(2)dy(x)u = u’. (SP)
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(SP’) is variational and its solutions are the critical points of the functional

1 1
I(u) = = ( |Vul?dz + V(x)qux> + -
R3 R3 4

5 K(x)¢y(z)u*de — %/ uSdx

R3 R3

which is defined in the space H where H is either H!(R3) or D}2(R3) according to whether Vo, > 0 or V4, = 0.
Let ® : H — DV2(R?) be the operator defined by

Next two propositions collect some properties of ®.
Proposition 2.1.

(1) ® is continuous;

(2) ® maps bounded sets into bounded sets;
(3) ®(tu) = t2®(u) for all t € R;

(4) the following representation formula holds

1 K(y) - L1
D(u) = — =——
W=t S ooy W= 7

* K u?. (2.3)
The proof of (1) and (2) can be found f.i. in [27] or [15] while properties (8) and (4) are straight consequence

of the fact that ®(u) solves (2.2).

Proposition 2.2. Let (uy)n, u, € DV2(R3) be such that
Uy — 0 in DY2(R3). (2.4)

Then, up to subsequences

(a) ®(un) — 0 in DV2(R3)
() fos K ()60, 2k — 0
(¢) Jos K(2)du, unpdz — 0 Vo e DM2(R3).

The proof of Proposition 2.2 can be carried out exactly as that of Proposition 2.2 of [12] once stated the
following regularity result, which is also useful in the study of the compactness question.

Lemma 2.3. Let (uy), be as in Proposition 2.2. Then, up to subsequences,

up—0 in LP

loc

(R*) Vp€[2,6). (2.5)
Proof. By the Hardy inequality

/ u? (1 + |z])~?dz < c/ |Vu,|?dz < C.
R3 R3

Let A CC R3 be arbitrarily chosen and let 7 > 0 be such that A C B,.(0), thus

2

2 2 Un A

usde < (1+7) / —1 _dx<C
-/A B,(0) (1+]2])?
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which, together with (2.4) gives (u,,),, bounded in H!(A). Hence, up to a subsequence, (u,,), converges strongly
to 0 in L2(A) by the Sobolev embedding and (2.4). Then, the claim follows by interpolation and Sobolev
embedding, because for all p € [2,6)

[tnlp,a < lunl3 alunlg

e l1—a _ 1
where § + = =5 O

It is not difficult to verify that the functional I is bounded neither from below, nor from above. So, it is
suitable to consider I restricted to the Nehari natural constraint:

N:={ue H\{0} : I'(u)[u] =0}

and remark that we can write [ v 88

I, (u) = 1/ (|Vul? + V(z)u?)dz + L ubdx
4 Rs 12 R3
) . (2.6)
= = / (|Vul* + V(z)u®)de + — K(2)¢y(x)u’dx
3 s 12 Jps

from which one at once deduces that I is bounded from below on N. Furthermore, for all u € H \ {0}, there
exists a unique ¢, € R \ {0} such that t,u € N. Indeed, ¢, satisfies

0 = I'(tu)[tu] = 12 ( /R IVulde + /R 3 V(x)qux) 4 [ K(2)bu(a)uda — 19 / WSdr(27)

R3 R3

which is easily seen to have a unique positive solution.
The function t,u € N is called the projection of u on N and we also point out that
I(t,u) = I(tu).
(tuu) = max I(tu)
Actually, more precise information is available on A" and I},, and it can be summarized in the following lemma,
whose proof can be found in [15]

Lemma 2.4.

(1) N is a C' regular manifold diffeomorphic to the sphere of H;
(2) I is bounded from below on N by a positive constant;
(3) w is a free critical point of I if and only if u is a critical point of I constrained on N .

For what follows it is also useful to introduce the “problem at infinity” related to (SP)

—Au=1ub xz eR3
{ u € D'2(R?), (Pec)

Combining the results of [17, 18, 28] the following statement can be obtained.
Proposition 2.5. Any positive solution of (Ps) must be of the form

1 x—y [302]1/4
v, = v = 2.8
7y(-r) 01/2 ( o ) [0_2 + |.'I/' _ y|2]1/2 ( )
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where

1 U*(x)
U(z) =314 =
@) =3 T ey ~ Tos

and

o 1
Y T

is the unique minimizer for S, up to translations and scaling.

Throughout the paper we denote by
Io.:H—R

the functional whose critical points are solutions of (Py,), that is

1 1
Io(u) =< |Vu|?dz — = [ uSdx
2 R3 6 R3

and by
No ={ue H\{0}: I (u)[u] = 0}.

A straight computation shows

. 1
Io(V,,) = min Loo(u) = 3 53/2,

Remark 2.6. It is worth pointing out that the existence of infinitely many non-radial changing sign solutions
to (Ps) has been proved by Ding [16]; however, for any such solution u € Noo, v = ™ —u™, u™ # 0 # u~, the

estimate I (u) > 2 53/2 can easily be shown (see f.i. [14]).
3

For all u € H \ {0}, there exists unique 7, € R™ \ {0} such that 7,u € N, we call 7, u projection of u on

oo

Lemma 2.7. Let u € H\ {0} and let 7,u and t,u be the projections of u on Ny and N respectively. Then

Tu <ty
Proof. By definition we have

4 Jgs |Vu|?dz _ thul —¢2 Jrs K ()¢, u?dz — Jgs V(x)u?

u

ulg |ulg
Proposition 2.8. Set

inf{I(u) : ue N} =m.

(2.9)

(2.10)
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Then
L o372

and the minimization problem (2.10) has no solution.

Proof. Let u € N be arbitrarily chosen and let 7,u be its projection on N,

1 1
I(u) > I(tyu) = Io(Tyu) + 3 W (z)(ryu)?dz + 1 K(x)d)mu(x)(mu)zdx
R3 R3
> Io(ryu) > %53/2
from which

1
> = §%/2
m 3

follows. To show that the equality holds, let us consider the sequence

314\ /1/n

((1/n)2 + |z[2)"/?

U (2) = x(l2) W 1 o(x) = x(J2])

where x € C§°(]0,400)) is a nonnegative real function such that x(s) =1if s € [0,1/2], and x(s) =0 if s > 1.
Well known computations (see f.i. [8]) give

Lo (B (2)) = l/Rg IV, (2)|2d — %/R B (2) do — ésw +0(1/n),  (2.12)

2
W (2)[3 = O(1/n), (2.13)
/ |V, (z)|?dz — / Ul (2)dz = O(1/n). (2.14)
R3 R3

Thus, 73 =1+ O(1/n). Now, using (2) of Proposition 2.1, we get

, K(z)gb‘i,n (x)\ili(:c) dr = K(x)(b\i,n (a:)\i/i(z)dz
R3 B1(0)

n

- / K(2)ég, (2)¥2(x)dz + / K(2)ég (1) () da
B1(0)\B;, /= (0) By, = (0)

< |Kl2l6g, 161%alg 5, 00\5,, (0 + 1K

2,8,/ =005, 6| Unlg
I 12
é Cl|qj”‘6731(0)\31/ﬁ(0) + CQ|K‘2731/W(O)

with ¢1,co > 0 not depending on n. Thus, considering that

W

6,B1(0)\B, , =(0) = 0(1), K28, 0 = o(1)

we deduce

. K(z)pg, (2)W2 (z) dz = o(1). (2.15)
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Furthermore, for all p > 0

W@ (@)de = [ W) (z)dz+ / W ()82 (z) de
R3 B,(0) R3\ B, (0)
< U5 W /2,8, 0) + W a2l ¥nls go\ 5, (0)
and, in view of
lim |\i’n|6 R3\B,(0) = O, lim |\ifn|6 = const
n—00 ’ 4 n—00

we obtain for all p > 0

W(.T)\I/EL(I) dx S const |W|3/2,BP(O)~
R3

Thus, from ,l;ig%) [Wls/2,8,(0) = 0 we get
. W (2)V? (z)dz = o(1). (2.16)
Therefore, from (2.12), (2.13), (2.14), (2.15) and (2.16)
ty, =1+o(1) (2.17)
follows. }

Finally, setting ¥, (z) = tg, Yn(r) we conclude that (2.11) holds because W, € N and, by (2.12), (2.13),
(2.14), (2.15), (2.16), (2.17)

. 1 _ R
lim 1(3,) = 512 [/ (|V\I/n(m)|2+V(x)\I/i(x))dx}
n o0 n RS
1 4 . T2 71 6 / =6
1t /R K (@)9g, U (2)dz — oty g O () da
1
= - §%2,
3

To show that m = %83/ 2 is not achieved we argue by contradiction and we assume % € N exists so that
I(uw) = % 53/2. Then, by using (2.6), (Hy)(ii), (Hyv)(ii) we have

%Sm = I(a) = é / (Va2 + V(@)a)de + = [ K(x)éa(x)itde

R3 12 Jps
1 —12 1 —12 L o372
> - |Va|*dz > - |Vrzal*de > = S (2.18)
3 R3 3 R3 3
from which
K (z)¢pgu’dr =0, / V(x)uidr =0 (2.19)
R3 R3

follow, that, if V, # 0 gives at once a contradiction.
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When V,, = 0, we observe that (2.19), (2.18), (2.9) imply 74 = 1, so
a(r) =Tsy(z) >0 Vr € R3

for some o € R, y € R3. Then, by (H})(i4)
K(z)pgu*(z)dz > 0
R3
has to be true, contradicting (2.19). O

Problem (SP) is affected by a lack of compactness due to the unboundedness of R® and to the critical
exponent. Next proposition gives a picture of the compactness situation describing the Palais-Smale sequences
behaviour.

Proposition 2.9. Let (uy), be a PS-sequence of 1),., i.e.

unGJ\/, I(un)—>c

VI‘N(un) — 0.
Then there exist a number k € N, k sequences of points (y))n, yl € R3, k, k sequences of positive
J

1<j<
numbers (o1)n, 1 <j <k, (k+ 1) sequences of functions (ul,),, ul, € DV*(R3), 0 < j < k, such that, replacing
(un)n, if necessary, by a subsequence still denoted by (un)n

Lo (25)
J 1(0%)1/2 ! on

(ii) u!) —su? strongly in DV*(R?), 0<j <k

k
(i) un(z) = up(w) +

where u® is a solution of (SP'), u? are solutions of (Ps), and

, V. 0 = ol =0
(iii) ifyl —g;  then 7 " , ,
' Ve =0 = eitherol -0 orol — o0
Voo 20 = 0 =0

if [yl — oo then j j j
f |y2| {VOOO = either o) — 7 € R or gl — .

Moreover as n — oo

k
un® =" W’ [* + o(1)
=0

k
I(up) — I(u®) + > I (u?).

Jj=1

The proof of Proposition 2.9 can be carried out quite analogously to the proof of Theorem 2.5 in [2] taking
advantage of Proposition 2.2, Lemma 2.3 and (8) of Lemma 2.4.
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Corollary 2.10. Assume (u,), satisfies the assumptions of Proposition 2.9 with ¢ € (% 53/2, % 53/2), then
(un)n is relatively compact.

Proof. Tt suffices to apply Proposition 2.9 considering that any nontrivial solution u of (SP’), by Proposition

2.8, verifies I(u) > %53/2, that any positive solution of (Ps,) has energy %53/2, and for any changing sign
solution v of (P,) the relation I(v) > %S?’/Q holds. O

3. BASIC ESTIMATES

Let us introduce a barycenter type map 3: H \ {0} — R3:

B = s [ o)

= U
[ul¢ Jrs 14 |z]

and a kind of inertial momentum ~ : H \ {0} — R to estimate the concentration of a function u around its

barycenter:
1
(u) = —5 /
|ul§ Jrs

See [2, 11, 13, 26] for similar definitions of barycenter and of a parameter measuring the spread of a function
around its barycenter.
The maps 8 and ~y are continuous and verify

T

_ 6
T+ 2] u’(x) de.

Blu)

Btu) = B(u), ~(tu) =v(u) Vie R Vue H\ {0} (3.1)
Proposition 3.1. The inequality
inf {I(u) : we N, pB(u) =0, y(u) =1/2} > éSg/Z (3.2)

holds true.

Proof. By (2.11), clearly
inf {I(u) : ueN, Blu) =0, y(u) =1/2} > és?’/?. (3.3)

To prove (3.2) we argue by contradiction and suppose the equality holds true in (3.3). Thus a sequence (uyp)n
exists such that
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Therefore, since K(z) > 0, V(x) > 0, ¢, > 0, by using (2.6) and (2.9), we can write

1 1 1
2632 — 1im [3/ (|Vun|2 + V(x)ui)dx + — K(m)qbuui]
R3

3 n—00 12 Jps
o1 .1
> nl;r& 3 /R3 |V, |?dz > nhﬁn;o 57'5”’ /RB |V, |?d (3.5)
1
> _ ‘513/2
- 3 )

from which we infer

1 1
lim f/ |V, |*dz = - §3/2
s 3

n—o00 3

and

lim 7, =1. (3.6)

n—oo

By the uniqueness of the family of ground state positive solutions of (Ps,) stated in Proposition 2.5, and by
Proposition 2.9 we deduce

Tunun(x) = \11(77,,71]" (‘T) + En(I)
where o, € R, 0, > 0, y, € R?, &, € DM2(R?), &, — 0 strongly in D?(R?) and L°(R?). Furthermore, by (3.6)
un(z) = Vo, 4, (2) + En(@) (3.7)

with &, — 0 strongly in D12(R?) and L°(R3).
We claim that, up to subsequences,

(a) lim 0, =5>0 (b) 1Lm yn =7 € R3. (3.8)

n—oo

Indeed, once the claim is shown true, the proof can be quickly concluded: it is enough to observe that in this
case

U, 4 — ¥y strongly in D?(R?) and L°(R?) (3.9)

so (3.4)(b), (3.7), and (3.9), together with (Hg)(ii), V5,5 > 0, ¢, . > 0 give

5,9

1
S$3/2 = lim [/ (|Vun|* + V(z)u2)dz + K(m)¢u”uidm]
n—o0o R3 4 R3

1
— / (VU5 5% + V(2)V2 ;)dx + 1 K(z)¢w, V3 ;dx (3.10)
R3 R3

> / ‘V\IJE’QF - 53/2
R3

that is impossible.
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Let us now prove the claim. To show (3.8)(a), we start establishing that (oy,), is bounded. Assume (o),
unbounded, then, passing eventually to a subsequence, ¢,, — 0o occurs, thus for all p > 0

lim uSdr = lim o g (x) dz = 0. (3.11)
n—oo B,(0) n—oo B,(0) ’
Hence, from (3.4)(a) we get
0= pB(un) = B(¥s, y,) +o0(1), (3.12)

and, taking into account (2) of Lemma 2.4 we obtain for all p > 0

) = e [ @

 unl§ Jrs 12 "

1 / I / 2l 6
= — ———u, (z)dx + u, (x) dz
[unl§ [ B,(0) 1+ |z ®3\B,(0) 1 + 7]

= 1 |(E| 'LLG X X o
_ [/R (@) dz + o(1)

|un|gyR3\BP(0) + 0(1) 3\B,(0) 1+ ‘Jf| n

P
> P4 o),
> 2ol

so liminf y(u,) > +£-, Vp > 0, which implies

n—00 = l+p’

lim v(u,) =1

n— oo

contradicting (3.4)(a).
Thus, up to a subsequence, o, — & € RT. If ¢ = 0 would occur, then for all p > 0

lim ub(r)de = lim (U, y(2))0dz =0
nTreo R3\Bp(y7t) oo RS\Bp(yn)

and
6 _ 6
0 << unlg = |unlg B, (y,) + (1),

from which, for all p > 0

|yn| ‘ Yn 1 Yn x 6
= — Bun)| = - u, () dz
T lnl T+ bl 7)) = e e \ T gl ~ Tl )
1 / Yn T 6 / Yn T 6
< — - u, (x) de + — u, (x) dz
[unl§ [ Byyn) | L 1unl 1+ R\B,(yn) | L T [Un| 1+ |z]

o(1) {m“"'gﬁp(yn) +0(1)}

A
s
+
Q
=
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which implies |y,| — 0 as n — oo. Therefore

T Un
Lt fz] 1+ [yl

ub (z)dz + o(1) < p+o(1) Vp > 0.

1
0520w = [

So, we obtain lim vy(u,) = 0 against (3.4)(a), therefore (3.8)(a) is proved.
n—oo

Let us now show that (Jy,|), is bounded and, then, convergent up to subsequences. By contradiction we
suppose that a subsequence, still denoted by (y,)n, exists for which lim |y,| = co. Then for all € > 0, and all
n—oo

R >0, n € N can be found so that Vn > n

T Y
L+ ]z 1+ |yl

|z —yn| < R = ‘ <e.

Moreover, for all € > 0, p > 0 depending only on ¢ exists such that VR > p

/ 5y, (@) do = / W5 (@) dz <e. (3.13)
RO\ B (yn) R%\Ba(0)

Now, let us choose arbitrarily £ > 0 and fix R > 0 so that (3.13) holds true; for large n we get

Yn 1 xz Yn 6
Blun) — < / - u,, (x) dz
’ " L+ [yn] |un|§53 ge [ 1+ ]2z] T+ |yal| "
1 / z Yn 6
K0 — U2 (z)dx
U5y, 16 +0(1) |JBp |1+ |2l 14 |yl yn
z Yn 6
-|-/ - U2 . (x)dz| + o(1)
R3\Br(yn) 1+ || L+ |ynl Yn
< ¢e

with ¢ > 0 independent of y, and R. Thus |B(u,)|—> 1 as n — oo, giving a contradiction with (3.4)(a) and
completing the proof of the claim and of the proposition. O

Proposition 3.2. Let assume V,, > 0. Set
p=inf{I(u) : weN, B(u)=0, y(u) >1/2}.
Then
o> %S?’/Q. (3.14)
Proof. We follow an analogous argument to that of Proposition 3.1. We start observing that by (2.11)

1
nz 53/2 (3.15)
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and if the equality in (3.15) holds a sequence (uy,), exists so that
(3.16)

Then, the same computations made in Proposition 3.1 allow to assert that
un(z) = Vo, 4, () +en(x)

where 0, € R, 0, > 0, y,, € R3, &, — 0 in DV2(R3).
The sequence (0,,), is bounded. Indeed, otherwise, up to subsequences, ¢, — oo and, by (3.16), (Hy)(i),
(HK)(”)a (26)7

1 1
~ 832 = lim I(uy) > liminf 7-/ |V, |*dz + Voo/ u?dx
3 n— 00 n—o00 3 Jrs B, (4n)

> lim 7/ |V, . 2de + lim Vo o? / U2 (z)dz + o(1)
n—oo 3 Bl(O) ’
= +00
Hence, passing eventually to a subsequence, the relation lim o, = & holds. Working again as in

n— oo

Proposition (3.2), & > 0 is shown and, furthermore, (y,), bounded is proved, so that y, — ¥, up to a
subsequence. Thus, we deduce

U,y — Vs s strongly in DM?(R?) and L (R?)

and the impossible relation

1
553/2 = lim I(u,) >

1
n— 00 §

which brings to conclude the equality in (3.15) cannot occur. O

Remark 3.3. Let us remark that if Vo = 0 then = %5'3/2.

In what follows we use the notation
By, :=inf{I(u) : ue N, B(u)=0, y(u) =1/2}, if Ve >0,
and

By :=inf{I(u) : weN, B(u) =0, v(u) =1/2}, if Vo=



16 G. CERAMI AND R. MOLLE

Obviously, by Proposition 3.1,
L w32 L w32
By ><=-S and By, > - SV
3 3
Remark 3.4. Let us observe that

By < By, VYV, €RT\{0}. (3.17)

Indeed, for all u € H(R?) such that 8(u) =0, v(u) = 1/2 and

/ (|IVu*> + W(2)u*)dz + | K(z)p,u’dx — / uSdz =0
R3 .

R3 R3

let us consider ¢, u such that
ti/ [[Vul? + V(2)u?|dz + tﬁ/ K (2)p u’dx — tﬁ/ uSdx = 0,
R3 R3 R3

then B(tyu) = B(u) =0, y(t,u) = y(u) = 1/2 and

1 1
—t2 / (|Vul? + V(z)u?)dz + =
R3

4

1
. th | K(z)p,u’de — ftg/ uSdx
2 s 6

R3

Y

1 1 1
7/ (|Vul? + (Voo + W(@))u?)doe + = [ K(z)p,u?de — / uSda
2 R3 4 R3 6 R3

1 1 1
f/ (|Vul? + W (2)u?)dx + f/ K ()¢ u*dx — f/ uSdx
2 R3 4 R3 6 R3

from which considering also DV2(R3?) D H(R3) (3.17) follows.

Let us now fix a number ¢ such that

1 By+ %532 1
353/2<c<min<0+23,253/2 . (3.18)

Moreover, if either (1.1) or (1.2) holds, then we also require

2 W] K2\ ? 3 -
c< g 85 (1+ Wy | |2) (1+ = |W|3/2> (3.19)

S S3/2 45

and we observe that W (z) = V(z) when V,, = 0.
Clearly ¢ € (5 5%/2,2 5%/%)
We denote by w(z) a function having the following properties:

(1) weCF(Bi(0),

(17) w(z)>0 Vo € B1(0)

iii) w € Ny and Io(w) = ¥ € (5 5%2,¢)
)

( (3.20)
(iv) w(x) =w(|z]) and |z1| < |z2| = w(z1) > w(x2).
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Moreover, for every o > 0 and y € R? we set

(z) = { oV (25Y) o € By(y)
7 B 0 x & By (y).

Remark that

lwle = wl6,B1(0) = |Wayle, B, ) = [Woyle- (3.21)

Lemma 3.5. The following relations hold

(a) ;13%) sup { [pa W(z)w? (z)dz : yeR*} =0

(0)  Jim sup { fp W(2) w3, (2)dz : y €R?} =0 (3.22)

(c) lim sup {Jps W(z)w2 (x)dz : yeR?, |yl=r o>0}=0.

Proof. Let y € R? be arbitrarily chosen. Then for all ¢ > 0

(W@ @ = [ W6, @ e < Wyl e < Wlszm

with ¢ not depending on o. So

sup [ W(z)w?  (2)dz < csup{|Wls/2,p,¢,) : y € R}
yER3 JR3

and, since lim [Wls/2,8,(y) = 0, uniformly in y € R3, (3.22)(a) follows.
o— N
To prove (3.22)(b), again let us choose arbitrarily y € R3. Then Vp > 0, Yo > 0

W(x) wg’ydx = W (z) wg)ydm + / W(x) w?,,ydx
R3 B, (0) R3\ B, (0)

< Wls2.8,0)Woyl3,5,0) + W ls/2.89\8,0) [Woul zo\ 5, 0)

< |Wlsy2,B,(0) SUP |wo,y 3,39(0) + c|Wl3/2,r3\B,(0)

yER3
with ¢ not depending on ¢ and p.

Now, lim |wsyls 5,0 = 0, uniformly with respect to y € R3, so we get Vp > 0
ag—00

lim sup W (x) Wi,y(l") dz < c|W/|z/2r3\B,(0)

T 4 cR3 JR3
and, letting p — 400, (3.22)(b) follows.
To verify (3.22)(c), we argue by contradiction, so we assume the existence of a sequence (yy,)n, yn € R?, and

a sequence (0,,)n, 0, € RT \ {0}, such that

|yn| —> 00 (3.23)
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and

lim W(x) wimyn (x)dz > 0. (3.24)

n— oo R3

In view of (3.22)(a)—(b), passing eventually to a subsequence, we can suppose lim o, = ¢ > 0 which, together
n—oo
(3.23) and (H,) (i4i), implies

nli—)rlgo |W|3/2’B‘7n(’yn) = 0.
Therefore we deduce the relation
. 2 . 2
im. - W(z)ws, y, (r)de < lim [|W|3/2,Ban () " W0 6,5, (yn):| =0
contradicting (3.24). O

Lemma 3.6. The following relations hold

(@) limsup{ [ K(2) 6o, (1) 2, (x)dz = y € R?} =0

(b) lim sup {fw K(z) b, , (x) w?,y(x) dz : ye R3} =0 (3.25)

T —r00

() lim sup{ fpu K(2) b, ()62, () dw  y € RS, [y =7, 0> 0} =0.

Proof. We start remarking that, by (2) of Proposition 2.1, {¢,, , : 0 >0, y € R?} is a bounded set in D"?(R?)
and L°(R3). Let y € R3 arbitrarily chosen, then for all & > 0

K(z)dw, () w?,y(m) dz = /B " K(z)¢w, () wgy(x) dz

< |K2.8, () |Pws, 6|00y 6 5, ()
S C|]:{ 2,B5(y)

R3

¢ > 0 independent of y and o. Hence

sup K(z)dw, () wiy (v)dz < csup |K|z B, ()
yeR3 JR3 yER3

which gives (3.25)(a) because

. . . 3
glg%) |K|2,B, () =0 uniformly in y € R”.
To verify (3.25)(b), let us fix arbitrarily y € R®. Then Vp > 0 Vo > 0

- K(l')d)wmy (z) wiy (z)dx

- / K(2)u, , (2) w2, (z) dz + / K(2)pu, , (1) w2, (z) da
R3\B,(0) B,(0)
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< K28\, (0)|Pws.y [6100,5 8 m3\ B, (0) T 1K 2,8,0)|Pws., [6|00.513 5, (0)

< c1|K|ars\B,0)| + 2| Kl2,B,(0)] sup |woy13, 5, (0)
ye

with &1, € RT\ {0} depending neither on y nor on o. Thus, considering |woyl6,5,(0) — 0 as ¢ — oo, uniformly
with respect to y € R3, we get

T—00

lim sup { . K(x)ps, () w?ﬂl(m) dz : ye€ R3} < 61|K\2’R3\BP(0)
R

and, letting p — oo, we obtain (3.25)(b). To show (3.25)(c), working by contradiction, we assume it false, so
that (yn)n, yn € R? and (0)n, 0, € R?\ {0}, exist for which

(a) |yn| = o0, (b) lim K(x)o,, , () w? (z)dx > 0. (3.26)

g
n—00 Jgs nYn

By (3.25)(a)—(b), up to a subsequence, we have lim o, =& € (0,00), and using (3.26)(a) we deduce

n— oo

Jim |Kl2 5, (4,) = 0-

Thus

/ K(#)pw, , (), (x)dz = / K(#)pw, , (), (2)dz
RS nsdyn Ly 3 Bon(y”) n-Yn Ly L

<K 2,8, ()| Pwny g 16|90 0. [* < K2 B, (5,

¢ not depending on y, nor on o,. Therefore,

lim K(z)¢w,, ,. (:c)w2 (z)dz < Enli_@o |K |25, (yn) =0

n—00 Jp3 On,Yn n

follows and contradicts (3.26)(b). O

Corollary 3.7. Sett,, =t Then

Wo,y*
(a) ;ig%)sup{|tg,y—1| cyeR} =0

() lim sup{|to, — 1 : y R} =0 (3.27)

: TR 3 _ _
(c) rl;ngosup{|t07y 1l : yeR3, |yl=r, 0 >0} =0.

Proof. 1t is enough to observe that, since w,, € No, the equalities

_ [ _ té,y Woy|§ — t?f,y Jgs Kd’%,ywiy — Jps W‘*’g,y
|me 8

1
6 |we,y

6
6

hold true, so by Lemmas 3.5 and 3.6, relations (3.27) follow at once. O



20 G. CERAMI AND R. MOLLE

Lemma 3.8. The following relations hold
(@) limsup{y(wsy) : y€R?} =0
(b) UILH;O inf {y(woy) : yER3, [yl <r}=1 ¥r>0
(©  (Blwoy)ly)rs >0 VyeR? VYo >0.

Proof. For all y € R? and for all o > 0

T

1
OSV(WU,)Zi/ —— = Bwoy)| WS, dx
y |wg,y\g,Ba(y) B 1+ 1 Y Y
1 / T Y ‘ 6 ' y
< e — wy , dr + — B(wey)
|we,y ?)-,Bc,@,) B,y |1 +1z] 14yl v L+ 1yl Y

£ Y

1
sV o=yl do +
\wouls B, oy) |/Botw) Bo(y)

< 20
from which
0 <sup{y(woy) : y €R*} <20

follows and, then, (3.28)(a).
In order to prove (3.28)(b), let us first show that for all y € R3

lim f(wes,y) =0.

g —00

Indeed, by symmetry 5(we.0) = 0, Yo > 0 considering (3.21), we deduce

€z 6
d
/Rg 1+ [o] S
1

z G .
- — w8 )d
|we,0lg /]RS 1+ Ix\(w"’y W o)dz

1 o e
- d
N |wa,0|g /]Rs 1+ |£E‘ |w‘7ay wa,O' T

1

B |w0,y|g

|B(wa.y)]

6 6
< C/]RS W,y /e —Wigldz —0  as o — oo.

Now, let us choose arbitrarily » > 0 and y € R3 such that |y| < r. For all ¢ > 0, we have

1
o) = g f

x
14 |z

B(Way) | Wey da < 1+ [B(wa,y)]

from which, by (3.29)

limsupinf{y(wy,,) : y €R3 |y <r} <1

T — 00

6
w, , dx
1+ |z] 1+|y|‘ 7Y ]

(3.28)

(3.29)
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follows. Hence, to obtain (3.28)(b) we just need to show

liniinfinf{v(wg,y) Yy eRE |yl <} > 1. (3.30)

To do this let us take the sequences (yYn)n, Yn € R, |yn| < 7, and (04)n, 0n € R, 0, — 00. Then, considering
(3.29) and that |ws yl6,B,(0) — 0, as o — oo, we deduce for all p >0
x

1
'V(Wrrmyn) - |wﬂmyn|g /]R?’ 1+ |l‘| _5(‘*"07“2/") w

1
/ i wf,myndx —o(1)
R

N |Wan,yn|g,R3\Bp(o) +o(1) 5\B,(0) 1 + ]

p
> —— —9(1
Z 1, (1)

6

OnsYn dz

which, letting p — oo, gives lim y(we, 4,) = 1 and proves (3.30).
n—oo

Lastly, let us remark that (3.28)(c) is immediate if 0 € B,(y). If 0 € B,(y), to prove (3.28)(c) we just need
to consider that VZ € B, (y) such that (Z]y)gs > 0 the point —Z verifies wy ,(—Z) < Wy 4 (T). O

4. PROOF OF THEOREMS

In this section we use the notation Iy to denote the functional I when V., = 0, while when we write I we
intend that Vi, # 0. Namely, Vu € D1?(R3)

1 1 1
IQ(’LL) = 5 AB(‘VUF + W(fL')uQ)d{L' —|— Z s K($)¢uu2dx — 6 /]R3 u6d$

and, Vu € H'(R?)

1 1 1
I(u) = 5 /Rs(|Vu‘2 + (Voo + W(m))uz)dx + 1 . K(x)¢uu2dx 5 /]R3 uldx

with Voo # 0.
According to this we have

No = {u e D"*(R*)\ {0} : Ij(u)lu] =0}

N ={uec H'R*\ {0} : I'(u)[u] =0}
and we denote by

0
=t W,y

Wo,y = toy,0Wo,y Wo,y W,

Woy = toyWo,y = tw, ,Woy
Y

the projections of w,,, respectively on Ny and on N.
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Lemma 4.1. There exist real numbers 7 > 0, 01,02 : 0 <01 < % < o9 such that

V@ory) <1/2, Y(@gpy) > 1/2, VyeR® (4.1)
and
sup{lo(Ws,y) : (0,y) €OH} <€ (4.2)
where € is defined in (3.18) and
H={(o,y) ERT xR? : o€ [o1,00], |y] <7} (4.3)
Proof. Since
Ip(@s,y) = Jyo/ Ve y|? — JyO/ w8 LAz + tgyo/ W (x)w? Ldr+ tayO/ K(x ¢waywo,ydm
(4.4)

the existence of o1 € (0,1/2) such that y(&,,) < 1/2 and I(@,,,) < € holds true when o = oy for all y € R3
is a consequence of (3.1), (3.22)(a), (3.25)(a), (3.27)(a), (3.28)(a), and (3.20). Furthermore (3.22)(c), (3.25)(c),
(3.27)(c) and (3.20) allow us to choose 7 > 0 such that, if |y| =7, Io(Wsy) < € is satisfied for all o > 0. Once
T is fixed, we use again (3.1), (3.20) plus (3.22)(d), (3.25)(b), (3.27)(b), (3.28)(b) in (4.4) and we find o9 > 1/2
for which

V(@oyy) >1/2 VY eR?, |yl <7

and Io(@s,y) < € is verified when 0 = 09 and |y| < 7.

O
Lemma 4.2. Let 01,09,7,H as in Lemma 4.1. Then, (&,3) € OH and (5,7) E’}c-)[ exist so that
Blwsg) =0  ~(wsg) =1/2 (4.5)

Proof. The existence of (,y) verifying (4.5) is an easy consequence of Lemma 4.1, indeed it is enough to choose
(0,9) = (02,0).
Set V(o,y) € H

9<0v y) = (7(“0’11)7 B(wmy»

and for all (o,y) € H and s € (0,1)
G(o,y,8) = (1 —s)(o,y) + s8(a,y). (4.7)

In order to prove (4.6) it is enough to show

d(0, 1, (1/2,0)) = 1, (4.8)
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and, since d(Id,’;E[7 (1/2,0)) = 1, (4.8) straightly follows by the topological degree homotopy invariance, if for
all (o,y) € OH, for all s € [0,1] G(o,vy,s) # (1/2,0).
Therefore, in view of (3.1), to prove (4.5) and (4.6) we just need to verify
(1 =8)0+ s7(woy), (1 = 8)y + sB(wey)) # (1/2,0) Y(y,0) € OH, Vs € [0,1].
Now 87'[ :]:1 UJ:QU.Fg with

-Flz{(o—7y)€aH : |y|§fa 0:01}
Fo={(o,y) €0H : [y| <7, 0 =02}

Fs={(o,y) €OH = |y| =T, 0 € 01,00}
By (4.1) we get

V(io,y) e Fi @ (1 —=s)o1 + 57(wey,y) < 1/2

V(o,y) € Fa = (1 —s)o2 + s7(Weyy) > 1/2.
If (o,y) € F3, using (3.28)(c) we get
(1= 8)y + sB(way)ly) = (1 = 8)|yl* + s(B(way)ly) > 0

hence (1 — s)y + s8(wq,y) # 0.
Lemma 4.3. Let 01,09,7,H as in Lemma 4.1. Assume that (1.1) holds, then
. 2 32
L =sup{ly(@sy) : (0,y) € H} < §S . (4.9)

Proof. Taking into account that w,, € N by definition, t,, 0 > 1 by (2.9), and using (3.21) we have for all
(0y) € H

ToGmy) = 7 [ (Vi + W@ Jao + 15 RSwS,ydw

12

g

/RS t2 yollVwoy[* + W(z)w? ]d:v—|—12 S w0 /R ws ,dx

o~ =

1
= UyO {3 Jloo[|* + W|3/2|w§] (4.10)

1
<, [ |W3/2||w||2]

= o’yO <1 W|3/2>
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On the other hand, &,, € Ny implies

t?ny,o /]R3 vaa’y|2 + W(x)wg’y]dx + t§7y’0 /]R‘% K(‘(L.)(bwo,ng.’yd.’l} - tg-’y’() /]RS wg,ydx =0

hence, using (2.9)

(lonal? + [ Wy [ K@, 02,2 ) = 2ol > 0

Moreover, since [¢y,, |6 < % |K|2|we.y Z
Wlse  |Kl|2|¢w,,l6
oo S 1 0+ 0
6 6
(Wlse 1 |K[3
=1+ B2 S w2 (4.1)
Wiz | K3
<1+ 5 + G
So, by (1.1), (4.10), (4.11) we get
. Wise KB\ 3 2 @372
In(Wo,y) < (1+ 5 +53/2 1+E|W\3/2 2<§S .
O

In what follows we use the notation
I§ ={ueNy : Ip(u) <c}.

Proof of Theorem 1.1. Collecting the results of Proposition 3.1, Lemma 4.2 and Lemma 4.3, setting Ws g5 =

t5,5,0Ws,5, Where ws 5 67?[ is defined in Lemma 4.2, we obtain
1 oqae . 2 372
gS <C<BOSIO(W5-133)§L<§S .

Let us show that a critical level of Iy constrained on N exists in the interval (1 5%72, 2 53/2). We argue
by contradiction and we assume there are not critical levels in (% S§3/2, % S3/ 2). So, since I constrained on
Ny satisfies the Palais-Smale condition in the energy range (% S3/2, % S3/ 2), by using standard deformation
arguments we find a number § > 0 such that By —§ > ¢, L+ J < %53/2 and a continuous function

o IEF0 — [Bo=?
such that

n(u) =u Yu € 150,
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Then, we remark that
Viey)eH  To(n(@ey)) < Bo—0

S0

O(0,y) := (Y(n(@o.y)), B(1(@ey))) # (1/2,0). (4.12)
On the other hand, by Lemma 4.1 V(o,y) € 0H

In(Wey) <C<Bp—08 = nNWoy)=Wsy
from which

O(0,y) = 0(0,y) = (V(@oy), B(@oy)) V(o,y) € OH.

Therefore, by the homotopy invariance of topological degree, we deduce

= d(6, %, (1/2,0)) = d(6,1,(1/2,0))
that implies the existence of (&,¢) € H for which
©(6,9) = (1/2,0)
contradicting (4.12).
To conclude the proof we only must show that solutions corresponding to critical levels lying in the interval

(% 8372 % 53/2) cannot change sign. Indeed, assume u = u™ — u~ is a solution with u* # 0, u~ # 0. Then, by
Proposition 2.8 and taking into account that ¢,+ < ¢, we get

ésm < I(ty+u') (4.13)
=gt [ (Ve P W@ de+ gtk [ K@), @) da

%tfﬁ As(\vu+|2+W(x)( 2)da + 12t“+/ne K(2)py(x)(uh)?d.

We claim that ¢,+ < 1. Once the claim is proved, by (4.13) we obtain

1 1 1
-832 < o / (IVul®> + W(z) u?) da + — K ()¢ (z) u?dz. (4.14)
3 3 J{u>o} 12 Juso
Likewise,
1 g _ 1 ) 1
P (IVul? + W(z)u®)dz + — K (2)¢u(w) u*dz,
3 3 Jiu<o} 12 J{u<oy

so that I(u) > 2 $%/2 follows.
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Let us prove that t,+ < 1. By definition of projection,
ths /RJ\WF + W (@) (uh)?) dz + £, /R K(2)¢y+ (2)(wh)?de = i [u G, (4.15)
and, since u is a critical point,

lut]$ = /]R3(|Vuﬂ2 + W(z)(uh)?) de + . K(2)py(x)(uh)?d. (4.16)

So t,+ is the positive solution of ¢(t) = 0, where

PO = s = [ K@ @ o+ [ Ko@) e -

A straight computation shows that ¢’(¢) > 0 V¢t > 1, because, by (4.16),

o L K@ 0 e < e [ K@) )

1

—hﬁgAﬂVW2+W®XMFMx<L

So the claim follows from

O

Lemma 4.4. Let 7,01,09 and H as in Lemma 4.1. Then there exists a number V > 0 such that for all
Voo € (0,V)

Y @oy y) <1/2, Y(@oyy) > 1/2, Yy € R3, |y| < 7, (4.17)

[ :=sup{I(@y,) : (0,y) € IH} <. (4.18)
Furthermore, if (1.2) holds true, then V' can be found so that, in addition to (4.17) and (4.18),
2
§:=sup{l(Wpy) : (o,y) € H} < 3 53/2 (4.19)

1s satisfied.

Proof. By (3.1)
V(@oy) = V(@oy) = ¥(Wo,y) V(o,y) € (0,+00) x R®.
Hence relations (4.17) straightly follow from (4.1). Moreover

1— ||Wa,y||%1,2 4 fRS (VOO + W(x))Wg,y - t¢27,y fRi’» K(x)¢wo,yw3',y
o,y

 woyld ' |wo,y 1§
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and
/ Voow?,yy(x) dz = Vooa2/ w?(z) d (4.20)
R3 B1(0)
imply
lim sup |tey —toeyl =0. (4.21)

Voo =0 (o)€M

Then, if V is suitably small (4.18) and (4.19) are consequence of (4.20), (4.21), (4.2) and (4.9).
O

Proof of Theorem 1.2. In what follows V denotes the number whose existence is stated in Lemma 4.4 and we
assume Vi, € (0,V).
To prove the theorem we intend to show that a critical level exists in the interval (% S3/2, é) and that if (1.2)

holds another critical level exists in (E, % S3/ 2).
By using (3.14), (4.5) together with (3.1), (4.18), and (3.18) we deduce

1 -
3 83/2 < 4 < I(@s.5) <1< &< By. (4.22)

Arguing by contradiction, we assume there are no critical levels in (% S3/2, E). Since the Palais-Smale
compactness condition holds in that energy range, we can find a positive number d; > 0 such that

1 -
u—61>553/2 l+4 <ec

and a continuous function

n:[0,1] x JiHo i+

such that
n(0,u) = u
n(s,u) =u Yu € 1'% ¥s e [0,1]
Ton(s,u) <I(u) Vs € [0,1] (4.23)
77(17Ii+61) C n—5 4.94
Therefore, definition of I and (4.24) give
(0,9) €OH = [(@gy) <1 = I(n(1,00.)) < p—dy. (4.25)

Let us consider Vs € [0,1], V(o,y) € H

_ [ G(o,y,25) 5€1[0,1/2]
Foy,s) = { (yon (25 —1,00.4), 801 (25 = 1,0,,)) s€[1/2,1]

where G is the map defined in (4.7). As already shown in Lemma 4.2,

Vs €[0,1/2], ¥(o,y) € OH, T(o,y,s) # (1/2,0). (4.26)
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Furthermore, by using (4.22) and (4.23) we deduce Vs € [1/2,1] V(o,y) € H
I(0(28 — 1,004)) < (@) <1< &< By < By,
which gives
Vs € [1/2,1], V(o,y) € OH, T'(0,y,s) # (1/2,0). (4.27)
Then (5, y) € OH must exist such that
Bon(l,bs5) =0, ~yon(l,wsy) >1/2. (4.28)

Indeed, let us observe that 9H is homotopic to a sphere in R* and that (1/2,0) E’}(-)[, so the line (1/2,4+00) x {0}
crosses OH. Thus, being OH homotopic to I'(OH, 1), (4.28) could be false only if I'(o,y,1) = (1/2,0) for some
s €1[0,1] and (o,y) € OH and this relation is impossible by (4.26) and (4.27). Then

I(n(la @6,51)) > M

which contradicts (4.25).
Now, let us suppose that (1.2) holds. By using (3.19), (3.17), (4.6) together with (3.1), and (4.19) we deduce

2
¢< By < Br, <I(@5y) <5< 3 53/2, (4.29)
Repeating the argument of the proof of Theorem 1.1, the existence of a critical level lying in the energy interval
(67 % 53/ 2) follows. The proof is completed showing, exactly as for Theorem 1.1, that critical points u such that

I(u) < 2 §3/2 are functions that cannot change sign.
O

Proof of Theorem 1.3. We first remark that Proposition 2.8 holds true even if K(z) = 0, because V, # 0.

To obtain the proof of Theorem 1.3 one has just to follow the argument displayed in Section 4 to prove
Theorem 1.2. However, it must be pointed out that some basic estimates, appearing in (4.22) and (4.29) and
proven assuming K (x) # 0 and V() — Vo > 0 still hold when K(x) =0 if V(z) — Voo >0, V(z) — Voo £ 0.
Actually, looking at Proposition 3.1, one easily sees that this statement and its proof are still true, even if
K(x) =0, when V., > 0, because the inequality (3.10) holds and the argument by contradiction works. Thus,
the numbers By, are well defined. On the other hand, in order to be able to define the number ¢ in (3.18)
independently of By, (so that (4.22) and (4.29) are verified), a bound from below to By, as Voo — 0 is needed.
This bound is given by By and the relation By > 1 $%/2 holds true when K (z) = 0 if [W | 3/2 = |V — Vig|3/2 # 0.
Indeed looking again at Proposition 3.1 one sees that the statement and the proof works, even if K(z) = 0,
when |W|zs/2 # 0 and Vi = 0 because in the inequality (3.10) one gets

/ V(@) U2 ()de = | W(2)U2,(x)de £0.

O
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