ESAIM: COCV 25 (2019) 55 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv/2018047 WWW.esaim-cocv.org

STABILITY OF ERROR BOUNDS FOR CONIC SUBSMOOTH
INEQUALITIES*

X1 YIN ZHENG * AND KuNG-Fu Nag?

Abstract. Under either linearity or convexity assumption, several authors have studied the stability
of error bounds for inequality systems when the concerned data undergo small perturbations. In this
paper, we consider the corresponding issue for a more general conic inequality (most of the constraint
systems in optimization can be described by an inequality of this type). In terms of coderivatives for
vector-valued functions, we study perturbation analysis of error bounds for conic inequalities in the
subsmooth setting. The main results of this paper are new even in the convex/smooth case.
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1. INTRODUCTION

Let X be a Banach space and f : X — RU {400} be a proper lower semicontinuous function with € dom(f),
the domain of f. Recall that f has a local error bound at Z if there exist 7,6 € (0, +00) such that

d(z, 5(f, 7)) < 7lf(2) — f(@)]+ Ve € B(z,9), (1.1)

where S(f,Z) :={xz € X : f(z) < f(Z)} is the sublevel set of f at Z and B(Z, d) is the open ball with center Z
and radius 0. Error bound theory has been recognized to be significant in sensitivity analysis and convergence
analysis of some algorithms for solving optimization problems. Since Hoffman’s pioneering work [8], a great deal
of works have been reported in mathematical programming literature discussing the error bound issues (for
details see [2, 6, 9, 14, 15, 19, 21, 22, 24-26] and references therein).

In practical problems, all data obtained are not perfectly ideal, one is forced to use “test” data, and the
gap between the ideal and “test” data is unavoidable. Therefore, from the points of view of theoretical interest
as well as for applications, it is important to study the issue of stability when the system data undergo small
perturbations; error bound issue is of no exception. In 1994, Luo and Tseng [16] first studied the effect on error
bounds when linear inequalities (in Euclidean spaces) are perturbed. In 2005, Zheng and Ng [28] established
the stability results on error bounds for systems of conic linear inequalities in general Banach spaces. In 2010,
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relaxing the linearity restriction and in terms of the subdifferential, Ngai et al. [20] established the stability of
error bounds for convex inequalities; this stability result was further extended in [31] to the subsmooth case
from the convex case.

Let F be a proper vector-valued function from a Banach space X to another Banach space Y ordered by a
closed convex cone C' and consider the following conic inequality

F(z) <c F(2), (CIE)

where <¢ is the pre-order induced by C. Many constraints in optimization can be described in terms of conic
inequalities. In this paper, we study the stability of error bounds for (CIE). Recall that (CIE) is said to have
an error bound at Z if there exist 7,8 € (0, +00) such that

d(z,S(F,z,C)) < rd(F(z) — F(z),-C) Ve B(%,9), (1.2)
where S(F,Z,C) denotes the solution set of (CIE), that is,
S(F,z,C)={xr e X: F(z) <¢ F(2)}.

We say that (CIE) has a strong error bound at Z if there exist 7, € (0, +00) such that (1.2) holds and Z is an
isolated point of S(F,Z,C), equivalently, there exist 7,6 € (0, +00) such that

|z — Z|| < 7d(F(z) — F(z),—C) Vz € B(z,9). (1.3)
In the case when Y =R and C' =Ry, (1.2) reduces to (1.1), while (1.3) reduces to
le — 2| <7[F(z) - F(z)]y V€ B(z,9).

It is known and easy to see that (CIE) has an error bound (resp. strong error bound) at Z if and only if the
multifunction F¢ is metrically subregular (resp. strongly metrically subregular) at (z, F(Z)), where Fo(z) :=
F(z) 4+ C. The notion of metric subregularity is useful in variational analysis and optimization and has been
well studied (c¢f. [4, 9] and the references therein).

Let 7(F, Z,C) denote the modulus of the error bound of conic inequality (CIE), that is,

7(F,z,C) :=inf{T > 0: (1.2) holds for some ¢ > 0}. (1.4)

Clearly, F' has an error bound at z if and only if 7(F,Z,C) < +oo. Our main concern of this paper is to
consider the stability of error bound for conic inequality (CIE) when the objective function F' undergoes small
perturbations: (CIE) is said to have a stable error bound at T if there existn,r € (0, +00) such that 7(G,z,C) <
n for each function G: X = Y*:=Y U{ocoy} with

|G = Pl = limsup |G () — F(f”H)x_(ch*‘”(ff) —F@)| _

For convenience of presentation as well as printing, let JcF(Z) denote D*Fe(Z, F(Z))(Ze+), where
D*Fc(z, F(z)) is the coderivative of the multifunction F¢ at (Z, F(Z)) (see Sect. 2 for the detail) and

Ier ={v* € Ct: |p*| =1} and CF = {o* € Y*: (v*,y) >0 Vy € C}. (1.5)

In Section 3, as a natural extension of the convexity and smoothness, we adopt the notion of subsmooth
vector-valued functions, and provide examples and results on such subsmooth functions. In Section 4, two types
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of stability properties for error bounds of F' at & € dom(F') are considered: one is that F' has a stable strong
error bound at Z, while the other is a weaker one that F' has a stable error bound at Z (the exact definitions
are given in Sect. 4). When F' is assumed to be subsmooth at Z, they are shown to be implied by the conditions
0 € int(0cF(z)) and 0 & bd(0c F(Z)), respectively. The converses are also established in Theorems 4.2, 4.7 and
4.8 under the additional assumption that F'is locally Lipschitz at z.

2. PRELIMINARIES

Let X be a Banach space with topological dual X* and let Bx denote the closed unit ball of X. We denote
by B(x,r) and B[z, r| the open and closed balls with center z and radius r, respectively. For a subset A of X,
we define the boundary bd(A) of A as bd(A) :=cl(A) \ int(A4), where cl(A) and int(A) denote the closure and
interior of A, respectively. For a € A, we use T(A,a) and N(A,a) to denote the Clarke tangent cone and the
Clarke normal cone of A to a, respectively, defined by

T(A,a) := {UEXZ Vaniaandw”%0+ Jv,, — v s.t. an+tnvn€AVn€N}

and

N(A,a) := {33* € X": (z",hy <0 forallh € T(A,a)}.

For ¢ > 0, let NE(A, a) denote the set of Fréchet e-normals of A to a, that is,

N.(Aja) :={2" € X*: limsupr_a> <ep.
| —all

A
T—a

When € =0, JSTE(A, a) is a convex cone which is called the Fréchet normal cone of A to a and is denoted by
N(A,a). Let N(A,a) denote Mordukhovich’s limiting normal cone of A to a which is defined by

N(A,a) := limsup N.(A,z).

A
z—>a,e—01

That is, 2* € N(A, a) if and only if there exists a sequence {(x,,,,2%)} in A x Ry x X* such that (z,,e,) —

(a,0), S 2* and z* € N., (A, z,) for each n.
Let f: X — RU {400} be a proper lower semicontinuous function. We use dom(f) and epi(f) to denote the
domain and the epigraph of f, respectively. The Clarke subdifferential 0f(z) of f at 2 € dom(f) is defined as

of(@) = {z* € X"+ (", ~1) € N(epi(f), (&, f(2))) }- (2.1)
If f is locally Lipschitz at x, then

of(x) := {x* e X*: (x*,h) < f°(x,h) := hmsupw

Vh e X}.
z—x, tl0 t

The Fréchet subdifferential d f(z) of f at x is defined by

df (z) == {m* € X*: liminf ) = f(z) = (2%, u = @) > O},

usa [ — ]|



4 X.Y. ZHENG AND K.-F. NG

or equivalently
Of(@) = {a* € X"+ (=", ~1) € N(epi(f), (x, f(a)) }.
Let df(x) denote Mordukhovich’s limiting subdifferential of f at x, that is,
Of(x) = {a* € X"+ (=", ~1) € N(epi(f), (x, f(a)) }.
Recall that 0f(z) C 8f(x) C df(x) and that if f is convex then
0f(z) = 0f(z) = Of (x) = {x €X*: (a*h) < f(x+h)— f(z)forall h € X}.

It is known that if X is a separable Banach space such that its dual X* is nonseparable (e.g., X = [1), then
there exists a Lipschitz function f on X such that 3f(x) = 0f(x) = () for all z € X. Thus, it cannot be expected
to develop Fréchet/limiting subdifferential theory in the general Banach space framework. Recall that a Banach
space X is an Asplund space if every continuous convex function on X is Fréchet differentiable at every point of
a dense subset of X. It is well known that X is an Asplund space if and only if every separable subspace of X
has a separable dual space. With regard to these notions, the following two lemmas collect some useful results
on the Clarke and Fréchet subdifferentials (and normal cones) (cf. [3, 17]).

Lemma 2.1. Let X be a Banach space, f: X — RU {400} be a proper lower semicontinuous function, and
let g : X — RU {400} be locally Lipschitz at x € dom(f). Then dg(x) # 0 and d(f + g)(z) C df(x) + dg(x).

Lemma 2.2. Let X be an Asplund space, A be a closed subset of X, and let f,g: X — RU {400} be proper
lower semicontinuous functions. Then the following statements hold: -
(i) N(A,a) =limsup N(A,z) for alla € A and N(A,a) is the weak* closed convex hull of N(A,a).
A
r—a
(it) Df (x) = limsup df () for all z € dom(f).

ZAI

(iii) If f is locally Lipschitz at x, then Of(x) is the weak* closed convex hull of Of (x), that is, Of (x) =
" (01 (). A

(iv) If f is locally Lipschitz at x € dom(g) and z* € O(f + g)(z), then for any € > 0 there exist x1,x2 € B(x,¢)
with |g(xz2) — g(x)| < & such that x* € Of (x1) + Og(x2) + eBxx.

Let X, Y be Banach spaces, and C C Y be a closed convex cone, which defines a pre-order < in Y as follows:
1 <c Y2 < y2 —y1 € C. It is known that <o is a partial order in Y if and only if the closed convex cone C'
is pointed (i.e., C N —C = {0}). In the remainder of this paper, we always assume that C is a closed convex
pointed cone in Y. Let C* and Z+ be defined by (1.5). Note that, in our consideration, Zs+ will play a role
of an “abstract one”; indeed, in the special case that Y = R and C' = R, one clearly has Zc+ = {1}. Let coy
denote an abstract infinity and Y'* := Y U {ooy }. For a vector-valued function F' : X — Y®, the epigraph of F'
with respect to the ordering cone C' is defined by

epia(F) == {(m,y) eEXxY: F(x) <¢ y}
Recall that F' is C-convex if epi,(F') is a convex subset of X x Y thus, F' is C-convex if and only if

F(/\ZL‘1 + (1 — )\)1‘2) <c /\F(.Il) + (1 — )\)F(ZCQ) Vi, 20 € dom(F) and A\ € [0, 1],
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where dom(F) := {x € X : F(z) # ooy }. The following lemma regarding the epigraph epis(F) is useful for us.

Lemma 2.3. Let X,Y be Banach spaces and F : X — Y* be a function such that epio(F) is closed. Let
x € dom(F) and c € C. The following statements hold:

(i) N(epig(F), (z, F(z) +¢)) € X* x —C*.

(i) If, in addition, F is continuous at x, then

T(epic(F), (z, F(z))) + {0} x C' = T(epic(F), (z, F(z))) C T(epic(F), (z, F(z) 4 ¢)) (2.2)
and
N(epic(F), (z, F(x) +¢)) C N(epia(F), (z, F(r))) C X* x —C*. (2.3)

Proof. Let (z*,y*) € N(epig(F), (z, F(z) + ¢)). Then, for any € > 0 there exists § > 0 such that

(a%a/ =)+ (y"y — F(a) — ) <(lla’ — all + ly' = Fla) ~ ] ).

for all (2/,y') € epic(F) with ||z’ — z|| + ||y’ — F(z) — ¢|| < d. Noting that {z} x (F(z) + ¢+ C) C epi(F), it
follows that (y*, h) < el||h| for all h € C'N By (0,6). Since C is a closed convex set and ¢ is an arbitrary positive
number, (y*,h) <0 for all h € C. Hence y* € —C™. This shows that (i) holds.

To prove (ii), suppose that F is continuous at z. Since (2.3) follows easily from (2.2) and the defini-
tions concerned, we only need to prove (2.2). To do this, let (u,v) € T(epi(F), (x, F(z))). Then, for any

(T, yn) epic(f) (z, F(z)) and t,, — 0T there exists a sequence {(u,,v,)} such that (u,,v,) — (u,v) and

(Inayn) +tn(un7vn) € epiC(F) Vn € N,
and so
(Zny Yn) + tn(tn, vn +¢) € epic(F)  V(n,c) €N x C.

Therefore, (u,v + ¢) € T(epia(F), (z, F(z))) for all ¢ € C and the equality in (2.2) is shown (noting that
{0} x C contains the origin). To show the inclusion in (2.2), let (u,v) € T'(epip(F), (z, F(z))), and take any

(Tny Yn) °Pic(f) (z, F(x) + ¢) and t, — 0T. Then, noting that (z,, F(z,)) — (z,F(z)) by the continuity of

F at z, there exists a sequence (un,v,) — (u,v) such that (x,, F(x,)) + tn(un, vs) € epia(F) for all n € N,
and 80 (Tp,Yn) + tn(tn,vy) € epic(F) for all n € N (because y, — F(x,) € C). This implies that (u,v) €
T(epia(F), (z, F(x) + ¢)), and the inclusion in (2.2) is shown. The proof is complete. O

The following lemma, essentially known (cf. [17, 30]), is also useful for us.

Lemma 2.4. Let XY, Z be Banach spaces and let F': X — Z and G : Z — Y'* be a continuously differentiable
function and a C-convex function, respectively. Suppose that ¥ € F~'(dom(G)) satisfies the following Robinson
qualification condition:

F'(z)(X) + Ry (dom(G) — F(z)) = Z, (2.4)

where F'(Z) denotes the derivative of F at Z. Then

N(epic (G o F), (7, G(F(@)) = { (F(@)"("),4") : (+",5") € N(epic(G), (F(2), G(F (@) }.
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In the vector-valued setting, we adopt the following coderivative (cf. [17])

DiF(a)(y") = {a* € X" (a",~y") € Nlepic(F), (z, F(2)))} Wy € V™. (2.5)
Since the Clarke normal cone N (epi(F), (x, F(x))) is a weak*-closed convex cone, DfF(Z) is a weak*-closed
sublinear multifunction (and so a closed convex multifunction). Let Feo(x) := F(x) 4+ C for all x € X. Then
gph(F¢) = epi(F) and so D} F(z) coincides with the coderivative D*Fe(z, F'(z)) of the multifunction F¢ at
(z, F(x)). For convenience, we will use the following subdifferential of F:

OcF(x) : = DEF(x)(Zo+)

= {x* € X*: (z",—y") € N(epic(F), (x, F(x))) for some y* € IC+} (2.6)
(cf. [27]). Tt is easy to verify that OcF(x) = |J O(y* o F)(z) if F is C-convex. In the special case when
Yy €L+

Y =R and C = Ry, it is clear from (2.1) that OcF(x) reduces to the Clarke subdifferential of F' and hence is
weak*-closed. It is worth mentioning that dcF'(x) is not necessarily closed when Y is a general Banach space.
In the C-convex case, the following subdifferential is known:

OF (z) == {T € L(X,Y): T(x—7) <c F(z) — F(z) Vae X},

where £(X,Y) denote the space of all continuous linear operators from X to Y. In fact, several kinds of
subdifferentials for vector-valued functions have been introduced and studied (for the detail see [5, 7, 11] and
the references therein).

Recall that a function F': X — Y* is locally Lipschitz at € dom(F) if ||F'(z1) — F'(z2)|| < L|lz1 — x2]| for
all z1, 22 € B(%,d) and some L,§ € (0, +00). Next we adopt the following weaker notion: F is said to be locally
C-Lipschitz at Z if there exist L,é € (0, +00) such that F is continuous on B(Z,d) and

[(y*, F(x1) — F(x2))| < L||z1 — z2|| Vz1,22 € B(Z,0) and Vy* € Zo+. (2.7)

With notations given in (2.5) and (2.6), we present the following:

Lemma 2.5. Let X,Y be Banach spaces with Y ordered by a closed convex cone C and let F': X — Y* be
locally C-Lipschitz at T € dom(F'). Then

A(y* o F)(Z) C DIF(Z)(y") Yy* € Zo+. (2.8)
Consequently,
U o o F)(@) c ocF(2). (2.9)
y* €L+

Proof. Let y* € Zg+ and z* € 9(y* o F)(Z). We need to show that z* € D}F(z)(y*), namely (z*,—y*) €
N(epig(F), (z, F(z))). To do this, let

(u,v) € T(epi(F), (z, F(Z))). (2.10)
We have to show that

(", u) — (y*",v) <0. (2.11)
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Since F' is locally C-Lipschitz at Z, there exist L,é € (0, +00) such that F' is continuous on B(Z,d) and (2.7)
holds. Hence there exists a sequences {(zn,t,)} in X x (0, +00) convergent to (Z,0) such that

(v 0 FY°(z,u) = lim o E @0t tnt) = F(wn))

n— 00 tn

(2.12)

Since (n, F(xy)) — (T, F(Z)), (2.10) implies that there exists a sequence {(un,v,)} in X X Y convergent to
(u,v) such that (zn, F(2y)) + tn(tn,vn) € epic(F) for all n € N. Then there exists a sequence {¢,} in C' such
that

F(zy) + tovy = F(Tn +thun) + ¢ VR €N,

namely, v, = F(I"H"“"t)*F(I"HC" for all n € N, and so

(y*,vn) > vn € N. (2.13)

On the other hand, by (2.7), one has

(y*, F(xn + taun) — F(xn» > <y*aF($n + thu) — F(xn»

— Lllu —
i t llu — un |

for all sufficiently large n € N. Since (un,vn) — (u,v), this and (2.13) imply that

(o) = lim (", vn) > Tim W E @t tn) = Flan))

n—00 n—00 tn

It follows from (2.12) that (y*,v) > (y* o F)°(Z,u). Since z* € 9(y* o F)(Z), this verifies (2.11). The proof is
complete.

The main results in this paper require that ordering cone C' of Y has a nonempty interior. For convenience,
we provide some notations and properties on the ordering cone C' under the assumption int(C) # . Given
y e C, let

Cf={y*eC": (y,y) =1}, (2.14)

ry :=sup{r >0: B(y,r) C C} and v¢ :=sup{r,: y € C and ||y|| = 1}. (2.15)

It is clear that vo > 0 if and only if C' has a nonempty interior.
The following lemma plays an important role in the proofs of the main results and might be of independent
interest.

Lemma 2.6. Lety € Y with ||y]| =1 and r > 0 be such that B(y,r) C C, and let F : X = Y* be a function
such that its epigraph epi(F) is closed. Then the following statements hold.

(i) CF C 1, YZc+ and Ie+ C [r, 1]C;f; consequently

€ Y Y

D:F@)(C) C [, HGCF(J;) and OcF(z) C [r, 11D F()(CH) Va € dom(F).
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(i1) C;f is a weak*-compact convex set.

(ii) D3 F(x)(Cf) is a weak*-closed convex set for all x € dom(F).

(iv) d(v, —C) < max{(y*,v) : y* € Cf} < +d(v,—C) for allv €Y \ —-C.
(v) If {y} € CF satisfies |ly, ]| = 1 and y;, = y*, then |ly*| > ~c.

Proof. By the assumption that B(y,r) C C, one has
(w* y) —rly*|| = nf{{y*,2) : 2€ B(y,r)} >0 Vy* e CT.
Hence, r|y*|| < (y*,y) < |ly*| for all y* € C* (thanks to ||y|| = 1). This implies that (i) holds. By (2.14), we

have that CJ is a weak*-closed convex set. Since every weak*-closed bounded set is weak*-compact, it follows
from (i) that (ii) holds. Noting that

gph(DCF(x)) = {(y",2%) : (27, —y") € N(epic(F), (z, F(x)))}
is a weak*-closed convex cone, it is easy from (ii) to verify that D} F(z)(C,) is a weak*-closed convex set. This
shows that (iii) holds.

To prove (iv), let v € Y\ —C. Then, d(v,—C) > 0 and B(v,d(v, —C)) N —C = (. By the separation theorem,

there exists y§ € Y* with ||yg|| = 1 such that inf (ys,z) = sup (y§, z) = 0. This implies that y} € Zo+
z€B(v,d(v,—C)) ze—C

and (y5,v) — d(v, —C) = 0. By (i), there exists ¢ € [1, 1] such that ty; € C;|. Hence
d(v,—C) < (tyg,v) < max{(y*,v) : y* € Cf}. (2.16)

Let y* € C;f. Then, by (i),
* % " 1
o) <y ot <llylllv+el < flotef VeeC

and so (y*,v) < d(v, —C). This and (2.16) imply that (iv) holds.
To prove (v), take an arbitrary « in (0, v¢). By the definition of y¢, there exists yo € C such that ||yo| =1
and B(yo,~) C C. Hence
(v*,y0) — v|[v*|| = inf{(v*,2) : z € B(yo,7)} >0 Vov*e€Ct. (2.17)
Let {y:} C C* be such that [[y%]| — 1 and g% > y*. Then, by (2.17),
ly*ll = (" o) = lim (y;,50) = lim |y [ = 7.
n—roo n—r oo

Hence ||y*|| > 7¢. This shows (v). The proof is complete. O

3. QUASI—SUBSMOOTH VECTOR-VALUED FUNCTION

The notion of the subsmoothness of a closed set, a useful extension of convexity and smoothness, was intro-
duced by Aussel et al. [1] and then was further studied by some authors (see [29, 31] and references therein).
Let A be a closed subset of a Banach space X, and recall that A is said to be subsmooth at z € A if for any
€ > 0 there exists § > 0 such that

(" ,u—2z) <ellu—=z| Yu,x € AN B(Z,)) and Vz* € N(A,z) N Bx-. (3.1)
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Let f: X — RU{+40o0} be a proper lower semicontinuous function. Motivated by (3.1) and the primal-

lower-nice property introduced by Poliquin (¢f. [23]), Zheng and Wei [31] considered the following notion of

quasi-subsmoothness: f is said to be quasi-subsmooth at Z if for any e, M € (0, +00) there exists § > 0 such
that

(", u—x) < f(u) — f(x) +eljlu —z| Yu,x € B(Z,0) and «* € df(x) N M Bx~. (3.2)

In extending to the vector-valued case, we have the corresponding notions in Definitions 3.1 and 3.2, where one
considers F' : X — Y* with Banach spaces X and Y and C' C Y being a closed convex cone.

Definition 3.1. We say that F is quasi-subsmooth at & € dom(F') with respect to C' if for any e, M € (0, +00)
there exists § > 0 such that

(% u—2) <(y", Fu) - Fx)) +elu—z| (3-3)

whenever u,x € B(%,0), y* € Zo+ and z* € DXF(z)(y*) N M Bx~.

It is routine to check that F' is quasi-subsmooth at Z with respect to C' if epi~(F) is subsmooth at (z, F'(Z))
and F is locally Lipschitz at .
Setting x = Z in (3.3), we introduce the following weaker notion.

Definition 3.2. We say that F' is w-quasi-subsmooth at Z € dom(F') with respect to C if for any ¢, M €
(0, +00) there exists § > 0 such that

(% u—2) <(y", F(u) - F(2)) +elu— 2| (3-4)

whenever u € B(z,9), y* € Zo+ and 2* € DXF(Z)(y*) N M Bx-~.

For convenience, let 7(X,Y;C) denote the family of all functions F' : X — Y® such that epi.(F') is closed,
and let

I'X,Yy;C)={FeT(X,Y;C): F is C— convex}.

In the case when Y = R and C' = Ry, the closedness of epi-(F) means that F' is lower semicontinuous. For
Z € dom(F'), let

08:(X,Y;C): ={F € T(X,Y;C): F isquasi-subsmooth at Z},
OS8Y(X,Y;C): ={F €7(X,Y;C) : F is w-quasi-subsmooth at Z}.

It is clear that
I'X,Y;C)C Q8:(X,Y;C) C 957 (X,Y;C). (3.5)

Since D*F(z)(y*) D d(y* o F)(z) trivially holds for all y* € C*, it is easy to verify from the sublinearity of
D*F(z) and Definition 3.2 that

[F € QS¥(X,Y; C)} — [D;;F(:z)(y*) = B(y* o F)(z) for all y* € CF \ {0}] (3.6)

The following proposition provides a useful subclass of vector-valued quasi-subsmooth functions.
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Proposition 3.3. Let F' be a continuously differentiable function between Banach spaces X and Z and let
G eT(Z,Y;C) be C-conver. Let & € F~(dom(G)) be such that the Robinson qualification (2.4) is satisfied.
Then the following statements hold.

(i) GoF € QS¥(X,Y;C).

(i1) If, in addition, F(Z) € int(dom(G)), then Go F € OSz(X,Y; C).

Proof. From (2.4) and Lemma 2.4, it is easy to verify that
d(y" oG o F)(z) = Dy (GoF)(@)(y") = F'(z)"(d(y" o G)(F(z))) Vy" € C™. (3.7)
To prove (i), let A: X xY xR = Z x Y be such that

(F/(@)(e). ) + Hepic(G) = (P(@).3). i (@) € X x ¥ xRy
, otherwise

Awant) = {

where § := G(F(Z)). Then, A is a closed convex multifunction and A(X x Y x R) = Z x Y (thanks to (2.4)).
It follows from the Robinson—Ursecu theorem that there exists » > 0 such that

T‘(BZ X By) C A(BX X By X B]R)
= F'(z)(Bx) x By + [0, 1](epic(G) — (F(2),9))
= F'(z)(Bx) x By + epic(G) — (F(2),7) (3.8)

(the last equality holds because epi-(G) is a convex set containing (F(Z),7)). Let €, M € (0, +00). Since F is
continuously differentiable, take § > 0 such that

re

IF(@) = F(@') = P o =)l < 575

|z —2'|| Vz,2" € B(z,$). (3.9)

Let y* € Zp+ and 2* € D¥(G o F)(Z)(y*) N MBx+« = 9(y* o G o F)(Z) N M Bx~ (thanks to (3.7)). To show that
G o F is w-quasi-subsmooth at T, we only need to show that

("2 —2) < (y",G(F(x)) — G(F(7))) +¢llxr — &|| Vz e B(z,9). (3.10)

To do this, we use (3.7) to express z* as z* := F'(Z)*(z*) with some z* € d(y* o G)(F(Z)). We claim that
|2*|| < M+ Granting this and setting 2’ = Z in (3.9), one has

(x*,0—z) = (2", F'(z)(z — 7)) < (2", F(z) — F(Z)) + €|z — z|| Vo € B(%,6);
this implies that (3.10) holds (thanks to z* € d(y* o G)(F(Z)) and the convexity of y* o G). To prove the

inequality claimed, we consider an arbitrary z in Bz. Then, by (3.8), there exist (u,y’) € Bx x By, 2’ € Z and
¢ € C such that (r2,0) = (F'(Z)(u) + 2’ — F(Z),y + G(2') + ¢ — 7). Hence,

(z*,r2) = (z*, F'(7)(u) + 2" — F(Z))
< (2 F(3)(w) + (y" 0 G)(Z) — (y" 0 G)(F(T))
< (F'(2)(z"),u) + (¥, G() + ¢ = 9)
= (2" u) — (¥, ¥)
<M+1,

and so [|z*|| < L

is proved.
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To prove (ii), suppose that F(Z) € int(dom(G)). Since F' is continuously differentiable, there exist ¢’ > 0
and 1 > r > 0 such that rBz C int(dom(G)) — F(x) for all x € Bx(Z,d’). Hence, as in the proof of part
(i), the Robinson-Ursescu theorem enables us to strengthen (3.8) by replacing Z and § = G(F(z)) with any
x € Bx(z,d') and y = G(F(x)), respectively. This, together with (3.9) and (3.7), implies that (ii) holds. The
proof is completed. O

It is well known that if F': X — R is locally Lipschitz at & then OF' is bounded on a neighborhood of Z. We
do not know whether or not the corresponding conclusion holds for vector-valued functions. However, under the
quasi-subsmoothness assumption, we have the following result.

Proposition 3.4. Let F € T(X,Y;C) be locally Lipschitz at . Then the following statements hold:
(i) If F € QS:(X,Y;C), there exist 5, M € (0, +o0) such that

sup{||z*|| : =* € DXF(x)(y*)} < M|y*|| Vz € B(z,) and y* € C*. (3.11)
(i) If FF € QS¥(X,Y;C), there exists M € (0, +00) such that
sup{la* || : &* € DEF(@)(")} < Mly*| " € O
Proof. Since F is locally Lipschitz at T, there exist L,r € (0, +00) such that
|F(z1) — F(x2)|| < L||z1 — x2|| V1,22 € B(Z, 7). (3.12)
First suppose that F' € 9Sz(X,Y;C). Then there exists § € (0, r) such that
(o u— ) < (", F(u) - F(2)) + lu— ] (3.13)

for all u,z € B(%,4), y* € Zo+ and z* € DXF(z)(y*) N (L + 2)Bx~. Since D} F(z) is sublinear, to prove (i), it
suffices to show that

sup{|lz*|| : 2" € DiF(z)(y*)} < L+2 V(z,y") € B(Z,6) X Zc+.
To do this, suppose to the contrary that there exist xg € B(Z,0) C B(Z,7), y§ € Zo+ and xf € D F(x0)(y5)
such that L + 2 < ||a3]]. On the other hand, by (3.12) and Lemmas 2.1 and 2.5, there exists 2} € 9(yj o
F)(zo) C D:F(x0)(yg) such that ||z3|| < L. Since D}F(x0)(ys) is convex, there exists t € (0, 1) such that
ltzs + (1 — t)zj|| = L + 2 and txf + (1 — t)xf € DEF(yg). It follows from (3.12) and (3.13) that
(te] + (1 = t)ag, u = xo) < (yo, F(u) — Flxo)) + lu = zo| < (L +Dfu— ol Vue B(z,9),

and so ||t} + (1 —t)z§|| < L+ 1, contradicting the choice of t. This shows that (i) holds. Similarly, (ii) can be
proved. O

Corollary 3.5. Let F € QS¥(X,Y;C) be locally Lipschitz at Z. Then,
Proof. Let (z*, —y*) € N(epio(F), (Z, F(Z))). We only need to show that

(%, —y") C N(epic(F), (Z, F(T))). (3.14)
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Note that y* € C* (by Lem. 2.3) and z* € D} F(z)(y*). It follows from (3.6) that if y* # 0 then z* € A(y* o
F)(z) C D:F(Z)(y*), which implies that (3.14) holds. If y* = 0, then z* = 0 (see Prop. 3.4(ii)); so (3.14) also
holds in this case. The proof is complete. O

Next, in the case when the ordering cone C has a nonempty interior, we prove that the quasi-subsmoothness
and weak gausi-subsmoothness admit better properties. To do this, we need the following lemma.

Lemma 3.6. Let F € T(X,Y;C) be locally Lipschitz at T € dom(F) and let y € int(C). Then the following
statements hold.

(i) F € QSz(X,Y; C) if and only if for any € > 0 there exists § > 0 such that (3.3) holds whenever u,z € B(Z,J),
y* € Cf and x* € DIF(x)(y*), where Cf is defined by (2.14).

(1)) F € QS¥(X,Y; C) if and only if for any e > 0 there exists & > 0 such that (3.4) holds whenever v € B(Z,J),
y* € Cf and x* € DFF(Z)(y*).

Proof. We only need to show (i) (because the proof of (ii) is similar). Since y € int(C), there exists r > 0
such that B(y,r) C C. Hence, by Lemma 2.6(i), Zg+ C [r, 1]C’;‘. Since D*F'(z) is positively homogeneous, the
sufficient part holds trivially. To prove the necessity part, suppose that F € QS;(X,Y;C). Since F is locally
Lipschitz at Z, by Proposition 3.4(i), there exist M,d € (0, +o0) such that D}F(x)(Zg+) C M Bx« for all
x € B(Z,0), and hence for any € > 0 there exists dp € (0, J) such that (3.3) holds whenever u,z € B(Z,dp),
y* € Ic+ and z* € D} F(x)(y*). Noting (by Lem. 2.6(i)) that C; C [1, #]Zc+, one sees that the necessity part
holds. The proof is complete. O

Let T be a compact topological space and C(X x T, R) denote the space of all continuous functions on X x T'.
For ¢ € C(X x T,R), recall that the family {¢(-,t)}+er is locally Lipschitz at Z if there exist L,y € (0, +00)
such that

[(z1,t) — (x2,t)| < L||z1 — 22|| Ya1,22 € B(Z,7) and Vt € T. (3.15)

Further recall (¢f. [29]) that the family {¢(-,?)}ier is uniformly quasi-subsmooth at z € X if for any ¢, M €
(0, 4+00) there exists § > 0 such that

(" u—x) <P(u,t) —P(z,t) +€||lu — || (3.16)

whenever (u,t), (z,t) € B(Z,d) x T and «* € 9¢(-,t)(x) N M Bx~.

Note that (3.15) implies 9 (-, t)(x) C LBx~ for all (z,t) € B(Z,d) x T. Thus, in the case when {¢(-,t) }rer
is locally Lipschitz at &, {¢(+,t) }+er is uniformly quasi-subsmooth at Z € X if and only if for any € € (0, +00)
there exists § > 0 such that (3.16) holds whenever (u,t), (z,t) € B(Z,0) x T and z* € 9y(-,t)(z). It is known
(¢f., Thm. 3.1 from [29]) that if {¢(-,t)}ser is uniformly quasi-subsmooth and locally Lipschitz at Z then

0d(z) =w" [ |J ovC.0)@) |, (3.17)
teT(z)
where ®(z) := rgleajg(zb(x,t) and T(Z)={teT: o) =v(z,t)}.
The following proposition will play important roles in our later analysis.

Proposition 3.7. Let X,Y be Banach spaces with the ordering cone C' of Y having a nonempty interior. Let
Z€ X and F € Q8;:(X,Y;C) be such that F is locally Lipschitz at T. Let y € int(C) with |ly|| = 1, and define
Y: X x CF = RU{+o0} such that

U(a,y") =y, Fl@) Y(@,y") € X xCy,
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where C;f is defined by (2.14). Then the family {1 (-, y*)}y*ecj is uniformly quasi-smooth at T and
06(z) = 0¢(%) = D F(%)(A(7)), (3.18)

where ¢(x) := max Y(x,y*) for all z € X and A(Z) := {v* € Cf: (v*, F(z)) = max (y*,F(i‘))}

y*E€C yreCy
Proof. Since F is locally Lipschitz at Z, it is easy to verify from Lemma 2.6(i) and Lemma 2.5 that there
exist L, € (0, +oc) such that (3.15) holds with 7' = C;f and 9(y* o F)(z) C DiF(x)(y*) for all (z,y*) €
B(z,7v) x C*. From Lemma 3.6(i) and the assumption that F € QS;(X,Y; C), it follows that {¢(-, Y )} yeect
is uniformly quasi-smooth at Z. Thus, by the Lipschitz property of F' at  and ([29], Thm. 3.1), one has

0¢(z) = @“’*( U 0y oF)(z)) = @“’*( U d@*o F)(z)). This, together with (3.5) and (3.6), implies
y*EN(T) y*EA(T)
that

99(z) = " (D F(2)(A(2))). (3.19)

By Lemma 2.6(i) and the definition of A(Z), A(Z) is a bounded weak*-closed convex set and so is a weak*-
compact convex set. Since gph(D?*F(Z)) is a weak*-closed convex cone, D*F(Z)(A(Z)) is a weak*-closed convex
set. This and (3.19) imply that d¢(z) = D*F(z)(A(Z)). Since d¢(z) is trivially contained in d¢(z), it suffices
to show (for establishing (3.18)) that

DIF(2)(A(7)) C do(T). (3.20)

To prove this, let 2* € D} F(z)(A(Z)). Then there exists y* € A(z) C Cf such that z* € D} F(z)(y*). Thus, by
Lemma 3.6(i), for any € > 0 there exists 6 > 0 such that

(2%.2 = 3) < (", F(a) — F(2)) +clle — 2] = (g, F(2)) — 6(2) + el — 7| < o) — 6(7) + <z — 7]

for all - € B(z,6) (the above equality holds because y* € A(z)). Hence, #* € ¢(&). This shows that (3.20)
holds. O

The following proposition provides the sum rule for subsmoothness and plays a key role in the proof of the
main result in Section 4.

Proposition 3.8. Let X,Y be Asplund spaces and the ordering cone C' of Y have a nonempty interior. Let
Fi,F, e Y(X,Y;C) be locally Lipschitz at . Then the following statements hold:
(i) If Fy, F» € QS¥(X,Y;C), then

F,+F, e 087 (X,Y;0). (3.21)

(i) If there exists a neighborhood V of T such that Fy, Fy € QSz(X,Y;C)N ASY(X,Y;C) for allx € V, then
Fi+ F, e Q8:(X,Y;C).

Proof. Suppose that Fy, F» € QS¥(X,Y;C). Then, by Corollary 3.5, the three kinds of normal cones of epi. (F;)
to (z, F;(Z)) coincide:

(and all are weak*-closed convex cones). We claim that

DI(F1 + F)(@)(y") € DIF(Z)(y") + DIFa(2)(y") Yy € CT. (3.23)
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To do this, let K be the convex cone defined by
K :={(z} + 23,0v") : (2},v*) € N(epic(F,), (z, F;(z))), i = 1,2}.

Then, by ([17], Cor. 3.11) and the Lipschitz assumption on F; at Z, one has

N(epip(Fy + By, (7, Fy(7) + F»(z))) C K. (3.24)

This and Lemma 2.2(i) imply that N(epiq(F) + F»), (Z, Fy(Z) + F5(z))) c @® (K) =K . Thus, in order to
show (3.23), by (3.22) and the definition of D}F (see (2.5)), we only need to show that K is weak*-closed.
In turn, by the Krein—Smulian theorem, it suffices to show that K N (Bx~ x By+) is a weak*-closed set. To
do this, let (x*, —v*) be a weak* cluster point of K N (Bx« X Byx). Since Bx~ x By~ is weak*-compact, it is
sufficient to prove that (z*, —v*) € K. Take a net {(z¥, —v%)} in K N (Bx~ X By«) converging to (z*, —v*) with
respect to the weak* topology. Hence, for each « there exist u) € D! Fy(Z)(v}) and w} € D} Fy(Z)(vy) such
that z¥ = u’ + w. It follows that v} € CT and max{||u} ||, ||[wk|} < M|jvk|| < M for all @ and some constant

M (thanks to Prop. 3.4(ii)). Now consider any € > 0. Since F1, Fy € QS¥(X,Y; C), there exists 6 > 0 such that

(ug, z =) < (vg, Fi(z) = F1(2)) +ellz = 2| and (wg,z —7) < (v, Fa(2) = (7)) +eflz — 2|
for all z € B(Z, d). Without loss of generality, we can assume that 2% w* and wk g (taking a subnet if

necessary). Then, =¥ = u} + w}, 2T + 2" =",
(e —z) < W F(z)— F1(Z) +e||lz —F|| and (", 2 —Z) < (v*, Fa(x) — Fo(Z)) + ¢l — T
for all x € B(z,9). Hence
(u*, —v*) € N(epic(F1), (2, F1(2))) and (2%, —v") € N(epic(F2), (2, F2(2)))

and so (z*, —v*) = (u*, —v*) + (2%, —v*) € K. This shows that (3.23) holds. To prove (3.21), let y* € Zg+ and
x* € DI(F1 + F2)(Z)(y*); then (3.23) implies that there exist ¥ € DI F;(Z)(y*) (¢ = 1,2) such that * = z} +z3.
From Proposition 3.4(ii) and the assumption that Fy, Fy € QS¥(X,Y;C) are locally Lipschitz at Z, it follows
that for any € > 0 there exists 6’ > 0 (independent on y* and z*) such that (z},z — z) < (y*, F;(x) — Fi(Z)) +
g|lz — z|| for all z € B(z,d’), and so

*

(@2 = 7) = (z1, 2 =) + (23,0 = 7) < (y", F1(2) + Fo(x) — F1(T) — F5(7)) + 2¢fle — 2|

for all x € B(Z,d’). This implies that (3.21) holds and so (i) is shown. Similar to the proof of (3.21), (ii) is
immediate from (3.23) (with Z being replaced by each z in some neighborhood V of Z) and the definition of the
quasi-subsmoothness. The proof is complete. O

Remark. Inclusion (3.24), as a consequence of ([17], Cor. 3.11), plays a key role in the above proof, while the
proof of ([17], Cor. 3.11) relies on the assumption that X and Y are Asplund spaces. We do not know whether
(3.24) holds with the Clarke normal cone replacing the limiting normal cone when X and Y are Banach spaces.

Let F,G € 7(X,Y;C) and = € dom(F) N dom(G). We introduce the following notation

1G(z) — F(z) - (G(z) - F(2))]

o — ||

||G - F”"?- = limsup
T—T
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Clearly, |G — F||z < +o0 if and only if there exist L,§ € (0, +o0) such that
(G = F)(x) = (G- F)@)| < Lljz —z| Vxe B(,9),

which is weaker than the local Lipschitz property of G — F at Z. In the case, when Y =R, |G — F||z was used
in [12, 13, 20, 31].

Proposition 3.9. Let F € T(X,Y;C) and G € Q8¥(X,Y;C) be such that |G — F||z < +o00. Then
D:G(z)(y") € DeF(z)(y") + ly" |G — FllzBx- YY" € Ic+ (3.25)
Consequently, 0cG(z) C OcF(z) + ||G — F||zBx~ and
0,00 F(z)) < [u*[| + |G = Fllz  Vu" € 0cG(2).

Proof. Let y* € Zp+ and z* € DfG(Z)(y*) and take an arbitrary € > 0. Then, by G € QS¥(X,Y; (), there
exists > 0 such that

(", —7) < (y*,G(z) — G(Z)) + ||z — z|| Va e B(z,9). (3.26)
Since ||G — F||z < 400, there exists ¢’ € (0, §) such that
1G(x) = G(z) = (F(2) = F(@))| < (|G = Fllz + &)llz — 2| v € B(z,0").
Hence, for any z € B(z,?’),

(y",G(x) = G(z)) < {y", F(z) = F(2)) + |y [ G(z) - G(z) = (F(2) = F())]]
< (" F(z) = F@) + v I(IG = Fllz + )|z — 2|,

This and (3.26) imply that
(z%,2 =) < (y", F(z) = F(2)) + [ly" (|G = Fllz + 2¢)llx — z|| Vx € B(,0"). (3.27)
Noting that y* € C, it follows that
(%2 —2) < (", F(z) + ¢ = F(@)) + Iy (|G = Fllz + 2¢) [l — 2| V(x,c) € B(z,6") x C,
that is,
(#%2 =) = (", y — F(Z)) < Oepi(7) (2, 9) + Iy I(|G = Fl|z + 2¢) (| — z|
for all (z,y) € B(z,0") x Y. Hence, by Lemma 2.1,

(@%, =y") € Bbepip () (%, F (7)) + ly* | (IG = Fllz + €) Bx~ x {0}
= N(epic(F), (2, F())) + [ly"[|(IG = Fllz + ) Bx- x {0}.

This means that «* € D*F(Z)(y*) + ||ly*||(|G — F||z + €)Bx-. Letting ¢ — 0 and noting that D! F(Z)(y*) and
Bx- are respectively weak*-closed and weak*-compact, we have z* € D*F(z)(y*) + ||y*|||G — F||zBx~. This
shows that (3.25) holds. The proof is completed. O
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4. MAIN RESULTS

Let F € T(X,Y;C), that is, F : X — Y* be a function such that its epigraph epio(F) is closed. For Z €
dom(F), recall that F' has an error bound at z if and only if 7(F,z,C) < 400, where the error bound modulus
7(F,%,C) is defined by (1.4). We say that F has a stable error bound at Z if there exist 7, € (0, +00) such
that

7(G,5,0)<n VG eT(X,Y;C) with |G — F|z < o. (4.1)

We say that F has a stable strong error bound at Z if there exist 1, € (0, +00) such that (4.1) holds and %
is an isolated point of S(G,z,C) for all G € T(X,Y;C) with |G — F||z < J, that is, for any € > 0 there exists
r € (0, +00) such that

|z —z|| < (n+¢e)d(G(z) — G(z),—C) for all z € B(z,).

In this section, in terms of subdifferential dcF', we will consider the stability of error bounds for a quasi-
subsmooth function F. Note that 0 € bd(0cF(z)) if and only if one of the following two properties holds:

(i) 0 € int(cl(@cF(z))) and (i) 0¢ cl(IcF(z)).
It is easy to verify that
(i) = d(0,bd(dcF(2))) = sup{r > 0: rBx- C cl(dcF(z))} >0
and
(ii) = d(0,bd(dcF(z))) = d(0,0cF(z)) > 0.

For case (i), we have the following result.

Theorem 4.1. Let F € QS¥(X,Y;C) and 0 € int(cl(0cF(z))). Suppose that G € T(X,Y;C) is such that
|G — Fl|z < d(0,bd(0cF(z))). Then, for any € € (0, +00) there exists 6 > 0 such that

1+4¢ d
(0,bd(0cF(2))) — |G — Fz

o -2l < - (G(z) — G(z),~C) Vz € B(g,0). (4.2)

Consequently, F' has a stable strong error bound at T.

Proof. Let r:= d(0,bd(0cF(Z))). From the assumption that 0 € int(cl(0cF(Z))), it follows that

r = sup {t >0: tBx« C cl(@cF(i‘))} >0 and rBx« C cl(0cF(Z)). (4.3)

Let G € T(X,Y;C) with |G — F||z < r. Given an ¢ € (0, o0), take ) € (0, M) and 6; > 0 such that
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r— |G- Flz

— |G = Fllz -2 4.4
S <G Fls -2 (14)

and
1G(z) = G(z) = (F(z) = F@) < (IG = Fllz + n)lle — Z|| Vo € B(Z,61).

Noting that (y*, F'(z) — F(Z)) < d(F(z) — F(z),—C) for all y* € Zc+, since F € QS¥(X,Y; (), there exists
0 € (0, 01) such that

(z*, 2 — &) < d(F(z) — F(z),-C) + |l — 7|

< d(G(x) = G(2), =C) + (|G = Fllz + 2n) ||z — 7|

for any z* € rBx- N 0o F(Z) and x € B(Z,¢). It follows from the inclusion in (4.3) that
(%2 —Z) <d(G(z) — G(Z),-C)+ (|G — Fllz + 2n)|lz — || VY(z*,x) € rBx- x B(&,9).
This means that
rlle — 2 < d(G(x) — G(2),~C) + (|G — Flls + 20)llz — 3| vz € B(z,5),

that is, (r — |G — F||z — 2n)||lz — Z|| < d(G(x) — G(Z), —C) for all x € B(Z,¢). This and (4.4) imply that (4.2)
holds. The proof is complete. O

Under some mild assumptions, we will prove that 0 € int(cl(0cF(Z))) is also a necessary condition for F' to
have a stable strong error bound at Z.

Theorem 4.2. Suppose that the ordering cone C has a nonempty interior and that F is quasi-subsmooth at
z € dom(F). Further suppose that F' : X — Y is locally Lipschitz at T € X. Then F' has a stable strong error
bound at Z if and only if 0 € int(cl(Oc F(Z))).

Proof. The sufficiency part is immediate from Theorem 4.1 (and (3.5)). Next suppose that F' has a stable strong
error bound at Z. Then there exist x,d € (0, +00) such that

kl|lz — || < d(F(z) — F(z),~C) Vaz € B(z,0),

and so F(x) — F(z) ¢ —C for allz € B(z,0)\{z}. Fixy € int(C) with |ly|| = 1, and let ¢(x) := max (y*, F(z)—

y*€CT
F(z)) for all z € X. Thus, by Lemma 2.6(iv), one has
iz — 2] < d(F(z) - F(@),~C) < 8(z) = d(z) — $(z) Va € B(z.).
It follows that
kBx~ C (). (4.5)

Noting that F' — F(Z) is locally Lipschitz and quasi-subsmooth at Z, one has, by Proposition 3.7 (applied to F'
being replaced by F — F(&)), that

06(z) = D;(F — F(2))(2)(Cy) = DL F(z)(Cy).
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Tt follows from (4.5) and Lemma 2.6(i) that krBx+ C dcF(Z), and s0 0 € int(cl(0c F(Z))). The proof is complete.
O

Next we consider the case when 0 & cl(0c F(z)). To do this, we need the following lemma.

Lemma 4.3. Let G € Y'(X,Y;C), & € dom(G) and let 8 € (0, 7(G,%,C)). Then there exists a sequence
{(ZnyCnymn)} C X x C x (0, +00) such that

G(Zn) +¢n #G(T) VneN, (4.6)
(Zn, G(Tn) + Cn,nm) — (T,G(T),0) (4.7)
and
0€ O(f +8uic(e) + 5l ~(@nsGl@n) + o)) (@0, Glan) + ) ¥ €N, (1)
where
Fasg) =y = @I and @, 9)ll = o]+ mallyl - ¥(w.p) € X x Y. (4.9

Proof. Since 7(G,z,C) > 3, there exists a sequence {Z,} in X \ S(G,Z,C) converging to T such that
L, :=d(%,,5(G,z,C)) > Bd(G(z,) — G(Z),—C) ¥neN. (4.10)
Hence, 0 < L,, < ||Z,, — Z|| — 0, and for each n € N there exists ¢, € C such that

Ln

1G(Zn) +én — G(2)| < 3

(4.11)

This implies that f(Zn,G(&n) 4 é,) < inf {f(2,y) + depip () (,9) : (2,y) € X x Y} + %, where f is defined
by (4.9). Noting that f + depi (@) is lower semicontinuous, it follows from the Ekeland variational principle that
there exists (Z,,¢,) € X x C such that

[(Zn, G(Zn) + En) — (Zn, G(Zn) + n)lln < Ln

and

(@0, G(Zn) + C0) < flo,y) + 6epic(G) (z,y) + %H(m,y) = (@n, G(@n) +C)|ln V(z,y) € X XY,

where || - ||, is defined by (4.9) with n,, := /L,, — 0. Thus, (4.8) holds,
|Zn — &n|l < Ln — 0 and [|G(Zn) + & — G(Zn) — énll < \/Ln — 0.
By (4.10), (4.11) and z € S(G, z,C), we have
Ty, = T, G(T,)+ ¢, — G(T), Tn € S(G,2,0)

(so G(Z,) + ¢, # G(Z)). The proof is complete. O
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Theorem 4.4. Let X,Y be Banach spaces and suppose that the ordering cone C of Y has a nonempty interior.
Let F,G € V(X,Y;C) and & € dom(F) be such that

0¢ l(8cF(7)) and |G — F||z < d(0,0cF (7).

Further suppose that one of the following three conditions is satisfied:
(i) G is continuous on some neighborhood of T and G € QSz(X,Y;C).
(ii) G € T(X,Y;C).

(i) X, Y are Asplund spaces and G € QS¥ (X,Y;C).

Then

) 1
7(G,z,0) < vc (d(0,0cF(z)) — |G — Fllz)

1

Proof. Suppose to the contrary that 7(G,z,C) >
/. Supp Y ( ) > o (a0oer e I—FI)

. Then there exists r € (0, v¢)

sufficiently close to y¢ such that

1

7(G,%,0) > 7, = r(d(0,0cF(z)) — |G — Fll2)°

By Lemma 4.3, there exists {(Zn, Cn,mn)} C X x C x (0, +00) such that (4.6), (4.7) and (4.8) hold with 8 = 7,..
By (4.8) and Lemma 2.1, one has

1 _ _ _ _ _ _
(07 0) € a(f + Jepic(G) + ?H : *(xnv G(xn) + Cn)”n) (xvu G(In) + Cn)
1
C af(i’na G(in) + En) + aéepic(G)(jm G(i'n) + én) + ?BH : _(i‘na G(jn) + En)”n(fm G(jn) + En)

C {0} X Sy- + N(epic(G), (T, G(in) + ) + — B+ X 11aBy-),

T

where f and || - ||, are defined by (4.9). Hence, there exist g € Sy«, 0 € By« and T € Bx+ such that

(f;’ —g - 77"77;) € N(epia (@), (%, G(Zn) + En)). (4.12)

Tr Tr

First suppose that (i) holds. Then G is continuous on some neighborhood of z. By (4.7), G is continuous at
each T, for all sufficiently large n. It follows from Lemma 2.3(ii) that

N(epio(G), (T, G(Zn) + En)) C N(epip(G), (Tn, G(T,))) C X* x —CT

s
Tn

Tr

for all sufficiently large n. By (4.12), one has g + % € CT and == € D!G(z,) (7! + %) for all sufficiently

Nn®

large n. Since |7} + T”H — 1 and G is quasi-subsmooth at Z, it follows that for any € > 0 there exists ¢’ > 0
such that

73k

(T2, < (50 + 5 6(0) - Glan) ) +ello ~

T
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for all z € B(z,4") and all sufficiently large n. Noting that ||Z,, — Z|| = 0 and ||G(Z,) — G(Z)|| — 0, it follows
that

Tk

lim inf <£"x - x> < liminf <y;; + ”T;“" ,G(z) — G(x)> Vel —z|| Vee B(zd). (4.13)

n—00 Tr n—00 .

Without loss of generality, we may assume that Z), g Bx- and ¥, + UL y* € By NC* (passing
to a subnet if necessary). Hence, by Lemma 2.6(v ) and (4.13), one has y¢ < Hy | and

*

<‘i,x - :1:> < <y*,G(m) - G(:z)> te|z—z| Voe B@,d).

Tr

It follows that - € A(y* o G)(z) € D*G(z)(y*), and so

* *

i” o € DG )(HZ II) C D!G(7)(To+) = 0cG(T). (4.14)
Therefore, by Proposition 3.9,
4(0,00F @) < 124 j - Fp < - P <G Fls (4.15)
N Tolly | "= e T g '

(thanks to the choice of r). This implies that 7, < (Ao acF(a*:;)—HG—FH—)’ contradicting the definition of 7;..
Next suppose that (ii) holds. The convexity of epis(G), together with (4.12) and Lemma 2.3(i), implies that
yp+ 2" e CF and

T’l" T

(Zo-u) - @Mﬁﬁmy G(aa) e ) <0 ¥(z.) € epic(C).

Let ( *) be a weak*-cluster point of {( -y — %)} Then, by Lemma 2.6(v) and (4.7), one has
ve <y || and

<x*,x - x> —(y*,y—G(Z)) <0 VY(z,y) € epix(G).

Tr
It follows from the convexity of epi,(G) and Lemma 2.3(i) that (— —y*) € N(epio(G), (z,G(Z))) and y* € CT.
Hence (4.14) and (4.15) hold, which implies 7, < (@0, BCF(w)) [G—F,y contradicting the definition of 7.
Finally suppose that (iii) holds. Since X and Y are Asplund space, Lemma 2.2(iv) together with (4.6)—(4.8)
T

implies that there exist {(an, bn)}, {(dn, en}), {(tn,v,)} C X X Y converging to (z, G(Z)) such that b, # G(T)
and

. . 1 1
(0,0) € Of (an,bn) + Depi (a) (Un; vn) + T—a|| = (Zn, G(ZTn) + En)|ln(dn, en) + E(BX* X By=).

T

It follows that

N . 1 1
(0,0) S {0} X Sy + ]\7((31)10(G)7 (un,vn)) + ?(Bx* X nnBY*) + E(BX* X By*).

T
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Hence, there exist y; € Sy«, v}, € By~ and x}, € Bx- such that

((1 + 1) Ty —Yp — (7’" + 1) v;) € N(epig(G), (tn, vn)). (4.16)

Tr n Tr n

This and Lemma 2.3(i) imply that

no 1Y\ L ) w1\
IIyZ—F(Z—Fn) vil—1 and yn+(%+;)vn60+.

r

Without loss of generality, we may assume that z7 g Bx- and y + (2= + Lyor N y* € CT (passing
to a subsequence if necessary). Thus, by Lemma 2.6(v) and (4.16), one has

« A N 7 e . e
r<ae <yl (5 -v") € N(epic(G), (7.G(@))) € N(epic(G), (7, G(@),
and so Hu 1 € DIG(z) (” *H) C 9¢G(x). This and Proposition 3.9 imply that
[l ]| 1

G = Fllz <— +[|G = Flls,
7 |ly* |l TrT

namely 7, < r(d(O,acF(i;)—HG—FHf)’ contradicting the definition of 7,. 0O

d(0,0cF(1)) <

By Theorems 4.1 and 4.4, under the stated assumptions, we know that d(0,0¢F(Z)) > 0 is not only a
sufficient condition for F' to have a stable error bound at Z but also yields the following quantitative estimate
for error bound modulus

) 1
G50 < 20, 00F @) = 16 = Fl)

This leads to us to consider sufficient and necessary conditions for d(0,d¢cF(Z)) > 0. For convenience, we use
the Clarke tangent derivative Do F(z) : X = Y defined by

DoF(z)(u) :={(veY: (u,v) € T(epia(F), (Z, F(Z))} YueX.

Proposition 4.5. Let X,Y be Banach spaces and suppose that the ordering cone C of Y has a nonempty
interior. Given F € T(X,Y;C) and Z € dom(F), the following statements hold:

(i) If the Clarke tangent derivative Do F(Z) is surjective, that is, Do F(Z)(X) =Y, then d(0,0cF (z)) > 0.
(i1) If F' is continuous at Z, then d(0,0cF (z)) > 0 if and only if DcF(z)(X) =Y.

Proof. To prove (i), suppose that Do F(z)(X) =Y. Since gph(DcF(Z)) = T(epic(F), (z, F(Z))) is a closed
convex cone, the Robinson-Ursescu theorem implies that there exists » > 0 such that 7By C Do F(Z)(Bx). We
claim that

d(0,0cF(Z)) > 7. (4.17)

Let z* be an arbitrary element in ¢ F(Z) with y* € Zo+ such that * € DXF(z)(y*). Then, for any ¢ € (0, 1)
there exist y. € By and u. € Bx such that

W —ye) > [y —e=1—¢ and (2", uc) — (y",7y:) <0
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(because ry. € rBy C Do F(Z)(Bx)); consequently ||z*|| > (1 —€) and so ||z*|| > r as ¢ is arbitrary in (0, 1).
This shows that (4.17) holds.

To prove (ii), suppose that F' is continuous at Z. Since the sufficiency part is just (i), it suffices to show the
necessity part. To prove this, suppose that d(0,9cF(z)) > 0. We claim that

A(DeF(7)(X)) = Y. (4.18)

Indeed, if this is not the case, cl(Dc F(Z)(X)) # Y. Since cl(Dc F(Z)(X)) is a closed convex cone in Y, it follows
from the separation theorem that there exists v* € Y* with ||v*|| = 1 such that sup{(v*,y) : y € DcF(Z)(X)} =
0. Noting that DcF(Z)(X) = DeF(Z)(X) + C (thanks to Lemma 2.3(ii)), it follows that y* = —v* € Zo+ and
(0, —y*) € N(epia(F), (z, F(Z))) and so 0 € DXF(Z)(y*) C dc F(Z), contradicting d(0, 0o F'(Z)) > 0. This shows
that (4.18) holds. Take an element ¢ in int(C') and 6 > 0 such that B(c,d) C C. It follows from (4.18) that there
exists y € Do F(2)(X) N —B(c, ). Hence

B(O, g) Cy+ B(c,0) C DcF(z)(X)+ C = DcF(z)(X).

Since Do F(Z)(X) is a cone, this implies that Do F(Z)(X) =Y. The proof is complete. O
From Theorem 4.4 and Proposition 4.5, we have the following corollary.

Corollary 4.6. Let X,Y be Banach spaces and suppose that the ordering cone C' of Y has a nonempty interior.
Let F € T(X,Y;C) and T € dom(F) be such that the sublinear conic inequality Do F(Z)(u) <¢ 0 is solvable
in the sense that there exists ug € X such that Do F(Z)(ug) N —int(C) # 0. Further suppose that one of the
following three conditions is satisfied:

(i) G is continuous on some neighborhood of T and G € QSz(X,Y;C).

(1)) G e I'(X,Y;C).

(i) X,Y are Asplund spaces and G € QS¥(X,Y;C).

Then

=. 1
(G5 0) S 0,00 F @) =G = Fllz],

Remark. Let F : X — Y* be smooth around Z € dom(F). It is easy to verify that Do F(Z)(u) = F'(Z)(u) + C
for all u € X, where F'(Z) denotes the derivative of F' at T, and so Do F(Z)(u) <¢ 0 is solvable if and only if
F'(z)(X)+ C =Y. Thus, as a byproduct of Corollary 4.6, we have the following result: if F' is smooth around
Z and F'(z)(X) + C =Y then F has a stable error bound at T with respect to C. Clearly, F/(Z)(X)+C =Y
is weaker than F'(Z)(X) =Y, the later condition being an important assumption for the famous Lyusternik—
Graves theorem: if F' is smooth around T and F'(Z)(X) =Y then F is metrically reqular at (%, F(Z)), namely
there exist 7,6 € (0, +00) such that

d(z, F~'(y)) < 7lly = F(2)| V(x,y) € B(z,6) x B(F(2),9)).

Let L(X,Y) denote the space of all bounded linear operators from X to Y. Recall that T € L(X,Y) is said
to satisfy the Slater condition with respect to C' if

T(X) N —int(C) # O (equivalently, T(X) +C =Y. (4.19)
By the Robinson—Ursescu theorem, the above Slater condition means

r(T,C) :=sup{r >0: rBy C T(Bx)+ C} > 0.
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In the case when X = R™, Y = R" and C' = R}, under the Slater condition, Luo and Tseng [16] considered
the stability of error bounds for a conic linear inequality defined by a bounded linear operator T' and C' = RY}.
Under the Slater condition, with the help of (T, C), we provide the following quantitative estimate of local
error bound moduli of conic linear inequalities:

~(T,z,C) < LI
Yo (r(T,C) = T =T

(4.20)

for all (T,Z) € L(X,Y) x X with ||T — T|| < r(T,C). Indeed, noting that epi(T) = {(z,Tz + ¢) : (z,¢) €
X x C} is a closed convex cone, it is easy to verify that

T(epic(T), (z,Tx)) D epi(T) Vo e X.
Hence, by the definition of (T, C),
rBy CT(Bx)+C C DcT(z)(Bx) Y(z,r) e X x (0, r(T,C)).

This and (4.17) imply that d(0,9cT(z)) > (T, C) for all Z € X. It follows from Corollary 4.6 that (4.20) holds
for all (T, %) € L(X,Y) x X with ||T — T|| < r(T, C).

Theorems 4.1 and 4.4 show that, in a sense, 0 & bd(0cF(Z)) is a sufficient condition for (CIE) to have a stable
local error bound at . The following theorem shows that the converse also holds under some mild assumption.

Theorem 4.7. Let X,Y be Asplund spaces with the ordering cone C' of Y having a nonempty interior. Suppose
that F € Y(X,Y;C) is quasi-subsmooth and locally Lipschitz on a neighborhood of & € dom(F'). Then the
following statements are equivalent:

(i) 0 € bd(OcF(Z)).

(ii) There exist L,6 € (0, +00) such that 7(G,Z,C) < L whenever G € QS¥(X,Y;C) and |G — F||z < 0.

(iii) For any y € int(C) with ||y|| =1 there exist L,§ € (0, +00) such that

T(F+e(|-—2| + (2", )y, 2,C) <L VY(e,2*) € [0, 6) X Bx~. (4.21)
(iv) There exist y € int(C) with |ly|| =1 and L, € (0, +00) such that (4.21) holds.
Proof. (1)=-(ii) is immediate from Theorems 4.1 and 4.4. By Proposition 3.8, one has
F+e(]-—z|+2")y € QS5 (X,Y;C) V(e,y,2") € (0, +00) x int(C) x Bx-.

Therefore, (ii)=-(iii) holds. Since (iii)=-(iv) is trivial, it remains to show (iv)=-(i). To do this, suppose to the
contrary that 0 € bd(0cF(Z)), that is,

0 € cl(0cF(z)) and 0 ¢ int(cl(0cF(Z))). (4.22)
Hence
eBx+ ¢ OcF(z) Ve € (0, +00). (4.23)

By (iv), there exist y € int(C') with ||y|| =1 and L, d,r € (0, +00) such that (4.21) holds and y + rBy C C. It
follows from Lemma 2.6(i) that

1

1<yl <~ vy eCy (4.24)
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We claim that
eBx- ¢ DIF(z)(C) Ve e (0, +o0). (4.25)

Indeed, if not, namely there exists £g > 0 such that

coBx~ C D:F(E)(C;_), (426)
then
reoBx» C OcF(Z) (4.27)

(contradicting (4.23)). To see how (4.27) follows from (4.26), let z* € Bx~. Then (4.26) implies that there
exist yg,y* € C,f such that 0 € D} F(Z)(y5) and goz* € D;F(z)(y*). Noting that, since D} F(Z) is a convex
multifunction, it follows that

tegr™ = (1 — )0 +tegx™ C DIF(Z)((1 — t)ys +ty*) Vt € [0, 1],
and so

tegr™

c (I —tys +ty”
(1= t)ys + ty*||

(1= t)ys + ty* ||

D;F(:z)( > C dcF(z) Vtelo, 1. (4.28)

Since the continuous function ¢ — takes value ﬁ at t = 1, there exists ¢ty € (0, 1] such that

N
1(1=t)yg+ty*|l y* |l

m = r (thanks to (4.24)). This and (4.28) imply that rega™ € dcF(Z), showing (4.27). Therefore

our claim (4.25) is valid. For each z € dom(F'), let ®(x) and A(x) be defined by

®(x) := max (y*, F(z) — F(z)) and A(z) :={y* € C;f : (y*, F(z) — F(z)) = ®(z)}. (4.29)

T
y*eCy

By assumption, we take ¢’ € (0, ¢) such that F' (and F — F(&)) are quasi-subsmooth and Lipschitz on B(z,d").
From Proposition 3.7, it follows that

0% (z) = 0d(z) = D' F(z)(A(z)) Va € B(z,d) (4.30)

and, in particular, cl(0®(z)) = 0®(z) = D:F(z)(Cf) (because A(Z) = C;f). Hence, by (4.22) and (4.25), one

has 0 € O®(z) and eBx~ ¢ d®(z) for all € € (0, +00). Let e € (0, &) be such that (2 + 1)e < -, and take

u* € eBx- \ O®(Z); then there exist 7 € (0, ') and a sequence {z,} in X converging to Z such that
0<®(z) — D(Z) +e||lz—Z|| = ®(x) +¢||z — || Vz e B[z, 1), (4.31)
(uk, zy — ) > ®(x,) — ®(2), and so e||x, — Z|| > ®(x,) for all n € N. Hence
O(xy) + €l|lzn — T < inf{®(x) + ||z — Z|| : = € Bz,n]} + 2¢||lz, — Z|| VneN.

By the Ekeland variational principle, for any n € N there exists a,, € B[Z, 7] such that ||a, — z,| < ||z, — Z||
and

D(ay) + €llan — Z|| < ®(x) + €|l — Z|| + 2¢||z — ay|| Yz € B[z, n)]. (4.32)
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Therefore, a,, # T for all n € N and a,, — T (as x,, — ). Without loss of generality we assume that a,, € B(Z,n)
for all n € N. Thus, by (4.32), one has

0€d(®+e| - —Z| + 2| - —anl)(an) C 0P(a,) +3eBx- VneN. (4.33)

By the uniform boundedness principle in functional analysis (¢f., Thm. 1.6.9 from [18]), there exists * € Bx~
such that sup {’<x* "(a"_i)>‘ tneE N} = +o00. Without loss of generality, we assume that (z*, a, — Z) > 0

? lan—Z]]

for all n € N (taking a subsequence of {a,} and replacing 2* with —z* if necessary). It follows from (4.31) that
0 < ®(ay,) +¢llan, — || + e(z*,a, —Z) VYn eN. (4.34)
Take y € Alay) (see (4.29)). Then (y’,y) = 1, ®(a,) = (y%, F(a,) — F(Z)), and hence we can rewrite (4.34) as
0 < (45 Flan) — F(@) +(lan — 7l + (&%, an — 5} = (45, Glan) — G@)),

where G := F +¢(]| - =Z|| + 2*)y. It follows that

G(an) — G(z) & —C. (4.35)
By (4.21), there exists § > 0 such that

d(z,S(G,z,C)) < 2Ld(G(r) — G(Z),-C) Yz € B(z,9). (4.36)

Take a sequence {u,} in S(G,Z,C) such that
1 _ 1 _
lan — un < (1 + ﬁ>d(an, S(G,7,0)) < (1 + ﬁ) lan — ]| — 0. (4.37)

Noting that G is quasi-subsmooth and Lipschitz at Z (thanks to Prop. 3.8(ii)), it follows from
Lemma 3.6(i) that we can assume without loss of generality that

(a*,up — an) < (Y*,G(uyp) — Glay)) + &|lun, —an] Vy* € C;r and a* € D:G(ay)(y").
Since G(u,) <¢ G(T), this implies that
(a*up — an) < (Y, G(T) — G(an)) + ¢llun —an|| Vy* € C;' and a* € D:G(an)(y").
Hence
(la*| + e)llun — anll = (y*, G(an) — G(2)) Vy" € Cf and a” € DIG(an)(y"). (4.38)
From (4.29) and the definition of G, it is easy to verify that

Aan) = {v" € C; + (v7,Glan) = G(&)) = max (y",G(an) — G(a)) }.

and so (y*, G(an) — G(Z)) > d(G(a,) — G(Z),—C) for all y* € A(ay) (thanks to Lemma 2.6(iv) and (4.35)). It
follows from (4.38) that

(e[l + &)llun = anll = d(G(an) = G(2), =C)  Va* € DG(an)(A(an))-
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Thus, by (4.36), one has
d(an,S(G,z,C)) < 2L(||la*|| + &)||un — anl|| Va* € D:G(an)(Aay)).

This, together with (4.37) and (4.35), implies that # < 2L(|[a*|| +¢) for all a* € DG(an)(A(an)), namely

m — e <d(0,D!G(A(ay))). It follows from Proposition 3.9 and (4.24) that
< (0, DL F(an) (M@n))) & G Flla, < d(0, Dt F(an)(Man))) + 2 w0
2L(1 + ’n) €= rTe n n r an — y e mn n , . .

By (4.33) and (4.30), one has 0 € 9®(ay,) +3cBx+ = D:F(a,)(A(an)) +3eBx~, and so d(0, D} F(a,)(A(an))) <
3e. This and (4.39) imply that 5= < (4 4 2)e, contradicting the choice of e. The proof is complete. O

It is worth mentioning that the perturbations of F' appearing in (iii) and (iv) of Theorem 4.7 are all in the
same direction as y, which are different from the perturbations of F' in (ii) of Theorem 4.7. In the special case
when Y = R and C = R, Theorems 4.1, 4.4 and 4.7 reduce to the corresponding results in [31].

In the convexity case, the Asplund space and Lipschitz assumptions of Theorem 4.7 can be relaxed; moreover,
linear perturbation functions can be considered.

Theorem 4.8. Let X,Y be Banach spaces with the ordering cone C of Y having a monempty interior. Let
Fel'X,)Y;C)={H € T(X,Y;C) : epip(H) is convex} and T € dom(F) be such that F is bounded above
with respect to C at T, namely there exist v, M € (0, +00) such that

F(B(z,7)) C MBy — C. (4.40)

Then the following statements are equivalent:
(i) 0 € bd(0cF(x)).
(ii) There exist L,0 € (0, +00) such that 7(G,z,C) < L for all G € I'(X,Y;C) with |G — F||z < 4.
(iii) There exist y € int(C) with |ly|| =1 and L,§ € (0, +00) such that

7(F +e(a*,)y,z,C) < L VY(e,z*) € [0, &) x Bx~. (4.41)

Proof. By the C-convexity of F, one has F € QS¥(X,Y,;C). Hence (i)=(ii) is immediate from Theorems 4.1
and 4.4. Let y € Y and 2* € X*. From the C-convexity of F, it is easy to verify that F' + e(z*, )y is C-convex
and ||[F + e(z*, )y — FH@ < e|lz*|||ly]] for all € > 0. Therefore, (ii)=-(iii) is true. It remains to show (iii)=-(i).
To do this, suppose to the contrary that (iii) holds but (i) does not hold. Then, (4.22) holds, and similar to the
corresponding part of the proof of Theorem 4.7, there exist y € int(C) with ||y|| = 1 and L, §,r € (0, +00) such
that (4.41), (4.24) and (4.25) hold. Let ®(z) and A(z) be as in (4.29). Then, ® is convex. By (4.40) and (4.24),
one has (y*, F(z) — F(2)) < 2 for all (y*,z) € Cy x B(z,7). Since each function x — (y*, F(z) — F (7)) is
convex, there exists L' € (0, +00) such that

(y*, F(a1) — F(2)) — (y*, F(w2) — F(2))| < L'l|lz1 — 5| Wy* € C and Vay, 25 € B(:f, g)

Noting that C}f is weak*-compact, Ioffe-Tikhomirov theorem (cf. Thm. 2 from [10]) implies that

oe(z) =" | ) Ay o F)() | =" (DiF()(Cy)) = DIF(@)(Cy),
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where the last equality holds by Lemma 2.6(iii). Thus, by (4.22) and (4.25), one has
0€9®(z) and eBx- ¢ 09(z) Ve € (0, +00).
Hence
0< P(x) — D(z) =P(x) VaeX. (4.42)

Let € (0, 6) be such that 5= > 2¢ + £, and take u? € eBx- \ 9®(z). Then there exists a sequence {z,,} in X
converging to Z such that (uf,z, — z) > ®(z,) — ®(Z) = ®(z,,) for all n € N. Hence

®(zy) < inf B(x) + {uf, 70— 7) < inf B(x) + el — 7| Yn €N,

By the Ekeland variational principle, for any n € N there exists a, € X such that |la, — z,|| < ||z, — Z|| and
®(a,) < O(z) + ¢l|lx — an|| for all z € X. Therefore, a, # Z, a, — Z and

0€d(®+e|-—anl)(an) C IP(an) +eBx+ V¥neN. (4.43)

Without loss of generality we assume that there exist * € Bx+ such that (z*,a,, —Z) > 0 for all n € N (taking
a subsequence of {a,} if necessary). It follows from (4.42) that

0< ®(a,) +e(z*,a, —2) VneN (4.44)
On the other hand, by (4.41), there exists ¢’ > 0 such that
d(z,S(G,z,0)) < 2Ld(G(x) — G(z),-C) Vx € B(z,d), (4.45)
where G := F + e(z*, -)y. Similar to the corresponding part of the proof of Theorem 4.7, we have

n

SEi < 0D (@) (Man))) + 116 = Fll, < d0.DF(a)(Ma) + 5. (140

Since the family {(y*,F — F(z)) : y* € C,f} is convex and Lipschitz on B(Z,3), one has 9®(a,) C
D¥F(an)(Aay)). Tt follows from (4.43) that 0 € D*F(a,)(A(ay)) + eBx~+. This and (4.46) imply that

—e<e+ %, and so i < 2e 4 £, contradicting the choice of . O

__n_
2L(14+n) r

In the special case when ¥ = R, C = R, and F is convex, the stability of the local error bound for F' at
Z was characterized in terms of 0 € OF(z) (as in Thm. 4.8) in [13, 20]. It is easy to verify that some results
in [13, 20] can be recaptured by Theorems 4.1, 4.4 and 4.8. For example, in the case when Y =R, C' = R,
and F is convex, Theorem 4.4 recaptures ([13], Thm. 8(i)), and Theorem 4.8 extends ([13], Thm. 8(iii)) to the
infinite-dimensional case from the finite-dimensional case.

Imitating the corresponding notion in a very recent paper [12] by Kruger et al., one can adopt the following
radii of error bound for a C-convex vector-valued functions F' at = with respect to C":

Re(F,z,C) :=1inf{e > 0: 7p4p (F,Z,C,e) = +oo} and Ry(F,z,C) :=inf{e > 0: 1pw, (F,Z,C, ) = 40},
where

Tpib, (F, T, C,€) :=sup{7(G,Z,C): Ge€ F+ I'(X,Y;C) with |G — F||z <&}
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and
Tptb, (Fy &, Cye) == sup{r(F +T,z,C) : T : X — Y is continuous linear operator with ||T|| < }.
In the case when Y = R and C = R, it was proved in [12] that
d(0,bd(0cF(Z))) = R(F,z,C) = Ry(F,z,C),
which implies the following stability
7(G,z,C) < 400 VG € F+I'(X,Y;C) with |G — F||z < Re(F, &,C).
Replacing 7(G, z, C) < 400, Theorems 4.1 and 4.4 provide a better estimate for error bound modulus 7(G, z, C):

1

(62 0) < 2 0, bd@0 F @) — G = Fll)

VG € OS¥(X,Y;C) with ||G — Fl|s < d(0,bd(dcF(z))).

From Theorems 4.1 and 4.4, it is clear that
d(0,bd(0cF(Z))) < Ri(F,Z,C) < R.(F,z,C).
Moreover, in the convex case, it is easy to verify from Theorem 4.8 that
YeRi(F,Z,C) < d(0,bd(0c F(Z))).
Therefore, in the special case when ¥ = R™ and C' = R%, d(0,bd(0cF(z))) = Ri(F,z,C) (because y¢ = 1).
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