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A VARIATIONAL APPROACH TO NONLINEAR STOCHASTIC
DIFFERENTIAL EQUATIONS WITH LINEAR
MULTIPLICATIVE NOISE

VIOREL BARBU®

Abstract. One introduces a new concept of generalized solution for nonlinear infinite dimensional
stochastic differential equations of subgradient type driven by linear multiplicative Wiener processes.
This is defined as solution of a stochastic convex optimization problem derived from the Brezis-Ekeland
variational principle. Under specific conditions on nonlinearity, one proves the existence and uniqueness
of a variational solution which is also a strong solution in some significant situations. Applications
to the existence of stochastic total variational flow and to stochastic parabolic equations with mild
nonlinearity are given.
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1. INTRODUCTION

Consider the infinite-dimensional stochastic differential equation

AX (1) + AG)X (At + AX (£)dt = X (H)dW (t), ¢ € [0,T),

X0 — o (1.1)

where X : [0,7] = V and A :[0,T] x V — V*. The hypotheses below will be assumed in the following.

(i) V is a real separable Banach space with dual space V* and H is a real separable Hilbert space such that
V' C H, with continuous and dense embedding.
Moreover, C?(0) C H, where O is a bounded and open subset of R?, 1 < d < 0o, with smooth boundary
00.

(ii) W is a Wiener cylindrical H-valued process of the form
W(t) = nie;B;(t), (1.2)
j=1
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2 V. BARBU
where {f,}, is an independent system of Brownian motions in the probability space (Q, F,P) with the

normal filtration (F¢)i>0, 1 € R and {e;}32, € C*(O) is an orthonormal basis in H. Moreover, one
assumes that

o0
> u3yilel2, < oo, lyeslm < vjleslolyla (1.3)
Jj=1 VyEH,’)/jZLj:L...,

and that " is a multiplier in V, H and V*. (Here, | - | is the norm of H and | - |+ the norm of L*°(0).)

We set
_ 1 —
w(x) = 3 Z \xejﬁ{ﬂ?, Vo € H. (1.4)
j=1
(i) A(t) = 9p(t), Vt € [0,T], where p = p(t,y) : [0,T] x V — R* = [0,400) is continuous, convex in y for
each t € [0,7] and
o(t,y) < Cn, vt € [0,T], [lylv <N, VN >0, (1.5)
liminf  o(t,yn) > @(t,y), Y(t,y) €0,T] x V,
Yn 2y, yn€V
o(t,y) > anllylly — c2lylu —as, Yy eV, (1.7)
where a7 > 0, a2, a3 € R, and || - ||y is the norm of V.

Here, for each t € [0,T], dp(t) : V—2"" is the subdifferential of o(t), that is,
dp(t,y) ={z € V7 w(t,y) < pt,u) fv-(z,y —u)y, YueV}

We denote by y«(-,-),, the duality pairing between V' and V* and by the same symbol we denote the scalar
product (-,-) on H x H. B
Assumption (1.6) means that, for each ¢ € [0, T, the function ¢(¢,y) : H - R = (—o0, +00| defined by

_ p(ty) ifyeV,
P(t,y) = o (1.8)
400 ifyev,

is lower-semicontinuous in H.

We note that, by hypothesis (i), V and H are spaces of functions on O (for instance, LP(O) or Sobolev space)
while A(t) is a nonlinear elliptic operator on O with appropriate boundary conditions. (Of course, hypotheses
(i)—(ii) can be formulated under a more general functional setting.)

The exact significance of the right-hand side of (1.1) is X dW = a(X)dW, where 0 : H — Lo(H) (the space
of Hilbert—Schmidt operators on H) is defined by

o)) = 3wy (s, e5) e, V2 € H,

j=1
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and W is the cylindrical Wiener process on H formally written as
W(t) =Y Bt
j=1

(see [14], p. 89).

Definition 1.1. The stochastic process X* : [0,7] — V is said to be a variational solution to equation (1.1) if
it is (F;)i>0-adapted, pathwise weakly continuous,

X* e L2(Q; L2(0,T; H)) N LY ((0,T) x V),

(1.9)
o(t, X*) € LY((0,T) x ),
and there is an (F;);>0-adapted stochastic process Z* : [0, T] — V* such that
@(7Z*) € Ll((O7T) X Q)a (110)
dX* + A X*dt + Z*dt = X*dW, ¢t € (0,7), (1.11)
X*(0) = 1,
T
E/ (@, X (1) + @™ (8, 27 (1)) + AMX" ()7 — (X7 (2)))dt (1.12)
R EX M <E [ (ot X0) + ¢ (¢ 20)
0

~ 1
FAX ()7 — (X ()))dt + 3 1X(T)[%,
for all (F;)i>o-adapted processes (X, Z) : [0,7] — V x V* which satisfy the stochastic differential equation

dX + \Xdt+ Zdt =X dW, t € (0,T),

1.13

X(0) ==z. (1.13)

Here, i is defined by (1.4) and ¢* : [0,7] x V* — R =] — 00, +-00] is the Legendre, conjugate of ¢, that is (see,
e.g., [8]),

@*(t,2z) =sup{v-(z,y)y —(t,y); y € V}. (1.14)

Equations (1.11) and (1.13) are taken in sense of Itd’s (see, e.g., [14]). Since, by (1.5), it follows that

@ (t, 2)

m = +00,
Izllv+—oo |2

V*

condition (1.10) imply that Z* € L1((0,T) x €;V*) and so equation (1.11) is well defined.)

We note that (1.10)—(1.13) can be viewed a stochastic optimal control problem with the state equation (1.13)
(Z is the stochastic controller).

The stochastic process X* : [0,T] — V is said to be a strong solution to (1.1) if it is (F;);>0-adapted, pathwise
weakly continuous and

X*(t):xf/o (Z*(s)+/\X*(s))ds+/O X*(s)dW (s), ¥t € [0,T],
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where X*, Z* satisfy (1.9) and
Z*(t) € Op(t, X*(t)), ae. t € (0,T) x £, (1.15)

If X* is a strong solution to (1.1), then it is a variational solution to (1.1). Indeed, applying the It6 formula
in equation (1.13) and taking into account (1.4), we obtain that

E / 200, X (1)), e
o T (1.16)
=3 (B(X (D) — |l3) - ]E/O (AIX(8)[FH — B(X(1))))dt,

for all solutions (X, Z) to (1.13). Then, by the conjugacy formulae (see, e.g., [8], p. 70),

o(t, X* (1) + " (8, Z2*(t) = v-(Z7(1), X*(t))y (1.17)
o(t, X) + 0" (t,2) > ve(Z,X)y, V(X,Z) eV x V*, '
we see that X* is variational solution to (1.1), that is,
. T 2 ~
X~ arg min{B (e X)) X Oy K -
+5 EIX(T)f} for all (X, Z) subject to (1.13)}
and
T .
IE/O (ot X*(1) + 9" (t, Z°(1) + AMX () F — A(X (1)) dt (1.19)

1 * 2 2
3 (EIX*(T)[g — [=[z)dt = 0.

It should be emphasized, however, that a variational solution X* in sense of Definition 1.1 is not a strong
solution to (1.1) until (1.16) and (1.19) hold for X*, Z*.

In Theorem 2.1, we shall prove the existence of a unique variational solution which, under additional assump-
tion on ¢, is also strong solution. In general, however, the notion of variational solution is a more general
one.

As regards Definition 1.1, it should be mentioned that a related concept of the generalized solution to

equation (1.1) was given in [9] in the special case A(t)X = —div (%) , H = L*(0), that is, for total variation
stochastic flows. More will be said about this in Section 3.1.

The main advantage of this variational formulation of equation (1.1) is that it reduces the stochastic equation
to a convex minimization problem in the Hilbert space L?(Q2 x [0,T]; H).

The idea to represent the nonlinear subgradient Cauchy problems in Hilbert spaces as a convex minimization
problems goes back to Brezis and Ekeland and was developed in [17, 20] to more general nonlinear evolution
problems. In [11], this approach was extended to a more general class of equations (1.1) with A(¢) = dp(t). For
earlier results, we mention [4, 6, 10] (see, also, [12]).

Notations. Given a Banach space X' and (a,b) € R, we denote by C([a, b]; X) the space of continuous X-valued
function s on [a,b] and by LP(a,b; X), 1 < p < 0o, the space of LP-Bochner integrable functions on (a,b). The
spaces LP((a,b) x Q; X) are similarly defined. By W1 ([a, b]; X) we denote the space of all absolutely continuous
and a.e. differentiable functions on [a, b] such that %‘ € LP(a,b; X). LP(O) is the space of Lebesgue p-integrable
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functions on @ C R?. The Euclidean norm of R? will be denoted by | - |4. We refer to [7, 14] for basic results
and notations pertaining infinite dimensional stochastic differential equations and spaces of infinite dimensional
stochastic processes.

2. THE MAIN RESULT
We set,

1 o0
2.2 12
Ao =5 E 1Mj7j|6j\oo-
J:

Theorem 2.1. Assume that hypotheses (1)—(iii) hold and, in addition, one of the following two conditions hold.

(k) Either V is reflexive or V* is separable.
(kk) o(t,y) = allyllv, Vy € V, where a > 0.

Then, for X > Ao, there is a unique variational solution X* to (1.1) which satisfies

X* e LH(0,T) x V), o(t, X*) € LY(0,T) x Q)
e WX* e WH([0,T); V*), P-a.s.

AA
N
[N

Moreover, if the function (t,w) — v«(Z*(t,w), X*(t,w)), is in L'((0,T) x Q), then X* is a strong solution to
(1.1), that is, (1.15) holds.

Since p(t, X*), ¢*(t, Z*) € L*((0,T) x Q), while by (1.17) we have
ve (Z7(t), X" (1)) < @(t, X*(t)) + " (t, Z%(t)), P x dt ae.
and
(20, X W)y < gl X7 (0) + 7 (L 20 (1), B x di ac,
it follows that v« (Z*(t), X*(t));, € L'((0,T) x Q) if one assumes further that
p(t, —z) < Crop(t, ) + Gy, V(t,2) € [0,T] XV, [[zflv = Cs, (2.3)

for some C1,Cs,C35 > 0.

Condition (2.3) can be viewed as a far away quasi-symmetry property for the function ¢ and can be checked
in most situations of interest.

By Theorem 2.1, we have

Corollary 2.2. Under hypotheses of Theorem 2.1 and (2.3), there is a unique variational solution X* to (1.1)
which satisfies (2.1)—(2.2) and is strong solution to (1.1).

Remark 2.3. Condition A > \g can be dispensed with by the substitution X = e*Y which transforms
equation (1.1) into
dY + A(t)Y dt + Y dt = Y dW, ¢ € [0, 7],

YO) - s (2.4)
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where A(t)Y = e MA(t)(eMY). We note that A(t)Y = d¢(t,Y), ¢(t,Y) = e 2Mp(t, e MY) and so hypothesis
(iii) as well as (iii)’ remain invariant under this substitution and equations (1.1) and (2.4) are equivalent.

Remark 2.4. In Definition 1.1 and Theorem 2.1, one might ask instead of (1.18) that

Xy =ang in{E [ s, X(6) " Z(6) + MX () = X (5)
—|—% E|X (t)[%)ds;dX + AX ds + Zds = X dW, s € (0,), X(0) = x}, (25)

vt € (0,7).

In fact, the existence and uniqueness of solution (X™*, Z*) to (2.5) on each interval (0, t) implies that X7 , (s) =

. [0,¢]
X[*EJﬂ(s), forall 0 < s <t <t<T,and so equations (1.18) and (2.5) are equivalent.
In [18], equations of form (1.1) are studied under the main assumptions that A(t) : V. — V* is monotone

(not necessarily of subgradient type) and

[A@)ullv+ < C(lully, +1), Vu eV, (2.6)

v(A)u,u)y > aqllullst + aslul?, Yu €U, (2.7)

where 1 < p < oo and a3 > 0, as € R. (See, also, [10] for an operatorial approach to equation (1.1) under
assumptions (2.6)—(2.7).)

The main novelty here is that in Theorem 2.1 the space V is, in general, nonreflexive, and in (2.6)—(2.7)
1 < p < co. As seen below, this nontrivial extension of results of [18] obtained by variational arguments are
applicable to a new class of parabolic stochastic equations, so far not covered by a standard maximal monotone
theory. In fact, by the operatorial approach developed in [10] under assumptions (2.6)—(2.7), equation (1.1) can
be rewritten as By + Ay = f, where B, .4 are maximal monotone coercive operators on V x V* D(A) =V and
V C H C V*. Here, V is a reflexive Banach space of (F;)¢>o-adapted, V-valued processes on [0, T], continuously
and densely embedded in a Hilbert space ‘H and V* is its dual. Hence, B + A is surjective on V* by the general
theory of maximal monotone operators in reflexive Banach spaces (see, e.g., [5]). In the case considered here,
that is, under hypotheses (i)—(iii), the space V is not reflexive, p = 1, and so the above surjective result is not
applicable and a new approach was necessary.

To put this work in perspective, we note that, contrary to what happens in the deterministic case, we
do not have so far a general existence theory for strong or weak (martingale) solutions to equation (1.1) for
A(t)= A: H — H, a time-independent unbounded maximal monotone operator in the Hilbert space H. The
motivation is that, as seen later on, equation (1.1) reduces by the rescaling transformation X = "y to a
random differential equation with a time-dependent equation of the form

% + e_W(t)A(eW(t)y) +py=0, te(0,T), P-as.,
and since the function t — e~V ® A(e"V () has not a bounded variation, the general existence theory for the
Cauchy problem is not applicable (see, e.g., [5], p. 177). Under these circumstances, the variational approach
proposed here seems to be a convenient and apparently the unique alternative to the existence of the stochastic
PDE, though it does not provide in all situations a strong solution. (As a matter of fact, a similar approach can
be developed to equation (1.1) with additive Gaussian noise.)

One of the main advantages of this approach is that it reduces the stochastic equation to a convex
minimization problem in a suitable space of stochastic processes.
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3. EXAMPLES

We shall give below two significant examples to which Theorem 2.1 applies neatly. In all these examples, the
basic space V is either the space of functions with bounded variations or a Sobolev Orlicz space on a domain
O C R? while the pivot space H in L?(O). Of course, Theorem 2.1 applies to finite dimensional stochastic
differential equations and in other cases as well.

3.1. The stochastic total flow

Consider here the equation

. VX .
dX — div (M> dt=XdW in (0,T) x O,
X(0) = z(¢), ceo0, (3.1)
X(t,€) =0, V(t,€) € (0,T) x 00,

in the space BV (O) of functions with bounded variation in the open and bounded domain O C R?%. We recall
(see, e.g., [2]) that

BV (0) = {u € LY(0); Vu € M(O,R%)},

where M (O, R?) is the space of all the d-valued Borel measures, that is, the dual of C§°(O,R%). (Here, Vu = Du
is the gradient of u in sense of Schwartz distributions.) Here W is a Wiener process of the form (1.2), which
satisfies (1.3) on H = L?(0O).

For the sake of simplicity, we take here d = 2. Then BV (0) C L?*(0).

Denote by ||Dul| the total variation of u € BV (Q), that is,

|Duf = sup{/oudivwg, b € CPRY), Il < 1}.

Define the function ¢ : L2(0) — R =] — 00, +o0],
|Du|| if u € BV(0O),
olu) = - (32)
+o0 it L#*(0)\ BVy(0),

where BVy(O) = {u € BV(0); vo(u) = 0}. Here, vo(u) is the trace of u € BV(O) on 90 (see, e.g., 2, 3]).
The norm of BV,(O) is given by

lull Bvo o) = [|Dul|-
We can rewrite equation (3.1) as (see [3, 9, 14])

AX + 0p(X)dt + A X dt = X dW in (0,7T),

X(0) o (3.3)

where 0p : H = L*(0) — 2 is the subdifferential of the function ¢. We shall apply here Theorem 2.1, where
V = BVy(0), H = L?*(O) and ¢ : V — R is defined as above. In this case, condition (k) of Theorem 2.1 is not
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satisfied, but (kk) holds. So, by Theorem 2.1, equation (3.3) has a unique variational solution

X* € L2((0,T) x Q@ x O) N LY((0,T) x ; BVy(O))

(3.4)
e WX* e WL([0,T); V), P-as.,
which, by Corollary 2.2, is also a strong solution to (3.3) because condition (2.3) is obviously satisfied.
According to Definition 1.1, this means that there is a unique stochastic process
(X, 2%) € LA((0,T)xQ; L2(0)) 0 LY((0, T)x % BVo(0)) < L (0, T)x 2 V*)
such that
g 2 1 2
B [ (o007 (0) + (27 (0) + N (O~ (0)dt + 3 B (T -
3.5

T
<E [ (e(X(0) + 9" (2() + AX (O ~X (1) dt + 3 BIX (T

for all the stochastic (F;):>o-adapted processes (X, Z) € L*((0,T) x ; V) x LY((0,T) x §; V) satisfying the
equation

dX + X dt + Zdt = X dW in (0,7),

X(0) = . (36)

Moreover, X* is a strong solution to (3.3).
Remark 3.1. This result can be compared most closely with that obtained in [9]. It should be said also that
the subdifferential d¢ is quite hard to describe explicitly (see [3]) and so the variational formulation (3.5) of

the solution X* seems, however, to be a convenient way to represent it.

Remark 3.2. The stochastic equation for the total variation flow with Neumann’s boundary condition

dX—div( vX )dt:XdW in (0,7) x O,

ox IVXq
%:0 on (0,T) x 00,
X(0) ==z in O,

can be treated similarly if we take ¢ : BV (O) — R defined by (see [3])

p(u) = || Dul.

The details are omitted.
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3.2. Quasilinear parabolic stochastic equations with nonpolynomial mild
growth nonlinearity

Consider the equation

dX — div(a(VX))dt = X dW in (0,T) x O,
a(VX) - n=0 on (0,T) x 00, (3.7
X(0,8) = (), €0,

on a bounded and open smooth domain O C R? with normal at boundary n. Here, a : R? — R? is a continuous
monotone function of the form a = 93, where j : R — R*, is a convex continuous function which satisfies the
conditions

aip(rla) <j(r) < azp(|rla) + a3, ¥r € RY, (3.8)

where oy, 0 > 0 and p : [0.00) — [0, 00) is a continuous convex and increasing function such that

lim p(s) =0, lim Pls) = +o0, (3.9)
s—0t 8 s—+too S
5 — Pls) is strictly increasing (3.10)
s
p(25) < k1p(s), p*(s) < kap*(s), Vs € RT, (3.11)

for some k; > 0, 7 = 1,2. Here p* is the Legendre conjugate of p, that is,

p*(s) = sup{sv — p(v); v € R}.

Equation (3.7) can be treated in the framework of Theorem 2.1 if we take H = L?(0), V = W!(L,(0)) and

() = /O H(Vu)de, Vue V.

If L,(0) is the Orlicz space corresponding to the N-function p, then W*(L,(0O)) is the Orlicz-Sobolev space
{ue L,(0); DjueL,(0), j=1,..,d}.

(See [1], p. 246.) We note that under assumptions (3.9)—(3.11) the space V = W1(L,(0)) is reflexive and so
condition (k) holds. Then, by Theorem 2.1 it follows the existence and uniqueness of a variational solution X*
which is a strong solution if j satisfies (2.5) (see [1], p. 247).

Two examples of this type are

a(r) =asgnrlog(l+|r|s), Vr € RY,
a(r) =asgn rexp(|rls), ¥r € RY,
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a>0,sgnr = ﬁ for r # 0, sgn 0 = B(0; 1), which lead to the stochastic equations

VX
VX4

X =0on (0,T) x 00, X(0)=x in O,

dX — adiv (log(l +|VX|a) ) =XdW in (0,T) x O,

and, respectively,

VX
VX
X =0on (0,T) x 00, X(0)=xin O.

dX — adiv <exp(|VX|d) ):de,

Note also that equation (3.7) with Dirichlet boundary conditions can be treated in a similar way.
The existence for equations of this type cannot be derived by the general results in [19] and, as far as we
know, was not treated so far in literature.

4. PROOF OF THEOREM 2.1

By the transformation
X =y
we reduce, via Itd’s formula, equation (1.1) to the random differential equation

dy W w
p— T
I +e TAt e y)+ A+ p)y=0, te (0,T), (4.1)

y(0) = =,

where p(¢) =3 3 pies(€), € € 0. (By (1.3), we see that u € L>(0).) Of course, the equivalence of (1.1), (4.1)
j=1

is true for strong solutions X and (F;);>o-adapted smooth solutions y, only. (See [9], [10]) for rigorous proof.)
Then, in terms of the function y* = e~ X*, the stochastic optimization problem (1.18) reduces to the
random optimal control problem

T
y*=arg min{lE/O ((t, eV Dy(1)) + 9" (t, 2(t))

1
AV Oy )3, — p(eWy(t))dt + 5 (Ele" Dy(T) 3 - ||21%);
dy

e A+ my =0 y(0) ==

y € WH([0,T]; V*), P-as.
y € L2((0,T) x % H), o(t,e™y) € L*((0,T) x Q),

(4.2)

ze LY(0,T) x V™), (y,2), (Fi)ezo— adapted}.

Into this form, for A > Ag, problem (4.2) (as well as (1.18)) is a convex optimal control problem in the space
LY((0,T) x ©; V) with z as controller input. More precisely, by (1.3)-(1.4) we see that, for A > \g, there is v > 0
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such that

ANyl% — Biy) > vlyl%, Yy € H,

and, since the function y — A|t|% — fi(y) is quadratic, this implies that the integrand in (4.2) is strictly convex.
Denote by I = I(y,z) the convex function arising in the right-hand side of (4.2) and consider a sequence
{(yn,zn)} of (Fi)i>0-adapted processes such that, P-a.s.,

1
inf I <I(yn,2,) <infl+ —, (4.3)
n
B +e W+ (AN )y, =0, ae. t €(0,7),
dt (4.4)
yn(0) = .

Assume first that condition (k) holds, that is, either V' is reflexive or V* is separable. By hypothesis (iii) part
(1.5), it follows that (see, e.g., [8], p. 76)

*(t
lim prtv) = +oo uniformly on [0,T]. (4.5)
lollv=—+oo [0y
By (4.3), we also have
T
E/ ©*(t, z,)dt < C, ¥n € N, (4.6)
0

which, along with (4.5), the latter implies that, for each € > 0,

[ 1l
G

if [, dtdP < d(c), where G is any dt x dP measurable set (0,7") x 2. Since the space V* and its dual have the
Radon-Nikodym property (as reflexive or separable dual spaces), we infer by the Dunford-Pettis theorem in
LY((0,T) x ©;V*) (see [13], Thm. 1) that the sequence {z,} is weakly compact in L*((0,7) x Q; V*). Hence,
there is 2* € L'((0,T) x ; V*) such that, on a subsequence again denoted {z,}, we have

vedtdP < e, Vn € N,

2z, — 2* weakly in L*((0,T) x Q;V*) (4.7
and, therefore,
T T
1imianE/ ©*(t, zp)dt > E/ ©*(t, z*)dt, (4.8)

because the function z — E fOT ©*(t, z(t))dt is convex and lower-semicontinuous on L!((0,7) x €; V*).
Note also that, by (4.3) and hypothesis (iii), it follows that on a subsequence, again denoted {n}, we have

ey — Wyt weakly in L2((0,T) x ; H) (4.9)
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and so, since e~" is a multiplier in L2((0,7) x Q; H), by (4.4) we have

dy" dy* o —W _* *
@ ar - e A ey (4.10)

weakly in L1((0,T) x Q; V*) + L?((0,T) x Q; H).

(Here <L y* is the distributional derivative of y* € W1([0,T]; V*).)

By (4.7) and (4.9), it follows also that the process (y*, z*) is (F;)i>0-adapted.

Now, taking into account that, by virtue of (1.6)—(1.7), (4.9) and of weak lower-semicontinuity in H of the
function ¢ (see (1.9)), we have

n— oo

T T
liminf]E/ o(t, e y,)dt ZE/ o(t, e y*)dt
0 0

T
>E / (el yly — asleW ylm)dt,
0

we get by (4.3), (4.7), (4.10) that
T
E / (ot V™) + 0 (1, 2*) + NeWyl3y — (e y*))dt
0
1 N .
+5 (B Oy (D) laffy) = inf I

Hence (4.2) holds and so X* = e"'y* is a variational solution to (1.1).
Assume now that condition (kk) in Theorem 2.1 holds. Then, it follows that

. 0 if ||v|
' (t7v) = .
+oo if v

1% SO[7

v > Q.

Then, if {z,} is chosen as above, by (4.6) we have

l[zn (£, @)

v <a, ae. (t,w) e (0,T)x Q, (4.11)
and so
©*(t, zn(t,w)) = , a.e. (t,w) € (0,T) x Q. (4.12)

We set

Xr = {(p € L2((0,T) xS V), i—f € L2((0,T)x% H), o(T) = O}
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and note that by (4.4) it follows that

nan;OE/OT (‘zyt",@(t)> dt = -E /OT <y(t), %f (t)> dt

T
+E(x,¢(0)) = — lim IE/ (eWz,, @)dt
0

n—oo
T
—E/ (A + )y, p)dt, Vo € Xr.
0

This implies that, for n — oo,

e W2, — 1 weakly in X, (4.13)

where

d
d%+?7+(>\+u)y=0, te (0,7T),

y(0) = x.

(4.14)

(Here, X} is the dual of the space X7.)
On the other hand, by (4.11), it follows that ||z*||v~ < o on (0,7T) x © and so

O (t, 2" (t,w)) =0, a.e. (t,w) € (0,T) x Q.
Then, comparing with (4.11), we see that (4.8) holds in this case too.
The uniqueness is immediate because, as seen earlier, for A > A\ the functional I = I(y, z) is strictly convex
in y.
We have shown, therefore, that problem (4.2) and, consequently, (1.18) has a unique solution (X*, Z*).

It remains to prove that, if v.(Z*, X*);, € L*((0,T)) (or, equivalently, v-(z*,e"y*) e L'((0,T) x Q)),
then X™* is strong solution to (1.1), that is (1.15) holds. To this end, we shall prove first that

T
B [ (ot ey7) o (27) + My ey
0
1 . 1
+§1E\6W(T>y (T)|3 - 3 |3 = 0. (4.15)
To prove (4.15), we approximate (4.2) by the family of smooth optimization problems
Minimize
r 1

E/O(tpa(t,eWy)+(<pa)*(t,Z)+A|6Wy\?1—u(ewy))dt+§ Ele™ Ty (T) (4.16)

subject to

d
d—i’ +e Vet A+ p)y=0,ae. in (0,7),

y(0) = .

(4.17)
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Here, . is the Yosida-Moreau regularization of ¢, that is (see, e.g., [8], p. 97)
. 1 2
e (t,u) = inf 2—€|u—v|H+<p(t,v); veEH;.

Taking into account that ¢, is continuous on [0,7] x H (and Lipschitz in w), it follows that

PL(t,v)

|v| g —>o0 |U‘H

= 400 uniformly on [0, T’

and so, arguing as above, it follows that problem (4.16) has a unique solution (y.,z.) € L*((0,T) x Q; H) x
LY((0,T) x Q; H).

Moreover, since A.(t) = dp.(t) is Lipschitz on H, it follows that equation (4.1) has a unique solution 7. and
so, as easily follows by (4.17) and by the equation z. = dp.(t,e"=y.), we have

805(@ ewgs) + (Ws)*(tvge) -V <g€a §E>V = 07

d7. e N ) (4.18)
" +e " Z.+ (AN + 1)y =0, ae. in (0,7),

where Z, = A(t,e"=y.). By Ito’s formula, we have
d(eVy.) + zZodt + AWy dt = Wy dW
1 ~ ~ ~ ~ ~
5 dle"geli = V*<257€Wy5>v + (e, eV y.dW) (4.19)
=A™ eliy + fi(e ge)dt,

and by (4.18) this yields . = y., 2. = z. and

T
E/X%uﬂw%w«%r0wa+ﬂéwmz—ﬁww%»a
0

. . (4.20)
t3 eV My ()% — 3 2|7 =0, Ve >0.
Taking into account that
1
we(t, eWyE) = o(t,ue) + % |ue — 6W96|2H
ue = (I+edp) (" ye)
: _ _ . (4.21)
(906) (tv'zf) - Sup{v* (ZE’U)V (pg(t,’u), v € V}
> sup{v+(z.,v)v — @(t,v); v €V}
= CP*(ta 26)7
we get by (4.20) that
T 1
E/ (p(t, ue)+" (t, ze)+ 5= |u5—ewy€|?{—ﬁ(ewy€)+)\|ewy€|%{)dt
0 2e (4.22)

1
31Dy (1) <0
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On the other hand, by (4.20)—(4.21) it follows, as above, under assumption (k) via the Dunford—Pettis weak
compactness theorem that, on a subsequence {e} — 0, we have

ye — §* weakly in L2((0,T) x Q; H)
ze — 2* weakly in L1((0,T) x Q; V*) (4.23)
ue — u* weakly in L2((0,T) x ; H)

and so, by the weak lower-semicontinuity of convex integrands, it follows by (4.22) that I(g*,2*) = inf I, and so
(y*,z*) = (y*, z*) is the solution to the minimization problem (4.2). Moreover, letting ¢ tend to zero in (4.20),
by (4.23) and the weak-lower semicontinuity of convex integrands, it follows that

T
E / otV T) + " (1, F) — BV TT) + AV T )dt
0

1 1 (4.24)
+5 [V OGD)E — 5 lefi < 0.
2 2
As noted earlier, the same inequality can be obtained under assumption (k).
We also have that
g~*+e—Wz*+(A+ Yg* =0, ae. in (0,7)

y7(0) = =,

and by (4.23) it follows also that the processes y*,z* are (F;);>o-adapted.
Taking into account that v« (Z*, 6W§*>V € LY((0,T) x Q), arguing as in (4.19), it follows by (4.25) via Ito’s
formula that

1 ~ % =k ~% ok
3 dle" g 3 = —v- (z%,e"y >th — NeVy*|%dt

G+ (VG VT W)

This yields
g W~%|2 ~0 Wi~ 1 W(T)~*|2 1 2
B[O~ e T+ g B - el
T
= —IEI/ ve (2%, ey, dt,
0
and so, by (4.23) we have
T
B [ etV + et (F) v (T, ) <0
0

and, therefore,

ot eVy*) + " (t, 2%) — v+ (27, eWy*>V =0, dt x P, a.e.
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Finally, X*(t) = eWy* and Z* = 2* satisfy

o(t, X* (1)) + 0" (£, Z°(£)) — v (Z7(t), X*(£))y, =0, dt x P, ace.

and so (1.15) follows. Hence, X* is a strong solution to (1.1), as claimed.
This concludes the proof of Theorem 2.1. O

Remark 4.1. As explicitly follows by the previous proof, Theorem 2.1 and Corollary 2.2 remain true for the
operator A : [0,T] x V x Q — V* of the form A(t,w) = dp(t,w), which is progressively measurable, that is, for
every t, A restricted to (0,t) x V x £ is B([0,t]) ® B(V) ® F; measurable.
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