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PARAMETER ESTIMATION AND OUTPUT FEEDBACK
STABILIZATION FOR THE LINEAR KORTEWEG-DE VRIES
EQUATION WITH DISTURBED BOUNDARY MEASUREMENT™

CrHAOHUA Jia!, WEI Guo** AND Diao Luo!

Abstract. This paper is concerned with the parameter estimation and boundary feedback stabiliza-
tion for the linear Korteweg-de Vries equation posed on a finite interval with the boundary observation
at the right end and the non-collocated control at the left end. The boundary observation suffers from
some unknown disturbance. An adaptive observer is designed and the adaptive laws of the parameters
are obtained by the Lyapunov method. The resulted closed-loop system is proved to be well-posed and
asymptotically stable in case that the length of the interval is not critical. Moreover, it is shown that
the estimated parameter converges to the unknown parameter. As a by-product, a hidden regularity
result is proved.
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1. INTRODUCTION

In this paper, we will consider the parameter estimation and boundary stabilization problem for the linear
Korteweg-de Vries equation posed on (0, ¢),

up(2, 1) + Upar (2, 1) + ug(x,t) =0, xz € (0,0), t >0,

uw(0,t) = ¥(t), u(l,t) =0, u,(¢,t) =0, t>0, (1.1)
U(CE,O) = Uo(x), T e (an)v .
y(t) = uzr(£,t) + d, t>0,

where the real-valued function u(x,t) is the system state. The function ¢ (t) represents the boundary input to
be designed while the function y(¢) stands for the boundary measurement at the right end x = £ of the interval.
The constant d appearing in the measurement is an unknown disturbance which is to be estimated. The system
(1.1) is a non-collocated boundary control system with the boundary output at one end and the control at the
other end.
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2 C. JIA ET AL.
As it is well known, the tidy form of the Korteweg-de Vries (KdV for short) equation reads
U (T, 1) + Ugaa (T, 1) + up(x, t) + u(z, t)u, (z, t) = 0. (1.2)

It is a typical non-linear dispersive equation, which may serve as a mathematical model for the unidirectional
propagation of small-amplitude long waves in non-linear dispersive systems. The KdV equation has been an
object of prolific study in the past decades because of its mathematical properties and potential applications.
From the viewpoint of mathematical control theory, the KdV equation has many interesting features. For
instance, the phenomenon of critical lengths occurs when one considers the issue of controllability and stabi-
lizability for the KdV equation on finite intervals. A set of critical lengths was first introduced by Rosier in
[19] where the exact controllability in L?(0,¢) of (1.2) with a Neumann boundary control on the right end was
studied. The length ¢ > 0 of the interval is said to be critical if the corresponding linearized equation around the
trivial solution u = 0 posed on (0, ¢) fails to be controllable. Concretely speaking, the following linear system

(X, 1) + Ugge (2, 1) + ug(x,t) =0,
w(0,t) =0, u(l,t) =0, u,(¢,t) = h(t), (1.3)
u(z,0) = up(x)

is exactly controllable if and only if ¢ does not belong to the set N [19],

2 2
W= {om [T e . i

For ¢ € N, the so-called critical length, the following observability inequality for the system (1.3) with h(t) =0
fails [19],

VT >0, 3C,r > 0, s.t. ||U0||L2(0,£) < C&THUI(O, ')HL2(0,T)7 Yug € LQ(O,K),

which leads to the uncontrollability of the system (1.3). It is believed that this is the influence of the first-order
derivative operator 9, on the spectrum of the third-order derivative operator 82 with the domain,

D (02) = {w e H*(0,0) | w(0) = w(¢) = w'(¢) =0} .

Correspondingly, there exist initial data, such that the solutions of the linear system (1.3) with h(t) = 0 preserve
their L2(0,¢) — norms in case of £ € N'. Meanwhile, it has been proved in [18] that the linear system (1.3) without
control (i.e., h(t) = 0) is exponentially stable in L?(0, ), i.e.,

3C >0, w >0, Hu(~,t)||L2(07g) < OG_WtHuOHLz(O’g), Yug € LQ(O,E) (15)

for £ ¢ N. Of course, there is no more information about the decay rate. In order to stabilize the system with a
desired decay rate, Cerpa and Crépeau considered a rapid exponential stabilization problem of the linear system
(1.3) in [4], where h(t) was designed as a feedback control forcing the solution of the resulted closed-loop system
to decay exponentially with a prescribed rate. Required by the Gramian-based method adopted therein, the
system should be controllable. So it was specified that the length £ is not a critical one. For the nonlinear case,
the KdV equation (1.2) combined with the same boundary conditions as those in (1.3), the rapid exponential
stabilization problem was investigated in [5], where the assumption ¢ ¢ A was still kept. By contrast, the
situation where a Dirichlet boundary control acts on the left endpoint is different. In [3], the rapid exponential
stabilization problem for (1.2) with homogeneous Dirichlet and Neumann boundary conditions on the right end
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was considered, where a left Dirichlet boundary feedback control law was designed by the backstepping method
and the assumption ¢ ¢ N was not required any longer.

In last decades, there has been an abundance of results in the subject of the boundary stabilization of
the KdV equation. See for example [3-5] aforementioned and [10-12, 16, 17, 20, 21, 24] to name but a
few. In [3-5, 11, 12, 20, 24], some state feedback controllers were designed by the integral transformation
method, the Gramian-based method or the control Lyapunov function method, respectively. Since it is hard
to get the state of the system in most cases, it is more realistic to employ the partial measurement of the
real state to design a feedback controller. In [10, 16, 17, 21], the output feedback control problems for the
linear or nonlinear KdV equation have been investigated, where the boundary measurements at the end-
point were used to design the boundary feedback laws. In [17], the output feedback control problem for a
linear system similar to (1.1) was considered, where y(t) = uz.(¢,t) was taken as the output. The output
feedback controller presented therein can stabilize the system exponentially with any prescribed decay rate
in H3(0,/). Inspired by these interesting works, we are now concerned with the output feedback control
problem of the linear KdV equation where the boundary observation suffers from some unknown constant
disturbance.

The objective of this paper is twofold. The first one is to construct a scheme to estimate the unknown
constant d in the boundary measurement. The other is to present a feedback law stabilizing the whole system.
Because there is some uncertainty in the system (1.1), we are going to design an adaptive observer and an
observer-based feedback law. Since the closed-loop form of a non-collocated boundary control system is usually
non-dissipative, it is difficult to analyze the stability by the traditional Lyapunov method. To achieve our goals,
we will adopt the same strategy as those in [8, 9] where the parameter estimation and stabilization problems have
been considered, respectively, for a wave equation or a one-dimensional Schrédinger equation with an unknown
constant disturbance suffered from the boundary observation at one end and the control input at the other end.
The main result of this paper is summarized in Theorem 5.1, which shows that the unknown disturbance d can
be estimated and that the whole closed-loop system is asymptotically stable in L?(0, £) under our observer-based
output feedback law. It should be noticed that the phenomenon of critical lengths is encountered here. Although
we exert the Dirichlet boundary control on the left endpoint, it is still required that ¢ do not belong to the set
N. That is not the case in [3, 17] where the left Dirichlet boundary controllers were designed to stabilize the
system exponentially with prescribed decay rates. As a by-product, the hidden regularity of the boundary term
in the error system (2.11) is revealed when we employ the well-posedness theory of linear infinite-dimensional
system to prove the well-posedness of the system (2.11). In fact, the hidden regularity can be proved rigorously
as presented in the appendix. )

In the rest of this paper, we will use both f; and f to denote the derivative of a given function f with respect
to the time variable ¢, while f, or f’ stands for the derivative with respect to the spatial variable x.

This paper is organized as follows. In Section 2, we present an adaptive observer. Based on the state
feedback controller designed in [3], we construct an observer-based output feedback law. The adaptive laws
of the parameters in the adaptive observer are obtained by the Lyapunov method. Section 3 is devoted
to study the well-posedness and stability of the error system, which is divided into two subsections. The
well-posedness and stability of the adaptive observer are analyzed in Section 4. We finish the analysis of
the well-posedness and asymptotic stability of the whole closed-loop system in one strike in Section 5. The
final section is an appendix which presents a proof of the hidden regularity proposed in Remark 4.2 in
Section 4 .

2. DESIGN OF THE BOUNDARY FEEDBACK LAW AND
THE ADAPTIVE OBSERVER
In this section, we will present the structure of the boundary controller and an adaptive observer. In [3], the

backstepping method was applied to design a boundary feedback controller for the system (1.1): consider the
following target system,
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wi(x,t) + Wege (2, 1) + wy(z,t) + Mw(z, t) =0,
w(0,t) =0, w(l,t) =0, wy(¢,t) =0, (2.1)
w(z,0) = wo(x),

where and in what follows A is a positive constant. This system is exponentially stable with the decay rate A,
llw(-,t)] 220,y < €7M||w0||L2(o,é), vt > 0. (2.2)

Define the transformation IT : L?(0,¢) — L?(0,/) as

with the kernel k(&,n) satisfying

k&&é(fﬂ?) + k”mﬂ(§7n) + k‘g(f, 77) + kn(&n) = _/\k(§7 n)a (ga 77) €T,
k(€ 0) =0, k(&€ =0, £ €[04, (2.4)
ke(€,€) = 3(€ =€), celo,e

where 7 is a triangle domain in R? defined as 7 = {(&,n) | £ € [0,4], n € [z, £]}. If the boundary control 1 (t)
n (1.1) takes the form

2
) = / k(0. m)u(n, £)dn, (2.5)

IT maps the corresponding solution u(x,t) of (1.1) into the solution w(x,t) of the target system (2.1). Since II is
continuous and invertible, the closed-loop system (1.1) with the boundary feedback law (2.5) is also exponentially
stable with the decay rate A [3].

Now we focus on the design of an adaptive observer for the controlled system (1.1), which takes the following
form,

vi(2,t) + Vgze (2, 1) + vy (2, t) =0,

0(0,6) = 6(1), v(.0) = —plt) (5(t) — (e (,0) + a() vallrt) = 0
p(t) = ha(t),

q(t) = ha(2).

The function p(t) is the adaptive gain while g(t) is an estimation of the unknown constant disturbance d. The
functions hq(t) and ho(t) depict the adaptive laws of p(t) and ¢(t), respectively. This is an adaptive observer
of Luenberger type which performs the reconstruction of the state u(x,t) from the available output y(t) with
unknown disturbance and the input 1 (¢) of the original system (1.1).

First of all, we determine the adaptive laws of p(t) and ¢(t). For this purpose, define the state error e(z,t)
and the parameter error ¢(t) as follows,

e(x,t) = u(x,t) —v(z,t), o) =d—q(t).
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It is direct from (1.1) and (2.6) to get the following error system,

Now consider the functional,

where 71 and 7o are suitable positive constants. Differentiating &.(t) with respect to the time variable ¢ along
the trajectory of (2.7) yields

SE) = —3(0) = 5E3(0.0) = pl1) (ean(l.1) + G(0) eaa(t:0) + —p(OB(O) + - 0()H(0)
= <300~ 5E0.1) — p(O) cxal.1) + 6(0))° + —p(DB(D)
-wuwuﬂ%Azw+¢w»+%¢m¢m

= —5¢°(6.) — 5em(o t) + p(t) (ihl(t) — (exa(l,t) + ¢(t)>2>

() (:hg(t) —p(#) (enn(6,8) + ¢(t))>

= —162(6 t) — 162(0 t) <0

in case that we take hq(t) and ho(t), respectively, as

(2.8)

ha(t) = r1 (ean(t,8) + (1))°,
ha(t) = rap(t) (exa (£, 1) + (1)) -

Thus, [le(-,t)||22(0,¢) and [¢(t)| may be decreasing functions of the time variable ¢ as desired. The adaptive laws
hi(t) and ho(t) defined by (2.8) indicate that the gain p(¢) and the parameter estimation ¢(t) are adjusted online
according to both the state error e(x,t) and the parameter error ¢(t).

We will adopt the observer-based output feedback law for the system (1.1), which means that the observer
state v(x,t) takes the place of the real state u(x,t) in the feedback law (2.5), i.e

¥/
wm:Ak@wwﬁm. (2.9)
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Then the adaptive observer is actually designed as

V(1) + Vggo (2, t) + v (x, ) =0,

v(0,8) = [ k(0,n)v(n. t)dn, v, (¢,t) =0,

v(l,t) = —p(t) (y(t) — (vsa(,1) + q(1))), 2.10)
B(E) =1 (y(t) — (aw (6, 1) + ()))?,

q(t) = rap(t) (y(t) — (v (C,8) + (1)) |

v(x,0) = vo(x), p(0) =po >0, q(0) = qo

The initial datum pg is designated to be positive so that the gain p(t) keeps positive. Subsequently, the
corresponding error system reads

et(2,t) + epan(z,t) + ex(z,t) =0,
e(0,t) =0, e(l,t) =p(t) (eze(l,t) + H(1)), ex(L,t)
(t) =7 (eww(z t) + ¢(t))2 (211)

The following questions arise naturally:

(i) Are the adaptive observer (2.10) and the error system (2.11) globally well-posed?
(ii) Does e(z,t) decay to 0 in any sense as t — oo?

If the answers are affirmative as expected, we then conclude that v(x,t) approximates the state u(x,t) of the
controlled system (1.1).

It is not easy to analyze directly the well-posedness and stability for the adaptive observer (2.10) because
it is a non-linear PDE-ODE cascade system with the state (v(x,t),p(t), q(t)). Following the ideas presented in
[3, 8, 9, 14], we make the following invertible transformation,

l
wla, 1) = M(w(@, 1)) = v(z, t) — / k(. m)o(n, £)dn, (2.12)

where the kernel k(-,-) is given by (2.4). Then w(x,t) is the solution to the following problem provided that
v(z,t) solves (2.10),

Wi(2,1) + Wega (T, ) + we (2, t) + Aw(z,t) = —kyy (2, £)p(t ) (eza (€, 1) + B(1)),

w(0,t) =0, wl,t) =—p(t) (exa(¢,t) + (1)), wa(¢,t) =

t) = 71 (eaa(lt) + 6(1) (2.13)
t) = 12p(t) (exa(f,t) + H(1))

w(z,0) = wo(z), p(0) =po = 0, ¢(0) = qo,

Here e(x,t) is determined by the problem (2.11). If it holds that e(x,t) = 0 and ¢(t) = 0, the transformed
system (2.13) is reduced to the exponentially stable system (2.1). Roughly speaking, it is revealed through the
transformation (2.12) that the v—subsystem of the adaptive observer (2.10) behaves in the same way as the
system (2.1) does. On the other hand, the transformed system (2.13) shares the common (p, ¢)-subsystem with
the error system (2.11). So we will investigate the well-posedness and stability of the following w-subsystem of
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(2.13) instead of considering directly the adaptive observer (2.10),

Wi (2, 1) + Waga (2, 1) + wa(x, t) + Aw(a, t) = —kyy(z, £)p(t ) (exz (€, ) + H(t)),
w(0,t) =0, w(l,t) =—p(t) (exa(l,t) + ¢(1)), wa(l,t) =
w(z,0) = wo(x).

This will be postponed until the error system (2.11) is analyzed in the next section.

3. WELL-POSEDNESS AND STABILITY ANALYSIS OF THE ERROR SYSTEM
3.1. Well-posedness of the error system (2.11)

Now we are concerned with the well-posedness of the error system (2.11). Let H = L?(0,¢) x R x R be the
Hilbert space equipped with the following inner product,

¢
((f1,p1,91); (f2,p2, $2)) :/0 fl(x)fQ(x)dz+P1P2 n G102

2T1 T2

for any (fi,pi, i) € H, i = 1,2, whose norm will be denoted as || - ||3. We set HT = L%(0,¢) x Rt x R, which
is a closed convex subset of H. Define an operator A : D(A) C HT — HT C H as follows:

A(fapv d)) = (7f/// - f/, 1 (f//(g) + ¢)2 , —T2p (f//(f) + ¢)) (31)
with the domain

D(A) = {(f.p.¢) € H*(0,0) x RT xR | f(0) =0, f(¢) = p(f"(0) + ¢), f'(£) = 0}.

We can rewrite the error system (2.11) as the following non-linear evolution equation in the Hilbert space H,

(3.2)

LX(t) = AX(t),
X(0) = Xo,

where X (-) : Rt — H is the vector X (t) = (e(-,t),p(t), p(t)) with Xo = (eo, po, ¢o). The main result of this
subsection is presented as follows.

Theorem 3.1. For any Xo € H™T, the non-linear abstract evolution equation (3.2) admits a unique solution

X(-) € C(0,00;HT).
Proof. Tt is enough to show that A generates a non-linear semigroup of contractions on H¥t. Firstly, the
non-linear operator A is dissipative. In fact, for any X; = (fi, pi, ¢:) € D(A), i = 1,2, we have

(AX) = AXy, X; — Xa) = / [(f2 = £1)" + (fa = £)] (2 — fo) e

%[ 0+ 01 = (f5(0) + 62| (01— 1)
+[p2 ( ()+¢2) p1(f1(0) + ¢1)] (1 — b2) -
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Noting that

¢
/0 [(f2= )"+ (f2= /)] (/L = fo) da

= 2 (50) = F(0)) — 5 o1 (F10) + 60) —p2 (F10) + 6]
[0+ 62) = () + 1) = (92 = 00)] 2 (F5(0) + 62) = p1 (U (0) + 6],

we obtain after some elementary calculations that

| =

4(0) — () — 5 o1 (/0 + 61) — 2 (0 + 6]

0)+61)° <<>+¢gﬂ< ~p2)
(Hﬁﬂ %%%wmwuﬂu+mwmxﬁw+@n
F5(0) = £1(0))" = 5 Ipr (J/(0) + é1) = p2 (f5(0) + 62)]”

—5 (o1 +p2) [ (0) + 61) — (5 (0) + 6]

(AX) — AXy, X7 — Xo) =

|
o[\D\ r—‘l\D\ P—‘:l\?\ =N
— &h,_| —

IA

Secondly, the operator A\I — A : D(A) — HT is surjective for any A > 0, i.e.,

RO — A) = H™. (3.3)

Since the equation (A — A)(f,p,®) = (f,p,¢) is equivalent to the following system of equations for given
(f,p,0) € HT,

PP A=
Ap =11 (f1(0) + 0)* =

b (3.4)
AP +rap (f7(€) + 6) = ¢,

it is enough to prove the existence of solutions to (3.4). For the first step, we eliminate the unknown ¢ in (3.4)
to obtain the following equations of f and p,

f///Jrf/Jr)\f:f-’ ) (35)
f0)=0, f'(€)=0, (A+r2p)f(£)—Apf"(£) =po '

and
N\ 2
A2+ (202r5 — 12p) p + (A — 2\rap) p — 11 ()\ £(0) + (;5) “A%p=o. (3.6)

It is seen that f and p are coupled. By fixing p € RT, we investigate the existence of solutions to (3.5). The
characteristic equation 73 + 1+ A = 0 admits a pair of conjugate complex roots and a real root by Cardan’s
method:

_a+6+.\/§(a—ﬁ) _a+B VBla-p)

2 ? 2 ) T2 = 2 7 2 ) 773:044‘5
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with

fs )\72+ifé ﬁffa >\72+i+é
“=\VV71 Ty - 1 Tt Ty

Then the real-valued general solution to the equation f” + f' + Af = f reads

f(z) = c1e71 cos (022) + o€ sin (o91) + c3e™27% 4 f1(x), (3.7)
with o1 = —#, o9 = \/5((;_5)7 where c1, ca, cg are arbitrary real coefficients and fi(z) is the particular

solution. Since the functions 1% cos (gox), €71 sin (02x) and e~291% are linearly independent, the particular
solution fj(x) can be obtained by the method of variation of parameters. The coefficients ¢;, ¢co and c3 are
determined by solving the linear system

1 0 1 ¢t —f1(0)
ma1(A) maz(A) maz(A) | |2 | = —fi(0)
ms1(A) ms2(A) mas(A)) \cs Apf1'(€) + p¢ — (A + r2p) f1(£)
M
with
ma1(N) = 7% (0 cos(ool) — oy sin(oal)),

maa(N) = et [(A+72p — Apot + Apo3) sin(oaf) — 2Apoy 02 cos(o2l)]

N
N
)
ma1(A) = e” [(A+r2p — Apat + Apa3) cos(0al) + 2Apo1oa sin(oal)]
N
(A) = e 27 (A +1op — AApoi) .

The determinant of M is obviously a continuous function of A,

det(M)()\) = e~ [(3A\1 + 3rac1p — 6Apa’ + 2Apo103) sin(oal) — 4Apoios]
+e~ 1t ()\02 + ro0op — 4)\pr02) cos(oaf)
—e2ot ()\pafag + Aoo + ropos + )\pcrg) ,
which is non-zero for A > 0. Thus, we conclude that there is a unique function f € H?(0,¢) solving (3.5) for fixed
p € R*, which is denoted as f, to emphasis its dependence on p. By trace theorem, we regard fz/vl (0): Rt 5> Ras
a continuous function of p. Now substitute f,/(£) into the equation (3.6) and prove the existence of the solution

p € RT to the corresponding (3.6), i.e., the equation Y(p) = 0, with the continuous function Y(p) : R* — R
defined as

N2
Y(p) := Ar3p® + (2X\%ro — r3p) p* + (A* — 2Arap) p — 11 (A 10+ ¢>) — A%p.
Obviously, it holds that lim+ T(p) < —A?p <0 for A > 0 and p > 0. Moreover, it will be shown that
p—0

lim T(p) = +o0. (3.8)

p—r—+oo
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A\ 2 ~
The key point is to estimate —r; (x\fl’j’(ﬁ) + qb) in terms of p. For the sake of simplicity, we set A(p) = Af, (£) + ¢,
or equivalently,

»(0) = % (A~ 4). (3.9)

Multiplying the first equation of (3.5) by f,, integrating over (0,¢) and applying Holder’s inequality, we have

1, -
I(0F7(0) < S 1112 0,0, (3.10)

where only the first two boundary conditions in (3.5) are involved. Taking the third boundary condition in (3.5)
into account, we get

pA(p)

fp(g) = )\—I—TQp,

which combines with (3.9) and (3.10) to yield

2p |A(P)* = 2ppA(p) — (X + 12p) || F132(0.0) < 0.

Then we have

1
2

20M

%éf \/¢32+2r2M+p <A(p) <

with the constant M := ||f||2L2(0 ¢)» Which further implies

" . 1. 1 /-
Vo2 +2nM < lim A(p) < 56+ 5\ 62+ 2 M. (3.11)

N\ 2
By (3.11), it is easy to check that the term —r; ()\f;,’(ﬁ) + ¢) in T(p) is bounded as p — +o00, and that (3.8)

follows immediately. By the intermediate value theorem, the equation Y(p) = 0 admits solutions in RT. Thus
the claimed (3.3) is proved.
Finally, ©(A) is dense in the interior of H*. In fact, if Z € H* satisfies the equation

| —

1A
27~

(X,Z) =0, VX eD(A), (3.12)

there exists a X € D(A) solving the equation (A — A) X = Z for arbitrary but fixed A > 0 due to (3.3). Noting
that A(0) = 0 and that A is dissipative, we deduce from (3.12) that

M X5 = (AX, X) <0,

which indicates X = 0 and consequently Z = 0.

By the non-linear semigroup theory [6, 15|, we conclude that A generates a non-linear semigroup of contrac-
tions on H*. From now on, {S(t)};>0 will denote this non-linear semigroup of contractions associated with A
on H*. Then for any Xy € H™T, (3.2) admits a unique solution X (¢) = S(t)Xy € C(0,00;H™). This completes
the proof. O
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3.2. Asymptotic stability of the error system (2.11)

The goal of this subsection is to investigate the asymptotic behavior of the error system as ¢t — oo via Lasalle’s
invariant principle [15].

Since the operator A is dissipative as shown in the proof of Theorem 3.1, AI — A is injective for arbitrary
but fixed A > 0. Actually, if (A\] —A) X; = (A — A) Xo for X7, X5 € D(A), or equivalently, A(X; — X2) =
AX; — AXs, we deduce that

[ X1 — Xol3 = ~(AX) — AX,, X; — Xo) <0.

> =

It follows immediately that X; = X,. Thus, A — A is bijective in view of (3.3). Let (Al — A)~" be the inverse
of AT — A for A > 0.

Lemma 3.2. For any given A > 0, the operator (AI — A)_l is compact.

Proof. Let {Yn = (fmﬁn, én)} C H™* be a bounded sequence, i.e.,
n=1

Yol < C. (3.13)

Here and in the sequel C' denotes a generic positive constant which may vary from line to line. Set X,, =
(frs Py @n) = (M — A)_l Y., ¥n € N. Noting that A(0) = 0 and that A is dissipative, we have

1 1 C
Xn 2 == Xann Y YnaXn <+ Xn )
Xl = 3 (4K, Xa) + 3 (Yo, Xa) < 51Xl
which further implies that
£ Lo 1,
/ a2 do + — |+ — [6a]> < C, VneEN. (3.14)
0 2’1"1 T2
On the other hand, it holds that

frlz” +f7/1 +>\fn = fA'm
Apn =11 (/) + 6n)?

:p (3.15)
A@n + T2pn (f?lzl(g) + ¢n) =

Multiplying the first equation of (3.15) by f//, f/ and integrating over (0, ¢), respectively, we then obtain

A
1P 520 = [ fugitaw 10000+ [ 15074 dnonst0) - 3150, 619
and
1 " 2 ’ 2\ 1 " 2 ¢ 712 ¢ "
5 (01O +150F) = 31208 =x [ 1P e = [ g (317)

Combining (3.16) with (3.17) and applying Ehrling—Nirenberg-Gagliardo interpolation inequality, we get

¥/ l
/ P de < C /
0 0

fa

2 V4
dx+/ Ifnlzdx+|féf(€)2+/\2pi¢i)~
0
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Taking advantage of (3.13), (3.14) and the second equation of (3.15), we then conclude that

£
/ 1P da < C. (3.18)
0

(3.18) together with (3.14) implies that {f,}3%, is a bounded sequence in H3(0,¢). By Sobolev embedding

theorems and (3.14), we deduce that there is a subsequence {X,,, };—, C {X,},-, and some X, € H satisfying

klim | X, — Xoll;; = 0. This completes the proof. O
— 00

Remark 3.3. For Xy € HT, the orbit of (3.2) through X is defined as

1Xo) = U S0)%o.

teRT

By Lemma 3.2, we conclude that «(Xj) is precompact for any Xy € HT [7, 15].
The following is the main result of this subsection.

Theorem 3.4. Under the assumption of £ ¢ N with N defined by (1.4), the error system (2.11) is asymptotically
stable, i.e.,

Tim [Je(-, )20, = 0 (3.19)
for any given (eq, po, po) € HT. Moreover, it holds that
p(-) € L*(0,00), tlggo q(t) =d. (3.20)
Proof. We will apply Lasalle’s invariant principle [15] to prove this theorem. First of all, we set
S = {Xo = (e0, po, $0) € H' | Vo(S(t)Xo) = 0},
where V, (S(t)Xp) is a functional defined on H*,

1 2

4
VS0X0) = 3 [ lew0Pdn+ 5 1p(0) — CF + 51600

2’/“2
with S(t)Xo = (e(-,t),p(t), ¢(t)) and a given constant ¢ > 0. Since D(A) is dense in HT, we take Xy € D(A)
hereinafter without loss of generality.

For any given Xy = (eq, po, ¢o) € D(A), the error system (2.11) admits a strong solution X (t) = S(t) Xy =
(e(-,1),p(t), d(t)) € CL(0,00;HT) N C(0,00;D(A)). Differentiating V.(S(t)Xo) with respect to t along the
trajectory of (2.11) yields

Vo(S(t)Xo) = —% lex (0, 8)* — % le(6, )] = C leas (£, ) + 6(t)]* < 0. (3.21)

By Lasalle’s invariant principle and Remark 3.3, we know that all solutions of (2.11) go to the maximal invariant
subset of S.
If V.(S(t)Xo) = 0, it follows from (3.21) that

e:(0,8) =0, e(l,t) =0, ew(lt)+¢(t)=0. (3.22)
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By (2.11), the solution X (t) = S(t)X, satisfies

er(x,t) + exax(x,t) + ex(z,t) =0,
e(0,t) = e, (0,t) =0, e({,t) =e.(L,t) =0, (3.23)
e(z,0) = eop(x),

and

p(t) =0, (t) =0,
{p(o) =po >0, ¢(0) = ¢o. (3.24)

Referring to Lemma 3.4 of [19], we get from (3.23) that ey = 0 in L?(0,¢) for any ¢ ¢ N. Combining (3.22),
(3.23) and (3.24), we further deduce that ¢y = 0. Thus, the set S consists of such points (0, pg, 0) with pg > 0.
This completes the proof. O

Remark 3.5. It seems a little strange that the assumption ¢ ¢ N is imposed on the length of the interval. As
pointed out in [19], there are non-trivial steady solutions to the problem (3.23) in case of £ € N. For example,
the time-independent function e(x,t) = cosx — 1 solves (3.23) with £ = 27 € N.

4. WELL-POSEDNESS AND STABILITY ANALYSIS OF
THE ADAPTIVE OBSERVER

We now go back to analyze the well-posedness and the asymptotic stability of the adaptive observer (2.10).
As announced at the end of Section 2, we will focus on the following system instead,

W (2, 1) + Wage (2, 1) + wa (2, ) + Aw(z, t) = —kyy (2, O)p(t) (€22 (L, 1) + H(2)) ,
w(ovt) =0, ’w(f, t) = _p(t) (easw(& t) + ¢(t)) ) wm(& t) =0, (41)
w(z,0) = wo(x),

i.e., the w—subsystem of the transformed system (2.13), since the (p, ¢)-subsystem has been analyzed in the
error system (2.11). By Theorem 3.1, the functions e(x, t), p(t) and ¢(t) are well-defined functions for any given

(€0, p0sq0) € H.
We will apply the well-posedness theory of linear infinite-dimensional systems [22, 23] to prove that the

system (4.1) is well-posed in L?(0,¢) with the inner product denoted as (-, -)o. Define the operator A : D(A) C
L?(0,¢) — L?(0,¢) as

Af=—f"—f =\, D(A)={feH0,0)NHY0,0) ] ['(t)=0}.
It is easy to get the adjoint A* of A,
Atg=g"+g =g, D(A%)={ge H0,0)NH(0,0) | ¢'(0) =0}
Since A and A* are both dissipative operators, A generates a Cy—semigroup of contractions {eAt} £0 which

is also exponentially stable as shown by (2.2) [3]. Let [®(A*)]" be the dual space of D(A*) with respect to the
pivot sapce L2(0,£) and let A : L2(0,¢) — [®(A*)]" be the continuous extension of A defined by

(AL, 9oy o) = (fAg)s, Vf € L*0,0), Vg € D(A™).
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It is apparent that Af = Af for any f € D(A). Correspondingly, {eAt}t>o can also be extended from L?(0, /)
onto [D(A*)]". With a slight abuse of notations, we still denote the extensions as A and {eAt} />0 respectively

in the sequel. Let U = R be the control space and let B : U — [®(A*)]’ be the control operator defined by the
identity

¢
(Br.g)oa-) oA =T (/ Ko (2, €)g(x)dz — 9”(@) , VgeD(AY).
0
Obviously, B € £ (U, [®(A*)]'). Moreover, it is easy to check that
¢
By = [ hyleOg(o)ds - g"(0), Vg € D(AY).
0
The function z(t) = —p(t)(ezs (4, t) + ¢(t)) is viewed as an input. By (3.21), one can deduce that

t
g/ lean(l, 1) + G()2dE < Vo(Xo), Wt >0, (4.2)
0

which together with (3.20) implies that z € L?(0, 00). Then the system (4.1) can be translated into an abstract
form in [D(A*)]',

d

w(0) = wo.

(4.3)

Theorem 4.1. For any initial data wo € L*(0,) and (eo,po,q0) € HT, there exists a unique solution w €
C(0,00; L%(0,£)) to the system (4.3) (or equivalently the system (4.1)), which can be written as

t
w(t) = ey —|—/ A=) Bz(s)ds. (4.4)
0

Proof. It is enough to show that the control operator B is admissible, which is equivalent to prove, that for

some 1" > 0,
T *
/ ‘B*GA tlZ)o
0

holds true for any wy € D(A*) with a positive constant C' independent of g [22, 23]. Here and in what follows,
| - loa=) denotes the graph norm on ©(A*). For arbitrary but fixed wy € ®(A*), consider the observation
problem for the dual system of (4.3),

2
dt < Cllivo 13 a-) (4.5)
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which can be written as

Wy (z, ) wm(x t) ww(x,t) + M (z,t) =0,

) ; o (z )7
= [y Fny(, (2, t)da — Wy (€, ).

Then the inequality (4.5) is equivalent to the following one

T
/O [9(t)[2dt < Clliol a-)-

15

(4.6)

(4.7)

To prove (4.7), we multiply the first equation of (4.6) by z,.(x,t) and integrate by parts with respect to

the spatial variable x over (0, ) to obtain

¢ 1)

5 (O + [ (60P) + 2 [ sl o do
1 " ¢
2

which, together with Ehrling—Nirenberg—Gagliardo interpolation inequality, indicates

1 0 1 0 L
[e (£, 1)]? < (1+£>/ wmm(x,t)de—l—z/ wx(x,t)2dx+/ |y (2, t)|*da
0 0 0

¥4 4
<C [ (10 + liaaalr ) e+ [ Jin(z, )P
0 0

_ 2 /O‘ (|wm(x,t)|2 + Iwz(x,t)ﬁ) da +/0 Tty (2, )ty (2, t)dz,

(4.8)

with a positive constant C' depending on ¢. Set the constat k = f(f |k7m(x,£)|2 dz. Tt follows from (4.8) that

l
(1) < 2 / ()Pl + 2t (0, )2

l 14 £
Q(IiJrC)/ |1I)(x,t)|2dx+20/ \wm(x,t)|2dx+2/ |y (22, t)]?dz.
0 0 0

(4.9)

Multiplying the first equation of (4.6) by W4, (x,t) and applying the Cauchy—Schwarz inequality, one then get

¥/ l l ¥/
/ (g (2, ) 2dz < 3 </ \u?t(x,t)|2dx+)\2/ |w(at,t)2dx> +3/ i (z, 1) 2 da.
0 0 0 0

Multiplying the first equation of (4.6) by (¢ — x)w(x,t) and integrating by parts (0, £), we have

d L

Integrate with respect to the time variable ¢ over (0,7) to obtain

¢
T (Efx)\w(x t)|2d:r+3/ |, (0, t)|2de — / |w(z t)\deJrQ)\/O (¢ — 2)|(x,t)|*dz = 0.

(4.10)
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/Oe(f—x)|1f)(x,T)|2dx+/0T/0€ |u§z(a:,t)2dxdt+2)\/oT/Oe(£—x)|w(x,t)|2dmdt

/Oé(ﬁx)|w(x,0)|2dw+/0T/Oe |0(z, t)|2dadt,

which implies immediately that

T L 4 T L
/ /\wm(x,t)|2dxdt§€/ |w(x70)\2dx+/ /|u?(x,t)|2d;vdt7 (4.11)
0 0 0 0 0

Combining (4.9)—(4.11), one can deduce that

T ¥4 T pL T pL
/ [9(t)2dt < C/ |zi)(x,0)|2dx+0/ / |1Z)(x,t)|2dxdt+0/ / |ty (2, ) |*dadt (4.12)
0 0 0 0 0 0

holds true for some positive constant C' depending on x and ¢. Let Ey(t) = %f(f i (x,t)|*dx. Differentiating
Ey(t) with respect to the time variable ¢ yields

d 1
G Bo(t) = =5 [a (L] — 20Es(t) < —27E4 (1),
which implies that
Ey(t) < e 2ME4(0), Vt>0. (4.13)
Set 0(x,t) = w(x,t). It is easy to check that 0(x,t) satisfies
t( t) 'Ugca":c( t)fﬁ ( x, ) (:Cat) 0
0(0,t) = 0,(0,t) = 0(¢,t) = 0.
Similar arguments yield that £;(t) < e 2 E;(0), equivalently,
¢ ¢
/ iy (2, 1)|*da < 672”/ |1y (2,0) 2. (4.14)
0 0
By (4.12)—(4.14), we have
T ‘ ¢
| rawra<c ( |t oyta+ [ |wm<x,o>|2dx) < Clio B0, (415)
which yields (4.7) immediately. This completes the proof. O

Remark 4.2. If the function p(t) (ex.(¢,t) + ¢(t)) is treated as an external signal, the system (4.1) is a non-
homogeneous initial-boundary-value problem of the linear KdV equation as far as its well-posedness is concerned.
A common approach is to render its boundary conditions homogeneous. In fact, the function

Bz, t) = w(z,t) — %2002 U )p(t) (eaa (6,1) + (1))
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solves an inhomogeneous linear equation with homogeneous boundary conditions if w(x,t) is the solution to
(4.1). But it is required that the functions e(z,t), p(t) and ¢(t) possess much higher regularities, which is
not guaranteed by Theorem 3.1. An alternative approach is the boundary integral operator method developed
by Bona, Sun and Zhang in [1, 2]. By this method, the sharp regularity of boundary traces can be clearly
revealed. For example, it can be proved by this method that w(¢,t) will belong to H%(O,T) for any T > 0 if
the initial datum wy is taken from L?(0,¢) for the system (4.1) [1, 11]. Unfortunately, the boundary function
—p(t) (ezx (£, ) + ¢(t)) of (4.1) lies in L2(0,T) according to (3.20) and (4.2). Here we employ the well-posedness
theory of linear infinite-dimensional systems [22, 23] to prove its well-posedness in L?(0,¢). The main reason
is that the function p(t) (ez5(¢,t) + ¢(t)) is in fact not a pure external signal. By (2.10)—(2.12), w(z,t) is
coupled with e(x,t), p(t) and ¢(t). Moreover, the hidden regularity of the boundary function is revealed by
this method, which means that p(t) (ezs (¢, t) + ¢(t)) may be in Hz(0,T). This could be explained that p(t)
and ¢(t) compensate the lost regularity of e,.(¢,t). In the Appendix, we will prove the hidden regularity of
p(t) (exs(€,t) + H(t)) for the error system (2.11).

The inequality (4.7) for the linear system (4.6) is a direct consequence of the so-called sharp Kato-smoothing
property since it holds true that

[z (£, )] ) = Cllwoll0,0)-

HE(0,T
We refer the readers to [1, 2, 13] for the details with some minor modifications.

Besides its well-posedness, we should further analyze the asymptotic behavior of the solution to the system
(4.1). The well-posedness theory of linear infinite-dimensional systems also facilitates us to study the stability
of (4.1), which is presented as follows.

Theorem 4.3. The system (4.1) is asymptotically stable in the following sense: for any wo € L*(0,f) and
(e0,P0,90) € HT, the corresponding solution w(x,t) of the system (4.1) satisfies

Jim [, 1) 220, = 0. (4.16)

Proof. By (4.4), we obtain that for arbitrary ¢g > 0,

to t
w(t) = ety + eAt—t0) / eA(t‘)*S)Bz(s)ds —|—/ eA(tfs)Bz(s)ds, vt > 0.
0

to

As shown by (2.2), it holds that
HeAtw()HLz(O’g) < e_)‘t||w0||L2(0’g), Vvt > 0. (4.17)
On the other hand, the admissibility of the operator B implies that for any ¢ > 0,

t
/ eA=B - ds € £ (L*(0,t),L*(0,0)). (4.18)
0

Thus, there exists a positive constant C independent of z so that

to
/ A=) B(s)ds
0

< Cllzllr2(0,t0)
L2(0,6)
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which together with (2.2) yields

to
eAlt—to) / A=) B2(s)ds < Ce M2l 20,00y, VE > o (4.19)
0

L2(0,6)

Let g & h be the 7—concatenation of g and h [23], i.e

(g<>h) (t) = {g(t)’ 0<t<r

h(t—71), t>T.

By (4.18) and the fact that ||g[[z2(0,c) = [|0 & gllL2(0,7), We have
T—t

t t
‘ / AU B2(s)ds < ‘/ AlTIB (0 & Z) (s)ds < Cllzllzz o,y < Cllzll2(to,00)- (4:20)
to L2(0,6) 0 to L2(0,0)
Combining (4.17)—(4.20) yields
lw(, )l z20,0) < C (67M||w0||L2(074) + e M) 2 2 g0,40) + ||Z\|L2(to,oo)> ) (4.21)

where C' is a generic positive constant independent of z. For any given ¢ > 0, we choose ty > 0 large enough so
that

€
12llz2t0,00) < &
holds true due to z € L?(0,00). By (4.21), one then obtains that

Jm lw(-, )| z2(0,0) < €,

and (4.16) follows immediately. This completes the proof. O

5. WELL-POSEDNESS AND ASYMPTOTIC STABILITY OF
THE CLOSED-LOOP SYSTEM

We are now in a position to complete our analysis of the closed-loop system under the feedback law (2.9). In
fact, the whole closed-loop system reads

U (2, ) + Ugge (2, 1) + ug(x,t) =0,
u(0,t) = v(0,t), u(l,t) =0, ug(¢,t) =0,
ve(z, t) + vzm(x, t) + vy (x,t) =0,
(0,8) = [y k0, n)v(n, t)dn, va(L,) =0,
’0(5 t = —p(t) (Uaz((, 1) + d — (V22 (£, 1) +q(1))) , (5.1)
(8) =1 (uaa (6,1) +d = (a0 (£,8) + a(1)))?,
( 2p(t) (g (£:1) +d — (vaa (£,) +q(t)))
x,0) = uo(x), v(z,0)=vy(x),
0) =po >0, q(0) = qo.
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Let X = {(u,v,p,q) € L*(0,€) x L*(0,£) x R x R | u(0) =v(0)} be the underlying space. Consider the
transformation

e(z,t) 1-100 u(z,t)
w(z,t)] |0 II 0 0| |v(z,t)
o) | oo 1of| e 2
q(t) 00 01/ \ q)

with II given by (2.12), which is obviously bounded and invertible. Then (e, w,p, q) solves the system (2.11)-
(2.13) if (u,v,p, q) is the solution to (5.1). Owing to the stability of the error system (2.11) (see Thm. 3.4 ) and
the transferred system (4.1) corresponding to (2.13) (see Thm. 4.3), we claim the well-posedness and stability
of the system (5.1) as below.

Theorem 5.1. For any (ug,vo, o, q0) € X with pg > 0, the system (5.1) admits a unique solution (u,v,p,q) €
C(0,00;X). Under the assumption of £ ¢ N with N defined by (1.4), the closed-loop system (5.1) is
asymptotically stable in the following sense,

lim (Ju(, )l L2, + [0, )llz200,0)) = 0. (5:3)

t—o0

Moreover, the unknown constant disturbance d in the output is estimated in the following way,

lim ¢(¢t) = d. (5.4)

t—o0

Proof. For any (ug,vo,po,q0) € X with pg > 0, let (eg, wo, po, go) be the corresponding quadruples determined
by (5.2). It is obvious that (eg,po,d — qo) € HT and wg € L?(0,¢). By Theorems 3.1 and 4.1, there exist
(e,p,¢) € C(0,00; HT) and w € C(0, 00; L2(0, ¢)) solving (2.11) and (4.1), respectively. Since the transformation
defined by (5.2) is invertible, there exists a unique (u,v,p, q) € X solving (5.1). The asymptotic stability (5.3)
and the convergence (5.4) are direct consequences of Theorems 3.4 and 4.3 because the transformation defined
by (5.2) is bounded and invertible. This completes the proof. O

APPENDIX A. PROOF OF THE HIDDEN REGULARITY OF THE BOUNDARY
TERM IN (4.1)

Proposition A.1. For any given T > 0 and ey € L*(0,£), it holds that

p(t) (eas(£,t) + 6(t)) € H3(0,T)

for the error system (2.11).

Proof. Let T > 0 be arbitrary but fixed. For any ey € L2(0,¢), g1 € H3(0,T), go € L2(0,T) and g3 €
H _%(O, T), it is well known that the initial-boundary-value problem

et(x,t) + epge (2, 1) + ex(x,t) =0, x€(0,¢), te(0,T),
e(O,t) = gl(t)a em(éa t) = 92(t)7 emm(gv t) = gS(t)a (Al)
e(z,0) = ep(z).

admits a unique solution [11, 13]

e € Yr == C([0,T); L*(0,0)) N L*(0,T; H'(0,£)) N L(0, ¢; H3 (0, T)) (A.2)
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satisfying

lellye = suplle(- Dllzzo) + lellzozmon + s I Myt g

< C (lleollzagoy + 191l 53 g + N9 llz2c0m) + 9513 0 1) (A.3)

for some positive constant C'.
We now turn to the following initial-boundary-value problem

er(z,t) + egg(x,t) +ex(x,t) =0, z€(0,0), t>0,
e(0,8) = g1(t), ex(l,t) = ga(t),  ean(l,t) — alt)e(l, 1) = gs(t), (A4)
e(z,0) = ep(x),

where a(-) € L*>(0,00) is a given function. Let > 0 and 0 < § < max{1,T} be constants to be determined
and set

By =1z €Yo | lzllyy <},
where Vg and | - ||y, are defined in the same way as in (A.2) and (A.3), respectively. Let eg € L?(0,), g1 €

H3(0,T), g2 € L*(0,T) and g3 € H~3(0,T) in (A.4) be arbitrary but fixed. Define a map I' on By, by e = I'(2)
with e being the unique solution of the following initial-boundary-value problem

er(x,t) + egpe (2, t) + ex(x,t) =0, x€(0,¢), t>0,
G(O,t) = 91(t), el’(gvt) = 92(t)a emﬁ(g’ t) = a(t)z(@, t) + gB(t)v (A5)
e(xz,0) = ep(x)

corresponding to a given z € By ,. By (A.3) and the imbedding theorem, we have

17y < € (leollzzo.n + 19113 . + 92l 00 + 19811 1.0y ) + CIAOE 3 0,

< C (lleollzzo) + 913 .7 + I92llz20,m) + llgsll, - ))+01||auoo|\ E 5 o)
<c(||eo||Lz 00+ 191153 g ) + 92l 20,1 + llgall, - )+0299||04||oo|| (4, )25 0.0
< C (lleollzz) + 191113 g7y + 920120,y + 119813 o 1) + Cob? lallocllZ(E 3 -

If we choose such 1 and 6 that
n=2C (lleoll e, + 191013 gy + 9222001 + 9513 1)
and

Cllallsb? <

N\H

we have

IT(2)lyy <m5 V2 € Boy.
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Moreover, it holds that

1
IT(21) = (22)llyy < §||21 — 22|y,

for any z1,z2 € V. Thus, I' is a contraction mapping on )y whose fixed point e € )y is the unique solution of
the initial-boundary-value problem (A.4) on the time interval (0,6). By a standard argument, the time interval
(0,0) can be extended to (0,7") since 0 depends only on ||a||e. In conclusion, (A.4) admits a unique solution

e € C([0,T]; L*(0,£)) N L*(0,T; H(0,£)), e(z,-) € H3(0,T), Y € (0, £). (A.6)
Noting that the e—subsystem of the error system (2.11) can be rewritten in the form of (A.4), i.e.,

et(x,t) + epun(z,t) + egx(x,t) =0,
e(0,t) =0, ex(£,t) =0, exa(b,t) — sye(lit) = —o(t),
e(z,0) = eg(x)

on account of p(-), ¢(-) € L(0, 00). Thus, it holds that e(¢,-) € H3(0,T) by (A.6), or equivalently

p(t) (eaa(t,t) + 6()) € H3(0,T),
which is the desired conclusion. ]
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