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TURNPIKE PROPERTIES OF OPTIMAL RELAXED CONTROL
PROBLEMS*

HonNcwEl Lou! AND WEIHAN WANG?

Abstract. In this paper, three kinds of turnpike properties for optimal relaxed control problems are
considered. Under some convexity and controllability assumptions, we obtain the uniform boundedness
of the optimal pairs and the adjoint functions. On the basis, we prove the integral turnpike property,
the mean square turnpike property and the exponential turnpike property, respectively.
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1. INTRODUCTION

The term “turnpike” represents a kind of highway. For variational problems and optimal control problems,
“turnpike property” describes the relationship between the optimal pairs and their corresponding stationary
optimal pairs. For instance, if a system describes that a person wants to travel from Place A to Place B (Place
B is very far from Place A) by car as soon as possible, the turnpike property tells us that the straight line path
between Place A and Place B may not be the best choice. One may suggest that the person drives from Place
A to a turnpike (the steady state) nearby, and travels along the turnpike until he approaches Place B. Then,
the person leaves the turnpike and reaches Place B.

The research of turnpike property comes from economic fields. The idea can be traced back to von Neumann’s
paper [11] in 1945. Then, Dorfman, et al. named the property metaphorically in [4]. Afterwards, numerous
relevant studies were established (see, for example [3, 5, 6, 9, 10, 12-15, 17] and the references therein). Regarding
the optimal control theory, if an optimal control problem has the turnpike property, we get an approximate
description of the optimal pairs, which will help us economize the calculation costs (see [15]). Thus, the study
of turnpike properties corresponding to the optimal control problems is meaningful. However, such results are
very limited.

Recently, several researchers discussed the turnpike properties of finite-dimensional optimal control problems
and provided exponential rate of the stability. Specifically, Porretta and Zuazua focused on a linear system [12],
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which can be described as follows:

do(t)
ek —Az(t) + Bu(t), tel0,T],

x(0) = xo,

(1.1)

where A € R"™*" B € R"*™ and C € R"*". The optimal control problem (Pr) is to find (z7(-),u”(:)) € Pya,
such that

T(2T (), uT () = in T(z(-), u(-
OO N S CORTO)

T

1

= inf —(|u(®)|? + |Cz(t) — 2|?) dt,
<z<~>,u<->>e@m/o 5 ([WOF +1Ca(t) = 2I%)

where z is a given vector in R, and
Py = {(m(-),u(-)) € C°([o, T); R™) x L2([0, T); R™) ‘ (1.1) holds on [O,T}}.

The optimization problem (Q) is

1

inf
(@,u) ER™ XR™ 2
—Az+Bu=0

(|u‘2 + |C$ - Z|2)7

whose solution is (Z,u). Suppose (A, B) is controllable, and (A, C) is observable, which implies the uniqueness
of Problem (Q). Then, they proved that there exist positive constants A and K, independent of 7' > 0, such
that

Wl (t) —a) + |27 (t) — 7| < K(e M +e M=) vielo,T]. (1.2)

Further, Trélat and Zuazua established similar results for the nonlinear cases in [15]. They considered

= f(z(t),u(t)), tel0,T], (1.3)

The optimal control problem (Pr) is to find (z(-),u”(:)) € Pua, such that

A CHORN0! T (2 (), ul))

= i
(x(-),u()) € Faa

T
(@()u(-))€Paa Jo fo (), u(t))

where

Paa = {(@(),u()) € CO[0, TR") x L=(0, T R™) | (1.3) holds on [0,7]}.
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The optimization problem (Q) is

inf 0
(m,u)é%" xR™ f (SU, U)’
f(z,u)=0

whose solution is denoted as (Z,4). They assumed that R(-), f(-), f°(-) € C? and linearized Problem (Pr) by
Taylor expansion at (T, %). By estimating the linearized part and the remainder terms respectively, they got
the same turnpike properties as stated in (1.2). It is worth noting that the authors assumed a controllability
condition, which can not ensure the uniqueness of (Z,#). Meanwhile, it is more complicated to prove that the
constant K is independent of T'. So they need some extra conditions on the initial value and the terminal value
of the adjoint equation, which is not easy to handle.

Observing the results mentioned above, we regard Problem (Q) as an optimization problem which requires the
solution to satisfy some stationary conditions of (1.1)/(1.3). In [12, 15], the stationary condition is — Az 4+ Bu =
0/f(z,u) = 0. Such condition seems a little strict. It is worth discussing whether and to which extent the
condition can be relaxed. Meanwhile, the existing results also require the existence of Problem (Pr) and Problem
(Q), whose necessity needs to be discussed.

For this reason, we will consider a relaxed optimal control problem and study the corresponding turnpike
properties. For given T' > 0 and x¢ € R", consider the following system

©O _ oy + [ Buo@)(du), teoT],
dt R™
Z‘(O) = o,

and the corresponding cost functional

T
Tr(o(hio) = [t [ (#l0) + g o). ¥ o) € Re(®™), (1.4
O m
where A € R"*", B e R™™™ f(-):R" > R, g(-) : R™ = R, and
ML(R"’) = {9 ‘ 0 is a probability measure on R™ with a compact support Set} ,

Ry(R™) = {o() ] o(t) € ML(R™), 3U CC R™, st. suppo(t) C U, ae. t e [0,7],

and t — I(u) o(t)(du) is measurable, V I(-) € CO(Rm)} .

The optimal relaxed control problem is

Problem RP(xzo,T): Find 7(-) € Rr(R™), such that

Jr(or(-);0) = Jr(o(-); o).

inf
o(-)ERT(R™)

The optimal pair is (Zr(-),a7(:)). We say that Zr(:) is an optimal trajectory, and or(-) is an optimal relaxed
control.
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Correspondingly, denote

Ms(R",R™) = {(m,&) €R" x ML (R™) \ Az +/ Buf(du) = o},

m

(1.5)
Ms(R™",R™) = {(,u,@) e ML(R") x ML (R™) ‘ Az p(dx) + Buf(du) = O} .

Rn Rm

The relaxed optimization problem is

Problem RQ(R"™,R™): Find (z*,0*) € Mg(R™,R™), such that

Fla®) + / Cgwedw = inf )(f(x)+ / g(w) f(du)).

(z,0)EMg (R" R™

Denote P, be the solution set of Problem RQ(R™,R™), and S, be the projection of P, on R™. For any (z*,0*) €
P,, we call z* an optimal equilibrium state, and call 8* an optimal equilibrium measure.
We will prove the existence of Problem RP(zo,7T) and Problem RQ(R™,R™) in the next two sections.
There are different versions of turnpike properties in the literature. We aim to analyze three kinds of turn-
pike properties, which are progressively enhanced. For convenience, we state the definitions as follows (see
[2, 12, 17], etc.).

Definition 1.1 (Integral Turnpike Property). We say Problem RP(x(,T) has integral turnpike property, if it
holds that
1 T
T/ Tr(t)dt —» =%, asT — +oc. (1.6)
0

Definition 1.2 (Mean Square Turnpike Property). We say Problem RP(xo,T) has mean square turnpike
property, if it holds that

1 /7
T/ |Zr(t) —x**dt =0, asT — +oo. (1.7)
0

Definition 1.3 (Exponential Turnpike Property). We say Problem RP(zo,T) has exponential turnpike
property, if it holds that

Zp(t) — 2*| < Cule ™+ eI vie(o,T), T >T. (1.8)

for some T, > 0, C, > 0 and A, > 0, independent of T" > 0.

Remark 1.4. In Sections 4-6, we will prove that the convergence in (1.6), (1.7) and the estimation in (1.8)
are uniform for z¢ € X, where X C R" is bounded. Moreover, we will see that the adjoint function 7 (-) has
the same turnpike properties.

Remark 1.5. The above three kinds of turnpike properties are progressively enhanced. Precisely, it holds that
Integral Turnpike = Mean Square Turnpike = Exponential Turnpike.

In order to illustrate this, an example will be given in Section 7.

The rest of the paper is organized as follows: In Sections 2 and 3, we prove the existence results and neces-
sary conditions of Problems RQ(R™,R™) and RP(xo,T), respectively. In Sections 4-6, we present the integral
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turnpike property, the mean square turnpike property and the exponential turnpike property, respectively. Sub-
sequently, we take some examples to illustrate our results in Section 7. Finally, we state further remarks in the

last section.

2. RELAXED OPTIMIZATION PROBLEM

In this section, we will study the existence and necessary conditions of Problem RQ(R™ R™).
Firstly, we introduce auxiliary problems as follows:

RQXU): it (1) + [ atwotau).
and
wox vy ik ([ @ e + [ gwoa).

where X C R", U C R™, Mg(X,U) and .#5(X,U) are defined in (1.5) by replacing R™ and R™ with X
and U.
Meanwhile, for two measures 6, and 65 on U, define

101 — 02| = [01 — 02|(U)

k k
= sup Z 161 (A4;) — 62(A;)] ‘ U A; =U, Ay, Ay, -+, Ay are pairwise disjoint sets
— i1
Then, we establish the existence and necessary conditions of Problem RQ(X,U).

Lemma 2.1. Let X CR" be conver and compact, and U C R™ be compact. Moreover, let f(-) : X — R be
continuous and convez, and g(-) : U — R be continuous. Then,

1. Problem RQ(X,U) has at least one solution;
2. if (x*,0%) is a solution of Problem RQ(X,U), there exists a nontrivial pair (¢§,¢*) € R x R™, such that

vy 20, (2.1)
@W*w)y=0, if ATw=0 B'w=0, weR", (2.2)
Yo f(a®) + (", Ax™) < g f(a) + (¥°, Az), V€ X, (2.3)

wS/U()a*du < /Bue*du>

< w(*,/Ug(u)G(du) + <1/)*,/UBu9(du)>, v oeML(U), (2.4)
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and inequality (2.4) can be rewritten equivalently as

suppd” € {u€ U | vg(u + (", Bu) = nig (¥39(0) + 0, B0)) | (25)

The proof of the above lemma is quite standard, we give it in Appendix A.

Theorem 2.2. Let f(-) : R™ — R be continuously differentiable and convez, and g(-) : R™ — R be continuously
differentiable. Moreover, let f(-) and g(-) satisfy

lim f) _ 400, lim gt _ ~+00, (2.6)

z—o0 x| u—oo  |u]

and Mg(R™,R™) be nonempty. Then,

1. Problem RQ(R™,R™) has at least one solution;
2. if (x*,0%) is a solution of Problem RQ(R™,R™), there exists an adjoint vector 1¥* € R™, such that

(W*w) =0, if Alw=0, BTw=0, weR", (2.7)

f@) + @7, Az™) < f(z) + (7, Az), YV z eR", (2.8)

[ s
Rm

< g
Rm

(u) 0" (du) + <1/)*,/ Bu 9*(du)>
(u) O(du) + <¢/ Buo(du)> . Ve MLR™), (2.9)
and inequality (2.9) can be rewritten equivalently as

supp 6* C {u eER™ ‘ g(u) + (¢*, Bu) = min (g(v) + (¢*, Bv)) } (2.10)

vER™

Proof. 1. It is noticeable that MY (R™) is not sequentially compact.
For any pair (zg,00) € Mg(R™,R™), there exists an M > 0 satisfying!

|zo| < M, suppby C Bj;(0).

Then, for any k& > M, MS(B,?(O),B,T(O)) is nonempty. From Lemma 2.1, there is a pair (z,6;) €

MS(B;?(O),B,T(O)), which is a solution of Problem RQ (B,?(O), B,T(O)) Moreover, there is a nontrivial pair
(Y51 V1) € R x R™, such that

IThe set BT (0) represents an m-dimensional open ball centered at 0 with radius M.
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¢S,k > 07
(i, wy=0, if Alw=0, Blw=0, weR", (2.11)
supp0f C Vi, = {u € B;"(0) ‘ Yo rg(u) + (Yf, Bu) = Ig‘lg}c (@/Jakg(v) + (¢5;, Bv)) } . (2.13)

Since lim g(u) = 400 and ¢(-) is continuous, it holds that g(-) is bounded below. Combining with lim f(z) =
U— 00 T—00

+00, we realize that {z}} is bounded, which means that
xp € WCBR(0), VYk>1,
for some compact set W C R™, independent of k. Then (2.12) implies that
Vo RV (@p) + AT =0, VE>1 (2.14)

Similarly, we have that

U pVg(u) + BTy =0, VueB0)NVi, k=1,2,.... (2.15)
We claim that 1 , # 0 for any k > 1. Otherwise, if By"(0) N Vj # &, then

BTy; =0.

Combining the above with (2.11) and (2.14), we deduce that (¢}, ;) = 0, which contradicts to the triviality of
(Y5 x> ¥%)- On the other hand, if B}"(0) N V), = @, then supp 0y C 9B;"(0),

f(zy) —|—/ g(u) 05 (du) > min f(z) + min g(u) — 400, as k — +o0,
B (0) zeR™ |u|=k

and

s+ [ _gwoitan < flan) + [ o) ofan), vz (216)

n

which is a contradiction.
Based on the analysis above, we have that when k > 1, 95, # 0, that is 95, > 0. Thus, (2.14) and (2.15)
can be rewritten as

Ui
Vo x

Vi) + AT =0, Vk>1,

Vi
Yok

Vg(u)+B" =0, YueBM0)NV, k> 1.
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T,
Moreover, since g(-) € C}(R™;R), we claim that {B,;)*d)’“
0,k

(without relabeling it) My — +oo as k — 400, such that

} is bounded. Otherwise, there is a subsequence

My<k Vk=1,2...,

supp 0, € B;*(0) \ By, (0), Vk=1,2,...,

which implies that

fx3) Jr/ g(u) 05 (du) > min f(z) + min g(u) — 400, ask — +oo.
B (0) TER™ |u|=Mj,

T, *
This contradicts to (2.16). Thus, {i*w’“ } is bounded.
0,k

Combining with (2.6) and (2.13), we deduce that there is a compact set V, independent of k, such that
Vi € V. Then, we can regard 6} as a probability measure defined on V for any k = 1,2,.... It follows that
(z},07) converges to (z*,6%) € R™ x ML (R™) as k — +oo, at least along a subsequence. Thus, we get the
existence of solution to Problem RQ(R™,R™).

2 By repeating the same strategies in Lemma 2.1 (2), we can get the necessary conditions of Problem
RQ(R™ R™). O

Remark 2.3. For any (z*, 0*) € P,, the corresponding adjoint vector 1*, which satisfies (2.7)—(2.10), is unique.
To see this, we assume that ¢ is another vector satisfying (2.7)—(2.10). That is

<¢w> -0, ifATw=0, BTw=0, weR", (2.17)
Fla) + <¢3,Ax*> < flz) + <w Aa:> , VzeR", (2.18)
supp 0" C {u eRrR™ ‘ g(u) + <1ﬁ, Bu> = Urgﬂi%ri (g(v) + <1/3, Bv>) } . (2.19)

Then, by (2.8) and (2.18), we have
Vi) + AT =Vf(z*)+ AT =0.
Similarly, by (2.10) and (2.19), we get
Vg(u)+ B ¢* =Vg(u)+ B 9 =0, Yuec suppb*.
Noticing that supp 6* is nonempty, we deduce that

AT(W* =) =0, BT(¥*—¢)=0.
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Therefore, it follows from (2.7) and (2.17) that

which implies 1[) =~
Remark 2.4. If we remove the convexity of f(-), then (2.7), (2.9) and (2.10) still hold. Equation (2.8) becomes

Vf(z*)+ ATy =0. (2.20)

Remark 2.5. If the convexity of f(-) is reduced to the “single point convexity” of f(-) at z*, that is (when
f() is continuous) if

k k
Zozjxj =", Zaj =1, aj,ag,...,0 >0, x1,20,...,25 €R",
j=1 j=1
then
k
F@) <> aif(x)).
j=1

Thus, the conclusions in Theorem 2.2 are sill tenable.
Remark 2.6. If f(-) is convex, then P, and S, are convex sets. If f(-) is strictly convex, then S, is a singleton.

Remark 2.7. If S, is a singleton, then the adjoint vector ¢* satisfying (2.7)—(2.10) is unique. In other words,
1* is independent of the equilibrium measure. To see this, suppose there are two adjoint vectors ¥* and 1& with
respect to (z*,0*) € P, and (z*,0) € P,. Let 6 = éJrTe*. It is obvious that (z*,6) € P,. Correspondingly, we have
an adjoint vector ¢ satisfying (2.7)-(2.10). And for any u € supp 6* and v € supp 0, it holds that u, v € supp6,
which implies that

BTy = —Vg(u) = BT = ~Vg(v) = BT4).
Further, we have that
ATy = —Vf(z*) = AT
Thus, ¥ = ¢* holds.
Remark 2.8. Assume that g(-) € C}(R™;R) and lim 9() = 400. Then by setting A =0,B =0 and f(z) =

w5 Ju
|z|, we can see that there exists a 8* € ML (R™) such that

/mg(u)o*(du): inf )/mg(u)ﬂ(du).

eM (R™

3. OPTIMAL RELAXED CONTROL PROBLEMS

Now, we will discuss the existence and necessary conditions of Problem RP(zq,T). Like what we have done
in Section 2, we define auxiliary optimal relaxed control problems as follows.
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Problem RPy(xzo,T): Find &(-) € Rr(U), such that

Jr(@(-);wo) = inf Jr(5(-); @),

i
a(-)ERT(U)

where Jp(+;-) is defined by (1.4).

Lemma 3.1. Let U C R™ be compact, f(-) : R™ — R be continuously differentiable, and g(-) : U — R be
continuous. Then, Problem RPy(xo,T) has at least one solution. Moreover, if (Z(-),5(-)) is an optimal pair of
Problem RPy(xo,T), then it holds that

suppa(t) C {u eU ‘ g(u) + (1(t), Bu) = min (g(v) + ((t), Bv) )} , ae te€l0,T,

velU

where (-) satisfies

WO _ _ATi0) — VG, te 0T,
U(T) =0,

dap(t
dt

Remark 3.2. We omit the proof of Lemma 3.1 since it is quite standard. One can see [7, 8] for reference.
For Problem RP(xo,T), we have the following result.

Theorem 3.3. Assume that f(-) : R™ — R is continuously differentiable, g(-) : R™ — R is continuous and
(2.6) holds. Then, Problem RP(xo,T) has at least one solution. Moreover, if (T (-),ar(:)) is an optimal pair
of Problem RP(xo,T), it holds that

supp o7 (t) C {u eR™ ‘ g(u) + (¥r(t), Bu) = Jmin (g(v) + (¢r(t), Bv) )} , ae tel0,T],

where 7 (-) satisfies

@ = —ATPr(t) - Vf(zr(t), tel0,T],

vr(T) =0.

Proof. The necessary conditions of Problem RP(x,T) are easy to derive. We focus on the existence of a solution
for Problem RP(zo,T).

From Lemma 3.1, for any k£ > 1, Problem RP:

W(3307T) has a solution (Zx(+), 5% (+)), satisfying

supp 7 (t) C {u € B*(0) ‘ g(u) + (Yx(t), Bu) = min (g(v) + (¢r(t), Bv) )} , a.e. te€0,T], (3.1)

vEB(0)

where 9y (-) satisfies

(3.2)
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Since (Z(+), % (+)) is an optimal pair of Problem RPW(;UO, T) and f(-) is bounded below, we have an M >0,
k
such that

T
‘/ dt/ g(u)&k(t)(du)‘ <M, Vk=12,....
0 B (0)

Combining the above with (2.6), we have an M > 0, such that

T
\/ dt/ |u|5k(t)(du)’§M, Vk=12....
o JEpm

Then, {Zx(-)}/25 is uniformly bounded on [0, T], which implies that {V f(Zy (t))}{2S is uniformly bounded on
[0,T]. Combining the above with (3.2), we deduce that {1y (-)};°5 is uniformly bounded on [0,7]. It follows
from (2.6) and (3.1) that there exists a compact set V' C R™, independent of k, such that

suppay(t) CV, ae. tel0,T].

It follows that {Zj(-)}/>5 is equi-continuous. Therefore, at least along a subsequence, {Zj(-)}/> converges
uniformly to Z7(-) on [0,7] as k — +o0, and {5y (+)};> converges to o7 (-) as k — +oc.

Furthermore, for any k > 1, it is easy to verify that (Zr(:),or(-)) is an optimal pair of Problem
RPW(;EO, T). Thus, we know that Problem RP(z¢,T) admits at least one solution. O
Remark 3.4. From the proof above, we see that if xy takes value in a bounded set X C R"™, the corresponding
optimal pair (Z7(:),o7(-)) and the adjoint function 7 (-) are uniformly bounded with respect to zo € X.

It is worth noticing that we haven’t proved the uniform boundedness of (Z7(-),57(+)) and ¢7(-) with respect
to T' > 0 by now.

4. INTEGRAL TURNPIKE PROPERTY

In this section, we will discuss the integral turnpike property of Problem RP(z(,T"). We need the following
assumptions.

(A1) The pair (A, B) is controllable.

(A2) The functions f(-) : R™ — R and g(-) : R™ — R are continuously differentiable, which satisfy

lim f@) = +o00, ILm g|(uu|) = +00. (4.1)

(A3) The function f(-) is convex.

Before considering the integral turnpike property, we review the existence and the necessary conditions
of Problem RP(z(,T) and Problem RQ(R™ R™), obtained in Sections 2 and 3. Assume that (A2) holds. If
(Zr(-),0or(-)) is an optimal pair of Problem RP(zo,T), then

dzp(t) = Azrr(t) + B war(t)(du), te[0,T],
dt R
dw;(t) = —ATr(t) = Vi(@r(1)), te[0,7),

Ii’(O) = Zo, J)T(T) = Oa
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and

vER™

suppar(t) € {u € B | o) + (r(0), Ba) = min (o(0) + (5r(0), B)) |
c {u €R™ ’ Vg(u) + BT dr(t) = 0}, ae. t€[0,T). (4.2)

On the other hand, by Theorem 2.2, there exists a solution (x*,60*) of Problem RQ(R™,R™) and an adjoint
vector 9* satisfying (2.7)—(2.10). We have

f@®)+ /m g(u) 0" (du) + <w*, Az* + - Bu 9*(du)>
<f(x) +/ g(u) O(du) + <1/J*7Ax +/ Bu0(du)> , VzeR", §e MLR™), (4.3)
and
TG = a0~ 48 [ wer@) -0, e
dt = T xr N ul\or u), ) )
WO 4T (Gety -~ 0) — (VHGae) - V1), e 0.7] oy
zr(0) —2* =x9 — 2%, Yp(T) —* = —*.
Denote

=t + [ oo

m

~ fa) 4+ /m g(u) 0* (du) + <¢*,Aa:* + Bue*(du)>.

Rm
And we assume X be a bounded subset in R™ in the following part of the paper.

Theorem 4.1. Let (A1), (A2) and (A3) hold. Let (Z7(-),or(-)) be an optimal pair of Problem RP(zo,T),
and Yr(+) be the corresponding adjoint function. Then, {Z7(-)}r>o and {7 (-)}r>0 are uniformly bounded with
respect to T > 0 and xg € X. Moreover, there is a compact set V.C R™, such that suppar(-) CV foranyT >0
and xg € X.

Proof.
Step 1. {Zr(T)}r>o is uniformly bounded with respect to T' > 0 and zg € X.
Take an (z*,6*) € P.. The controllability of the pair (A, B) ensures that the matrix

1
/ e(1=9)AppT=sAT 44
0
is invertible. Let
1 -1
u(t) = BTe*tA(/ e(1=9ABpTe—sAT ds) (z* —etzg), Vtelo1].
0

Then,

x(1; o, u(+)) = x™.
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Let

We deduce that

When T > 1, it holds that
Jr(or();20) =TT < Jr(6(-);m0) — TI"
/ 2t 30,5(-)) + / o(u) 5(0)(du) — I*) di
- / (F(a(t:zo, a() + gla(t)) — I7) dt
2 My(X), VT >1, (4.5)

where My(X) is a constant, independent of 2o € X and T > 1. Meanwhile, from (4.1) and the continuity of f(-)
and g(-), it is easy to see that there is an M > 0 satisfying

f(@) +g(u) = I" = (JA[ " + 1Bl 1" + D) (|z] + |u]) = M,V (z,u) € R" x R™. (4.6)
We can suppose X O B, ( ) 2 S, without loss of generality. It follows that
T T
o (T) — ol = | [ Azp(t)d dat [ Busr(t)d
Z0(T) — 0| ‘/O Zr(t) t+/0 ¢ Buar(n(a
T
A B d T o d
<Al 1Bl [ ae [ (arol+ o)
T
AN+ 1B [t [ (f@r) + glw) — 17 + M) or(e)(du)
AL

(141l + IBI) (Jr(or ()i o) = TI* + MT)
< (JAI+ [ BI)(Mo(X) + MT), ¥T>1, € X.

When T € (0,1), we have similar results by adopting the similar strategies.
Then, for any T > 0, define

Ry = U {z5(S) | Zs(-) is an optimal trajectory of Problem RP(xo,S) }.

zo€EX
0<S<T

It is easy to see that Rr is bounded and monotonically increasing.
ForT >TV £ ijv( ) +3, 2o € X and the corresponding optimal trajectory Zr(+), we claim that the Lebesgue
measure of {t € [0, 7] ‘ |Zr(t)] < 2M} is bigger than 1. Otherwise, (4.6) implies that

JT(6T(-);1:0) —TI* > —-M + (T — l)M > MQ(X),

which contradicts to (4.5).
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Then, there is a tg € [1,T], such that Zr(tg) € BY,,(0) C X. By Bellman’s optimality principle, Zp(-) is also
an optimal trajectory of Problem RP(Zr(to), T — to). Therefore

zr(T) € Rp—yy CRy—1, VT >TV+1
and
Rr CRp_i, YT >TV+1.
Combining the above with the monotonicity of Ry, we deduce that
Ry C Rpv, VT >0,

which means {Z7(T")}r>o is uniformly bounded with respect to 7' > 0 and zo € X.

Step 2. {Zr(:)}r>0 is uniformly bounded with respect to T'> 0 and z € X.

We have
/OT <¢*,Aa:T(t)+ / ) BugT(t)(du)> &t
:/OT <¢*7de(t)> dt = (0", 57(T) — z0).

dit

Then, there is an M;(X) > 0, independent of ¢ € X and T > 0, such that

/T (rEr() + /Rm o) 5() (du) + <¢*, Azr(t) + /m Bu 6T(t)(du)> 1)

0
SMo(X)+<’¢*,§7T(T)—Z‘0> SMl(X), VT >0, 9 € X. (47)

For convenience, we only discuss the case T' > 1 in the following part. The case T' < 1 can be treated similarly.
Choose S > 0 satisfying [S, S + 1] C [0,T]. By (4.3), we have

/Ss+1 (f(:ET(t) + /m g(u) or(t)(du) + <1/1*’AfT(t) +/ Bu 5T(t)(du)> _ [*) dt

m

< /OT (f(i:T(t)Jr/m g(u) or(t)(du) + <¢*’AJ;T(1€)—|—/m BUUT(t)(du)> _I*> &t
< Mi(X). .

Combining (4.8) with (4.6), we deduce

/SSJrl (|§7T(t)| + /m |ul 5T(t)(du)) dt < M;(X)+ M. (4.9)

Then, there exists a & € [S,S + 1], such that |Z7(£)] < M1(X) + M. Thus,
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Er()] = [eA-Oz,(6) + / s / A=) By 5.0 (5) (du)
5 m

S+1
SGHAH|5CT(§)|+€HAH||BH/ + ds/ |u| &7 (s)(du)
S m

< 1+ Bl (M (X) + M)
£ My(X), VtelS,S+1], xp€ X,

|.TT(t)| SMQ(X), Vite [O,T], x9 € X.

Step 3. {¢1(-)}r>0 is uniformly bounded with respect to 7' > 0 and z € X.
Since (A, B) is controllable, we know that (AT, BT) is observable. It implies the observability inequality

S+1 S+1

Frs)P <e| [ V(@) d],

S

BTO(0)2 dt + /

S

for some ¢ > 0, independent of "> 0 and S € [0,T — 1]. Denote

jo {t €[S, S +1] ‘ supp a7(t) C Rm\BA’}3(X)},

where M3(X) = (2¢/|BT||? + 1)(M;(X) + M). The inequality (4.9) implies that

Then, we have

Moreover, denote

M3 (X)|Es| < Mi(X)+ M.

1
Egl< ———
|Bs| < 2¢|BT|Z + 1

— T > )
Fe={tels.5 41 IBTr0] 2 | max Vo] +1}

It holds that Fs C Eg from (4.2). Then, we have

1
Fol< ———
|Fs] < 2| BT|2 + 1

15

(4.10)

We suppose that |¢7(-)| takes the maximal value mr on [0, 7] at the point Sz. If Sp € [T — 1,T], we have

that

mr = |{r(St)|

St
- \/ eSOV fan(n)) dt
T

< ATl /T IV f(Zr(t))] dt

T-1

<e”AT” max |V f(x)|.
o \wISMz(X)| f@)
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If S € (0,7 — 1), then

Sr+1 Sr+1
wh<e[ [ 1B bR A+ [ V)Pl

T St

< C/ |BT15T(t)|2 dt+c/ \BTd_JT(t)thJrC max \Vf(l’)\2
[ST,ST+1]\Fs, Fg |z|<M2(X)

A

T
T112,,2
c|B"[|*m7 e
2| BTIP+1 " jalMa(x)
2

2 m
1 T 2
{2, V9@l +1) + G 4o max 19£(z)

IN

2
1
i Pt 1)+

|V f(x)?

IN

Thus, we deduce that

2
2 <2c( max |Vg(u +1) +2¢c max |Vf(2).
= |u|§M3<X>| 9(w)l \z|§M2<X>| f@)l

This implies that 17 (-) is uniformly bounded.

Step 4. The uniform boundedness of supp&7(-) can be obtained by the uniform boundedness of 1 (-), (4.1)
and (4.2). O

By reviewing Remark 2.6, we know that if f(-) is strictly convex, then the optimal equilibrium state x* is
unique. In the following part of the paper, we need the following assumption.

(A3’) The function f(-) is strictly convex.

We give the following integral turnpike property.

Theorem 4.2. Let (A1), (A2) and (A3 ') hold. Then, for any e > 0, there exists a T. > 0, such that

‘—/ t)ydt — z*

+‘ / dt/m £)(du) — /m g(u) 0*(du)‘ <e, VT>T, (4.11)

T
+’l / dt | Busr(t)(du)— [ Bub*(du)
T 0 R™ Rm™

where (Tr(-),a7r(+)) is an optimal pair of Problem RP(xo,T), (z*,0%) € P. and xq is any point in X.

Proof. If the conclusion does not hold, we have an €9 > 0, a sequence {Tk}zz C R, a sequence {xk};z cX
and an optimal pair (Zr, (+), o7, () of Problem RP(xy,Ty) (k =1,2,...), such that

lim T =400,

k— 400

and

‘Tik /OTk T, () dt —z* j{k /OTk dt/m Buar, (t)(du) — /Rm Bu6* (du)
+‘Tik /OTk dt/m g(w) o, (t)(du) - /m g(w) 0" ()] Z 20, VE=1.2,.... (4.12)
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By Theorem 4.1, {Z7,(+) ::i and {supp 5Tk(~)}'k";“i are uniformly bounded, which implies two convergent
subsequences, respectively. Without relabeling the subsequence, we suppose that

1[5

1 (T X
— Ir,(t)dt -2, — / or,(t)dt =0, ask — +oo.
Ty 0 Ty 0

Since f(-) is convex and (4.5) holds, we have

f(Ti]c /0 " Zr, () dt) n / mg(u)(Tik /0 " a1, (1) dt)(du)

<2 [T tEneyas 2 [ / 9(u) 77, (£)(du)
Tk 0 Tk 0 m
MoX) | e yp—10..

T,

IN

Let k — +o0, it follows that

f(@) + / _g(u) 0(du) < I*. (4.13)

Meanwhile,

1 [T

T
— Az, (t)dt + S / dt Buar, (t)(du)
Tk Jo Rm

_ I, (T) —
Ty Jo '

T,

Since T, (T}) is bounded, we have that
AE—I—/ Buf(du) =0

by taking k — +oco. Then, we deduce that (Z, é) € P,. As we mentioned in Remark 2.6, S, is a singleton. Thus,
T = z* holds. Moreover,

Buf(du) = —Az* = / Bu 6*(du).

m

RmM

And the optimality of (z*,6*) makes (4.13) become an equality. Therefore,

[ st = [ gwor@w.

By taking k — +o00 in (4.12), we obtain a contradiction.
We get the proof. O

5. MEAN SQUARE TURNPIKE PROPERTY

In this section, we will state the mean square turnpike property. For this reason, we need an extra assumption.
(A4) The function f(-) is twice continuously differentiable in a deleted neighborhood of z*, and the Hessian
matrix f,, is positive definite in the neighborhood.
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Remark 5.1. The assumption (A4) holds in many cases. For instance, if
f(x) = (Cx,z) or f(zx)=_¢",

where C' is a positive definite matrix, the Hessian matrix f,, is positive definite for any z € R", which implies
(A4) holds. Moreover, if

f@) = ok, VE=23,...,

the assumption (A4) holds, although f,.(0) does not exist or f,,(0) = 0.
Theorem 5.2. Let (A1), (A2), (A3') and (A4) hold. Then, for any e > 0, we have a T, > 0, such that

1 T
—/ |Zr(t) —x**dt <e, VT >T.,
T Jo
where (Tr(-),ar(-)) is an optimal pair of Problem RP(xo,T), x* € S, and xq is an arbitrary point in X.
Proof. By (A4), there is a §o > 0, such that f(-) is twice continuously differentiable in By (z*) \ {z*}, and
Jea(x) >0, Ve Bg(x*)\{z"}.

Noticing that f(-) is strictly convex, it is easy to see that for any 0 < ¢ < min(dy, i), we can find an o, > 0,
such that

flx) = f(@") = (Vf(z"),z —z7)
- { @emin (|lz —2*|?,63), if x € R™\ B2 (z*),
~ 10, if x € B?(z*).

Combining the above with Theorem 4.1 (see (4.10)), we have an M>(X) > 0, such that

()] < Ma(X), Yte[0,T], m€ X.

Then,
f@r(t) — f(") = (V[f(@"), 2r(t) — z7)
> {Be |i‘T(t) — 1'*‘2, if i‘T(t) c R"™ \ B?(.%'*),
— 10, if Zr(t) € B™(x*),
where

. 04553
B = min (ozz37 (LX) + \x*|)2) > 0.

By Theorem 4.2, there exists a T- > 0, such that

‘;/OTdt/mBuﬁT(t)(du)/RmBua*(du)léfliilv o

t

%
m
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and

L[ [ swaro@ - [ gwoan|s D vret

Further, since (2.20) and (4.7) hold, we have

1 T
o P
0
1 T

/ (far(®) = fa*) = (Vf(2"), 2r(t) —*)) dt + €

0

<

sy
N

&€

1
BT

/0 (F@r(t) — F(5*) + (0", A@@r(t) — ) ) dt + &2

_ B:T /O ! (Fler(e) + / g(w) a0 (t)(du) + <¢*,AfT(t) + / Bu 5T(t)(du)>) dt

m

_g " BJT/OT dt / (gw) + @ Bu)) (0" = o7 (1) (du) + <2
= Ags(z)’( : +é % /OT dt / _g(w) ar(t)(du) - /R g(u) 9*(@)‘
+|1é:\ ;/OT at [ Buor(n) - [ Buen)+2
< A%E(;Q +I4H, VTSI
Denote
7. = max (T, %)

We complete the proof.

19

O

Remark 5.3. The above theorem tells us that + fOT |Z7(t) — z*|>dt — 0 as T — +oo, which is uniformly for

any xg € X.

Thus, by the uniform boundedness of Zr(-) with respect to 29 € X and T > 0, the above theorem implies

that for any p € [1, +00), % fOT |Zr(t) — 2*|Pdt — 0 as T — 400, which is uniformly for any xg € X.

Moreover, for any F(-) € C°(R;R) and p € [1,+00), it holds that fOT |F(zp(t) — F(z*)|Pdt - 0as T —

+o00 uniformly for zg € X under the assumptions in the above theorem.

Actually, denote M be an upper bound of |Zp(-)| for any T > 0 and z¢ € X. And denote wp(-) be the

continuous modulus of F(-) defined on BY,(0), that is

wp(r)&  sup  |F(§) = F(n)|, Yr>0.
|EI<M, |n|<M
[§—n|<r

Then,
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T
/0 |F(zr(t) — F(z*)| dt

:/ﬁ }F(iT(t))—F(x*)’dt+/ |F(zr(t) — F(a*)| di
\zT(t —z*|>48

[T () —z*|<5

§ sup |F(x |/ |Z(t) — a* |2 dt + Twr(5), Y3 >0.
|w\<M

It follows that & fo |F(z F(z*)|Pdt — 0 as T'— +oo uniformly for any zg € X.

Corollary 5.4. Let the assumptions in Theorem 5.2 hold. Then, for any € > 0, there is a T. > 0, such that

1T
)T/ Yrt)dt —y*| <e, VT >T., (5.1)
0

where ¥ (-) is the adjoint function of Problem RP(zo,T), ¥* is the adjoint vector of Problem RQ(R™ R™),
and g is an arbitrary point in X.

Proof. If the assertion does not hold, we can find an gy > 0, a sequence {Tk}::i C R, a sequence {mk};:i cX
and an optimal pair (Zr, (-), o, (-)) of Problem RP(xy,Ty) (kK =1,2,...), such that

lim Ty = +o0,
k—+o00
and
Tk _
‘? Do () dt — | >e0, VE=1,2,..., (5.2)
k

OO

where 97, () is the corresponding adjoint function of Problem RP(xk,Tk) By Theorem 4.1, {¢7, (-)};25 and
{supp o7, (-)}125 are uniformly bounded. Thus, there is a 1) € R" and a 0 e ML (R™) satisfying

1 N e "
e Y, () dt =, — / or,(t)dt = 0, as k — +oo.
Ty Jo ' Ty Jo '

Meanwhile, Theorem 5.2 implies that
1 [T
?/ |Z7, (t) — 2*[>dt — 0, as k — +oo. (5.3)
kJo

Combining (5.3) with f(-) € C*(R™;R) and Remark 5.3, we find out that

1 [T

T ‘Vf(ETk(t))—Vf(x*)|dt—>0, as k — +oo.
k

Then,

Ty

Vi@, (1) dt =V f(z7)

— 0, ask — +oc.

%
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By observing the structure of the adjoint equation (4.4), we deduce that

/(ZTk(O)_ T 1 T * 1 T = * _
= A (ﬁ 0 wTk(t)dt—w>+ﬁ [ VEn@)a- Vi), V=12
Let k — 400, we get
AT (¢ — %) =0.

On the other hand, (4.2) implies that
B4 +/ Vg(u)0(du) = 0.

Like the proof of Theorem 4.2, we can prove that (z*, é) € P.. Meanwhile, Remark 2.7 shows that ’(ZJ =Y*. By
taking k — 400 in (5.2), it holds that 0 > &g, which is a contradiction.
We get the proof. O

It seems that the mean square turnpike property of ¢p(-) is another difficulty in turnpike theory of optimal
relaxed control problems. Under the assumptions in Theorem 5.2, although we have already proved the integral
turnpike property of (), it is still not enough to establish the mean square turnpike property of ¢ ().
Fortunately, we have the following results.

Corollary 5.5. Under the assumptions in Theorem 5.2, for any € > 0, there is a T, > 0, such that

;/OT | /m (9(w) + (V" Bu) ) (r(t) — 0*)(dw) [ dt <2, VT =T, (5.4)
% ‘/OT ( | (@r(t), Bu) 3r(t)(du) - /m (W% Bu) 0°(du) ) dt| <e, VT =T, (5.5)

and
;/OT ‘ <1/)T(t) — P, y Bu (o7 (t) — 9*)(du)> ‘dt <e VT>T., (5.6)

where (z7(-),a7(+)) is an optimal pair of Problem RP(zo,T), 1r(-) is the corresponding adjoint function, g is
an arbitrary point in X, (x*,0%) € P, and ¢* is the adjoint vector.

Proof. Based on (4.7), we have

dt

;/OT ‘f(:ET(t)) + /mg(u) ar(t)(du) + <w*,A$T(t) + /m BUO'T(t)(du)> e
M, (

X)

ST, VT>O,£L'0€X

Then,
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I/T‘/m (u) <¢*vBU>)(6T(t)—9*)(du)‘dt
= */ |f(@r f(ff*)|dt+r}/0T | (", A(zr(t) — o*)) | dt

My (X)

T

VT >0, zg € X.

Then, by Remark 5.3, we get (5.4).
Meanwhile, it holds that

<w fT( ) —z*) = (¢r(0) - 1/) wo*r*>
(T —Z‘> < w,xo—x*>

— 9,
/ dt/m Dr(t) — 0%, Bu) (o7(t) — 07)(du)
/0 (Er(t) - o*, V[ (@r(t) - V(") dt
_ /0 T( g (Pr(t), Bu) 6r(t)(du) — / (w, Bu) 9*(du)) dt
_ /OT (/m <77[;T(t) — z/;*,Bu) 0" (du) + /m (v*, Bu) (o7(t) — 9*)(du)) dt
- / " () — 2, V1@ (1) = V(@) &

which implies (5.5).
Furthermore, it follows from (4.2) that

[ o -o [ BuGr) - o)
S g<u>+<w*,Bu>)<aT<t>—e*><du>\dt

b [ ][ ot + ). 30)) (or@) - 0 )]
2 [ o+ B Gr) —9*><du>\dt

b [t [ (o + (e, B) 0"~ o)
<r [ ] s 0 0) Gr@) - )@

+/R (u) 9*(du);/OTdt/mg(u)JT(t)(d )

Jr‘T/ (/ (dr(t), Bu) & ()(du)—/mw*,Bu} 9*(du)) dt‘
*/ dt/ Yr(t) — %, Bu) 0 (du).
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Combining the above with (4.11), (5.1), (5.4) and (5.5), we get (5.6). O

Theorem 5.6. Let E be an n x n symmetric matriz. Assume all the assumptions in Theorem 5.2 hold. Then,
for any e > 0, there is a T. > 0, such that

T
[ BAT + AR 7)) — ) di| <o, VT 57)
0

where 7(-) is the adjoint function of Problem RP(zo,T), corresponding to the optimal pair (Zr(-),&7()), ¥*
is the adjoint vector corresponding to (x*,0*) € P., and xo is an arbitrary point in X.

Proof. 1t is easy to see that

| &

T (E(r V*), ¥r(t) — ¢*)

2<E "), AT (r(t) — %) + V(@1 () — V("))
—((BAT +AE><wT(> U*),r(t) — ¢*)

2<E< $*), V(@ (t) — V("))

Then,

f/ (BAT + AB)(@r(t) — 9), (1) — ) ]

e

=] ¢ U),0r(T) = 67) = (B (0) - v*), 6r(0) — ) |
T
+2 e [Pr() — 00 7 [ 95 (o) - Vi)l at

s€[0,T]

Then, by the uniform boundedness of ¥7(-) and the mean square turnpike property of Z7(-), we obtain (5.7)
(see Rem. 5.3). O

If A is stable, that is all the eigenvalues of A have negative real parts, then we have a positive definite matrix
E € R™*™ satisfying the algebraic Lyapunov equation (see [1])

EAT + AE+1=0, (5.8)

where I denotes the n x n unit matrix.

It is easy to verify that if A is invertible, there is a symmetric matrix F € R™*"  which satisfies (5.8). Then,
we can prove the mean square turnpike property of the adjoint function by adopting Theorem 5.6. We state the
result precisely as follows.

Theorem 5.7. Assume all assumptions in Theorem 5.2 hold, and A be invertible. Then, for any € > 0, there
1s a T, > 0, such that

T
[l -vpdt<e vz (5.9)
0

where 7(-) is the adjoint function of Problem RP(zo,T), corresponding to the optimal pair (Zr(-),57(-)), ¥*
is the adjoint vector corresponding to (x*,0*) € P., and xg is an arbitrary point in X.
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Remark 5.8. In Theorem 5.7, A is invertible, which seems a little strict. We suspect that it is a kind of
compensation for lack of convexity of g(-). However, for some specific g(-), we can obtain the uniform convergence

of £ fOT |BT (¢ (t) — *)|? dt with respect to 29 € X by (5.4)-(5.6) in Corollary 5.5. Then, we can obtain (5.9).
Actually, since (A, B) is controllable, (A4, B) is stable, that means we have an m x n matrix K, such that
A+ BK is stable. Then, there is an n x n symmetric matrix E, such that

E(A+ BK)" +(A+BK)E+1=0.

It follows that

T
o ORI

T
- / (B(A+ BE)T + (A + BK)E)Wr(t) — 0%, r(t) — ) dt

T

= % ’/0 (BAT + AB)(r(t) — v"), ¥ (t) —¥*) dt’
T
+% ’/ ((EKTB" + BKE)({r(t) —v"), r(t) - ¢") dt‘
0

= % ’/0 (BAT + AB)(r(t) — v"), ¥z (t) —¥*) dt’
1

T
KB s [9r(s) =071 5 [ BT (r(e) = )

Thus, we have (5.9).

By checking the above proof carefully, we have the stronger version of mean square turnpike property, stated
as follows.

Theorem 5.9. Assume all assumptions in Theorem 5.7 hold. Then, for any e > 0, there is a T, > 0, such that
when T > T, it holds that

1 t2 _
— / (|2r(t) — 2** + [r(t) = P)dt <e, VO<ty <ty <T, ty—t; > 1T,
2 U1 Jty

where (7 (-),o7(+)) is the optimal pair of Problem RP(xo,T), ¥r(-) is the corresponding adjoint function, and
Zo s an arbitrary point in X. Moreover, x* is the optimal equilibrium state of Problem RQ(R™ R™) and * is
the corresponding adjoint vector.

Corollary 5.10. Assume all assumptions in Theorem 5.7 hold. Then, for any € > 0, we can find a T, > 0. If
T > T., there are n1,m2 € (0,T:), such that

|Z7(m) — "] + [dr(m) — ¥*| <e,

20 (T — n2) — a*| 4 [ (T — n2) —*| <,

where (Z7(-), 7 (-)) is an optimal pair of Problem RP(z,T), ¥r(-) is the corresponding function, and o is
an arbitrary point in X. Meanwhile, =* is the optimal equilibrium state of Problem RQ(R™,R™) and * is the
corresponding adjoint vector.
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Proof. By Theorem 5.9, for any € > 0, there exists a T, > 0, such that

1 [T .

7 | (a0 -2 e - de<e, VT2
€ JO

1 T

R (lzr(t) = 2*| + [r(t) —v*|)dt <e, VT >T..
e JroT.

Then, we can get the conclusion immediately. O

6. EXPONENTIAL TURNPIKE PROPERTY

In this section, we will study the exponential turnpike property. Before we prove the main results, we state
some notations and preliminaries.
Let

V() = fla)+ 0 Ax)+ it [ (g + (07, Bu)) (c).

feM (R™)
Remark 6.1. If (A2) and (A3') hold, V(-) is continuous and
V(z)—-I">0, Vazx#z".

Moreover, if f(-) is twice continuously differentiable, it is easy to see that

Viz) = f(z) + (¥, Az) +  inf /m (9(w) + (¥*, Bu) ) 6(du)

Ml (R™)
= 7@+ A + [ (o) + (07, Bu) 0 ()
= 4 f() — f) + (9 Al - a))
O /01(1 — ) (fan (2" + sz — %)) (@ — 27), @ — 27} ds. (6.1)

Thus, we have
V(z)-I"<Clz—z**, V]|z—z*<1

for some constant C' > 0.

Remark 6.2. If (A2) and (A3 ') hold, by Remark 6.1 and (4.1), we know that V(-) — I'* has a positive minimum
mg in R™\ B (27) for any k > 1, that is

my = min {V(:c) - I

xENﬂBi@ﬂ}>Q Vk=1,2,....
For convenience, we denote
@)= flz)+ @*, Az), g*(v) =g(u)+ (Y*,Bu), VaeR" ueR™ (6.2)

Then, we have the following result.
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Lemma 6.3. Let (A2) and (A3') hold. Then, for any k > 1, there is a ¢, > 0, such that for any ta > t; >0
and o(-) € Ry, (R™), if

s(tio() € BY @), altzio() ¢ B (),

then

/tt2 (f*(x(t;a(.))) +/m g (u) o (t) (du) _I*> it > o,

Proof. Similar to (4.6), by (4.1) and the continuity of f(-) and g(-), we have an M* > 0 satisfying
FH@) 9" ) = I* > [o] +Jul = M*, ¥ (2,u) € R" x R™

Since z(-;0(+)) is continuous, we can find 1 < s < s3 < ¢, such that

ol o) =1 = g, [alsaiol) =o' = 1.

and

z(t;o(-)) € Bt (z*) \B’;k(ac*), YVt € [s1, 2]

=3

ai . _ 1 3 .
There are two possible cases. If so — 51 > SATR(TATETED it holds that

/tt2 (f*(x(t;a(.))) + /m g* (u) o(t)(du) — I*) At
- / (F @) + / g () o(t)(du) 1) dt

> Mk
— SME(|| A +11BI)

> my(s2 — s1)

If s — 81 < W, then
o7 < (o2 0()) = 2lss50()]
/ (Ax(t;a(~))—|— Bua(t)(du)) dt‘
S1 Rm™
<t + 180 [ (letot)l+ [ fulot@) ar
= (||A B * x(t;o(- ulo(t)(du) ) dt
Qat 180 [ (o [ jlet)

A B ” x(t;o(-
+(1Al+ 1B]) / (le(tzo ()] + /Mw(t;d(_))|
< oM (Al + |BIl) (52 — 51)

w21l + 181 [ (ateiot)] + /|

u|2M* —|z(tio ()]

|u|a(ﬂ(du))cﬂ

mm@@m—Mﬂw
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< M (A] + | Bl)(s2 — 51)
S2
2l + 180 [ (5 @watn + [

51 [u|=M*—|z(t;0 ()]

g*(u) o (t)(du) — [*) dt.

" (w) o (t)(du) — 1*) dt

< g5+ 2041+180) [ (oo + |

It follows that

[ (o + [ swotan - r)a

t1

s2
> [ (rettotn+ [ g wotdn - 1) ar
s1 R™
.
— Sk(lA[I -+ 11BI))
Define ¢, = %f‘”’ﬁ%”). We complete the proof. O

In order to establish the exponential turnpike property, we set the following assumptions.
(A5) The matrix A is invertible.
(A6) There is a Cy > 0, such that

V(z)—TI" > Colz —z*|?, V|z—2* <1

Remark 6.4. By (6.1), we see that the assumption (A6) holds if f,, > 2CoI.
Now, we state the exponential turnpike property of Problem RP(xq,T).

Theorem 6.5. Assume that f(-) : R® = R and g(-) : R™ — R are twice continuously differentiable, and (4.1)
holds. Moreover, assume (A1), (A3'), (A4), (A5) and (A6) hold. Then, there exist constants C. > 0 and
Ay > 0, such that

(@0 (t) — 2"+ [0 (t) = 9" < Cule ™ + T, Ve [0,T], T >0,

where (7 (-),a7(-)) is an optimal pair of Problem RP(xo,T), vr(-) is the corresponding function, and xq is
an arbitrary point in X. Meanwhile, =* is the optimal equilibrium state of Problem RQ(R™,R™) and * is the
corresponding adjoint vector.

Proof.
Step 1. We suppose T' > 0 is big enough without loss of generality.

By Corollary 5.10, we can find a Ty > 0, independent of 2o € X and T' > 0, and a; € [0,T1], by € [T —T1,T],
which may depend on 7" > 0 and zg € X, such that

1 1
|£T(a1) - '1:*| < 57 |'fT(b1) - 13*| < 5

k

We claim that there is an S > 2, independent of 2y € X and T > 0, and two sequences {q; }§:1 and {bj}j:D

which may depend on 7' > 0 and zg € X, such that

O<ar<ag<az<...ap<bp<---<b3<by<b; <T, (6.3)

aj+1—aj§S, bj—bj+1§S, Vj=1,2,...,k—1, (64)
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b, —ai <28, (6.5)

and

= * 1 = * 1 .
or(ag) 2| < 50 Jor(hy) 2| < 55 V=12, k. (6.6)

We adopt mathematical induction to prove the assertion. Suppose we already get a; and b;. If we restrict
Problem RP(zo,T) on [a;,b;] with state constraints z(a;) = Zr(a;) and z(b;) = Zr(b;), the relaxed control
5T(.)|[a,v bl is the minimizer of the functional

where
dz(t
zi) :Ax(t)+/ Buo(t)(du), t € [aj,b;] (6.7)
Let
T _—(t—aj)AT ' —sA T —sAT o
u;(t) =B e i (/O e **BB e ds) (" —Zr(az)), te€la;a;+1],
T _—(t—bj)AT 0 —sA T —sAT -1 *
vj(t)=B'e i (/16 BB'e ds) (Zp(bj) — ™), teb—1,b],
and

Tuj(t)e*, te [aj,aj+1],
O'j(t): 6*, tE(aj-FLbj—].),
ij(t)9*7 t e [bj - 1,bj],

where 7, (1)0" represents a probability measure which is defined as

/m h(w) T, (0" (du) = /m h(u;(t) +w) 0% (du), V¥ h(-) € CO(R™),

and 7, (40" can be defined similarly. Let z;(-) be the solution of (6.7) with initial data z;(a;) = Z7(a;) and
relaxed control o;(-). Obviously, z;(b;) = Zr(b;). Then, it follows that

bj

m m

5 (f(ng(t))+/ g(u) UT(t)(du)+<w*’AxT(t)+/ BWT(t)(du)> _I*) &t
<[ (Flas) + /

a;j

() 0y () () + <w*, Azr(t) +

m

[ Bu UT(t)(du)> - I*) dt

=/b (f(wj(t» + /ng(u) o (1) (du) — I*) At + (0%, z;(b;) — 25 (a;))

2The inequality (6.5) is to determine k.
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:/: (f(xj(t)) + /ng(u) o;(t)(du) + <’L/J*7A3;‘j(t) + /RmBu aj(t)(du>> _ I*) di
2 (b)) — 22 + [or(a;) — 2> _ G

<C 5 < 550

where C1 is a constant independent of 2o € X and T > 0. Thus,

bj
/ (V(zr(t)) — I)dt

J

<[ (s + [ stmarian + (v azn+ |

J

<Ci

Bu 5T(t)(du)> - I*) dt
[Zr(bj) — 2" |* + |Pr(a;) 2" _ Ca
2 =9

Let S = max {%, 1}. Suppose b; —a; > 25, otherwise we have already proved the assertion. Since V(Zr(t)) —
I* is nonnegative and (A6) holds, we can get an aj4+1 € [a;,a; +S] and a bjyq € [b; — S, b;] satisfying

Zr(aj41) — 2"| < GYESE |21 (bj41) — "] < pYEEe

Then, we deduce {aj}§:1 and {bj}?zl satisfying (6.3)—(6.6).
Furthermore, by (A6) and Lemma 6.3, if the maximum value §; of |Zr(-) — x*| on [a;, b;] is bigger than or
equal to %, it is tenable that

/:j (f*(ffT(t)) + /m 9" (u) 57 (t)(du) — I*) dt > 002,

)

for some Cy > 0, independent of zy € X and T > 0, where f*(-) and g*(-) are defined in (6.2). Thus,

Ci\s 1
0 = Tr(t) — ¥ < [ =—
= amax lor(®) - < () g
which implies that
|Zr(t) — z*| < Cs(e™1t + ef’\l(Tft)), YV telo,T], (6.8)

where C's > 0 and Ay > 0 are constants independent of o € X and T > 0.

Step 2. Now, we prove the exponential turnpike property of 17 (-). By (A5), we can find an n x n matrix P,
such that

A O
_pATp-1 _ 1
PATP (0 AQ),
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where A; is an ny X ny matrix, and As is an ng X ng matrix (ny +nz = n). Also, all the eigenvalues of A; have
negative real parts, and the case of Ay is the opposite. Denote

P(p(t) —¢*) = (:ﬁ;gg) . Vtelo,T)

where 91 (+) and 1¥5(+) take values in R™ and R"™2, respectively. Then, the adjoint equation becomes

diﬂdlt(t) — A () +E(), tel0,T],

where & () and &>(+) take values in complex field, and
61 (D] + [&()] < Cale™F e MT=0) vt e [0,T]

for some constant Cy > 0, independent of xg € X and T > 0. Meanwhile, we have
t
P (t) = ety (0) +/ eM=9¢,(s) ds,
0

and

Pa(t) = A2 Tapy(T) + / t eA2(t=9)¢, (5) ds,

T

which implies
|1Z)T(t) - 1/’*| S 05(67)\2t + eiAQ(Tit))a Vite [Oa T]a (69)

where Cs > 0 and Ay > 0 are independent of o € X and T > 0.
We complete the proof by (6.8) and (6.9). O

7. EXAMPLES

Example 7.1. Consider a 1-d system with fixed initial data

dﬁt) - /}R wo(t)(du), te0,T),

z(0) =0,

and a cost functional

T
Tr(o():0) :/O dt/R(J; () + ut — 8u2) o(t) (du).
Problem RP(0,T): Find 67(-) € Ry(R), such that

Jr(ar(-);0) = a(.)glsz(R) Jr(o(-);0).
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First of all, we study the corresponding non-relaxed problem. Precisely, we consider the system

dx(t)
= T
"0 _u), tep.) -
x(0) =0,
and the cost functional
T
Jr(u(-);0) = / (22(t) + u*(t) — 8u(t)) dt.
0
Problem P(0,T): Find ar(-) € Ur = {u(-) : [0,T] — R | u(-) is measurable}, such that
Jr(ur(-);0) = inf Jp(u(-);0).
u(+)EUT
We claim that Problem P(0,T) has no optimal solution. To see this, for any k € N, denote
k—1 .
JT 4T T
2 te —,— 4+ —
RG22
ur(t) = —
o e[y LT
’ ko 2k k& ’
7=0
and 2 () be the solution of (7.1) with control ug(-). It is easy to check that
T
|k (t)] < n Vtel0,T].
Then, we deduce that
T 4 2 T8
Tru(30) = [ (@20 + k) = ui(0) e < 33 — 167 (7.2)
Meanwhile, it holds that
Jr(u();0) > =167, V u(-) € Urp. (7.3)

Equations (7.2) and (7.3) ensure that

u(_l)nefuT Jr(u();0) = lim Jr(up(-);0) = —16T.

However, in order to achieve the infimum, we deduce that
Zr(t) =0, |ur(t)=2, ae. tel0,T],
which contradicts to the system (7.1).

Now, we turn to consider the optimal relaxed control problem RP(0,T). The corresponding optimization
problem can be defined as follows.
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Problem RQ(R,R): Find (z*,0*) € Mg(R,R), such that

(m*)Q—l—/R(u‘l—SuQ)G*(du) —  inf )<m2+/R(u4—8u2)9(du)>.

(z,0)eM s (R,R

The optimal solution of Problem RQ(R,R) is
1 1
=0, 0"==6+=0_
z ) 2 2+ 2 2,

where § represents the Dirac measure. Then, we can check that (A1), (A2), (A3’) and (A4) hold. By Theorems
4.2 and 5.2, we have that Problem RP(0,T) satisfies the integral turnpike property and the mean square turnpike
property. Moreover, since the example is very simple, the optimal solution (Z7(-),7(-)) of Problem RP(0,T)
can be calculated explicitly, which is

1 1
.’Z‘T(t) =0, 6’T(t) = 5(52 + 5(5,2, a.e. t € [O,T]

We realize that the solutions of Problem RP(0,7T) and RQ(R,R) are same. It implies that the exponential
turnpike property is satisfied, although (A5) does not hold, which illustrates that Theorem 6.5 is a sufficient
result of exponential turnpike property.

Remark 7.2. Although Example 7.1 is very simple, it can not be covered in the existing literature (see [12, 15],
etc.) since Example 7.1 does not admit a classical optimal solution. There are more general examples.

Example 7.3. Consider a 1-d system

dz(tt) — 2(t) +/Rua(t)(du), t € 10,7,
.'L'(O) = X,

and a cost functional

Jr(o(-);x0) = /0 dt/R(x2(t) +ut —u?) o(t)(du).
Problem RP(xzo,T): Find 7(-) € Rr(R), such that

Jr(or(-);zo) = inf  Jp(o();zo).

i
o(-)ERT(R)

In this example, all the assumptions in the paper are satisfied. Thus, the three kinds of turnpike properties
are satisfied.

Then, we take an example to illustrate that the integral turnpike property need not imply the mean square
turnpike property. For convenience, we consider a non-relaxed case.

Example 7.4. Consider a 1-d system
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and a cost functional

where
—z—1, x¢€(—o0,—1] —u—2, ué€(-o0,-1],
fz)=< o0, z e (—1,1], and  g(u) = l_Lu Zggall,]OL
roh el u—2,  wue(l,400).

Problem P(1,T): Find a up(-) € Ur, such that

Jr(ar();1) = inf  Jp(u();1).

u(-)EUT

Suppose T' > 1 and denote Ty = [%], where [%] represents the integer part of % One of the optimal solution
(Z7(),ur(-)) can be stated as

To
Tp(t) = Z(—l)k_l(% — 1= t)Xpr—2,20)(t) + (=) (2TH + 1 — )Xoz, 1y (t), ¥ t € [0, 7],
=1
To
ur(t) = Z(*l)kX[%—mk) (t) + (*UTOHX[zTO,T] (t), Vvtelo,T],
k=1

where x 4(-) is the characteristic function.
Then, the corresponding optimization problem is

Problem Q(R,R): Find (z*,u*) € R x R, such that

f@) o) = il (7(@)+ gw).
’ u=0

One of the optimal solution of Problem Q(R,R) is

Based on the above analysis, it can be verified that

17 1 (7
7/ Fr(t)dt — a7, 7/ () — 2*2dt 50, as T — +o0,
T Jo T Jo
which means that the integral turnpike property holds, while the mean square turnpike property fails.

8. CONCLUDING REMARKS

Without the convexity of g(-) in the cost functional, it is interesting to consider relaxed problems. In this
paper, we have established turnpike properties of optimal relaxed control problems. Among them, there are
integral turnpike property, mean square turnpike property and exponential turnpike property.
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Since the optimal relaxed control problems, considered in this paper, generalize the LQ problems without the
cross-terms of the trajectory and the control, more assumptions are needed to derive the corresponding turnpike
properties than those in the existing literature. We set some assumptions on f(+), g(-) and (A, B), which are
easily verifiable. However, there are many challenging problems that need to be studied. For relaxed problems,
optimal solutions exist under relatively weak conditions. Therefore, we think it will be interesting to consider
turnpike properties for optimal relaxed control problems when f(-) is not convex ((A3) fails) or not convex
enough ((A4) or (A6) fails), and A is degenerate ((Ab) fails). Moreover, there are different kinds of turnpike
properties in the existing literature besides what we have mentioned above. It is interesting to prove different
turnpike properties under different assumptions and discuss the relation between them.

In addition, the turnpike properties of optimal control problems with state and control constraints have
attracted some researchers’ attention (see [14] for instance). It will be very challenging to study the turnpike
properties of optimal relaxed control problems with state and control constraints.

APPENDIX A. PROOF OF LEMMA 2.1

Proof. 1. Since Mg(X,U) is nonempty, .#s(X,U) is nonempty. Take a minimizing sequence {(uk,ek)};j; -
Ms(X,U) of Problem Z2(X,U), which implies that

Jim ([ r@mn+ [ owoaw) = it ([ e+ [ son).

From the sequential compactness of M?! (X) and M’ (U), we have a p* € ML (X) and a 6* € M? (U) satisfying

e — p* and 0, — 0%, as k — +oo.

Obviously, (u*,0*) € #5(X,U). Combining with the continuity of f(-) and g(-), it holds that

| s@uan + [ go@o= (] @+ [ gt s@).

Then, (p*,6*) is a solution of Problem Z2(X,U).
Meanwhile, let z* = [ + T p*(dz). Since X is convex and compact, it holds that * € X. Also, the convexity

of f(-) ensures that
d
S/Xf(x)u (dz

Thus, (6,+,6%) is also a solution of Problem #Z2(X,U), which implies that (z*,6*) is a solution of Problem
RQ(X,U).

2. Let (z*,0*) be a solution of Problem RQ(X,U). Based on the analysis in (1), we know that (d,+,0*) is
also a solution of Problem Z2(X,U).

For convenience, we suppose

fla)+ [ a0 (@) = 0.

For any € > 0 and (p,6) € ML (X) x ML (U), denote

L(1,0) = \/K/Xf(x)u(dx)+/Ug(u)9(du)+5)+r+ [/X Axp(dﬂc)—k/UBue(du)r.
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Then, it holds that
L(p,0) >0, Y (u,0) € MY(X) x ML(V),

I.(6,0%) = < inf I (i, 0) + €.
( ) (1,0) €M (X)x M2 (U) (1,6)

By Ekeland’s variational principle, there exists a pair (u¢,6°) € MY (X) x ML (U), such that

+110° =67 < Ve,

”NE — O

L(p®,0%) < Lo, 0) + Ve(lln — w7l + 110 = 6],V (n,6) € ME(X) x ML(U).

For any 1 € MY (X), 8 € MY (U) and « € (0,1), we have

I(pF,0°) < L(p° + a(p — p°),0° + a0 — 0%)) + av/e([|p — pf + 110 — 6]
< L(pf +alp—p®),0° + a(d — 0°)) + 4av/e.
It follows that
- fim. I (pf + ap — pf), 6° 4;04(9 —0°)) — I.(p%,0°)
=i [ 1@ =) + [ o) 0-0°)(aw)
+ <w€, /X Az (p — pf)(dz) + /U Bu (0 — 05)(du)> : (A.1)
where
. (fx (@) pe(de) + [y 9(u) 0°(du) + 6)+ . [y Az pc(de) + [, Bub®(du)
Y= 1. 67 v 1. 6°) |
Then,
g >0, (A.2)
(e, w)y =0, if ATw=0, BTw=0, weR", (A.3)
51 + [9°? = 1.

Thus, we have a subsequence of {(¢§,¥°)}c>0 (we do not relabel the sequence) and a (i, ¢*), satisfying

(%5, ¥°) = (Y5, 9"), ase— 07,

[ol? + 1w P =1. (A4)
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Combining with (A.1), we have

05 ([ 1@ = )a)+ [ ot (0 - 07)(aw)

+<¢*7/}(A$(M5z*)(dx)+/UBu(60*)(du)> >0,
Vue ML(X), 6 € ML(U), (A.5)

To conclude, (A.2) and (A.3) ensure that (2.1) and (2.2) are tenable. Equation (A.4) is the nontrivial condition
of (1§, ¥*). Also, (A.5) implies (2.3) and (2.4)/(2.5) hold. O
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