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OPTIMAL RELAXED CONTROL OF STOCHASTIC HEREDITARY
EVOLUTION EQUATIONS WITH LEVY NOISE

UTPAL MANNAL* AND DEBOPRIYA MUKHERJEE!?

Abstract. Existence theory of optimal relaxed control problem for a class of stochastic hereditary
evolution equations driven by Lévy noise has been studied. We formulate the problem in the martingale
sense of Stroock and Varadhan to establish existence of optimal controls. The construction of the
solution is based on the classical Faedo—Galerkin approximation, the compactness method and the
Jakubowski version of the Skorokhod theorem for nonmetric spaces, and certain compactness properties
of the class of Young measures on Suslin metrizable control sets. As application of the abstract theory,
Oldroyd and Jeffreys fluids have been studied and existence of optimal relaxed control is established.
Existence and uniqueness of a strong solution and uniqueness in law for the two-dimensional Oldroyd
and Jeffreys fluids are also shown.
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1. INTRODUCTION

In this paper, our goal is to study an optimal control problem (OCP) associated to a class of abstract
stochastic hereditary evolution equations (SHEEs) driven by Lévy noise, in an infinite-dimensional separable
Hilbert space H, of the general form

ax(t) + [AX(t) +B(X(1) + / t B(t — $)AX(s) ds] dt
0

= L(U®))dt + o t, X (£)dW (t) + / g(X(t—), 2)N(dt, dz), (1.1)
zZ

with initial condition X(0) = zo, (1.2)
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2 U. MANNA AND D. MUKHERJEE

associated with a cost functional of the form

T
J(X,U) := E[J(X,U)] = E[/O F(t, X (1), U(t))dt + ¢(X(T))]. (1.3)

Here, xg € H and X is a state variable. The operators A, B satisfy certain conditions which are framed in
Section 2. U is a metrizable Suslin space U-valued control depending on the possible nonlinearities of the
mechanism of the system, L : U — H can be linear (or possibly nonlinear) operator. {W(¢)},>¢ is a cylindrical
H-valued Wiener process and N (dt,dz) is a time homogeneous compensated Poisson random measure with Z
being the measurable subset of H where the solutions of the above system have its paths and N is a time-
homogeneous Poisson random measure on (Z, B(Z)). The processes W and N are assumed to be independent.
F:[0,T] x HxU — [0, 0] is measurable in ¢ € [0, 7] and lower semicontinuous with respect to (X,U) € H x U
and the final cost function ¢ : H — R is lower semicontinuous.

In the context of the natural generalization of OCP governed by SHEE, when no special condition on the
dependence of the non-linear operator L with respect to the control variable are assumed and when the cost
functional fail to satisfy the usual convexity condition, introduction of measure valued controls (known as
relaxed controls) becomes necessary. By the method of relaxation (due to L. C. Young and J. Warga), the space
of admissible controls can be extended to a bigger space known as the space of admissible relaxed controls such
that control system and the cost functional are convexified in the usual sense. This gives us a passage to seek
the existence of optimal control for the relaxed system.

We disintegrate (see Appendix A.3 and Lem. A.16) a Borel probability measure p on the Borel o-algebra
B(U x [0,T7]) for the projection U x [0,T] — U as

p(dU, db) = (V)AL € PU x [0,T]),

where P(U x [0,7T]) denotes the space of Borel probability measure on B(U x [0,T7]).
With the original control system (1.1)—(1.3), we associate a relaxed control system by defining the relaxed
coefficient as

N = [ LOw(a). € P). te .1 (1.4)

where P(U) denotes the space of Borel probability measure on B(U).
Hence, the relaxed version of the original control system (1.1)—(1.2) become:

AX(t) + [AX(t) + B(X(1) + /t B(t — s)AX(s) ds] dt
0

= Nudt + o(t, X (t))dW (¢) +/ g(X(t—),z)N(dt,dz), (1.5)
Z

with initial condition X(0) = xo, (1.6)

associated with the relaxed cost functional as

T
J(X, 1) := BT (X, )] = B / F(t, X (), p)dt + (X (1)), (L.7)
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where the relaxed running cost F is defined by
F(tXope) = [ FXDpnldU), e € PU),  (6,X) € [0.7) x .
U

whenever the above expression is well defined, i.e., the map U > U — F(t,X,U) € H is Bochner integrable
with respect to p, € P(U).

Note that the original control system (1.1)-(1.2) controlled by a U-valued process U = {U(t) }+c[o,7] coincides
with the relaxed system controlled by the process of Dirac measures ji; = oy (y), t € [0,77].

1.1. Motivation of the study and relevant literatures

It is well-known that certain physical and biological phenomena can be better understood if past history of
the system is taken into consideration in the model equations. Such equations are known as hereditary equations
or equations with memory. Examples of such models may include (but not limited to)

non-Newtonian fluid flow problems, e.g. in viscoelastic and polymeric fluids (see Part I in [68], [74]),
Newtonian averaged field dynamics [24, 52, 66],

heat-flow problems with memory [7, 46],

time-delayed reaction-diffusion systems [31, 35],

hyperbolic heat equation with memory [34], hyperbolic phase-field model with memory [3, 36],
plasmas turbulence [33],

bacteria growth [43, 71],

financial market model with memory [1].

e N N —~ 7 N
=0 o an o
Pl =L2E

It is needless to say that the hereditary systems become more physically realistic if some kind of uncertainty
is also considered in the model equations formulation. Noise can enter the system in a number of ways, e.g.
in the state equation, forcing due to structural vibration or environmental effects can be incorporated either
as a random boundary forcing or as a random distributed forcing. The abstract hereditary model (1.5)—(1.7)
considered in this paper is motivated by parabolic partial differential equations arising in fluid dynamics (see
Sect. 6 for more details) and in heat flows and their application in OCPs. It is worth to mention here that the
applications to OCPs quite naturally arise in the study of control of fluid flows, control of stationary flows,
glueing in polymeric materials, heating processes e.g. in modelling heating with radiation boundary condition,
optimal portfolio problem in a financial market model with memory etc. Interested readers may look into Lions
[45] and Troltzsch [73] (see also Chang [20] and references therein) for more details and applications.

There are considerable amount of literatures available concerning deterministic system of integro-differential
equations (see, for instance, [64]) and relatively less amount of work on stochastic systems (e.g. [2],[7], [8], to
name a few). Semigroup approaches of the deterministic theory (e.g. history function approach due to Miller
[51]) have recently been introduced in stochastic models by Bonaccorsi et al. [10, 11]. When the infinitesimal
generator is a family of linear unbounded time dependent operator, it is difficult to describe the semigroup
and to study the corresponding stochastic convolution problem associated with the system. Under such set-up,
resolvent theory approach has been developed (see, for instance, [21], [63]).

Study of OCP is quite delicate when both noise and control influence dynamics of a system in the presence
of memory term, and amount of literature in this direction is quite limited and very recent. Optimal control for
stochastic Volterra equations with monotone kernels and that of stochastic heat equation with memory have
recently been studied in [10] and [22] with the aid of semigroup and resolvent approaches, respectively. Taking
a different approach, Chang, in his monograph [20], has studied hereditary systems influenced by standard
Brownian motion with bounded fading memory over finite time horizon via dynamic programming principle
focusing on development of the value function as the unique viscosity solution of the corresponding infinite-
dimensional equations. Very recently, noting the fact that solutions of SHEE are not usually Markov processes,
Agram et al. in [1] have used tools from Malliavin calculus to tackle OCP for such equations with jumps.
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The approach adopted in this paper is different from the above literatures. We draw motivation from the
celebrated works of Young [79, 80] and Warga [77, 78] on measure-valued convexification technique of nonlinear
controlled system and relaxation technique of cost functional on the space of admissible controls. It is worth to
mention here that this approach was first introduced for finite-dimensional stochastic systems by Fleming et al.
[29, 30], and this area then gradually expanded due to [28, 32, 38, 56, 81], to name a few. Sritharan in [69] studied
optimal relaxed control of stochastic Navier—Stokes equations with linear and nonlinear constitutive relations
and with Lusin metrizable control sets. Cutland et al. in [25, 26] combined relaxed controls and non-standard
analysis techniques to study existence of an optimal control for stochastic 2D and 3D Navier—Stokes equations
in a bounded domain with multiplicative Gaussian noise. Brzezniak and Serrano in [18] have analyzed the
existence of a weak optimal relaxed control for semilinear dissipative stochastic evolution equations influenced
by cylindrical Wiener process in unconditional martingale difference (UMD) type-2 Banach spaces implementing
semigroup approach.

Apart from the application, the main mathematical motivation of this work is to combine the relaxed control
techniques with martingale problem formulation in the sense of Stroock and Varadhan. It appears to authors
that the approach adopted in this work is new to stochastic Volterra integro-differential equations (or to SHEE).
In addition, we consider very general control set, control operator, noise and cost functional (see Sects. 1.2 and
2 for more details) to include a large class of problems under this unified framework.

1.2. Technical challenges and contribution of the paper

This work contributes to the existing literatures on optimal control of SHEEs or of stochastic Volterra
integro-differential equations in a number of ways listed below.

(i) The control set in our work is assumed to be only metrizable and Suslin in contrast with [1, 22] and [10],
where the control set is real-valued and real separable Hilbert space-valued, respectively. In our case, due
to lack of boundedness or compactness of the control set, we follow the strategy due to Fleming [29] to
work in the bigger space of admissible relaxed control where we obtain proper compact structure of the
control set.

(ii) The admissible control operator assumed in this work is infinite-dimensional Hilbert space-valued, pos-
sibly non-linear, continuous and is dominated by an inf-compact function in contrast with usual square
integrable control processes (e.g. see [10]).

(iii) The running cost function assumed in this paper is measurable, lower semicontinuous and coercive in
comparison to [22], where running cost is locally Lipschitz and to [10], where running cost is having
quadratic growth in both state and control variables. Since, in our case, there is no special assump-
tion on the convexity or growth condition of cost functional, it is intuitive that the optimal solutions
may not even exist leading the control process to be of infinite cost. However, by the method of
relaxation for the class of weak admissible controls, the cost functional is convexified in its usual
sense and it is written in terms of the admissible control system, not as a function of control process
alone.

(iv) In this work, we consider multiplicative Lévy noise consisting of the Wiener processes and compensated
time homogeneous Poisson random measures taking values in some Hilbert space. Our choice of noise is
more general than [10, 20, 22] and [1], where in the former literatures noise is either a standard real-valued
Brownian motion or a Hilbert space-valued cylindrical Wiener process, whereas in the later literature
noise is a real-valued multiplicative Lévy process. The key technical issue we face in our martingale
solution approach is in proving the tightness (and identification of the limit), which does not follow any
standard classical methods. The essential ingredients in this approach are generalization of the Skorokhod
representation theorem for non-metric spaces introduced recently in [13], and partial generalization from
the case of weakly continuous (see Lem. 4.2 in [16]) to weakly cddlag functions with respect to application
of Kuratowski’s theorem for non-Polish spaces.
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We are now ready to state the main results of this article. To this end, let us assume that (Q, ZF, 3@,[@) is a
filtered probability space, where (ft)tzo is the filtration, satisfying the usual conditions, i.e., (i) P is complete
on (92,.%), (ii) for each t > 0, .%; contains all (.#,P)-null sets, and (iii) the filtration .%; is right-continuous.

The main result of this article is summarized below and is proven in Theorems 4.7 and 5.4 with precise state-
ments. Suppose xg € H and a system 7 := (Q, %, %, P, {X(¢) }+>0, {N (¢, ) }e>0, {W () }e>0, {1t }1>0) is a weak
admissible relaxed control (see Def. 5.1) with time horizon [0, 7] such that J(7) < 400, where J is the corre-
sponding associated relaxed cost functional given by (5.3). Suppose Assumption 2.1, Assumption 2.2, Hypothe-
sis 2.4, Assumption 2.7, and Assumption 2.8 are satisfied. Then the relaxed control problems (RCPs) (1.5)—(1.6)
associated with the cost functional (1.7) admit a weak optimal relaxed control with time horizon [0, T7].

Let us brief here the outline of the proof of the above result. We first consider the classical Faedo—Galerkin
approximation of the uncontrolled system of equation corresponding to (1.5)—(1.6), i.e.

dX,(t) = — [PnAXn(t) + B (X,(t) + /t B(t — 1)P,AX,, (T)dr
0

+ Poo(t, Xn(t)dW () + / Pog(X,(t—), z)N(dt,dz),
Z

Xn(0) = P.X(0),

and prove suitable uniform bounds for X,, in Section 3, namely,

T
supE( sup Xn(t)ﬁI) < oo, supE </ ||Xn(t)||%/dt> < 00.
n 0<t<T n 0

The spaces H and V are defined in Section 2. Using certain deterministic compactness results (see Thm. A.7) we
are able to establish, in Lemma 4.3, the Aldous condition to obtain tightness criterion for the laws {£(X,),n €
N} on an appropriate functional space denoted as Z, which is not metrizable. We further employ Jakubowski’s
version of the Skorokhod representation theorem for nonmetric spaces, which allows us to construct a stochastic
process X with trajectories in the space Z, a Wiener process W, a time homogeneous Poisson random measure
N defined on some filtered probability space (Q,.7,.%;,P), such that the system (Q,.7,.%;,P, X, N, W) is a
martingale solution of the uncontrolled problem corresponding to (1.5)—(1.6) (see Thm. 4.7 for details).

Next, we move to seek weak optimal solution for the finite horizon RCP i.e., (1.5)-(1.6) subject to
associated cost functional (1.7). In Theorem 5.4, we first construct a minimizing sequence of admissible
relaxed controls m, := (Q", F", F, P* {X"(t) }iz0, {N"(t, ) im0, {W™ () }e>0, {47 }+>0) and prove {L(p,),n €
N} is tight on the space of Young measures on U. Further we prove that m, converges to 7 :=
(Q,. 7,7, P, {X(t) Y50, IN(t,-) Yez0, {W (t) }+>0, {fit }+>0) in appropriate topology which is also a weak mar-
tingale solution of (1.5)—(1.6) associated with the cost functional (1.7). Finally, in Theorem 5.4, we prove that
7 is indeed a weak admissible optimal relaxed control.

In the second part of this article, in Section 6, we provide some applications of the abstract theory developed
in this paper. We concentrate particularly on certain viscoelastic fluids, e.g. Oldroyd and Jeffreys fluid, and
obtain some interesting results.

The content of this paper is as follows. In Section 2, we provide some basic definitions and list all essen-
tial assumptions. Section 3 is devoted to derive energy estimates of the approximating sequence obtained by
the Faedo—Galerkin method for the uncontrolled SHEEs (3.1)—(3.2). In the next section, we prove existence of
martingale solution to this uncontrolled system. In Section 5, we study the existence of weak optimal relaxed
control for the RCP (1.5)—(1.6) associated with the cost functional (1.7). Section 6 is covered with applications
to viscoelastic fluid flow problems such as Oldroyd fluid and Jeffreys fluid. We conclude this section by pro-
viding an example and proving the existence and uniqueness of a strong solution and uniqueness in law for
the two-dimensional Oldroyd fluid. Finally the Appendix is split into 3 parts, which contain certain important
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results about compactness and tightness criterion for cadlag functions, predictable processes and random young
measure, positivity of the kernel, quadratic variation processes and some of its properties.

2. ASSUMPTIONS

In this section, we specify the standing assumptions on the linear and nonlinear operators, the kernel, the
noises, the control set, the control operator, and the running and final cost functions.

Let (H,(-,-)g) and (V,(-,-)v) be two separable Hilbert spaces and the norms in H and V induced by the
inner products be denoted by | - | and | - ||, respectively. We assume that V < H, the embedding being dense
and continuous. Identifying H with its dual H’', we have the following continuous embeddings

Vs H2H <V

2.1. Properties of the operators A and B
Assumption 2.1.

(A) Let A:V — V' be a non-negative, linear, self-adjoint, unbounded operator such that
<AXaY>:(X7Y)V7 XaYEVYa (21)

where (-, -) denotes the duality pairing between V' and V.
(B)(i) Let B:V x V — V' be a bilinear map and there exists a constant C; > 0 such that

IBX,Y)llv: <CiIX(IY ], XY eV (2.2)
(ii) For X; € V,i = 1,2,3, we have (B(X1,X2),X3) = —(B(X1,X3),Xs2). Let us denote B(X) =

B(X,X), VX € H.
(iii) B :V — V' is locally Lipschitz continuous, i.e., for every r > 0 there exists a constant C,. such that

[B(X) = B(Y)|ly <Gl X =Y, X, Y e V| X[, [[Y]| <7 (2.3)
(iv) There exists a separable Hilbert space Vi C V, the embedding being dense and continuous, such that B

can be extended to a bilinear map from H x H into V{. Moreover, there exists a constant Cy > 0 such
that

IBX.Y)llv; < ColX|IY], XY € H. (2.4)

2.1.1. Auziliary result

Let us note that we have the following three separable Hilbert spaces such that V3 C V' C H, the embedding
being dense and continuous. Since V; is a separable Hilbert space, there exists a Hilbert space U such that
U — V4 and the embedding & — V; is dense and compact (see Lem. C.1 in Appendix C of [15]). In particular,
U is compactly embedded into the space H. Hence, we have

UV s H2H U, (2.5)

where the embedding U < V is dense and compact and the embedding V' — H is continuous.
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2.2. Properties of the kernel

Here, we formulate appropriate properties of kernel § which will be useful in the later sections.
Assumption 2.2. The kernel g : [0, 00) — R satisfies the following assumptions:

(i) B is twice differentiable strictly convex function and 8 € C([0, c0)).
(ii) B(t) =0 as t— oo.

Lemma 2.3. Lett >0 and ¢ € L2(0,t), then fg Jo B(s = 1)p(s)p(r)dsdT > 0.

For proof see Appendix B.

2.3. Assumptions on the random forces

2.3.1. Some notations

Let Lo(H, H) denote the space of all Hilbert—Schmidt operators from H to H where @ is symmetric, positive,

trace class operator on H.
Let P be a predictable o—field on [0,7] x Q. Let SK’T(P ®B(Z),l @ P® \; H) be a space of all H-valued,
P ® B(Z)— measurable processes such that

E{/OT/Z|5(S,.,Z)|2dsdA(z)] < .

Let S be a complete separable metric space with a metric p. We denote by D([0,T];S), the set of all S-valued
functions defined on [0, T'], which are right continuous and have left limits (cadlag functions) for every ¢ € [0, T7.
More details about this space and its topology are put forward in Appendix A.

Let us assume that o and g satisfy the following hypothesis of joint continuity, Lipschitz condition and linear
growth.

Hypothesis 2.4. The main hypothesis is the following:

H.1 The function o € C([0,T] x H; Lo(H; H)) and g € £3 n(P® B(Z),l @ P@ \; H).
H.2 Let p > 2. Then for all ¢ € (0,T'), there exists positive constant K, such that for all X € H,

lo(t, Xz, +/Z|9(X(t)72)\”(d2) < Kp (L4 [X(8)7).
H.3 For all t € (0,T), there exists positive constant L such that for all X, Y € H,
o)~ oY), + [ 19(X,2) - oY) PA@e) < LIX - VP

2.4. Assumptions on the control operator

Definition 2.5. A Hausdorff topological space U is said to be Suslin if there exist a Polish space (i.e., separable
and completely metrizable) S and a continuous mapping ¢ : S — U such that ¢(S) = U.

Definition 2.6. A function  : U (Hausdorff topological space, control set) — [0, +o0] is called inf-compact iff
for every R > 0 the level set {x < R} is compact.

For T > 0 fixed, we will denote by ZC([0,T],U) the class of measurable functions & : [0,T] x U — [0, +o0] such
that for all ¢ € [0, T, the function «(t,-) is inf-compact.
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We impose the following assumptions on the control set U, control operator L and the Young measure . We
denote the class of weak admissible relaxed controls (with time horizon [0,T]) by %, (Xo,T) and is defined in
Definition 5.1.

Assumption 2.7.

1. The control set U is a metrizable and Suslin space.

2. L is an admissible control operator (possibly nonlinear) satisfying the following
i. L: U — H is continuous and
ii. there exists k € ZC([0,T],U) such that |[L(U)| < (-, U)+C, U € U.

3. For any random Young measure p € %, (Xo,T)

/0 ’ /U w2(t, U)p(dU, dt)

Note that the constant C' does not have any significance in the subsequent estimates concerning L and hence
will be ignored.

E < 4o00.

2.5. Assumptions on the running and final cost functions

Assumption 2.8.

1. The running cost F : [0,T] x H x U — [0, 0] is measurable in ¢ € [0,T] and lower semicontinuous with
respect to (X,U) € H x U.
2. There exists k € ZC([0,T],U) such that F' satisfies the following coercivity condition:

F(t,X,U) > c167(t,U), with ~ > 2, for some constant ¢; > 0.

3. The final cost function ¢ : H — R is lower semicontinuous.
Remark 2.9. The coercivity condition on F' is important since the nonlinearity is not necessarily bounded

with respect to the control variable.

3. A PRIORI ENERGY ESTIMATES FOR THE UNCONTROLLED EQUATION

In this section, we consider the following uncontrolled system of SHEEs:

AX (1) + [AX(0) + BX (1) + /0 "Bt — $)AX(s) ds]dt = o(t, X (1)AW (L) + /Z g(X(t—), )N (dt,dz),  (3.1)

with initial condition X (0) = wo, (3.2)

Let {e; : j € N} C D(A) be an orthonormal basis in H such that span{e; : j € N} is dense in V. Let us fix
n € N. Let P,, denote the projection operator from V' to H, :=span{ej,es, - ,e,} defined by

n
P,x* = E (x*,e;)e;, a* eV,
i—1
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where (-, -) denotes the duality pairing between the spaces V' and V’. Note that the restriction of P, to H, still
denoted by P, is given by

and thus it is the (-, -) gy —orthogonal projection onto H,,. Observe that

(Poz®,y)g = (z*, Pay), z"€V', yeV

€i

i€ N,
leille’

Let us denote €; :=

Lemma 3.1.

(a) The system {€;};cn is the orthonormal basis in the space (U, (-, )u)-
(b) For everyn € N and x € U

i.e., the restriction of P, to the space U is the (-, -)y-projection onto H,.
(¢) For every x € U

1. limy o0 || Pr — 2y = 0.

2. lim, o | Pz — x|y, = 0.

3. limy, o0 || P — || = 0.

For proof see Brzezniak and Motyl [15].
For every n € N, we consider the finite-dimensional system of stochastic differential equations on H, given
by

X, (£) = PuF (X (1)t + 0 (£, X (£))dWin (1) + / (X (), 2)N(d, ) (3.3)
Z

Xn(0) = P, X(0) (3-4)

where the nonlinear operator F on V is given by F(X(t)) = —AX(t) — B(X(t)) — f(f Bt — 7)AX (7)dr and
W, = P,W, 0, = P,o, g" = P,g. We denote P,B(-) = B,().

Remark 3.2. Since P, is a contraction of V', taking account of properties of B in Section 2.1, we assert
that P,F(-) is locally Lipschitz. We note that Hypothesis (2.4) ensures that oy, [,g¢"(-,2z)N(dt,dz) =

P, [,9(.,z)N(dt,dz) are globally Lipschitz. Hence, we infer from Theorem 3.1 of Albeverio et al. [4] that
for all n > 1, there exists an adapted process X,, € D([0,T]; H,,) a.s. such that X,, satisfies (3.3)—(3.4).

Theorem 3.3. Under the above mathematical setting, let X (0) be Fo—measurable such that E|X(0)]* < oo,
on € C([0,T] x H; Lo(H, H)),g" € £3 7(P®B(Z),l @ P X\; H). Let X, € D([0,T]; H,) a.s. be such that X,,
satisfies the finite system of equations (3.3)—(3.4) for all n > 1. Then with Ky as in Hypothesis 2.4 H.2 the
following estimates hold for all0 <t <T andVn > 1,

E [|Xn<t>|2 =1 ||Xn<s>||2ds} < CEIX(0), Ko, T), (3.5)
0
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T
]E< sup |Xn(t)|2> +4E (/ Xn(t)2dt> < C(EIX(0)]%, K2, K4, T). (3.6)
0

0<t<T
Proof. Let n € N be fixed. Let us define

t
v = inf{t: | Xn(®)? + 2/ X, (s)|2ds > N}
0

as the stopping time. Let us take the function f(z) = |z|?> and apply the Itd’s formula (see Appendix of [14])
to the process X, (t) to obtain

d) X, (1) + 2|| X (1) ||Pdt < —2 (/Otﬁ(t - T)(A%Xn(T),A%Xn(t))HdT> dt + 1,
+ Tr (o (t, X (1) Qo (t, X (£)))dt + 2(0n (£, X (£))dWin (£), X (£)) 11

where

L= / [1Xn(t=) + 6" (X (=), 2) 2 — | X (=) 2] N (dt,d2)
7
+ /Z (120 (1) + g™ (X (1), 2)] — | X (5)?] A(d2)dt
2 / (9" (X (8), 2), X (8)) 1] A(d2)d.
7
- / (10 (t=) + 6" (X (=), 2)[2 — [ Xon(t—)[2] N(dt, ) + / 19" (X (8), 2) PA(d2) e
7

Integrating from 0 to ¢t A Ty, we have

tATN
| Xt AT |2 + 2/0 1 X0 (8)|IPds < | X(0)* + 2M; (t ATn) + Ma(t A Tn)

- 2/WN (/Sﬁ(s - T)(Aéxn(f),A%Xn(s))HdT) ds + /OMT" |0 (5, X () |2, ds

/ [ 1) 2739 (37)

where  My(¢) : / (05, X (5))AW(5), Xo()) 1
and  Ms(t // | X (s g (Xn(s=),2)> = | Xn(s— )|]]\7(ds dz).

We note from the properties of P, that |o,(s, Xy, (5))|z, < 0(5, Xn(5))|zo and g™ (Xn(s), 2)| < [g(Xn(s),
z)| for each n € N. Hence using Lemma 2.3, and Hypothesis 2.4 H.2 we have

tATN
X, (t AT ]2 + 2/0 1 X, (s)|12ds < | X(0)|* + 2M1 (t A7)

tINTN
+M2(t/\TN)+K2T+(K2—|—1)/ X0 (5)[2ds. (3.8)
0
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Now, M;, M, are martingales having zero averages. Hence, we have
tATN tINTN
E {|Xn(t AT + 2/ ||Xn(s)||2ds} <E|X(0)]* + (K2 + 1)E [/ |Xn(s)2ds] + KT
0 0
t
< E|X(0) + (K2 + 1)/ [E|X,(s Ar)|?] ds + KT (3.9)
0
Application of Gronwall’s inequality produces
tATN
E [Xn(t ATN)|? + 2/ |Xn(s)||2ds] < (EIX(0)? + KoT) eF2+DT,
0
Note as N — oo,t A7y — t a.s. Thus employing the above estimate we achieve
t
B 1Xa(0F +2 [ 1X,(0)IPds| < CEIXO)P Ko, D) (3.10)
0

Thus, inequality (3.5) is established.
Let us now take supremum from 0 < ¢ < T A 7y, followed by expectation on the inequality (3.8) to get

TATN
E| sup |[X.(0)+ 2/ ||Xn(t)||2dt] < E|X(0) +2]E< sup Ml(t))
0<t<TATN 0 0<t<TATNn
TATN
+ (Ko + 1E / sup | X, (s)|?dt| + KoT +E { sup Mg(t):l . (3.11)
0 0<s<t 0<t<TATN

Now due to Burkholder-Davis-Gundy inequality, ||y (s, X (5))]|lzo < llo(s, Xn(5))|lzq. Hypothesis 2.4 and
Young’s inequality, we have

21@[ sup |M1(t)|}§CE

0<t<TATN

( / Yoy |Xn<s>|2>|Xn<s>2ds>]

(pein,, ) (fo%v(l , |Xn(8)|2)d8>]

TATN
[ xaras
0

Applying Burkholder-Davis—-Gundy inequality for exponent p = 1, |¢"(X,(s),2)| < |g9(Xn(s),2)| and
Hypothesis 2.4, we have

TATN 1/2
(/ |an<s,xn<s>>|iQ|Xn<s>2ds>]

1/2

< CK3E

1/2

< iE [ sup Xn(s)|2] + (C K»)°E + (CK2)?T. (3.12)

0<t<TATN

B| s o]

0<t<TATN

=E [ sup
0<t<TATN

/Ot/z [Q(Xn(s—),g”(Xn(s—),z)) + ‘gn(Xn(s—),z)ﬂN(ds,dz)H
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[SIE

<OE /T [ Al X9, 2+ b (X (61,20 Az

o S 2 S), z 2 S), 2z 4 z)as
<vacie[ [ /Z4|Xn< Plo(Xa(s),2)I% + lg(Xn(s), 2| A=)
< V20,E

Nl=

[NIE

TATN
/O [4K5| X0 (s)* (1 + |Xn(9)]?) + Ka (14| Xn(s)] )]dsl
<V20,E

B T/\TN
0

1 T/\TN %
(4K2+K4>2( sup |Xn(t>|2) (/ Xn<s>|2ds>
0<t<TATN 0

1 K,T 1

TATN 9

— 4+ 2K. X, d

s Aty [ X

_ 1

1 3 TATN 2

(4K2+K4>2( sup |Xn(t>|2) (/ Xn<s>|2ds>]
0<t<TATN 0

(4K, + Ky)® (

sup |Xn<t>|2)}
0<t<TATN

(2}(2 + 4—11 (4Ks + KJ) ) ( /0 o |Xn(s)2ds>]
) KT

E < sup |Xn(t)|2> +2C, {1 +
0<t<TArn

TATN
x E / sup | X, (s)|*dt }
0 0<s<t

(3.13)
[ S
430 (4K 2+ K4) 3

Using (3.12) and (3.13) from (3.11) we have

+V2C,E

<V2C,E

+V2C,E

<V2C,E {1

+V2C,E

(NI

<

| =

n (QK2 + O V2 (4K, + K4))

where €; =

1
-E
2

TATN
swp X0 <2 [ X0
0<t<TATN 0

TATN
<E|X(0)]* + C(Ka, Ky4) (T +1+E / sup |Xn(s)2dtD .
0

0<s<t
Applying Gronwall’s inequality we infer

(3.14)
TATN
E| sup [Xa(t)]+ 4/ IXa(8)]Pdt| < (2E[X(0)[ + C (K2, Ka)(T + 1)) 2 KIT (3.15)
0<t<TATN 0
Letting N — oo, T A 7y — T a.s. we have (3.6)

O
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Theorem 3.4. Under the above mathematical setting, let p > 2, X(0) be Fy—measurable such that E|X (0)|P <
00, o, € O([0,T) x H; Lq(H, H)),g" € £ (P@B(Z),l@P@ X\ H). Let X,, € D([0,T]; Hy) a.s. be such that
X, satisfies finite system of equations (3.3)—(3.4) Vn > 1. Then with Assumption 2.7 and with K, as in
Hypothesis 2.4 H.2, the following estimates hold for all0 <t <T and Vn > 1,

E [|Xn<t>f’+p / Xn<s>||2|xn<s>|p-2dt} < CEIX(O0)P, K. T). (3.16)
T
. (03% Xn<t>|p) T o ( / Xn<t>2|xn<t>|“dt> < CEIXO)P. K, Cr.T).  (3.17)

Proof. Applying Itd’s formula (see Appendix of [14]) to the process | X, (¢)|P for p > 2, the proof follows similarly
as in Theorem 3.3. We omit the details for the sake of brevity. O

4. EXISTENCE OF MARTINGALE SOLUTION FOR THE UNCONTROLLED
EQUATION

4.1. Statement of the martingale problem

We first introduce the following functional spaces endowed with the respective topologies:
D([0,T);U"); := the space of cadlag functions X : [0,7] — U’
with the extended Skorokhod topology 71,

L2(0,T;V) := the space L*(0,T; V) with the weak topology 7,
H,, := the Hilbert space H endowed with the weak topology,

D([0,T); Hy,) := the the space of all weakly cadlag functions X : [0,7] — H
with the weakest topology 73 such that for all h € H the mappings
D(0,T); Hy) 5 X = (X(, h)a € D(0, T);R)
are continuous. In particular, X,, — X in D([0,T]; H,,) iff for all h € H

(Xn(-);h)er = (X (), h) in D([0,T]; R).

L2(0,T; H) is endowed with its strong topology Tx.

Let Z = D([0,T);U'); N D([0,T); H,) N L2(0,T;V) N L2(0,T; H) and let 7 be the supremum of the
corresponding topologies.

Definition 4.1. A martingale solution of (3.1)—(3.2) is a system (Q, %, Z, P, {X (t) }+>0, {N (¢, ) >0, {W (t) }i>0, )
where

(i) (fl, F,.F,P) is a filtered probability space with a filtration {;%}_tzqv
(ii) N is a time homogeneous Poisson random measure over (2, %, %;,P) with the intensity measure A,
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(iii) W is a cylindrical Wiener process over (Q,.%,.%;, ]P),
(iv) X : [0,T] x © — H is a predictable process with P — a.e. paths

X(-,w) € D([0,T]; H,) NL2(0,7;V) N L0, T; H) N D([0, T];U’)

such that for all ¢ € [0, T and all ¢ € U the following identity holds P — a.s.

(X(t),go)—k/ot(AX(s),ap)ds—k/ (B(X ds+/ / B(s —r)(AX(r), p)drds
:(X(O),cp)+/0t(o'(s,X() // (X(s—),2),¢)N(ds, dz). (4.1)

4.2. Tightness of the laws of approximating sequence

We counsider the classical Faedo—Galerkin approximation (3.3)—(3.4) which generates a sequence of probability
measures on suitable functional space. Taking into account Theorem 3.4, we directly ensure the validity of the
following lemma.

Lemma 4.2. The processes (X, )nen satisfy the following estimates.

(a) For every p > 2, there exists a positive constant C1(p) such that

sup E[ sup [X,(s)["] < C1(p), (4.2)
neN  s€[0,T)

(b) there exists a positive constant Co such that
T
sup IE[/ [ X (5)]|2ds] < Co. (4.3)
neN 0

Lemma 4.3. The set of measures {L(X,),n € N} is tight on (£, 7).

Proof. Taking into account Lemma 4.2, we directly ensure (a) and (b) of Theorem A.11. Hence, it suffices to
prove that the sequence X, satisfies the Aldous condition [A] in the space U’. Let 6 > 0. Let (7,,)nen be a
sequence of stopping times where 0 < 7, < 7, + 8 < T. Then using Galerkin approximation we have

X,(t) = X, (0) — /O tAXn(s)ds— / tB,L(Xn(s))ds— / t /O " B(s — 1) AX,, (r)drds

+ /Ot(an(&X / / ),2)N(ds, dz)

= JU A JZ(E) + IR () + JE(E) + T2 () + JE (), te[0,T]. (4.4)

We analyze each of these J, i € {1,2,...,6} such that they satisfy condition (A.4) in Theorem A.9 for suitable
choices of & and (. J7* being independent of time clearly satisfies (A.4).

Now exploiting the fact A : V — V' given by ||[AX||y < || X]|, the embedding V' — U’ is continuous, then by
Holder’s inequality and (4.3), J3 can be estimated as

Tn+0

{193 +0) — 3] =1 [ Axaoast] < B[l [ axaopasiv]

n n
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Tn+0

T 1/2
| Xn(s)lds| < C1E 6!/ (/ Xn<s>||2ds> | <02

gclE[/T

Thus, J3 satisfies (A.4) with @ =1 and { = 1.
Using (2.4) and the embedding V{ < U’ is continuous, then by using (4.2) we estimate J§ as

n

(173 + )~ Bl ] < CE[ " By

n

Tn+0
< CE[/ |Xn(s)|2ds} < CIE[ sup |Xn(s)|2ds} 0 =: cs.
- 0<s<T

n

Thus, J§ satisfies (A.4) with o =1 and ¢ = 1.
In order to estimate JJ', we follow JJ and further using Assumption 2.2, (4.3), we achieve

193 (7 + 6) = J3 () e |

E{/::g (~/s;0 Br = s>|2d8) v ( /s;) ||Xn(3)||2d3) v dT}
. (/;0 | Xu(s) [2ds)dr| < ea.

Tn+0 T
E / / |B(T — 5)]2ds )dr| + E /
|: T=Tp ( s=0 ) :| |: T

Thus, J satisfies (A.4) with @ = 1 and ¢ = 1. Exploiting [0, (s, X ()| 2o < llo(s, Xn(5))| 2o, Hypothesis 2.4
H.2, (4.2) and It6 isometry,

IN

IN

=Tn

Tn+0

(193 (ra + )~ ()] < CE[ [ ol Xuls) s

Tn

< CKQE[/T"+6(1 ¥ |X,L(s)|2)ds} < CK29(1 +E[021;ET|X”(3)|QD < ¢of.

Thus, J¥ satisfies (A.4) with o =2 and ¢ = 1.
Using |¢"(X,(s), 2)| < |9(Xn(s),2)|, Hypothesis 2.4 H.2 and by It6-Lévy isometry, we get

Tn0 R
BT +0) = )3 < CBY [ [ g7(X(sm), 209 (ds,02) )

Tn+60 Tn+0
< C]E[/ / 19(Xn(s), 2)PA(d2)ds] < CKgE[/ (14 X0 (s)[2)ds] < cob.
Tn A Tn
Thus, J§ satisfies (A.4) with o =2 and ¢ = 1.
Thus, Lemma A.9 ensures the Aldous condition [4] is satisfied by the sequence (X, )nen in the space U’. Thus
the proof is complete. O

4.3. Construction of new probability space and processes

Lemma 4.3 guaranties the tightness of {£(X,),n € N} on the space Z. Let N,, := N,n € N. The set of
measures {L£(N,),n € N} is tight on the space Mg([0,T] x Z), where N := NU {co} and Mg(S) denotes the
set of all N-valued measures on the measurable space (5, %(S)). Let W,, :== W,n € N. The set of measures
{L(W},,),n € N} is tight on the space C([0, T]; R) of continuous function from [0, T'] to R with standard supremum
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norm. Thus, the set {L£(X,, N,, W,),n € N} is tight on Z x Myx([0,T] x Z) x C([0, T]; R).

Note that the space of all weakly cadlag functions X : [0,7] — H with the weakest topology, i.e. the space
D([0,T]; Hy) is not metrizable (see Appendix B of [54]). Thus, the space Z is a non-metrizable locally convex
space. By the Jakubowski’s version of Skorokhod representation theorem (see Prop. A.12 and Cor. A.13), there
exists a subsequence (ny)ren, a probability space (©2,.%,P), and on this space random variables (X, N,, W.),
(Xk, Ny, W), k € N such that

(1) Eg(XkJ NkJ Wk) = L((XnkaNnMWnk)) for all k£ € N, L
(il) (Xg, Nk, Wg) = (Xi, Ny, W) in Z x Mg([0,T] x Z) x C([0,T];R) with probability 1 on (92,.%#,P) as
k — oo,
(iii) (Ng(@), Wi(@)) = (Nu(@), W, (@)) for all @ € Q.

We denote these sequences again by ((X,,, Ny, Wy ))nen and ((X,,, Ny, Wi, )nen. Using the definition of the space
Z, we have

X, — X, in L2(0,7;V)NL20,T; H) N D([0,T};U/') N D([0,T]; Hy), P—a.s. (4.5)

4.4. Properties of new processes and limiting processes

Since the space Z is a non-metrizable locally convex space, it is not a Polish space. So, the following result
cannot be deduced directly from the Kuratowski theorem [44]. We adopt here a method from Lemma 4.2 in
[16], and generalize for Skorokhod spaces.

Proposition 4.4. The set D([0,T]; H,) N Z is a Borel subset of Z and the corresponding embedding transforms
Borel sets into Borel subsets.

Proof. The space D([0,T);U") N L?(0,T; H) is a Polish space. Then by Kuratowski theorem, D([0,T]; H,,)
is a Borel subset of D([0,7);U') N L?(0,T; H). Hence D([0,7T]; H,) N Z is a Borel subset of D([0,T];U") N
L?(0,T; H) N Z, which happens to be equal to Z. O

Since the laws of (X, )nen and (X, )nen are same in Z, sequence (X, ),en satisfies the same estimates as the
original sequence (X, )nen. In particular, for any p > 2, we have

sup E[ sup [ X, (s)|] < C1(p), (4.6)
neN  s€[0,T]
— T —
sup ]E[/ [ X, (s)]|2ds] < Co. (4.7
neN 0

By (4.7), X,, is uniformly bounded in the space L2(2; L2(0,7;V)), hence there exists a weak convergent subse-
quence, still denoted by X,, such that X,, < X, in L2([0,T] x ©; V) (using (4.5)) and X, € L2([0,T] x Q; V),
i.e., E[fOT | X.(s)]|2ds] < co. Arguing as above, inequality (4.6) with p := 2 we can further extract a subsequence

of X,, such that X, v X, in L2(Q;L>(0,T; H)) (using (4.5)) and ]E[supse[O,T] | X (8)]?] < o0.
Proposition 4.5. Let X, be the limiting process defined above. Then for r > 2,

E[ sup |X.(s)] <C.
s€[0,T]

Proof. By (4.6) we have that {X,},>1 is uniformly bounded in L"(;L>(0,T;H)) for r > 2. Since
L7 (€; L>°(0, T; H)) is isomorphic to the space (L71 (Q; L'(0, T; H)))*, by Banach—Alaoglu theorem, there exists

a subsequence, still denoted by (X,,)nen, and Y € L7(€; L>°(0, T; H)) such that X, % Yin L"(Q;L>°(0,T; H)),
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i.€.,

E[/OT(Xn(t,w),ga(t,w))Hdt] —>E[/()T(Y(t,w)7gp(t,w))Hdt} Vo e L7 (LY, T; H)).

Also as X,, = X, in L2(Q;L%(0,T;V)), we have

E[/OT(Xn(t7w)7<p(t7w)>dt} —>IE[/OT<X*(t,w),<p(t,w)>dt} Vo € LA L2(0,T: V')).

Exploiting the Gelfand triple V. C H C V' we therefore have,

E[/OT()_(n(t,w),@(t,w))Hdt} —>IE{/OT(X*(t,w),@(t,w))Hdt} Vo € LA L2(0,T; H)).

For r > 2, L2(Q; L2(0,T; H)) is a dense subspace of L™ (Q; L'(0,T; H)). Hence, we have

_ T

E[/T(Y(t,w),gp(t,w))Hdt} :E[/ (X*(t,w),gp(t,w))Hdt] Ve L2(Q; L2(0,T; H)).

0 0

Thus we have, X.(t,w) = Y(t,w) for l-almost every ¢t € [0,7] and P-almost all w € €. Since Y €
L"(Q;L>(0,T; H)), we infer X, € L"(Q;L>°(0,T; H)), i.e., E[SupSE[O,T] |X*(s)|r} < C,, for some constant C,.
(depending on r).

O

Lemma 4.6. For all p € U,

(i) o B[ f) (X0 (0) = Xo(0). ) mldt] =0
(ii) hmnmfa_(xn(o)—)(*(o) >H|} —0.
o | Jotaxas) AX( ds]dt] 0,

=

(i) limy_ o

(iv) oo B[ )| f3 (Ba(X( B(X (5)) ]dt] -

(v) nmnwfa[ TS on(s, Xn(s)) — 0 (s, Xu(s))]dWa(s), H‘ dt}

(03) limg oo B[ fy fofz (Xa(s). 2) ~ 9(X.(s), 2), 9)A(d2)ds| dt]—o
X

(vii) i, B J3| J3 fZ §7).2) — 9(Xa(s-).2), 9) V. (ds, d2)| ] =
(viti) Timnoo B 5| fo 5 B0 = 5)(AK0(s) - AX*(s),go)dsdT’dt} —0.

Proof.

(i) Let ¢ €U be fixed. Owing to (4.5) we have X,, — X, in D([0,T]; Hy),
P—as. ie, (Xp(t) — Xu(t),9)u — 0in D([0,T];R), P — a.s. Hence, in particular for almost all ¢ € [0,T],
lim, oo (Xn(t),0)r = (Xu(t),0)g P — as. Also by (4.6), SUPcio,7] | X, (t)|? < oo, so ]E[fOT\(Xn(t) —
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X.(t),0)m|?dt| < C for some constant C' > 0. Hence, by employing Vitali theorem we have

T —
lim [|(Xo, 0)ir — (Xs,0) | o, 7<) = lim ]E[/O (X (t) = Xu(t), ) mr|di] =

n— oo n—r oo

(ii) By (4.5) we have X,, — X, in D([0,7]; H,), P — a.s. and X, is right continuous at t = 0, we infer
that (X,,(0), )5 — (X.(0),0)g P — a.s. (4.6) and Vitali theorem gives lim,, ., E[|(X,,(0) — X.(0),©)z|?] = 0.
Hence lim,, o ||(X,,(0) — X.(0), @)H”i%[o,T]xQ) =0.

(iii) Since X,, — X, in L2/(0,T;V), P — a.s.,(by (4.5)) so for any @ € L2(0,T;V) we have

T

lim (AX,(s) — AX.(s),@(s))ds = 0. (4.8)

n—oo 0

Let ¢ € U. Let t € [0,T] be fixed. We choose @(s) = x(0,1)(s)¢ and note that ¢ € L*(0,T; V), indeed,

T T
/0 lp(s)l*ds < C/O X0 (8)llellzds < CllelZT < oo, P—as.

Hence, using (4.8) we have
T ¢

0= lim (AX,(s) — AX,.(s),p(s))ds = lim (AX,(s) — AX.(8),¢)ds. (4.9)

Hence by Hoélder’s inequality and (4.7) we achieve for all ¢ € [0,T], and n € N,

8[| [ (axanaas?] <&[ [ (Gnenias] < Cloli e [ 1%eits] e @)

for some constant ¢ > 0. Therefore, usmg (4.9) and (4.10) and by Vitali theorem, we conclude for all
te€[0,T] hmn_,ooED fo (AX,(s) — AX.( ds\] . Hence (4.7) and the dominated convergence theorem

gives (iii). (iv) Let ¢ € U. We have, B(Xn,X ) — B(X., X,) = B(X,, — X., X,,) + B(X,, X,, — X..). Now, using
Holder’s inequality, we obtain

B, K~ [ B, (6.0
< [ UBCER) — X6 KDl liolbacs + [ IBOK6) Kals) = X (6Dl ol s

0
T B B T B
< Cllele( [ 15,06 = Xe@Iu(@lds+ [ 1%,() = X (91X (5)]ds)
< Ol X = Xellezo,75m) (HXnHLz(o,T;H) + ”X*”LZ(O,T;H)) lellee

where C' > 0 is a constant. Since X,, — X, in L?(0,T; H), we have

t

lim (B(X,(5)) — B(X.(8)),p)ds =0 P—as. (4.11)

n—oo 0



OPTIMAL RELAXED CONTROL WITH LEVY NOISE 19

For every ¢ € U, by Lemma 3.1 we have P, — ¢ in V;. Since U C V7, we conclude that for all ¢ € U and all
t e 0,77,

t

lim (Bn(Xn(s)) — B(Xi(5),9)ds =0 P—as. (4.12)

n—oo 0

Using Holder’s inequality, (2.4) and (4.6) we obtain for all ¢ € [0, 7], »r > 1 and n € N,

g / o / 1Ba(Zn(sDllvy lellvids) |

< Cliglnt ™ E| / |Xn<s>|2rds] scnwnam[ sup | X, ()] < CCa(r) (4.13)
0 s€[0,T]

for some constant C' > 0. Considering (4.12) and (4.13) and by the Vitali theorem we achieve for all ¢ € [0, 7]

lim EH /Ot(Bn(Xn(s)) - B(X*(s)),<p>dsH —0. (4.14)

n—oo

Hence, in view of (4.13), (4.14) and the dominated convergence theorem, we infer that

lim T]EH /Ot<Bn(Xn(s)) —B(X*(s)),<p>dsH ~0. (4.15)

n—oo 0

Hence we have (iv). B B
(v) Let ¢ € U. Then using Hypothesis 2.4 and that X,, — X, in L2(0,T; H), P — a.s.,

t
lim / (05, X (5) = 015 X.5)): 9Dllgeds < C Ll Jim [ 1%, (6) = X (s) s

n—oo

(4.16)

Using Hypothesis 2.4, (4.6) and Proposition 4.5, we observe that for every ¢t € [0, 7] and r > 1 and for every
n €N,

E[| /0 (s, X)) = 05, X (), @)t ds| |
< 1ol 2 [ (o SulDIE, + oo, XD, )]

<CE T2 ol B2+ sup [Xu(9)P + sup |X.(s)P")] <€ (4.17)
0<s<T 0<s<T

for some positive constant C,.. Thus, employing (4.16) and (4.17) and by Vitali’s theorem we conclude

lim E| [ (005, Xn(5)) — (s, Xu(s)), @anst} =0 Veel. (4.18)

For every ¢ € U and every s € [0,T] we have

(on(s, Xn(s)) — (5, Xu(5)), @)1 = (0(5, Xn(5)), Patp — @)t + (0(s5, Xn(s)) — (5, X (5)), @)1
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< Cllo(s, Xn()) e 1Pa = ¢l + (o(5, Xn(5) = 05, X.(5)), ).
Then by Hypothesis 2.4 H.2 and by (4.6) we obtain
B[ 1on(6, %a(6) ~ 016, Ko 9Dl 15] < 20 Kol Pap — B[ [ (14 Kl
+8[ [ o5, Xu(5) = (05, X))
< 20| P - ol +E[ | o5, Xu5)) = (o5, X)) ) |-
Thus, by Lemma 3.1 and by (4.18) we conclude that
Jim B[ | s, als)) — oo, X)), 9l ds] =0 Vo eu (4.19)

Using the It6 isometry, (4.17) and W,, = Wi,

lim IE[II(/O [on (5, Xn(s)) — (s, X (5))]dW.(5), 0) |2, ]

= Jim B[ l(on(s, X0(s)) — o5, X.(5)), )ull2 5] = 0. (4.20)

Again by the It6 isometry, Hypothesis 2.4 and (4.17) for r = 2 we have for all t € [0,7] and all n € N
t
]E{/ |([00 (8, X0 (8)) — 0 (5, X (8))]dW(5), 0) |2 ds| < Co. (4.21)
0

Hence by (4.20) and (4.21) and the dominated convergence theorem, we have the assertion (v).
(vi) Let us consider ¢ € U. Using Hypothesis 2.4 and X,, — X, in L?(0,T; H), P — a.s. we have

/ / |(0(Xa(s), 2) - g(X*(s),z),ap)H)Q)\(dz)ds <CL ||<p\|g,/ X (s) = Xa(s)2ds -0 as n— oo.
P ’ (4.22)

Furthermore, using Hypothesis 2.4 and (4.6) for every ¢t € [0,T], > 1 and n € N, we have the following
inequality

]E[/Ot/z ‘(Q(Xn(S),z) *g(X*(s),Z),ga)Hr)\(dz)dsﬂ
< cyKEH‘Pszf]EH /Ot (2 + | X (s))* + |X*(S)|2)dsﬂ <é. 123)

for some constant C,. > 0. Hence by (4.22), (4.23) and by the Vitali theorem we infer that for all ¢ € [0, T, Vo €
U.

n— oo

lim E[/Ot/z ‘(g()zn(s),z) —g(X*(s),z),w)H‘z/\(dz)ds} —0. (4.24)
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Since the restriction of P, to the space H is the (-,-) g-projection onto H,, we conclude that
[t _ 2
li_>m E{/ / ’(g”(Xn(s),z) —g(X*(s)7z),g0)H‘ )\(dz)ds} =0 VpeH. (4.25)
n o0 0 VA
Since U C H, (4.25) holds for all ¢ € U.
Moreover, Hypotheses 2.4 and (4.6) yield the following inequality
_r [t _ 2 N
B[ [ [ 6" (al9):2) ~ 9(X.(5). . )] A@)as] < G (4.26)
0 Jz
Now (4.25), (4.26) and the dominated convergence theorem assures assertion (vi).
(vii) Using It6-Lévy isometry, and the fact that N,, = N, we have
_ t _ - 2
B [ [ 6"(%u(s-).) = 0(X (). ) Vs )|
0
[t _ 2
5[ [ [ ](6"(%a(6),2) — 9X(5).2). )] A@)as] (427
0 Jz

Thus V¢ € U, combining (4.25), (4.26), (4.27) and then exploiting dominated convergence theorem we ensure
assertion (vii). Thus the dominated convergence theorem ensures assertion (vii).

(viii) Let ¢ € U. Since X,, — X, in L2(0,T;V), P — a.s. so for any ¢ € L2(0,7;V) we have

T

nll_}n(’)lo ; (AX,(5) — AX.(s),5(s))ds = 0. (4.28)

Let t € [0,77] be fixed. Let us choose @(s) = x(0,1) (s)(f: B(T — s)dT>cp and note that ¢ € L2(0,7;V), indeed,

T - t( ot 2 t
ST 16(s) Pas < cllgl, f¢ (S1807 - )lar) ds < CUIENBIR oy Ji sds <0, P—as.
Hence, using (4.28) we have

T

0= lim (AX,(s) — AX.(s),@(s))ds

n— oo

0
lim. /O / B(r — 5)(Xn(s) — X.(5), 0)vdrds

= nli_)rréo/o /0 B(T — 8)(Xn(s) — Xi(5), p)vdsdr. (4.29)

Furthermore, by Holder’s inequality and (4.7) for every ¢ € [0,T] and n € N, we achieve the following inequality

| / /OT%—s><AXn<s>,so>dsdTﬁ <E| / el / t 8 — )|ar as |

[t 2
< Clleli a1 on TE| [ 1%, <o (430)
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for some constant C' > 0. Hence using (4.29) and (4.30) and the Vitali theorem we have for all ¢ € [0, T,
I_EH f(f fOT B(T — s)(AX,(s) — AX.(s),p)ds dTH = 0. Again applying dominated convergence theorem we have
(viii).

O

4.5. Existence of weak martingale solution

Theorem 4.7. Let us assume that A, B satisfy Assumption 2.1, B satisfies Assumption 2.2, and o, g meet
Hypothesis 2.4. Then there exists a martingale solution to the system (3.1)—(3.2).

Proof.

Step I: Let us define two functionals for all ¢ € U,

Ko (Xons Ny Wi 0)(8) 1= (X (0), 0) 11 — / (AX(s), ) ds — / (B(Xo(s)), ) ds
0 0
- / / Bls — r){AK(r), ) drds + / (05, X () AT (5), )
0 0 0

—I—/O /Z<g"(8,)_(n(s—)7z),<p> ﬁn(ds7dz), te€[0,7] and (4.31)

K(X., No W 0)(8) 1= (X (0), )1t — / (AX.(s), ) ds — / (B(X.(5)), ) ds

,/ /55(57T)<AX*(7’),<,0>d1"d5+/ (o(8, X« (5))dWi(s), ©)
o Jo 0

t
+ / / (9(s, Xo(5-),2).0) Nu(ds,dz),  te [0,T) (4.32)
0 Z
Lemma 4.8.
Tim ([0 9)n — (X @l o e = 0 (4.33)
i [|C (X, Nip, W, 0) = K(Xo, Nu, We @)l 10,710 ) = 0- (4.34)

Proof. (4.33) is subsequent from Lemma 4.6 (i), since as n — oo we have

T
1(Za() )i = (Xo()s @l 0.1 = B / [(Xn(t) = Xa(t), )ulat] —o0.
We now propose to prove (4.34). By the Fubini theorem we note that
||IC7L(X7L7 Ny, W, ¢) — K(Xo, No, Wi, 50)||L1([0,T]><Q)

T
:/ IE[UC,L(X,L,NR,WMQQ)(?:)—K(X*,N*,W*7go)(t)| dt.
0

Lemma 4.6 ensures that each term on the right hand side of (4.31) converges to the corresponding term in
(4.32). This completes the proof. O
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Step II: Now, X,, being an approximate solution of the Galerkin equation, for all ¢ € [0, T] we see (X,,(t), p)g =
K (X, Ny Wa,0)(t), P — a.s. More precisely,

T
| B0 00m = K (N W) 0t = 0

Now, L(X,, N, Wy) = L(Xn, Ny, Wy,) we directly have,

T
B[R0 90— e (o N, Wa )01t = 0

Moreover, (4.33) and (4.34) produce

T
/O E[|(X. (1), ) — K(X.. No W ) ()] de =0,

Hence, for I (lebesgue measure of R)- almost all ¢ € [0,7] and P almost all w € Q
(X*(t)v QO)H - IC(X*7 N, Wi, Qp)(t) =0.

Hence, for [—almost all t € [0,T], ¢ € U and P almost all w € €,

<X*<t>,sa>H(X*<o>,so)H/0t<AX<> >ds/t<B< ds—//ﬂs—r (AX. (1), p) drds
+/0t<U(S,X*() // (5, X.(s—),2), ) Nu(ds, dz). (4.35)

Now X, being Z-valued random variable, X, is an element in D([0, T]; H,,) i.e., X, is weakly cadlag. This asserts
that (4.35) is true for all t € 0,7] and all ¢ € U. Substituting X := X,, N := N,, W := W,, we conclude that
the system (Q,.%, 7, P, {X(t) hi>0, {N(t, ) }i>0, {W () }+>0) is a martingale solution of (3.1)—(3.2). O

5. EXISTENCE OF OPTIMAL RELAXED CONTROL

We now return to the original control problem (1.5)—(1.6) associated with the relaxed cost functional given
by (1.7).
Definition 5.1. Let Xy € H, and let T > 0 be fixed. A weak admissible relaxed control (with time horizon
[0,T7) is a system

= (Q7 F, T, P, {X(t)}t207 {N(t, ‘)}tZO; {W(t)}t207 {:ut}tZO) (5‘1)

such that

(i) (Q,F, %, P) is a filtered probability space with a filtration { % };>0,

) N is a time homogeneous Poisson random measure over (Q,.%,.%;,P) with the intensity measure \,
iii) W is a cylindrical Wiener process over (2, %, %, P),

iv) {ut}e>o0 is an F; adapted P(U)-valued relaxed control process,

) X :[0,T] x Q — H is a predictable process with P — a.e. paths

X(-,w) € D([0,T]; H,) NL2(0,T;V)NL*0,T; H) N D([0, T];U’")
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such that for all ¢t € [0,7] and all ¢ € U the following identity holds P — a.s.

(X(t).9) + / (AX(s), 9)ds + / (B(X(s)), o)ds + / / " Bls — )(AX(r), @)dr ds

— (X(0).9) + / (Nper )dls + / (o5, X (3))dW (s), ) + / /Z (9(X(5-).2), 9)N(ds,dz).  (5.2)
(vi) the mapping
[0,T] x Q3 (t,w) = F(t, X (t,w), u(w)) € R

belongs to L1([0,T] x Q;R) and ¢(X(T)) € L' (;R).
The set of weak admissible relaxed controls (with time horizon [0,7]) will be denoted by {4, (X, T).

Remark 5.2. In view of Definition 4.1, from (i) to (v) of Definition 5.1, we note that 7 is a martingale solution
of (1.5)—(1.6) with the associated relaxed cost functional given by (1.7).

In this context, under this weak formulation, the relaxed cost functional is defined as

— T _
J(r) = / P X (1), )t + 6(X(T))], 7 € (%0, 7). (5.3)

where 7 has the form (5.1).

Remark 5.3. The RCP is to minimize J over 4%;(Xo,T) for Xo € H and T > 0 be fixed. Namely, we seek
7 e U (Xo,T) such that

J(7) = inf J(7).
®) = it 7 7™

We now state the second main result of this paper which guaranties the existence of weak ORC.

Theorem 5.4. Let Xo € H and m € $%)(Xo,T) be such that J(m) < 400, where J is defined by (5.3). Let all
the assumptions of Theorem 4.7, Assumptions 2.7 and 2.8 be satisfied. Then the RCP, i.e. the system (1.5)—(1.6)
associated with the cost functional (1.7), admits a weak optimal relaxed control with time horizon [0,T].

Proof. From hypothesis we have Xy € H and J(1) < +oc. Also J > 0 implies J is bounded below on 4%,(Xo, T').
Hence there exists a minimizing sequence {7, },>1 such that J(m,) — infreqv (x,1) J(r). In other words, let us
define m, = (", F™, F, P AW, (¢) }>0, {667 1130, {Xn(t) }e>0, {Nn(t, ) }+>0) be minimizing sequence of weak
admissible relaxed controls, that is,

lim J(m,) = inf J(m). (5.4)

n—00 meu? (Xo,T)

Note that the filtration {7 };c(o,7 is defined by F* := o {(X,,(s),p%) : 0 < s <t},t €[0,T].
Since for each n € N, m,, € U, (uo,T), each m, satisfies

(Xa(t). ) + / (AX, (), @)ds + / (B(X.(s), £)ds + / / " Bls — r)(AXo(r), p)dr ds

— (X(0), ) + / (N, g)ds + / (05, X () AW (5), ) + / / (6(Xn(s-),2).9)N(ds,dz).  (5.5)
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This holds P — a.s. for almost all ¢t € [0, T, for all ¢ € U.
Now taking into account Assumption 2.7, proceeding as in similar lines as in Theorems 3.3-3.4, and using

T

sup "o [2] = sup B[ [ [ 20,0 (U a0)] = < +ox,
neN neN U

we have the following a priori estimates (uniformly in n)

E" [Xn<t>|2+2 / tXn<s>||2ds] <c E( sup |Xn(t)|2>+4E" ( / ' ||Xn<t>||2dt> <c. (56)

0<t<T

where C' depends on E|X(0)|2, k, K2, K4, T and E" denotes the expectation with respect to P".

Due to the uniform a priori bounds (5.6), one can establish that {£(X,,),n € N} is tight on (Z,.7) by first
proving the Aldous condition (as in Lem. 4.3 and taking into account Rem. A.20 in Appendix A) and then
employing Theorem A.11.

For each n € N, we define the random Young measure p,, on (Q",.#",P") by the formula:

wn (AU, dt) := py(dU)dt.
The set of measures {L(u,),n € N} is tight on the space of Young measures on U, denoted as Y(0,T;U),
due to part 3 of the Assumption 2.7 and Theorem A.24. Thus, the set {L(X,,, Np, Wy, in),n € N} is tight
on Z x Mx([0,T] x Z) x C([0,T];R) x Y(0,T;U), where W,, := W and N,, := N. Now arguing in the similar

fashion as in Section 4.3, by the Skorokhod—-Jakubowski theorem, we ensure the existence of a new probability
space (Q2,.Z,.%;,P), and on this space random variables (X,,, Ny, Wy, fin)nen, (X, N, W, i), such that

L(Xp, Ny, W, fin)) = L(Xny Np, Wa, pin)) ¥ € N and
(X, Ny, W,) = (X,N,W) in Zx Mgx([0,T] x Z) x C([0,T);R) and

fin, — fi stably in  Y(0,7T; 1), P —a.s. as n — oo.

Moreover, by Lemma A.16, for each n € N there exists relaxed control processes {fi}' },~, and {fit},, defined
on (Q,.%,P) such that

fin (AU, dt) == g(dU)dt, P —as., and [A(dU,dt) == i (dU)dt, P —a.s.

We now assert that for every p € U,

T t
lim E[/O ‘/O INFT — Niig, @) ds’dt} —0. (5.7)

n—oo

Indeed, by (B.2) in Lemma B.1 in Appendix B.1, we have for every ¢ € U,

nlgr;OE‘// ) fin(dU, ds) — // [LdUds)‘:O.

Hence, by dominated convergence theorem, we obtain for every ¢ € U,
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nan;oE/ ‘// ) fin(dU, ds) — // (AU, ds) ‘dt]

and finally using Nz = [, L(U)ap(dU), and N'ji, := [i; L(U)f1¢(dU) we prove the above assertion.

Thus, parts (i)—(iv) of Definition 5.1 are satisfied. Identification of the limit and thereby part (v) of Definition
5.1 follow using Lemma 4.6, (5.7) and imitating the steps as in proof of Theorem 4.7. In other words, in view
of Remark 5.2,

= (Q7 j’ jﬁ}fb) {X(t)}tzoa {N(t7 ')}t20> {W(t)}tZO’ {ﬂt}tZO)

is a martingale solution of (1.5)—(1.6) associated with (1.7).
Moreover using Lemma A.25(b), Fatou’s lemma and using £(X,,, fin) = L(X, itn), we have

E{/OT/UF(t,X(t)7U)[L(dU7dt) <hnrr_1>1orc1)fE / / (t, X (1), U)ji n(dU,dt)]

= liminf E” / / F(t, Xn(8), U) i (dU, dt)} (5.8)
n—oo 0 U
which is finite because of (5.4). Since fo (t, X (t), fir)dt = fo Ju F( t), U)a(dU, dt), hence, the mapping

0,7] x Q3 (t,w) > F(t, X(t,w), fiu(w)) € R

belongs to L ([0, T x Q;R). For the sake of simplicity, we assume that 7" is a point of continuity of both X,
and X. We note that ¢(X (7)) € L*(€;R). Thus, part (vi) of Definition 5.1 is also satisfied. Hence, 7 is a weak
admissible relaxed control.

Finally, employing (5.4) and (5.8), it follows that

7 :E// (t, X (), U)(dU, dt)| + E (X (T))

< hmmf / /F t, Xn(t), U)pn (AU, dt) + E™ ¢(X,,(T)) | = inf J(m).

n—00 neug’d(X(hT)

This proves 7 is a weak optimal relaxed control for the RCP. Thus, the proof is now complete. O

6. APPLICATIONS

In the following section, we will provide applications to viscoelastic fluid models of the abstract theory
developed earlier in this paper.

6.1. Oldroyd fluid

One of the most well-known linear viscoelastic fluid model was proposed by Oldroyd [57] and is known as
Oldroyd-B fluid. The focus of this subsection is to concentrate on the two and three-dimensional stochastic
controlled Oldroyd model influenced by Lévy noise in an open connected subset O in R¢ (possibly unbounded)
with smooth boundary 00. We denote the velocity field by u and the pressure field by p. Let (Q2,.%,.%;,P) be
a filtered probability space satisfying usual hypotheses and let U be the control set. The stochastic controlled
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system of equations of motion arising in the Oldroyd fluids of order one is:

du(t) + [(u-V)u—0Au — /0 B(t — 7)Au(z, 7)dr + Vp|dt

= L(U)dt + o(t,n)dW (t) + / g(u,2)N(dt,dz)  in O x(0,T). (6.1)

V-u=0 in Ox(0,7T) (6.2)
with initial and boundary conditions,
u=0 in 00 x (0,T) and u=ug in O x {0} (6.3)

with the associated cost functional as
T

J(u,U) :=E[J(u,U)] := E[/ F(t,u(t),U(t))dt (6.4)
0

where U € U. Here, § = 27’“ > 0 and the kernel 3(t) = ye ™ with v = %(1/ —4)>0and = % > 0. For further
details we refer Oldroyd [57] and Joseph [42]. We note that the kernel 3 satisfies Assumption 2.2 and assume
that the running cost function F' satisfies Assumption 2.8 (1) and (2).

Here {W (t)};>0 is an L2-valued cylindrical Wiener process and N (dt,dz) is a time homogeneous compensated
Poisson random measure with Z being the measurable subset of L?(0O) where the solutions of the above system
have its paths and N is a time-homogeneous Poisson random measure on (Z, 3(Z)) over the filtered probability
space (Q, F, F#;,P). The processes W and N are assumed to be independent. Furthermore, we assume that the
noise coefficients satisfy Hypothesis 2.4. Associating the relaxed control by defining the relaxed coefficient as in
Section A.3 we define

N = /U L) (A, ¢ € [0, 7). (6.5)

where {4 }1>0 is an %, —adapted relaxed control process.

6.2. Jeffreys fluid

Let O C R?;d = 2,3 be an open connected subset in R? (possibly unbounded) with O € C2. We consider
the following system for T € (0,00] for the velocity vector u, pressure p and the fluid stress tensor 7 of a
deterministic viscoelastic Jeffreys fluid model:

du—0Au+Vp=V-7r in Ox(0,7) (6.6)
V-u=0 in Ox(0,7T) (6.7)

T+ pr=2ADu in O x(0,T) (6.8)

u=0 on 00 x (0,T) (6.9)

u(-,0) = ug 7(,0) =79 in O. (6.10)

where 6,p and A\ are positive constants and Du is the symmetrized gradient tensor defined by Du :=
% (Vu + V'u) . For additional information on the physical meaning of these parameters, see for instance Renardy
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et al. [65], Joseph [42]. For the notational convenience we will assume throughout that # = 1. Note that from
the above equation 7 can be written as

t
T(t) = e Pirg + 2)\/ e”’(tfs)Du(s)ds Vit > 0. (6.11)
0

Using (6.11), the stochastic controlled system of equations of motion perturbed by Lévy noise arising from
(6.6)—(6.10) becomes

du(t)—[u(t) + A / e~ P=u(s)ds + Vpldt = [e "'V - 7 + L(U)]dt

+ o (t, u)dW (t) +/ g(u,z)N(dt,dz) forall t > 0, (6.12)
zZ
V-u=0 in Ox(0,T) and u=wuy in O x{0}. (6.13)

We associate a cost functional with the above system in the similar manner following Oldroyd model and is
given by (6.4). We also assume that Hypothesis 2.4 is satisfied by the noise coefficients.

The viscoelastic fluids of the Jeffreys kind, can be used as first approximations (taking into account that u, 7
are small) of the nonlinear system, (6.1)—(6.3), see Doubova et al. [27], Joseph [42].

6.3. Functional set-up of Oldroyd and Jeffreys fluid and compactness result

Below we provide the functional set-up of Oldroyd and Jeffreys fluid in both bounded and unbounded domain
in R? to fit into the abstract model considered in (1.5)-(1.6). We also elaborate the modifications required in
connection with unbounded domain due to lack of compact embeddings in the Gelfand triple. Note that the
Section 6.3.2 is not relevant to Jeffreys fluid because of the absence of the nonlinear term.

6.53.1. Functional spaces
Let V := {u € C*(0O,R?) : divu = 0}.

H := the closure of V in L?(O,R%), and V :=the closure of V in H'(O,R%). (6.14)

The scalar product and the norm inherited from L2(O,R9) in the space H are denoted by (:,-)g and | - |,
respectively, i.e., (w,v)g := (u, V)2, |u|:=|u|L2, u,veH.
In the space V we consider the scalar product inherited from the Sobolev space H'(O,R9), i.e., (u,v)y :=
(0, v)r2 + (Vu,Vv)r2, u,v €V and the norm [[ul|? := |ul* + | Vul|}..
6.5.2. Trilinear operator b

Let us define the trilinear operator b : LP(O,R?) x W4(O,R4) x L"(0O,R%) — R defined by

b(u,v,w) := / (u-Vw)vdz, uelP(O,RY),veWH(O,RY), weL"(0O,RY)
o

1 1 1
with — + — 4+ — <1 and p,q,r € [1, 0]
r

Let us recall some fundamental properties of the form b which are valid for both bounded and unbounded
domains (see Temam [70]).

(i) b(u,v,w) = —b(u,w,v), u,v,w € V. In particular b(u,v,v) =0, u,v € V.
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(ii) Using Sobolev embedding theorem and Holder’s inequality, we obtain |b(u, v, w)| < c|jul|||w||||v]], u,w,v €
V for some positive constant c. Hence, the form b is continuous on V.

(iii) Let us define a bilinear map B : V. x V — V' by B(u,v) = b(u,v,-). Then we have B(u,v) € V' and
|1B(u,v)|lv: < cljul||v] for u,v € V. Hence B : V x V — V' is linear and continuous.

d
(iv) For any s > 0, let us define V, := the closure of V in H*(O,R%). If 5 > 2 + 1 then by the Sobolev embed-

d
ding theorem, H*~1(O,R%) — Cy(O,R?) — L*°(O,R9). If u,w € V and v € V, with s > 5 + 1 then

[b(w, w, v)[ < cfullpz{|wi[e: v

v,, for some constant ¢ > 0.

6.3.3. Some operators

Consider the natural embedding j : V < H and its adjoint j* : H — V. Since the range of j is dense in H,
the map j* is one-to-one. Let us consider

D(A) :=j*(H) CV, Au:= (j*)"'u, ue D(A).

Also let us now put Au := (Vu,V-)r2, u € V. We note that

() v)e = () 'w Ve = (7 (7) " u v)v = (w,v)y.

(Au,v)g = (u,v)y Vue€ D(A) and v € V, since
(Au, V)H

Hence, for any u € D(A) and v € V we have, (A — Iu,v)g = (Vu,Vv)r2 = (Au,v), where (-,-) denotes
the duality pairing between V and V' and I stands for the identity operator on H. In particular, ||Aullys <
|(A — Iulg. Indeed this follows immediately from the following equalities

(Au,v)g = (0, v)y = (0, V)12 + (Vu, Vv)r2 = (Tu, v)g + (Au,v)

Additionally, we have D(A) is dense in H. Also let us notice that if u € V, then Au € V' and we have the
following inequalities

1
|(Au,v)| < [Vullrz - [[VV]iLe < [Vullez(IVVIE +[v*)2 = [Vulle - [[v]v,
v €V, so we infer||Aully, < ||Vul|e.

6.3.4. Compactness results

Note that if O is unbounded, then the embedding V — H is not compact. Let us assume that s > 1. It is
obvious that V is continuously embedded in V and the embedding is dense. Then by Lemma C.1 in Appendix
C of [15], there exists a Hilbert space U such that U C Vg, U is dense in V and the natural embedding U — V
is compact. Hence the space Z, in unbounded domain, is defined as D([0, T];U"); N D([0, T]; H,,) N L2 (0, T; V) N
L2(0, T; Hy,..).

Remark 6.1.

1. We apply the abstract framework identifying the spaces H,V (defined in 6.14) as H and V respectively,

d d
and identify V7 (in Asm. 2.1 B(iv)) as V for s > 3 +1, as defined above. Hence for s > 3 + 1, the operator

B, defined in Section 6.3.2, satisfies all the Assumptions 2.1 (B).
2. The kernels in Oldroyd and Jeffreys fluid satisfy the Assumption 2.2.
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3. With the above functional set up, the system of equations (6.1)—(6.3) for Oldroyd fluid and the system
of equations (6.12)—(6.13) for Jeffreys fluid, combined with (6.5) take the abstract form (1.5)—(1.6), while
the cost functional (6.4) becomes (1.7).

6.4. Existence of optimal relaxed control for Oldroyd and Jeffreys fluids

In this section, we provide some important results as an application to the theory developed in this paper
for Oldroyd and Jeffreys fluids in both two and three dimensions.

Theorem 6.2. Under the above mathematical settings, let us assume ug € L2(Q;H) (where H is defined as
in (6.14)), o and g meet Hypothesis 2.4. Then there exists a martingale solution to the uncontrolled system
associated to (6.1)-(6.3) (resp. (6.12)—(6.13)) .

Theorem 6.3. Let assumptions of the Theorem 6.2, Assumptions 2.7 and 2.8 (1) and (2) be satisfied. Let
m € U (g, T) be such that J(m) < +oo, where J is defined by (6.4). Then the RCP admits a weak optimal

relazed control with time horizon [0, T).

The proofs of Theorems 6.2 and 6.3 are direct applications of Theorems 4.7 and 5.4, respectively.

6.5. An example

Example 6.4. Consider the Oldroyd model (6.1)—(6.3) in a bounded domain in two dimension. For the sake of
simplicity and practical understanding, consider a very particular case of the general control problem, where the
control input operator L is continuous linear with the control set U = L2 (which is a Suslin space, see p. 556 in
[72]) i.e., L € £(L%L?) and |L(U)| < C|U|, VU € L? and for some C' > 0. We work under the same functional
set-up as defined in Section 6.3.1. We associate a convex cost functional, in its simplest form, as

T
J(u,U) = ]E[/O (l[a(s)]* + U (s)[22)ds]. (6.15)

Define U%,(Xo,T) as the set of weak admissible controls (with time horizon [0, T]) and is given by:
U (X0, T) =: {(u,U) € (L2(0,T;V) N L*(0,T; H)) x L2(0,T;L?) : (u,U) solves (6.1)—(6.3) and J(u,U) <
+o0}. ) B

We treat the control problem of finding (a,U) € UY(Xo,T) and J(0,U) = inf{J(u,U) : (u,U) €
UY (Xo,T)}. It is clear that J is bounded below, infact J > 0. By definition of UY,(Xo,T) we can say that

0 <inf{J(u,U): (u,U) € U2 (X0, T)} < +00.

Hence, there exists a minimizing sequence (u,,U,) € U¥,(Xo,T) such that J(u,,U,) — inf{J(u,U) :
(u,U) € U;(Xo,T)} as n — oco. So, there exists R > 0 large such that sup,>;J(u,,U,) < R, e,

SUP, > ]E[fOT(||un(s)H2+ |Un(s)|22)ds] < R, i.e., E[fOT |Un(s)[?2ds] < R, ¥n > 1.1t can be shown that (u,, U,,)
satisfies the energy inequality E (supg<, < |un(t)[?) + 2E (fOT [lu.(2)])? dt) < c(Elu(0)*, R, K2, K4,T).

Now proceeding in the similar manner as in the proof of Theorem 5.4, we ensure the existence of a
probability space (Q, %, %;,P), and on this space, a sequence of random variables (G, Ug)ren and a subse-

quence (u,,,U,,) such that £((ty, Uy)) = L((up,,Un,)) Yk € N and (a,Ux) — (@,U) in (LQ(O,T;V) N
L>(0,T; ]HI)) x L2(0,T;L?) P — a.s. Furthermore, we have (@1,U) € 4%,(Xo,T) and J(&,U) = inf{J(u,U) :
(u,U) € U¥ (Xo,T)}. Hence the result.
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6.6. Uniqueness and strong solutions

In the two-dimensional case, we will prove that P — a.s. the trajectories are equal almost everywhere to an
H-valued cadlag functions defined on [0, T]. We will also prove that the solutions are pathwise unique and show
the existence of strong solutions and uniqueness in law. We provide proofs for the Oldroyd fluid, and proofs for
the Jeffreys fluid follow similarly.

Definition 6.5. The problems (6.1)—(6.3) have a strong solution iff for every stochastic basis (2, %, %, P) and
for every H-valued cylindrical Wiener process W (t) and time homogeneous Poisson random measure N with
intensity measure A, there exists a progressively measurable process u : [0,7] x 2 — H with P — a.e. paths

u(-,w) € L*(0,7;V) N D([0, T]; H)

such that for all t € [0,T] and all p € V' :

(u(t), )i = (W(0), @) — / (Au(s), ) ds — / (B(u(s)), @) ds
_ / /s B(s —r){Au(r),¢)drds +/ (Nus, p)gds
0 0 0

+ / (o5, u(s))AWV (s), @)t + / /Z (9(s,u(s), 2). @) N(ds, dz), (6.16)

the identity holds P — a.s.

Definition 6.6. Let (Q,.%, %, P, {u;(t) }4+>0, {N(t, ) hi>0, {W(t) }+>0, {te }1>0) for i = 1,2 be two martingale
solutions of (6.1)—(6.3) with P(u;(0) = uz(0)) = 1. Then we say they are pathwise unique if P(u; (t) = ua(t)) =1
for every ¢ € [0,T].

Definition 6.7. Let (2, Z;, Z}, Pi, {w;(t) b0, {Ni(t, ) } >0, {Wi(t) b0, {1t }i>0) for i = 1,2 be two martingale
solutions of (6.1)—(6.3) with u;(0) = ug; ¢ = 1,2. Then we say the solutions are unique in law if

EPI (111) = ’C]PQ (uQ) on LQ(OvT; V) N D([OvT]vH)v

where Lp, (u;); i = 1,2 are probability measures on L2(0,7;V) N D([0,T]; H).

Lemma 6.8. Let d = 2 and Assumptions 2.1, 2.2, 2.7 and Hypothesis 2.} be satisfied. Let
(Q, 7, F, P, {ut) }i>0, {N(t, ) }r>0, {W () }1>0, {pit }¢>0) be a martingale solutions of (6.1)~(6.3) such that

T
E ( sup |u(t)|2> +2E </0 ||u(t)|2dt> < 0. (6.17)

0<t<T

Then the trajectory u(-,w) is P almost everywhere equal to a cadlag H-valued function defined on [0,T].
Moreover, for everyt € [0,T], P — a.s.

u(t) = u(0) — /0 [Au(s) + B(u(s)) + /OS B(s —r)Au(r)dr — Npuglds

+ /O (o(s, u(s))dW (s) + /O /Z (g(s,u(s—), 2) N(ds, dz). (6.18)
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Proof. As u is a martingale solution of (6.1)—(6.3),

u € L*(Q;L2(0,7;V) N L0, T; H) N D([0, T};U") N D([0, T]; H,)),
P — a.s. (replace L2(0,T;H) by L%(0,T;H,,.) in case the domain is unbounded). Let us first show that right
hand si(:/le (R.H.S.) of (6.18) makes sense, i.e., we will show that each term on the R.H.S is well-defined in the
space V’.

Let us start with the linear term. Exploiting the fact A : V. — V' given by |Auly: < ||u|l and then by Holder’s
inequality and (6.17) we have the following bound:

E(] / au(s)ds]3 ) < OB( / Ju(s)Bds) < o5 / " Ju()lPs) < o

Now we move to the nonlinear term. Repeating arguments as done above for the linear term and using (2.3) we
have

E(] / Blu(s)dslp,) < CE( / ' 1B(u(s) s < CE( / ' J(s)]%ds) < oc.

For the memory term again using Holder’s inequality and (6.17) we have

E(H /Ot /Osﬁ(sr)Au(r)drds|§,,) < CTIE(/OT ||Au(r)\|%,/dr) < .

Next we deal with the control term. Using Hoélder’s inequality and proceeding as in Remark A.20 we have

el | "INl <[ / N [ ma)) ] <e[ | ) | e vmav)ar] < .

Due to It6 isometry, Hypotheses (2.4) and (6.17),

E(|/Ota(s,u(s))dW(s)|2) SCT+CTIE( sup |u(s)|2) < .

0<s<T

and by It6-Lévy isometry, Hypothesis 2.4 and (6.17),

E<|/()t/zg(u(s—),z)N(ds,dz)2) §0T+OT]E( sup |u(s)|2) < 0.

0<s<T

Thus we have shown that each term in (6.18) is well defined. Now we will show that the equality in (6.18) holds.
Since u is a martingale solution of (6.1)—(6.3), for every ¢ € V,t € [0,T] we have

(u(t), @) = (uo, o) — / (Au(s), ) ds — / (B(u(s)), ) ds
_/ /Sﬂ(s—r)<Au(r),<p>drds+/ (N ps, 0)ds
0 0 0

+ /0 (o (s, u(s))dAW (5), ) + /O /Z (g(s,u(s—), 2), o) N (ds, dz). (6.19)
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Note that the above equation holds true for ¢ € V and hence (6.18) holds in the distribution sense. Since V
is dense in V, (6.18) holds almost everywhere. Let us write u(t) = ug + fg G(s)ds + M(t) where G contains
all the deterministic terms and M corresponds to the noise term. We have already shown above that M €
L2(Q; L?(0,T;H)). The proof for G € L2(; L?(0,T;H)) is not so straightforward and omit the details of the
proof and refer the readers to Lemma 7.2. and Theorem D.2 of Brzezniak and Motyl [15] (see also Gyongy [37],
Pardoux [60] for similar ideas). We only give a sketch of the proof here.

Let us consider the following shifted stochastic hereditary Stokes equation

y(t):—/o Ay(s)ds—/o /OSB(S—r)Ay(r)drds-i—M(t)—i—Nuh (6.20)

where A is the operator defined in Section 6.3.3. Since A satisfies (Ay, w)y = (y,w)y for all y € D(A) and
w € V, and u satisfies inequality (6.17), by Theorem 1.3 in [59] (with suitable modification for the cadlag
martingale), we infer that equation (6.20) has a unique progressively measurable solution y such that P — a.s.

y € D([0,T]; H) and
T
E (0335T|y<t>|2> 9B ( / ||y<t>||2dt> <.

Let v(t) :=u(t) — y(t), t € [0,T]. For P-almost all w € €, the function v = v(-,w) is a weak solution of the
following deterministic equation

dv(t)
dt

=—Av(t) +v(t) +y(t) — /0 Bt —r)Av(r)dr + /0 Bt —r)(v(r)+y(r))dr
— B(v(t) + y(t)), (6.21)

with v(0) = ug. Let w € Q be such that u(-,w) € L*(0,T;V) N D([0,T];H,) and y(-,w) € L*(0,T;V) N
D([0,T];H). Proceeding in the similar way as in Theorem D.2 of Brzezniak and Motyl [15], one can ensure
the existence of a unique weak solution of problem (6.21), and the weak solution is almost everywhere equal
to a cadlag H-valued function defined on [0,7]. Let v(-,w) € L2(0,7;V) N D([0,T]; H) be the unique solu-
tion of (6.21) with the initial condition v(0) = ug. Due to the uniqueness, we obtain for almost all ¢ € [0, T,
v(t) = u(t) —y(t). Put a(t) .= v(t) + y(t), t € [0,7]. Then G € D([0,T];H) and u(t) = a(t) for almost all
t € [0,T]. The sketch of the proof is now complete. O

In the following lemma, we will prove that the solutions of (6.1)-(6.3) are pathwise unique in R% d = 2, 3.
The result in d = 3 is under a very restrictive moment condition. For the sake of simplicity, we restrict the proof
for bounded domain only.

Theorem 6.9. Let O be a bounded domain in R*; d = 2,3. Let Assumptions 2.1, 2.2, 2.7 and Hypothesis 2./ be
satisfied. Let uy and uy be two martingale solutions defined on the same filtered probability space (Q, F, %, P)
satisfying system of equations (6.1)—(6.3)with the same initial condition ui(0) = uz(0) = ug, P — a.s. where
E[|ug|?] < co. Then

(i) ford=2,P - a.s. for allt € [0,T] uy(t) = ua(t),

(i1) for d =3, P - a.s. for allt € [0,T] ui(t) = uz(t), provided E[fOT ||u(t)H4dt} < +00.
Remark 6.10. In comparison to the proof of Theorem 6.9, proof of pathwise uniqueness theorem for Jeffreys
fluid ((6.12)—(6.13)) in both two and three dimensions in bounded domain are straight forward because of the

absence of nonlinear term. So unlike Oldroyd model, even for three dimension, no additional assumption is
required for the pathwise uniqueness of the weak solution of Jeffreys model in bounded domain.
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Proof. We begin the proof in both two and three dimensions when uy, uy satisfies (6.1)—(6.3). Let t = u; — us.
Then u solves the stochastic differential equation

da(t) + [Aﬁ(t) + (B(uy(t)) — B(ua(t))) + /O B(t — s)Au(s) ds} dt
= (o(t,uy) — o(t,u))dW (t) + /z (g(ur, 2) — g(uy, Z))N(dt,dz)7 (6.22)

We denote o4(t) = o(t,ui(t)) — o(t,uz(t)) and gq(t) = g(ui(t—), z) — g(ua(t—), 2).
Let us define

t
7§ = inf{t : [@,(t)|? +/ [, (s)|*ds > N}
0

as the stopping time. We have to find the 2nd moment estimate for the system (6.22). For this let us take the
function f(z) = |z|> and apply the Itd’s formula to the process (t) to obtain

d[a())? + 2||a()|2dt < —2 (/0 B(t — s) (A%ﬁ(s),A%ﬁ(t)) ds) dt + 2oa(H)dW (1), a(t))
+ (B(wi(t)) — B(ua(t)), a(t))dt + [Joa(t )IlantJr?/Z( (t), ga(t, 2)) N (dt, dz)
+ /Z lga(t, 2)[*A(dt)dz

Integrating from 0 to ¢ A 7y, and using Lemma 2.3 we have

e nm+2 [ ) Pds < )2 + / 7 (Blwi(s)) - Blua(s)). (s))ds
0 0
+/ loa(s)]12 ds+2/ (0a(s)AW (s) / /|gdsz|Ads>
+2/MTN/ ), 9a(s, 2))N(ds, dz). (6.23)

Case 1. In two dimensions, using energy inequality it can be shown that for 0 < t < T,
E [|u( )2+ 2f0 [la(s ||2ds} < 0o. We also have |(B(@,u;),a)| < Clal|lal|[ui] < e||a|? + Cc|a|?||u1||?>. Hence
from (6.23) we have

6t A TN +2 / a(s)|%ds < [a(0)? + /
e / " Ja(s) Pllu (s)[ds + 2 / " (oals)dW (s), (s))

tATN IANTN
+2/ / ), ga(s, z) (ds,dz) —|—/ / |gd(3,z)|2)\(ds)dz. (6.24)
0 Z

Using Hypothesis 2.4 and then taking expectation we have,

tATN

tATN
a(s)2ds + / oa(s) 12, ds

tANTN

E[Ja(t A ry)] +E] / ™ la(s)]2ds] < E[[a)?] +E / (Callws ()12 + L) ia(s)

%ds], (6.25)
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since fotMN (04(s)dW (s),u(s)) and fOMTN [,(@(s), ga(s, 2))N(ds, dz) are local martingales having zero averages.
Therefore, application of Gronwall’s inequality produces

tNTN tIANTN

E[Ja(t A ) 2] —HE[/ la(s)[%ds] < E[|a(0)[2] exp (01/0 (lur()]® + L(t A 7w)). (6.26)

0
Letting N — oo, t ATy — t a.s. and we have
t

E[la(t)2] +E[ / l(s)2ds] < E[[a(0)?] exp (s / (s (s)[? + LT)).

0

As we have fOT |[ui(s)||?ds < +o0, P — a.s. and 0(0) = 0, P — a.s., we have E|u(t)|?> =0, i.e., u(t) =0, P — a.s.
and this assures the pathwise uniqueness of the solution in two dimensions.

Case 2. In three dimensions we have the estimate
[(B(a,uy), )| < Clal'?[[a]*?|uy|| < el|[al|® + Celaf?[u||*.

We have from (6.23)

tATN tATN tATN
6t ATy 42 / la(s)|2ds < [a(0)[? + / la(s)2ds + / loa(s)|12,, ds
tATN

t/\TNﬁ52u84S oils sﬁs
w0 [T PR @ s 2 [ euaw (s).a)
+2/O /Z(ﬁ(S),gd(S,z))N(ds,dz)+/0 /Z|gd(S,Z)|2)\(ds)dz. (6.27)

Similarly, as in Case 1, we have
B[] +E[ | ael*as] < 2[a0)R]esp (€1 [ (lu ()] + LT))

Since we assume E[fOT [ui(s)||*ds] < +oo, we have fOT [lui(s)]|*ds < +oo, P—a.s. As a(0) =0, P — as., we
have E|a(t)|? = 0, d.e., u(t) = 0, P — a.s. and this assures the pathwise uniqueness of the solution in three
dimensions. O

Theorem 6.11. Let d = 2 and Assumptions 2.1, 2.2, 2.7 and Hypothesis 2.4 be satisfied.

(1) There exists a pathwise unique strong solution of (6.1)—(6.3).

(2) Moreover, if (Q,.Z, Z, P, {u(t) }i>0, {N(t, ) }iz0, {W(t) }i>0, {1t }1>0) is a strong solution of (6.1)—(6.3)
then for P— almost allw € Q the trajectory u(-,w) is equal almost everywhere to a cadlag H-valued function
defined on [0,T].

(8) The martingale solution of (6.1)—(6.3) is unique in law.

Proof. By Theorem 6.2 there exists a martingale solution to the system (6.1)—(6.3) and by Theorem 6.9 the
solution is pathwise unique. Assertions (1) and (3) follow from Theorems 2 and 11 in Ondrejat [58]. Assertion
(2) is a direct consequence of Lemma 6.8. O

Corollary 6.12. In view of Remark 6.10, it is clear that Theorem 6.11 holds true for Jeffreys fluid (6.12)—(6.13)
in dimensions d = 2, 3.
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APPENDIX A. COMPACTNESS AND TIGHTNESS CRITERIA

A.1 Certain compactness results

In this subsection, we provide some definitions and known results borrowed mostly from Aldous [5], Billingsley
[9], Métivier [49] and Motyl [54]. Let S be a complete separable metric space with a metric p. Let us denote by
D([0,T];S), the set of all S-valued functions defined on [0,7], which are right continuous and have left limits
(cadlag functions) for every t € [0,T]. The space D([0,T];S) is endowed with the Skorokhod J-topology, which
is defined below.

Definition A.1. The J-topology on D([0,T7];S) is generated by the following metric d7 g, see (formulae (12.13)
and (12.16) of [9])

bro(z.y) = inf | sup pla(t).y(A®)+ sup [t =)
A€AT Licio, 1) te[0,T)

o (M0 209)

where Ap is the set of all increasing homeomorphisms of [0, 7.

+ sup
s<t

}, (A1)

Remark A.2. Hence, it follows from Definition A.1, see also top of page 112 in [9], that sequence (x,)nen
converges in D([0,T];S) to z if and only if there exists a sequence (\,) in Ar such that with id being the
identity map of [0, 77,

An — id and z, o A, = &, uniformly on [0, 7). (A.2)
In particular, if an D([0,T];S)-valued sequence (z,)nen converges to x uniformly, then it converges to = in
D([0,T];S) as well.
For more details see Métivier (Chap. II of [49]) and Billingsley (Chap. 3 of [9]).
Definition A.3. Let (S, p) be a separable and complete metric space. Let uw € D([0,T];S) and let § > 0 be

given. A modulus of continuity wyp, ) s(u,d) of u is defined by

wio,1),8(u,0) = plélﬁé g}ggtésggtm plu(t), u(s)), (A.3)

where II; is the set of all partitions P = {0 =9 <1 < ... <t, =T} of [0,T] with such that
tH_l*tiZ(;, i:(),...,n—l.
We have the following deterministic (cadlag version of the Arzela—Ascoli theorem) criterion for relative

compactness in the space D([0,T];S), see [41], (Chap. IT of [49]) and (Chap. 3 of [9]).

Theorem A.4. A set A C D([0,T];S) has compact closure (in D([0,T);S)) iff it satisfies the following two
conditions:

(a) there exists a dense subset J C [0,T] such that for everyt € J the set {u(t), u € A} has compact closure
mS,
(b) lims_o sup, e wio,r)(u,6) = 0.
A simple consequence of the above compactness criterion is the following.

Proposition A.5. If S a compact metric space, then the set D(]0,T);S) (endowed with the Skorokhod
J-topology) is compact.
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Let us consider, for a fixed 7 > 0, the closed ball in H centered at 0 of radius 7: By (0,7) :={z € H : |z|g < r}.
Let By, denote the ball By endowed with the weak topology which, according to [12], is metrizable. Let g,
denote the metric on By that is compatible with the weak topology on By. Consider the following functional
space

D([0,T); By, (0,7)) := {u € D([0,T); Hy) : sup |u(t)|g < r}.
t€[0,T]

We endow the space D([0,T];Bg,) with the topology induced by the topology 73 on D([0,T]; Hy). Then

o (20200

D([0,T); By, ) is metrizable with metric ér, defined by
is compact, in view of Proposition A.5, the

o r(u,v) := inf sup ¢r(u(t),vo A(t)) + sup [t — A(t)| + sup
AEAT te[0,T) t€[0,T) s#t

Since by the Banach—Alaoglu theorem, the topological space By
space (D([0,T]; By, ), dr,) is a compact metric space.

The following result (see Lem. 4.3 in Motyl [53]) provides a criterion for convergence of a sequence in
D([0,T);Bg(0,7)).

w

Lemma A.6. Let X, : [0,T] — H, n € N be functions such that

1. sup,en SuPseo, 1) [ Xn(s)|la <7,
2. X,, » X in D([0,T|;U").
Then X, X,, € D([0,T];By,,) and X, — X in D([0,T];Bp,) as n — co.
Theorem A.7. Let Z = D([0,T);U’); N D([0,T); Hy,) NL2(0,T;V)NL2(0,T; H) and let 7 be the supremum
of the corresponding topologies. Then a set KK C Z is T —relatively compact if the following three conditions are
satisfied :
(a) VX € K and all t € [0,T],X(t) € H and supy¢x Supyepo,r) | X (s)| < o0,
(b) supxex foT | X (s)]|*ds < oo, i.e. K is bounded in L2(0,T;V),
(c) lims_osupxex wo, 0 (X, 0) = 0.

For proof see Lemma 3.3 in Brzezniak and Motyl [15], Lemma 4.1 in Motyl [55], Theorem 2 of Motyl [54],
Lemma 2.7 in Mikulevicius and Rozovskii [50].

A.2 Tightness criterion for predictable process

Let (Q, #,.%;,P) be a filtered probability space with a filtration {.%; };>¢ satisfying the usual hypotheses.

Definition A.8. Let (X,),cn be a sequence of cadlag, Fi-adapted stochastic processes in a Banach space E.
Assume that for every € > 0 and 7 > 0 there is § > 0 such that for every sequence (7, )nen of Fi-stopping times
with 7, < T one has

sup sup P{|| X, (1 +0) — Xp(m)llg > n} <e.
neN0<0<s

In this case, we say that (X, ),ecn satisfies the Aldous condition [A].

We now quote the following lemma given in Métivier [49] and Motyl [54] which ensures the Aldous condition
[4] in a separable Banach space for the sequence (X, )nen-
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Lemma A.9. Let (X,)nen be a sequence of cadlag, Fi-adapted stochastic processes in a separable Banach space
E. Assume that for every sequence (T )nen of Fi-stopping times with 7, < T and for every n € N and 6 > 0
the following condition holds

E[[|Xn(rn +0) = Xn(ma)llE] < CQC’ (A4)

for some «,¢ > 0 and some constant C > 0. Then the sequence (X, )nen satisfies the Aldous condition [A] in
E.

The following lemma (see [54], Lem. A.7) gives us a useful consequence of the Aldous condition [A].

Lemma A.10. Let (X,,)nen be a sequence of cadlag, Fi-adapted stochastic processes in a separable Banach space
E, which satisfies the Aldous condition [A]. Then, for every e > 0 there is a measurable subset A, C D([0,T]; E)
with

PXn(A) > 1 —¢, lim sup sup |ju(t) —u(s)||lg =0.
6=0ueA, t—s|<5

The deterministic compactness result in Theorem A.7 and the last lemma can be used to get the following
criterion for tightness in Z.

Theorem A.11. Let (X, )nen be a sequence of cadlag Fi-adapted U'-valued processes such that

(a) there exists a positive constant C1 such that sup, ey E[sup,ep 11 1Xn(s)|] < C1,

(b) there exists a positive constant Cy such that sup,,cy E[fOT | X, (5)]2ds] < Cy,
(¢) (Xn)nen satisfies the Aldous condition [A] in U'.

Let P,, be the law of X, on Z. Then for every e > 0 there exists a compact subset K. of Z such that P,,(K,.) >
1 — ¢, and the sequence of measures {P,,n € N} is said to be tight on (Z,7).

For a proof see Corollary 1, Motyl [54]. In metric spaces, one can apply Prokhorov theorem (see [61], Thm.
11.6.7) and Skorokhod theorem (see [9], Thm. 6.7) to obtain convergence from tightness. Since the space Z is a
locally convex space, we use the following generalization of Skorokhod’s theorem to nonmetric spaces.

Proposition A.12 (Skorokhod-Jakubowski). Let X be a topological space such that there is a sequence of
continuous functions fp, : X — C that separates points of X. Let A be the o-algebra generated by (fp),, - Then,
we have the following assertions:

(a) Every compact set K C X is metrizable.

(b) Let (Cn),cn be a tight sequence of probability measures on (X, A). Then, there are a subsequence (Cn, ) e »
random variables &, € for k € N on a common probability space (Q, F, Fy, P) with P& = Cny, for k e N,
and &, — &€ P-almost surely for k — oo.

We stated Proposition A.12 in the form of [17] (see also [40]) where it was first used to construct martingale
solutions for stochastic evolution equations. We apply this result to the concrete situation and obtain the final
result of this subsection.

Corollary A.13. Let (X,,)nen be a sequence of adapted U'-valued processes satisfying the Aldous condition [A]
inU' and

supE [HXnHioo(O’T;H) <oo, supE [HXn”Izﬁ(o,T;v) < 00.
neN neN

Then, there are a subsequence (X, )ken and random variables Xy, X for k € N on a common probability space
(Q, F, Fy, P)with PXx = PXnx for k € N, and X}, — X P-almost surely in Z for k — oco.
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Proof. We recall that
Z = D([0,T};u’); N D([0,T]; Hy) N L,(0,T;V) NL*(0,T; H)

is a locally convex space. Therefore, the assertion follows by an application of the Theorem A.11 and
Proposition A.12 if for each of the spaces in the definition of Z, we find a sequence f,, : Z — R of continuous
functions separating points which generates the Borel o-algebra.

Since D([0,T];U") and L?(0,T; H) are separable and completely metrizable spaces, we infer that each of
these spaces have this property.

For the space L2 (0,7;V), define

T
() = /0 (w(t), om()vdt € R, weL2(0,T:V), meN,

where {v,,,m € N} is a dense subset of L2(0,7;V). Then (fm)men is a sequence of continuous real valued
mappings separating points of the space L2 (0,T; V).

Let {h,, : m € N} be a dense subset of H. We define the countable set
F:={fm::meN,;te[0,T]NQ} of functionals on D([0,T]; H,) by

fm,,t(u) = (u(t), hm)H

formeN,t€[0,7)NQ and u € D([0,T); Hy).

The set F' separates points, since for u,v € D([0, T]; Hy,) with f, ((u) = fim(v) forallm € Nand t € [0,T]NQ,

we get (u, hpm) g = (v, hy ) g on [0, T for all m € N by continuous continuation and therefore u = v on [0, T7.
Furthermore, the density of {h,, : m € N} and the definition of the locally convex topology yield that

(fmvt)meN,te[O,T]ﬁQ generate the Borel o-algebra on D([0,T]; Hy,). O

A.3 Tightness criterion of random Young measure

This section is devoted to the class of Young measures on metrizable Suslin control sets and the ideas are
borrowed mainly from Brzezniak and Serrano [18], Castaing et al. [19] and Sritharan [69].

A.3.1 Preliminaries

In this paper, U denotes a Hausdorff topological space (the control set), B(U) denotes the Borel o—algebra
on U and P(U) denotes the set of all probability measures on B(U).

Definition A.14. Let (2,.%#,P) be a probability space. A stochastic process {1 }¢>0 with values in P(U) is
called a stochastic relaxed control (or relaxed control process) on U if the map [0,7] X Q 3 ({,w) — p(w,-) €
P(U) is measurable.

Definition A.15. Let L(-) denote the Lebesgue measure on [0,7] and u be a bounded nonnegative o—additive
measure on B(U x [0,T]). p is a Young measure on U iff u satisfies u(U x E) = L(E) VE € B[0,T]; i.e., the
marginal of u on B0, T] is equal to the Lebesgue measure L. We denote by Y(0,T; U) the set of Young measures
on U.

The following lemma elaborates disintegration of random Young measure which explicitly tells that to every
Young measure, there is a stochastic relaxed control associated with it.

Lemma A.16. Let (Q,.%,P) be a probability space and let U be a Radon space. Let i : Q — Y(0,T;U) be such
that, for every M € B(U x [0,T1]), the mapping Q> w — pu(w)(M) = p(w, M) € [0,T) is measurable. Then there
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exists a stochastic relaxved control {ji;}iecjo,r) on U such that for P—a.e w € Q we have
1w, C x B) = / 1w, C)dt YO € BU), E € B0, T. (A5)
E

Direct application of the previous lemma yields p(dU, dt) = u(dU)dt.

Definition A.17. The stable topology on Y(0,T;U) is the weakest topology on Y(0,7;U) for which the
mappings V(0,T;U) 3 p+— [, [, f(U) u(dU,dt) € R are continuous for every E € B[0,T] and f € Cy(U).

Remark A.18. If U is metrizable (resp., metrizable Suslin), then the space Y(0,T; U) endowed with the stable
topology is also metrizable (resp., metrizable Suslin).

Remark A.19. If U is Hausdorff, the level sets of every inf-compact function are closed, hence Borel measurable.
Every inf-compact function is lower semicontinuous and the converse is also true if U is compact.

Remark A.20. We note that Ny := [; L(U)p¢(dU) is meaningful using Lemma A.16 and

/OT |N,ut2dt</oT(/UL(U)Nt(dU))th</0T(/U/Q(LU)m(dU))th

</ o [ @) ( [ waw))ae= | ’ [ vt < oo "

Further, if p is a random Young measure such that p € 4,4(Xo,T), then,

IE[/OT Nl < E[/OT/UFP@, U)p(U)dt] < +oo.

A.3.2 Tightness criterion

This subsection briefly explains flexibility criterion for relative compactness in stable topology on a metrizable
Suslin control set along with tightness criterion of sequence of random Young measures. The notion of tightness
for Young measures that has been used in this work was introduced by Valadier [76] (see also Brzezniak and
Serrano [18], Castaing et al. [19], Crauel [23]).

Definition A.21. We say that a set G C Y(0,T;U) is flexibly tight if, for each € > 0, there exists
a measurable set-valued mapping [0,7] o ¢ — K; C U such that K; is compact for all ¢ € [0,7] and

T
SUp,eg Jo Ju 1xe (U)p(dU, dt) < e

Below we state an equivalence theorem for flexible tightness. For proof see Balder [6].
Theorem A.22. The following two conditions are equivalent for any G C Y(0,T;U) :

1. G is flexibly tight.
2. There exists k € IC([0,T],U) such that sup,cg fOT Jy £t U)p(dU, dt) < +oc.

Next we state the Prohorov criterion for relative compactness (see Thm. 4.3.5 of Castaing et al. [19]).

Theorem A.23. Let U be a metrizable and Suslin space. Then every flexibly tight subset of Y(0,T;U) is
sequentially relatively compact in the stable topology.

Now we proceed to theorem which guaranties tightness criterion of random Young measures.
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Theorem A.24. Assume that U is metrizable and Suslin. For each n € N, let p,, be a random Young measure
on U defined on (Q", . F™,P"). Assume there exists k € IC([0,T],U) with

T
IE"/ /m(t, U) jn(dU,dt) < B Wn € N
0o Ju
for some R > 0, where E™ denotes expectation with respect to P™. Then the family of laws of {{in }nen is tight
on Y(0,T;1).

Proof. The proof follows from Lemma 2.18 of Brzezniak and Serrano [18]. Let us provide a sketch of the proof.
For each € > 0, define the set

K. = {uey(O,T;IU):/OT /U/i(t,U)p(dU,dt) < ?}

By Theorems A.22 and A.23, K. is relatively compact in the stable topology of Y(0,T;U). Therefore by
Chebyshev’s inequality we have

T
P, € Y\ K < P'(n € V\KD < 1B [ [ n(t.0) pnlal ) <
o Ju
where K, denotes the closure of K.. Hence, the tightness of the laws of {ttn }n>1 follows. O

The following lemma states that the relaxed cost functional is lower semicontinuous.

Lemma A.25. Let U be a metrizable Suslin space, and let v € L1 (0, T;R). Let us assume that F : [0,T] x H x
U — [0,00] is measurable in t € [0,T] and lower semicontinuous for every t € [0,T] with respect to (X,U) €
H x U and satisfies one of the following two conditions:

1. |F(t, X, 0)] <~(t), a.e. t €]0,T].
2. F>0. Then we have

(a) If pn, — p stably in Y(0,T;U), then

T
/ /F(t,X,U),u(dU,dt <hm1nf/ / (t, X, U)p, (dU, dt).
o Ju

n—0o0

(b) If in addition X,, — X in T —topology, then

T
/ /F(t,X, U)p(dU, dt) <hm1nf/ / (t, X, U)pin (AU, d1).
0 U n—oo

Proof. For (a) if condition 1 holds, the result follows from Theorem 2.1.3-Part G in Castaing et al. [19] and for
condition 2, the result follows using Proposition 2.1.12-Part (d) in Castaing et al. [19]. Also see Brzezniak and
Serrano [18]. Proof of (b) is from Lemma 10 of Sritharan [69], Haussmann and Lepeltier [38], Jacod and Memin
[39]. O
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APPENDIX B. SOME PROOFS

Proof of Lemma 2.3. Let I = fg fos B(s —7)p(s) p(T)ds dr. Extend 8 by /3 on the negative semi-axis by an even
function, i.e.,

N Bt), if t>0,
mw{ﬂ@ﬂ,ift<0

Then, I = %fot fot B(s — 1) (s) p(7) ds dr. Again, define ¢ by ¢ on (0,t) and zero elsewhere.
Hence, by using the properties of convolution of two functions (denoted by x) and Plancherel’s theorem, one
gets

Using the definition of Fourier transform,

50 = o= [ et = —= [T e saan - 2 [T eosat oy

J;(VM?MﬂjAWH@ﬁmwm>é;émﬂwﬁm%d

. oo
and the last step is true as {W} = 0 because of Assumption 2.2 (ii). Exploiting the fact that
0
Fourier-sine transform of a decreasing function, if it exists, is always non-negative (see Tuck [75]) and using
Assumption 2.2 (i), we have B > 0, which directly imlpies I > 0. O

B.1 A result on random Young measure

The following lemma lists certain properties of the limiting random Young measure in the stable topology,
which has been used to prove Theorem 5.4.

Lemma B.1. Assumg that U is metrizable and Suslin. Let (Mn)neN and i be random Young measures on U

defined on (0, F, %, P). Let ji, — [i in the stable topology P — a.s. and assume there exists k € ZC(]0,T),U)
such that

T
E/l/ﬁ@mmmawgc,WmN (B.1)
0 U

for some C' > 0. Assume L as the admissible control operator. Then we have the following convergences, for all
0<t<T, and Vz € L*(Q; H),

lim E

n—oo

z) fin (AU, ds) / / z) p(dU,ds)| = 0. (B.2)
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If in addition, we assume y,, — y strongly in L*(Q; L2(0,T; H)), then

”15201E VOT/U(yn(t),L( )fim (AU, dt) / / U)a(dU,dt) | = 0. (B.3)

Proof. Choose g € Cy(U) such that

[ 1 if k(,U)<R,
wR(m_{ 0 if w(-,U)>2R.

Now ]// 2) fin(dU, ds) — // dUds)‘

< [ [ 10 = 0n@) Q01,2 lnlav.as) + / / (= R () (L), )[RV, )

+’//¢R 2) fin(U, ds) //wR V), 2) AU, ds)|

=1+ 1+ Is.

For each s € [0,T7, let us define the level set Kg := {U € U: k(-,U) > R}. We then have, using Remark A.20,

I < [/Ot /KR 125~ (s, U) K2 (5, U) i (AU, ds)} < ;[/Ot /KR I2|2(s, U)ﬁn(dU,ds)]

c
< = |z] =0 as R — oo for some constant ¢ > 0.

Similar calculation yields [ — 0. Stable convergence of f, yields fot Jy¥r(U) (L(U), 2) fin (AU, ds) —

Jy J¥r(U) (L(U), 2) i(dU, ds). Combining all the above we have [y [, (L(U), 2) fin (AU, ds) — [ [, (L(U), 2)
i1(dU, ds). Further using Holder’s inequality, Assumption 2.7 and fi,, being the probability measure, we have for

L<r<2

E’// atatas)| <8 [ [ oyl
/ / R (1, U) i (dU)dt | " / / i (AU)dt T/Q]
,%E// (1, U) (U] + 75 2|22

] < C, which ensures the uniform

IN
ﬁz

I /\

ol

In particular, choosing r = 3 we have INEHfot Ju (L(U), 2) jin (AU, ds)|
integrability of ’ fot Ju (L(U), 2) i (AU, ds)‘

Hence, by Vitali’s theorem, we have (B.2). ~
In addition, let us assume y,, — y strongly in L*(€2; L2(0,T; H)). We have,

T T
- / / (¥ (8), L)) fin (AU, ) — / / (y(5), L(U)) (AU, dt)
0 U 0 U
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:/OT/U(Y(t)_y”() L(U)) fin (AU, dt) — / / ((dU, dt) — fin (dU,dt)) .
1< [ [ 190 -y = [ 1.0 -yol( [ seowan)a

<clly, = ylleomra) =0 as n—o0 P—as.
We now move to estimate I2. Since, y(-) € L4(;L?(0,T; H)) is strongly measurable, there exists a sequence
of H-valued simple functions, y(t) := > =, ckixki(t), cky € H, such that yi(-) — y(-) in L*(Q,L*(0,T; H)),

and also for ¢ in [0,7] a.s., P-as., yi (t) = y(t) in H. Hence arguing as before, we conclude that I, o — I, 2
as k — oo where

Loy / / yi(t ) (A(dU, dt) — fi, (AU, dt))

:Z{/Xw/ e, L(U)) (AU, dt) — /m/ cris L un(dUdt)} (B.4)

Also by (B.2) we have I, 2, — 0 as n — co. Hence we proved that I,, » — 0 as n — oo. Therefore, we have
I, — 0 as n — oo. We note that using

|/0T/U(y(t),L(U))ﬂn(dU,dt)| < </OT D) dt) (/ / (. U)jin (T, dt)) (B.5)

and exploiting Young’s inequality (with exponents % and 3), (B.1), and the hypothesis y,, € L*(Q;L2(0,T; H)),
is uniformly bounded (as convergent) the above inequality reduces to

/ /yn u:(dU,dt)§}<I~E[</0Tyn 2dt> (/ / (t,U)ji dUdt)) } |
< iE [(/0 1y (8)] dt) }+§IE[</OT/ij2(t,U)ﬂn(dU,dt)>} SQ?)C+§E[</OT|yn(t)|2dt> | <.

Hence, by Vitali Theorem,

T
lim EI, = lim E l/ /(yn(t),L( ))jin (AU, dt) / / U))i(dU, dt)
n— oo n—oo 0 U

APPENDIX C. QUADRATIC VARIATION PROCESS

Definition C.1 (Quadratic variation process and Meyer process). Let M be a square integrable martingale
with right continuous paths with values in a separable Hilbert space H on (92, #, %;,P). Then there exists two
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real right continuous increasing processes [M] and <M with 0 = [M]y = <M such that

t
1ML = (Mol + 2 / (M, dM,) 51 + [M]. 1)
0

<M is the unique real right continuous increasing predictable process such that
| M |3 — || Mo||% — <M >, is a martingale. (C.2)
Here [M] is called the quadratic variation of M and <M> the Meyer process of M.

Remark C.2. Let H be Hilbert spaces and let (Q : H — H be a trace class operator. Let

dX (t) :a(t,X)dW(t)+/ g(X(t—), z)N(dt,dz),

where W (-) is an H-valued Wiener process, o(-,-) : [0,t) x H = Lo(H, H), Z is a measurable subspace of H,
g(-,-): Hx Z — H and N(-,-) is the compensated Poisson random measure. From Métivier [49]), Sakthivel and
Sritharan [67] and Manna, Manil and Sritharan [47], we observe that the quadratic variation process of X is

t t
X, = / (s, X112, arayls + / / 190X, 2)|[% N (ds, dz)

and the Meyer process of X is

t t
X, = / (s, X2, .50, d5 + / / l9(X, 2) [ A(dz)ds,

and finally by the martingale property one obtains that the expectation of the quadratic variation process and
that of Meyer process are same. Thus we have,

E [ / oo, Xl aranls + / t / |g<X,z>||%IN<ds,dz>}
= [ oto. Ol gumas + [ [ latx 1590 (©3)

Lemma C.3. (Burkholder—Davis—Gundy inequality) Let H be a Hilbert space valued cadlag martingale with
My =0 and let p > 1 be fized. Then for any F-stopping time T, there exists constants ¢, and Cp such that

B {27} < o { s Il } < o {pay)
0<t<r
for all 7, 0 < 7 < oo, where [M] is the quadratic variation of process M. The constants are universal

(independent of M ).

For proof see Theorem 1.1 of Marinelli and Réckner [48]. For real-valued cadlag martingales see Theorem 3.50
of Peszat and Zabczyk [62].
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