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OPTIMAL RELAXED CONTROL OF STOCHASTIC HEREDITARY

EVOLUTION EQUATIONS WITH LÉVY NOISE

Utpal Manna1,* and Debopriya Mukherjee1,2

Abstract. Existence theory of optimal relaxed control problem for a class of stochastic hereditary
evolution equations driven by Lévy noise has been studied. We formulate the problem in the martingale
sense of Stroock and Varadhan to establish existence of optimal controls. The construction of the
solution is based on the classical Faedo–Galerkin approximation, the compactness method and the
Jakubowski version of the Skorokhod theorem for nonmetric spaces, and certain compactness properties
of the class of Young measures on Suslin metrizable control sets. As application of the abstract theory,
Oldroyd and Jeffreys fluids have been studied and existence of optimal relaxed control is established.
Existence and uniqueness of a strong solution and uniqueness in law for the two-dimensional Oldroyd
and Jeffreys fluids are also shown.
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1. Introduction

In this paper, our goal is to study an optimal control problem (OCP) associated to a class of abstract
stochastic hereditary evolution equations (SHEEs) driven by Lévy noise, in an infinite-dimensional separable
Hilbert space H, of the general form

dX(t) +
[
AX(t) +B(X(t)) +

∫ t

0

β(t− s)AX(s) ds
]
dt

= L(U(t))dt+ σ(t,X(t))dW (t) +

∫
Z

g(X(t−), z)Ñ(dt,dz), (1.1)

with initial condition X(0) = x0, (1.2)
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associated with a cost functional of the form

J̄(X,U) := E[J (X,U)] := E
[ ∫ T

0

F (t,X(t), U(t))dt+ φ(X(T ))
]
. (1.3)

Here, x0 ∈ H and X is a state variable. The operators A, B satisfy certain conditions which are framed in
Section 2. U is a metrizable Suslin space U-valued control depending on the possible nonlinearities of the
mechanism of the system, L : U→ H can be linear (or possibly nonlinear) operator. {W (t)}t≥0 is a cylindrical

H-valued Wiener process and Ñ(dt,dz) is a time homogeneous compensated Poisson random measure with Z
being the measurable subset of H where the solutions of the above system have its paths and N is a time-
homogeneous Poisson random measure on (Z,B(Z)). The processes W and N are assumed to be independent.
F : [0, T ]×H ×U→ [0,∞] is measurable in t ∈ [0, T ] and lower semicontinuous with respect to (X,U) ∈ H ×U
and the final cost function φ : H → R is lower semicontinuous.

In the context of the natural generalization of OCP governed by SHEE, when no special condition on the
dependence of the non-linear operator L with respect to the control variable are assumed and when the cost
functional fail to satisfy the usual convexity condition, introduction of measure valued controls (known as
relaxed controls) becomes necessary. By the method of relaxation (due to L. C. Young and J. Warga), the space
of admissible controls can be extended to a bigger space known as the space of admissible relaxed controls such
that control system and the cost functional are convexified in the usual sense. This gives us a passage to seek
the existence of optimal control for the relaxed system.

We disintegrate (see Appendix A.3 and Lem. A.16) a Borel probability measure µ on the Borel σ-algebra
B(U× [0, T ]) for the projection U× [0, T ]→ U as

µ(dU,dt) = µt(dU)dt, µ ∈ P(U× [0, T ]),

where P(U× [0, T ]) denotes the space of Borel probability measure on B(U× [0, T ]).
With the original control system (1.1)–(1.3), we associate a relaxed control system by defining the relaxed

coefficient as

Nµt :=

∫
U
L(U)µt(dU), µt ∈ P(U), t ∈ [0, T ], (1.4)

where P(U) denotes the space of Borel probability measure on B(U).
Hence, the relaxed version of the original control system (1.1)–(1.2) become:

dX(t) +
[
AX(t) +B(X(t)) +

∫ t

0

β(t− s)AX(s) ds
]
dt

= Nµtdt+ σ(t,X(t))dW (t) +

∫
Z

g(X(t−), z)Ñ(dt, dz), (1.5)

with initial condition X(0) = x0, (1.6)

associated with the relaxed cost functional as

J̄(X,µ) := E[J (X,µ)] := E
[ ∫ T

0

F̄ (t,X(t), µt)dt+ φ(X(T ))
]
, (1.7)
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where the relaxed running cost F̄ is defined by

F̄ (t,X, µt) :=

∫
U
F (t,X,U)µt(dU), µt ∈ P(U), (t,X) ∈ [0, T ]×H,

whenever the above expression is well defined, i.e., the map U 3 U 7→ F (t,X,U) ∈ H is Bochner integrable
with respect to µt ∈ P(U).

Note that the original control system (1.1)–(1.2) controlled by a U-valued process U = {U(t)}t∈[0,T ] coincides
with the relaxed system controlled by the process of Dirac measures µt = δU(t), t ∈ [0, T ].

1.1. Motivation of the study and relevant literatures

It is well-known that certain physical and biological phenomena can be better understood if past history of
the system is taken into consideration in the model equations. Such equations are known as hereditary equations
or equations with memory. Examples of such models may include (but not limited to)

(a) non-Newtonian fluid flow problems, e.g. in viscoelastic and polymeric fluids (see Part I in [68], [74]),
(b) Newtonian averaged field dynamics [24, 52, 66],
(c) heat-flow problems with memory [7, 46],
(d) time-delayed reaction-diffusion systems [31, 35],
(e) hyperbolic heat equation with memory [34], hyperbolic phase-field model with memory [3, 36],
(f) plasmas turbulence [33],
(g) bacteria growth [43, 71],
(h) financial market model with memory [1].

It is needless to say that the hereditary systems become more physically realistic if some kind of uncertainty
is also considered in the model equations formulation. Noise can enter the system in a number of ways, e.g.
in the state equation, forcing due to structural vibration or environmental effects can be incorporated either
as a random boundary forcing or as a random distributed forcing. The abstract hereditary model (1.5)–(1.7)
considered in this paper is motivated by parabolic partial differential equations arising in fluid dynamics (see
Sect. 6 for more details) and in heat flows and their application in OCPs. It is worth to mention here that the
applications to OCPs quite naturally arise in the study of control of fluid flows, control of stationary flows,
glueing in polymeric materials, heating processes e.g. in modelling heating with radiation boundary condition,
optimal portfolio problem in a financial market model with memory etc. Interested readers may look into Lions
[45] and Tröltzsch [73] (see also Chang [20] and references therein) for more details and applications.

There are considerable amount of literatures available concerning deterministic system of integro-differential
equations (see, for instance, [64]) and relatively less amount of work on stochastic systems (e.g. [2],[7], [8], to
name a few). Semigroup approaches of the deterministic theory (e.g. history function approach due to Miller
[51]) have recently been introduced in stochastic models by Bonaccorsi et al. [10, 11]. When the infinitesimal
generator is a family of linear unbounded time dependent operator, it is difficult to describe the semigroup
and to study the corresponding stochastic convolution problem associated with the system. Under such set-up,
resolvent theory approach has been developed (see, for instance, [21], [63]).

Study of OCP is quite delicate when both noise and control influence dynamics of a system in the presence
of memory term, and amount of literature in this direction is quite limited and very recent. Optimal control for
stochastic Volterra equations with monotone kernels and that of stochastic heat equation with memory have
recently been studied in [10] and [22] with the aid of semigroup and resolvent approaches, respectively. Taking
a different approach, Chang, in his monograph [20], has studied hereditary systems influenced by standard
Brownian motion with bounded fading memory over finite time horizon via dynamic programming principle
focusing on development of the value function as the unique viscosity solution of the corresponding infinite-
dimensional equations. Very recently, noting the fact that solutions of SHEE are not usually Markov processes,
Agram et al. in [1] have used tools from Malliavin calculus to tackle OCP for such equations with jumps.
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The approach adopted in this paper is different from the above literatures. We draw motivation from the
celebrated works of Young [79, 80] and Warga [77, 78] on measure-valued convexification technique of nonlinear
controlled system and relaxation technique of cost functional on the space of admissible controls. It is worth to
mention here that this approach was first introduced for finite-dimensional stochastic systems by Fleming et al.
[29, 30], and this area then gradually expanded due to [28, 32, 38, 56, 81], to name a few. Sritharan in [69] studied
optimal relaxed control of stochastic Navier–Stokes equations with linear and nonlinear constitutive relations
and with Lusin metrizable control sets. Cutland et al. in [25, 26] combined relaxed controls and non-standard
analysis techniques to study existence of an optimal control for stochastic 2D and 3D Navier–Stokes equations
in a bounded domain with multiplicative Gaussian noise. Brzeźniak and Serrano in [18] have analyzed the
existence of a weak optimal relaxed control for semilinear dissipative stochastic evolution equations influenced
by cylindrical Wiener process in unconditional martingale difference (UMD) type-2 Banach spaces implementing
semigroup approach.

Apart from the application, the main mathematical motivation of this work is to combine the relaxed control
techniques with martingale problem formulation in the sense of Stroock and Varadhan. It appears to authors
that the approach adopted in this work is new to stochastic Volterra integro-differential equations (or to SHEE).
In addition, we consider very general control set, control operator, noise and cost functional (see Sects. 1.2 and
2 for more details) to include a large class of problems under this unified framework.

1.2. Technical challenges and contribution of the paper

This work contributes to the existing literatures on optimal control of SHEEs or of stochastic Volterra
integro-differential equations in a number of ways listed below.

(i) The control set in our work is assumed to be only metrizable and Suslin in contrast with [1, 22] and [10],
where the control set is real-valued and real separable Hilbert space-valued, respectively. In our case, due
to lack of boundedness or compactness of the control set, we follow the strategy due to Fleming [29] to
work in the bigger space of admissible relaxed control where we obtain proper compact structure of the
control set.

(ii) The admissible control operator assumed in this work is infinite-dimensional Hilbert space-valued, pos-
sibly non-linear, continuous and is dominated by an inf-compact function in contrast with usual square
integrable control processes (e.g. see [10]).

(iii) The running cost function assumed in this paper is measurable, lower semicontinuous and coercive in
comparison to [22], where running cost is locally Lipschitz and to [10], where running cost is having
quadratic growth in both state and control variables. Since, in our case, there is no special assump-
tion on the convexity or growth condition of cost functional, it is intuitive that the optimal solutions
may not even exist leading the control process to be of infinite cost. However, by the method of
relaxation for the class of weak admissible controls, the cost functional is convexified in its usual
sense and it is written in terms of the admissible control system, not as a function of control process
alone.

(iv) In this work, we consider multiplicative Lévy noise consisting of the Wiener processes and compensated
time homogeneous Poisson random measures taking values in some Hilbert space. Our choice of noise is
more general than [10, 20, 22] and [1], where in the former literatures noise is either a standard real-valued
Brownian motion or a Hilbert space-valued cylindrical Wiener process, whereas in the later literature
noise is a real-valued multiplicative Lévy process. The key technical issue we face in our martingale
solution approach is in proving the tightness (and identification of the limit), which does not follow any
standard classical methods. The essential ingredients in this approach are generalization of the Skorokhod
representation theorem for non-metric spaces introduced recently in [13], and partial generalization from
the case of weakly continuous (see Lem. 4.2 in [16]) to weakly cádlag functions with respect to application
of Kuratowski’s theorem for non-Polish spaces.
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We are now ready to state the main results of this article. To this end, let us assume that
(
Ω,F ,Ft,P

)
is a

filtered probability space, where
(
Ft)t≥0 is the filtration, satisfying the usual conditions, i.e., (i) P is complete

on (Ω,F ), (ii) for each t ≥ 0, Ft contains all (F ,P)-null sets, and (iii) the filtration Ft is right-continuous.
The main result of this article is summarized below and is proven in Theorems 4.7 and 5.4 with precise state-

ments. Suppose x0 ∈ H and a system π := (Ω,F ,Ft,P, {X(t)}t≥0, {N(t, ·)}t≥0, {W (t)}t≥0, {µt}t≥0) is a weak
admissible relaxed control (see Def. 5.1) with time horizon [0, T ] such that J̄(π) < +∞, where J̄ is the corre-
sponding associated relaxed cost functional given by (5.3). Suppose Assumption 2.1, Assumption 2.2, Hypothe-
sis 2.4, Assumption 2.7, and Assumption 2.8 are satisfied. Then the relaxed control problems (RCPs) (1.5)–(1.6)
associated with the cost functional (1.7) admit a weak optimal relaxed control with time horizon [0, T ].

Let us brief here the outline of the proof of the above result. We first consider the classical Faedo–Galerkin
approximation of the uncontrolled system of equation corresponding to (1.5)–(1.6), i.e.

dXn(t) = −
[
PnAXn(t) +Bn(Xn(t)) +

∫ t

0

β(t− τ)PnAXn(τ)dτ

+ Pnσ(t,Xn(t))dW (t) +

∫
Z

Png(Xn(t−), z)Ñ(dt, dz),

Xn(0) = PnX(0),

and prove suitable uniform bounds for Xn in Section 3, namely,

sup
n

E
(

sup
0≤t≤T

|Xn(t)|2H
)
<∞, sup

n
E

(∫ T

0

‖Xn(t)‖2V dt

)
<∞.

The spaces H and V are defined in Section 2. Using certain deterministic compactness results (see Thm. A.7) we
are able to establish, in Lemma 4.3, the Aldous condition to obtain tightness criterion for the laws {L(Xn), n ∈
N} on an appropriate functional space denoted as Z, which is not metrizable. We further employ Jakubowski’s
version of the Skorokhod representation theorem for nonmetric spaces, which allows us to construct a stochastic
process X̄ with trajectories in the space Z, a Wiener process W̄ , a time homogeneous Poisson random measure
N̄ defined on some filtered probability space (Ω̄, F̄ , F̄t, P̄), such that the system (Ω̄, F̄ , F̄t, P̄, X̄, N̄ , W̄ ) is a
martingale solution of the uncontrolled problem corresponding to (1.5)–(1.6) (see Thm. 4.7 for details).

Next, we move to seek weak optimal solution for the finite horizon RCP i.e., (1.5)–(1.6) subject to
associated cost functional (1.7). In Theorem 5.4, we first construct a minimizing sequence of admissible
relaxed controls πn := (Ωn,Fn,Fn

t ,Pn, {Xn(t)}t≥0, {Nn(t, ·)}t≥0, {Wn(t)}t≥0, {µnt }t≥0) and prove {L(µn), n ∈
N} is tight on the space of Young measures on U. Further we prove that πn converges to π̃ :=
(Ω̃, F̃ , F̃t, P̃, {X̃(t)}t≥0, {Ñ(t, ·)}t≥0, {W̃ (t)}t≥0, {µ̃t}t≥0) in appropriate topology which is also a weak mar-
tingale solution of (1.5)–(1.6) associated with the cost functional (1.7). Finally, in Theorem 5.4, we prove that
π̃ is indeed a weak admissible optimal relaxed control.

In the second part of this article, in Section 6, we provide some applications of the abstract theory developed
in this paper. We concentrate particularly on certain viscoelastic fluids, e.g. Oldroyd and Jeffreys fluid, and
obtain some interesting results.

The content of this paper is as follows. In Section 2, we provide some basic definitions and list all essen-
tial assumptions. Section 3 is devoted to derive energy estimates of the approximating sequence obtained by
the Faedo–Galerkin method for the uncontrolled SHEEs (3.1)–(3.2). In the next section, we prove existence of
martingale solution to this uncontrolled system. In Section 5, we study the existence of weak optimal relaxed
control for the RCP (1.5)–(1.6) associated with the cost functional (1.7). Section 6 is covered with applications
to viscoelastic fluid flow problems such as Oldroyd fluid and Jeffreys fluid. We conclude this section by pro-
viding an example and proving the existence and uniqueness of a strong solution and uniqueness in law for
the two-dimensional Oldroyd fluid. Finally the Appendix is split into 3 parts, which contain certain important
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results about compactness and tightness criterion for càdlàg functions, predictable processes and random young
measure, positivity of the kernel, quadratic variation processes and some of its properties.

2. Assumptions

In this section, we specify the standing assumptions on the linear and nonlinear operators, the kernel, the
noises, the control set, the control operator, and the running and final cost functions.

Let (H, (·, ·)H) and (V, (·, ·)V ) be two separable Hilbert spaces and the norms in H and V induced by the
inner products be denoted by | · | and ‖ · ‖, respectively. We assume that V ↪→ H, the embedding being dense
and continuous. Identifying H with its dual H ′, we have the following continuous embeddings

V ↪→ H ∼= H ′ ↪→ V ′.

2.1. Properties of the operators A and B

Assumption 2.1.

(A) Let A : V → V ′ be a non-negative, linear, self-adjoint, unbounded operator such that

〈AX,Y 〉 = (X,Y )V , X, Y ∈ V, (2.1)

where 〈·, ·〉 denotes the duality pairing between V and V ′.
(B)(i) Let B : V × V → V ′ be a bilinear map and there exists a constant C1 > 0 such that

‖B(X,Y )‖V ′ ≤ C1‖X‖‖Y ‖, X, Y ∈ V. (2.2)

(ii) For Xi ∈ V, i = 1, 2, 3, we have 〈B(X1, X2), X3〉 = −〈B(X1, X3), X2〉. Let us denote B(X) =
B(X,X), ∀X ∈ H.

(iii) B : V → V ′ is locally Lipschitz continuous, i.e., for every r > 0 there exists a constant Cr such that

‖B(X)−B(Y )‖V ′ ≤ Cr‖X − Y ‖, X, Y ∈ V, ‖X‖, ‖Y ‖ ≤ r. (2.3)

(iv) There exists a separable Hilbert space V1 ⊂ V, the embedding being dense and continuous, such that B
can be extended to a bilinear map from H ×H into V ′1 . Moreover, there exists a constant C2 > 0 such
that

‖B(X,Y )‖V ′1 ≤ C2|X||Y |, X, Y ∈ H. (2.4)

2.1.1. Auxiliary result

Let us note that we have the following three separable Hilbert spaces such that V1 ⊂ V ⊂ H, the embedding
being dense and continuous. Since V1 is a separable Hilbert space, there exists a Hilbert space U such that
U ↪→ V1 and the embedding U ↪→ V1 is dense and compact (see Lem. C.1 in Appendix C of [15]). In particular,
U is compactly embedded into the space H. Hence, we have

U ↪→ V ↪→ H ∼= H ′ ↪→ U ′, (2.5)

where the embedding U ↪→ V is dense and compact and the embedding V ↪→ H is continuous.
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2.2. Properties of the kernel

Here, we formulate appropriate properties of kernel β which will be useful in the later sections.

Assumption 2.2. The kernel β : [0,∞)→ R satisfies the following assumptions:

(i) β is twice differentiable strictly convex function and β ∈ C([0,∞)).
(ii) β(t)→ 0 as t→∞.

Lemma 2.3. Let t > 0 and ϕ ∈ L2(0, t), then
∫ t

0

∫ s
0
β(s− τ)ϕ(s)ϕ(τ)ds d τ > 0.

For proof see Appendix B.

2.3. Assumptions on the random forces

2.3.1. Some notations

Let LQ(H,H) denote the space of all Hilbert–Schmidt operators from H to H where Q is symmetric, positive,
trace class operator on H.
Let P be a predictable σ−field on [0, T ] × Ω. Let L2

λ,T (P ⊗ B(Z), l ⊗ P ⊗ λ;H) be a space of all H-valued,
P ⊗ B(Z)− measurable processes such that

E
[ ∫ T

0

∫
Z

|ξ(s, ·, z)|2ds dλ(z)
]
<∞.

Let S be a complete separable metric space with a metric ρ. We denote by D([0, T ];S), the set of all S-valued
functions defined on [0, T ], which are right continuous and have left limits (càdlàg functions) for every t ∈ [0, T ].
More details about this space and its topology are put forward in Appendix A.

Let us assume that σ and g satisfy the following hypothesis of joint continuity, Lipschitz condition and linear
growth.

Hypothesis 2.4. The main hypothesis is the following:

H.1 The function σ ∈ C([0, T ]×H;LQ(H;H)) and g ∈ L2
λ,T (P ⊗ B(Z), l ⊗ P⊗ λ;H).

H.2 Let p ≥ 2. Then for all t ∈ (0, T ), there exists positive constant Kp such that for all X ∈ H,

‖σ(t,X(t))‖pLQ +

∫
Z

|g(X(t), z)|pλ(dz) ≤ Kp (1 + |X(t)|p).

H.3 For all t ∈ (0, T ), there exists positive constant L such that for all X, Y ∈ H,

‖σ(t,X)− σ(t, Y )‖2LQ +

∫
Z

|g(X, z)− g(Y, z)|2λ(dz) ≤ L |X − Y |2.

2.4. Assumptions on the control operator

Definition 2.5. A Hausdorff topological space U is said to be Suslin if there exist a Polish space (i.e., separable
and completely metrizable) S and a continuous mapping ϕ : S → U such that ϕ(S) = U.

Definition 2.6. A function κ : U (Hausdorff topological space, control set)→ [0,+∞] is called inf-compact iff
for every R ≥ 0 the level set {κ ≤ R} is compact.
For T > 0 fixed, we will denote by IC([0, T ],U) the class of measurable functions κ : [0, T ]×U→ [0,+∞] such
that for all t ∈ [0, T ], the function κ(t, ·) is inf-compact.
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We impose the following assumptions on the control set U, control operator L and the Young measure µ. We
denote the class of weak admissible relaxed controls (with time horizon [0, T ]) by Uwad(X0, T ) and is defined in
Definition 5.1.

Assumption 2.7.

1. The control set U is a metrizable and Suslin space.
2. L is an admissible control operator (possibly nonlinear) satisfying the following

i. L : U→ H is continuous and
ii. there exists κ ∈ IC([0, T ],U) such that |L(U)| ≤ κ(·, U) + C, U ∈ U.

3. For any random Young measure µ ∈ Uwad(X0, T )

E

[∫ T

0

∫
U
κ2(t, U)µ(dU,dt)

]
< +∞.

Note that the constant C does not have any significance in the subsequent estimates concerning L and hence
will be ignored.

2.5. Assumptions on the running and final cost functions

Assumption 2.8.

1. The running cost F : [0, T ] ×H × U → [0,∞] is measurable in t ∈ [0, T ] and lower semicontinuous with
respect to (X,U) ∈ H × U.

2. There exists κ ∈ IC([0, T ],U) such that F satisfies the following coercivity condition:

F (t,X,U) ≥ c1κγ(t, U), with γ ≥ 2, for some constant c1 > 0.

3. The final cost function φ : H → R is lower semicontinuous.

Remark 2.9. The coercivity condition on F is important since the nonlinearity is not necessarily bounded
with respect to the control variable.

3. A PRIORI energy estimates for the uncontrolled equation

In this section, we consider the following uncontrolled system of SHEEs:

dX(t) +
[
AX(t) +B(X(t)) +

∫ t

0

β(t− s)AX(s) ds
]
dt = σ(t,X(t))dW (t) +

∫
Z

g(X(t−), z)Ñ(dt,dz), (3.1)

with initial condition X(0) = x0, (3.2)

Let {ej : j ∈ N} ⊂ D(A) be an orthonormal basis in H such that span{ej : j ∈ N} is dense in V. Let us fix
n ∈ N. Let Pn denote the projection operator from V ′ to Hn := span {e1, e2, · · · , en} defined by

Pnx
∗ :=

n∑
i=1

〈x∗, ei〉ei, x∗ ∈ V ′,
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where 〈·, ·〉 denotes the duality pairing between the spaces V and V ′. Note that the restriction of Pn to H, still
denoted by Pn, is given by

Pnx :=

n∑
i=1

(x, ei)Hei, x ∈ H,

and thus it is the (·, ·)H−orthogonal projection onto Hn. Observe that

(Pnx
∗, y)H = 〈x∗, Pny〉, x∗ ∈ V ′, y ∈ V.

Let us denote ẽi :=
ei
‖ei‖U

, i ∈ N.

Lemma 3.1.

(a) The system {ẽi}i∈N is the orthonormal basis in the space (U , (·, ·)U ).
(b) For every n ∈ N and x ∈ U

Pnx =

n∑
i=1

(x, ẽi)U ẽi,

i.e., the restriction of Pn to the space U is the (·, ·)U -projection onto Hn.
(c) For every x ∈ U

1. limn→∞ ‖Pnx− x‖U = 0.
2. limn→∞ |Pnx− x|V1

= 0.
3. limn→∞ ‖Pnx− x‖ = 0.

For proof see Brzeźniak and Motyl [15].
For every n ∈ N, we consider the finite-dimensional system of stochastic differential equations on Hn given

by

dXn(t) = PnF̃ (Xn(t))dt+ σn(t,Xn(t))dWn(t) +

∫
Z

gn(Xn(t−), z)Ñ(dt,dz) (3.3)

Xn(0) = PnX(0) (3.4)

where the nonlinear operator F̃ on V is given by F̃ (X(t)) = −AX(t) − B(X(t)) −
∫ t

0
β(t − τ)AX(τ)dτ and

Wn = PnW, σn = Pnσ, g
n = Png. We denote PnB(·) = Bn(·).

Remark 3.2. Since Pn is a contraction of V ′, taking account of properties of B in Section 2.1, we assert
that PnF̃ (·) is locally Lipschitz. We note that Hypothesis (2.4) ensures that σn,

∫
Z
gn(·, z)Ñ(dt, dz) =

Pn
∫
Z
g(., z)Ñ(dt, dz) are globally Lipschitz. Hence, we infer from Theorem 3.1 of Albeverio et al. [4] that

for all n ≥ 1, there exists an adapted process Xn ∈ D([0, T ];Hn) a.s. such that Xn satisfies (3.3)–(3.4).

Theorem 3.3. Under the above mathematical setting, let X(0) be F0−measurable such that E|X(0)|2 <∞,
σn ∈ C([0, T ]×H;LQ(H,H)) , gn ∈ L2

λ,T (P ⊗ B(Z), l⊗ P⊗ λ;H). Let Xn ∈ D([0, T ];Hn) a.s. be such that Xn

satisfies the finite system of equations (3.3)–(3.4) for all n ≥ 1. Then with K2 as in Hypothesis 2.4 H.2 the
following estimates hold for all 0 ≤ t ≤ T and ∀n ≥ 1,

E
[
|Xn(t)|2 + 2

∫ t

0

‖Xn(s)‖2ds
]
≤ C(E|X(0)|2,K2, T ), (3.5)
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E
(

sup
0≤t≤T

|Xn(t)|2
)

+ 4E

(∫ T

0

‖Xn(t)‖2 dt

)
≤ C(E|X(0)|2,K2,K4, T ). (3.6)

Proof. Let n ∈ N be fixed. Let us define

τN = inf{t : |Xn(t)|2 + 2

∫ t

0

‖Xn(s)‖2ds > N}

as the stopping time. Let us take the function f(x) = |x|2 and apply the Itô’s formula (see Appendix of [14])
to the process Xn(t) to obtain

d|Xn(t)|2 + 2‖Xn(t)‖2dt ≤ −2

(∫ t

0

β(t− τ)(A
1
2Xn(τ), A

1
2Xn(t))Hdτ

)
dt+ I1

+ Tr(σn(t,Xn(t))Qσ∗n(t,Xn(t)))dt+ 2(σn(t,Xn(t))dWn(t), Xn(t))H .

where

I1 : =

∫
Z

[
|Xn(t−) + gn(Xn(t−), z)|2 − |Xn(t−)|2

]
Ñ(dt,dz)

+

∫
Z

[
|Xn(t) + gn(Xn(t), z)|2 − |Xn(t)|2

]
λ(dz)dt

−2

∫
Z

[(gn(Xn(t), z), Xn(t))H ]λ(dz)dt.

=

∫
Z

[
|Xn(t−) + gn(Xn(t−), z)|2 − |Xn(t−)|2

]
Ñ(dt,dz) +

∫
Z

|gn(Xn(t), z)|2λ(dz)dt.

Integrating from 0 to t ∧ τN , we have

|Xn(t ∧ τN )|2 + 2

∫ t∧τN

0

‖Xn(s)‖2ds ≤ |X(0)|2 + 2M1(t ∧ τN ) +M2(t ∧ τN )

− 2

∫ t∧τN

0

(∫ s

0

β(s− τ)(A
1
2Xn(τ), A

1
2Xn(s))Hdτ

)
ds+

∫ t∧τn

0

|σn(s,Xn(s)|2LQds

+

∫ t∧τn

0

∫
Z

|gn(Xn(s), z)|2λ(dz)ds, (3.7)

where M1(t) :=

∫ t

0

(σn(s,Xn(s))dWn(s), Xn(s))H

and M2(t) :=

∫ t

0

∫
Z

[
|Xn(s−) + gn(Xn(s−), z)|2 − |Xn(s−)|2

]
Ñ(ds,dz).

We note from the properties of Pn that |σn(s,Xn(s))|LQ ≤ |σ(s,Xn(s))|LQ and |gn(Xn(s), z)| ≤ |g(Xn(s),
z)| for each n ∈ N. Hence using Lemma 2.3, and Hypothesis 2.4 H.2 we have

|Xn(t ∧ τN )|2 + 2

∫ t∧τN

0

‖Xn(s)‖2ds ≤ |X(0)|2 + 2M1(t ∧ τN )

+M2(t ∧ τN ) +K2T + (K2 + 1)

∫ t∧τN

0

|Xn(s)|2ds. (3.8)
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Now, M1, M2 are martingales having zero averages. Hence, we have

E
[
|Xn(t ∧ τN )|2 + 2

∫ t∧τN

0

‖Xn(s)‖2ds
]
≤ E|X(0)|2 + (K2 + 1)E

[∫ t∧τN

0

|Xn(s)|2ds

]
+K2T

≤ E|X(0)|2 + (K2 + 1)

∫ t

0

[
E|Xn(s ∧ τN )|2

]
ds+K2T. (3.9)

Application of Gronwall’s inequality produces

E
[
|Xn(t ∧ τN )|2 + 2

∫ t∧τN

0

‖Xn(s)‖2ds
]
≤
(
E|X(0)|2 +K2T

)
e(K2+1)T .

Note as N →∞, t ∧ τN → t a.s. Thus employing the above estimate we achieve

E
[
|Xn(t)|2 + 2

∫ t

0

‖Xn(s)‖2ds
]
≤ C(E|X(0)|2,K2, T ). (3.10)

Thus, inequality (3.5) is established.
Let us now take supremum from 0 ≤ t ≤ T ∧ τN , followed by expectation on the inequality (3.8) to get

E

[
sup

0≤t≤T∧τN
|Xn(t)|2 + 2

∫ T∧τN

0

‖Xn(t)‖2dt

]
≤ E|X(0)|2 + 2E

(
sup

0≤t≤T∧τN
M1(t)

)

+ (K2 + 1)E

[∫ T∧τN

0

sup
0≤s≤t

|Xn(s)|2dt

]
+K2T + E

[
sup

0≤t≤T∧τN
M2(t)

]
. (3.11)

Now due to Burkholder–Davis–Gundy inequality, ‖σn(s,Xn(s))‖LQ ≤ ‖σ(s,Xn(s))‖LQ , Hypothesis 2.4 and
Young’s inequality, we have

2E
[

sup
0≤t≤T∧τN

|M1(t)|
]
≤ C E

[(∫ T∧τN

0

‖σn(s,Xn(s))‖2LQ |Xn(s)|2ds

)]1/2

≤ C K2E

[(∫ T∧τN

0

(1 + |Xn(s)|2)|Xn(s)|2ds

)]1/2

≤ C K2E

[(
sup

0≤t≤T∧τN
|Xn(s)|2

)(∫ T∧τN

0

(1 + |Xn(s)|2)ds

)]1/2

≤ 1

4
E
[

sup
0≤t≤T∧τN

|Xn(s)|2
]

+ (C K2)2E

[∫ T∧τN

0

|Xn(s)|2ds

]
+ (CK2)2T. (3.12)

Applying Burkholder–Davis–Gundy inequality for exponent p = 1, |gn(Xn(s), z)| ≤ |g(Xn(s), z)| and
Hypothesis 2.4, we have

E
[

sup
0≤t≤T∧τN

|M2(t)|
]

= E
[

sup
0≤t≤T∧τN

∣∣∣ ∫ t

0

∫
Z

[
2(Xn(s−), gn(Xn(s−), z)) + |gn(Xn(s−), z)|2

]
Ñ(ds,dz)

∣∣∣]
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≤ C1E
[ ∫ T∧τN

0

∫
Z

[
2|(Xn(s)||gn(Xn(s), z)|+ |gn(Xn(s), z)|2

]2
λ(dz)ds

] 1
2

≤
√

2C1E
[ ∫ T∧τN

0

∫
Z

[
4|Xn(s)|2|g(Xn(s), z)|2 + |g(Xn(s), z)|4

]
λ(dz)ds

] 1
2

≤
√

2C1E

[∫ T∧τN

0

[
4K2|Xn(s)|2

(
1 + |Xn(s)|2

)
+K4

(
1 + |Xn(s)|4

)]
ds

] 1
2

≤
√

2C1E

(K4T )
1
2 +

(
4K2

∫ T∧τN

0

|Xn(s)|2ds

) 1
2


+
√

2C1E

(4K2 +K4)
1
2

(
sup

0≤t≤T∧τN
|Xn(t)|2

) 1
2

(∫ T∧τN

0

|Xn(s)|2ds

) 1
2


≤
√

2C1E

[
1

2
+
K4T

2
+

1

2
+ 2K2

∫ T∧τN

0

|Xn(s)|2ds

]

+
√

2C1E

(4K2 +K4)
1
2

(
sup

0≤t≤T∧τN
|Xn(t)|2

) 1
2

(∫ T∧τN

0

|Xn(s)|2ds

) 1
2


≤
√

2C1E
[
1 +

K4T

2
+ ε1 (4K2 +K4)

1
2

(
sup

0≤t≤T∧τN
|Xn(t)|2

)]
+
√

2C1E

[(
2K2 +

1

4ε1
(4K2 +K4)

1
2

)(∫ T∧τN

0

|Xn(s)|2ds

)]

≤ 1

4
E
(

sup
0≤t≤T∧τN

|Xn(t)|2
)

+
√

2C1

[
1 +

K4T

2
+
(

2K2 + C1

√
2 (4K2 +K4)

)
× E

(∫ T∧τN

0

sup
0≤s≤t

|Xn(s)|2dt

)]
(3.13)

where ε1 = 1

4
√

2C1(4K2+K4)
1
2
.

Using (3.12) and (3.13) from (3.11) we have

1

2
E

[
sup

0≤t≤T∧τN
|Xn(t)|2 + 2

∫ T∧τN

0

‖Xn(t)‖2dt

]

≤ E|X(0)|2 + C(K2,K4)

(
T + 1 + E

[∫ T∧τN

0

sup
0≤s≤t

|Xn(s)|2dt

])
. (3.14)

Applying Gronwall’s inequality we infer

E

[
sup

0≤t≤T∧τN
|Xn(t)|2 + 4

∫ T∧τN

0

‖Xn(t)‖2dt

]
≤
(
2E|X(0)|2 + C(K2,K4)(T + 1)

)
eC(K2,K4)T . (3.15)

Letting N →∞, T ∧ τN → T a.s. we have (3.6).
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Theorem 3.4. Under the above mathematical setting, let p ≥ 2, X(0) be F0−measurable such that E|X(0)|p <
∞, σn ∈ C([0, T ]×H;LQ(H,H)) , gn ∈ Lpλ,T (P ⊗B(Z), l⊗ P⊗ λ;H). Let Xn ∈ D([0, T ];Hn) a.s. be such that
Xn satisfies finite system of equations (3.3)–(3.4) ∀n ≥ 1. Then with Assumption 2.7 and with Kp as in
Hypothesis 2.4 H.2, the following estimates hold for all 0 ≤ t ≤ T and ∀n ≥ 1,

E
[
|Xn(t)|p + p

∫ t

0

‖Xn(s)‖2|Xn(s)|p−2dt

]
≤ C(E|X(0)|p,Kp, T ), (3.16)

E
(

sup
0≤t≤T

|Xn(t)|p
)

+ 2pE

(∫ T

0

‖Xn(t)‖2|Xn(t)|p−2 dt

)
≤ C(E|X(0)|p,Kp, CF , T ). (3.17)

Proof. Applying Itô’s formula (see Appendix of [14]) to the process |Xn(t)|p for p ≥ 2, the proof follows similarly
as in Theorem 3.3. We omit the details for the sake of brevity.

4. Existence of martingale solution for the uncontrolled
equation

4.1. Statement of the martingale problem

We first introduce the following functional spaces endowed with the respective topologies:

D([0, T ];U ′)J := the space of càdlàg functions X : [0, T ]→ U ′

with the extended Skorokhod topology T1,

L2
w(0, T ;V ) := the space L2(0, T ;V ) with the weak topology T2,

Hw := the Hilbert space H endowed with the weak topology,

D([0, T ];Hw) := the the space of all weakly càdlàg functions X : [0, T ]→ H

with the weakest topology T3 such that for all h ∈ H the mappings

D([0, T ];Hw) 3 X 7→ (X(·), h)H ∈ D([0, T ];R)

are continuous. In particular, Xn → X in D([0, T ];Hw) iff for all h ∈ H

(Xn(·), h)H → (X(·), h)H in D([0, T ];R).

L2(0, T ;H) is endowed with its strong topology T4.

Let Z = D([0, T ];U ′)J ∩ D([0, T ];Hw) ∩ L2
w(0, T ;V ) ∩ L2(0, T ;H) and let T be the supremum of the

corresponding topologies.

Definition 4.1. A martingale solution of (3.1)–(3.2) is a system (Ω̄, F̄ , F̄t, P̄, {X̄(t)}t≥0, {N̄(t, ·)}t≥0, {W̄ (t)}t≥0, )
where

(i) (Ω̄, F̄ , F̄t, P̄) is a filtered probability space with a filtration {F̄t}t≥0,
(ii) N̄ is a time homogeneous Poisson random measure over (Ω̄, F̄ , F̄t, P̄) with the intensity measure λ,
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(iii) W̄ is a cylindrical Wiener process over (Ω̄, F̄ , F̄t, P̄),
(iv) X̄ : [0, T ]× Ω̄→ H is a predictable process with P̄ – a.e. paths

X̄(·, ω) ∈ D([0, T ];Hw) ∩ L2
w(0, T ;V ) ∩ L2(0, T ;H) ∩D([0, T ];U ′)

such that for all t ∈ [0, T ] and all ϕ ∈ U the following identity holds P̄ – a.s.

(X̄(t), ϕ) +

∫ t

0

(AX̄(s), ϕ)ds+

∫ t

0

(B(X̄(s)), ϕ)ds+

∫ t

0

∫ s

0

β(s− r)(AX̄(r), ϕ)dr ds

= (X̄(0), ϕ) +

∫ t

0

(σ(s, X̄(s))dW̄ (s), ϕ) +

∫ t

0

∫
Z

(g(X̄(s−), z), ϕ) ˜̄N(ds,dz). (4.1)

4.2. Tightness of the laws of approximating sequence

We consider the classical Faedo–Galerkin approximation (3.3)–(3.4) which generates a sequence of probability
measures on suitable functional space. Taking into account Theorem 3.4, we directly ensure the validity of the
following lemma.

Lemma 4.2. The processes (Xn)n∈N satisfy the following estimates.

(a) For every p ≥ 2, there exists a positive constant C1(p) such that

sup
n∈N

E[ sup
s∈[0,T ]

|Xn(s)|p] ≤ C1(p), (4.2)

(b) there exists a positive constant C2 such that

sup
n∈N

E[

∫ T

0

‖Xn(s)‖2ds] ≤ C2. (4.3)

Lemma 4.3. The set of measures {L(Xn), n ∈ N} is tight on (Z,T ).

Proof. Taking into account Lemma 4.2, we directly ensure (a) and (b) of Theorem A.11. Hence, it suffices to
prove that the sequence Xn satisfies the Aldous condition [A] in the space U ′. Let θ > 0. Let (τn)n∈N be a
sequence of stopping times where 0 ≤ τn < τn + θ ≤ T . Then using Galerkin approximation we have

Xn(t) = Xn(0)−
∫ t

0

AXn(s)ds−
∫ t

0

Bn(Xn(s))ds−
∫ t

0

∫ s

0

β(s− r)AXn(r)drds

+

∫ t

0

(σn(s,Xn(s))dWn(s) +

∫ t

0

∫
Z

gn(Xn(s−), z)Ñ(ds,dz)

:= Jn1 + Jn2 (t) + Jn3 (t) + Jn4 (t) + Jn5 (t) + Jn6 (t), t ∈ [0, T ]. (4.4)

We analyze each of these Jni , i ∈ {1, 2, . . . , 6} such that they satisfy condition (A.4) in Theorem A.9 for suitable
choices of α and ζ. Jn1 being independent of time clearly satisfies (A.4).
Now exploiting the fact A : V → V ′ given by ‖AX‖V ′ ≤ ‖X‖, the embedding V ′ ↪→ U ′ is continuous, then by
Hölder’s inequality and (4.3), Jn2 can be estimated as

E
[
‖Jn2 (τn + θ)− Jn2 (τn)‖U ′

]
= E

[
‖
∫ τn+θ

τn

AXn(s)ds‖U ′
]
≤ CE

[
‖
∫ τn+θ

τn

AXn(s)ds‖V ′
]
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≤ C1E
[ ∫ τn+θ

τn

‖Xn(s)‖ds
]
≤ C1E

[
θ1/2

(∫ T

0

‖Xn(s)‖2ds

)1/2 ]
≤ c2θ1/2.

Thus, Jn2 satisfies (A.4) with α = 1 and ζ = 1
2 .

Using (2.4) and the embedding V ′1 ↪→ U ′ is continuous, then by using (4.2) we estimate Jn3 as

E
[
‖Jn3 (τn + θ)− Jn3 (τn)‖U ′

]
≤ CE

[ ∫ τn+θ

τn

|B(Xn(s))|V ′1 ds
]

≤ CE
[ ∫ τn+θ

τn

|Xn(s)|2ds
]
≤ CE

[
sup

0≤s≤T
|Xn(s)|2ds

]
· θ =: c3θ.

Thus, Jn3 satisfies (A.4) with α = 1 and ζ = 1.
In order to estimate Jn4 , we follow Jn2 and further using Assumption 2.2, (4.3), we achieve

E
[
‖Jn4 (τn + θ)− Jn4 (τn)‖U ′

]
≤ E

[ ∫ τn+θ

τ=τn

(∫ τ

s=0

|β(τ − s)|2ds
)1/2(∫ τ

s=0

‖Xn(s)‖2ds
)1/2

dτ
]

≤ E
[ ∫ τn+θ

τ=τn

(∫ τ

s=0

|β(τ − s)|2ds
)

dτ
]

+ E
[ ∫ τn+θ

τ=τn

(∫ τ

s=0

‖Xn(s)‖2ds
)

dτ
]
≤ c4θ.

Thus, Jn4 satisfies (A.4) with α = 1 and ζ = 1
2 . Exploiting ‖σn(s,Xn(s))‖LQ ≤ ‖σ(s,Xn(s))‖LQ , Hypothesis 2.4

H.2, (4.2) and Itô isometry,

E
[
‖Jn5 (τn + θ)− Jn5 (τn)‖2U ′

]
≤ CE

[ ∫ τn+θ

τn

‖σ(s,Xn(s))‖2LQds
]

≤ C K2E
[ ∫ τn+θ

τn

(1 + |Xn(s)|2)ds
]
≤ C K2θ

(
1 + E

[
sup

0≤s≤T
|Xn(s)|2

])
≤ c6θ.

Thus, Jn5 satisfies (A.4) with α = 2 and ζ = 1.
Using |gn(Xn(s), z)| ≤ |g(Xn(s), z)|, Hypothesis 2.4 H.2 and by Itô–Lévy isometry, we get

E[‖Jn6 (τn + θ)− Jn6 (τn)‖2U ′ ] ≤ CE[|
∫ τn+θ

τn

∫
Z

gn(Xn(s−), z)Ñ(ds,dz)|2]

≤ CE[

∫ τn+θ

τn

∫
Z

|g(Xn(s), z)|2λ(dz)ds] ≤ C K2E[

∫ τn+θ

τn

(1 + |Xn(s)|2)ds] ≤ c6θ.

Thus, Jn6 satisfies (A.4) with α = 2 and ζ = 1.
Thus, Lemma A.9 ensures the Aldous condition [A] is satisfied by the sequence (Xn)n∈N in the space U ′. Thus
the proof is complete.

4.3. Construction of new probability space and processes

Lemma 4.3 guaranties the tightness of {L(Xn), n ∈ N} on the space Z. Let Nn := N,n ∈ N. The set of
measures {L(Nn), n ∈ N} is tight on the space MN̄([0, T ] × Z), where N̄ := N ∪ {∞} and MN̄(S) denotes the
set of all N̄-valued measures on the measurable space (S,B(S)). Let Wn := W,n ∈ N. The set of measures
{L(Wn), n ∈ N} is tight on the space C([0, T ];R) of continuous function from [0, T ] to R with standard supremum
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norm. Thus, the set {L(Xn, Nn,Wn), n ∈ N} is tight on Z ×MN̄([0, T ]× Z)× C([0, T ];R).
Note that the space of all weakly càdlàg functions X : [0, T ] → H with the weakest topology, i.e. the space
D([0, T ];Hw) is not metrizable (see Appendix B of [54]). Thus, the space Z is a non-metrizable locally convex
space. By the Jakubowski’s version of Skorokhod representation theorem (see Prop. A.12 and Cor. A.13), there
exists a subsequence (nk)k∈N, a probability space (Ω̄, F̄ , P̄), and on this space random variables (X∗, N∗,W∗),
(X̄k, N̄k, W̄k) , k ∈ N such that

(i) L((X̄k, N̄k, W̄k) = L((Xnk , Nnk ,Wnk)) for all k ∈ N,
(ii) (X̄k, N̄k, W̄k) → (X∗, N∗,W∗) in Z ×MN̄([0, T ] × Z) × C([0, T ];R) with probability 1 on (Ω̄, F̄ , P̄) as

k →∞,
(iii) (N̄k(ω̄), W̄k(ω̄)) = (N∗(ω̄),W∗(ω̄)) for all ω̄ ∈ Ω̄.

We denote these sequences again by ((Xn, Nn,Wn))n∈N and ((X̄n, N̄n, W̄n)n∈N. Using the definition of the space
Z, we have

X̄n → X∗ in L2
w(0, T ;V ) ∩ L2(0, T ;H) ∩D([0, T ];U ′) ∩D([0, T ];Hw), P̄− a.s. (4.5)

4.4. Properties of new processes and limiting processes

Since the space Z is a non-metrizable locally convex space, it is not a Polish space. So, the following result
cannot be deduced directly from the Kuratowski theorem [44]. We adopt here a method from Lemma 4.2 in
[16], and generalize for Skorokhod spaces.

Proposition 4.4. The set D([0, T ];Hn)∩Z is a Borel subset of Z and the corresponding embedding transforms
Borel sets into Borel subsets.

Proof. The space D([0, T ];U ′) ∩ L2(0, T ;H) is a Polish space. Then by Kuratowski theorem, D([0, T ];Hn)
is a Borel subset of D([0, T ];U ′) ∩ L2(0, T ;H). Hence D([0, T ];Hn) ∩ Z is a Borel subset of D([0, T ];U ′) ∩
L2(0, T ;H) ∩ Z, which happens to be equal to Z.

Since the laws of (Xn)n∈N and (X̄n)n∈N are same in Z, sequence (X̄n)n∈N satisfies the same estimates as the
original sequence (Xn)n∈N. In particular, for any p ≥ 2, we have

sup
n∈N

Ē[ sup
s∈[0,T ]

|X̄n(s)|p] ≤ C1(p), (4.6)

sup
n∈N

Ē[

∫ T

0

‖X̄n(s)‖2ds] ≤ C2. (4.7)

By (4.7), X̄n is uniformly bounded in the space L2(Ω̄; L2(0, T ;V )), hence there exists a weak convergent subse-

quence, still denoted by X̄n such that X̄n
w−→ X∗ in L2([0, T ]× Ω̄;V ) (using (4.5)) and X∗ ∈ L2([0, T ]× Ω̄;V ),

i.e., Ē[
∫ T

0
‖X∗(s)‖2ds] <∞. Arguing as above, inequality (4.6) with p := 2 we can further extract a subsequence

of X̄n such that X̄n
w∗−−→ X∗ in L2(Ω̄; L∞(0, T ;H)) (using (4.5)) and Ē[sups∈[0,T ] |X∗(s)|2] <∞.

Proposition 4.5. Let X∗ be the limiting process defined above. Then for r ≥ 2,

Ē
[

sup
s∈[0,T ]

|X∗(s)|r
]
≤ Cr.

Proof. By (4.6) we have that {X̄n}n≥1 is uniformly bounded in Lr(Ω̄; L∞(0, T ;H)) for r ≥ 2. Since
Lr(Ω̄; L∞(0, T ;H)) is isomorphic to the space (L

r
r−1 (Ω̄; L1(0, T ;H)))∗, by Banach–Alaoglu theorem, there exists

a subsequence, still denoted by (X̄n)n∈N, and Y ∈ Lr(Ω̄; L∞(0, T ;H)) such that X̄n
w∗−−→ Y in Lr(Ω̄; L∞(0, T ;H)),
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i.e.,

Ē
[ ∫ T

0

(X̄n(t, ω), ϕ(t, ω))Hdt
]
→ Ē

[ ∫ T

0

(Y (t, ω), ϕ(t, ω))Hdt
]
∀ϕ ∈ L

r
r−1 (Ω̄; L1(0, T ;H)).

Also as X̄n
w−→ X∗ in L2(Ω̄; L2(0, T ;V )), we have

Ē
[ ∫ T

0

〈X̄n(t, ω), ϕ(t, ω)〉dt
]
→ Ē

[ ∫ T

0

〈X∗(t, ω), ϕ(t, ω)〉dt
]
∀ϕ ∈ L2(Ω̄; L2(0, T ;V ′)).

Exploiting the Gelfand triple V ⊂ H ⊂ V ′ we therefore have,

Ē
[ ∫ T

0

(X̄n(t, ω), ϕ(t, ω))Hdt
]
→ Ē

[ ∫ T

0

(X∗(t, ω), ϕ(t, ω))Hdt
]
∀ϕ ∈ L2(Ω̄; L2(0, T ;H)).

For r ≥ 2, L2(Ω̄; L2(0, T ;H)) is a dense subspace of L
r
r−1 (Ω̄; L1(0, T ;H)). Hence, we have

Ē
[ ∫ T

0

(Y (t, ω), ϕ(t, ω))Hdt
]

= Ē
[ ∫ T

0

(X∗(t, ω), ϕ(t, ω))Hdt
]
∀ϕ ∈ L2(Ω̄; L2(0, T ;H)).

Thus we have, X∗(t, ω) = Y (t, ω) for l-almost every t ∈ [0, T ] and P̄-almost all ω ∈ Ω̄. Since Y ∈
Lr(Ω̄; L∞(0, T ;H)), we infer X∗ ∈ Lr(Ω̄; L∞(0, T ;H)), i.e., Ē

[
sups∈[0,T ] |X∗(s)|r

]
≤ Cr, for some constant Cr

(depending on r).

Lemma 4.6. For all ϕ ∈ U ,

(i) limn→∞ Ē
[ ∫ T

0
|(X̄n(t)−X∗(t), ϕ)H |dt

]
= 0.

(ii) limn→∞ Ē
[
|(X̄n(0)−X∗(0), ϕ)H |2

]
= 0.

(iii) limn→∞ Ē
[ ∫ T

0

∣∣∣ ∫ t0 〈AX̄n(s)−AX∗(s), ϕ〉ds
∣∣∣dt] = 0.

(iv) limn→∞ Ē
[ ∫ T

0

∣∣∣ ∫ t0 〈Bn(X̄n(s))−B(X∗(s)), ϕ〉ds
∣∣∣dt] = 0.

(v) limn→∞ Ē
[ ∫ T

0

∣∣∣(∫ t0 [σn(s, X̄n(s))− σ(s,X∗(s))]dW∗(s), ϕ)H

∣∣∣2dt
]

= 0.

(vi) limn→∞ Ē
[ ∫ T

0

∣∣∣ ∫ t0 ∫Z(gn(X̄n(s), z)− g(X∗(s), z), ϕ)Hλ(dz)ds
∣∣∣2dt

]
= 0.

(vii) limn→∞ Ē
[ ∫ T

0

∣∣∣ ∫ t0 ∫Z(gn(X̄n(s−), z)− g(X∗(s−), z), ϕ)HÑ∗(ds,dz)
∣∣∣2dt

]
= 0.

(viii) limn→∞ Ē
[ ∫ T

0

∣∣∣ ∫ t0 ∫ τ0 β(τ − s)〈AX̄n(s)−AX∗(s), ϕ〉dsdτ
∣∣∣dt] = 0.

Proof.

(i) Let ϕ ∈ U be fixed. Owing to (4.5) we have X̄n → X∗ in D([0, T ];Hw),
P̄ − a.s. i.e., (X̄n(t) − X∗(t), ϕ)H → 0 in D([0, T ];R), P̄ − a.s. Hence, in particular for almost all t ∈ [0, T ],

limn→∞(X̄n(t), ϕ)H = (X∗(t), ϕ)H P̄ − a.s. Also by (4.6), supt∈[0,T ] |X̄n(t)|2 < ∞, so Ē
[ ∫ T

0
|(X̄n(t) −
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X∗(t), ϕ)H |2dt
]
≤ C for some constant C > 0. Hence, by employing Vitali theorem we have

lim
n→∞

‖(X̄n, ϕ)H − (X∗, ϕ)H‖L1([0,T ]×Ω̄) = lim
n→∞

Ē[

∫ T

0

|(X̄n(t)−X∗(t), ϕ)H |dt] = 0.

(ii) By (4.5) we have X̄n → X∗ in D([0, T ];Hw), P̄ – a.s. and X∗ is right continuous at t = 0, we infer
that (X̄n(0), ϕ)H → (X∗(0), ϕ)H P̄ – a.s. (4.6) and Vitali theorem gives limn→∞ Ē[|(X̄n(0)−X∗(0), ϕ)H |2] = 0.
Hence limn→∞ ‖(X̄n(0)−X∗(0), ϕ)H‖2L2([0,T ]×Ω̄)

= 0.

(iii) Since X̄n → X∗ in L2
w(0, T ;V ), P̄ – a.s.,(by (4.5)) so for any ϕ̃ ∈ L2(0, T ;V ) we have

lim
n→∞

∫ T

0

〈AX̄n(s)−AX∗(s), ϕ̃(s)〉ds = 0. (4.8)

Let ϕ ∈ U . Let t ∈ [0, T ] be fixed. We choose ϕ̃(s) = χ(0,t)(s)ϕ and note that ϕ̃ ∈ L2(0, T ;V ), indeed,

∫ T

0

‖ϕ̃(s)‖2ds ≤ C
∫ T

0

χ(0,t)(s)‖ϕ‖2Uds ≤ C‖ϕ‖2UT <∞, P̄− a.s.

Hence, using (4.8) we have

0 = lim
n→∞

∫ T

0

〈AX̄n(s)−AX∗(s), ϕ̃(s)〉ds = lim
n→∞

∫ t

0

〈AX̄n(s)−AX∗(s), ϕ〉ds. (4.9)

Hence by Hölder’s inequality and (4.7) we achieve for all t ∈ [0, T ], and n ∈ N,

Ē
[
|
∫ t

0

〈AX̄n(s), ϕ〉ds|2
]
≤ Ē

[ ∫ t

0

|(X̄n(s), ϕ)V |2ds
]
≤ C‖ϕ‖2U Ē

[ ∫ t

0

‖X̄n(s)‖2ds
]
≤ c (4.10)

for some constant c > 0. Therefore, using (4.9) and (4.10) and by Vitali theorem, we conclude for all

t ∈ [0, T ] limn→∞ Ē
[
|
∫ t

0
〈AX̄n(s) − AX∗(s), ϕ〉ds|

]
= 0. Hence (4.7) and the dominated convergence theorem

gives (iii). (iv) Let ϕ ∈ U . We have, B(X̄n, X̄n)−B(X∗, X∗) = B(X̄n −X∗, X̄n) +B(X∗, X̄n −X∗). Now, using
Hölder’s inequality, we obtain

|
∫ t

0

〈B(X̄n(s), X̄n(s)), ϕ〉ds−
∫ t

0

〈B(X∗(s), X∗(s)), ϕ〉ds|

≤
∫ t

0

‖B(X̄n(s)−X∗(s), X̄n(s))‖V ′1 ‖ϕ‖V1
ds+

∫ t

0

‖B(X∗(s), X̄n(s)−X∗(s))‖V ′1 ‖ϕ‖V1
ds

≤ C‖ϕ‖U
(∫ T

0

|X̄n(s)−X∗(s)||X̄n(s)|ds+

∫ T

0

|X̄n(s)−X∗(s)||X∗(s)|ds
)

≤ C‖X̄n −X∗‖L2(0,T ;H)

(
‖X̄n‖L2(0,T ;H) + ‖X∗‖L2(0,T ;H)

)
‖ϕ‖U ,

where C > 0 is a constant. Since X̄n → X∗ in L2(0, T ;H), we have

lim
n→∞

∫ t

0

〈B(X̄n(s))−B(X∗(s)), ϕ〉ds = 0 P̄− a.s. (4.11)
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For every ϕ ∈ U , by Lemma 3.1 we have Pnϕ→ ϕ in V1. Since U ⊂ V1, we conclude that for all ϕ ∈ U and all
t ∈ [0, T ],

lim
n→∞

∫ t

0

〈Bn(X̄n(s))−B(X∗(s)), ϕ〉ds = 0 P̄− a.s. (4.12)

Using Hölder’s inequality, (2.4) and (4.6) we obtain for all t ∈ [0, T ], r > 1 and n ∈ N,

Ē
[∣∣∣ ∫ t

0

〈Bn(X̄n(s)), ϕ〉ds
∣∣∣r] ≤ Ē

[( ∫ t

0

‖Bn(X̄n(s))‖V ′1 ‖ϕ‖V1
ds
)r]

≤ C ‖ϕ‖rU tr−1 Ē
[ ∫ t

0

|X̄n(s)|2rds
]
≤ C ‖ϕ‖rU tr Ē

[
sup

s∈[0,T ]

|X̄n(s)|2r
]
≤ CC1(r) (4.13)

for some constant C > 0. Considering (4.12) and (4.13) and by the Vitali theorem we achieve for all t ∈ [0, T ]

lim
n→∞

Ē
[∣∣∣ ∫ t

0

〈Bn(X̄n(s))−B(X∗(s)), ϕ〉ds
∣∣∣] = 0. (4.14)

Hence, in view of (4.13), (4.14) and the dominated convergence theorem, we infer that

lim
n→∞

∫ T

0

Ē
[∣∣∣ ∫ t

0

〈Bn(X̄n(s))−B(X∗(s)), ϕ〉ds
∣∣∣] = 0. (4.15)

Hence we have (iv).
(v) Let ϕ ∈ U . Then using Hypothesis 2.4 and that X̄n → X∗ in L2(0, T ;H), P̄− a.s.,

lim
n→∞

∫ t

0

‖(σ(s, X̄n(s))− σ(s,X∗(s)), ϕ)H‖2LQds ≤ C L‖ϕ‖2U lim
n→∞

∫ t

0

|X̄n(s)−X∗(s)|2ds

= 0. (4.16)

Using Hypothesis 2.4, (4.6) and Proposition 4.5, we observe that for every t ∈ [0, T ] and r > 1 and for every
n ∈ N,

Ē
[∣∣∣ ∫ t

0

‖(σ(s, X̄n(s))− σ(s,X∗(s)), ϕ)H‖2LQds
∣∣∣r]

≤ |ϕ|2r T r−1 2r−1 Ē
[ ∫ t

0

(
‖σ(s, X̄n(s))‖2rLQ + ‖σ(s,X∗(s))‖2rLQ

)
ds
]

≤ CK2 T
r 2r−1 ‖ϕ‖2rU Ē

[
(2 + sup

0≤s≤T
|X̄n(s)|2r + sup

0≤s≤T
|X∗(s)|2r)

]
≤ C̃r (4.17)

for some positive constant C̃r. Thus, employing (4.16) and (4.17) and by Vitali’s theorem we conclude

lim
n→∞

Ē
[ ∫ t

0

‖(σ(s, X̄n(s))− σ(s,X∗(s)), ϕ)H‖2LQds
]

= 0 ∀ϕ ∈ U . (4.18)

For every ϕ ∈ U and every s ∈ [0, T ] we have

(σn(s, X̄n(s))− σ(s,X∗(s)), ϕ)H = (σ(s, X̄n(s)), Pnϕ− ϕ)H + (σ(s, X̄n(s))− σ(s,X∗(s)), ϕ)H
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≤ C‖σ(s, X̄n(s))‖LQ‖Pnϕ− ϕ‖U + (σ(s, X̄n(s))− σ(s,X∗(s)), ϕ)H .

Then by Hypothesis 2.4 H.2 and by (4.6) we obtain

Ē
[ ∫ t

0

‖(σn(s, X̄n(s))− σ(s,X∗(s)), ϕ)H‖2LQds
]
≤ 2C K2‖Pnϕ− ϕ‖2U Ē

[ ∫ T

0

(1 + |X̄n(s)|2)ds
]

+ Ē
[ ∫ t

0

‖(σ(s, X̄n(s))− (σ(s,X∗(s)), ϕ)H‖2LQds
]

≤ 2c̃‖Pnϕ− ϕ‖2U + Ē
[ ∫ t

0

‖(σ(s, X̄n(s))− (σ(s,X∗(s)), ϕ)H‖2LQds
]
.

Thus, by Lemma 3.1 and by (4.18) we conclude that

lim
n→∞

Ē
[ ∫ t

0

‖(σn(s, X̄n(s))− σ(s,X∗(s)), ϕ)H‖2LQds
]

= 0 ∀ϕ ∈ U . (4.19)

Using the Itô isometry, (4.17) and W̄n = W∗,

lim
n→∞

Ē[‖(
∫ t

0

[σn(s, X̄n(s))− σ(s,X∗(s))]dW∗(s), ϕ)H‖2LQ ]

= lim
n→∞

Ē[

∫ t

0

‖(σn(s, X̄n(s))− σ(s,X∗(s)), ϕ)H‖2LQds] = 0. (4.20)

Again by the Itô isometry, Hypothesis 2.4 and (4.17) for r = 2 we have for all t ∈ [0, T ] and all n ∈ N

Ē
[ ∫ t

0

|([σn(s, X̄n(s))− σ(s,X∗(s))]dW∗(s), ϕ)H |2ds
]
≤ C̃2. (4.21)

Hence by (4.20) and (4.21) and the dominated convergence theorem, we have the assertion (v).
(vi) Let us consider ϕ ∈ U . Using Hypothesis 2.4 and X̄n → X∗ in L2(0, T ;H), P̄− a.s. we have∫ t

0

∫
Z

∣∣∣(g(X̄n(s), z)− g(X∗(s), z), ϕ)H

∣∣∣2λ(dz)ds ≤ CL ‖ϕ‖2U
∫ t

0

|X̄n(s)−X∗(s)|2ds→ 0 as n→∞.

(4.22)

Furthermore, using Hypothesis 2.4 and (4.6) for every t ∈ [0, T ], r > 1 and n ∈ N, we have the following
inequality

Ē
[ ∫ t

0

∫
Z

∣∣∣(g(X̄n(s), z)− g(X∗(s), z), ϕ)H

∣∣∣2λ(dz)ds|r
]

≤ c2rKr
2‖ϕ‖2rU Ē

[∣∣∣ ∫ t

0

(
2 + |X̄n(s)|2 + |X∗(s)|2

)
ds
∣∣∣r] ≤ C̃r, (4.23)

for some constant C̃r > 0. Hence by (4.22), (4.23) and by the Vitali theorem we infer that for all t ∈ [0, T ], ∀ϕ ∈
U .

lim
n→∞

Ē
[ ∫ t

0

∫
Z

∣∣∣(g(X̄n(s), z)− g(X∗(s), z), ϕ)H

∣∣∣2λ(dz)ds
]

= 0. (4.24)
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Since the restriction of Pn to the space H is the (·, ·)H -projection onto Hn, we conclude that

lim
n→∞

Ē
[ ∫ t

0

∫
Z

∣∣∣(gn(X̄n(s), z)− g(X∗(s), z), ϕ)H

∣∣∣2λ(dz)ds
]

= 0 ∀ϕ ∈ H. (4.25)

Since U ⊂ H, (4.25) holds for all ϕ ∈ U .
Moreover, Hypotheses 2.4 and (4.6) yield the following inequality

Ē
[ ∫ t

0

∫
Z

∣∣∣(gn(X̄n(s), z)− g(X∗(s), z), ϕ)H

∣∣∣2λ(dz)ds
]
≤ C̃2. (4.26)

Now (4.25), (4.26) and the dominated convergence theorem assures assertion (vi).
(vii) Using Itô–Lévy isometry, and the fact that N̄n = N∗ we have

Ē
[∣∣∣ ∫ t

0

∫
Z

(gn(X̄n(s−), z)− g(X∗(s−), z), ϕ)HÑ∗(ds,dz)
∣∣∣2]

= Ē
[ ∫ t

0

∫
Z

∣∣∣(gn(X̄n(s), z)− g(X∗(s), z), ϕ)H

∣∣∣2λ(dz)ds
]
. (4.27)

Thus ∀ϕ ∈ U , combining (4.25), (4.26), (4.27) and then exploiting dominated convergence theorem we ensure
assertion (vii). Thus the dominated convergence theorem ensures assertion (vii).

(viii) Let ϕ ∈ U . Since X̄n → X∗ in L2
w(0, T ;V ), P̄ – a.s. so for any ϕ̃ ∈ L2(0, T ;V ) we have

lim
n→∞

∫ T

0

〈AX̄n(s)−AX∗(s), ϕ̃(s)〉ds = 0. (4.28)

Let t ∈ [0, T ] be fixed. Let us choose ϕ̃(s) = χ(0,t)(s)
( ∫ t

s
β(τ − s)dτ

)
ϕ and note that ϕ̃ ∈ L2(0, T ;V ), indeed,∫ T

0
‖ϕ̃(s)‖2ds ≤ c‖ϕ‖2U

∫ t
0

( ∫ t
s
|β(τ − s)|dτ

)2

ds ≤ C‖ϕ‖2U‖β‖2L2(0,T )

∫ t
0
sds <∞, P̄− a.s.

Hence, using (4.28) we have

0 = lim
n→∞

∫ T

0

〈AX̄n(s)−AX∗(s), ϕ̃(s)〉ds

= lim
n→∞

∫ t

0

∫ t

s

β(τ − s)(X̄n(s)−X∗(s), ϕ)V dτds

= lim
n→∞

∫ t

0

∫ τ

0

β(τ − s)(X̄n(s)−X∗(s), ϕ)V dsdτ. (4.29)

Furthermore, by Hölder’s inequality and (4.7) for every t ∈ [0, T ] and n ∈ N, we achieve the following inequality

Ē
[∣∣∣ ∫ t

0

∫ τ

0

β(τ − s)〈AX̄n(s), ϕ〉dsdτ
∣∣∣2] ≤ Ē

[∣∣∣ ∫ t

0

‖ϕ‖‖X̄n(s)‖
∫ t

s

∣∣∣β(τ − s)
∣∣∣dτ ds

∣∣∣2]
≤ C‖ϕ‖2U‖β‖2L2(0,T ) T Ē

∣∣∣ ∫ t

0

‖X̄n(s)‖ds
∣∣∣2 ≤ C C2, (4.30)
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for some constant C > 0. Hence using (4.29) and (4.30) and the Vitali theorem we have for all t ∈ [0, T ],

Ē
[∣∣∣ ∫ t0 ∫ τ0 β(τ − s)〈AX̄n(s) − AX∗(s), ϕ〉dsdτ

∣∣∣] = 0. Again applying dominated convergence theorem we have

(viii).

4.5. Existence of weak martingale solution

Theorem 4.7. Let us assume that A, B satisfy Assumption 2.1, β satisfies Assumption 2.2, and σ, g meet
Hypothesis 2.4. Then there exists a martingale solution to the system (3.1)–(3.2).

Proof.

Step I: Let us define two functionals for all ϕ ∈ U ,

Kn(X̄n, N̄n, W̄n, ϕ)(t) := (X̄n(0), ϕ)H −
∫ t

0

〈AX̄n(s), ϕ〉ds−
∫ t

0

〈B(X̄n(s)), ϕ〉ds

−
∫ t

0

∫ s

0

β(s− r)〈AX̄n(r), ϕ〉dr ds+

∫ t

0

〈σn(s, X̄n(s))dW̄n(s), ϕ〉

+

∫ t

0

∫
Z

〈gn(s, X̄n(s−), z), ϕ〉 ˜̄Nn(ds,dz), t ∈ [0, T ] and (4.31)

K(X∗, N∗,W∗, ϕ)(t) := (X∗(0), ϕ)H −
∫ t

0

〈AX∗(s), ϕ〉ds−
∫ t

0

〈B(X∗(s)), ϕ〉ds

−
∫ t

0

∫ s

0

β(s− r)
〈
AX∗(r), ϕ

〉
dr ds+

∫ t

0

〈σ(s,X∗(s))dW∗(s), ϕ〉

+

∫ t

0

∫
Z

〈g(s,X∗(s−), z), ϕ〉 Ñ∗(ds,dz), t ∈ [0, T ]. (4.32)

Lemma 4.8.

lim
n→∞

‖(X̄n(·), ϕ)H − (X∗(·), ϕ)H‖L1([0,T ]×Ω̄) = 0. (4.33)

lim
n→∞

‖Kn(X̄n, N̄n, W̄n, ϕ)−K(X∗, N∗,W∗, ϕ)‖L1([0,T ]×Ω̄) = 0. (4.34)

Proof. (4.33) is subsequent from Lemma 4.6 (i), since as n→∞ we have

‖(X̄n(·), ϕ)H − (X∗(·), ϕ)H‖L1([0,T ]×Ω̄) = Ē
[ ∫ T

0

|(X̄n(t)−X∗(t), ϕ)H |dt
]
→ 0.

We now propose to prove (4.34). By the Fubini theorem we note that

‖Kn(X̄n, N̄n, W̄n, ϕ)−K(X∗, N∗,W∗, ϕ)‖L1([0,T ]×Ω̄)

=

∫ T

0

Ē
[
|Kn(X̄n, N̄n, W̄n, ϕ)(t)−K(X∗, N∗,W∗, ϕ)(t)|

]
dt.

Lemma 4.6 ensures that each term on the right hand side of (4.31) converges to the corresponding term in
(4.32). This completes the proof.
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Step II: Now, Xn being an approximate solution of the Galerkin equation, for all t ∈ [0, T ] we see (Xn(t), ϕ)H =
Kn(Xn, Nn,Wn, ϕ)(t), P− a.s. More precisely,∫ T

0

E
[
|(Xn(t), ϕ)H −Kn(Xn, Nn,Wn, ϕ)(t)|

]
dt = 0.

Now, L(Xn, Nn,Wn) = L(X̄n, N̄n, W̄n) we directly have,∫ T

0

Ē
[
|(X̄n(t), ϕ)H −Kn(X̄n, N̄n, W̄n, ϕ)(t)|

]
dt = 0.

Moreover, (4.33) and (4.34) produce∫ T

0

Ē
[
|(X∗(t), ϕ)H −K(X∗, N∗,W∗, ϕ)(t)|

]
dt = 0.

Hence, for l (lebesgue measure of R)- almost all t ∈ [0, T ] and P̄ almost all ω ∈ Ω̄

(X∗(t), ϕ)H −K(X∗, N∗,W∗, ϕ)(t) = 0.

Hence, for l−almost all t ∈ [0, T ], ϕ ∈ U and P̄ almost all ω ∈ Ω̄,

(X∗(t), ϕ)H =
(
X∗(0), ϕ

)
H
−
∫ t

0

〈AX∗(s), ϕ〉ds−
∫ t

0

〈B(X∗(s)), ϕ〉ds−
∫ t

0

∫ s

0

β(s− r)〈AX∗(r), ϕ〉drds

+

∫ t

0

〈σ(s,X∗(s))dW∗(s), ϕ〉+

∫ t

0

∫
Z

〈g(s,X∗(s−), z), ϕ〉 Ñ∗(ds,dz). (4.35)

Now X∗ being Z-valued random variable, X∗ is an element in D([0, T ];Hw) i.e., X∗ is weakly càdlàg. This asserts
that (4.35) is true for all t ∈ [0, T ] and all ϕ ∈ U . Substituting X̄ := X∗, N̄ := N∗, W̄ := W∗, we conclude that
the system (Ω̄, F̄ , F̄t, P̄, {X̄(t)}t≥0, {N̄(t, ·)}t≥0, {W̄ (t)}t≥0) is a martingale solution of (3.1)–(3.2).

5. Existence of optimal relaxed control

We now return to the original control problem (1.5)–(1.6) associated with the relaxed cost functional given
by (1.7).

Definition 5.1. Let X0 ∈ H, and let T > 0 be fixed. A weak admissible relaxed control (with time horizon
[0, T ]) is a system

π := (Ω,F ,Ft,P, {X(t)}t≥0, {N(t, ·)}t≥0, {W (t)}t≥0, {µt}t≥0) (5.1)

such that

(i) (Ω,F ,Ft,P) is a filtered probability space with a filtration {Ft}t≥0,
(ii) N is a time homogeneous Poisson random measure over (Ω,F ,Ft,P) with the intensity measure λ,

(iii) W is a cylindrical Wiener process over (Ω,F ,Ft,P),
(iv) {µt}t≥0 is an Ft adapted P(U)-valued relaxed control process,
(v) X : [0, T ]× Ω→ H is a predictable process with P – a.e. paths

X(·, ω) ∈ D([0, T ];Hw) ∩ L2
w(0, T ;V ) ∩ L2(0, T ;H) ∩D([0, T ];U ′)
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such that for all t ∈ [0, T ] and all ϕ ∈ U the following identity holds P – a.s.

(X(t), ϕ) +

∫ t

0

(AX(s), ϕ)ds+

∫ t

0

(B(X(s)), ϕ)ds+

∫ t

0

∫ s

0

β(s− r)(AX(r), ϕ)dr ds

= (X(0), ϕ) +

∫ t

0

(Nµs, ϕ)ds+

∫ t

0

(σ(s,X(s))dW (s), ϕ) +

∫ t

0

∫
Z

(g(X(s−), z), ϕ)Ñ(ds,dz). (5.2)

(vi) the mapping

[0, T ]× Ω 3 (t, ω) 7→ F̄ (t,X(t, ω), µt(ω)) ∈ R

belongs to L1([0, T ]× Ω;R) and φ(X(T )) ∈ L1(Ω;R).

The set of weak admissible relaxed controls (with time horizon [0, T ]) will be denoted by Uwad(X0, T ).

Remark 5.2. In view of Definition 4.1, from (i) to (v) of Definition 5.1, we note that π is a martingale solution
of (1.5)–(1.6) with the associated relaxed cost functional given by (1.7).

In this context, under this weak formulation, the relaxed cost functional is defined as

J̄(π) := E
[ ∫ T

0

F̄ (t,X(t), µt)dt+ φ(X(T ))
]
, π ∈ Uwad(X0, T ). (5.3)

where π has the form (5.1).

Remark 5.3. The RCP is to minimize J̄ over Uwad(X0, T ) for X0 ∈ H and T > 0 be fixed. Namely, we seek
π̃ ∈ Uwad(X0, T ) such that

J̄(π̃) = inf
π∈Uwad(X0,T )

J̄(π).

We now state the second main result of this paper which guaranties the existence of weak ORC.

Theorem 5.4. Let X0 ∈ H and π ∈ Uwad(X0, T ) be such that J̄(π) < +∞, where J̄ is defined by (5.3). Let all
the assumptions of Theorem 4.7, Assumptions 2.7 and 2.8 be satisfied. Then the RCP, i.e. the system (1.5)–(1.6)
associated with the cost functional (1.7), admits a weak optimal relaxed control with time horizon [0, T ].

Proof. From hypothesis we have X0 ∈ H and J̄(π) < +∞. Also J̄ ≥ 0 implies J̄ is bounded below on Uwad(X0, T ).
Hence there exists a minimizing sequence {πn}n≥1 such that J̄(πn)→ infπ∈Uwad(X0,T ) J̄(π). In other words, let us
define πn = (Ωn,Fn,Fn

t ,Pn, {Wn(t)}t≥0, {µnt }t≥0, {Xn(t)}t≥0, {Nn(t, ·)}t≥0) be minimizing sequence of weak
admissible relaxed controls, that is,

lim
n→∞

J̄(πn) = inf
π∈Uwad(X0,T )

J̄(π). (5.4)

Note that the filtration {Fn
t }t∈[0,T ] is defined by Fn

t := σ {(Xn(s), µns ) : 0 ≤ s < t} , t ∈ [0, T ].
Since for each n ∈ N, πn ∈ Uwad(u0, T ), each πn satisfies

(Xn(t), ϕ) +

∫ t

0

(AXn(s), ϕ)ds+

∫ t

0

(B(Xn(s)), ϕ)ds+

∫ t

0

∫ s

0

β(s− r)(AXn(r), ϕ)dr ds

= (X(0), ϕ) +

∫ t

0

(Nµns , ϕ)ds+

∫ t

0

(σ(s,Xn(s))dW (s), ϕ) +

∫ t

0

∫
Z

(g(Xn(s−), z), ϕ)Ñ(ds,dz). (5.5)
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This holds Pn – a.s. for almost all t ∈ [0, T ], for all ϕ ∈ U .
Now taking into account Assumption 2.7, proceeding as in similar lines as in Theorems 3.3–3.4, and using

sup
n∈N

En[|µn|2κ] := sup
n∈N

En
[ ∫ T

0

∫
U
κ2(t, U)µn(dU,dt)

]
= k < +∞,

we have the following a priori estimates (uniformly in n)

En
[
|Xn(t)|2 + 2

∫ t

0

‖Xn(s)‖2ds
]
≤ C, En

(
sup

0≤t≤T
|Xn(t)|2

)
+ 4En

(∫ T

0

‖Xn(t)‖2 dt

)
≤ C, (5.6)

where C depends on E|X(0)|2, k,K2,K4, T and En denotes the expectation with respect to Pn.
Due to the uniform a priori bounds (5.6), one can establish that {L(Xn), n ∈ N} is tight on (Z,T ) by first

proving the Aldous condition (as in Lem. 4.3 and taking into account Rem. A.20 in Appendix A) and then
employing Theorem A.11.

For each n ∈ N, we define the random Young measure µn on (Ωn,Fn,Pn) by the formula:

µn(dU,dt) := µnt (dU)dt.

The set of measures {L(µn), n ∈ N} is tight on the space of Young measures on U, denoted as Y(0, T ;U),
due to part 3 of the Assumption 2.7 and Theorem A.24. Thus, the set {L(Xn, Nn,Wn, µn), n ∈ N} is tight
on Z ×MN̄([0, T ] × Z) × C([0, T ];R) × Y(0, T ;U), where Wn := W and Nn := N. Now arguing in the similar
fashion as in Section 4.3, by the Skorokhod–Jakubowski theorem, we ensure the existence of a new probability
space (Ω̃, F̃ , F̃t, P̃), and on this space random variables (X̃n, Ñn, W̃n, µ̃n)n∈N, (X̃, Ñ , W̃ , µ̃), such that

L((X̃n, Ñn, W̃n, µ̃n)) = L((Xn, Nn,Wn, µn)) ∀n ∈ N and

(X̃n, Ñn, W̃n)→ (X̃, Ñ , W̃ ) in Z ×MN̄([0, T ]× Z)× C([0, T ];R) and

µ̃n → µ̃ stably in Y(0, T ;U), P̃− a.s. as n→∞.

Moreover, by Lemma A.16, for each n ∈ N there exists relaxed control processes {µ̃nt }t≥0 and {µ̃t}t≥0 defined

on (Ω̃, F̃ , P̃) such that

µ̃n(dU,dt) := µ̃nt (dU)dt, P̃− a.s., and µ̃(dU,dt) := µ̃t(dU)dt, P̃− a.s.

We now assert that for every ϕ ∈ U ,

lim
n→∞

Ẽ
[ ∫ T

0

∣∣∣ ∫ t

0

〈N µ̃ns −N µ̃s, ϕ〉ds
∣∣∣dt] = 0. (5.7)

Indeed, by (B.2) in Lemma B.1 in Appendix B.1, we have for every ϕ ∈ U ,

lim
n→∞

Ẽ
∣∣∣ ∫ t

0

∫
U

(L(U), ϕ) µ̃n(dU,ds)−
∫ t

0

∫
U

(L(U), ϕ) µ̃(dU,ds)
∣∣∣ = 0.

Hence, by dominated convergence theorem, we obtain for every ϕ ∈ U ,
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lim
n→∞

Ẽ
[ ∫ T

0

∣∣∣ ∫ t

0

∫
U

(L(U), ϕ) µ̃n(dU,ds)−
∫ t

0

∫
U

(L(U), ϕ) µ̃(dU,ds)
∣∣∣dt] = 0,

and finally using N µ̃nt =
∫
U L(U)µ̃nt (dU), and N µ̃t :=

∫
U L(U)µ̃t(dU) we prove the above assertion.

Thus, parts (i)–(iv) of Definition 5.1 are satisfied. Identification of the limit and thereby part (v) of Definition
5.1 follow using Lemma 4.6, (5.7) and imitating the steps as in proof of Theorem 4.7. In other words, in view
of Remark 5.2,

π̃ = (Ω̃, F̃ , F̃t, P̃, {X̃(t)}t≥0, {Ñ(t, ·)}t≥0, {W̃ (t)}t≥0, {µ̃t}t≥0)

is a martingale solution of (1.5)–(1.6) associated with (1.7).
Moreover using Lemma A.25(b), Fatou’s lemma and using L(X̃n, µ̃n) = L(Xn, µn), we have

Ẽ
[ ∫ T

0

∫
U
F (t, X̃(t), U)µ̃(dU,dt)

]
≤ lim inf

n→∞
Ẽ
[ ∫ T

0

∫
U
F (t, X̃n(t), U)µ̃n(dU,dt)

]
= lim inf

n→∞
En
[ ∫ T

0

∫
U
F (t,Xn(t), U)µn(dU,dt)

]
(5.8)

which is finite because of (5.4). Since
∫ T

0
F̄ (t, X̃(t), µ̃t)dt =

∫ T
0

∫
U F (t, X̃(t), U)µ̃(dU,dt), hence, the mapping

[0, T ]× Ω̃ 3 (t, ω) 7→ F̄ (t, X̃(t, ω), µ̃t(ω)) ∈ R

belongs to L1([0, T ] × Ω̃;R). For the sake of simplicity, we assume that T is a point of continuity of both X̃n

and X̃. We note that φ(X̃(T )) ∈ L1(Ω̃;R). Thus, part (vi) of Definition 5.1 is also satisfied. Hence, π̃ is a weak
admissible relaxed control.

Finally, employing (5.4) and (5.8), it follows that

J̄(π̃) = Ẽ
[ ∫ T

0

∫
U
F (t, X̃(t), U)µ̃(dU,dt)

]
+ Ẽφ(X̃(T ))

≤ lim inf
n→∞

[
En
∫ T

0

∫
U
F (t,Xn(t), U)µn(dU,dt) + En φ(Xn(T ))

]
= inf
π∈Uwad(X0,T )

J̄(π).

This proves π̃ is a weak optimal relaxed control for the RCP. Thus, the proof is now complete.

6. Applications

In the following section, we will provide applications to viscoelastic fluid models of the abstract theory
developed earlier in this paper.

6.1. Oldroyd fluid

One of the most well-known linear viscoelastic fluid model was proposed by Oldroyd [57] and is known as
Oldroyd-B fluid. The focus of this subsection is to concentrate on the two and three-dimensional stochastic
controlled Oldroyd model influenced by Lévy noise in an open connected subset O in Rd (possibly unbounded)
with smooth boundary ∂O. We denote the velocity field by u and the pressure field by p. Let (Ω,F ,Ft,P) be
a filtered probability space satisfying usual hypotheses and let U be the control set. The stochastic controlled
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system of equations of motion arising in the Oldroyd fluids of order one is:

du(t) + [(u · ∇)u− θ∆u−
∫ t

0

β(t− τ)∆u(x, τ) dτ +∇p]dt

= L(U)dt+ σ(t,u)dW (t) +

∫
Z

g(u, z)Ñ(dt, dz) in O × (0, T ). (6.1)

∇ · u = 0 in O × (0, T ) (6.2)

with initial and boundary conditions,

u = 0 in ∂O × (0, T ) and u = u0 in O × {0} (6.3)

with the associated cost functional as

J̄(u, U) := E[J (u, U)] := E
[ ∫ T

0

F (t,u(t), U(t))dt
]

(6.4)

where U ∈ U. Here, θ = 2κ
ρ > 0 and the kernel β(t) = γe−δt with γ = 2

ρ (ν − κ
ρ ) > 0 and δ = 1

ρ > 0. For further

details we refer Oldroyd [57] and Joseph [42]. We note that the kernel β satisfies Assumption 2.2 and assume
that the running cost function F satisfies Assumption 2.8 (1) and (2).
Here {W (t)}t≥0 is an L2-valued cylindrical Wiener process and Ñ(dt, dz) is a time homogeneous compensated
Poisson random measure with Z being the measurable subset of L2(O) where the solutions of the above system
have its paths and N is a time-homogeneous Poisson random measure on (Z,B(Z)) over the filtered probability
space (Ω,F ,Ft,P). The processes W and N are assumed to be independent. Furthermore, we assume that the
noise coefficients satisfy Hypothesis 2.4. Associating the relaxed control by defining the relaxed coefficient as in
Section A.3 we define

Nµt :=

∫
U
L(U)µt(dU), t ∈ [0, T ]. (6.5)

where {µt}t≥0 is an Ft−adapted relaxed control process.

6.2. Jeffreys fluid

Let O ⊂ Rd ; d = 2, 3 be an open connected subset in Rd (possibly unbounded) with ∂O ∈ C2. We consider
the following system for T ∈ (0,∞] for the velocity vector u, pressure p and the fluid stress tensor τ of a
deterministic viscoelastic Jeffreys fluid model:

∂tu− θ∆u +∇p = ∇ · τ in O × (0, T ) (6.6)

∇ · u = 0 in O × (0, T ) (6.7)

∂tτ + ρτ = 2λDu in O × (0, T ) (6.8)

u = 0 on ∂O × (0, T ) (6.9)

u(·, 0) = u0 τ(·, 0) = τ0 in O. (6.10)

where θ, ρ and λ are positive constants and Du is the symmetrized gradient tensor defined by Du :=
1
2 (∇u +∇tu) . For additional information on the physical meaning of these parameters, see for instance Renardy
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et al. [65], Joseph [42]. For the notational convenience we will assume throughout that θ = 1. Note that from
the above equation τ can be written as

τ(t) = e−ρtτ0 + 2λ

∫ t

0

e−ρ(t−s)Du(s)ds ∀ t > 0. (6.11)

Using (6.11), the stochastic controlled system of equations of motion perturbed by Lévy noise arising from
(6.6)–(6.10) becomes

du(t)−[u(t) + λ

∫ t

0

e−ρ(t−s)u(s)ds+∇p]dt = [e−ρt∇ · τ0 + L(U)]dt

+ σ(t,u)dW (t) +

∫
Z

g(u, z)Ñ(dt,dz) for all t > 0, (6.12)

∇ · u = 0 in O × (0, T ) and u = u0 in O × {0}. (6.13)

We associate a cost functional with the above system in the similar manner following Oldroyd model and is
given by (6.4). We also assume that Hypothesis 2.4 is satisfied by the noise coefficients.

The viscoelastic fluids of the Jeffreys kind, can be used as first approximations (taking into account that u, τ
are small) of the nonlinear system, (6.1)–(6.3), see Doubova et al. [27], Joseph [42].

6.3. Functional set-up of Oldroyd and Jeffreys fluid and compactness result

Below we provide the functional set-up of Oldroyd and Jeffreys fluid in both bounded and unbounded domain
in Rd to fit into the abstract model considered in (1.5)–(1.6). We also elaborate the modifications required in
connection with unbounded domain due to lack of compact embeddings in the Gelfand triple. Note that the
Section 6.3.2 is not relevant to Jeffreys fluid because of the absence of the nonlinear term.

6.3.1. Functional spaces

Let V := {u ∈ C∞c (O,Rd) : div u = 0}.

H := the closure of V in L2(O,Rd), and V := the closure of V in H1(O,Rd). (6.14)

The scalar product and the norm inherited from L2(O,Rd) in the space H are denoted by (·, ·)H and | · |,
respectively, i.e., (u,v)H := (u,v)L2 , |u| := ‖u‖L2 , u,v ∈ H.
In the space V we consider the scalar product inherited from the Sobolev space H1(O,Rd), i.e., (u,v)V :=
(u,v)L2 + (∇u,∇v)L2 , u,v ∈ V and the norm ‖u‖2 := |u|2 + ‖∇u‖2L2 .

6.3.2. Trilinear operator b

Let us define the trilinear operator b : Lp(O,Rd)×W 1,q(O,Rd)× Lr(O,Rd)→ R defined by

b(u,v,w) :=

∫
O

(u · ∇w)vdx, u ∈ Lp(O,Rd), v ∈W 1,q(O,Rd), w ∈ Lr(O,Rd)

with
1

p
+

1

q
+

1

r
≤ 1 and p, q, r ∈ [1,∞].

Let us recall some fundamental properties of the form b which are valid for both bounded and unbounded
domains (see Temam [70]).

(i) b(u,v,w) = −b(u,w,v), u,v,w ∈ V. In particular b(u,v,v) = 0, u,v ∈ V.
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(ii) Using Sobolev embedding theorem and Hölder’s inequality, we obtain |b(u,v,w)| ≤ c‖u‖‖w‖‖v‖, u,w,v ∈
V for some positive constant c. Hence, the form b is continuous on V.

(iii) Let us define a bilinear map B : V × V → V′ by B(u,v) = b(u,v, ·). Then we have B(u,v) ∈ V′ and
‖B(u,v)‖V′ ≤ c‖u‖‖v‖ for u,v ∈ V. Hence B : V× V→ V′ is linear and continuous.

(iv) For any s > 0, let us define Vs := the closure of V in Hs(O,Rd). If s >
d

2
+ 1 then by the Sobolev embed-

ding theorem, Hs−1(O,Rd) ↪→ Cb(O,Rd) ↪→ L∞(O,Rd). If u,w ∈ V and v ∈ Vs with s >
d

2
+ 1 then

|b(u,w,v)| ≤ c‖u‖L2‖w‖L2‖v‖Vs , for some constant c > 0.

6.3.3. Some operators

Consider the natural embedding j : V ↪→ H and its adjoint j∗ : H → V. Since the range of j is dense in H,
the map j∗ is one-to-one. Let us consider

D(A) := j∗(H) ⊂ V, Au := (j∗)−1u, u ∈ D(A).

Also let us now put Au := (∇u,∇·)L2 , u ∈ V. We note that

(Au,v)H = (u,v)V ∀u ∈ D(A) and v ∈ V, since

(Au,v)H = ((j∗)−1u,v)H = ((j∗)−1u, jv)H = (j∗(j∗)−1u,v)V = (u,v)V.

Hence, for any u ∈ D(A) and v ∈ V we have, ((A − I)u,v)H = (∇u,∇v)L2 = 〈Au,v〉, where 〈·, ·〉 denotes
the duality pairing between V and V′ and I stands for the identity operator on H. In particular, ‖Au‖V′ ≤
|(A− I)u|H. Indeed this follows immediately from the following equalities

(Au,v)H = (u,v)V = (u,v)L2 + (∇u,∇v)L2 = (Iu,v)H + 〈Au,v〉

Additionally, we have D(A) is dense in H. Also let us notice that if u ∈ V, then Au ∈ V′ and we have the
following inequalities

|(Au,v)| ≤ ‖∇u‖L2 · ‖∇v‖L2 ≤ ‖∇u‖L2(‖∇v‖2L2 + |v|2)
1
2 = ‖∇u‖L2 · ‖v‖V,

v ∈ V, so we infer‖Au‖V′ ≤ ‖∇u‖L2 .

6.3.4. Compactness results

Note that if O is unbounded, then the embedding V ↪→ H is not compact. Let us assume that s > 1. It is
obvious that Vs is continuously embedded in V and the embedding is dense. Then by Lemma C.1 in Appendix
C of [15], there exists a Hilbert space U such that U ⊂ Vs, U is dense in Vs and the natural embedding U ↪→ Vs
is compact. Hence the space Z, in unbounded domain, is defined as D([0, T ];U ′)J ∩D([0, T ];Hw)∩L2

w(0, T ;V)∩
L2(0, T ;Hloc).

Remark 6.1.

1. We apply the abstract framework identifying the spaces H,V (defined in 6.14) as H and V respectively,

and identify V1 (in Asm. 2.1 B(iv)) as Vs for s >
d

2
+ 1, as defined above. Hence for s >

d

2
+ 1, the operator

B, defined in Section 6.3.2, satisfies all the Assumptions 2.1 (B).
2. The kernels in Oldroyd and Jeffreys fluid satisfy the Assumption 2.2.
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3. With the above functional set up, the system of equations (6.1)–(6.3) for Oldroyd fluid and the system
of equations (6.12)–(6.13) for Jeffreys fluid, combined with (6.5) take the abstract form (1.5)–(1.6), while
the cost functional (6.4) becomes (1.7).

6.4. Existence of optimal relaxed control for Oldroyd and Jeffreys fluids

In this section, we provide some important results as an application to the theory developed in this paper
for Oldroyd and Jeffreys fluids in both two and three dimensions.

Theorem 6.2. Under the above mathematical settings, let us assume u0 ∈ L2(Ω;H) (where H is defined as
in (6.14)), σ and g meet Hypothesis 2.4. Then there exists a martingale solution to the uncontrolled system
associated to (6.1)–(6.3) (resp. (6.12)–(6.13)) .

Theorem 6.3. Let assumptions of the Theorem 6.2, Assumptions 2.7 and 2.8 (1) and (2) be satisfied. Let
π ∈ Uwad(u0, T ) be such that J̄(π) < +∞, where J̄ is defined by (6.4). Then the RCP admits a weak optimal
relaxed control with time horizon [0, T ].

The proofs of Theorems 6.2 and 6.3 are direct applications of Theorems 4.7 and 5.4, respectively.

6.5. An example

Example 6.4. Consider the Oldroyd model (6.1)–(6.3) in a bounded domain in two dimension. For the sake of
simplicity and practical understanding, consider a very particular case of the general control problem, where the
control input operator L is continuous linear with the control set U = L2 (which is a Suslin space, see p. 556 in
[72]) i.e., L ∈ L(L2; L2) and |L(U)| ≤ C|U |, ∀U ∈ L2 and for some C > 0. We work under the same functional
set-up as defined in Section 6.3.1. We associate a convex cost functional, in its simplest form, as

J(u, U) := E
[ ∫ T

0

(‖u(s)‖2 + |U(s)|2L2)ds
]
. (6.15)

Define Uwad(X0, T ) as the set of weak admissible controls (with time horizon [0, T ]) and is given by:

Uwad(X0, T ) =: {(u, U) ∈
(

L2(0, T ;V) ∩ L∞(0, T ;H)
)
× L2(0, T ; L2) : (u, U) solves (6.1)–(6.3) and J(u, U) <

+∞}.
We treat the control problem of finding (ũ, Ũ) ∈ Uwad(X0, T ) and J(ũ, Ũ) = inf{J(u, U) : (u, U) ∈

Uwad(X0, T )}. It is clear that J is bounded below, infact J ≥ 0. By definition of Uwad(X0, T ) we can say that

0 ≤ inf{J(u, U) : (u, U) ∈ Uwad(X0, T )} < +∞.

Hence, there exists a minimizing sequence (un, Un) ∈ Uwad(X0, T ) such that J(un, Un) → inf{J(u, U) :
(u, U) ∈ Uwad(X0, T )} as n → ∞. So, there exists R > 0 large such that supn≥1 J(un, Un) ≤ R, i.e.,

supn≥1 E
[ ∫ T

0
(‖un(s)‖2 + |Un(s)|2L2)ds

]
≤ R, i.e., E

[ ∫ T
0
|Un(s)|2L2ds

]
≤ R, ∀n ≥ 1. It can be shown that (un, Un)

satisfies the energy inequality E
(
sup0≤t≤T |un(t)|2

)
+ 2E

(∫ T
0
‖un(t)‖2 dt

)
≤ c(E|u(0)|2, R,K2,K4, T ).

Now proceeding in the similar manner as in the proof of Theorem 5.4, we ensure the existence of a
probability space (Ω̃, F̃ , F̃t, P̃), and on this space, a sequence of random variables (ũk, Ũk)k∈N and a subse-

quence (unk , Unk) such that L((ũk, Ũk)) = L((unk , Unk)) ∀k ∈ N and (ũk, Ũk) → (ũ, Ũ) in
(

L2(0, T ;V) ∩

L∞(0, T ;H)
)
× L2(0, T ; L2) P̃ − a.s. Furthermore, we have (ũ, Ũ) ∈ Uwad(X0, T ) and J(ũ, Ũ) = inf{J(u, U) :

(u, U) ∈ Uwad(X0, T )}. Hence the result.
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6.6. Uniqueness and strong solutions

In the two-dimensional case, we will prove that P – a.s. the trajectories are equal almost everywhere to an
H-valued càdlàg functions defined on [0, T ]. We will also prove that the solutions are pathwise unique and show
the existence of strong solutions and uniqueness in law. We provide proofs for the Oldroyd fluid, and proofs for
the Jeffreys fluid follow similarly.

Definition 6.5. The problems (6.1)–(6.3) have a strong solution iff for every stochastic basis (Ω,F ,Ft,P) and
for every H-valued cylindrical Wiener process W (t) and time homogeneous Poisson random measure N with
intensity measure λ, there exists a progressively measurable process u : [0, T ]× Ω→ H with P – a.e. paths

u(·, ω) ∈ L2(0, T ;V) ∩D([0, T ];H)

such that for all t ∈ [0, T ] and all ϕ ∈ V :

(u(t), ϕ)H = (u(0), ϕ)H −
∫ t

0

〈Au(s), ϕ〉ds−
∫ t

0

〈B(u(s)), ϕ〉ds

−
∫ t

0

∫ s

0

β(s− r)〈Au(r), ϕ〉dr ds+

∫ t

0

(Nµs, ϕ)Hds

+

∫ t

0

(σ(s,u(s))dW (s), ϕ)H +

∫ t

0

∫
Z

(g(s,u(s−), z), ϕ)H Ñ(ds,dz), (6.16)

the identity holds P – a.s.

Definition 6.6. Let (Ω,F ,Ft,P, {ui(t)}t≥0, {N(t, ·)}t≥0, {W (t)}t≥0, {µt}t≥0) for i = 1, 2 be two martingale
solutions of (6.1)–(6.3) with P(u1(0) = u2(0)) = 1. Then we say they are pathwise unique if P(u1(t) = u2(t)) = 1
for every t ∈ [0, T ].

Definition 6.7. Let (Ωi,Fi,F i
t ,Pi, {ui(t)}t≥0, {Ni(t, ·)}t≥0, {Wi(t)}t≥0, {µit}t≥0) for i = 1, 2 be two martingale

solutions of (6.1)–(6.3) with ui(0) = u0; i = 1, 2. Then we say the solutions are unique in law if

LP1(u1) = LP2(u2) on L2(0, T ;V) ∩D([0, T ];H),

where LPi(ui); i = 1, 2 are probability measures on L2(0, T ;V) ∩D([0, T ];H).

Lemma 6.8. Let d = 2 and Assumptions 2.1, 2.2, 2.7 and Hypothesis 2.4 be satisfied. Let
(Ω,F ,Ft,P, {u(t)}t≥0, {N(t, ·)}t≥0, {W (t)}t≥0, {µt}t≥0) be a martingale solutions of (6.1)–(6.3) such that

E
(

sup
0≤t≤T

|u(t)|2
)

+ 2E

(∫ T

0

‖u(t)‖2 dt

)
<∞. (6.17)

Then the trajectory u(·, ω) is P almost everywhere equal to a càdlàg H-valued function defined on [0, T ].
Moreover, for every t ∈ [0, T ], P – a.s.

u(t) = u(0)−
∫ t

0

[Au(s) +B(u(s)) +

∫ s

0

β(s− r)Au(r)dr −Nµs]ds

+

∫ t

0

(σ(s,u(s))dW (s) +

∫ t

0

∫
Z

(g(s,u(s−), z) Ñ(ds,dz). (6.18)
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Proof. As u is a martingale solution of (6.1)–(6.3),

u ∈ L2(Ω; L2
w(0, T ;V) ∩ L2(0, T ;H) ∩D([0, T ];U ′) ∩D([0, T ];Hw)),

P – a.s. (replace L2(0, T ;H) by L2(0, T ;Hloc) in case the domain is unbounded). Let us first show that right
hand side (R.H.S.) of (6.18) makes sense, i.e., we will show that each term on the R.H.S is well-defined in the
space V′.
Let us start with the linear term. Exploiting the fact A : V→ V′ given by |Au|V′ ≤ ‖u‖ and then by Hölder’s
inequality and (6.17) we have the following bound:

E
(
‖
∫ t

0

Au(s)ds‖2V′
)
≤ C E

(∫ T

0

‖Au(s)‖2V′ds
)
≤ C E

(∫ T

0

‖u(s)‖2ds
)
<∞.

Now we move to the nonlinear term. Repeating arguments as done above for the linear term and using (2.3) we
have

E
(
‖
∫ t

0

B(u(s))ds‖2V′
)
≤ C E

(∫ T

0

‖B(u(s))‖2V′ds
)
≤ C E

(∫ T

0

‖u(s)‖2ds
)
<∞.

For the memory term again using Hölder’s inequality and (6.17) we have

E
(
‖
∫ t

0

∫ s

0

β(s− r)Au(r)dr ds‖2V′
)
≤ C T E

(∫ T

0

‖Au(r)‖2V′dr
)
<∞.

Next we deal with the control term. Using Hölder’s inequality and proceeding as in Remark A.20 we have

E
[ ∫ T

0

|Nµt|2dt
]
≤ E

[ ∫ T

0

(∫
U
|L(U)|µt(dU)

)2

dt
]
≤ E

[ ∫ T

0

∫
U
κ2(t, U)µt(dU)dt

]
< +∞.

Due to Itô isometry, Hypotheses (2.4) and (6.17),

E
(
|
∫ t

0

σ(s,u(s))dW (s)|2
)
≤ C T + C T E

(
sup

0≤s≤T
|u(s)|2

)
<∞.

and by Itô–Lévy isometry, Hypothesis 2.4 and (6.17),

E
(
|
∫ t

0

∫
Z

g(u(s−), z)Ñ(ds,dz)|2
)
≤ C T + C T E

(
sup

0≤s≤T
|u(s)|2

)
<∞.

Thus we have shown that each term in (6.18) is well defined. Now we will show that the equality in (6.18) holds.
Since u is a martingale solution of (6.1)–(6.3), for every ϕ ∈ V, t ∈ [0, T ] we have

〈u(t), ϕ〉 = 〈u0, ϕ〉 −
∫ t

0

〈Au(s), ϕ〉ds−
∫ t

0

〈B(u(s)), ϕ〉ds

−
∫ t

0

∫ s

0

β(s− r)
〈
Au(r), ϕ

〉
dr ds+

∫ t

0

〈Nµs, ϕ〉ds

+

∫ t

0

〈σ(s,u(s))dW (s), ϕ〉+

∫ t

0

∫
Z

〈g(s,u(s−), z), ϕ〉 Ñ(ds,dz). (6.19)
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Note that the above equation holds true for ϕ ∈ V and hence (6.18) holds in the distribution sense. Since V
is dense in V, (6.18) holds almost everywhere. Let us write u(t) = u0 +

∫ t
0
G(s)ds + M(t) where G contains

all the deterministic terms and M corresponds to the noise term. We have already shown above that M ∈
L2(Ω;L2(0, T ;H)). The proof for G ∈ L2(Ω;L2(0, T ;H)) is not so straightforward and omit the details of the
proof and refer the readers to Lemma 7.2. and Theorem D.2 of Brzeźniak and Motyl [15] (see also Gyöngy [37],
Pardoux [60] for similar ideas). We only give a sketch of the proof here.
Let us consider the following shifted stochastic hereditary Stokes equation

y(t) = −
∫ t

0

Ay(s)ds−
∫ t

0

∫ s

0

β(s− r)Ay(r) dr ds+M(t) +Nµt, (6.20)

where A is the operator defined in Section 6.3.3. Since A satisfies (Ay,w)H = (y,w)V for all y ∈ D(A) and
w ∈ V, and u satisfies inequality (6.17), by Theorem 1.3 in [59] (with suitable modification for the càdlàg
martingale), we infer that equation (6.20) has a unique progressively measurable solution y such that P – a.s.
y ∈ D([0, T ];H) and

E
(

sup
0≤t≤T

|y(t)|2
)

+ 2E

(∫ T

0

‖y(t)‖2 dt

)
<∞.

Let v(t) := u(t) − y(t), t ∈ [0, T ]. For P-almost all ω ∈ Ω, the function v = v(·, ω) is a weak solution of the
following deterministic equation

dv(t)

dt
= −Av(t) + v(t) + y(t)−

∫ t

0

β(t− r)Av(r)dr +

∫ t

0

β(t− r)
(
v(r) + y(r)

)
dr

−B
(
v(t) + y(t)

)
, (6.21)

with v(0) = u0. Let ω ∈ Ω be such that u(·, ω) ∈ L2(0, T ;V) ∩ D([0, T ];Hw) and y(·, ω) ∈ L2(0, T ;V) ∩
D([0, T ];H). Proceeding in the similar way as in Theorem D.2 of Brzeźniak and Motyl [15], one can ensure
the existence of a unique weak solution of problem (6.21), and the weak solution is almost everywhere equal
to a càdlàg H-valued function defined on [0, T ]. Let ṽ(·, ω) ∈ L2(0, T ;V) ∩ D([0, T ];H) be the unique solu-
tion of (6.21) with the initial condition ṽ(0) = u0. Due to the uniqueness, we obtain for almost all t ∈ [0, T ],
ṽ(t) = u(t) − y(t). Put û(t) := ṽ(t) + y(t), t ∈ [0, T ]. Then û ∈ D([0, T ];H) and u(t) = û(t) for almost all
t ∈ [0, T ]. The sketch of the proof is now complete.

In the following lemma, we will prove that the solutions of (6.1)–(6.3) are pathwise unique in Rd; d = 2, 3.
The result in d = 3 is under a very restrictive moment condition. For the sake of simplicity, we restrict the proof
for bounded domain only.

Theorem 6.9. Let O be a bounded domain in Rd; d = 2, 3. Let Assumptions 2.1, 2.2, 2.7 and Hypothesis 2.4 be
satisfied. Let u1 and u2 be two martingale solutions defined on the same filtered probability space (Ω,F ,Ft,P)
satisfying system of equations (6.1)–(6.3)with the same initial condition u1(0) = u2(0) = u0,P − a.s. where
E[|u0|2] <∞. Then

(i) for d = 2, P – a.s. for all t ∈ [0, T ] u1(t) = u2(t),

(ii) for d = 3, P – a.s. for all t ∈ [0, T ] u1(t) = u2(t), provided E
[ ∫ T

0
‖u(t)‖4dt

]
< +∞.

Remark 6.10. In comparison to the proof of Theorem 6.9, proof of pathwise uniqueness theorem for Jeffreys
fluid ((6.12)–(6.13)) in both two and three dimensions in bounded domain are straight forward because of the
absence of nonlinear term. So unlike Oldroyd model, even for three dimension, no additional assumption is
required for the pathwise uniqueness of the weak solution of Jeffreys model in bounded domain.



34 U. MANNA AND D. MUKHERJEE

Proof. We begin the proof in both two and three dimensions when u1,u2 satisfies (6.1)–(6.3). Let ũ = u1 − u2.
Then ũ solves the stochastic differential equation

dũ(t) +
[
Aũ(t) +

(
B(u1(t))−B(u2(t))

)
+

∫ t

0

β(t− s)Aũ(s) ds
]
dt

=
(
σ(t,u1)− σ(t,u2)

)
dW (t) +

∫
Z

(
g(u1, z)− g(u2, z)

)
Ñ(dt,dz), (6.22)

We denote σd(t) = σ(t,u1(t))− σ(t,u2(t)) and gd(t) = g(u1(t−), z)− g(u2(t−), z).
Let us define

τN = inf{t : |ũn(t)|2 +

∫ t

0

‖ũn(s)‖2ds > N}

as the stopping time. We have to find the 2nd moment estimate for the system (6.22). For this let us take the
function f(x) = |x|2 and apply the Itô’s formula to the process ũ(t) to obtain

d|ũ(t)|2 + 2‖ũ(t)‖2dt ≤ −2

(∫ t

0

β(t− s)
(
A

1
2 ũ(s), A

1
2 ũ(t)

)
ds

)
dt+ 2(σd(t)dW (t), ũ(t))

+
(
B(u1(t))−B(u2(t)), ũ(t)

)
dt+ ‖σd(t)‖2LQdt+ 2

∫
Z

(ũ(t), gd(t, z))Ñ(dt,dz)

+

∫
Z

|gd(t, z)|2λ(dt)dz.

Integrating from 0 to t ∧ τN , and using Lemma 2.3 we have

|ũ(t ∧ τN )|2 + 2

∫ t∧τN

0

‖ũ(s)‖2ds ≤ |ũ(0)|2 +

∫ t∧τN

0

(
B(u1(s))−B(u2(s)), ũ(s)

)
ds

+

∫ t∧τN

0

‖σd(s)‖2LQds+ 2

∫ t∧τN

0

(σd(s)dW (s), ũ(s)) +

∫ t∧τN

0

∫
Z

|gd(s, z)|2λ(ds)dz

+ 2

∫ t∧τN

0

∫
Z

(ũ(s), gd(s, z))Ñ(ds,dz). (6.23)

Case 1. In two dimensions, using energy inequality it can be shown that for 0 ≤ t ≤ T,

E
[
|ũ(t)|2 + 2

∫ t
0
‖ũ(s)‖2ds

]
< ∞. We also have |〈B(ũ,u1), ũ〉| ≤ C|ũ|‖ũ‖‖u1‖ ≤ ε‖ũ‖2 + Cε|ũ|2‖u1‖2. Hence

from (6.23) we have

|ũ(t ∧ τN )|2 + 2

∫ t∧τN

0

‖ũ(s)‖2ds ≤ |ũ(0)|2 +

∫ t∧τN

0

‖ũ(s)‖2ds+

∫ t∧τN

0

‖σd(s)‖2LQds

+ C1

∫ t∧τN

0

|ũ(s)|2‖u1(s)‖2ds+ 2

∫ t∧τN

0

(σd(s)dW (s), ũ(s))

+ 2

∫ t∧τN

0

∫
Z

(ũ(s), gd(s, z))Ñ(ds,dz) +

∫ t∧τN

0

∫
Z

|gd(s, z)|2λ(ds)dz. (6.24)

Using Hypothesis 2.4 and then taking expectation we have,

E
[
|ũ(t ∧ τN )|2

]
+ E

[ ∫ t∧τN

0

‖ũ(s)‖2ds
]
≤ E

[
|ũ(0)|2

]
+ E

[ ∫ t∧τN

0

(C1‖u1(s)‖2 + L)|ũ(s)|2ds
]
, (6.25)
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since
∫ t∧τN

0
(σd(s)dW (s), ũ(s)) and

∫ t∧τN
0

∫
Z

(ũ(s), gd(s, z))Ñ(ds,dz) are local martingales having zero averages.
Therefore, application of Gronwall’s inequality produces

E
[
|ũ(t ∧ τN )|2

]
+ E

[ ∫ t∧τN

0

‖ũ(s)‖2ds
]
≤ E

[
|ũ(0)|2

]
exp

(
C1

∫ t∧τN

0

(‖u1(s)‖2 + L(t ∧ τN )
)
. (6.26)

Letting N →∞, t ∧ τN → t a.s. and we have

E
[
|ũ(t)|2

]
+ E

[ ∫ t

0

‖ũ(s)‖2ds
]
≤ E

[
|ũ(0)|2

]
exp

(
C1

∫ t

0

(‖u1(s)‖2 + LT )
)
.

As we have
∫ T

0
‖u1(s)‖2ds < +∞, P – a.s. and ũ(0) = 0, P – a.s., we have E|ũ(t)|2 = 0, i.e., ũ(t) = 0, P – a.s.

and this assures the pathwise uniqueness of the solution in two dimensions.

Case 2. In three dimensions we have the estimate

|〈B(ũ,u1), ũ〉| ≤ C|ũ|1/2‖ũ‖3/2‖u1‖ ≤ ε‖ũ‖2 + Cε|ũ|2‖u1‖4.

We have from (6.23)

|ũ(t ∧ τN )|2 + 2

∫ t∧τN

0

‖ũ(s)‖2ds ≤ |ũ(0)|2 +

∫ t∧τN

0

‖ũ(s)‖2ds+

∫ t∧τN

0

‖σd(s)‖2LQds

+ C1

∫ t∧τN

0

|ũ(s)|2‖u1(s)‖4ds+ 2

∫ t∧τN

0

(σd(s)dW (s), ũ(s))

+ 2

∫ t∧τN

0

∫
Z

(ũ(s), gd(s, z))Ñ(ds,dz) +

∫ t∧τN

0

∫
Z

|gd(s, z)|2λ(ds)dz. (6.27)

Similarly, as in Case 1, we have

E
[
|ũ(t)|2

]
+ E

[ ∫ t

0

‖ũ(s)‖2ds
]
≤ E

[
|ũ(0)|2

]
exp

(
C1

∫ t

0

(‖u1(s)‖4 + LT )
)
.

Since we assume E
[ ∫ T

0
‖u1(s)‖4ds

]
< +∞, we have

∫ T
0
‖u1(s)‖4ds < +∞, P−a.s. As ũ(0) = 0, P – a.s., we

have E|ũ(t)|2 = 0, i.e., ũ(t) = 0, P – a.s. and this assures the pathwise uniqueness of the solution in three
dimensions.

Theorem 6.11. Let d = 2 and Assumptions 2.1, 2.2, 2.7 and Hypothesis 2.4 be satisfied.

(1) There exists a pathwise unique strong solution of (6.1)–(6.3).
(2) Moreover, if (Ω,F ,Ft,P, {u(t)}t≥0, {N(t, ·)}t≥0, {W (t)}t≥0, {µt}t≥0) is a strong solution of (6.1)–(6.3)

then for P− almost all ω ∈ Ω the trajectory u(·, ω) is equal almost everywhere to a càdlàg H-valued function
defined on [0, T ].

(3) The martingale solution of (6.1)–(6.3) is unique in law.

Proof. By Theorem 6.2 there exists a martingale solution to the system (6.1)–(6.3) and by Theorem 6.9 the
solution is pathwise unique. Assertions (1) and (3) follow from Theorems 2 and 11 in Ondreját [58]. Assertion
(2) is a direct consequence of Lemma 6.8.

Corollary 6.12. In view of Remark 6.10, it is clear that Theorem 6.11 holds true for Jeffreys fluid (6.12)–(6.13)
in dimensions d = 2, 3.
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Appendix A. Compactness and tightness criteria

A.1 Certain compactness results

In this subsection, we provide some definitions and known results borrowed mostly from Aldous [5], Billingsley
[9], Métivier [49] and Motyl [54]. Let S be a complete separable metric space with a metric ρ. Let us denote by
D([0, T ];S), the set of all S-valued functions defined on [0, T ], which are right continuous and have left limits
(càdlàg functions) for every t ∈ [0, T ]. The space D([0, T ];S) is endowed with the Skorokhod J-topology, which
is defined below.

Definition A.1. The J-topology on D([0, T ];S) is generated by the following metric δT,S, see (formulae (12.13)
and (12.16) of [9])

δT,S(x, y) := inf
λ∈ΛT

[
sup
t∈[0,T ]

ρ(x(t), y(λ(t))) + sup
t∈[0,T ]

|t− λ(t)|

+ sup
s<t

∣∣∣∣log

(
λ(t)− λ(s)

t− s

)∣∣∣∣ ], (A.1)

where ΛT is the set of all increasing homeomorphisms of [0, T ].

Remark A.2. Hence, it follows from Definition A.1, see also top of page 112 in [9], that sequence (xn)n∈N
converges in D([0, T ];S) to x if and only if there exists a sequence (λn) in ΛT such that with id being the
identity map of [0, T ],

λn → id and xn ◦ λn → x, uniformly on [0, T ]. (A.2)

In particular, if an D([0, T ];S)-valued sequence (xn)n∈N converges to x uniformly, then it converges to x in
D([0, T ];S) as well.

For more details see Métivier (Chap. II of [49]) and Billingsley (Chap. 3 of [9]).

Definition A.3. Let (S, ρ) be a separable and complete metric space. Let u ∈ D([0, T ];S) and let δ > 0 be
given. A modulus of continuity w[0,T ],S(u, δ) of u is defined by

w[0,T ],S(u, δ) := inf
P∈Πδ

max
ti∈P

sup
ti≤s<t<ti+1

ρ(u(t), u(s)), (A.3)

where Πδ is the set of all partitions P = {0 = t0 < t1 < . . . < tn = T} of [0, T ] with such that

ti+1 − ti ≥ δ, i = 0, . . . , n− 1.

We have the following deterministic (càdlàg version of the Arzelà–Ascoli theorem) criterion for relative
compactness in the space D([0, T ];S), see [41], (Chap. II of [49]) and (Chap. 3 of [9]).

Theorem A.4. A set A ⊂ D([0, T ];S) has compact closure (in D([0, T ];S)) iff it satisfies the following two
conditions:

(a) there exists a dense subset J ⊂ [0, T ] such that for every t ∈ J the set {u(t), u ∈ A} has compact closure
in S,

(b) limδ→0 supu∈A w[0,T ](u, δ) = 0.

A simple consequence of the above compactness criterion is the following.

Proposition A.5. If S a compact metric space, then the set D([0, T ]; S) (endowed with the Skorokhod
J-topology) is compact.
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Let us consider, for a fixed r > 0, the closed ball inH centered at 0 of radius r: BH(0, r) := {x ∈ H : |x|H ≤ r}.
Let BHw denote the ball BH endowed with the weak topology which, according to [12], is metrizable. Let qr
denote the metric on BH that is compatible with the weak topology on BH . Consider the following functional
space

D([0, T ];BHw(0, r)) :=

{
u ∈ D([0, T ];Hw) : sup

t∈[0,T ]

|u(t)|H ≤ r

}
.

We endow the space D([0, T ];BHw) with the topology induced by the topology T3 on D([0, T ];Hw). Then
D([0, T ];BHw) is metrizable with metric δT,r defined by

δT,r(u, v) := inf
λ∈ΛT

[
sup
t∈[0,T ]

qr(u(t), v ◦ λ(t)) + sup
t∈[0,T ]

|t− λ(t)|+ sup
s6=t

∣∣∣∣log

(
λ(t)− λ(s)

t− s

)∣∣∣∣
]
.

Since by the Banach–Alaoglu theorem, the topological space BHw is compact, in view of Proposition A.5, the
space (D([0, T ];BHw), δT,r) is a compact metric space.

The following result (see Lem. 4.3 in Motyl [53]) provides a criterion for convergence of a sequence in
D([0, T ];BH(0, r)).

Lemma A.6. Let Xn : [0, T ]→ H, n ∈ N be functions such that

1. supn∈N sups∈[0,T ] |Xn(s)|H ≤ r,
2. Xn → X in D([0, T ];U ′).

Then X,Xn ∈ D([0, T ];BHw) and Xn → X in D([0, T ];BHw) as n→∞.

Theorem A.7. Let Z = D([0, T ];U ′)J ∩D([0, T ];Hw) ∩ L2
w(0, T ;V ) ∩ L2(0, T ;H) and let T be the supremum

of the corresponding topologies. Then a set K ⊂ Z is T −relatively compact if the following three conditions are
satisfied :

(a) ∀X ∈ K and all t ∈ [0, T ], X(t) ∈ H and supX∈K sups∈[0,T ] |X(s)| <∞,

(b) supX∈K
∫ T

0
‖X(s)‖2ds <∞, i.e. K is bounded in L2(0, T ;V ),

(c) limδ→0 supX∈K w[0,T ],U ′(X, δ) = 0.

For proof see Lemma 3.3 in Brzeźniak and Motyl [15], Lemma 4.1 in Motyl [55], Theorem 2 of Motyl [54],
Lemma 2.7 in Mikulevicius and Rozovskii [50].

A.2 Tightness criterion for predictable process

Let (Ω,F ,Ft,P) be a filtered probability space with a filtration {Ft}t≥0 satisfying the usual hypotheses.

Definition A.8. Let (Xn)n∈N be a sequence of càdlàg, Ft-adapted stochastic processes in a Banach space E.
Assume that for every ε > 0 and η > 0 there is δ > 0 such that for every sequence (τn)n∈N of Ft-stopping times
with τn ≤ T one has

sup
n∈N

sup
0<θ≤δ

P {‖Xn(τn + θ)−Xn(τn)‖E ≥ η} ≤ ε.

In this case, we say that (Xn)n∈N satisfies the Aldous condition [A].

We now quote the following lemma given in Métivier [49] and Motyl [54] which ensures the Aldous condition
[A] in a separable Banach space for the sequence (Xn)n∈N.
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Lemma A.9. Let (Xn)n∈N be a sequence of càdlàg, Ft-adapted stochastic processes in a separable Banach space
E. Assume that for every sequence (τn)n∈N of Ft-stopping times with τn ≤ T and for every n ∈ N and θ ≥ 0
the following condition holds

E [‖Xn(τn + θ)−Xn(τn)‖αE ] ≤ Cθζ , (A.4)

for some α, ζ > 0 and some constant C > 0. Then the sequence (Xn)n∈N satisfies the Aldous condition [A] in
E.

The following lemma (see [54], Lem. A.7) gives us a useful consequence of the Aldous condition [A].

Lemma A.10. Let (Xn)n∈N be a sequence of càdlàg, Ft-adapted stochastic processes in a separable Banach space
E, which satisfies the Aldous condition [A]. Then, for every ε > 0 there is a measurable subset Aε ⊂ D([0, T ];E)
with

PXn(Aε) ≥ 1− ε, lim
δ→0

sup
u∈Aε

sup
|t−s|≤δ

‖u(t)− u(s)‖E = 0.

The deterministic compactness result in Theorem A.7 and the last lemma can be used to get the following
criterion for tightness in Z.

Theorem A.11. Let (Xn)n∈N be a sequence of càdlàg Ft-adapted U ′-valued processes such that

(a) there exists a positive constant C1 such that supn∈N E[sups∈[0,T ] |Xn(s)|] ≤ C1,

(b) there exists a positive constant C2 such that supn∈N E[
∫ T

0
‖Xn(s)‖2ds] ≤ C2,

(c) (Xn)n∈N satisfies the Aldous condition [A] in U ′.

Let Pn be the law of Xn on Z. Then for every ε > 0 there exists a compact subset Kε of Z such that Pn(Kε) ≥
1− ε, and the sequence of measures {Pn, n ∈ N} is said to be tight on (Z,T ).

For a proof see Corollary 1, Motyl [54]. In metric spaces, one can apply Prokhorov theorem (see [61], Thm.
II.6.7) and Skorokhod theorem (see [9], Thm. 6.7) to obtain convergence from tightness. Since the space Z is a
locally convex space, we use the following generalization of Skorokhod’s theorem to nonmetric spaces.

Proposition A.12 (Skorokhod–Jakubowski). Let X be a topological space such that there is a sequence of
continuous functions fm : X → C that separates points of X . Let A be the σ-algebra generated by (fm)m . Then,
we have the following assertions:

(a) Every compact set K ⊂ X is metrizable.
(b) Let (ζn)n∈N be a tight sequence of probability measures on (X ,A) . Then, there are a subsequence (ζnk)k∈N ,

random variables ξk, ξ for k ∈ N on a common probability space (Ω̄, F̄ , F̄t, P̄) with P̄ξk = ζnk for k ∈ N,
and ξk → ξ P̄-almost surely for k →∞.

We stated Proposition A.12 in the form of [17] (see also [40]) where it was first used to construct martingale
solutions for stochastic evolution equations. We apply this result to the concrete situation and obtain the final
result of this subsection.

Corollary A.13. Let (Xn)n∈N be a sequence of adapted U ′-valued processes satisfying the Aldous condition [A]
in U ′ and

sup
n∈N

E
[
‖Xn‖2L∞(0,T ;H)

]
<∞, sup

n∈N
E
[
‖Xn‖2L2(0,T ;V )

]
<∞.

Then, there are a subsequence (Xnk)k∈N and random variables X̄k, X̄ for k ∈ N on a common probability space
(Ω̄, F̄ , F̄t, P̄)with P̄X̄k = PXnk for k ∈ N, and X̄k → X̄ P̄-almost surely in Z for k →∞.
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Proof. We recall that

Z = D([0, T ];U ′)J ∩D([0, T ];Hw) ∩ L2
w(0, T ;V ) ∩ L2(0, T ;H)

is a locally convex space. Therefore, the assertion follows by an application of the Theorem A.11 and
Proposition A.12 if for each of the spaces in the definition of Z, we find a sequence fm : Z → R of continuous
functions separating points which generates the Borel σ-algebra.

Since D([0, T ];U ′) and L2(0, T ;H) are separable and completely metrizable spaces, we infer that each of
these spaces have this property.

For the space L2
w(0, T ;V ), define

fm(u) :=

∫ T

0

(u(t), vm(t))V dt ∈ R, u ∈ L2(0, T ;V ), m ∈ N,

where {vm,m ∈ N} is a dense subset of L2(0, T ;V ). Then (fm)m∈N is a sequence of continuous real valued
mappings separating points of the space L2

w(0, T ;V ).
Let {hm : m ∈ N} be a dense subset of H. We define the countable set

F := {fm,t : m ∈ N, t ∈ [0, T ] ∩Q} of functionals on D([0, T ];Hw) by

fm,t(u) := (u(t), hm)H

for m ∈ N, t ∈ [0, T ] ∩Q and u ∈ D([0, T ];Hw).
The set F separates points, since for u, v ∈ D([0, T ];Hw) with fm,t(u) = fm,t(v) for all m ∈ N and t ∈ [0, T ]∩Q,
we get (u, hm)H = (v, hm)H on [0, T ] for all m ∈ N by continuous continuation and therefore u = v on [0, T ].

Furthermore, the density of {hm : m ∈ N} and the definition of the locally convex topology yield that
(fm,t)m∈N,t∈[0,T ]∩Q generate the Borel σ-algebra on D([0, T ];Hw).

A.3 Tightness criterion of random Young measure

This section is devoted to the class of Young measures on metrizable Suslin control sets and the ideas are
borrowed mainly from Brzeźniak and Serrano [18], Castaing et al. [19] and Sritharan [69].

A.3.1 Preliminaries

In this paper, U denotes a Hausdorff topological space (the control set), B(U) denotes the Borel σ−algebra
on U and P(U) denotes the set of all probability measures on B(U).

Definition A.14. Let (Ω,F ,P) be a probability space. A stochastic process {µt}t≥0 with values in P(U) is
called a stochastic relaxed control (or relaxed control process) on U if the map [0, T ]× Ω 3 (t, ω) 7→ µt(ω, ·) ∈
P(U) is measurable.

Definition A.15. Let L(·) denote the Lebesgue measure on [0, T ] and µ be a bounded nonnegative σ−additive
measure on B(U× [0, T ]). µ is a Young measure on U iff µ satisfies µ(U× E) = L(E) ∀E ∈ B[0, T ]; i.e., the
marginal of µ on B[0, T ] is equal to the Lebesgue measure L. We denote by Y(0, T ;U) the set of Young measures
on U.

The following lemma elaborates disintegration of random Young measure which explicitly tells that to every
Young measure, there is a stochastic relaxed control associated with it.

Lemma A.16. Let (Ω,F ,P) be a probability space and let U be a Radon space. Let µ : Ω→ Y(0, T ;U) be such
that, for every M ∈ B(U× [0, T ]), the mapping Ω 3 ω 7→ µ(ω)(M) = µ(ω,M) ∈ [0, T ] is measurable. Then there
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exists a stochastic relaxed control {µt}t∈[0,T ] on U such that for P−a.e ω ∈ Ω we have

µ(ω,C × E) =

∫
E

µt(ω,C)dt ∀C ∈ B(U), E ∈ B[0, T ]. (A.5)

Direct application of the previous lemma yields µ(dU,dt) = µt(dU)dt.

Definition A.17. The stable topology on Y(0, T ;U) is the weakest topology on Y(0, T ;U) for which the
mappings Y(0, T ;U) 3 µ 7→

∫
E

∫
U f(U)µ(dU,dt) ∈ R are continuous for every E ∈ B[0, T ] and f ∈ Cb(U).

Remark A.18. If U is metrizable (resp., metrizable Suslin), then the space Y(0, T ;U) endowed with the stable
topology is also metrizable (resp., metrizable Suslin).

Remark A.19. If U is Hausdorff, the level sets of every inf-compact function are closed, hence Borel measurable.
Every inf-compact function is lower semicontinuous and the converse is also true if U is compact.

Remark A.20. We note that Nµt :=
∫
U L(U)µt(dU) is meaningful using Lemma A.16 and

∫ T

0

|Nµt|2dt ≤
∫ T

0

(∫
U
|L(U)|µt(dU)

)2

dt ≤
∫ T

0

(∫
U
κ(t, U)µt(dU)

)2

dt

≤
∫ T

0

(∫
U
κ2(t, U)µt(dU)

)(∫
U
µt(dU)

)
dt =

∫ T

0

∫
U
κ2(t, U)µt(dU)dt < +∞. (A.6)

Further, if µ is a random Young measure such that µ ∈ Uad(X0, T ), then,

E
[ ∫ T

0

|Nµt|2dt
]
≤ E

[ ∫ T

0

∫
U
κ2(t, U)µt(dU)dt

]
< +∞.

A.3.2 Tightness criterion

This subsection briefly explains flexibility criterion for relative compactness in stable topology on a metrizable
Suslin control set along with tightness criterion of sequence of random Young measures. The notion of tightness
for Young measures that has been used in this work was introduced by Valadier [76] (see also Brzeźniak and
Serrano [18], Castaing et al. [19], Crauel [23]).

Definition A.21. We say that a set G ⊂ Y(0, T ;U) is flexibly tight if, for each ε > 0, there exists
a measurable set-valued mapping [0, T ] 3 t 7→ Kt ⊂ U such that Kt is compact for all t ∈ [0, T ] and

supµ∈G
∫ T

0

∫
U 1Kc

t
(U)µ(dU,dt) < ε.

Below we state an equivalence theorem for flexible tightness. For proof see Balder [6].

Theorem A.22. The following two conditions are equivalent for any G ⊂ Y(0, T ;U) :

1. G is flexibly tight.

2. There exists κ ∈ IC([0, T ],U) such that supµ∈G
∫ T

0

∫
U κ(t, U)µ(dU,dt) < +∞.

Next we state the Prohorov criterion for relative compactness (see Thm. 4.3.5 of Castaing et al. [19]).

Theorem A.23. Let U be a metrizable and Suslin space. Then every flexibly tight subset of Y(0, T ;U) is
sequentially relatively compact in the stable topology.

Now we proceed to theorem which guaranties tightness criterion of random Young measures.
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Theorem A.24. Assume that U is metrizable and Suslin. For each n ∈ N, let µn be a random Young measure
on U defined on (Ωn,Fn,Pn). Assume there exists κ ∈ IC([0, T ],U) with

En
∫ T

0

∫
U
κ(t, U)µn(dU,dt) ≤ R ∀n ∈ N

for some R > 0, where En denotes expectation with respect to Pn. Then the family of laws of {µn}n∈N is tight
on Y(0, T ;U).

Proof. The proof follows from Lemma 2.18 of Brzeźniak and Serrano [18]. Let us provide a sketch of the proof.
For each ε > 0, define the set

Kε :=
{
µ ∈ Y(0, T ;U) :

∫ T

0

∫
U
κ(t, U)µ(dU,dt) ≤ R

ε

}
.

By Theorems A.22 and A.23, Kε is relatively compact in the stable topology of Y(0, T ;U). Therefore by
Chebyshev’s inequality we have

Pn(µn ∈ Y \ K̄ε) ≤ Pn(µn ∈ Y \Kε) ≤
ε

R
En
∫ T

0

∫
U
κ(t, U)µn(dU,dt) ≤ ε,

where K̄ε denotes the closure of Kε. Hence, the tightness of the laws of {µn}n≥1 follows.

The following lemma states that the relaxed cost functional is lower semicontinuous.

Lemma A.25. Let U be a metrizable Suslin space, and let γ ∈ L1(0, T ;R). Let us assume that F : [0, T ]×H ×
U → [0,∞] is measurable in t ∈ [0, T ] and lower semicontinuous for every t ∈ [0, T ] with respect to (X,U) ∈
H × U and satisfies one of the following two conditions:

1. |F (t,X,U)| ≤ γ(t), a.e. t ∈ [0, T ].
2. F ≥ 0. Then we have

(a) If µn → µ stably in Y(0, T ;U), then

∫ T

0

∫
U
F (t,X,U)µ(dU,dt) ≤ lim inf

n→∞

∫ T

0

∫
U
F (t,X,U)µn(dU,dt).

(b) If in addition Xn → X in T −topology, then

∫ T

0

∫
U
F (t,X,U)µ(dU,dt) ≤ lim inf

n→∞

∫ T

0

∫
U
F (t,Xn, U)µn(dU,dt).

Proof. For (a) if condition 1 holds, the result follows from Theorem 2.1.3-Part G in Castaing et al. [19] and for
condition 2, the result follows using Proposition 2.1.12-Part (d) in Castaing et al. [19]. Also see Brzeźniak and
Serrano [18]. Proof of (b) is from Lemma 10 of Sritharan [69], Haussmann and Lepeltier [38], Jacod and Memin
[39].
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Appendix B. Some proofs

Proof of Lemma 2.3. Let I =
∫ t

0

∫ s
0
β(s− τ)ϕ(s)ϕ(τ)ds dτ. Extend β by β̃ on the negative semi-axis by an even

function, i.e.,

β̃(t) =

{
β(t), if t ≥ 0,

β(−t), if t ≤ 0.

Then, I = 1
2

∫ t
0

∫ t
0
β̃(s− τ)ϕ(s)ϕ(τ) ds dτ. Again, define ϕ̃ by ϕ on (0, t) and zero elsewhere.

Hence, by using the properties of convolution of two functions (denoted by ?) and Plancherel’s theorem, one
gets

I =
1

2

∫ ∞
−∞

∫ ∞
−∞

β̃(x− y) ϕ̃(x) ϕ̃(y) dx dy =
1

2

∫ ∞
−∞

ϕ̃(x)
(
β̃ ? ϕ̃(x)

)
dx

=
1

2

(
ϕ̃(·), (β̃ ? ϕ̃)(·)

)
L2

=
1

2

(
ˆ̃ϕ(·), ̂(β̃ ? ϕ̃)(·)

)
L2

=
1

2

∫ ∞
−∞
| ˆ̃ϕ(ξ)|2 ˆ̃

β(ξ) dξ.

Using the definition of Fourier transform,

ˆ̃
β(ξ) =

1√
2π

∫ ∞
−∞

e−ixξβ̃(x)dx =
1√
2π

∫ ∞
0

(e−ixξ + eixξ)β(x)dx =
2√
2π

∫ ∞
0

cosxξ β(x)dx

=
2√
2π

([β(x) sinxξ

ξ

]∞
0

−
∫ ∞

0

β′(x) sinxξ

ξ
dx
)

= − 2√
2π

∫ ∞
0

β′(x) sinxξ

ξ
dx

and the last step is true as
[
β(x) sin xξ

ξ

]∞
0

= 0 because of Assumption 2.2 (ii). Exploiting the fact that

Fourier-sine transform of a decreasing function, if it exists, is always non-negative (see Tuck [75]) and using

Assumption 2.2 (i), we have
ˆ̃
β ≥ 0, which directly imlpies I ≥ 0.

B.1 A result on random Young measure

The following lemma lists certain properties of the limiting random Young measure in the stable topology,
which has been used to prove Theorem 5.4.

Lemma B.1. Assume that U is metrizable and Suslin. Let (µ̃n)n∈N and µ̃ be random Young measures on U
defined on (Ω̃, F̃ , F̃t, P̃). Let µ̃n → µ̃ in the stable topology P̃ – a.s. and assume there exists κ ∈ IC([0, T ],U)
such that

Ẽ
∫ T

0

∫
U
κ2(t, U) µ̃n(dU,dt) ≤ C, ∀n ∈ N (B.1)

for some C > 0. Assume L as the admissible control operator. Then we have the following convergences, for all
0 < t < T, and ∀z ∈ L4(Ω̃;H),

lim
n→∞

Ẽ
∣∣∣∣∫ t

0

∫
U

(L(U), z) µ̃n(dU,ds)−
∫ t

0

∫
U

(L(U), z) µ̃(dU,ds)

∣∣∣∣ = 0. (B.2)
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If in addition, we assume yn → y strongly in L4(Ω̃; L2(0, T ;H)), then

lim
n→∞

Ẽ

[∫ T

0

∫
U

(yn(t), L(U))µ̃n(dU,dt)−
∫ T

0

∫
U
(y(t), L(U))µ̃(dU,dt)

]
= 0. (B.3)

Proof. Choose ψR ∈ Cb(U) such that

ψR(U) =

{
1 if κ(·, U) ≤ R,
0 if κ(·, U) ≥ 2R.

Now
∣∣∣ ∫ t

0

∫
U

(L(U), z) µ̃n(dU,ds)−
∫ t

0

∫
U

(L(U), z) µ̃(dU,ds)
∣∣∣

≤
∫ t

0

∫
U
|(1− ψR(U)) (L(U), z) |µ̃n(dU,ds) +

∫ t

0

∫
U
|(1− ψR(U)) (L(U), z) |µ̃(dU,ds)

+
∣∣∣ ∫ t

0

∫
U
ψR(U) (L(U), z) µ̃n(dU,ds)−

∫ t

0

∫
U
ψR(U) (L(U), z) µ̃(dU,ds)

∣∣∣
=: I1 + I2 + I3.

For each s ∈ [0, T ], let us define the level set KR := {U ∈ U : κ(·, U) ≥ R}. We then have, using Remark A.20,

I1 ≤
[ ∫ t

0

∫
KR
|z|κ−1(s, U)κ2(s, U)µ̃n(dU,ds)

]
≤ 1

R

[ ∫ t

0

∫
KR
|z|κ2(s, U)µ̃n(dU,ds)

]
≤ c

R
|z| → 0 as R→∞ for some constant c > 0.

Similar calculation yields I2 → 0. Stable convergence of µ̃n yields
∫ t

0

∫
U ψR(U) (L(U), z) µ̃n(dU,ds) →∫ t

0

∫
U ψR(U) (L(U), z) µ̃(dU,ds). Combining all the above we have

∫ t
0

∫
U (L(U), z) µ̃n(dU,ds)→

∫ t
0

∫
U (L(U), z)

µ̃(dU,ds). Further using Hölder’s inequality, Assumption 2.7 and µ̃n being the probability measure, we have for
1 < r < 2

Ẽ
∣∣∣ ∫ t

0

∫
U

(L(U), z) µ̃n(dU,ds)
∣∣∣r ≤ Ẽ

∣∣∣ ∫ T

0

∫
U
|L(U)| |z| µ̃nt (dU)dt

∣∣∣r
≤ Ẽ

[
|z|r

{∫ T

0

∫
U
κ2(t, U)µ̃nt (dU)dt

}r/2{∫ T

0

∫
U
µ̃nt (dU)dt

}r/2]
≤ T r

2
r

2
Ẽ
[ ∫ T

0

∫
U
κ2(t, U)µ̃nt (dU)dt

]
+ T

r
2

2− r
2

Ẽ
[
|z|

2r
2−r

]
.

In particular, choosing r = 4
3 we have Ẽ

[∣∣ ∫ t
0

∫
U (L(U), z) µ̃n(dU,ds)

∣∣ 43 ] < Cr which ensures the uniform

integrability of
∣∣∣ ∫ t0 ∫U (L(U), z) µ̃n(dU,ds)

∣∣∣.
Hence, by Vitali’s theorem, we have (B.2).
In addition, let us assume yn → y strongly in L4(Ω̃; L2(0, T ;H)). We have,

In : =

∫ T

0

∫
U

(yn(t), L(U)) µ̃n(dU,dt)−
∫ T

0

∫
U

(y(t), L(U)) µ̃(dU,dt)
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=

∫ T

0

∫
U

(y(t)− yn(t), L(U)) µ̃n(dU,dt)︸ ︷︷ ︸
I1n

−
∫ T

0

∫
U

(y(t), L(U)) (µ̃(dU,dt)− µ̃n(dU,dt))︸ ︷︷ ︸
I2n

.

|I1
n| ≤

∫ T

0

∫
U
|yn(t)− y(t)||L(U)|µ̃n(dU,dt) =

∫ T

0

|yn(t)− y(t)|
(∫

U
κ(t, U)µ̃nt (dU)

)
dt

≤ c‖yn − y‖L2(0,T ;H) → 0 as n→∞ P̃− a.s.

We now move to estimate I2
n. Since, y(·) ∈ L4(Ω̃; L2(0, T ;H)) is strongly measurable, there exists a sequence

of H-valued simple functions, yk(t) :=
∑m
l=1 ck,lχk,l(t), ck,l ∈ H, such that yk(·)→ y(·) in L4(Ω̃,L2(0, T ;H)),

and also for t in [0, T ] a.s., P̃ – a.s., yk(t)→ y(t) in H. Hence arguing as before, we conclude that In,2,k → In,2
as k →∞ where

In,2,k : =

∫ T

0

∫
U

(yk(t), L(U)) (µ̃(dU,dt)− µ̃n(dU,dt))

=

mk∑
l=1

{∫
χk,l

∫
U

(ck,l, L(U))µ̃(dU,dt)−
∫
χk,l

∫
U

(ck,l, L(U))µ̃n(dU,dt)

}
. (B.4)

Also by (B.2) we have In,2,k → 0 as n → ∞. Hence we proved that In,2 → 0 as n → ∞. Therefore, we have
In → 0 as n→∞. We note that using

|
∫ T

0

∫
U

(y(t), L(U)) µ̃n(dU,dt)| ≤

(∫ T

0

|y(t)|2dt

) 1
2
(∫ T

0

∫
U
κ2(t, U)µ̃n(dU,dt)

) 1
2

(B.5)

and exploiting Young’s inequality (with exponents 3
2 and 3), (B.1), and the hypothesis yn ∈ L4(Ω; L2(0, T ;H)),

is uniformly bounded (as convergent) the above inequality reduces to

Ẽ
[
|
∫ T

0

∫
U

(yn(t), L(U)) µ̃n(dU,dt)| 43
]
≤ Ẽ

[(∫ T

0

|yn(t)|2dt

) 2
3
(∫ T

0

∫
U
κ2(t, U)µ̃n(dU,dt)

) 2
3 ]

≤ 1

3
Ẽ
[(∫ T

0

|yn(t)|2dt

)2 ]
+

2

3
E
[(∫ T

0

∫
U
κ2(t, U)µ̃n(dU,dt)

)]
≤ 2C

3
+

1

3
Ẽ
[(∫ T

0

|yn(t)|2dt

)2 ]
<∞.

Hence, by Vitali Theorem,

lim
n→∞

ẼIn = lim
n→∞

Ẽ

[∫ T

0

∫
U
(yn(t), L(U))µ̃n(dU,dt)−

∫ T

0

∫
U

(y(t), L(U))µ̃(dU,dt)

]
= 0.

Appendix C. Quadratic variation process

Definition C.1 (Quadratic variation process and Meyer process). Let M be a square integrable martingale
with right continuous paths with values in a separable Hilbert space H on (Ω,F ,Ft,P). Then there exists two
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real right continuous increasing processes [M ] and /M. with 0 = [M ]0 = /M.0 such that

‖Mt‖2H = ‖M0‖2H + 2

∫ t

0

(Ms−,dMs)H + [M ]t. (C.1)

/M. is the unique real right continuous increasing predictable process such that

‖Mt‖2H − ‖M0‖2H − /M .t is a martingale. (C.2)

Here [M ] is called the quadratic variation of M and /M. the Meyer process of M .

Remark C.2. Let H be Hilbert spaces and let Q : H → H be a trace class operator. Let

dX(t) = σ(t,X)dW (t) +

∫
Z

g(X(t−), z)Ñ(dt,dz),

where W (·) is an H-valued Wiener process, σ(·, ·) : [0, t)×H → LQ(H,H), Z is a measurable subspace of H,

g(·, ·) : H ×Z → H and Ñ(·, ·) is the compensated Poisson random measure. From Métivier [49]), Sakthivel and
Sritharan [67] and Manna, Manil and Sritharan [47], we observe that the quadratic variation process of X is

[X]t =

∫ t

0

‖σ(s,X)‖2LQ(H,H)ds+

∫ t

0

∫
Z

‖g(X, z)‖2HN(ds,dz)

and the Meyer process of X is

/X.t =

∫ t

0

‖σ(s,X)‖2LQ(H,H)ds+

∫ t

0

∫
Z

‖g(X, z)‖2Hλ(dz)ds,

and finally by the martingale property one obtains that the expectation of the quadratic variation process and
that of Meyer process are same. Thus we have,

E
[∫ t

0

‖σ(s,X)‖2LQ(H,H)ds+

∫ t

0

∫
Z

‖g(X, z)‖2HN(ds,dz)

]
= E

[∫ t

0

‖σ(s,X)‖2LQ(H,H)ds+

∫ t

0

∫
Z

‖g(X, z)‖2Hλ(dz)ds

]
. (C.3)

Lemma C.3. (Burkholder–Davis–Gundy inequality) Let H be a Hilbert space valued càdlàg martingale with
M0 = 0 and let p ≥ 1 be fixed. Then for any F -stopping time τ , there exists constants cp and Cp such that

E
{

[M ]p/2τ

}
≤ cpE

{
sup

0≤t≤τ
‖Mt‖pH

}
≤ CpE

{
[M ]p/2τ

}
for all τ , 0 ≤ τ ≤ ∞, where [M ] is the quadratic variation of process M . The constants are universal
(independent of M).

For proof see Theorem 1.1 of Marinelli and Röckner [48]. For real-valued càdlàg martingales see Theorem 3.50
of Peszat and Zabczyk [62].
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[15] Z. Brzeźniak and E. Motyl, Existence of a martingale solution of the stochastic Navier-Stokes equations in unbounded 2D and

3D domains. J. Differ. Equ. 254 (2013) 1627–1685.
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[18] Z. Brzeźniak and R. Serrano, Optimal relaxed control of dissipative stochastic partial differential equations in Banach spaces.

SIAM J. Control Optim. 51 (2013) 2664–2703.
[19] C. Castaing, P. Raynaud de Fitte and M. Valadier, Young Measures on Topological Spaces: With Applications in Control

Theory and Probability Theory. Vol. 571 of Mathematics and Its Applications. Kluwer Academic Publishers, Dordrecht, The
Netherlands (2004).

[20] M.-H. Chang, Stochastic control of hereditary systems and applications. In Vol. 59 of Stochastic Modelling and Applied
Probability. Springer, New York (2008).

[21] Ph. Clément and G. Da Prato, White noise perturbation of the heat equation in materials with memory. Dyn. Syst. Appl. 6,
(1997) 441–460.

[22] F. Confortola and E. Mastrogiacomo, Optimal control for stochastic heat equation with memory. Evol. Equ. Control Theory
3 (2014) 35–58.

[23] H. Crauel, Random Probability Measures on Polish Spaces. Vol. 11 of Stochastics Monographs. Taylor & Francis, London
(2002).

[24] S.C. Crow, Viscoelastic properties of fine-grained incompressible turbulence. J. Fluid Mech. 33 (1968) 1–20.
[25] N.J. Cutland and K. Grzesiak, Optimal control for 3D stochastic Navier-Stokes equations. Stochastics 77 (2005) 437–454.

[26] N.J. Cutland and K. Grzesiak, Optimal control for two-dimensional stochastic Navier-Stokes equations. Appl. Math. Optim.
55 (2007) 61–91.

[27] A. Doubova and E. Fernández-Cara, On the control of viscoelastic Jeffreys fluids. Syst. Control Lett. 61 (2012) 573–579.
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863–912.

[55] E. Motyl, Stochastic hydrodynamic-type evolution equations driven by Lévy noise in 3D unbounded domains-Abstract
framework and applications. Stoch. Process. Appl. 124 (2014) 2052–2097.

[56] N. Nagase and M. Nisio, Optimal controls for stochastic partial differential equations. SIAM J. Control Optim. 28 (1990)
186–213.

[57] J.G. Oldroyd, Non-Newtonian flow of liquids and solids. In Vol. I of Rheology: Theory and applications, edited by F.R. Eirich.
Academic Press Inc., New York, (1956), 653–682.

[58] M. Ondreját, Uniqueness for stochastic evolution equations in Banach spaces. Diss. Math. 426 (2004) 1–63.
[59] E. Pardoux, Stochastic partial differential equations and filtering of diffusion processes. Stochastics 3 (1979) 127–167.
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