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LACK OF NULL CONTROLLABILITY OF VISCOELASTIC FLOWS∗

Debayan Maity1, Debanjana Mitra2 and Michael Renardy3,∗∗

Abstract. We consider controllability of linear viscoelastic flow with a localized control in the momen-
tum equation. We show that, for Jeffreys fluids or for Maxwell fluids with more than one relaxation
mode, exact null controllability does not hold. This contrasts with known results on approximate
controllability.
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1. Introduction and main results

In this paper, we consider linear viscoelastic flows in a bounded domain Ω, a subset of Rd, for d = 2, 3, with
Γ = ∂Ω ∈ C∞. The viscoelastic flows are governed by the equations of conservation of mass and momentum for
the velocity u, pressure p and stress tensor τ :

∇ · u = 0 in Ω× (0, T ),
ρ(∂tu+ (u · ∇)u) = ∇ · τ −∇p in Ω× (0, T ),

(1.1)

and a constitutive law relating the stress tensor to the motion. Maxwell’s theory of linear viscoelasticity assumes
that the stress is linked to the velocity by an ordinary differential equation

∂tτ + λτ = κ
(
∇u+ (∇u)T

)
, (1.2)

where λ and κ are positive constants. The term 1/λ is the relaxation time. In Jeffreys models, the stress is taken
to be a linear combination of a Maxwell stress term and a Newtonian stress term

τ = η
(
∇u+ (∇u)T

)
,
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for η > 0.
The linear viscoelastic flow of a single mode Jeffreys model (for η 6= 0) or Maxwell model (for η = 0) on

Ω× (0, T ) governed by the velocity vector u and the elastic stress tensor τ , with a control f acting only in the
velocity equation, is given by

ρ∂tu = η∆u+∇ · τ −∇p+ f in Ω× (0, T ),
∇ · u = 0 in Ω× (0, T ),
∂tτ + λτ = 2κDu in Ω× (0, T ),
u = 0 in ∂Ω× (0, T ),
u(·, 0) = u0, τ(·, 0) = τ0 in Ω,

(1.3)

where ρ, λ and κ are positive constants and η is a nonnegative constant, and Du is the symmetrized gradient
tensor defined by

Du :=
1

2

(
∇u+ (∇u)T

)
.

By taking the stress to be a linear superposition of several stress terms, i.e., τ =
∑N
i=1 τi, where τi satisfies

∂t(τi) + λiτi = κi
(
∇u+ (∇u)T

)
, i = 1, . . . , N, (1.4)

we formulate multimode Jeffreys (η > 0) or Maxwell models (η = 0) as

ρ∂tu = η∆u+

N∑
i=1

∇ · τi −∇p+ f in Ω× (0, T ),

∇ · u = 0 in Ω× (0, T ),
∂t(τi) + λiτi = 2κiDu in Ω× (0, T ), i = 1, . . . , N,
u = 0 in ∂Ω× (0, T ),
u(·, 0) = u0, τi(·, 0) = τi,0 in Ω, i = 1, . . . , N,

(1.5)

where ρ, λi and κi, for all i = 1, . . . , N , are positive constants and η is a nonnegative constant.
Our aim is to study if there exists any control f , able to bring (u, τ), the solution of (1.3), or (u, (τi)

N
i=1),

the solution of (1.5), to rest at time t = T , for some T > 0, i.e., if the system is null controllable at time T . In
this paper, we see that using any control f localized in a fixed domain O, any proper subset of Ω, the single
mode and multimode Jeffreys systems (1.3) and (1.5), for η > 0, are not null controllable at any time T > 0.
For η = 0, the multimode Maxwell system (1.5) is also not null controllable at any time T > 0 using a localized
interior control acting only in velocity, and for the single mode Maxwell system (1.3), there exists a time T0,
such that the system is not null controllable at any time 0 < T < T0, using a localized interior control acting
only on velocity.

First, we observe that due to the behaviour of the equation (1.3)3 for the stress tensor τ , the null controllability
of τ is possible only in a suitably defined subspace.

Remark 1.1. Note that, from (1.3)3, we have

τ(x, t) = e−λtτ0(x) + 2κ

∫ t

0

e−λ(t−s)Du(x, s) ds,

where (u, τ) is the solution of (1.3). The second term in the above representation constrains that the null
controllability of τ can be obtained only for initial conditions of the form τ0 = Dv0, for a divergence free vector
field v0 with homogeneous Dirichlet boundary conditions.
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Before stating our main result, we define the spaces

V 0
n (Ω) =

{
u ∈ (L2(Ω))d | div u = 0, in Ω, u · n = 0, on ∂Ω

}
,

and

V 0(Ω) =
{
u ∈ (L2(Ω))d | div u = 0

}
, V s0 (Ω) = {u ∈ (Hs(Ω))d ∩ V 0(Ω) |u = 0 on Γ},

for any s ≥ 1. Here n denotes the normal to ∂Ω.
We denote the space L2(Ω;Ls(Rd)), where Ls(Rd) denotes the space of symmetric real d× d matrices, and

the subspace of L2(Ω;Ls(Rd))

R0 = {Dv | v ∈ V 1
0 (Ω)}, and Rs0 = {Dv | v ∈ V s+1

0 (Ω)}, ∀ s ≥ 1.

Note that v can be reconstructed from τ = 2Dv by solving the Stokes problem

∆v −∇p = ∇ · τ, ∇ · v = 0, v|∂Ω = 0,

so v is one order smoother than τ .
Our main result for single mode Jeffreys system is

Theorem 1.2. Let T > 0 and O be a proper subset of Ω. There exists (u0, τ0), an initial condition of (1.3), in
V s0 (Ω) × Rs0 for any s ≥ 1, with compact support in Ω, such that the solution of system (1.3), for η > 0, with
initial condition (u0, τ0) and with any control f localized in O, acting only in the velocity equation, cannot reach
zero at time T .

To prove the above result, we first use a change of variable and show that the null controllability of (1.3)
implies the null controllability of the new system (see Sect. 2). The new system is a coupling between a parabolic
equation and an ordinary differential equation. The control localized in O, a proper subset of Ω, is acting in
the parabolic equation. Then we split the system into two systems – one is with the control but zero initial
condition and the other system is without control but with the initial condition. Exploiting the regularity of the
solution of the parabolic equation, we show that the solution of the first system with control is smooth outside
O where the control acts, whereas for an appropriate choice of the initial conditions the solution of the second
system cannot be smooth outside O. This yields that the solutions of these two systems cannot cancel each other
outside O, and hence the original system cannot be null controllable using any localized control in the parabolic
equation with support inside O, a proper subset of Ω. The suitable initial condition having discontinuity around
a neighbourhood of a point of Ω\O can be chosen from the eigenspace of the linear operator associated with
the new system taking advantage of the spectrum which has an accumulation point (see [3], Prop. 2.2).

A similar result holds for the Jeffreys system with several modes, i.e.,

Theorem 1.3. Let T > 0 and O be a proper subset of Ω. There exists (u0, τ0), an initial condition of (1.5),
in V s0 (Ω)× (Rs0)N for any s ≥ 1, with compact support in Ω, such that the solution of system (1.5), for η > 0,
with initial condition (u0, τ0) and with any control f localized in O, acting only in the velocity equation, cannot
reach zero at time T .

For η = 0, the single mode linear Maxwell system is exactly controllable at sufficiently large enough time T ,
using a localized interior control acting only on velocity equation, under the restriction of the reachable set of
the stress variable as outlined in the remark above [3]. For small time T , the system cannot be null controllable
(due to the finite speed of propagation property the of Maxwell system), using a localized interior control acting
only on velocity.
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Theorem 1.4. For any proper subset O of Ω, there exists a time T0 > 0 and (u0, τ0), an initial condition of
(1.3), in V s0 (Ω)×Rs0 for any s ≥ 1, with compact support in Ω, such that the solution of system (1.3), for η = 0,
with initial condition (u0, τ0) and with any control f localized in O, acting only in the velocity equation, cannot
reach zero at time T , for 0 < T < T0.

However, for the multimode Maxwell model, the system is not null controllable at any time T using a localized
interior control acting only on velocity. We have the following result.

Theorem 1.5. Let T > 0 and O be a proper subset of Ω. There exists (u0, τ0), an initial condition of (1.5), in
V s0 (Ω)× (Rs0)N for any s ≥ 1, with compact support in Ω, such that the solution of system (1.5), for η = 0 and
N > 1, with initial condition (u0, τ0) and with any control f localized in O, acting only in the velocity equation,
cannot reach zero at time T .

Though Theorem 1.5 is similar to Theorem 1.3, the tools used to prove both theorems are completely different
because of the parabolic behaviour of system (1.5) for η > 0, i.e., regularity of its solution and infinite speed
of propagation property, and hyperbolic behaviour of system (1.5) having no gain of regularity of its solution
and finite speed of propagation property. To prove the nonnull controllability result for the Maxwell system,
we exploit the finite speed of propagation property of the Maxwell system, i.e., we choose an initial condition
having a discontinuity outside the support of the control, and up to a certain time T0, the domain of dependency
of the solution in a neighbourhood of the discontinuity of the initial condition does not intersect the support of
the control. Thus, the singularity of the initial condition persists in the solution up to time T0. We prove this
finite speed of propagation property using Holmgren’s uniqueness theorem (see Thm. 4.10). Moreover, we show
that there is a vertical characteristic of the system (see Lem. 4.9; this is where N > 1 is required), and we prove
that for an appropriate initial condition, the singularity of the initial condition is on the vertical characteristic
up to T0 and then, using Hörmander’s theorem (Thm. 4.6), we prove that the singularity propagates along the
vertical characteristic for any time T and hence the solution cannot reach rest at any time T > 0.

We note that there are several different notions of controllability for PDE problems with memory. In early
work on the subject, only the control of displacement (in the case of solids) and velocity is considered, see e.g.
[10–14]; for hyperbolic PDEs with memory controllability is achieved by perturbation of the elastic case.
Parabolic problems appear to be more subtle, since the incorporation of memory effects into Carleman inequal-
ities is a nontrivial problem; we refer to [8, 24] for recent work showing both negative and positive results
under certain situations. However, in a viscoelastic fluid the future evolution is not controlled to zero simply by
controlling the velocity, and the focus of this paper is control of the full state of the system. Our negative result
on exact null controllability is in this context, we make no claim about weaker notions of controllability such
as control of only velocity. We note that an intermediate notion of “memory controllability” is used in [2, 15]
where, in addition to the displacement and velocity, a memory integral is controlled to zero. This still falls short
of controlling the future of the system. In this paper, we study full controllability of the state in the context
of models where the relaxation function is a linear combination of exponentials. For a single exponential, such
results are announced in [5], but without complete proofs. In [17], one-dimensional shear flows of multimode
linear Maxwell and Jeffreys fluids are considered, with a distributed control localized on a subinterval. Exact
controllability for single-mode Maxwell fluids and approximate controllability of multimode Maxwell and Jef-
freys fluids are established. For Jeffreys or multimode Maxwell models, approximate controllability seems to be
the best one can hope for, since observability estimates in any reasonable Sobolev norms cannot hold (see [21],
Thm. 5). The result of the present paper confirms this.

A higher dimensional single mode Jeffreys fluid is considered in [4] and the approximate controllability result
only for the velocity is obtained using a distributed control acting in the velocity equation. This result is not
quite satisfactory because the controllability property of the stress is not proved. The case of a single mode
Maxwell model with boundary or distributed control is considered in higher dimension in [1]. Under a geometric
condition imposed on the controlled region along with an additional condition that the system is underdamped,
an exact controllability result for both velocity and stress in a suitable space is established. In [3], a number of
refinements of the results obtained in [1, 4] are obtained. The approximate controllability results for the single
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mode and several mode Jeffreys model for both velocity and stress tensor using an interior localized control
acting only in the velocity equation are obtained in [3]. The exact controllability result for the single mode
Maxwell model and the approximate controllability result for the several mode Maxwell model for both velocity
and stress tensor are obtained at sufficiently large time using an interior, localized control acting only in velocity.
In [16], these results are extended to Jeffreys and Maxwell models with infinitely many relaxation modes.

In view of Remark 1.1, control of the stress tensor of linear viscoelastic flows is possible in a suitable subspace,
i.e. under the constraint that the stress tensor is the symmetric part of a gradient. This is a genuine obstacle
to deriving the controllability result for the nonlinear viscoelastic system from the result obtained for the
linear system, because the stress for the nonlinear system is not the symmetric part of a gradient. Even the
characterization of the set of reachable states seems to be a very difficult problem on which only fragmentary
results are known [18–20, 23].

In this paper, we establish that using an interior control in the velocity equation, which is localized in a fixed,
proper subset of Ω, the system cannot be null controllable in any Sobolev space. In contrast, we anticipate that
if the control has support in all of Ω or the support of the control is moving with respect to time as in [2, 15],
the system can be null controllable. This problem is left for future research. Even for the simpler problem with
control in all of Ω, the precise formulation of regularity conditions is likely to be subtle. For the one-dimensional
case, an exact controllability result for the two-mode Maxwell model is shown in [17].

The paper is organized as follows. Section 2 is devoted to transforming the system (1.3) and (1.5), to more
tractable systems using a change of variable and to show that if the transformed systems are not null controllable,
(1.3) and (1.5) are also not so. For the well-posedness of the Maxwell and Jeffreys system, in either their original
or transformed form, we refer to our earlier work on approximate controllability [16]. In Section 3, we prove
that the transformed system for η > 0 is not null controllable and derive Theorem 1.2 from the result. Section 4
is devoted to the Maxwell system (1.5), for η = 0, and Theorem 1.5 is proved.

1.1. Notation

Throughout this paper, we shall use the notation of curl in both two and three dimensions. Let Ω be a
bounded domain in Rd, d = 2, 3. When d = 2, we define the curl operators as follows:

curlu =
∂u2

∂x1
− ∂u1

∂x2
for any u ∈ D′(Ω)2

curlϕ =

(
∂ϕ

∂x2
,− ∂ϕ

∂x1

)
for any ϕ ∈ D′(Ω).

That is, the curl of a vector is a scalar, and the curl of a scalar is a vector. When d = 3 we define curlu = ∇× u
for any u ∈ D′(Ω)3. With the above notation, it is easy to see that,

curl curlu = −∆u+∇(divu), d = 2, 3,

(see for instance [7], Chap. 1, Sect. 2.3).

2. Change of variables

As mentioned in Remark 1.1, we can expect controllability of (1.3) only if we assume that the viscoelastic
stress τ is of the form 2Dv, where v is a divergence free vector field vanishing on the boundary. We therefore
assume that

τ = 2Dv,



6 D. MAITY ET AL.

for some v ∈ Rd satisfying

∇ · v = 0 in Ω and v = 0 on ∂Ω.

Then clearly (1.3)3 is satisfied if

∂tv + λv = κu, ∇ · v = 0 in Ω× (0, T ),

v = 0 in ∂Ω× (0, T ), v(·, 0) = v0.

Therefore we study the following controlled system for (u, v)

ρ∂tu = η∆u+ ∆v −∇p+ f in Ω× (0, T ),
∂tv + λv = κu in Ω× (0, T ),
∇ · u = 0, ∇ · v = 0 in Ω× (0, T ),
u = 0, v = 0 in ∂Ω× (0, T ),

u(·, 0) = u0, v(·, 0) = v0 in Ω.

(2.1)

In this system, the equations ∇ · v = 0 and v = 0 on ∂Ω should be viewed as constraints on the initial data;
they automatically persist in time since vt + λv = κu. To go back from (2.1) to (1.3), we simply set τ = 2Dv
and apply D to the equation vt + λv = κu.

In the following proposition, we prove the connection between null controllability of system (1.3) and system
(2.1).

Proposition 2.1. If the system (1.3) is null controllable in V 0
n ×R0 or V s0 ×Rs0 for any s ≥ 1, by an interior

control f at any time T > 0, the system (2.1) is null controllable in V 0
n × V 1

0 or V s0 × V s+1
0 for any s ≥ 1, at

time T by the interior control f .

Proof. Let (1.3) be null controllable in V s0 ×Rs0 at time T by an interior control f , i.e.,

(u, τ)(x, T ) = 0 for all x ∈ Ω.

Using the form of τ = 2Dv, we get that Dv(·, T ) = 0. Since the kernel of D in the space V 1
0 is the zero vector,

from it, we can derive that v(·, T ) = 0 in V 1
0 . Hence, system (2.1) is null controllable in V 0

n × V 1
0 at time T . The

result for V s0 ×Rs0, for any s ≥ 1, follows in a similar way.

In view of Proposition 2.1, to prove Theorem 1.2, we show the following result.

Theorem 2.2. For any time T > 0 and any s ≥ 1, there exists an initial condition of (2.1) for η > 0, in
V s0 × V s+1

0 such that the solution of (2.1) for η > 0 cannot be brought to zero at any time T , by any control f ,
localized in a fixed domain O.

Similarly, to study the controllability of multimode visco-elastic flows (1.5), we set for all i = 1, . . . , N ,
τi = 2Dvi, where vi is also a divergence free vector field vanishing on the boundary and we consider system for
(u, (vi)

N
i=1) ∈ Rd(N+1)

ρ∂tu = η∆u+

N∑
i=1

∆vi −∇p+ f in Ω× (0, T ),

∂tvi + λivi = κiu i = 1, . . . , N, in Ω× (0, T ),
∇ · u = 0, ∇ · vi = 0 i = 1, . . . , N, in Ω× (0, T ),
u = 0, vi = 0 i = 1, . . . , N, in ∂Ω× (0, T ),
u(·, 0) = u0, vi(·, 0) = vi,0 i = 1, . . . , N, in Ω.

(2.2)
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To prove Theorem 1.3, it is enough to prove the analogous version of Theorem 2.2 for the system (2.2) with
η > 0. However, the argument to prove Theorem 1.3 for the Jeffreys model with several relaxation modes is
completely analogous to that of the single mode case and hence, the proof of the theorem for the multimode
case will be omitted.

Now for η = 0, to prove Theorem 1.5, we show the following result for (2.2).

Theorem 2.3. Let N > 1. For any time T > 0 and any s ≥ 1, there exists an initial condition of (2.2) for
η = 0, in V s0 × (V s+1

0 )N such that the solution of (2.2) for η = 0 cannot be brought to zero at any time T , by
any control f , localized in a fixed domain O, a proper subset of Ω.

Note that to prove Theorem 1.4, it is enough to show the result analogous to the above theorem, for (2.1)
with η = 0, at time T , where 0 < T < T0, for some T0. The proof of the result can be derived from the first part
of the arguments used in the proof of Theorem 2.3 and hence the details of Theorem 1.4 will be omitted.

3. Jeffreys system

In this section, we prove the result on lack of null controllability for the Jeffreys system (1.3) for η > 0. To do
that, as mentioned in Section 2, we prove Theorem 2.2. Note that, the wellposedness of (2.1) on V 0

n (Ω)× V 1
0 (Ω)

can be derived showing that the linear operator associated to (2.1) denoted by (A,D(A)) as defined in (2.4)
in [3] generates a C0 semigroup on V 0

n (Ω)× V 1
0 (Ω) (see [3], Rem. 2.1). As a byproducet of the arguments used

in the next subsections to prove the lack of null controllability of (2.1), the wellposedness of the system is also
obtained.

3.1. Formulation of the problem

To prove Theorem 2.2, we split the solution of (2.1) into a part resulting from the control, and another part
resulting from the initial condition, as follows:

u = ũ+ σ, p = p̃+ q, v = ṽ + φ,

where (ũ, p̃, ṽ) satisfies

ρũt = η∆ũ+ ∆ṽ −∇p̃+ f in Ω× (0, T ),
ṽt + λṽ = κũ in Ω× (0, T ),
∇ · ũ = 0, ∇ · ṽ = 0 in Ω× (0, T ),
ũ = 0, ṽ = 0 in ∂Ω× (0, T ),
ũ(·, 0) = 0, ṽ(·, 0) = 0 in Ω,

(3.1)

where the control f is localized in O, a proper subset of Ω, and (σ, q, φ) satisfies

ρσt = η∆σ + ∆φ−∇q in Ω× (0, T ),
φt + λφ = κσ in Ω× (0, T ),
∇ · σ = 0, ∇ · φ = 0 in Ω× (0, T ),
σ = 0, φ = 0 in ∂Ω× (0, T ),
σ(·, 0) = u0, φ(·, 0) = v0 in Ω.

(3.2)

The first step to prove lack of null controllability of (2.1) is to show that ũ(·, T ) in (3.1) is C∞ in a neighbor-
hood of x0 for any x0 ∈ Ω\O and for any T > 0. Then we show that for a suitable choice of (u0, v0), σ(·, T ) in
(3.2) is not C∞ in any neighborhood of a x0, for some x0 ∈ Ω\O. Hence, ũ+ σ cannot reach zero at any time
T . More precisely, we prove the following two theorems:
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Theorem 3.1. Let O be a proper subset of Ω and T > 0. Let us also assume that f ∈ L2(0, T ;L2(Ω))
with suppf ⊂ O. Then, for any x0 ∈ Ω\O, there exists a r0 > 0 such that (ũ, p̃, ṽ), the solution of (3.1), is
C∞(Br0/2(x0)× [0, T ]), where Br0(x0) is a ball with radius r0 and the center at x0.

Theorem 3.2. Let O be a proper subset of Ω, x0 ∈ Ω \ O, s ≥ 1 and T > 0. Then there exists (u0, v0) ∈
V s0 (Ω)× V s+1

0 (Ω) such that, σ(·, T ) is not C∞ in any neighbourhood around x0, where (σ, q, φ) is the solution
of (3.2).

Once we prove the above two theorems, the proof of Theorem 2.2 is obvious. Therefore, in the rest of this
section we prove Theorem 3.1 and Theorem 3.2.

3.2. Study of the system (3.1)

In this subsection, our aim is to prove Theorem 3.1. For this, let us consider the following auxiliary system.

ρat = η∆a+ ∆b+ F in Ω× (0, T ),
bt + λb = κa in Ω× (0, T ),
a = 0, b = 0 in ∂Ω× (0, T ),
a(·, 0) = 0, b(·, 0) = 0 in Ω.

(3.3)

Let us set QT = Ω× (0, T ). For any s ≥ 0, we introduce the following space

Hs,s/2(QT ) = L2(0, T ;Hs(Ω)) ∩Hs/2(0, T ;L2(Ω)). (3.4)

Theorem 3.3. Let m ∈ N ∪ {0}. Let us assume that

dkF

dtk
∈ L2(0, T ;H2m−2k(Ω)), k = 0, 1, . . .m,

satisfying

F (·, 0) = · · · = dm−1F

dtm−1
(·, 0) = 0, (3.5)

if m > 0. Then the system (3.3) admits a unique strong solution

a, b ∈ H2m+2,m+1(QT ).

Proof. We prove the theorem in the following steps:

Step 1. We consider the underlying base space as L2(Ω) × (H1
0 (Ω) ∩ H2(Ω)) and the linearized operator

associated to (3.3),

A1(a, b)T =

(
1

ρ
∆(ηa+ b), κa− λb

)T
, D(A1) = (H1

0 (Ω) ∩H2(Ω))2.

To prove that (A1, D(A1)) forms an analytic semigroup on L2(Ω) × (H1
0 (Ω) ∩H2(Ω)), we need the resolvent

estimate

‖a‖L2 + ‖b‖H2 ≤ C

|µ|
(‖f‖L2

+ ‖g‖H2),
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where

f = µa− 1

ρ
∆(ηa+ b), g = (µ+ λ)b− κa,

for µ ∈ C and <µ > 0. The resolvent estimate is easily obtained by eliminating b to obtain the single equation

µa = f +
1

ρ(µ+ λ)
∆g +

1

ρ

(
η +

κ

µ+ λ

)
∆a.

Thus, for any given F ∈ L2(0, T ;L2(Ω)), using the regularity result for an analytic semigroup, we have

a ∈ H2,1(QT ), b ∈ H1(0, T ;H2(Ω)).

Step 2. Let us now consider m = 1, i.e. we assume that F ∈ H2,1(QT ) and F (·, 0) = 0. Setting, ã = at and

b̃ = bt, we get that (ã, b̃) satisfies the following system

ρãt = η∆ã+ ∆b̃+ Ft in Ω× (0, T ),

b̃t + λb̃ = κã in Ω× (0, T ),

ã = 0, b̃ = 0 in ∂Ω× (0, T ),

ã(·, 0) = 0, b̃(·, 0) = 0 in Ω.

(3.6)

Since Ft ∈ L2(0, T ;L2(Ω)) we obtain

ã ∈ H2,1(QT ), b̃ ∈ H1(0, T ;H2(Ω)).

In particular

a ∈ H1(0, T ;H2(Ω)) ∩H2(0, T ;L2(Ω)), b ∈ H2(0, T ;H2(Ω)).

Now we write for a.e. 0 ≤ t ≤ T,

−∆(ηa(·, t) + b(·, t)) = (F (·, t)− ρat(·, t)) in Ω, ηa(·, t) + b(·, t) = 0 on ∂Ω.

Since F and at belong to L2(0, T ;H2(Ω)), by the standard elliptic regularity theory, we obtain ηa + b ∈
L2(0, T ;H4(Ω)). Note that (3.3)2 can be written as

bt + (λ+ κ/η)b = h t ∈ [0, T ], b(0) = 0,

where h = κ(a+ b/η). It is easy to see that h = κ(a+ b/η) ∈ H4,2(QT ). We have

b(x, t) =

∫ t

0

e−(κ/η+λ)(t−s)h(x, s) ds. (3.7)

It yields

‖b(·, t)‖2H4(Ω) ≤ C
(∫ t

0

e−2(λ+κ/η)(t−s) ds

)(∫ t

0

‖h(·, s)‖2H4(Ω) ds

)
≤ C‖h‖2L2(0,T ;H4(Ω)),
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for some generic positive constant C, depending on T . Therefore b ∈ L2(0, T ;H4(Ω)) and hence a ∈
L2(0, T ;H4(Ω)). The proof for larger m proceeds by the method of induction.

As a corollary of the above theorem we obtain the following result

Corollary 3.4. Let k be any odd integer. Let us assume that F ∈ Hk,k/2(QT ) satisfying

F (·, 0) = · · · = djF

dtj
(·, 0) = 0 for j ≤ (k − 1)/2.

Then (3.3) has a unique solution (a, b) ∈ (H2+k,1+k/2(QT ))2 satisfying the following estimate

‖a‖H2+k,1+k/2(QT ) + ‖b‖H2+k,1+k/2(QT ) ≤ C‖F‖Hk,k/2(QT ). (3.8)

Proof. The proof follows from interpolation.

Now we are in a position to prove the regularity result for the system (3.1).

Proof of Theorem 3.1. We prove the theorem in the following three steps.

Step 1. Let (A,D(A)) be the linear operator associated to (3.1) on the base space V 0
n (Ω) × V 2

0 (Ω), where
D(A) = (V 2

0 (Ω))2. In a similar fashion as for the operator A1, arising in the proof of Theorem 3.3 above, we can
show that (A,D(A)) generates an analytic semigroup on V 0

n (Ω)×V 2
0 (Ω) and hence for any f ∈ L2(0, T ;L2(O)),

(ũ, p̃, ṽ), the solution of (3.1), belongs to H2,1(QT )× L2(0, T ;H1
m(Ω))×H2,1(QT ), where

H1
m(Ω) = {p ∈ H1(Ω) |

∫
Ω

p(x) dx = 0}.

Step 2. Now, let us take any point x0 ∈ Ω\O and choose a radius r0 > 0 such that B2r0(x0) ⊂ Ω\O.
Let (εk)k≥0 be a sequence of positive numbers satisfying the following properties

εk+1 < εk, r0 + εk < 2r0 and lim
k→∞

εk = 0.

Let (χk)k≥0 denotes a sequence of smooth cut-off function with the following properties

supp χ0 ⊂ B2r0(x0) and χ0 ≡ 1 in Br0+ε0(x0),

supp χk ⊂ Br0+εk−1
(x0) and χk ≡ 1 in Br0+εk(x0) for k ≥ 1.

For all k ≥ 0, we set

ak = χk curl ũ, bk = χk curl ṽ.

We also set

Ω0 = B2r0(x0), Ωk = Br0+εk−1
(x0) for k ≥ 1,

QkT = (0, T )× Ωk for k ≥ 0.
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It is easy to see that (ak, bk) satisfies the following system

ρakt = η∆ak + ∆bk + F k in (0, T )× Ωk,

bkt + λbk = κak in (0, T )× Ωk,
ak = 0, bk = 0 in (0, T )× ∂Ωk,
ak(·, 0) = 0, bk(·, 0) = 0 in Ωk,

(3.9)

where

F k = −2∇χk(η(∇curl ũ)T + (∇curl ṽ)T )−∆χk(ηcurl ũ+ curl ṽ).

We claim that (ak, bk) ∈ (Hk+2,(k+2)/2(QkT ))2 for all k ≥ 0. We already have (ũ, ṽ) ∈ (H2,1(QT ))2. This implies
that F 0 ∈ L2(0, T ;L2(Ω0)). Using Theorem 3.3 and Corollary 3.4, we obtain (a0, b0) ∈ (H2,1(Q0

T ))2. Let us
assume that our claim is true for some k > 0. Then we have (ak, bk) ∈ (Hk+2,(k+2)/2(QkT ))2. In particular,
(curl u, curl v) ∈ (Hk+2,(k+2)/2(Qk+1

T ))2. Thus ∇curl u ∈ Hk+1,(k+1)/2(Qk+1
T ) and F k+1 ∈ Hk+1,(k+1)/2(Qk+1

T ).
Therefore by Theorem 3.3 and Corollary 3.4, we get (ak+1, bk+1) ∈ (Hk+3,(k+3)/2(QkT ))2 and the claim is proved.

From the definition of χk, we get

(curl u, curl v) ∈ (L2(0, T ;Hk+2(Br0(x0))) ∩Hk+1/2(0, T ;L2(Br0(x0))))2 for all k ≥ 0.

Step 3. To derive the regularity of (ũ, ṽ) at Br0(x0), we use the result on interior regularity of the elliptic
equation for each t ∈ (0, T ),

−∆(ũ(·, t)) = curl (curl (ũ(·, t)) in Br0(x0),

−∆(ṽ(·, t) = curl (curl (ṽ(·, t))) in Br0(x0),

where the regularity of the right hand side is obtained in the first part of the proof and it is C∞(Br0(x0) ×
(0, T )).

3.3. Study of system (3.2)

In this subsection, we prove Theorem 3.2. To do that, we first consider the following system on Rd × (0, T ),

ρat = η∆a+ ∆b in Rd × (0, T ),

bt + λb = κa in Rd × (0, T ),

a(·, 0) = curl (1d(I −∆)−kδx0), b(·, 0) = b0 in Rd, ∀ k ≥ 2.

(3.10)

Here 1d is a unit vector in Rd. We note that for d = 2, the curl of a vector field can be identified with a scalar
(see the comment at the end of the introduction), so a and b are also scalars. Likewise, we shall identify the
cross product ot two two-dimensional vectors with a scalar.

In the next theorem, we show that for a suitably given initial condition, the solution of (3.10) cannot be
smooth on a neighbourhood of x0 but it is smooth outside.

Theorem 3.5. Let T > 0 and x0 ∈ Ω. Let us choose a0 = curl (1d(I − ∆)−kδx0
), where k ≥ 2. Then for a

suitable b0, chosen later, the solution of (3.10) is not C∞ in Br(x0)× (0, T ), where Br(x0) is a ball around x0

with radius r, for any r > 0.
Further, the solution is C∞ outside Br(x0).
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Proof. Using Fourier transform, we obtain the following ODE

ρât = −|ξ|2(ηâ+ b̂) in Rd × (0, T ),

b̂t + λb̂ = κâ in Rd × (0, T ),

â(ξ, 0) = (iξ × 1d)
e−ix0.ξ

(1+|ξ|2)k
= â0(ξ), b̂(ξ, 0) = b̂0(ξ) in Rd.

Denoting the matrix in the above ODE by Â(ξ), the solution of the above system can be written as

(â, b̂)T = etÂ(ξ)(â0, b̂0)T , (3.11)

We can see that the eigenvalues of Â(ξ) are

µ+(ξ) =
−(λρ+ η|ξ|2)−

√
(λρ+ η|ξ|2)2 − 4ρ(λη + κ)|ξ|2

2ρ

µ−(ξ) =
−(λρ+ η|ξ|2) +

√
(λρ+ η|ξ|2)2 − 4ρ(λη + κ)|ξ|2

2ρ

and there exists ξ0 > 0, such that for all |ξ| ≥ ξ0, µ
+(ξ) and µ−(ξ) are all real and distinct. The eigenvalues

satisfy

lim
|ξ|7→∞

−µ+(ξ)

|ξ|2
=
η

ρ
, lim
|ξ|7→∞

−µ−(ξ) = λ+
κ

η
. (3.12)

The eigenfunction of Â(ξ) corresponding to µ−(ξ) is (1, Cµ−(ξ)), for d = 2, and (1d, 1dCµ−(ξ)), for d = 3, where

Cµ−(ξ) =
ρµ−(ξ) + η|ξ|2

−|ξ|2
=

κ

λ+ µ−(ξ)
(3.13)

Our aim is to choose b̂0(ξ) = â0(ξ)Cµ−(ξ) so that (â0(ξ), b̂0(ξ)) is an eigenfunction of Â(ξ) corresponding to
µ−(ξ) and hence

(â, b̂)T = eµ
−(ξ)t(â0(ξ), Cµ−(ξ)â0(ξ))T .

Now, using the inverse Fourier transform, we get

a(x, t) =
1

(2π)d

∫
Rd

(iξ × 1d)
ei(x−x0).ξ

(1 + |ξ|2)k
eµ
−(ξ)t dξ,

and similarly, we get the expression for b.
To get an explicit representation of a(·, t), from the expression of µ−(ξ), we note that

µ−(ξ) = −(λ+ κ/η) + P ((1 + |ξ|2)−1),

and P can be represented as a regular Taylor series for large |ξ|. Thus eµ
−(ξ)t can be written in the form

eµ
−(ξ)t = C0(t) +

∞∑
j=1

Cj(t)(1 + |ξ|2)−j ,
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where Cj(·) is C∞([0, T ]) for all j ∈ N, and hence after taking the inverse Fourier transform

a(·, t) = C0(t)(I −∆)−kcurl (1dδx0
) +

∞∑
j=1

Cj(t)(I −∆)−k−jcurl (1dδx0
).

Note that each term is two orders more regular than its previous term. Thus, a(·, ·) is as smooth as C0(·)(I −
∆)−kcurl (1dδx0) is.

It is clear that (I −∆)−kcurl (1dδx0) is not a smooth function in Rd, specifically it is not smooth at the point
x0. It can be shown that it belongs to H2k−m−1 for all m > d/2, d = 2, 3. Moreover, it follows from elliptic
regularity that a(·, t) is C∞ everywhere except the point x0 for all t ∈ [0, T ].

Remark 3.6. Note that in Theorem 3.5, we choose a0 = curl (1d(I −∆)−kδx0), for k ≥ 2 and we construct b0
by taking the inverse Fourier transform of b̂0, where

b̂0 = â0(ξ)Cµ−(ξ),

and Cµ−(ξ) is given in (3.13). Thus, b0 is also obtained as the curl of a vector field and in particular, we have

a0 = curlh0, b0 = curl g0,

where h0 = 1d(I −∆)−kδx0
, and g0 can be obtained by taking the inverse Fourier transform of ĥ0(·)Cµ−(·).

Here ĥ0(·) is the Fourier transform of h0(·).
We also note that for d = 3,

div a = 0, div b = 0,

where (a, b) is the solution of (3.10) with the initial condition (a0, b0), chosen above. This holds because on the
whole space the divergence free condition is automatically satisfied as long as it holds for the initial conditions.

Next lemma gives how to reconstruct the initial condition (σ0, φ0) from (a0, b0), where (a0, b0) is chosen in
Theorem 3.5.

Lemma 3.7. Let x0 ∈ Ω\O, h0 ∈ (Hs(Rd))d, for s ≥ 1 and a0 = curlh0. Then there exists σ0 ∈ V s0 (Ω) such
that

curlσ0 = a0 in a neighbourhood ofx0. (3.14)

Proof. Let P be the Leray projector from (L2(Ω))d onto V 0
n (Ω). Since Ph0 is divergence free, there exists ψ0, at

least locally in some neighborhood of x0, such that

Ph0 = curlψ0,

(see for instance Thm. 3.1 and Thm. 3.4 of [7]). We also have

curlh0 = curlPh0,

since the difference h0−Ph0 is a gradient. Let χ be a smooth cutoff function which vanishes near ∂Ω but equals
1 in Br(x0), for some r > 0 such that Br(x0) ⊂ Ω\O. Setting

σ0 = curl (χψ0),



14 D. MAITY ET AL.

we have σ0 ∈ V s0 (Ω), and, on Br(x0),

curlσ0 = curlh0.

We are now in a position to prove Theorem 3.2:

Proof of Theorem 3.2. We consider system (3.2). First, for any s ≥ 1, we need to reconstruct the initial condition
(σ0, φ0) ∈ V s0 (Ω)× V s+1

0 (Ω) from (a0, b0), where (a0, b0) is chosen in Theorem 3.5. Let x0 be a point in Ω\O,
and let (a0, b0), the initial data of (3.10) on Rd be as in Theorem 3.5. As mentioned in Remark 3.6, by our
choice in Theorem 3.5, we have a0 = curlh0, b0 = curl g0. Note that, choosing k suitably large enough in h0, we
can make (h0, g0) ∈ Hs(Ω) ×Hs+1(Ω). Using Lemma 3.7, there exists (σ0, φ0) ∈ V s0 (Ω) × V s+1

0 (Ω), such that
on Br(x0) ⊂ Ω\O, for some r > 0,

curlσ0 = curl (χψ0) = curlh0,

and, in an analogous fashion,

curlφ0 = curl (χζ0) = curl g0.

We now consider the following system on Ω× (0, T )

ρσt = η∆σ + ∆φ−∇q in Ω× (0, T ),
φt + λφ = κσ in Ω× (0, T ),
∇ · σ = 0, ∇ · φ = 0 in Ω× (0, T ),
σ(·, t) = 0, φ(·, t) = 0 on ∂Ω, t ∈ (0, T ),
σ(·, 0) = curl (χψ0), φ(·, 0) = curl (χζ0) in Ω.

(3.15)

Now, note that as mentioned in Remark 3.6, for d = 3, (a, b), the solution of (3.10) for the initial condition
(a0, b0), satisfies

div a = div b = 0, in Ω.

Setting

σ̃(x, t) = curlσ(x, t)− a(x, t), φ̃(x, t) = curlφ(x, t)− b(x, t), for all (x, t) ∈ Ω× (0, T ).

we get that (σ̃, φ̃) satisfies the following system:

ρσ̃t = η∆σ̃ + ∆φ̃, in Br(x0)× (0, T ),

φ̃t + λφ̃ = κσ̃, in Br(x0)× (0, T ),

∇ · σ̃ = 0, ∇ · φ̃ = 0 in Br(x0)× (0, T ), for d = 3,

σ̃(·, t) = a(·, t), φ̃(·, t) = b(·, t) on ∂Br(x0), t ∈ (0, T ),

σ̃(x, 0) = 0, φ̃(x, 0) = 0 in Br(x0).

(3.16)

Now, to conclude that σ̃, and φ̃ are C∞ in a neighborhood of the point x0, we proceed as in Step 2 and
Step 3 of the proof of Theorem 3.1 setting

ãk = χk σ̃, b̃k = χk φ̃, ∀ k ≥ 0,
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where χk is a smooth cut-off function defined similarly to that introduced in Theorem 3.1. Note that, since we
want to derive the interior regularity of the solution of (3.16) inside Br(x0), the nonhomogeneous boundary data
in (3.16) do not pose any difficulty to apply the arguments used in Steps 2 and 3 of the proof of Theorem 3.1
to (3.16). Thus, σ̃ is C∞ in a neighborhood of x0. But, since a(·, ·) has a discontinuity at x0, curlσ and hence
σ cannot be C∞ in any neighborhood of x0.

Thus, combining Theorems 3.1 and 3.2, Theorem 2.2 and Theorem 1.2 follow.

4. Maxwell system

In this section, we consider the following system on Ω× (0, T ) for a multi-mode Maxwell model with control
f having support in O, any proper open subset of Ω:

ρut =

N∑
i=1

∇ · τi −∇p+ f in Ω× (0, T ),

∇ · u = 0 in Ω× (0, T ),
(τi)t + λiτi = 2κiDu in Ω× (0, T ), i = 1, . . . , N
u = 0 in ∂Ω× (0, T ),
u(·, 0) = u0, τi(·, 0) = (τ0)i, i = 1, . . . , N in Ω.

(4.1)

As described in Section 2, to obtain the lack of null controllability result for (4.1), it is enough to study the null
controllability of the following system for (u, p, (vi)

N ) ∈ Rd(N+1):

ρut =

N∑
i=1

∆vi −∇p+ f in Ω× (0, T ),

(vi)t + λivi = κiu in Ω× (0, T ), i = 1, . . . , N,
∇ · u = 0, ∇ · vi = 0, i = 1, . . . , N, in Ω× (0, T ),
u = 0, vi = 0, i = 1, . . . , N in ∂Ω× (0, T ),

u(·, 0) = u0, vi(·, 0) = (v0)i, i = 1, . . . , N in Ω,

(4.2)

where f has support in O.
In the next lemma, we give the wellposedness of the above system in V 0

n (Ω) × (V 1
0 (Ω))N for any f ∈

L2(0, T ;L2(O)). The wellposedness of the system in V s0 (Ω) × (V s+1(Ω))N can be derived similarly for suit-
able regular control f . To get the result on the wellposedness of the above system, as introduced in (2.5) of [3],
we denote the Stokes operator (A0, D(A0)) on V 0

n (Ω) by

A0u = −Pu, D(A0) = H2(Ω)×H1
0 (Ω),

where P is the Leray projector, and from (5.4) of [3], we recall that the linear operator (A,D(A)) on V 0
n (Ω)×

(V 1
0 (Ω))N associated to the above system is

D(A) = {(u, (vi)Ni=1) ∈ (V 1
0 (Ω))N+1 |

∑N
i=1 vi ∈ D(A0)},

A(u, (vi)
N
i=1)T = (A0

∑N
i=1 vi, (

κi
ρ u− λivi)

N
i=1)T , (u, (vi)

N
i=1) ∈ D(A).

Lemma 4.1. The operator associated to (4.2), (A,D(A)) generates a C0-semigroup on V 0
n (Ω)× (V 1

0 (Ω))N . For
f ∈ L2(0, T ;L2(Ω)), (4.2) is wellposed in V 0

n (Ω)× (V 1
0 (Ω))N .
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Proof. We consider V 0
n (Ω)× (V 1

0 (Ω))N with following weighted inner product:

〈(u, (vi)Ni=1)T , (σ, (φi)
N
i=1)T 〉V 0

n (Ω)×(V 1
0 (Ω))N =

∫
Ω

uσ dx+

N∑
i=1

ρ

κi
(∇vi.∇φi) dx. (4.3)

To prove (A,D(A)) generates a C0-semigroup on V 0
n (Ω) × (V 1

0 (Ω))N , we use the Lumer-Phillips theorem. By
calculating with respect to the inner product (4.3), we get

〈A(u, (vi)
N
i=1)T , (u, (vi)

N
i=1)T 〉V 0

n (Ω)×(V 1
0 (Ω))N < 0, ∀ (u, (vi)

N
i=1) ∈ D(A).

To show the maximality of (A,D(A)), we need to show that for a µ > 0 and for any (h, (gi)
N
i=1) ∈ V 0

n (Ω) ×
(V 1

0 (Ω))N , there exists a unique (u, (vi)
N
i=1) ∈ D(A) such that following holds:

µu+A0

∑N
i=1 vi = f,

(µ+ λi)vi − κi
ρ u = gi, ∀ i = 1, . . . , N.

(4.4)

Now, reducing a single equation for u, we get

µu+

N∑
i=1

κi
ρ(µ+ λi)

A0u = f − A0gi
µ+ λi

∈ V −1(Ω), (4.5)

and using the property of the Stokes operator (A0, V
1
0 (Ω)) on V −1(Ω), we get that there exists a unique u ∈

V 1
0 (Ω) satisfying (4.5). Thus, from (4.4), we derive that for all i = 1, . . . , N , vi ∈ V 1

0 (Ω) and
∑N
i=1 vi ∈ D(A0).

Hence the result is proved.

Our aim of this section is to prove Theorem 2.3 and hence Theorem 1.5 by giving a choice of initial conditions
for (4.2) with discontinuity in a neighborhood of a point in Ω\O and showing that this discontinuity will
propagate through the solution at any time T . Hence the solution cannot reach zero at any time T .

4.1. Formulation of the problem

Here, we first derive a more tractable system applying curl (·) to system (4.2) to eliminate the pressure term
from the system.

We define the scalar (curl g)1 in the following way

(curl g)1 =

{
curl g if d = 2

first component of curl g if d = 3.
(4.6)

Setting

a0 = (curlu0)1 and bi,0 = (curl vi,0)1, i = 1, 2, · · · , N, (4.7)

and

a = (curlu)1 and bi = (curl vi)1, i = 1, 2, . . . , N, (4.8)
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where (u, (vi)
N
i=1) is the solution of (4.2) with initial condition (u0, (vi,0)Ni=1) and control f having support in

O, a proper subset of Ω, we see that (a, (bi)
N
i=1) satisfies

ρat =

N∑
i=1

∆bi + (curl f)1 in Ω× (0, T ),

(bi)t + λibi = κia in Ω× (0, T ), i = 1, . . . , N,
a(·, 0) = a0, bi(·, 0) = bi,0, i = 1, . . . , N, in Ω.

(4.9)

Further, if (u, (vi)
N
i=1), the solution of (4.2), satisfies (u, (vi)

N
i=1)(·, T ) = 0 in Ω for any T > 0, then we have

(a, (bi)
N
i=1)(·, T ) = 0 in Ω. Thus in the sequel, we shall prove the property of the propagation of singularities

for system (4.9). Note that (4.2) is a well-posed system, and (a, (bi)
N
i=1), defined in (4.8), for (u, (vi)

N
i=1), the

solution of (4.2), is a solution of (4.9). We never solve (4.9) directly in Ω; indeed we are missing a boundary
condition for it which would be needed to formulate a well-posed problem. Therefore, when we say (a, (bi)

N
i=1)

satisfies the system (4.9), it always means that (a, (bi)
N
i=1) is defined by (4.8) using the solution of (4.2).

For the rest of this section, we focus on the multimode case. For the case of single mode, see Remark 4.14.
Let us now briefly describe the steps to show a lack of null controllability result for (4.2). As mentioned earlier,

our aim is to construct particular initial data (u0, (vi,0)Ni=1) so that a, defined as in (4.8), has a singularity outside
the support of control f . This is done in the following four steps:

Step 1. At first, we study the property of the propagation of singularities for a system similar to (4.9) in the
whole space Rd. More precisely, we consider the following system

ρãt =
∑N
i=1 ∆b̃i, in Rd × (0, T ),

(̃bi)t + λib̃i = κiã in Rd × (0, T ), i = 1, . . . , N,

ã(·, 0) = ã0, b̃i(·, 0) = b̃i,0, i = 1, . . . , N, in Rd,

(4.10)

where ã(x, t) ∈ R and b̃i(x, t) ∈ R. We will construct (ã0, (̃bi,0)Ni=1) having a singularity at x0 ∈ Ω \O, and show

that (ã(·, t), (̃bi(·, t))Ni=1) has a singularity at x0 for any t > 0 (see Prop. 4.7).

Step 2. Next, we show that if (a0, (bi,0)Ni=1) agrees with (ã0, (̃bi,0)Ni=1) in a small neighbourhood of x0, then

there is a region in Ω× [0, T ) containing (x0, 0) such that (a, (bi)
N
i=1) coincides with (ã, (̃bi)

N
i=1) in that region

(Thm. 4.10). This is proved using an extension of Holmgren’s theorem (see [9], Thm. 8.6.8).
With the above uniqueness result, we then conclude that a(·, t), defined in (4.8), has a singularity at x0

for t ≤ T0 and for some T0 > 0 (Cor. 4.11), provided (u0, (vi,0)Ni=1) is such that (a0, (bi,0)Ni=1) agrees with

(ã0, (̃bi,0)Ni=1) in a small neighbourhood of x0.

Step 3. At this step, we show that the singularity of a propagates for all t > 0 (Thm. 4.12). This is proved using
‘Hörmander theorem’ (see [9], Thm. 8.3.3′) or a generalization of it which allows for multiple characteristics.

Step 4. In the final step, we show the existence of (u0, (vi,0)Ni=1) ∈ V s0 × (V s+1
0 )N so that (a0, (bi,0)Ni=1) agrees

with (ã0, (̃bi,0)Ni=1) around a small neighbourhood of x0 (Lem. 4.13).

4.2. Basic tools of microlocal analysis

In this subsection, we first recall some preliminaries and standard tools which are useful to study the propa-
gation of the singularity of solutions of PDEs. We also recall Theorem 8.6.8 from [9] and Theorem 8.3.3′ from
[9], which are the main ingredients of our proof.
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Let us consider the expression P (x,D) defined by

P (x,D) =
∑
|α|≤m

Cα(x)Dα,

where

Dα =
∂|α|

∂α1
1 ∂α2

2 · · · ∂
αd
d

, α = (α1, α2, . . . , αd), |α| =
d∑
j=1

αj ,

and Cα(·) is the coefficient of Dα.

Definition 4.2 (Principal symbol). The symbol of the expression P (x,D) is defined by

P (x, iξ) =
∑
|α|≤m

Cα(x)(iξ)α, ∀ ξ ∈ Rd,

where ξα = ξα1
1 ξα2

2 · · · ξ
αd
d . Moreover, the principal part of the symbol is

pm(x, iξ) =
∑
|α|=m

Cα(x)(iξ)α, ∀ ξ ∈ Rd.

Definition 4.3 (Characteristic). A characteristic surface of P (x,D) =
∑
|α|≤m Cα(x)Dα at x ∈ Rd is a C1

surface S ⊂ Rd with normal ξ at a point x ∈ S satisfying pm(x, iξ) = 0.

We recall Theorem 8.6.8 from [9], which is an extension of Holmgren’s uniqueness theorem.

Theorem 4.4. Let X1 and X2 be two open convex sets in Rd+1 such that X1 ⊂ X2. Let P (D) be a differential
operator with constant coefficients. Then the following are equivalent:

1. Every u ∈ D′(X2) satisfying P (D)u = 0 in X2 and vanishing in X1 must also vanish in X2.
2. Every hyperplane which is characteristic for P (D) and intersects X2 also intersects X1.

Next, we recall the definition of wave front set of any distribution u ∈ D′(X), where X is an open subset of
Rd × (0, T ). For any u ∈ D′(Rd+1), Σ(u) is a subset of Rd+1\{0} containing (ξ, τ) ∈ Rd+1\{0}, such that there
is no conic neighbourhood V of (ξ, τ) in Rd+1 satisfying

|F(u)(ζ, θ)| ≤ Cm(1 + |(ζ, θ)|)−m, ∀ (ζ, θ) ∈ V,

for all m ∈ N and some positive constant Cm, where F is the Fourier transform in Rd+1.
For any u ∈ D′(X), where X is any open set of Rd × (0, T ), we define for all (x, t) ∈ X,

Σ(x,t)(u) =
⋂

φ∈C∞c (X),φ(x,t) 6=0

Σ(φu).

We recall Definition 8.12 from [9].

Definition 4.5. Let u ∈ D′(X), where X is any open set of Rd× (0, T ). Then the closed subset of X× (Rd\{0}),
defined by

WF (u) = {((x, t), (ξ, τ)) ∈ X × (Rd\{0}) | (ξ, τ) ∈ Σ(x,t)(u)}
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is called the wave front set of u. The projection of WF (u) onto X is the singular support of u.

We recall Theorem 8.3.3′, page 278 in [9].

Theorem 4.6. Let P (D) be of real principal type and principal symbol pm. If u ∈ D′(Ω× (0, T )), P (D)u = f
and ((x0, t0), (ξ, τ)) ∈WF (u)\WF (f), then pm(iξ, iτ) = 0 and I × {(ξ, τ)} ⊂WF (u), provided I ⊂ Ω× (0, T )
is a line segment containing (x0, t0) with direction ∇pm(iξ, iτ) such that I × {(ξ, τ)} does not meet WF (f).

We note that our definition of the principal symbol above differs from that of [9] by a power of i.

4.3. Lack of null controllability for multimode Maxwell system

In this subsection, we give the precise statements and proofs that we mentioned in Section 4.1. First we prove
the following proposition:

Proposition 4.7. Let x0 ∈ Ω\O and any T > 0. Let ã0 =
∂

∂x2
(I −∆)−kδx0

(the derivative with respect to x2

is included because ã0 should be the first component of a curl), and (̃bi,0)Ni=1 be chosen suitably. Then, we have

that (x0, t, ξ, 0) ∈WF (ã), for all t ∈ (0, T ) and ξ ∈ Rd with ξ2 6= 0, where (ã, (b̃i)
N
i=1) is the solution of (4.10).

Proof. We recall (4.10) in Rd × (0, T ),

ρãt =

N∑
j=1

∆b̃j in Rd × (0, T ),

(̃bj)t + λj b̃j = κj ã in Rd × (0, T ), j = 1, . . . , N,

ã(·, 0) = a0, b̃j(·, 0) = bj,0, i = 1, . . . , N, in Rd.

Now using Fourier transform, we obtain the following Ode

ρât(ξ, t) = −|ξ|2
N∑
j=1

b̂j(ξ, t) in Rd × (0, T ),

(b̂j)t(ξ, t) + λj b̂j(ξ, t) = κj â(ξ, t), j = 1, . . . , N in Rd × (0, T ),

â(ξ, 0) = â0(ξ) = iξ2
e−ix0.ξ

(1+|ξ|2)k
, b̂j(ξ, 0) = b̂j,0(ξ) in Rd.

Denoting the matrix in the above ODE by Â(ξ), the solution of the above system can be written as

(â, (b̂j)
N
j=1)T (ξ, t) = eÂ(ξ)t(â0, (b̂j,0)Nj=1)T (ξ), ∀ ξ ∈ Rd, ∀ t > 0. (4.11)

We can show that {µl(ξ)}N+1
l=1 , the eigenvalues of Â(ξ), for all ξ ∈ Rd, satisfy

µ(ξ) = −1

ρ
|ξ|2

N∑
j=1

κj
µ(ξ) + λj

, ∀ ξ ∈ Rd. (4.12)

Note that, for all ξ ∈ Rd, there always is a root of (4.12), denoted by µ1(ξ), between −λ2 and −λ1. Moreover,
we can write the equation (4.12) in the form F (µ, 1/|ξ|2) = 0 with F analytic and use the implicit function
theorem to show that µ1(ξ) asymptotically satisfies

µ1(ξ) = ω0 +
M1

|ξ|2
+
M2

|ξ|4
+ · · · , as |ξ| → ∞, (4.13)
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where ω0 is a solution of
∑N
j=1

κj
µ+λj

= 0 and for all k ∈ N, Mk is some constant.

The eigenfunction of Â(ξ) corresponding to µ1(ξ) is (1, Cj(ξ))
N
j=1), where

Cj(ξ) =
κj

µ1(ξ) + λj
, ∀ j = 1, . . . , N. (4.14)

We choose

b̂j,0(ξ) = iξ2
e−ix0.ξ

(1 + |ξ|2)k
Cj(ξ), ∀ j = 1, . . . , N,

so that (â0(ξ), (b̂j,0(ξ))Nj=1) is an eigenfunction of Â(ξ) corresponding to µ1(ξ) and hence for all t > 0,

(â, (b̂j)
N
j=1)T (ξ, t) = eµ1(ξ)tiξ2

e−ix0ξ

(1 + |ξ|2)k
(1, (Cj(ξ))

N
j=1)T , ∀ ξ ∈ Rd. (4.15)

To prove ((x0, t0, ξ, 0) ∈ WF (ã) for all t0 ∈ [0, T ) and ξ ∈ Rd\{0}, it is enough to show that for any ψ ∈
C∞c (S) with ψ(x0, t0) 6= 0 and ψ ≥ 0, the Fourier transform of (ψã) in Rd+1 satisfies

|F(ψã)(ξ, 0)| > C|ξ2|
(1 + |ξ|2)k

, (4.16)

for some positive constant C, depending on ψ, and for |ξ| → ∞ along any ray where ξ2 6= 0. The fact that it
suffices to consider positive ψ follows from Lemma 8.1.1, page 253 in [9].

We have

F(ψã)(ξ, 0) =

∫ T

0

∫
Rd
e−ix.ξã(x, t)ψ(x, t) dx dt

=
∫ T

0
ψ(x0, t)

∫
Rd e

−ix.ξã(x, t) dxdt+
∫ T

0

∫
Rd e

−ix.ξψ̃(x, t)ã(x, t) dxdt

≥ |
∫ T

0
ψ(x0, t)

∫
Rd e

−ix.ξã(x, t) dxdt| − |
∫ T

0

∫
Rd e

−ix.ξψ̃(x, t)ã(x, t) dxdt|,

(4.17)

where ψ̃(x, t) = ψ(x, t)−ψ(x0, t). To estimate a lower bound of F(ψã)(ξ, 0), the first term in the RHS of (4.17)
can be estimated as follows:

|
∫ T

0

ψ(x0, t)

∫
Rd
e−ix.ξã(x, t) dxdt| =

(∫ T

0

ψ(x0, t) exp(µ1(ξ)t) dt
)
|â0(ξ)|.

Moreover, we have |â0(ξ)| ≥ C|ξ2|/(1 + |ξ|2)k, and

∫ T

0

ψ(x0, t) exp(µ1(ξ)t) dt =

∫ T

0

ψ(x0, t) exp(ω0t) dt+O(1/|ξ|2),

and the first term on the right hand side is positive. For |ξ| → ∞ along any ray where ξ2 6= 0, we thus obtain a
lower bound of the first term in the RHS of (4.17) which is of order |ξ|1−2k,
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For the second term in (4.17), we find

∫ T

0

∫
Rd
e−ix.ξ(ψ(x, t)− ψ(x0, t))ã(x, t) dxdt

=
1

(2π)d

(∫ T

0

∫
Rd
â(ξ − ζ, t)ψ̂(ζ, t) dζ dt−

∫ T

0

â(ξ, t)

∫
Rd
ψ̂(ζ, t)eiζ.x0 dζ dt

)
.

It is convenient to write

â(ζ, t) = e−ix0.ζp(ζ, t), ψ̂(ζ, t) = e−ix0.ζq(ζ, t).

With this, the second term in (4.17) becomes

1

(2π)d
e−iξ.x0

∫ T

0

∫
Rd

(p(ξ − ζ, t)− p(ξ, t))q(ζ, t) dζ dt. (4.18)

For fixed t, we further investigate∫
Rd

(p(ξ − ζ, t)− p(ξ, t))q(ζ, t) dζ

=
∫
|ζ|≤ε|ξ|(p(ξ − ζ, t)− p(ξ, t))q(ζ, t) dζ +

∫
|ζ|≥ε|ξ|(p(ξ − ζ, t)− p(ξ, t))q(ζ, t) dζ.

As |ξ| → ∞ along any ray where ξ2 6= 0, |p(ξ, t)| is proportional to |ξ|1−2k, and for |ζ| ≤ ε|ξ| and ε sufficiently
small, |p(ξ − ζ, t)− p(ξ, t)| is bounded by a constant times ε|ξ|1−2k. Since q is integrable, this bounds the first
integral by a constant times ε|ξ|1−2k. On the other hand, |q(ζ)| is bounded by a constant time |ζ|−m for any
choice of m, which bounds the second integral by a constant time (ε|ξ|)d−m.

Remark 4.8. Note that in Proposition 4.7, ã0 ∈ H2k−m−1, where m > d/2 and d = 2, 3. For all j = 1, . . . , N ,

we obtain b̃j,0 by taking the inverse Fourier transform of b̂j,0 and in the above proposition b̂j,0 is chosen as

b̂j,0(ξ) = iξ2
e−ix0.ξ

(1 + |ξ|2)k
Cj(ξ), ∀ j = 1, . . . , N,

where Cj(ξ) is defined in (4.14). Thus, it also follows that for all j = 1, · · · , N , b̃j,0 belongs to H2k−m−1 for

m > d/2 and d = 2, 3 and b̃j,0 =
∂gj,0
∂x2

, for some gj,0 ∈ H2k−m.

We also note that for a given s ≥ 1, choosing k large enough we can make (ã0, ((̃bj,0)Nj=1) in Hs ×Hs+1.

Next we want to make a connection between (a, (bj)
N
j=1) and (ã, (̃bj)

N
j=1) where (a, (bj)

N
j=1) is defined in (4.8)

and (ã, (̃bj)
N
j=1) is the solution of (4.10). As mentioned earlier, we want to use Theorem 4.4. To do it, we reduce

the system satisfied by (a, (bj)
N
j=1) into a single equation for a. Applying

∏N
j=1(∂t + λjI) to (4.9)1 and using

(4.9)2, we get

ρ

N∏
j=1

(∂t + λjI)at =

N∑
i=1

κi
∏
j 6=i

(∂t + λjI)∆a+

N∏
j=1

(∂t + λjI)(curl f)1 in Ω× (0, T ),

a(·, 0) = a0, ∂ta(·, 0) := a1 =
1

ρ
∆

N∑
i=1

bi,0 + (curl f)1(·, 0) in Ω,

(4.19)
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and the initial conditions for higher derivatives are calculated recursively from (4.9) in a similar fashion. Note
that the terms involving (curl f)1(·, 0) in initial conditions of (4.19) vanish in Ω\O because f has support
inside O. Since for us, it is enough to consider (4.19) in a neighborhood of x0, in Ω\O, we consider (4.19) on
Ω\O × (0, T ) and hence we do not need to assume any regularity for (curl f)1.

We introduce the linear differential operator defined by

P (D)a = ρ

N∏
j=1

(∂t + λjI)at −
N∑
i=1

κi
∏
j 6=i

(∂t + λjI)∆a. (4.20)

With the above notation, (4.19)1 can be written as

P (D)a = F, (4.21)

where

F =

N∏
j=1

(∂t + λjI)(curl f)1. (4.22)

Note that in (Ω \ O)× (0, T ), P (D)a = 0 in the sense of distribution. From Definition 4.2, we get the symbol
for P (D), defined in (4.20), as

P (iξ, iτ) = ρ

N∏
j=1

(iτ + λj)(iτ) +

N∑
m=1

κm
∏
j 6=m

(iτ + λj)|ξ|2, (4.23)

and the principal part of the symbol is

pN+1(iξ, iτ) = (iτ)N−1

(
−ρτ2 +

N∑
m=1

κm|ξ|2
)
. (4.24)

Now we derive the equations for the characteristic surfaces for P (D) (see Def. 4.3).

Lemma 4.9. Let P (D) be defined by (4.20). Then the characteristic surfaces for P (D) are given by

x · ξ
|ξ|

+ η̃t = C1, x · ξ
|ξ|
− η̃t = C2, x · ξ = C3, ∀x ∈ Rd, t ∈ R, (4.25)

for any ξ ∈ Rd, where η̃ =
√∑N

j=1 κj/ρ.

We prove the following theorem

Theorem 4.10. Let us consider the region in Ω× (0, T ),

S = {(x, t) | 0 < t < T0, |x− x0| < η̃(T0 − t)},

for η̃ =
√∑N

j=1 κj/ρ, a cone at the center (x0, T0), where x0 ∈ Ω\O and T0 is chosen such that

S0 := {x ∈ Ω | |x− x0| ≤ η̃T0} ⊂ Ω and S0 ∩ O is empty.
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Let (ã0, (̃bi,0)Ni=1) be as in Proposition 4.7 and (ã, (̃bi)
N
i=1) be the solution to the system (4.10) constructed in

Proposition 4.7. Let us assume that (u0, (vi,0)Ni=1) ∈ V s0 × (V s+1
0 )N be such that

a0(x) = ã0(x), bi,0(x) = b̃i,0(x), i = 1, 2, . . . , N, for all x ∈ S0, (4.26)

where (a0, (bi,0)Ni=1) is defined as in (4.7). Then

a(x, t) = ã(x, t) for all (x, t) ∈ S, (4.27)

where (a, (bi)
N
i=1) is defined by (4.8).

Proof. We first note that (ã, (̃bi)
N
i=1) is the solution of (4.10) if and only if ã satisfies

ρ

N∏
j=1

(∂t + λjI)ãt =

N∑
i=1

κi
∏
j 6=i

(∂t + λjI)∆ã in Rd × (0, T ),

ã(·, 0) = a0, ∂tã(·, 0) = a1 =
1

ρ
∆

N∑
i=1

bi,0,

(4.28)

and, recursively,

bi,m = −λibi,m−1 + κiam−1, ∂m+1
t ã(·, 0) = am+1 =

1

ρ
∆

N∑
i=1

bi,m, m = 1, . . . , N − 1. (4.29)

Similarly, if (a, (bi)
N
i=1) satisfies (4.8), ‘a’ satisfies (4.19).

Let us define

X1 = {(x, t) | −T0 < t < 0, |x− x0| < η̃(t+ T0)},
X2 = {(x, t) | −T0 < t < T0, |x− x0| < η̃(T0 − |t|)}. (4.30)

It is easily checked that every characteristic plane which intersects X2 also intersects X1. We can define

φ(x, t) =

{
ã(x, t)− a(x, t), if (x, t) ∈ S,
0, if (x, t) ∈ X1.

(4.31)

Since a and ã have identical initial conditions, it follows that φ is a solution of (4.19) in X2. By Theorem 4.4,
it follows that a = ã in S.

A simple consequence of the above theorem and Proposition 4.7 is:

Corollary 4.11. With the assumptions and notations in Theorem 4.10,

(x0, t, ξ, 0) ∈WF (a), for all t ∈ (0, T0) and ξ ∈ Rd with ξ2 6= 0.

Now we want to apply 4.6 to the pde (4.21). However, Theorem 4.6 applies to our problem only in the case
N = 2. The reason is that, for N > 2, ∇pN+1(iξ, 0) is identically zero, due to the factor (iτ)N−1 appearing in
pN+1. However, a generalization to this case exists: it depends on the Levi condition. In our case this condition
is met, due to the fact that no term in the symbol of P involves a power of ξ higher than the second, see (4.23).
Instead of taking a line in the direction of ∇pN+1, which is zero, we can then take a line in the t-direction. For
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a general statement of the theorem extending Theorem 4.6 to the case of multiple characteristics we refer to
Theorem 5.3, Chapter 4 in [6].

Using Theorem 4.6 and its analogue for multiple characteristics, we derive the following result.

Theorem 4.12. Let O, the support of f , be a proper subset of Ω, x0 ∈ Ω\O and T > 0. Let us assume that
(x0, t0, ξ, 0) ∈WF (a), for some t0 ∈ (0, T ) and ξ ∈ Rd with ξ2 6= 0, where a satisfies (4.21). Let us consider the
line segment IT in Ω× (0, T ), defined by

IT = {(x, t) ∈ Ω× (0, T ) | x = x0}.

Then (IT × (ξ, 0)) is contained in WF (a).

Proof. Let x0 ∈ Ω\O and T0, as mentioned in Theorem 4.10. We also assume that (x0, t0, ξ, 0) ∈ WF (a), for
some t0 ∈ (0, T0) and x ∈ Rd with ξ2 6= 0, where a satisfies (4.21). Note that for any ξ ∈ Rd, and ξ2 6= 0,
((x0, t0), (ξ, 0)) does not belong to WF (f), since (x0, t0) is outside of the support of f . Let us notice that for
any T > 0, the line segment IT , containing (x0, t0), never intersects O× (0, T ), the support of f and so, we can
find a characteristic function χ0 supported in a small neighbourhood of IT and disjoint from O × (0, T ) such
that χ0f = 0. Thus, we can show that (IT × (ξ, 0)) ∩WF (f) is empty, for any ξ ∈ Rd and ξ2 6= 0. Now from
Theorem 4.6 or the corresponding Theorem 5.3, Chapter 4 in [6], it follows that for any T > 0 and ξ ∈ Rd,
(IT × (ξ, 0)) ⊂WF (a), where a satisfies (4.21).

Next we have the following lemma which helps us to reconstruct the initial data.

Lemma 4.13. Let x0 ∈ Ω, h0 ∈ Hs(Rd), s ≥ 1 and a0 =
∂h0

∂x2
. Then there exists u0 ∈ V s0 (Ω) such that

(curlu0)1 = a0 in a neighbourhood of x0. (4.32)

Proof. Let us define

H0 =

{
(−h0|Ω, 0) if d = 2

(0, 0, h0|Ω) if d = 3
. (4.33)

Then we get H0 ∈ (Hs(Ω))d for s ≥ 1, and

(curlH0)1(x) = a0(x) for all x ∈ Ω.

Now, using Lemma 3.7, from this H0 ∈ (Hs(Ω))d, we reconstruct u0 ∈ V s0 (Ω) satisfying (4.32).

Now we are in a position to prove Theorem 2.3.

Proof of 2.3. We prove by contradiction. Let us assume that, for any initial conditions in V s0 × (V s+1
0 )N , there

exists a control f with support in O, a proper subset of Ω, such that the solution of system (4.2) satisfies

(u, (vi)
N
i=1)(·, T ) = (0, 0), in Ω.

Next, we extend the system (4.2) on Ω × (T, 2T ) with the control f = 0 and the solution of the system is
still zero on the time interval [T, 2T ). In particular,

a(·, t) = bi(·, t) = 0, in Ω, ∀ t ∈ [T, 2T ), i = 1, 2, . . . , N, (4.34)

where (a, (bi)
N
i=1) is defined in (4.8). Our aim is to construct a suitable (u0, (vi,0)Ni=1) in V s0 × (V s+1

0 )N such
that the above assertion fails.
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To construct (u0, (vi,0)Ni=1), let us set

h0 = (I −∆)−kδx0
and gi,0 = F−1

ξ

(
e−ix0.ξ

(1 + |ξ|2)k
Ci(ξ)

)
, i = 1, 2, . . . , N, (4.35)

where Ci(ξ) is defined in (4.14) and F−1 is the inverse Fourier transform. Then we see that

ã0(·) =
∂h0(·)
∂x2

and b̃i,0(·) =
∂gi,0(·)
∂x2

, i = 1, 2, . . . , N, (4.36)

where (ã0, (̃bi,0)Ni=1) is same as in Proposition 4.7. Next, we construct (u0, (vi,0)Ni=1) from the above (ã0, (̃bi,0)Ni=1)
using Lemma 4.13, such that (u0, (vi,0)Ni=1) ∈ V s0 × (V s+1

0 )N , for a suitable choice of k in (4.35) as mentioned
in Remark 4.8 and {

a0(x) = (curlu0)1(x) = ã0(x), ∀x ∈ S0,

bi,0(x) = (curl vi,0)1(x) = b̃i,0(x), i = 1, 2, . . . , N, ∀x ∈ S0,
(4.37)

where S0 is defined as in Theorem 4.10.
With the above choice of (u0, (vi,0)Ni=1) all the assumptions of Theorem 4.12 and Corollary 4.11 are fulfilled.

Therefore, using Corollary 4.11 and Theorem 4.12, we conclude that

(x0, 3T/2, ξ, 0) ∈WF (a), for all ξ ∈ Rd with ξ2 6= 0,

which is a contradiction to (4.34). Consequently, the system (4.2) is not null controllable. This completes the
proof of Theorem 2.3.

Remark 4.14. In the case of the single mode Maxwell system, the characteristic surfaces of the operator P (D)
defined in (4.20), for N = 1, are

x · ξ
|ξ|

+ η̃t = C1, x · ξ
|ξ|
− η̃t = C2, ∀x ∈ Rd, t ∈ R, (4.38)

for any ξ ∈ Rd, where η̃ =
√∑N

j=1 κj/ρ. Therefore, results similar to Theorem 4.10 and Corollary 4.11 are also

applicable to the analogous system for the single mode case, where the singularity of the solution propagates
along the characteristics given by (4.38). Hence, for any proper subset O of Ω, there exists a T0, such that the
single mode Maxwell system cannot be null controllable at any time T , for 0 < T ≤ T0, using a control localized
in O.

We note that (4.9) in both cases of single mode and multimode has the property of finite speed of propagation
(this can be proved in a fashion similar to Theorem III.13 in [22]). Hence even approximate controllability is
impossible until the domain of dependence of the controlled region has expanded to encompass all of Ω. This
provides a (non-optimal) lower bound for T0 in Theorem 1.4.

In contrast to the case of the multimode Maxwell system, there is no vertical characteristic of P (D) in (x, t)
plane and Theorem 4.6 is not applicable to the single mode case. In fact, for time T sufficiently large, the single
mode Maxwell system is exactly controllable at time T using a localized control (see Thm. 4.1 and the next
paragraph in [3]).
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[11] G. Leugering, Exact controllability in viscoelasticity of fading memory type. Appl. Anal. 18 (1984) 221–243.

[12] G. Leugering, Exact boundary controllability of an integro-differential equation. Appl. Math. Optim. 15 (1987) 223–250.
[13] G. Leugering, Time optimal boundary controllability of a simple linear viscoelastic liquid. Math. Methods Appl. Sci. 9 (1987)

413–430.
[14] W.J. Liu and G.H. Williams, Partial exact controllability for the linear thermo-viscoelastic model. Electr. J. Differ. Equ. 17

(1998) 11.
[15] Q. Lu, X. Zhang and E. Zuazua, Null controllability for wave equations with memory. J. Math. Pures Appl. 108 (2017)

500–531.
[16] D. Mitra, M. Ramaswamy and M. Renardy, Approximate controllability results for viscoelastic flows with infinitely many

relaxation modes. J. Differ. Equ. 264 (2018) 575–603.
[17] M. Renardy, Are viscoelastic flows under control or out of control? Syst. Cont. Lett. 54 (2005) 1183–1193.

[18] M. Renardy, Shear flow of viscoelastic fluids as a control problem. J. Non-Newtonian Fluid Mech. 131 (2005) 59–63.
[19] M. Renardy, On control of shear flow of an upper convected Maxwell fluid. Z. Angew. Math. Mech. 87 (2007) 213–218.

[20] M. Renardy, Controllability of viscoelastic stresses for nonlinear Maxwell models. J. Non-Newtonian Fluid Mech. 156 (2009)
70–74.

[21] M. Renardy, A note on a class of observability problems for PDEs. Syst. Control Lett. 58 (2009) 183–187.

[22] M. Renardy, W.J. Hrusa and J.A. Nohel, Mathematical Problems in Viscoelasticity. Longman Scientific and Technical, Harlow,
Essex (1987).

[23] E. Savelev and M. Renardy, Control of homogeneous shear flow of multimode Maxwell fluids. J. Non-Newtonian Fluid Mech.
165 (2010) 136–142.

[24] Q. Tao and H. Gao, On the null controllability of the heat equation with memory. J. Math. Anal. Appl. 440 (2016) 1–13.


	Lack of null controllability of viscoelastic flows
	1 Introduction and main results
	1.1 Notation

	2 Change of variables
	3 Jeffreys system
	3.1 Formulation of the problem
	3.2 Study of the system (3.1)
	3.3 Study of system (3.2)

	4 Maxwell system
	4.1 Formulation of the problem
	4.2 Basic tools of microlocal analysis
	4.3 Lack of null controllability for multimode Maxwell system


	References

