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INTERFACIAL ENERGY AS A SELECTION MECHANISM FOR
MINIMIZING GRADIENT YOUNG MEASURES IN A
ONE-DIMENSIONAL MODEL PROBLEM

FraNcESco DELLA PORTA™

Abstract. Energy functionals describing phase transitions in crystalline solids are often non-
quasiconvex and minimizers might therefore not exist. On the other hand, there might be infinitely
many gradient Young measures, modelling microstructures, generated by minimizing sequences, and it
is an open problem how to select the physical ones.

In this work we consider the problem of selecting minimizing sequences for a one-dimensional three-
well problem £. We introduce a regularization £° of £ with an e-small penalization of the second
derivatives, and we obtain as € | 0 its I-limit and, under some further assumptions, the I'-limit of a
suitably rescaled version of £°. The latter selects a unique minimizing gradient Young measure of the
former, which is supported just in two wells and not in three. We then show that some assumptions
are necessary to derive the I'-limit of the rescaled functional, but not to prove that minimizers of £°
generate, as € | 0, Young measures supported just in two wells and not in three.
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1. INTRODUCTION

A common problem that arises when studying martensitic transformations in the context of nonlinear
elasticity (see e.g. [4, 5, 7, 17]) is to minimize an energy functional

B(y) = / (Vy(a)) da,

where € is an open and bounded Lipschitz domain, and y: 2 — R3 is a map in a suitable Sobolev space satisfying
y = on 9L, for some smooth enough mapping ¢. In this context, the continuous function ¢: R3*3 — [0, +-oc]
is generally such that

JF)=0 = Fek:=) SOB)U,,
=1
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where n > 1 and U; are positive definite symmetric matrices representing the different variants of martensite.
As in general E is not quasiconvex, minimizers for this energy might not exist. Therefore, following the idea
of [4] one can study the behaviour of minimizing sequences, having a gradient that tends in measure to K,
and characterized by interesting microstructures. In order to capture the limiting behaviour of the minimizing
sequences, one can study the relaxed functional

E(l/):/Q s o(F)dv,(F) dz,

where v is a gradient Young measure containing the information about microstructures in the crystal (see e.g.,
[5, 17, 20]). Defining M (R3*3) as the set of probability measures on R3*3, let us consider

supp v, C K, 3y € WH(Q;R?) s.t. y = § on 99, and
Fdv,(F) = Vy(x) a.e. in Q ’

A=< ve L2 (Q; My (R¥*3)) ‘
R3x3

and notice that this set is the set of minimizers of E whenever min £ = 0. Here, we denoted by
L2 (Q; M1 (R3*3)) the space L>(Q; M;(R?**3)) endowed with the weaks* topology. The solutions constructed
in [18] with the technique of convex integration show that the set A might contain infinitely many minimizers for
E, and its elements might sometimes appear non-physical. In agreement with the physics, many authors in the
literature (see e.g. [2, 4, 10-12, 15]) have considered a regularization of E that penalizes the second derivatives
of y such as

E*(y) :A(€2|V2yl2+¢(vy($))) dz or  E%(y) :€|V2yl(9)+/9¢(Vy(x))dx- (L.1)

Here, € > 0 is small and |V?y|(Q) is the norm of V?y as a measure on 2. Many results have been proved
in the case n = 2 and without boundary conditions. For example, it is proved in [12] that the requirement
Vy € BV (Q; K) forces the gradient discontinuities to be just on planes that never intersect in Q. In [10] the limit
solutions for E° as ¢ — 0 when K = {A, B} are characterized via a T'-limit argument. In the two-dimensional
setting with I = {SO(2)A, SO(2)B} the generalised I'-limit has been analysed in [11], and strongly exploits
the above-mentioned result of [12].
More generally, we could argue that the physically relevant minimizers of E are not those in A, but those
belonging to the subset
B { e .A‘ 3 minimizers u’ gf Efi, with €; | 0, such that dg,s5 — v }
in 120 (Q; My (R3*3)) ’

or equivalently 3 where E%/ is replaced by E<.
Finding an explicit characterization for B seems however out of reach for the general three-dimensional
problem. For this reason, in this work we focus on the one-dimensional energy functional

E(u) = /0 (W (ug) + v?) du, (1.2)

which has been often considered in the literature (see e.g. [3, 15, 16, 19]) as a one-dimensional prototype for
E. Indeed, the role of the boundary conditions in more dimensions is played here by the term u? in the energy,
which forces the L?-norm of the minimizers (or of the minimizing sequences) to be close to a prescribed value,
which is chosen to be null for simplicity, and whose gradient does not sit on the wells.
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FIGURE 1. Minimizing sequences for £ when 0 ¢ Z.

Suppose W satisfies

(H1) W : R+~ Ry is a continuous non-negative function;
(H2) there exist ¢1,ca,¢3 > 0 and p € (1,00) such that

c1]s|P —ca < W (s) < es(|sP + 1), Vs € R;
(H3) W(s) =0, for each s € Z, and W(s) > 0, otherwise, where
Z:={seR: s€argmin(W)}.

If Z has a finite number of elements, if there exist 21,29 € £ with 21 < 0 < 23, and if 0 ¢ Z, then W is
not convex and £ does not have minimizers in VVO1 7(0,1). Indeed, by constructing arbitrarily small saw-tooth
functions (cf. Fig. 1) with gradient in Z one can show that inf £ = 0. Therefore, the existence of a minimizer
u € Wol’p(O, 1) would imply u = 0, and hence u, = 0 a.e. in (0, 1), which is in contradiction with the fact that,
by (H3), W(0) # 0. For this reason, we consider the regularized problem

1/ 6 2 2 : 1,p 2
g@ﬁz{ﬁwsum+ﬂqmﬂ+u)¢a if u € WEP(0,1) N H2(0,1), 13

400, otherwise,

which is the one-dimensional analogue of (1.1). £ can also be rewritten by using gradient Young measures (see
e.g., [17, 20]) as

(1.4)

£ (u,v) = &% (u), if we WyP(0,1) N H2(0,1) and v, = () a-e. in (0, 1),
] 4o, otherwise,

with &, denoting the Dirac mass at s. In this case the problem admits a solution in Wy*(0,1) N H2(0,1) and
the question arises as to what happens to the limit of the minimizers u® as ¢ | 0. For every u € WO1 ?(0,1), let
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us define the set of its gradient Young measures:

/sduI(s) = u,(z) a.e. z € (0,1),
R

1
//|s|pdugg(s)dac<oo
o Jr

GYM™ (u) := { v e L(0, 1;M1(R))‘ /devz(S) = Uy, suppv, C K a.e. in (0,1),
K C R compact

GYM?P(u) :== < v e Ly (0, 1;M1(R))’

Here, M(R) and M (R), often abbreviated below by M and M, are respectively the space of bounded Radon
measures p on R, and its subset of probability measures. A preliminary result that is proved later in Section 2

is the following

Proposition 1.1. Let W satisfy (H1)-(H3). Then, £ T-converges to

E%u,v) = fol<<1/z, W) + u2)dx, ifue Wol’p((), 1),v € GYMP(u),
T e otherwise,

in the L?(0,1) x L2 (0,1; M) topology as € tends to 0.

If Z = {z1, 22} with 27 < 0 < 22, then under (H1)-(H3) minimizers (u,v) of £ must satisfy
u(z) =0, v € GYM?(0), supp vy € Z, a.e. in (0,1).

These conditions determine a unique minimizer (u,v) to £%, namely

22 <1 .
u(z) =0, Vg = P 0z — po— 0zs)s a.e. x in (0,1).

Let us assume
(H4) Z = {z1, 22,23}, and, without loss of generality, that z; < 0 < 23 < z3.
In this case, given any arbitrary measurable

A (0,1) — [0, (1 - 9)71],

Z1
the pair (u,v) defined for almost every = € (0,1) by u(z) = 0 and

vy — 23+ A@) (22 — 23)6Z1 @), + z1 + AMx) (22 — 21)

21— %3 Z1 — %3

)

z39

(1.5)

(1.6)

minimizes £%. As a consequence, by assuming (H1)-(H4), uniqueness of minimizers for £° is lost, that is,
the gradient of the minimizing sequences for £ oscillate, and converge in measure to {z1, 22, 23} without any
particular preference. The aim of this work is to prove that minimizers of £ generate gradient Young measures
supported in {z1, 22}, but not in z3. Therefore, by choosing minimizers of £¢ with ¢ | 0 as minimizing sequences

for £, we can select a unique minimizing gradient Young Measure, out of the infinitely many given above.
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Let
V= H?(0,1) N Wy P(0,1).
Then we define I¢ by

I*(u) = I (u,v) = {52 Jo (e + W o) +u?) day i ueVove =0u,),

400, otherwise.
We remark that this problem was thoroughly studied in [15, 16], under the assumption that W is a double-well
potential, and where quasi-periodicity of the minimizers was also proved. As shown below, however, general-
ization to a three well problem is non-trivial and requires a good understanding on the possible shape of the
minimizing sequences. We also point out that the behaviour of I¢ is different from the one of Modica—Mortola-
type functionals (see e.g. [9, 14]) as € | 0. Indeed, in our case the term in u? forces minimizers of I¢ to oscillate

faster and faster as € | 0, making the number of oscillations in the gradient tend to infinity. In what follows we
define

Eo::2/ W (s)] 2ds, E1::2/ (W (s)|=ds,

z1 zZ2
and
2 1
Ay = i%f(B_lzgzgldQ + Eod 1Y) = (2713)3E§ (22201) 7,
By := i%f(3_1232,231d2 +(Eo+ Ey)d™ ') = (2_13)%(E0 + El)% (232,2’31)5.
where z;1 := (1 — £t) for ¢ = 2, 3. Further assumptions on W are as follows:

21

(H5) (Coercivity) There exist 0o € (0, min{1, —z1, 22, 25%2}), ¢g > 0, ¢ > 0 such that

W(s) > co min{miin s — 2], |nol?}, Vs € R.
(H6) Let fo(y) := 9(Eo + E1)* (23 + 23 + 3y2z2(y2s + 22)), then
fo(y) = (Ao + Boy)3 >0, foreveryy > 0.
(H7) Let fr(y) := 3(Eo + 2E1)* (23221 + y®23 231 + 3y22231(y23 + 22)), then

fa(y) = (Ao + Boy)3 >0, foreveryy>0.

(H8) Let

2 _ 2
fg(y) — 9(E0 +E1)2 <25221 +y323231 _ 3(y Z31%3 22221) )

4(z91 + yz31)

then,

fe(y) = (Ao + Boy)3 >0, foreveryy>0.
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These technical assumptions are used to guarantee that the microstructures constructed in Section 3 are ener-
getically preferable to those constructed in Propositions 7.1 and 7.2 (see also Fig. 7). Here by microstructure
we mean the shape of a building block which is repeated quasi-periodically in configurations of low energy for
I¢. The period gets smaller with €. The preferred microstructure clearly depends on the position of the wells,
that is on z1, 22, z3, and on the cost of passing from one well to the other, that is on Ey, E;. (H6) and (H7)
reduce to checking that two cubic polynomials are non-negative on R;. (H6)—(HS8) can be verified easily with a
computer and hold in a wide range of cases. We refer the reader to Section 7.1 for more details and for a couple
of examples.
The first result that we prove is a second I'-limit for £, that is a [-limit result for I¢.

Theorem 1.2. Assume (H1)-(H8). Then I¢(u,v) I'-converges in the L*(0,1) x L2, (0,1; M) topology to

I(u,v) = Ao [y ve(z2) Az + By [y va(z3)dz, if u=0, v € GYM™(0), suppv, C Z a.c.,
T +0o0, otherwise.

We remark that, as v € GYM™(0), and suppv C Z a.e., we must have

1 1
/ Vp(23)do = 23" — @/ Vg (22) dz.
0 0

231

On the other hand Ay < %Bo, so that I°9(0,v) is a linearly decreasing function of fol Vg (22). Therefore, the
minimum of I° is attained at

1 1
/ Vg (23)dz =0, / Ve(22) do = 25,
0 0

Thus, minimizing sequences for £ have gradients tending in measure to {z1, 22}, and z3 is not seen in the limit.
That is, the vanishing interfacial energy limit selects a unique minimizer out of the infinitely many minimizers
of £°.

As shown in Section 7, (H7) and (H8) are necessary conditions to prove the above I'-limit result. Nonetheless,
it turns out that we can characterize the set of gradient Young measures generated by minimizing sequences for
I¢, even without the second I'-limit for £. This is the result of the following theorem, where also (H6) is relaxed:

Theorem 1.3. Assume (H1)-(H5) and 23 < 3|21|. Then any sequence u? € V of minimizers for £, with
g; — 0, is such that v/ — 0 in L*(0,1), b, — v in L. (0,1; M), and v € GYM®™(0) satisfies

Z9 Z1
Supp Vg S {Z1722}7 Vy = 6z1 - 6227 a.e. r € (0, 1)
22— 21 22— 21

In this way we have shown that, in our case, even if the set of gradient Young measures minimizing £° has
infinitely many elements, its subset generated by minimizers for £¢, which are also minimizers for the regularized
and rescaled problem ¢, contains just one element.

Therefore, the one-dimensional model problem studied in this paper confirms that vanishing interface energy
can be used as a tool to select minimizing gradient Young measures. This suggests that for the three-dimensional
problem F the set B is actually much smaller than A. Furthermore, our results show that the shape of the second
I-limit for £ might change with the shape of ¢. Nonetheless, as in our model problem, it might be possible to
characterize B independently of the second I'-limit for E<.

The plan for the paper is the following: in Section 2 we prove Proposition 1.1, in Sections 3 and 4 we compute
some upper and lower bounds for I¢. Section 5 is devoted to prove Theorem 1.2, while Section 6 is devoted to
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prove Theorem 1.3. Finally, in Section 7 we sketch necessity of (H7)—(H8) and give an example where (H7)—(HS)
hold, and one where they don’t.

In the following sections we will denote by ¢ a generic positive constant depending only on the parameters
of the problem, and not on the quantities N, M, N, M., n, €, i1, j, o appearing below. Its value may change from
line to line or even within the same line.

2. PROOF OF THE FIRST [-LIMIT

In this section we prove Proposition 1.1.

We first observe that, as £°(u,v) is a monotone sequence in ¢, the I-limit exists and is given by the lower
semicontinuous envelope of the pointwise limit of the sequence (¢f. [8], Rem. 1.40). That is, the I-limit is given
by

(2.1)

sc f01(<Va:, W) + u2)dac7 if u € V,v, = 6,, @) ae. in (0,1),
+00, otherwise,

where sc denotes the lower semicontinuous envelope with respect to the topology L2(0,1) x L% (0,1; M). We
first claim that (2.1) is equal to

e f01(<uz, W) +u?)de, if u e Whr(0,1), v, € GYM? (u), (2.2)
400, otherwise, '

that is we can relax the requirements u € V,v, = d,, () a.e. in (0,1). Indeed, given an u € Wol’p((), 1), we

can approximate it by u/ € H?(0,1) such that v/ — u strongly in VVO1 "P(0,1). Therefore, by passing into the
limit as j tends to oo we can drop the requirement v € H?(0,1) in (2.1). Now, let v € GYMP(u) for some
u € WyP(0,1). Then by ([20], Thm. 8.7) we know the existence of a sequence u/ € WP(0,1) converging weakly
to w in WhP(0, 1), strongly in L?(0,1), such that §,; converges to v in Lg. (0, 1; M). Thanks to ([20], Lem. 8.3),

the sequence can actually be chosen in W, *(0,1). Therefore, the fact that (cf. [20], Thm. 6.11)

1 1
lim_inf/ (0,5, W)dx 2/ Ve, W) de,
J 0 * 0

allows us to drop also the requirement on v that v, = 4, () for a.e. v € (0, 1), concluding the proof that (2.1)

is equal to (2.2). We now claim that we can drop sc from (2.2), which means that

f01(<um, W) +u?)da, if ue Whr(0,1),v, € GYMP(u), (2.3)
~+00, otherwise, '

is already lower semicontinuous in the L?(0,1) x L2 (0,1; M) topology. To prove this claim, it is sufficient to
show that for every sequence (u;,v7) € L?(0,1) x GYM(u;) converging to (u,v) in L?(0,1) x L3 (0,1; M),
we have liminf; £%(uj,1v7) > £9%(u,v). We will follow the approach devised in [6]. If liminf; £%(u;,1v7) = oo,
the thesis follows trivially. Therefore, by passing without loss of generality to a subsequence, we can assume
E%uj, ) < C. By (H2), this implies that

1
/ (Wi |- Pyde < C,
0
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and, by ([21], Thm. 3.6), we deduce that v, is a probability measure for almost every x € (0,1). Jensen’s
inequality and the fact that | - |P is convex yield

1 1
/ |7 P da < / (Vi,]-|Pyda < C, where 7= / sdvi(s).
0 0 R

It follows that 7 — » in LP(0, 1) and, therefore, that u; — u in W'?(0, 1), where u, = v. A result like the one
n ([21], Prop. 4.5) finally gives us that v € GYMP(u). At this point, an application of ([21], Prop. 3.7) allows
us to deduce that liminf; £%(u;,17) > £%(u,v), thus concluding the proof.

Remark 2.1. Following the same strategy it is actually possible to prove that £° and E* I-converge in the
LY (Q) x L2 (Q; M1 (R3*3)) topology to E as € — 0.

3. CONSTRUCTION OF AN UPPER BOUND

In this section we prove the following proposition:

Proposition 3.1. Assume (H1)-(H5), letn e N, n > 2, and let 0 =21 < x9 < --- <z, = 1 be a partition of
[0,1]. There exist ¢ > 0 and g9 = eo(min; (2,11 — x;)) > 0, such that for every e < eg we can find u € V with

Tiq1
/ (e*u2, + e W (uy) + e 2u?) do < Agzyy (i1 — a4) + e, fori odd,
;i

. (3.1)
i+1
/ (e*u2, + e W (uy) +e %) da < Boza  (xig1 — o) + 5, for i even.
1
Furthermore, for every o € (em={3.at 1),
’f((xz,xzﬂ)ﬂ{\um—zﬂ <U}) — Zy; (chﬂ — ’ +|$( Xy Tip1) N {|ug — 23] <a})| < (3.2)

’.i”((a:z,xz“) N{|ugy — 22| < 0})‘ + ’.,2”( iy Tip1) N {{uz — 23] < a}) — z31 (Tig1 — |

respectively when i is odd and i is even.

Proof. Here we generalize the approach devised in [15]. For simplicity, we prove the statement assuming n = 3
and xo = o for some Iy € (0,1). Let us also define Az, A3 as Ay := zillo and Az 1= z?il(l —lp). We first construct
the bit of u with energy AgAs in (0,1p), and then use the same argument to construct on (lg, 1) the bit of u
which has energy BpAs.

We stall"ct by splitting the interval (0,lp) into N pieces of length Iy := ZLN)‘Z = lﬁo Let us also consider w(x),
solution o

i, = VW (W),  w(0) = 0. (3.3)
Standard ODE theory tells us that w exists, and that @ is strictly increasing with « when w(z) € (21, 22). We
point out that, in case ¢ < 2, the solution might not be unique. In this case, when solutions encounter z; or

z9 we choose the one that stays bounded in [z, 22] and does not decrease/increase further. As w(x — w) still
satisfies the equation in (3.3) for every w € R, we will choose w = w* so that

In
Fw") := /0 w(s —w*)ds = 0. (3.4)
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Indeed, this is possible as F' is negative for w — oo, positive when w — —oo, continuous and decreasing. Now
we define w as

w(z) = {UA}(m —w' =), if x € (z;,2;41) when i even,

W(xi41 —w* —x), if x € (x;,2;41) when i odd,

where x; :=ily for i =0,..., N. We are now ready to construct u as

and to notice that, by (3.4), u(z;) =0 for each i = 0,..., N. By (3.3) we have
Tit1 Ti41 1 z2 1
/ (%2, + =W () do = 25/ W ()| [t | A < 25/ W (s)|¥ds = F.

k3 i zZ1

On the other hand, called x} the point in (x;, z;11) such that uy(z}) = 0, and assuming without loss of generality

that ug, > 0 in (x;,z}) (the case u, < 0 is similar), we have

N
Z;

Tit1 x] Tit1
/ u?dr < / (22(x — xi))de + / (z1(@ig1 — a:))de =371 (23a® 4+ 217°) 1%, (3.7)

where
o =2 ((zo, 1) N {w > 0})14", v =2 ((zo,z1) N{w < 0}) 15"

Therefore,

lo
/ (e'u2, + e W (uy) +e %) da < N<3—15—2 (230® + 229°) 1% + an)
0

(3.8)
=1y (31(z§a3 + 237%)d2 + E0d81>,
where d. = Z?N Now, chosen 1 € (0,79), with 79 as in (H4), we notice that
In
0= / w(s —w*)ds < (z2a + (21 +n)y)In + 1, (3.9)
0
with 7 := — (21 + ) Z({s: w(s —w*) € (21 +1n,0)}). But r can be estimated as follows: we can rewrite (3.3) in

terms of ¥ :=w — z; as

30, = =W (0 + 21), 9(0) = —21,

where we also made the change of variable y = —x. Now, called y* the point in R where 0(y*) = g, by (H5)
we have

%0y (y) < —¢, for all y € (0,y"],
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for some ¢ > 0. After an integration in y between 0 and y*, this leads to y* < ce3. In the same way, when
n < < no, (H5) implies

max{3,q}
2

%0, < —cold)2 < —cold

Let us now denote by § the point in R* such that 4(¢) = 1. An integration between y* and § yields § — y* <

max{3,q}
3 1,%

ce’n . Thus, as Z({s: w(s —w*) € (21 +1,0)}) = §, we have obtained
max{3,q}
| < |2 < eePpt T (3.10)
This together with (3.9) thus imply
v < Zater, (3.11)
|21
where 7 := 1 + ng’nl’w. On the other hand,
!
0= / w(s —w*)ds > ((z2 — n)a + z17)In + 11,
0
where now 71 := (22 — 1)L ({s: w(s —w*) € (0,22 —n)}). By arguing as to get (3.11), we have
<2 _
—a <y +cr,
|21
and, as a + v =1, by (3.11) we thus deduce ‘oz — ZIijz ‘ < cr. The fact that, by construction, Iy lejzz = A also
implies
)\2 —cr S Oélo S )\2 +cr. (312)

We now choose N as the smallest even integer larger than lo(ed*) ™!, where

d* = (3Ey)* (2A§zo—3z§(1 - Z))

In this way, d. < d*, d-! < ce+ (d*)~! and N < ce7L. Let us also choose 1 = gmax%&q}, so that 7 < ce TR (T
4
and em==(3.aF < 1 for each € < gy < 1. By exploiting (3.11)—(3.12) in (3.8) we thus get

lo
/ ("2, + e W (uy) +e %) dz < o (3_1a3z§(1 - Zj)df + Eods_l) +cF
0 <1

_ _ z2 _ -
<l (3 N335 (1 — Z)df + Eyd; 1) + cF (3.13)
<1 (31A3153z§(1 — 2y 4 Eo(d*)l) T oF
z1
< )\QA() + cr.
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4
Here and below 7 := emax{3.a¥ 4 ¢. We remark that « depends on ¢, but for every o € (e (5,7 , 7o), we have
that

2((0,1p) N{|uy — 22| < 0}) = alp — R, (3.14)

where R = N.Z((zg,z1)N{s: 0 < w(s) < z2 —0)}. By arguing as in the proof of (3.10) with 7 replaced by o, we
have that |R| < cNol~max{3:4}¢3 < o= max{3.a} 22 Thus, since we assumed o > emtnar | we deduce |R| < ce.

Therefore, by recalling (3.12) with n = ety , from (3.14) we finally obtain
|-Z((0,10) N {|ux — 22| < 0}) — Ao < cemaTaT + ce. (3.15)

Let us now focus on the interval (lp, 1), where we want to construct the part of u related to the By—term
of the energy in (3.1). This part of the argument is very similar to the one above, however, as there might
be no solution to (3.3) connecting z; to z3, this time we need to construct an u whose gradient is slightly
more complicated. Below, we try to highlight the differences from the case above without incurring into many
repetitions. Let us consider w to be the solution to

e, = /W(D),  w(so+2u"") = 2+ p, (3.16)

where sp > 0 is such that w(sg) = 22 — pu, W is as in (3.3), and 6 = %(max{q,?)} — 2). Here and below

U= Emax{;q}ﬂ, so that pu? = ¢2. We remark that an argument as the one to prove (3.10) yields

1_max{3,q} )

So < cs?’u 2 < ce?,

so that sg does not explode but actually goes to zero faster than . Again, if ¢ < 2 @ might not be unique, but
we choose the one which stays bounded in [z, 23]. Let us define v as

w(s), if s < s,
v(s) = p0(s —s0) + (20 — ), if 89 <5< s+ 2uft,
w(s), if so 4+ 2uf*! < s.

Again, we divide (lg, 1) into M subintervals of equal length [; := M ~1(1—1p), and notice that, as v is monotone,
we can find w, such that

Im
/ v(s —wy)ds =0.
0

As in the previous part of the proof, we construct

w(z) = {v(:z: — Wx — Yi)s if ¢ € (y;,yi+1) when ¢ even and i # 0, (3.17)

V(Yir1 — wx — ), if x € (y;,yit1) when i odd,

with y; :=lo + ilps, for i =0,..., M, and v as in (3.6). We remark that, as in general
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w needs to be defined differently in (yo, 1) in order to be continuous and to have u € H?(0, 1). For this reason,
we construct w as follows in (yo, y1):

w(—w*) + 2 (21 — w(—w")), if 2 € (yo,y0 +€%),

21, ifze(yo+edy+ed+a),
w(z) = z1—|—s_y‘36$(z3—21), if z € (yo+e3+a,yo+ 23+ a),

23, if z € (yo +2¢%+a,y; — %),

vl —we) + B52 (z3 —v(ly —wy)), ifze (yr—e ),

where a is such that f;)l w(s) ds = 0. We point out that such a exists for each e < &g, for some €y < 1 depending
on z1, z3 and lo only. After defining w in (yo,%1) as in (3.6), we have u(yo) = u(y1) = 0 and

Y1 Y1
/ u?(s)ds < (max{\z1|,Z3})2/ (s —yo)*ds < cl3;,e73.
Y Yo

0

Thus,

Y1
/ ("2, + e 2 W(uy) +e 2u®)ds < cle +e2M7?).
y

0

On the other hand, if ¢+ > 0, by the definition of Ey, E; and by the way we constructed u we have

Yi+1 Z2 Z3
/ (%2, + e W () do < 2¢ ( / W (s)[¥ ds + / (st ds) et (P 4 a2
Yi z1 Z2

< e(Eg+ Ey) + cue.
Furthermore, once defined

Bi=L((yy2) N {w =0}, v =2 ((y1,2) N {w < 0})l3/,

by arguing as in the proof of (3.7) we deduce

Yi+1
/ u? < 3_1(2'%63 + zf’ys)l?\/[.
Yi

Therefore, collecting the inequalities above

1
/ (e'u2, + e W (uy) + e %u?) da
lo (3.18)
< c(peM e+ 72U %) + (1= o) ((Bo + By)h: ' + 371 (38° + 23%)2),

where now h. = 2. As in (3.9) we have

Iy
0= / v(s —w*)ds > (217 + (23 — 1) B)lp — ra, (3.19)
0
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with ro := (23 — 1)L ({s : v(s — w*) € (0,23 — p)}). We first notice that
ra = (5 — 1) (17 + 50+ Z ({5 B(s) € (22 + 25 — )})).
Thus, by arguing as in the proof of (3.10), we first deduce
L ({s:(s) € (22 + o2y — p)}) < ee¥pl =TT,
and therefore
3, 1 mexid.o) 0+1 2
[ra] < c(e’p T 5o+ putT) <ecet. (3.20)
Define 75; := Me? + p, then (3.19)—(3.20) imply
23 _
B <y +crm. (3.21)
|21
In the same way, we can prove that
<3 _
v < 71|5+ch, (3.22)

and, recalling that 8+~ =1, (1 —1lo) ;2 = A3, by (3.21) we obtain

A3 —cry < 6(1 — lo) < As+crpy.

(3.23)
Then, after choosing M to be the smallest integer larger than (1 — ly)(eh*) ™}, with

1 2 -1
Pt i= (3(Eo + Bn))® (2051 — lo) 23 (1 - ??)) Y
and exploiting (3.22)—(3.23), (3.18) becomes

1
/ (e*uZ, + e 2W(uy) + e 2u?)da < (1 - lo)((Eo + ED)R;T 4+ 37 A3 (1 — 1) (1 - zi)iﬁ) + cf
l() 1
< ﬁBo(l — l()) + ¢ < BoAs + cr,

where # = ¢ + p. Here, we repeatedly used the fact that M < ce™', M~! < ce and that pu,e < 1 in order to
estimate the above error. This together with (3.13) proves (3.1).

1
Now, since o > gmax{8.a} >

.i”((lo7 )N {|ug — 22| < a}) < .i”((lo,l) N{Jug — 22| < ,u}) —l—.i”((lo,l) N{p < |ugp — 22| < a})

max{3,q}
< eM(pft + 30T e < ce,

where we argued as to get (3.10) in order to bound £ ((lo, 1) N {x < |uy — 22| < o'}). Furthermore,

Z((lo, 1) N{|uz — 23] < 0}) = B(1 —lo) + B2 — Blar + L ((yo, y1) N {|uz — 23] < 7}),
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FIGURE 2. Piecewise approximation of the constructed function. In panel a we show the function
constructed in (0,lp), whose gradient oscillates between z; and zo. In panel b we show the
function constructed in (lp, 1), whose gradient oscillates between z; and zs3.

where Ry := (M —1).Z((y1,y2) N{v(s —w*) € (0,23 — 0)}). As Ry < cM|ry| < ce and Iy < ce we have
|2 ((lo, 1) N {Jug — 23] < 0}) = B —lo)| < ce. (3.24)
Now, recalling that (3.23) implies |A\s — B(1 — lp)| < ¢f, (3.24) and the triangular inequality imply
}.Z((lo, DN {luy — 23] < o}) — )\3| < cr.

This together with (3.15) lead to the second statement of the result. O

4. CONSTRUCTION OF A LOWER BOUND

This section is the core of this paper, and is where we prove a lower bound for the energy depending on the
global volume fractions A}!(v) defined in (4.2) below, and representing the one-dimensional Lebesgue measure

of the set where v, is in an n-neighbourhood of z;. Here, n € (E#,no), 7o is as in (H4) and v € V. We point
out that the presence of a third well gives the possibility of many different microstructures (see e.g., Figs. 2a,
2b and 7), and makes the estimates below long and technical.

The strategy to prove our lower bounds is the following: for every v € V of finite energy we identify
L-intervals (see Def. 4.3), sets in which v, > z; + 7 and containing at least a point where v, > 22 + 1. By
Lemma 4.2, the number N, of L-intervals is finite, and can be bounded by a constant times % In Proposition
4.8 we estimate from below the L?-norm of v in the L-intervals L; C (0,1), with i = 1,..., N,. We highlight
that the sharp estimates are different for different types of microstructures (see Def. 4.7 and Fig. 5). We then
identify (possibly empty) regions ¥; C (0,1) in the set where v, is in an n-neighbourhood of 21, and in these
sets we estimate the L2-norm of v. The lower bounds for the L%-norm in the sets ¥; are combined with the
L?-estimates in the L;’s to obtain good lower bounds for the L2-norm of v on every disjoint set F; := L; U X;.
The interface energy, that is, the energy necessary for the transition of v, from one well of W to another, can
be bounded via the Modica—Mortola estimate

g (b

)
VvV W(s)ds|,

b b
/ (e"2, +e W (vy)) dz > 25/ VW (03 ) V| A > 2e

vy (@)
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d A" D—interval AT

L—interval

FicURE 3. Example of L-interval and D-interval as definded in Definition 4.3. In this picture,
the red, the blue and the green intervals are respectively the sets of points where |v, — 21| < 7,
|vz — 22| <, and |v, — 23] < 7. The B -transition layers are coloured in yellow.

valid for every 0 < a < b < 1. We show that for each i =1,..., N,

+ i(L2—norm of v in F}) (4.1)

energy of v in F; + small error > e(interface energy in F;) 5
€

1
E(LQ—norm of v in FZ)}

> gli]g{d(interface energy in F}) +
In the two-well case (see [15]), it is possible to sum the resulting lower bounds over i = 1, ..., N,, and to obtain
a lower bound depending on global quantities only. In our case, however, the lower bounds deduced via (4.1) are
nonlinear in the volume fractions «;, 8; (see (4.6) below), defined respectively as the Lebesgue measures of the
regions of F; where v, is close to zs, z3. Furthermore, we get lower bounds which are different depending on the
different microstructures in the interval (see e.g., Figs. 2a, 2b and 7). This means that different microstructures
give a different dependence of the lower bound on the volume fractions «;, ;. These facts increase the complexity
of the problem, as they do not allow one, in general, to collect the estimates for the different F; and to obtain
a lower bound depending only on the global volume fractions A} (v), k = 1,2, 3.

Finally, in Theorem 4.10 we use assumptions (H6)—(H8) to bound from below the estimates obtained in
Proposition 4.8 with the linear function Aga; + BoB;. We can hence sum the contribution of every disjoint set
F; and obtain the final lower bound ApA3(v) + BoAj(v). The final estimate looks independent of A (v), but this
is because we implicitly make use of

3
Z Al(v) =1+ small error.
k=1

Let 19 > 0 be as in (H4). Given a generic v € H%(0,1), n € (0,70), let us define the kth global volume fraction
for v as

M) =2 ({z € (0,1): Jvg(z) — 2| < n}), k=123, (4.2)

and let us also generalize the definition of transition layers given in [15] (¢f. also Fig. 3)
Definition 4.1. Let v € H?(a,b) and 1 € (0,7). An interval (z~,z") is called an A7 -transition (resp. an
A" -transition) layer for v if

(x) € (21 +1n,22 — 1), Vo € (x7,aT),

(x7)=2z1+mn, (resp. vz (z1) = 21 + 1),

(Iﬁ) (resp. vg(z7) = 22 — 7).
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An interval (z7,x") is called a B! -transition (resp. a B”-transition) layer for v if

v () € (22 + 1,23 — 1), Vo € (z7,2h),
va(z7) =22 +m,  (tesp. vg(aT) = 22 + 1),
vala™) = (resp. v (a™) = 25 — ).

Given a function v € H?(0,1) and n € (0,70) we denote by #A” (or by #A”,#B,#B") the number of
Al -transition layers for v (resp. #A”,# B!, #B" -transition layers for v) in the interval (0,1). The number of
transition layers of a function v with bounded energy can be controlled by a constant times ¢!, as stated in
the following lemma:

Lemma 4.2. Assume (H1)-(H5), n < no, and let ¢ > 0 and v € H?(0,1) be such that I¢(v) < C. Then, there
exists ¢ = ¢(C) > 0 such that
max{#A], #AT  #B] #B"} < ce "

Proof. Let us first recall that, given 0 < a < b < 1 we have

/ (2, +e2W (ug)) do > 2¢ / VW (02 e | do > 2| H(va(b)) — H(va(a))], (4.3)

where H (s fo VW (r)dr. Now, let us restrict ourselves to the case of the Al -transition layers, as the proof
for the B" -transition layers follows the same strategy. Let (z7,z%) be an A’7 -transition layer, then by (4.3)
and the fact that n < np we have

+

/Jc (e"2, +e7*W(vy)) dz > 2e(H (22 — mo) — H(z1 + o)) > €6, (4.4)

for some positive constant ¢. Summing all the A’ -transition layers we thus get
C > I*(v) > ec(#AL + #A7),

which concludes the proof. O

We can now introduce also the D-intervals, which are the intervals between an A’ -transition layer (y~,z7)
and the first A” -transition layer (y*, ™) in order of appearance in (0,1) after (y~,z~) (see Fig. 3):

Definition 4.3. Let v € H?(a,b) and n € (0,70). Let (y~,2~) be an A’ -transition layer for v and (y*,z%) be
an A" -transition layer for v, with x= < 2. We say that (y~,y™) is a L-interval for v, if

vy(x) > 21 +n, foreachz € (y ,y"), and v(yT) = ve(y") =21 + 1. (4.5)

If (4.5) holds, the interval (z—,x™) is called a D-interval for v.

It is important to notice that v, might take negative values in a D-interval. For every v € V| the number
N, = number of D-intervals for v in (0, 1),

is finite. Indeed, for every v € V, v, is continuous and N, is equal to the number of A’ -transition layers, which
is finite by Lemma 4.2. We denote by D; the ith D-interval in order of appearance in the interval (0,1), where ¢

goes from 1 to N,,. This means that, given two D-intervals D; = (z; ,z;) and D; = (z z; ,a:j'), we have z;7 < z;
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/

: b
FIGURE 4. Representation of Lemma 4.4. In blue the optimal-function v € W'(a,b), which

is convex, in red a generic function v € Wh(a,b) such that u(a) = v(a) and (4.8) holds.

if and only if i < j. The same can be done for L-intervals. Given v € H?(0,1) we define also the following
quantities

o (v) = ZL({z € D;: lvg(x) — 22| < n}), Bl(v) = ZL({x € D;: lvg(z) — 23] <n}). (4.6)

measuring the subset of D; where v, is respectively close to zo and z3. For ease of notation, we omit the
dependence on v of o, 8 and A}. In what follows we will also drop the 1 from o, 8}, keeping their dependence
from this variable implicit. We remark that, denoting Dy = (z],2]), Dy, = (TN, z}v), we have

Ny
Zai +Z({z € (0,27)U (mﬁv, 1): |vg(2) — 22| <n}) = A3,
i=1

N,
S8+ 2 ({r € (0,07) U, 1) o) — 5] <0}) = A,
=1

and that, in general, «; + 5; < Z(D;). Below, we estimate the energy of a generic v € V on every D-interval
in terms of the quantities «;, 8;. In order to do that, we first need to prove the following lemma, which is
graphically explained in Figure 4.

Lemma 4.4. Let 0 < a < b <1 and let u,v € Wh1(a,b) be two non-decreasing functions such that u(a) = v(a)
and

ZL({z € (a,b): uy > p}) = L({z € (a,b): vz, > p}), (4.8)

for every p > 0. If u is the optimal function, that is if u, is non-decreasing in (a,b), then u(x) < v(x) for every
x € [a,b)].

Proof. We first notice that, as u, is nondecreasing, {u, > p} is either empty, or an interval containing b. Thus,
for every = € (a,b), we have

&L ({uz 2 py N (a,2)) = (L {uz 2 p}) +2-0), = (L{ve 2 p}) +2-b), < ZL({vz > p} N (a,2)),

where we denoted by (-)4 := max{0, -}, and where we used Z(ANB) = L(A)+ £ (B) — £ (AU B) in the first
and last passage. Therefore,

u(z) — ula) = /$ ug(s)ds = /OOO.,?({U,qc > p}N(a,z))dp < /Ooof({vx > p}N(a,z))dp =v(z) —v(a),
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for every z € [a,b]. As u(a) = v(a), the claimed is proved. O

Remark 4.5. It follows from Lemma 4.4 that, given 0 < a < b < 1, and two Borel sets C1,Cy C (a,b) such that
C1NCy; = @, then

/:(7'0+ Z 7. ((a, ) ﬂCi))de 2/

i=1,2 0

Z(C1) Z(C2)
(10 +Tla;)2 dx—l—/ (0 + 1Z(Cy) + ) dz
0

for any 79 > 0, 79 > 7 > 0.

We can now start to estimate the energy in the L-intervals. We start by obtaining the desired lower bound
for all the L-intervals in which «; and f; are either too small or too large.

Lemma 4.6. Assume (H1)-(H5), and let v € H*(0,1), n € (0,m0) and € < n? be such that I¢(v) < C, with
C > 0. Then, there exist R.,R*(C) > 0 such that for any L; = (y; ,y;"), with max{a;, 8;} > R*e or
max{aiaﬂi} S R*57

v
/ (e"2, + e 2 W (vy) + £~ 20%) da > Aga; + BoBi. (4.9)

Yi

Proof. First we want to prove that if either a; or 3; is too large, then v also becomes large, and hence its L?-norm
on Dj is bigger than Aga; + Bof;. In order to do this, let max{a;, 8;} = Re for some R > 0. Let D; = (x; ,x]").
We assume the existence of x} € (z;,z;) such that v(z}) = 0, but the following estimates hold in the case

v >0 (or v <0)in (z;,z;) by taking 2} = z; (resp. 7 = z;7). Assume also without loss of generality that

max {2 ((7,2F) (1 {Jva — 22| <1}), Z((@F,5F) N o — 28] <))} > o2

i i 5’

(4.10)

the alternative case can be proved similarly by replacing below (z7, x;”) with (z;,z}). We now approximate
from below v in (z7, zj) with a piecewise linear function minus a small error proportional to . Later, we use
Lemma 4.4 to estimate the L?-norm of v from below with the L?-norm of its piecewise linear lower bound. We
remark that, as (y; ,y;") is a L-interval for v, v, (z) > 21 +n for each z € (y; ,y;"). Therefore,

v(z) > /I vpda > (22 — )L (@7, 2) N {ve — 22 > —n}) + (21 + )L ((2], @) N {z1 + 7 < v, <0}).  (4.11)

The last term in (4.11) can be controlled from below by (z1 + )£ (2"), where
Y1i={z € (0,1): |vyg — 2| >, Vk =1,2,3}. (4.12)

By the boundedness of I¢(v) and (H5), we can write

1
0 Z (EM)n? < W (vg)da < / W(v,)dx < Ce?,
5 0

which implies

L(8") < e’y (4.13)
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It follows then from (4.11), (4.13) and € < n? that

v(x) > eZ (], ) N {ve — 22 > —1}) — ce, (4.14)

+

for every = € (xf,z;") and some positive constant é. Therefore, thanks to (4.10) and Lemma 4.4,

at

'I:LF (2
2/ vgdx—i—CEQ(ac;r—xf)Zéz/

vl

* 2 = £ ) 62 -
(X((mi,x)ﬁ{vm—zzz—n}D de > ¢ /0 - dx > gg R,

*
i

which, by using the fact that

(z] —af) <2Re+ Z(X") < ce(1+ R), (4.15)
yields
v af
/ (e"2, +e 2 W (vy) + e %v%) da > 5_2/ v?de > éeR? — ce(1+ R), (4.16)
Y T,

for some ¢ > 0. On the other hand, there exists ¢* > 0 such that
Aga; + BB < c* Re. (417)

Therefore, setting R* as the biggest root of ¢R? = (¢ + ¢*)(R + 1), we deduce that, if R > R*, (4.16)—(4.17)
imply (4.9).

In order to show that R cannot be too small, we recall that in every L-interval there are exactly two A —
transition layers. By (4.3)—(4.4) we thus have

Yi
/ (e"2, + 2 W(vy) + e %v%) da > ¢,
y

for some ¢ > 0. Hence, if we set R, = =, by (4.17) we deduce that (4.9) holds for every R < R.. We remark
that R*, R, do not depend on i,v,e,n in any way. R, does not depend on C' either. O

Let n; be the even number of BY-transition layers for v in D;. If n; = 2, we denote the B’ and the B”-
transition layers for v in D; respectively by (z;;,2) and (z7,,25), and we define E; as E; := (2,2 ,).
We remark that, in general, §; < .Z(E;), but that v,(z) > 25 + 1 for every = € E;. The energy estimates in
Proposition 4.8 below are different for the different types of D-intervals given in the following definition (see
Fig. 5)

Definition 4.7. Let v € V, n € (0,79) and ¢ < 797! be such that I¢(v) < C, with C > 0. Let D; = (z; ,2])

be the ith D-interval for v, and n; € 2N be the number of B -transition layers for v in D;. Then we say that
Di is of

e type 0: if max{«;, 3;} ¢ (¢R«,eR*);
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(¢c) D—interval of type III (d) D—interval of type IV

FIGURE 5. Classification of D-intervals (c¢f. Def. 4.7). In this picture, the red, the blue and
the green intervals are respectively the sets of points where |v, — 21| < 7, |v: — 22| <1, and
|v; — 23] <n. The BY-transition layers are coloured in yellow.

e type I if max{a;, 8;} € (¢Rs,eR*) and v(z; )v(z]) > 0;

K2

x
e type IL: if max{a;, B;} € (eR.,eR*), v(z; )v(z]) < 0 and either n; = 0 or n; > 4;

2

e type IIL: if max{a;, B;} € (R, eR*), v(z; )v(x]) < 0, n; = 2 and there exists no x} € E; such that

3

v(z7) = 0;
e type IV: if max{a;,3;} € (eR.,eR"), v(z] )v(z]) < 0, n; = 2 and there exists x} € E; such that
v(zf) =0.

In this definition R,, R* are as in the statement of Lemma 4.6.

In Proposition 4.8 below we prove some lower bounds for the L2-norm of v in the D;’s. Then, we identify
disjoint sets ¥;, i = 1,..., N, in which |v, — 21| <7, and in these sets we estimate from below the L?-norm of
v in terms of a;, 8;. We then combine the estimates in the 3;’s with the estimates in the L;’s, and we argue as
in (4.1) to obtain a lower bound for the energy on the sets F; = L; U3;. The results of Proposition 4.8 are the
basic tool to prove both Theorem 4.10, from which follows Theorem 1.2, and Theorem 6.1, from which follows
Theorem 1.3.

Proposition 4.8. Assume (H1)-(H5) and let C > 0. Then, there exists m1 = m1(C) € (0,m0) such that, for
every n € (0,1m1), € < 9Tt and v € V satisfying I¢(v) < C, there exists a collection of (possibly empty) Borel
sets 3;,1i=1,...,N, such that

XNE;=NNnNL;=%NL; =0, forevery j #£ie€{l,...,Ny},
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and, for everyi=1,...,N,,

/ (541{3@ + e W (v,) + 5_2112) dx > Agay; + Bof;, if D; is type 0,
L;US;

1 .
/ (641)335 + e 2W (vy) + 672112) dae > o f¢ (&) — cem, if Dy is type I,
L;u%; Qg

s (4.18)
/ (54viz + e W (v,) + 5_2112) dz > o f7 (=) — cen, if D; is type II,
L;Us; (67

i

/ (e*v2, + e 2W(vy) + e %0%) da > aifsé (%) — cen, if D; is type II/IV
L;Ux;

where fq, f7, fs are as in (H6)—(HS).

Remark 4.9. The first, the third and the fourth lower bounds in Proposition 4.8 are sharp up to an error
proportional to some positive power of . Sharpness of the first bound is given by Proposition 3.1. For the third
and the fourth bound we refer the reader to the proofs of Propositions 7.1 and 7.2 respectively.

Proof. Let C >0, v € V, ¢ < 9" with I¢(v) < C and n € (0,m1) with 1; to be determined later. We divide
the proof in three steps: in the first we prove the estimates (4.26), (4.28), (4.29) and (4.32) for the L2 -norm of v
in the D-intervals. As explained above, the estimates are different for different types of D-intervals. In step two
we construct the sets ¥; for every i = 1,..., N,, and we estimate from below the L2-norm of v on these sets in
terms of a;, B;. Finally, in the last step we combine the estimates for the L?-norm of v, with the estimates for
the interfacial energy, and deduce (4.18) by means of (4.1).

Step 1: The strategy to prove estimates for the L2-norm of v in the D-intervals is the following: for
t=1,...,N, we divide D; into two intervals (one is actually empty if D; is of type I), one in which v is
bigger or equal than —cen, one in which v is smaller or equal than cen. As shown below, for D-intervals of
type II/IV choosing xf € D; such that v(z}) = 0 and taking D; N {z > =7}, D; N {z < z}} as sub-intervals
suffices. In each interval we approximate v with a suitable continuous piecewise linear function with gradient
a.e. in {0, 22,23}, namely Y, _, 5 22 ((2},2) N {Jvz — 2x| < n}), and use Lemma 4.4 to bound its L?-norm
from below. In conclusion we combine the estimates obtained in the two sub-intervals of D;. The estimates
(4.29) and (4.32) for type III/IV D-intervals depend on the quantities wf,w? € [0,1] (defined in (4.23) below).
Estimates (4.29) and (4.32) need to be combined with the estimates of Step 2 before minimizing over wf, w?.

Let D; = (z;,x]), and let us first focus on the case v(z; )v(z;) < 0. We notice that the continuity of v,
ot .
implies the existence of 7 € (z;,z;) such that v(z}) = 0. We estimate separately f; v?ds and f;_ v?ds. Let

us start with the first. As v, > z; + 7 in (27, 2]), we have

v(z) > /z vy da > Z (2 =)L (], 2) N {|ve — 2] < n}) + (21 + 1)L (27) (4.19)

k=2,3

where 3" is as in (4.12) and satisfies (4.13). It follows then from (4.19) and the assumption max{a;, 3;} < R*e
that

2
v(z) > Z zkof((xf,x) N {|vx — 2z < 77}) — c% — cenR*, (4.20)
k=2,3
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for every = € (z}, ;). We now use the fact that, as n € (0,1), (1 —n)(a + b)? < a® + 2~ b2, This yields

’L’ Z

(1-m) /91 (v(x) + 0(5277*‘1 + 5n))2dx < / D2 de + cf(xl+ —x}), (4.21)

* *
i s

with 7 := n~1(e2n79 4+ en)2. On the other hand, by Lemma 4.4,

zF

/:+ (v(2) + (2™ +en))’da > / 1 ( Y (@] 0) N {los — 2] < n}))2d$

s

Ti k=23
wi oy w; Bi (422)
> 22 z?dz + / (237 + zowlay;)?da
0 0
> 3_1(2:%((*) 041) + 23( bﬂz) +gO(ai»6iaw?7w$))
where w?, w? € [0,1] are such that
L(Din{z >} vy — 22| <)) = wiaey, L(Din{z >} v, — 23] <n}) =wlBs, (4.23)

and go(a,b,w®, w’) = 3z0abw’w®(2z9aw? + 23bw?). Therefore, putting together (4.21)—(4.22), by (4.15) we obtain

xl
[ ez (- ms (Bleran)® + 8 + golas, Bt ) - e

” (4.24)
> 371 (B (wPar)? + 22 80)° + golas, By ) — 2.

Here we also used max{a;, 3;} < R*e and € < n?"1. In the same way, we prove
/_1 v dz + ey > 3723 (1 - wi)ai)® + 23 ((1 = w))Bi)® + golcw, B 1 — wit, 1 — wy)). (4.25)

It turns out that if We sum (4.24) to (4.25) the right hand side is a convex quadratic polynomial in w¢,w? with
minimum in w@ = w? = 3. Therefore, from (4.24) and (4.25) we finally get

/ v de > 127 h(ay, Bi) — cen, for all D; of type 11, (4.26)
where
h(a,b) = z3a® + 23b° + 3(abza (2204 + 236:)). (4.27)
The estimate
/ v dx > 37 h(ay, B;) — ce®n, for all D; of type I, (4.28)
D;

follows again from (4.24) (or (4.25)) if v(x;) > 0 (vesp. v(z;") < 0) which can be deduced via the same argument
by setting 2} = z; (resp. 2} = z;7). In this case, the above estimates hold with wi w? =1 (resp. wl, w? = 0).
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Let us suppose now that v(z; )v(z]) < 0 and that n; = 2. If D; is of type III, a simple combination of
(4.24)—(4.25) leads to

/ vide > 3_1712(041», Bi,wd wh) — ce®n, for all D; of type III, (4.29)
D;

where

hi(a,b,w®, w?) := z3a® + 230 + 3(25w™ (W* — 1)a® + 25w’ (w’ — 1)b°)

4.30
+ 2p3ab(ww’ (2ow”a + 23w°b) + (1 — w®)(1 — w®)(22(1 — w*)a + z3(1 — w")b)) (4.30)

If D; is of type IV, we can assume that x} € E;, and the above estimates can be improved. Indeed, by using
Remark 4.5 first with 7o = 23,71 = 79 = 0,C2 = {z € (2}, 2]): |v.(x) — 23] <}, (a,b) = E; N (2}, x]) and then
with (a,b) = (z}, 27 )\ B; 72 = 22,71 = 0, 7o = 23wlBi, Co = {x € (x},2]): |[v.(x) — 22| < 1}, we can modify
(4.22) as follows:

+

x; 2 wbB; wioy
/ ( Z 2L (2], @) N {[vg — 2x] < 77})) dz > z%/ x? dx —|—/ (222 + z3w?B;)* dx
@} 0 0

k=23

_ z3
> 371 (25 (wiew)® + 23 (WhBi)® + ggo(ai,ﬁuwgawf)),

which by (4.20)—(4.21) yields

+

x; B ) P
/ v2dx+c53n23 1(Z§(wgai)s+z?%(w$/8i)3+;EQO(Qi’ﬂi?wg?w?))'
xT

*

In the same way, we prove

I: — a 3 2 a
/ vzdz+c€3n2 3 1(25((1—% )ai)3+z§((1fwf)ﬂi)‘erigo(ai,ﬁi,lfwi,lfwf)). (4.31)

i

By summing up the last two inequalities, we hence get
/ vide > 3*1ﬁ3(ai,ﬂi,wf,wf) —c£3n, for all D; of type IV. (4.32)
D;

b

We remark that, in this case, the determinant of the Hessian matrix of h with respect to wf,w; is negative, and

hence h cannot be bounded from below by choosing w® = wl = z.
Step 2: For every i = 1,..., N,, we now construct 3; and estimate fz; v? dz from below. Finally, we show that

the X;’s are disjoint. As shown in Figure 6, 3; = 3¢ U ¥,
respectively of {v > 0} and {v < 0}.

We first set ¥; = 0 whenever D; is of type 0 or of type I. We can hence focus on the i’s where D; = (z, xf)
is such that v(z; )v(z;) < 0 and max{a;, 3;} € (eR.,eR*), that is on type II-IV D-intervals. The idea is to
bound from below v (or from above) on the set where |v, — 21| < n and v > 0 (resp. v < 0) with a continuous
piecewise-linear function minus (resp. plus) a small error. We then estimate the L2-norm of the piecewise linear

approximation of v and express it in terms of «;, 5;. We denote by z} a point in D; (the same that was chosen

where ¢, ¥ are subsets of {|v, — 21| < n} and
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N B A
Gt AT D; AT g¢ AT Dina A GY¢
Lz Li+1

FI1GURE 6. Examples of sets ¥; constructed in the proof of Proposition 4.8. Here, ¥;11 = @
because D,y is of type I, while 3; = ¢ U X" where ¢ C G¢, ¥ C G. The sets G¢, G™™
are constructed as follows: let D; = (z;,z;), then G¢ (resp. G™) is the intersection of
{|ve — 21| < n} with the largest interval (z, pT), zj < p* (vesp. (p~,2; ), z; >p~), where v
is strictly positive (resp. negative). The red, the blue and the green intervals are respectively
the sets of points where |v, — 21| <1, |v, — 22| <1, and |v, — 23] < 1. The B -transition layers
are coloured in yellow.

in Step 1) such that v(z}) = 0 and such that z] € E; if D; is of type IV. From (4.20) we have
v(z}) > zowlay + 23wl Bi — cne, (4.33)
and, in a similar way, we can prove

v(ay) < —(22(1 — W)y + z3(1 — w))Bi) + e, (4.34)

where w¢, wf are as in (4.23). We now claim that there exist 71 € (0,70] depending just on R, R* and C, such

that, for every n < m1, v(x]) > 0 and v(x; ) < 0. Indeed, we recall that we are working under the assumption
max{a;, 5;} > R.e, and we suppose without loss of generality that a; > R.c; the case §; > R.c can be treated
similarly. Suppose first that w{® > %, then (4.33) implies v(z;") > %ZQ&?R* — ¢ne. Thus, choosing 1 small enough,
we get v(z;) > 0, and, by the fact that v(z; )v(z;) <0, also that v(z; ) < 0. If w® < 1, then (1 —w) > 1,
and (4.34) yields v(z; ) < —3226 R, + cne, so that for every n small enough v(z; ) < 0, and hence v(z;") > 0 as
claimed. Now, in the same spirit of (4.33), we have

x

v(x) — v(xj') > / vedr > (21 — 77),,2”((3:;",3:) N {|vz -z < 77}) -7, T > x?‘, (4.35)
ot
v(zf) < / vy da < Z 2. (), 2]) N {|ve — 21| <n}) + 7+ cneR”, (4.36)
zy k=23
where
F= / v, | de, Y1 ={z€(0,1): |vg(x) — 2| >, k =1,2,3}. (4.37)
sn

We now give an estimate for 7. To this aim, we split 3" into

7= {z € X" v, ()| < to}, 55 ={x e X ty < |vg(2)]},
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where g is such that W(s) > 5-|s|? for each s satisfying |s| > to, and its existence is guaranteed by (H2). By
(4.13), we have

2
/ g d < 10 Z(27) < e (4.38)
=7 n

1

On the other hand,
22Dl < / W (v,) dr < CE2,
33

implies . (27) < ce?. Therefore,

p

/ |vg(x)] da < ¢ W%(vx(x)) dz < C(X(Eg))p% ( W (vgz(x)) dm) < cg?, (4.39)
=1 =1 =1
where we also made use of the fact that I°(v) < C. Collecting (4.38)—(4.39) we thus get
7 < / [vg| da < e(e®n™ 1 + €2) < er?, (4.40)
Ukzz

with 7* := en. By (4.35)—(4.36), (4.40) together with max{a;, 5;} < R*e, we obtain

v(z) —v(zf) > (21 — )L ((zF, 2) N {[ve — 21| <)) —er”, x> (4.41)

1 7

and

0 <v(x]) <clen+r*+e) < ce. (4.42)
Now let
go(x) = v(@l) —er” = (|| + )2 (2], 2) 0 {[vs — 21| < ).

Let z; € [}, 1] be the smallest z in [z;", 1] such that g,(x) < 0, and let us set

3
Efl = (m;r,a’ci) ) {|’Ux —z| < 77}.

The existence of Z; is guaranteed by the continuity of v and the fact that v(1) = 0 together with (4.41) imply
gr(1) < 0. Thus, ¥¢ = @ if and only if g,(z;) < 0. Now, if X¢ # @, that is v(z]) > cr*, by (4.41) we have that

(2

v(z) > gp(x) >0, for ever x € (7, 7). (4.43)

Now, from (4.43) we deduce that

v(ac;r)—v"*

[aez [ g@do= (al+n 22da > (|| +n) " (@) — .
b nd 0
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Here we have used a change of variable y = gy(x), and, in the last inequality, we exploited (4.42). The same
lower bound holds trivially if ¥¢ = @, and hence v(x;") < cr*. Therefore, as (|z1]| + 1)~ > |21|7t — |21 721, by
(4.33) we obtain

/ v?dz > 37z |7 (ewia; + wfﬁizg)g — crp, (4.44)
Dh

where 7, := ¢ and we made use of (4.42) and the fact that max{a;, 3;} < eR*. In the same way, letting
gm(z) = v(z;) +er” + (laa] + )L (2, 27) 0 {[va — 21| <),
and &; € [0,z; ] be the largest « € [0, z; ] such that g,,(x) > 0, we can define
S = (&, 27 ) N {Jve — 21l <}

and deduce
/Em vda > 37z | T (22(1 — wi)a; + (1 — wf)ﬁizg)g —cryp. (4.45)
Define now ¥; := X" U X¢, then by (4.44)—(4.45) we deduce
/2- v dx + crp > 37 o |7 (2w oy + wfﬂi23)3 + 37z T (22(1 — W) + (1 — W?),BiZ;g)S. (4.46)

We remark that v, (z) < z; + 7 for each z € ¥;, while v,(z) > 21 + 7 in every L;, j =1,...,N,. In this way
L;NY; = @ foreveryi,j=1,...,N,. Wenow claim that ¥;N%; = @ forevery j = 1,..., N, with ¢ # j. Indeed,
let x;' be such that D; = (z;, x;') In the case v(z; )v(z; ) > 0 we defined X; = @ and the conclusion fol-
lows trivially. We can hence focus on the case U(x]_)v(xj) < 0, and recall that n < 1y implies v(a:j') > 0 and

v(x}) < 0. Now, the construction of the ¥, ¥ is such that ¥¢ C (¢}, 2;) (resp. £* C (&;,2; )). Furthermore,

as stated in (4.43), v is strictly positive in (2", Z;) (resp. strictly negative in (Z;, z;)). Therefore, S¢ N X7 = &

for every i,j = 1,..., N,. Finally, assuming without loss of generality i < j, we have that ¢ C (z,z;) and
E? C (:rj,fj) with v(z) > 0 for every z € (z],2;) U (:rj,f]) But as v(z; ) <0 and z; € (xj,xj) (z,7:)

and (xj, Z;) have to be disjoint, and so must be ¥4 and E?. In the same way we prove X" N X7 = & for every
j=1,..., Ny, i # j, concluding the proof of the claim.

Step 3: We now combine the estimates of Step 1 with the estimates of Step 2, and use an argument as the
one in (4.1) to deduce the bounds in (4.18) for type I-IV D-intervals. In the case of type II/IV D-intervals a
minimization over w?, w? is performed to get lower bounds independent of these parameters.

We start by noticing that Lemma 4.6 leads to (4.18) in the case of type 0 D-intervals. Now, we notice that,
by (4.3),

/ (54v3m + 5*2W(vm)) dx > / (54vfm + s*QW(vx)) dx
L;UX; L

> Qs&H(zQ —n)— H(z + n)) + ni€(H(23 —n) — H(z + 77))
> 6(2E0 + niEl) — cne, (447)
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for every i = 1,..., N,. For the i’s where D; is of type I, we set ¥; = &, and thus, by (4.28),

/ e 202 da + cen > 37 e 2h(ay, Bi), it D; is type L. (4.48)
L;Us
If n;, =0 or n; > 4, we can minimize the right hand side of (4.46) over w¢,w? € [0, 1]. This is a convex quadratic
function attaining its minimum at w{ = o./ = 1 . Thus, by (4.26) we get
/ v2dz +cen > 122 PP (253221(1? + 2’3%231,8? + 3a; 8; 22231 (,8123 + OéiZQ)), if D; is type II. (449)
LiUs;

In case of type III D-intervals, we recall that w? € {0, 1}. Therefore, we assume without loss of generality that
w? =1 (the case w? = 0 can be treated similarly) and by (4.46) we deduce

cry + / vide > 371 (ﬁg(ai, Bi,wi, 1) + |z1|_1(z2aiw? + 2361-)3 + |21|_1(220zi(1 - wf))3>
S.UD 6 (4.50)
>3t (232210@ + 2323188 — 3043f0( - ))

where fj is defined by

(3/223123 - 22221)2
4(221 + yZ31)

foly) = (4.51)

We remark that the last lower bound in (4.50) is sharp if and only if % < % For type IV D-intervals,
(4.46), together with (4.32) yield

cry + / v?dz > h*(ay, B, wd, wW?) (4.52)
,UD;

where

R (s, By wi, w?) = 37 21| 7 (221 — wf) + 23Bi(1 — wh))’
/s " _ u 3
+3 1<h3(ai,ﬁi,wi ,w;’) + |21] 1(2’204,'% —|—Z3ﬂiw§’) )

We claim that

min R* (o, Bs, w®, w®) > 371 (zgzgla:f + 2223188 — 302 fo (ﬁl)>, (4.53)
(wa,wb)e[071]2 ’L

with fo is as in (4.51). Indeed, h* is a second-order polynomial in wgﬁwf with negative Hessian determinant.
Therefore, the minimum among the wf,w? € [0,1] is attained at w® € {0,1}, or w? € {0,1}. More precisely, if

g— > |/ 2%, the minimum is attained at w{ € {0,1} and a minimization over w? € [0,1] gives (4.53). The same

lower bound can be achieved when 2—1 < /%% Indeed, in this case, the minimum is attained at w? € {0,1},

and, by using the fact that zo < z3, we can bound from below h*(«;, 5;, we, i) with

3*1(32(ai,ﬂi,wf,%’)+|21|* (zeciw? + z38:)° + |21 (220 (1 — wf ))3>,
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which by (4.50) yields again to (4.53). Therefore, for type III/IV D-intervals (4.50)—(4.53) imply

/ e~ dz + cen > 371 (z§z21a§ + 22251 8% — 303 o (E)) if D; is type III/IV. (4.54)
L;UX; (673
Finally, by combining (4.47)-(4.49) and (4.54), and by arguing as in (4.1), we obtain (4.18). O

As a corollary of the previous result, we can prove
Theorem 4.10. Assume (H1)-(H8), and let C > 0. Then there exists n1 = n1(C) € (0,m0) such that, if
n € (0,m), e <Nt and v € V satisfies I°(v) < C, it holds
1
/ (e*02, + e 2W(v,) + e %0%) da > (AoA] + BoA]) — en. (4.55)
0
Proof. Thanks to Proposition 4.8 and (H6)—(HS8), we have

/ (54vim + e W (vy) + 5_21}2) dx > Aga; + Bof3; — cne,
LUS;

for every i = 1,..., N,. It just remains to provide an estimate for the intervals Dy := (0,y; ) and Dy, 41 =
(%, 1). We deal with the first case, as the second can be treated similarly. If £ ({z € Do: |vg(2) — 2| < n}) >
R*e for some k = 2,3, then, by arguing as in the proof of Lemma 4.6 (¢f. (4.10)—(4.17)) we deduce

/ (e*02, + e *W(vy) + e %v%) da > Agag + Bofo.
Do
On the other hand, if Z({z € Dy: |vy(z) — 2k| <n}) < R*e for k = 1,2, then
/ (e*2, + e 2W(vy) + e %v?) da > Agag + BofBo — (Ao + Bo)R*e. (4.56)
Dg

Therefore, recalling that N, < ce~! (see Lem. 4.2)

1 No+1 Ny+1
/ (e*02, + e 2W(vy) + e %0%) da > Ag Z a; + By Z Bi — cn,
0 1=0 =0
which, by the definition of the ;’s, 3;’s, and of A7, \] (see (4.7)) coincides with (4.55). O

5. THE SECOND ['-LIMIT

In this section we prove the I'-limit for I¢, that is a second I'-limit for £¢, as stated in Theorem 1.2. The first
step is to prove compactness for the family of energy functionals I°.

Proposition 5.1. Assume (H1)-(H5). Let C >0, £; } 0 and (uj,v;) € L?(0,1) x L.(0,1; M) be such that

IFi(uj,v;) <C,  VYjeN. (5.1)
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Then, up to a subsequence, (uj,v;) converges to (u,v) in L?(0,1) x L(0,1; M). Furthermore, u = 0 and
v e GYM™(u) satisfies

Vg = A1(2)d;, + A2(2)02, + A3(2)d2,, a.e. z € (0,1), (5.2)

where A1, Aa, A3 € L*°(0,1;[0,1]) are such that
3
Ar(x) + Aa(z) + A3(z) =1, and sz)\k(x) =0, (5.3)
k=1

for a.e. x € (0,1).
Proof. We first notice that (5.1) implies strong convergence of u; to u = 0 in L?(0,1). Furthermore, as W (s) >
c1|s|P — ¢a, we also have

[wjellLr < ¢, (5-4)

and, therefore, up to a subsequence u; — 0, weakly in WO1 (0,1). In fact, (5.4) also implies that, up to a further
non-relabelled subsequence, u;, generates a gradient Young measure v, weak+ limit of v; in L3 (0,1; M).
Defined X7 as

57 :={z € (0,1): |uja(x) — 2| >n, k=1,2,3}, (5.5)

for some n € (0,70), by (H5) we have

1
Cg? > / W (uje)de > g W (uj.) dz > con? Z(2]).
0 5

This implies

L) < L (5.6)

2
J
ne’

which is convergence in measure of w;, to Z. Therefore, v, is a probability measure supported on Z (see
e.g., [1]), and hence v, = A1(x)d,, + A2(x)d,, + A3(x)d,, for a.e. z € (0,1), as claimed. The fact that v is a
probability measure implies the first identity in (5.3). By ([20], Thm. 8.7), we also know that v is the gradient
Young measure related to u = 0, and therefore the average of v must be 0, that is 22:1 Ak (z)z, = 0 for a.e.
x € (0,1), which is the last identity in (5.3). O

Given a sequence u; € Wol’p(O, 1) and n > 0, let us define
AL =ZL{z €(0,1): |uju(x) — 2x] <n}), k=1,23.

The following result is used below:

Lemma 5.2. Assume (H1)-(H5). Let C >0, n € (0,m0), €j 4 0 and (uj,v;) € L*(0,1) x L(0,1; M) be a
sequence converging to (0,v) in L?(0,1) x L%(0,1; M) such that 1% (u;) < C for each j. Then v satisfies
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(5.2)(5.3) and

1
lijm)\Z’j :/ A da. (5.7)
0

Proof. The fact that v satisfies (5.2)—(5.3) follows directly from Proposition 5.1. We just need to prove (5.7).
Let us consider a continuous function fi: R — [0, 1], which is equal to 1 for those s such that |s — z| < n, and
equal to 0 for |s — 2| > ny. We have

1 1 1 1
/0 A dx :/0 (v, fr) da = li§n/0 (v, fx)de = li]m/0 fu(ujz) de.

Now, we notice that, as ng < @ for each h # k € {1,2,3} (cf. (H5)),

1
/ fr(uj ) de = N (uz) + 7,
0

where 0 < r < Z(%]) < ce?n9. Here, X7 is as in (5.5), and was estimated by means of (5.6). Therefore,
collecting all previous identities, we finally get

1
lim A} (u;) = / A dz,
J 0
which concludes the proof. O

5.1. Proof of Theorem 1.2

By ([8], Rem. 1.29) we just need to show the I'-limsup inequality for every v € X, where X is the set
containing all v € GYM®(0), with suppr C Z, and such that Ay := v(z): (0,1) — {0,25,'} is constant on
every sub-interval (x;, x;41),4=1,...,n— 1, for some partition 0 = z; <--- < x, =1 of (0,1) and some n € N.
Indeed, X is dense with respect to the weaks* topology of L% (0,1; M) in the set containing all v € GYM>(0)
such that suppv C Z. This is because the space of piecewise constant functions in L>°(0, 1; {0, z5,' }) is weakx
dense in the space of piecewise constant functions in L>(0,1;(0,25')) (¢f. [13], Pb. 1, Sect. 8.6), which is
weakly* dense in L>(0,1; (0, 25;')). On X the T-limsup follows directly by Proposition 3.1 and Lemma 5.2.
Therefore, we just need to prove the I'-liminf inequality. In order to do that, we need to consider a generic
sequence €; converging to 0, a sequence u; € V converging strongly in L?(0,1) to u € L?(0,1) and a sequence of
parametrized measures v; € L3 (0,1; M) converging weaklys* to v in LS5 (0,1; M). If liminf; I (u;) = oo, the
lim inf inequality is trivial. Otherwise, up to a subsequence, we can assume the existence of C' > 0, independent
of €4, such that

I°(u) <C,  VjeN.

In this case, Proposition 5.1 implies that © = 0 and that v € GYM>(0) satisfies (5.2)—(5.3). Now, Theorem 4.10
guarantees the existence of 7; > 0 such that, fixed n € (0,71),

Jj%gxx J J

1
/ (502 4y + 52 W (uj0) + €5 2u3) do > (AoA]; + BoAd ;) — en,
0
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for all e; < n9*L. Now, by taking the liminf on both sides, and recalling Lemma 5.2, we deduce

1 1 1
lim_inf/ (54u2 + 572W(uj7z) + 5»_21@) dx > Ag / Ao dx + By / Asdz — en.
0 0 0

i Jgxx J J
The arbitrariness of 7 yields to the desired I'-lim inf inequality.

6. SELECTING MINIMIZING SEQUENCES WITHOUT I'-CONVERGENCE

In this section we prove Theorem 1.3. In order to do this we strongly rely on the estimates of Section 4, to
which we refer the reader for the notation. We start with the following theorem:

Theorem 6.1. Assume (H1)-(H5) and z3 < 3|z1|. Then, there exist e1 > 0 and & > 0 such that, if € < ;

1
1g‘f// (e*02, + e 2W(vy) + e 20%) da = Agzg;' + o(e%). (6.1)
vev Jo

Furthermore, every minimizer u of I¢ satisfies

L({z € (0,1): Juy(x) — 23] < eT}) < ceb. (6.2)

Proof. We first notice that Proposition 3.1 implies

1
11615/ (e*02, + e 2W (vy) + e %v?) da < Agzyy' + c£C. (6.3)
v 0

Let us assume 7 € (0,7;), with 7; as in the statement of Proposition 4.8, ¢ < 99! and define

Z31 5/ (Eo + E1)?

K .=
Z91 Eg

> 1.

We notice that By > KAp. We now look for a lower bound for the energy I¢ of the type (4.55), but with
By replaced by K Ap. This new bound does not rely on (H6)—(HS8), but is deduced by strongly exploiting the
estimates in Section 4.

It can be checked by using zo < z3, 221 < 231, 22231 < 23231, that fr7, fs given in (H7)—(HS8) satisfy
1 1
f7(y) > Ao+ KAoy, [ (y) > Ao+ KAgy,  for every y > 0. (6.4)
Furthermore, as we assumed z3 < 3|21/, we also have

1
fé (y) = Ao + K Aoy, for every y > 0. (6.5)

Therefore, collecting the estimates for every L-interval, from Proposition 4.8 together with (6.4) and (6.5) and
the fact that By > KAy, we deduce

/ (641)92695 + e W (vy) + 5—21;2) dx +cen > Ap Z(ai + Kf;).
22 (LiUE)

7
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Here we also made use of Lemma (4.2) to bound N, with cz~!. Finally, recalling (4.56) we deduce
1
/ ("2, + e 2W(vy) + e %0%) da + en > Ag(A] + KAT). (6.6)
0

Now, thanks to (4.12) and (4.13), and the fact that ¢ < 9+, we can write
I>A 4+ X+ AT =1-2(X") >1— cen, (6.7)

while, on the other hand,

1 3 3 1 3
Oz/ v, da < Z(zk+n))\z+f§22k>\z+cn7 Oz/ v, do > sz)\Z—cn (6.8)
0 k=1 k=1 0 k=1

where 7 is defined as in (4.37), and has been bounded according to the estimate in (4.40). By combining (6.7)
and (6.8) we are led to

23_11(1 — 221A9) +ep > AT > 23_11(1 — 201A0) — ¢n, (6.9)

so that, by (6.6),

1
K

/ (e, +e2W(vy) + e %v?) dz + en > Ag (Ag + Z—(l - 221)\3)). (6.10)
0 31

The right-hand side of the above inequality is a decreasing function of A7 so minimized by the biggest admissible
M. But as A > 0, (6.9) entails \] < z5;' + e, thus implying

1
/ (e*02, + e 2W(vy) + e 20%) dz + e > Agzyy. (6.11)
0

Choosing n = e and €1 = min{n?“,ao}, where ¢ is as in Proposition 3.1, we complete the proof of (6.1).
Finally, combining (6.3) and (6.10) and (6.11) we get

ce® + Agzyt > Ao + zgllKAo(l — 201 \]) > Agzyyt — ce8,

which is
| — 25 (1 = B24)| < st
231
This implies [\] — 25,'| < ce€ which, by (6.9), concludes the proof. O

6.1. Proof of Theorem 1.3

This follows as a corollary of Theorem 6.1.

By Proposition 5.1 together with (6.1) we know that every u., € V' sequence of minimizers for /%7, and hence
of minimizers for £%/, generates, up to a subsequence, a gradient Young measure v € GYM?(0) as ¢; — 0, and
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that supp v, C Z almost everywhere in (0,1). As a consequence, v, is of the form
Ve = A (2)d,, + Ao(2)0., + A3(2)d.,,

with the \;’s satisfying (5.3) for a.e. z € (0,1). Therefore we just need to show that As3 = 0 a.e. in (0,1). Let us
consider a continuous function f3: R — [0, 1] which is equal to 1 for all s € R such that [s — 23| < %, and 0 if
|s — z3| > no. By arguing as in the proof of Lemma 5.2, we get

1 1
0< / A3 dz = lim/ fa(ue, o) do < lim (A (ue,) + ce3n™9).
0 J Jo J

1
91 (6.2) gives the sought result.

After choosing n = ¢;

7. SOME REMARKS ON THE ASSUMPTIONS

It is worth spending some words on assumptions (H6)—(H8). Hypothesis (H6) is needed in our construction
of a lower bound, but it might be possible to remove it by making the arguments of Section 4 more involved.
It is easy to check that it fails whenever z3 > 3|z;|. On the other hand, as mentioned in the introduction, it
turns out that (H7)—(HS8) are necessary conditions in order to prove Theorem 1.2, and the second T'-limit would
have a different form without these assumptions. Indeed, as explained in the introduction, these hypotheses
guarantee that the microstructures used in the construction of Proposition 3.1 are energetically preferable to
those constructed in the following Propositions, and shown in Figure 7.

Proposition 7.1. Assume (H7) is not satisfied. Then, there exist A1, A2, Ag € (0,1) satisfying (5.3), ue € V
such that (ue,d,, ) — (0,v) in L?(0,1) x L (0,1; M), where v, = A0,, + X282, + A30., a.e. in (0,1), and

Ue,x

limsup I°(u.) < AgAz + BoAs.
el0

Proof. The proof of the Proposition is very similar to the one of Proposition 3.1 in many details. For this reason
we skip some long computation and just give the idea of the proof.

Let ¢ > 0 such that the inequality in (H7) does not hold. Let us choose

. _ oz
Ao = (§231 + 221) 1, A3 =25 — ﬁ)\z, A=1-=2X— A3, (7.1)

so that % = g. It is easy to check that Aj, Ao, A3 € (0, 1) and satisfy (5.3). We divide (0,1) in N, subintervals
(@i, w;41) of length N7, where z; = iN-! for i = 0,..., N.. On every interval we construct v. as a suitable

continuous approximation (see the proof of Prop. 3.1) of the function (see the derivative of the function in
Fig. 7a)

29, ifo0< |S — (2N5)71| < )\2(2Ng)71,
0e(s) = 4 2, i ANTD < |s — (2N.)~1] < Aa(2N.)~L + Ag(2N.)~,
i Ae(2N) 71 4 Ag(2N.) 1 < |5 — (2N.)71] < (2N.) L.

-1
We remark that, as in the proof of Proposition 3.1, v, must satisfy fONE ve(s)ds = 0, and v:(0) = v (N 1).
Therefore, after defining w, as the N 1-periodic extension of v., we construct u. as in (3.6). Now, an argument
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(a) (b) (©

FIGURE 7. Microstructure of lower energy in case (H7) does not hold (panel a). Microstructures
of low energy in case (H8) does not hold are represented in panels b and ¢, respectively, in the

case where §j < , /22221 and 4 > , /22221,
—V FsE 23231

as the one in the proof of Proposition 3.1 allows us to prove that

W=

I¢(ue) < 3%2_% (Eo + 2E1)% (2’%2«'21/\3 + 2’3%2’31)\3 + 3X2A322231 (A323 + )\22:2)) +cef = A2 fr (Q) 4 cef

for some £ > 0, and that (3.2) holds. Here we have used that, by construction, ;—2 = g¢. As ¢ contradicts (HT),
we have

Ia(ug) < AgA2 + BoAs + et (7.2)
Furthermore, by arguing as to get (3.2), we have
|-Z2((0,1) N {ug — 22| < 0}) = Xo| + |-Z((0, 1) N {Jug — 23| < 0}) — A3 < ceb. (7.3)

Thus, taking the limsup in (7.2), by Lemma 5.2 we obtain the sought result. O

Proposition 7.2. Assume (H8) is not satisfied. Then, there exist A1, A2, A € (0,1) satisfying (5.3), ue € V
such that (ue, 0y, ) — (0,v) in L*(0,1) x L% (0,1; M), where vy = A8, + Xab., + A302, a.e. in (0,1), and

lim sup IE(UE) < AgAg + Bpls.
el0

Proof. Again, the proof of this proposition is very similar to, Propositions 3.1 and 7.1 in many details. For this
reason we skip some long computation and just give the idea of the proof.

Let § > 0 such that (H8) does not hold. Let us choose A1, A2, A3 that satisfy (5.3) as in (7.1). Again, we divide
(0,1) in M, subintervals (x;, z;11) of length M1, where x; = iM_ ! for i =0,..., M.. We have two cases:

22221 and 22221 < g

23231 23231

0<y<
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In the first case (see the derivatives of the function in Fig. 7b), we define w® := (29201 — 232319%)(222(221 +
9231)) ! and

21, if0<s< ;—f(l — w2 M

2, 21w )M <5< (21—t +1) M

a g if (2(1—wt) +1)AM <5 < (g—ja — W)+ 1)A2M;1 M
21, if %(1—&)&)4-1 )\2M£1+>\3M;1 < s.

In the second (see the derivatives of the function in Fig. 7c), we define w® := —w® and

z1, H0<s<2(1- WA M,

g i B(1— WM < s < (j—;»(l —wb) + 1)A3M;1,

o i (21— W)+ 1) NMI < s < (ga — W)+ 1)A3M;1 MY
zy, if (Z2(1—w?) +1)A3M7 P+ XM < s

z1

Now, let us consider suitable continuous approximations v; and vy of ¥; and v;, which can be obtained in the
same way as the one in Proposition 3.1. Again, we remark that vf for | = a,b must satisfy v5(0) = vf (M)

—1
and fOME v§(s)ds = 0. Let wg, wi be the M !-periodic extensions of vZ and v§, respectively, and define u. as
n (3.6). An argument as the one in Proposition 3.1 hence allows proving

3 1
I°(u) < 35(Eo + E1)3 (25221)\3 + 2523103 — 3)\§f0(79)> P et = Ao fS (9) + b,

for some £ > 0, for some ¢¢ > 0, and for every € € (0,e9). Here fy is as in (4.51), and we used the fact that, by

construction, f\‘—i = g¢. The fact that § violates the inequality in (H8) yields

If(ue) < Aghg + BoXs + ceb. (7.4)

Furthermore, by arguing as in the proof of Proposition 3.1 we can prove estimates as the ones in (7.3). Therefore,
by taking the limsup in (7.4) and exploiting Lemma 5.2 we conclude the proof of the proposition. O

7.1. Two examples

An easy example where hypotheses (H1)—(H8) hold is when
W(s)=(s—1)* (s +1)*(s —371)%

Indeed, in this case Ey =~ 1.054, F; ~ 0.165, Ag =~ 0.718, By ~ 1.883, 21 = —1, 20 = %, z3 = 1. It is trivial to

check that in this context (H1)—(H5) hold. Hypotheses (H6)—-(HS8) are here verified graphically (cf. Fig. 8). It
can be proved that (H6)—(HS8) hold for W of the form
W(s) = (s —1)*(s + 1)%(s — 22)?,

whenever zo € (—0.49,0.49). The bound on 25 is not sharp.
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where, in our notation, Ey ~ 1.406, F; ~ 0.073, Ag ~ 1.186, By =~ 2.143, z; = —1, 25 =

F. DELLA PORTA

(a) (®) (©)

FIGURE 8. Verification of the hypotheses (H6)—(HS8) for the examples of Section 7.1. Panel a:
the graphical verification of (H6) for the two examples: in blue the case z3 = %, in red the one

with zp = 3. Panels b and c verify (H7) and (H8) in the example with z, = 1.

3

On the other hand, let us consider

W(s) = (s = 1)*(s + 1)*(s = 271)?,

1

5, 23 = 1. In this

case (H1)—(HG6) hold (¢f. Fig. 8a). However, hypotheses (H7) and (H8) fail, respectively, in a neighbourhood of

Yz

are energetically favourable for

= 0.585 and yg = 0.204. Here, it is energetically very cheap to pass from 25 to z3, so other microstructures

% close to 7 or §s. Nonetheless, as z3 < 3|z1|, thanks to Theorem 1.3, we can

still select minimizing gradient Young measures for £2 by means of vanishing interfacial energy.
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