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Abstract. In this work, we consider the time discretization of stochastic optimal control problems.
Under general assumptions on the data, we prove the convergence of the value functions associated
with the discrete time problems to the value function of the original problem. Moreover, we prove
that any sequence of optimal solutions of discrete problems is minimizing for the continuous one. As a
consequence of the Dynamic Programming Principle for the discrete problems, the minimizing sequence
can be taken in discrete time feedback form.
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1. INTRODUCTION

Stochastic optimal control problems in continuous time have been extensively studied during the last decades.
This important area of research has a wide range of applications, such as in economy, mathematical finance
and engineering. Usually, there are two approaches to deal with these problems. The first one is related to
the Bellman’s Dynamic Programming Principle (DPP), which allows to characterize the value function as the
unique viscosity solution of the associated Hamilton—Jacobi-Bellman (HJB) equation [21, 22, 23]. The second
one is the variational approach, which deals with extensions of the Pontryagin maximum principle [26] to the
stochastic framework. For a detailed account of the theory and historical remarks, we refer the reader to the
classical monographs [14, 19, 30].
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Almost independently, another active field of research in the last decades has been the optimal control of
discrete time processes and general state space. In that framework, controls at time & (also called policies) are
probability measures on the actions space, which depend on the history of states at time k& and the chosen
actions up to time k — 1. Given a control, an action is chosen according to the probability measure associated
with this control and this fixes the transition probability function between the states at time k and k + 1. The
literature on this subject is too extensive and we refer the reader to the classical monographs [3, 12, 15, 27, 31],
and the references therein, for a comprehensive presentation and historical remarks. Generally speaking, the
assumptions in this theory are rather general and a common theme is the investigation of existence of optimal
(or e-optimal) Markov policies, i.e. the chosen control at time k depends only on the value of the state at
time k.

In this work, we consider a continuous time stochastic optimal control problem with deterministic coefficients
and a finite horizon T' > 0. Given a time grid with diameter h > 0, we study its natural time discretization.
While we consider only uniform grids, our analysis is easily extended for general time grids. The state equation
is discretized with the classical stochastic explicit Euler scheme. Since at the continuous level we consider the
strong formulation for the state equation (see [30], Chap. 2, Sect. 4.1), i.e. the control acts pathwise on the state
on a fixed probability space, it is natural to consider at the discrete level a similar formulation. In this case,
the controls are assumed to be adapted to the filtration generated by the increments of the Brownian motion
on the time grid. In this sense and similarly to the continuous time case (see [30], Chap. 2, Sects. 4.1 and 4.2),
our formulation is more specific than the one described in the previous paragraph, which is more related to the
weak formulation of the continuous problem (see [30], Chap. 2, Sect. 4.2).

The study of the discrete time case arises from different objectives. For instance, it can be used to prove the
existence of optimal controls for the continuous time problem, as the limit of optimal discrete time policies (see
e.g. [9] and [20]). Another application is to derive the DPP for the continuous time problem as a consequence
of this property in the discrete time case (see e.g. [19] and [25]). We point out that in [17, 19] and [25], given
a discrete time control the associated state solves the continuous time stochastic differential equation (SDE)
and so the state is not discrete in time. Finally, discrete time problems appear naturally as the first step in
obtaining a numerical approximation of the continuous time problem, the second step being the discretization
of the state space (see e.g. [20]) or the resolution by Monte Carlo methods.

The simplicity of our pathwise formulation and the regularity of the coefficients defining the continuous
problem, which, as we will see, yields the continuity of the optimal cost as a function of the initial state, allow
us to simplify the proof of the DPP for the discrete time problem by arguing as in [5]. Thus, we do not have
to deal with delicate measurability issues as in [3]. Although we consider controls adapted to the filtrations
generated by the increments of the Brownian motion, a consequence of the DPP is the existence of discrete
time optimal feedback (or Markov) controls. This important property in the discrete time case is in contrast
with the analogous property in the continuous time case, where the existence of an optimal feedback control
can be assured only in exceptional cases (see [30], Chap. 5, Sect. 6 and Rem. 3.7). In some sense, this is similar
to the existence issues for continuous time SDEs, where the Euler scheme is always well-posed even when the
continuous time SDEs do not admit explicit solutions.

We study several properties of the discrete time value functions V", which are analogous to their continuous
time counterparts, such as Lipschitz continuity and semiconcavity with respect to the state variable on bounded
sets. When extended by linear interpolation to the entire interval [0, T], we prove that V" is Holder continuous
in time, on bounded sets of the space variable. Using an approximation result by Krylov (see [19], Lem. 6,
Sect. 3.2, p. 143), we also prove with a direct approach the local uniform convergence of V" to V, the value
function of the continuous time problem. Since we work under quite general assumptions, this convergence
result is more general than those already proved in [9], where under stronger assumptions weak convergence to
a feedback control of the continuous time problems is shown, and ([14], Chap. 9). Probably, the convergence of
the value functions can also be proved by using analytical methods based on viscosity solution theory (see for
instance [7] and [8] for the deterministic case and [2, 11] and ([14], Chap. 9) for the stochastic one), however, our
direct approach allows us to prove the important fact that optimal (or e-optimal) discrete time controls form a
minimizing sequence for the continuous time problem. In particular, there always exists a minimizing sequence
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of discrete time optimal feedback controls. In addition, under some convexity (strong convexity) assumptions,
we obtain the weak (strong) convergence of the discrete time optimal controls to a solution of the original
problem. In this general framework, we have not established error estimates for the discrete value functions. We
refer the reader to [17] and [18] where, under additional assumptions, the author tackles this problem.

The paper is organized as follows. In Section 2, we state the continuous time and discrete time problems and
our main assumptions. Also, we provide some technical and fundamental estimates, which are proved in the
Appendix, relating the continuous time and discrete time states associated with piecewise constant controls. In
Section 3, we prove the DPP for the discrete time problem and show the existence of feedback optimal controls.
The continuity of the discrete value function plays an important role here and simplifies its proof. Next, in
Section 4 we prove several regularity properties of V", which are analogous to those of V. Finally, in Section 5
we prove in Theorem 5.2 the local uniform convergence of V" to V and that the sequence of discrete time
optimal controls is a minimizing sequence of the continuous problem. Under some convexity assumptions, the
convergence of this sequence to an optimal control of the continuous problem is also shown.

2. PRELIMINARIES

We begin by defining the problems we are interested in.

2.1. Continuous time problem

Let (£2,F,P) be a probability space on which an m-dimensional standard Brownian motion W (-) is defined.
For every s € [0,T], we set F* = {F} },c(s 1) where for t € [s,T], F{ is the completion of o(W(r) — W(s) : s <
r < t) by P-null sets of F.

Let s € [0,T] and = € R™, we consider the following controlled SDE:

{dyfj‘”(t) £ty @, u(®) ) dt + o (5= (0, u(®) ) AW (D), ¢ €ls, T, o)

yar(s) = =,
where f:[0,7] x R" x R" — R™ and o : [0,7] x R” x R" — R™ ™ are given maps. In the notation above

yo® € R™ denotes the state function and u € R" the control. We define the cost functional

I () = E [ / "oty 0.0t + o (557 D) | (2:2)

where £:[0,7] x R" x R” — R and ¢ : R™ — R are given maps. A precise definition of the control space, i.e.
the domain of the functional J*7 in (2.2), and assumptions over the data ensuring that y2* is well defined will
be given in the next sections.

Let U,q be a non-empty compact subset of R” and define

S = {u € (H2.)" : u(t,w) € Uyg, for almost all (a.a.) (t,w) € [s,T] x Q}, (2.3)
where
HZ. := {v € L*([s,T] x 2) : the process (t,w) € [s,T] x 2 — v(t,w) is Fs—adapted}, (2.4)

and it is endowed with the L?([s,T] x £2) norm.
Then, for fixed s € [0,T] and = € R™ the control problem that we consider is

(Ps.2) inf J5%(u) subject to u € US,.
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The value function of the continuous problem V : [0, 7] x R™ — R is defined as

V(s,z) ;= inf J*"(u). (2.5)

ueU?,

2.2. Discrete time problem

Let us introduce a discrete time approximation of the above problem. Given N € N\ {0}, define h := T/N.
Let us set ¢, = kh (k=0,...,N) and consider the sequence of independent and identically distributed (i.i.d.)
m-valued random vectors, defined as AWy1q := W (tgy1) — W(tg), for £k =0,...,N — 1 and AWy := 0 in 2.
Then, E(AW}) = 0 and E(AW;* AW,?) = hd;,q, (where 8,4, = 1 if iy = iz and &;,;, = 0 otherwise). For each
k=0,...,N we consider the filtration {]—'jk ;V:k, where

Fr=A{0,2} and FF:=oc(AWp; k+1<k <j) forallje{k+1,.,N} (2.6)
Let us set Lg__,_c = L%(12, ]-"J’-“, P). For £k =0,..., N — 1, we consider the admissible control sets
J
up = {u = (ug, ..., unN_1) € Hjl\gclLi.k P uj(w) €Ugqg P-as., j=k,...,.N — 1}, (2.7)

where HjJ\SClLQIk is endowed with the norm [|ul|?, := hz;\:kl Elu;|?.
J k

Given u € U}, z € R" and k = 0,..., N — 1, we recursively define the state y;”“, j==k,..., N, associated
with u, x and k as

yjflu - iju +hf (tj,yf’x’u,uj) + U(Q,yf’x’u, uj>AWj+1, j=k,...,N—1, (2.8)
k,x,u ’
Y = .
Note that, under the assumption (H1) below, y;”“ € L%, forall j=k,...,N.
J
Finally, we associate to each u € UJ* the cost function,
N-1
Jz,u) :=FE |h Z Z(tj,yk’m’u,uj> + g(y]kvmu> . (2.9)
j=k
Then, for fixed k and x, the discrete time control problem that we will consider is
(P,) inf J}(x,u) subject to u € U}
In this case, the value function {V;* : R* - R |k =0,...,N} is defined over R" as
Vi(z) = g(x), and V{(z):= inf J!(z,u) fork=0,...,N —1. (2.10)

uEM,?

The main result of this work is to prove the convergence of an extension of V() to [0,7] x R™ to the value
function V. In the next section we introduce the main assumptions in this work.

2.3. Assumptions

We present the hypothesis that we consider in this paper.
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(H1) Assumptions on the dynamics:
(a) The maps ¢ = f,o are B([0,T] x R™ x R") measurable.

(b) For almost all ¢ € [0,7] the map (y,u) — ¢(¢,y,u) is C! and there exists a constant L; > 0 such that
for almost all t € [0,7] and for all y € R™ and u € U,q we have

{ ot y,u)| < L [lyl + Ju| +1], (2.11)

loy(t,y,w)| + |pult,y,u)| < Ly,

where ¢y (t,y,u) := Dyp(t,y,u) and pu(t,y,u) = Dup(t,y, u).
(c¢) There exists an increasing modulus of continuity @y : [0, +00[— [0, +oo[ such that for ¢ = f, o, and for
all y € R, u € Uyg, s,t € [0,T] we have

e(s,y,u) — p(t, y,U)‘ < (Is - tl). (2.12)

(H2) Assumptions on the cost:
(a) The maps ¢ and g are respectively B ([0,7] x R™ x R") and B (R™) measurable.
(b) For almost all t € [0, T the map (y,u) — £(t,y,u) is C', and there exists Lo > 0 such that for all y € R"
and u € Uyyq,

{ [€(t, y, w)| < Lo [|y] + [ul +1]7, (2.13)

|€y(tayvu)| + |£u(tayvu)| < L Hy| + |U| + 1] )

where £, (t,y,u) := Dyl(t,y,u) and £, (t,y, u) := D, L(t,y,u).
(¢) There exists an increasing modulus of continuity @s : [0, +00[— [0, +00[ such that for for all y € R™,
u € Uyq and s,t € [0,T] we have

‘K(s,y,u) —E(t,yw)’ §Eg<|s—t|). (2.14)

(d) The map y + g(y) is C! and there exists Ly > 0 such that for all y € R",

{ l9(W)I < La[lyl +1]7, (2.15)

IVg(y)| < La [y + 1]

In order to keep the notation as simple as possible, we define L := max{Lq, Lo} and @ := max{w;,ws}.

Remark 2.1. Under assumption (H1), for any u € U7, the state equation (2.1) admits a unique strong solution,
see the proof of ([24], Prop. 2.1). For the sake of completeness, we recall the following particular instance of
([24], Prop. 2.1) which is valid under our assumption (H1).

Proposition 2.2. Assume that (H1) holds true. Then for any u € U, the continuous times state equation
(2.1) admits a unique strong solution y € L*(2; C([0,T];R™)), and the following estimate holds:

]2 + (/|f50u |ds) /|080u |ds]. (2.16)

E < CE

sup [y(s)[?
s€[0,t]
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Moreover, for any v > 1, there exists Cy > 0 such that

E | s 17(6) ~ (0| < Cylo—al” (2.17)
se|0,t

Under assumptions (H1) and (H2) we can prove the main result presented in Section 5 (Thm. 5.2), which
gives the convergence of the discrete value function to the continuous one. The contribution of this work in
the context of the existing literature is that our assumptions are rather general, see for instance [11] where
the coefficient are bounded. Moreover, using the DPP, proved in Section 3, we obtain the existence of feedback
discrete optimal controls which will be shown to form a minimizing sequence for the continuous problem.

We end this section by providing some technical results which will be needed in the next sections.

2.4. Estimates on the states of the discrete and continuous formulations

We begin this section by providing some estimates for the discrete state and then for the difference between
two discrete states with different initial state. Finally, we also prove some estimates for the difference between
the discrete and continuous time states associated with the same discrete time control, which is extended to a
piecewise constant control at each interval [tg, tx+1[. The proofs of these results will be given in the Appendix.

In order to keep the notation as simple as possible, we assume that the initial time is K = 0 and the initial
state x is fixed, and we omit these indexes in the state.

We start by providing an estimate of the norm of the state in terms of the control and the initial condition. For
a fixed h, let u* = (uk)ﬁ:])l € U} be a given discrete control and define the associated discrete state y" = (y;)M_,
as the solution of (2.8).

Let us underline that all the constants involved in the following results are independent of h.

Lemma 2.3. Assume that (H1) holds. Then, there exists C' > 0, such that

2 2 h2
E L_r{)lﬁaxN|yk| } <C [|m| + "2, +1]. (2.18)

ceey

Proof. See the Appendix. O

Lemma 2.4. Let (H1) holds. Then, for every p > 2, there exists Cp, > 0, such that for all x,y € R™, we have

E F—yllP| < —ylP 2.1
ey =yl < Colr =yl (2.19)

where (y£)N_ and (y})N_, are the solutions of (2.8) associated with the control u" and the initial states x and
y, respectively.

Proof. See the Appendix. O

Let u! € H2 be defined as ul(t) := uy, for all t € [ty, tx41) and y be the associated continuous state, i.e. the
unique solution of

Fty(0), wd(t))dt + o (t,y(t), ug (1))dW (1), ¢ €]0,T],

)(0) — . (2.20)

—N
o
<
=
S~—
|
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The existence and uniqueness of solution associated with u” is guaranteed by Remark 2.1. Now, we are going
to analyse the relationship between ¥, the solution of (2.20) associated with u!, and 3", the solution of (2.8)
associated with u”. Note that ||u?||Hz0 = HuhHugL.

F

Lemma 2.5. Assume that (H1) holds true. Then, there exists C > 0 such that for allk =0,..,N —1,

E

sup  |y(t) — y,ﬂ < Ch [|:c|2 + a7 + 1] + 2 (h). (2.21)
e <t<tp41

Proof. See the Appendix. O

3. DISCRETE TIME DYNAMIC PROGRAMMING PRINCIPLE

Throughout this section, we consider h = T'/N fixed. Our goal in this section is to prove the DPP for problem
(P,fz) parameterized by the initial discrete time k and the initial state x. Besides its own importance, the DPP
implies the existence of discrete time optimal feedback controls, and it is also useful to prove the convergence
of the discrete value functions to the continuous one, as we will see in Section 5.

Our aim is to prove the following DPP for {V/: k=0,...,N}

Vi(z) = inf {hz(tk,%u)+E[th+1(x+hf(tk,x7u)+a(tk7x,u)AW,€+1)]}, (3.1)

u€Uqq

for all k =0,..., N — 1, where we recall that {V}»: k=0,..., N} was defined in (2.10). Note that (H2), the
compactness of U,y and Lemma 2.3 imply that th(x) eRforall k=0,...,N and z € R™.

We will need the following result which proves that the discrete value function is Lipschitz continuous with
respect to the state variable, on bounded sets.

Lemma 3.1. Assume that (H1) and (H2) hold. Then, there exists a constant C > 0 (independent of h), such
that for all z,y € R™, and for all u € L{,?, we have

[T, w) = T, w)| < Cllal + 1yl +1]le —yl, YE=0,....N-1. (3.2)
AS a consequence,

‘th(x) . th(y)’ < c[|x| Tyl + 1} -yl Vk=0,...,N. (3.3)

Proof. By notational convenience, we omit the indexes k and u in the states. We have for fixed k and u € Z/l,?

N-1
T w) = )| B RS, 7,u5) = 0t wdw)| + otk) — 9k | - (3.4)
j=k
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By (H2) we have for all k < j < N —1,

B[ 160ty u5) — €0t )

IN

B (15 605,07 + 50— )0 )1
< E [fol (LU Ly7 |+ slyf =yl + luiDlyf = yf“ds} o

< LE [y} — il + lyfllyf —vgl+ 1) — yf 1P + Jugllyf — i) -

A

Since the set U,q is compact, it is bounded by a positive constant My, and so by the Cauchy—Schwarz inequality,
Lemmas 2.3 and 2.4 there exists Cy > 0 such that

B[|ot — vz]) < (Bls? — w2120) " < Cole—u,
Elyz||o2 - 2] < (Bl )f(E o ) < Co[jaf? + 7022 1] 1o -y, 50
E{“J‘ yﬁ’—yﬂ < ( [lusl? )E(E Y —yi? ) < CoMylx -yl
E[|? — v3]] < ol — ul2 < o lal + o]l — w1
We conclude that there exists C'y > 0 such that,
El6(t5, 7, us) = 0t 0% )l < Caflol + Iyl + 1o - yl. (3.7)
Analogously we can deduce that
E[lg(y) = 9wi)I| < 1[Il + Iyl + 1]z = gl (3.8)
Since C7 in (3.7) does not depend on j, we conclude that
[T = yw)| < @+ o]+ 1yl + 12—y, (3.9)

and (3.2) follows.
Since the set UJ' is bounded, and the constant C; obtained is independent of u € U}, relation (3.3) easily
follows from the inequality

Vi (z) - Vk:h(?/)‘ < sup
UEUQ

J,?(m,u) - J,?(y,u) : (3.10)

In order to prove the DPP (3.1), for all x € R™ we define

Si(z) == infucy,, {he(tk,x w) +E [Vk+1 (y,’j+1“)]} Vk=0,...,N —1,

(3.11)
Sk (z) = g(),

where,

k,x,u

Yt =T+ hf(te, v, u) +o(ty, z,u) AWy . (3.12)
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Lemma 3.2. For all x € R™, and for all k =0,...,N, the map u € Uyq — E[thﬂ(y:fl")] 1s Lipschitz contin-
uwous. As a consequence, S,?(x) € R for all x € R, and there exists uy 5 € Uqgq where the minimum in the first
relation in (3.11) is attained.

Proof. Let u,v € Ugyq, then by (H1) and the Itd isometry,

2 2
E [ yllzflu - ylli-flv :| < ]EHh(f(tkvmvu) - f(tlmx’v)) + (O—(tk’wvu) - U(tkazvv))AWk+1‘ }
< 20°E [|f(tk79€’u) — f(tx, x,v)ﬂ + QhE[\a(tk,x7u) - U(tk,%v)ﬂ (3.13)
< 2h2L%u —v|* 4+ 2hL3|u — v|?.

Thus, by Lemma 2.3, Lemma 3.1 and the Cauchy—Schwarz inequality, there exist Cy > 0 and C > 0 such that,

k,z,u k,z,v k,z,u k,z,v k,z,u k,z,v
‘ [Vk+1(yk+1 ) Vi (yk+1 )” < E [|CO{|yk+1 |+ lyeii |+1} Yerl — Y1 }
1 1
k,z,u k,z,v 2 k,xz,u k,x,v 2 3.14
< (EDCO[ ]|2D (E[|yk+l — Ui | D ( )
< Clle| + 1] |u —v|.

By (3.14), we conclude that Uyg 3 u — E[Vkﬂ(y];flu)} is locally Lipschitz continuous, and, hence, using (H2)
and that U,q is compact, we get that SI'(z) is finite and the minimum in (3.11) is attained. O

Lemma 3.3. Under assumptions (H1) and (H2), there exists C > 0 (independent of h), such that for all
z,y € R", and k=0,...,N —1,

|St(@) = Stw)| < C[lal + Iyl + 1] e — yl. (3.15)

Proof. By the definition of S and Lemma 3.1, there exists Cy > 0 such that

Sk (z) = Sk W)

IN

SUD v, { Bt 7, u) = iy w)] + B VI 85 - Vi il

(3.16)
BCo lle] + [yl + 11w =yl + B [Collyp | + kil + Ul - viiil] -

IN

By the Cauchy—Schwarz inequality, we obtain
1

ﬁ) (Bllwr - wb?])" - 3a7)

By Lemmas 2.3 and 2.4 we conclude that there exists Cy > 0, independent of u, because U,q4 is bounded, such
that

k,y,u k.y,u

k,x, k,x, , k,x,
E H|ykf1u }|yk+x1u - ykf1u|] < (EH|ykf1“

1
27\ 2 i
<IE Hly,’ifi“l + Ikl +1] D (B [lvisr - wi 1)) < Cflel + Iyl +1]Je = yl. (3.18)

Combining (3.16) and (3.18), we deduce that (3.15) holds true. O

Now we prove the DPP. Since th is continuous, we can directly prove the result following the arguments in
[5] without needing to embed our problem in the general framework of [3].
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Theorem 3.4 (DPP). Under assumptions (H1) and (H2), for all x € R™ we have

Vi(z) = St(x) VEk=0,..,N. (3.19)

Proof. We start by proving that V}(z) > Sk(z). Let u = (uy, ..., un—1) be any element of U}*. By the definition
of the set Z/ll?, we can write u; for j € {k +1,...,N — 1}, as a measurable function of the increments of the
Brownian motion, i.e. u;(AWjyy1, ..., AW;). For fixed Awgy1 € R™ and j =k+1,...,N — 1, we define the
maps

aj(Awk+1) TwWEN Uj (Awk+1, AWk+2(w), ey AWJ ((JJ)) (320)
Setting 4(Awg+1) = (Ugt1(Awkt1), - .-, Un—1(Awg1)), we obtain 4(Awgy1) € Z/{,?H. Then, we can also define,
ﬂkJrl(Awarl) =x+ hf(tk, x, uk) + o(tg, x, uk)Awarh (3.21)

which is deterministic, and for j = k+2,..., N,
3 (Awpy1) w € 21 yk+1 Okt1 (Awk 1), U(Awk+1)(w)( ). (3.22)

Then, by the independence of the increments of a Brownian motion, we have

s ) 4o ()] =

(3.23)
Jgm E [hzj a1 Uty 95 (Awi11), U5 (Awk 1)) + 9(In (Awk 1)) | dPaw,,, (Awk11),

where Payw, ., is the measure induced from P by AWj,1 on R™ (see [1], Sect. 4.13). Thus,

B h T o) + 0 (07"

= Jam (Ml(trg1, Y1 (Awps1), Upy1(Awpi1))

B [0 3200 Ut 55 (A, 5 Awrin)) + 9(n (Awrin))| ) dPawyy (Awiin)  (3:24)
> Jam Vi (Ges1 (Awps1))dPaw, ,, (Awpir)

= E[th-i-l(x + hf(tg,x,ug) + o(ty, z, uk>AWk+1)} .

Since uy, € L2, and FF = {0, 2}, for all u = (ug,...,un_1) € U we have
Fh k

L(tg, x,ug) + [ n k+1 (;w;”u )+9(yzkvzu)}
> U(ty, x,up) + E [Vkﬂ (13 + hf(te, x,ux) + o(ty, x, uk)AWk+1)} (3.25)
> S (x).

Minimizing w.r.t. u € L{,? in the L.h.s. we deduce

Vi (z) > Sg (). (3.26)
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We next prove the converse inequality by an induction argument. It is clear by the definitions that
Vi(z) = Sh(x) and VE_ (z)=Sk_,(z), Yz eR"™ (3.27)

Now, let ¢ be a positive number and for each x € R™ let ¢, > 0 be such that C[|z| + |y| + 1]|z — y| < § for

all y : |z — y| < 0z, where C' is the maximum of the constants given in Lemmas 3.1 and 3.3. Then, for all
k=0,...,N and u € U,éﬂ

max{)J,?(x,u) — Ty, u)l,

')~ V)|,

f@) - Stw)|} <50 Vyile—yl < (3.28)

Since R™ is a Lindelof space, i.e. every open cover has a countable subcover, there exists a sequence (£;);eny C R™
such that R™ = |J;=; B(&, d¢,). In order to obtain a disjoint union, we can define

By = DB(&,0,), and B;:= B(&,0,)\ (UZ1B)), Vi>1. (3.29)

Let k < N — 1, and assume that V» = S” for all n = k + 1,..., N. Since U,q is compact, by Lemma 3.2, for
j=k,....,N —1, there exists u; € Uy,q such that

Bt €ivud) + B Vi (& 4+ B (g, € ud) + ot €6, uh) AW ) | = 8760, (3.30)

We define the measurable function u;(z) = Y772 ufx g (). Let z € R™ and i such that = € B; (see (3.29)).
Then,

R(ty,,us(2)) + B[V (24 hf (g, 2,05(2)) + 0 (t, 2, u5(2) AW 41 ) |
— he(t;,x,ub) + E[V.@H (x + hf(ty, @, ui) + oty @, u;)AWjH)}
§ o+ hi(ty, €ud) T E[VA, (& +0f (15, & 6) + oty & ui) AWy )] B3
S+50E)
< S;L(m) +e.

| /\

I /\

Now, we fix x € R and take g = ug(x) € Uyq. We define inductively u; : 2 — R", forall k < j < N —1, as

a1 (w) =y (15 W), (3.32)

k@,(uk, SUG)

ko, (g ,.a;) I T . . _ B .

where (v, satisfies the first equation in (2.8) for uy,...,a;, and y x. Since the
r==k

function wu;4; is measurable and bounded, and yffl’(u’“ """ %) is measurable with respect to FF J41, we obtain

that @ = (tg, ..., un—1) € UJ'. Using the same ideas as in (3.23)—(3.24), and the assumption Vh = Sk, for all
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k<j <N —1, we get that

Tz, @) = hl(t,z, uk)—l—E[th ,mE(tyyf’w’ﬁ,uy‘(yf”’ﬁ))+g(yfv’x’ﬁ)}
= Rl w) + B [R5 () ) + Vi (0T
< Rl(t,z, ) + [hz] Mz(t yp s ) ) + Sk (BT + e
= bt @) +E [hS0A E(J, f’x’",Uj(yf’r’ﬁ))+VN_1(y1’“v""i’1‘ )+€]
< hl(tg,z,ux) +E V,CJrl (yk;l )} + (N —1)e
< Sk(z)+ Ne,

where the inequality in the third line above is obtained by using (3.31). We conclude that,
Vii(z) < JM(x, 1) < SP(z) + Ne.

Since ¢ > 0 is arbitrary, we obtain

from which the result follows.

The following remark will be used in the proof of the main result of Section 5.

Remark 3.5. Given k € {0,..., N — 1}, we introduce the following sets of controls,

up = {ueﬂj]\;?Lg_.?:quUad, P-as. Vj=k,...,N—1}
ul = {ueﬂjj\;lL;? ;€ Upg, P-as. Vji=k,...,N —1},
u = {ueHjN:?L%k cuj € Upgy, P-as. Vi=k,...,N —1},

j

and the associated value functions,
z) = g(x), Vliz):= inf,, cign Iz, u), k=0,..N—1,
(x) := g(x), th"l(x) 1= inf, ¢ Jz,u), k=0,.,N-—1,
2(z) = g(x), th’z(x) 1= inf, ¢z Jz,u), k=0,.,N—1.

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

We can observe that all the results of the current section including the DPP, remain true if we deal with any of
the sets in (3.36). Indeed, the proofs are based in the fact that the processes are adapted to the given filtration

and the increments of Brownian motions are independent. Since V2 (z) = Vﬁ’l(x) = VNh’Q(x) =

and {V'}, {V"'}, {V,[?} and {V}'} satisfy (3.19), we have

Vi(z) = Vi (2) = VP (2) = VP (2), VYE=0,..,N, VzeR"

= g(z),

(3.38)
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3.1. Feedback optimal control

The aim of this section is to prove that there exists a feedback optimal control for (P,?z) For notational
convenience we define for all 0 < k < N — 1, the function F* : R® x U,y — R as

F*(z,u) == hl(ty, z,u) + E[thﬂ (:E + hf(ty,z,u) + o(tg, x, u)AWkH)} . (3.39)
Then, by the DPP, for all z € R™ and k =0,...,N — 1, we have,

Vi(z) = inf FF(z,u) and Vi(z)=g(x). (3.40)

u€Uqq

Based on a measurable selection theorem due to Schél ([28], Thm. 5.3.1), we can prove the following result.

Proposition 3.6. Under the above assumptions, for all k = 0,....,N — 1 there exists a measurable function
@* : R™ — U,y such that

F* (z ﬂk(:c)) = Vi (), (3.41)

for all x € R™.

Proof. Arguing as in the proof of Lemma 3.3, it is easy to check that (z,u) — F¥(x,u) is continuous. Since Uyq
is compact we can apply ([28], Thm. 5.3.1). The result follows. O

Remark 3.7. As a corollary of the previous results and the DPP, in this discrete framework, we always
have a discrete time feedback (also called Markov) optimal control. Indeed, the sequence of measurable functions
i, - - ., U1 given by the previous proposition, defines the optimal control 4 = (a°(yo), a (y1), ..., a¥ " (yn_1)),
where (yo, ..., yn) is defined recursively as

{ Yk+1 = Yk + hf(tkayka ﬂk(yk)) + U(tk7yk7ﬁk(yk))AWk+l Vk= Oa BERE) N — ]-7 (3 42)

Yo = T.

Let us point out an interesting phenomenon, not underlined enough in the literature, which shows the power of
the DPP. In the continuous time case it is well known (see e.g. [13], Chap. VI; [14], Chaps. 3 and 4) that if the
HJB equation associated with the stochastic control problem, which is a consequence of the DPP in continuous
time, admits a solution v which is regular enough, then we can construct a feedback optimal control. This is
known as a verification result and, under standard assumptions, usually holds when ¢ does not depend on u
and, setting a = oo ", we have that

Z ai j(z, )& > ¢l VEERY,

1<é, j<n

for some ¢ > 0. In particular, if we fix (¢,z) € [0, T[xR", we get the existence of an optimal feedback policy
for the problem associated with V(¢,x). The main feature of this analysis is that existence of an optimum is
obtained without some usual convexity assumptions required in the strong formulation (see e.g. [30], Chap. 2,
Sect. 5.2). On the other hand, as we have just seen, for the problem obtained by discretizing the time variable we
always have the existence of a feedback control without any extra assumption. This is still an infinite dimensional
problem for which existence does not follow by standard methods, but it is a consequence of the DPP.
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4. OTHER REGULARITY PROPERTIES OF THE VALUE FUNCTION

In this section, we prove some regularity properties of the value function of the continuous and the discrete
problems. Some of them will be used in the proof of our main result in the next section and the others are
interesting by themselves.

In the following result, we show the local (in space) Holder continuity in time for V' as well as an analogous
result for its discrete version {V{* ; k=0,..., N} defined in (2.10). The former result is classical, see e.g. ([29],
Sect. 3.4; [30], Chap. 4, Prop. 3.1). However, for the sake of completeness, we prove here a version adapted to
our assumptions.

In the statement of the following result we use the r.h.s. of (2.2) (respectively (2.9)) to extend J*7%()
(respectively JI'(z,-)) to U, (respectively U).

Theorem 4.1. Under assumptions (H1) and (H2), there exists C > 0 (independent of h), such that for all
r€R", uelU’, and s,t € [0,T),

9% () = J5* ()] < O+ [a’]]s — 12, (4.1)

and for allu € U} and r,k =0,...,N,

I (@, u) — Tz, u)| < C[L+ |22k —r|Zh3. (4.2)
AS a consequence,
V(s,z) = V(t,z)| < Cll+|z?]]s—t|Z VazeR" stel0,T] (4.3)
and
V(@) — V(@) < ClL+ |z}]|k —r|2h® Yz eR", rk=0,...,N. (4.4)

Proof. First of all note that for all s € [0,7] and = € R", we have

V(s,z) = inf J>*(u). (4.5)

ueld?,

Indeed, it is clear that V(s,z) > inf,cy0 J*%(u). On the other hand, if u € UY,, then for all s <t < T the

function wu(t) is Fy-measurable, and so there exists a measurable map u;((wy)o<r<s, (Wr — Ws)s<r<¢) such that
u(t,w) = uw(Wr(w))o<r<s, (Wr(w) = Ws(w))s<r<t), P-a.s. ([1]). Then if we fix (w,)o<r<s we can define the
function

ﬂt((wr)OSTSS) TweE N ut((wr)0§r§57 (Wi (w) — WS(W))SSTSt)v (4.6)

which belongs to F7. By the independence of the increments of Brownian motions, we obtain the converse
inequality (see, e.g. [5], Rem. 5.2).

Without loss of generality, assume that 0 < s <t < T. We consider a fixed initial state z and a control
u € Z/{gd. For simplicity we denote y* := y5%, y* := y5® and for t <r < T, and ¢ = f, 0,

Ay(r) ==y (r) —y'(r) and Ap(r) = o(r,y"(r), u(r)) — (r,y" (r), u(r)). (4.7)
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Then, we obtain for t <r <T

Ay(r) = f; flr s (), u(r)) dT-i-ftO' (1, y° (1), u(7))dW (1) (48)
+ [T Af(T)dr + [ Ao(r)dW (7). '
By assumption (H1), the Cauchy—Schwarz inequality and the It isometry we have
Ef|Ay(r)?] < 4lls -t +1] [ 3L2(1 + Elly* (7)]*] + El|u(7)[*])dr (4.9)

+4[|s — t| + 1] [;” L?E[| Ay(7)[*]dT.
Since the set U,q is compact, by the Gronwall lemma [10] and ([24], Prop. 2.1) there exists Cy > 0 such that

sup E[|Ay(r)*] < Co [1+ |z[*] s —t]. (4.10)

t<r<T

Now we compare J%(u) and J**(u), we denote Al(r) := £(r,y*(r),u(r)) —€(r,y" (r),u(r)) and Ag = g(y*(T)) —
g(yt(T)). We have

[T w) = T @) < B LNy (), u(n)ldr + B [T AUr)|dr + E|Ag|. (4.11)
By assumption (H2) we obtain,
t
/ [£(r,y (r), u(r))|dr < 3L/ [Elly* (r)*] + ElJu(r)*] + 1] dr, (4.12)
and since U,q is bounded, again by ([24], Prop. 2.1) there exists C; > 0 such that
/ (0,4 (), u(r)|dr < Ca[1 + [2f?])s — 1] (4.13)

On the other hand, for the last two terms we obtain,

E[]AL(r)]]

IN

E [fi 16,(r, () + EAy(r), u(r)) Ay(r)ldg]
< E[[yIL0+ 0]+ €Ay + lu@)D] Ay(r) 1dg] (4.14)
LE[[1+ ly* ()] + 1 4y(r)| + [u() ]| Ay(r)] |-

A

IN

By the Cauchy—Schwarz inequality, Remark 2.1, the compactness of U, and (4.10), we deduce that there exists
C5 > 0 such that

E[|AUr)] < Co [1+ [f?] |s — t]2. (4.15)

An analogous estimate holds for Ag and so the result follows.
In the case of the discrete value function, Remark 3.5 implies that for all z € R™,

Vi(z) = inf E thz(],yf”, )+g(y§“v”) . kelo,...,N). (4.16)

ueUl =k
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Let u = (u;) € U} be a given control and r, k € {0,..., N — 1} such that 7 < k. Let us set

T, T, k,z,u

Ay; = g™t =gy ™, Agy = o(ty,yi ™ ug) — o(ty,y) ™" uy) and Ag = g(yi™") — gun™"), B (4.17)
foro= f,o,f and j =Fk,...,N — 1. Then

Ayj1 = Ay + hAf; + Ac; AW 4. (4.18)
Following the techniques in Section 2.4, there exists C's > 0 such that

E [|Ayj1/’] < (1+ Ch)E [|Ay;*] < e@TE [|Ayy?]. (4.19)

By the definition, we have y,lzm" =z, and hence,

k—1 k=1
Ayk = yz,x,u —x=nh Z f(tj, y;“,:c,u, Uj> + Z |:0' (tj, y;’x’u, ’l@)AWj.H} . (420)
Jj=r

j=r

Since U,q is compact, by the independence of the increments of the Brownian motion and (H1), there exist
C4 > 0 and C5 > 0 such that

ElAgP] < Cu[h20—r) SIC RN (0™ u) P + h S5 Bt 55" ) )]
< Cshlk —r|[1+max;—,.. k1 E[|y;’z’u|2]] (4.21)
< Cehlk —r|[1+ |z?],

where the last inequality holds by Lemma 2.3. We have

k—1 N-—1
T () = T (o) = | Y E[elt, 0 u)] + 0 Y EIAG] + ElAg), (4.22)
j=r j=k
and also,
Vi) = V@) < sup [0 (@ 0) = I (0| (4.23)

uEleg}

By (H2), Lemma 2.3 and the compactness of Uy,q4, there exists C7 > 0 such that

k—1 k—1
WD EL(,y5™" u)]| < h Y LE 14 g™ + uy[]* < bk —r|Cr [1+ 2] . (4.24)
j=r j=r

On the other hand, as in (4.14), by Lemmas 2.3 and (4.21), we obtain the existence of Cg > 0 such that
E[A4] < Cg [1+ |z b2 |k — 7|2, (4.25)

and a similar estimate holds for E[Ag]. Therefore, combining (4.22)—(4.25) we get the result. O
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Our aim now is to study the semiconcavity of V and of its discrete version {th ; k=0,...,N}. Recall that
¢ : R™ — R is locally semi-concave in R" if for all z € R™ and § > 0, there exists a constant K, s > 0 such that,
for all y € Bs(z) :={z € R": |z — x| < ¢} and X € [0,1],

Mp(x) + (1= Ne(y) — oAz + (1= A)y) < KosA(1 = Nz —yf>. (4.26)

We will need the following additional assumptions:

(H3) There exists K > 0 such that g is semi-concave with constant K and ¢ is also semi-concave with constant
K, uniformly in [0, T] X Ugq, i.e. for all y, g € R™,

Mty y,u) + (L =MLt g,u) — Lt Ay + (1= N)g,u) < KA1 =Ny — g|2, YA € [0,1], (4.27)
and
Ag(y) + (1= Ng(y) — gy + (1= N)y) < KA1 =Ny —g[>, vAe[0,1]. (4.28)

(H4) For ¢ = f, 0, and for almost all ¢ € [0, 7], the map (y,u) + ¢(t,y,u) is C? and there exists a constant L
such that for all y € R™ and u € U,gq,

lyy (t,y,u)| < L. (4.29)

Under these additional assumption we prove now a local version of (4.26) for V and {V}* ; k=0,...,N}. The
following proof is similar to ([30], Prop. 4.5, p. 187).

Theorem 4.2. Under assumptions (H1)-(H4), the functions V and V" are locally semi-concave with respect
to the space variable, i.e. for allZ € R", § >0, s € [0,T] and k =0,...,N, V(s,-) and V*(-) satisfy (4.26)

with constants Kz s > 0 which are independent of s and k, respectively.

Proof. Let x,7 € R™, A € [0,1] and define 2* := Az + (1 — \)Z. For any £ > 0, there exists u. € U, such that
T (u) —e < V(s,z). (4.30)

For notational convenience, we denote y*(t) = yif(t), Ly (1) = e(tayif(t),us(t)) and g(yf) = g(yi’f(T)) for
¢ =1,%,2>. Then, we have

IN

AT (u2) + (1= AT (ug) — J5 (u.) + &
B[ M) + (1= i) — eyt (431)

+E [Ag(ym) +(1=Ng(y®) - g(y“)} +e.

MV (s,z)+ (1 =NV (s, z) = V(s,2")

IN
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By the semi-concavity assumption (H3) we obtain,

B[ M) + 0= New?) - o)) ]

E [fsTW(y””) + (1= Ney") —€y® + (1 — A)yf)]dt]
+E [fsT[f(Ay‘” +(1=Ay") - E(yz*)}dt]

KA1 - ATE {Supte[s,T] ly" (t) — yi'(t)lﬂ

+E [fST[f(Ayﬂ” + (1= \)y*) — z(yr*)}dt] .

IN

(4.32)
By (2.17), there exists Cy such that

E | sup |y*(t) —y*(t)]*| < Colz — 7). (4.33)

te(s,T)

Now, define Ay(t) := \y™(¢) + (1 — N)y"(¢) — y (t) for all t € [s,T]. By (H2), and the compactness of Ugg,
there exists C7 > 0 such that

x T z* 1 z*
Oy (1) + (1 =Ny (1) — £y (t))‘ < Jo (™ (1) + EAy(1)[| Ay(t)]dE (434)
< Gill+ g™ @)+ [ Ay0))| Ay(1)]
We can obtain a similar estimate for g. By (H4), there exists C2 > 0 such that
E | sup |Ay(t)*]| < Cor*(1 — Nz — z|*. (4.35)
te(s,T)

Now, returning to (4.34), by the Cauchy—Schwartz inequality, (2.17) and the above equation, there exists C3 > 0
such that

E[ly” 0lay)l] < Ely™ O E2y@)*
< Oy [1+ M AL = Nz — 7 (4.36)
< C3[1+ 2|+ |z — 221 = N)|z — 2%

Since |z — z|* < 62|z — z|?, for all x € Bs(%), combining (4.32)—(4.36), we can complete the proof of (4.26) for
V(ls\fc.)lel, for the discrete value, we follow similar arguments. There exists u. € UJ* such that

TP ue) —e < V(). (4.37)
Denoting yf = yf’g’uf and E(ng) = E(tj,yf»,ug,j) for ¢ = x,%,2" and j =k, ..., N, we have

AV (2) + (1= NV (@) = V()

IA

MNP, ue) + (1= NI (@, ue) — TP (2 ue) + ¢
E[n 505 M) + (1= Mes) — (]| (4.38)

+E [/\g(yfv) + (1= Ngyx) — g(zn”@)] +e.

IN
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As in (4.32), by the semi-concavity assumption (H3) we obtain

E b5 M) + (0= 0ewh) - e )] | < KA - VT maxjoy, N E [ly7 — yEP]

Noi ) . (4.39)
E [0 25 EOwE + (1= M) — 6w )] -

By Lemma 2.4, there exists Cy > 0 such that

_rilaxNIE [y? — yf\z] < Colz — 7|2 (4.40)

In order to estimate the last term in (4.39) we set Ay; := Ayf + (1 — )y} — y}’?k. By (H2) and the compactness
of Ugyq, there exists C7 > 0 such that

T T z* 1 z* . .
E[e(w +0-Nm5) — ()] < E[f 160 jﬁﬂyy)llﬂygldé] )
< GE[L+ 1|+ 1Ay Ay -
We have
Ay = Ayy+h [fOw7 + (1= V) = £ + [o00F + (1= 099) = 03] AW
Fh[Af(y)) + Q= NFyf) — FOyf + 1= Nyf)] (4.42)
+ o) + (1= No(y]) —o(hyf + (1= Nyf)] AW
By the Young’s inequality and the It6 isometry, there exists Cy > 0 such that,
E[|Ay;l?] < [1+ CohlE [|Ay;[?] + CohE [\f(/\y;‘ +(1=Nyj) - f(y}”x)\z]
+CyhE {|U(Ay;c + (1= Ny?) - o—(yfk)lﬂ (4.43)
+ORE [IMf(y5) + (1= N f(y]) — FOwF + (1= N)y])?]
+COhE [[Mo(yf) + (1= Na(yf) — o(yf + (1= Nyi)P] -
By (H1), we obtain
E[IfOw] + (0= M) = F65 )] +E [loOg + (1= Ngf) - olyy P < 20%E A7) (444)
Now, for the last two terms in (4.43) we have,
AP + (L= NF) = FOu + (L= Ny])
= [\ Jo £y O+ (1= Ny + 60 = N5 — )1 = V(55 —v7)de e

(1= A) Jo fy O + (1= AyZ + YT — )T — y7)dE|
< LML = Nlyi — i l?
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where the last inequality holds by (H4). Analogous estimates are satisfied by o. By Lemma 2.4, we can conclude
that there exists C'5 > 0 and C4 > 0 such that,

E [|ij+1|2] < [1+4 CshlE [|ij|2] + ChA2(1 — N2 |z — z|* (4.46)
< eOTON(1 — N2 — )%, '
By the Cauchy—-Schwarz inequality, and the above inequality, there exists Cs > 0 such that
sup B[l Ay,]] < CsA(1 - Az — 32 (4.47)

j=k,....N

In order to estimate (4.41), by the Cauchy—Schwarz inequality, Lemma 2.3 and the previous bounds, there exists
Cs > 0 such that,

A

Ely 1ayl] < (Ellyg 2)? Bl Ayl
Co[1 + [z JA(1 = N)|z — 7|2 (4.48)
< Co[l + |7 + |z — 21 = N)|2 — )%

IN

Since |z — Z|* < 62|z — 7|2, for all € Bs(z), combining (4.41), (4.47) and (4.48), we deduce that there exists
Cz,5 > 0, which depends on Z and 4, such that

N-1
E b Y M) + (1= Newd) - )] | < Cashl = Nz — a2 (4.49)
j=k

Similar estimates hold for the term involving ¢ in (4.38), and then by (4.39), (4.40) and (4.49) we conclude that
(4.26) holds true for V}(-). O

Remark 4.3. If in addition to the above assumptions, we assume that the cost functionals ¢ and g are Lipschitz
or f and o are affine, then similar arguments as those in the previous proof (see [30], Prop. 4.5, p. 187) show
that V and V" satisfy (4.26) for some K (independent of h in the case of the discrete value function).

Now we can define for each h = %, the discrete value function, V" : [0,T] x R® — R as a linear interpolation
in time of the functions th, i.€.

Vit ) = aVii(z) + (1 — )V (2), (4.50)

for t = aty + (1 — a)tg41, a € [0,1). Combining Theorem 4.1 and Theorem 4.2, we easily obtain the following
result.

Theorem 4.4. Under assumptions (H1) and (H2), for each h = % the discrete value function V" is &-Hélder
continuous in time. If in addition, we assume that (H3) and (H4) hold, then V" is locally semi-concave in the
second variable.

Proof. Let s,t € [0, T] with s < t. There exist ks, kt € {0,..., N —1} such that s € [ty ,tr,+1) and t € [tg,, tk,+1)-
Then, there exists «; € [0,1), such that i = a;tg, + (1 — a;)tg,+1, for i = s,t.
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If ky = ky, by the definition of V" we obtain, for all z € R,

IN

|Vh(5733) - Vh(t733)\ |astf: () +(1— O‘S)Vk}:—i-l(x) - O‘thhs () —(1— Oét)VkZ+1(39)|
las — e [Vl () = Vi i ()] (4.51)

< CN+|2)*]|as — at|h%,

IN

where the last inequality holds by Theorem 4.1. Since |s — t| = |as — ax|h and |as — a¢| < 1, we deduce that
Vi (s,2) = VI(t,2)] < C[1+ [a]?]]s — ¢|. (4.52)
Now, assume that ks < k;. Notice that
s —t| = [as + (b — ks — 1) + (1 — ay)]h. (4.53)
By Theorem 4.1 we have

Vi(s,2) =Vt 2)P < 3[lesVi (@) + (1= o)V g (@) = Vi ()P + [V (@) = Vi ()

HV () — Vi (2) + (1 = a) Vil (2) ]

< B flasP IV (@) = Vi @) + V2 (2) = ViE ()] (4.54)
H1 = PV () = Vil ()]
< 3C? [1+|:c\2]2 [las?h+ (ke — ks — 1)h 4 |1 — a|?h]

< 3C2[1+ [2]* [as + (bt — ks — 1) + (1 — )] b,

where the last inequality holds since ag, (1 — a;) € [0,1]. Finally, by (4.53) and (4.54), for all 2 € R™ and
s,t € [0, T] we have

VP (s,2) — V(t,2)| < VBC[1 + |z|]|s — t]2. (4.55)

Since the constant Kz s in Theorem 4.2 is independent of k = 0,..., N, for t = aty, + (1 — a)tr41, and for all
A € [0, 1], we have
AVE 2) + (1 = NVt 2) — Vit Az + (1 - N)z)
=« [/\th(a:) +(1- /\)th(a’c) — th(/\x +(1- /\)JE)]
+(1—a) [)‘th-s-l(x) +(1— )‘)th+1(j) - th+1()\m +(1— )\)j)}
< Kz s\l =Nz — 2%,

(4.56)

for all € Bs(Z). The result follows. O

5. CONVERGENCE

In this section we will analyse the relationship between the value of the discrete and the continuous problems.
As the time step h tends to zero we will prove that V" converges to V and also that any sequence of solutions
of the discrete problems, extended as piecewise constant processes in [0,7T], is a minimizing sequence for the
continuous problem. In particular, we can take as minimizing sequence the one consisting on the discrete time
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feedback controls constructed in Proposition 3.6 and Remark 3.7. Finally, under some convexity assumptions,
we can prove the weak convergence of the discrete optimal controls to a solution of the continuous problem.
Throughout this section we will assume that (H1)—(H2) hold. We begin by providing an estimate on the
difference between the cost functions of the discrete and the continuous problems. In what follows, for any
k=0,...,N—1and z € R", we extend J}(z,-) to HN 1L2O using the same r.h.s. as in (2.9).

Lemma 5.1. Let u" € Hi]ialLZfo and define the control in UY,, still denoted by u”, as u"(t) := ul for all
ti
t € [ty,trs1). Then, for allk =0,...,N — 1 there exists C > 0 independent of u" and k such that

1
| (@, ul) — Tt ()| < C [Jef? + 1] b2 + C [Jz)* + 1] @(h). (5.1)
Proof. For notational convenience we will assume that k = 0 and, since x is fixed, we denote J"(u") = J&(z,u")

and J(u") = J%%(u"). Let " be the continuous solution of the state equation with respect to the control u”,
and y" = (yp)IV_, the discrete state associated with u”. We have

N1 otpp
[T (") = I ()] < EZ/ [0, 5" (1), u) — €ty )] At | + [E [9(5" (¢n) — 9(yx)]] (5.2)
k=0 *tk
and
B et 0wl — U] ] < BJLE e 0 0) - ]|
+E ft'““ ’Z(t, yz,uﬁ) — €(tk,y,’§,u2)| dt.
By (H2), for the last term we obtain,
trt+1
E / [t it uie) — Lt it uid)| dt < ha(h), (5-4)
ti
and for the first one, again by (H2) we have
E ‘ft"“ g (t), up) — Lty u)] dt‘
<E [ o 16,6870 + sty — 3" (0),up)| [§ (1) - i dsdt (5.5)

<E [ L[ [|5"( >\+|uz|+u [7"(6) = vf| +[5"(8) — "] at

Since U,q is compact, by the Cauchy—Schwarz inequality, ([24], Prop. 2.1) and Lemma 2.5, there exists Cy > 0
such that

IN

SR @)12F [EIG" (8) — ypl?) 2 dt

Collz|? + 1]h% + Co [|2|* + 1] % hw(h),

SO R ®)]15" () — yh)dt

N
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and also
i h||~h h e R213 sk hi2113 2 1,3 —
/ Ellugllg™(¢) — yxlldt S/ [Eflui |12 [E[lg"(8) — yk[Fl]2dE < Colz]” +1]2h2 + Cohw(h).  (5.7)
tk tk‘
By (5.5)—(5.7) and Lemma 2.5, there exists C; > 0 such that
thy1 3 1
’E/ [0Gt, " (1), u) — €t gy up)] dt) < Cullz* + 1]h2 + Cy [a|* + 1] hw(h). (5-8)
tk

Arguing as before we can prove that

E [lg(5" (tx)) — g(ul)l] < Ci [Jaf2 + 1] h? + Cy [l + 1] @(h). (5.9)

Then, we conclude that there exists C' > 0 such that
1
|J(u) — T ()| < O [|2? + 1] b + C [|2]? + 1] % @(h). (5.10)

O

Consider a sequence (Nj);en C N such that N; — oo as j — oo and define h; = T/N; and t, = kh; (k =
0,...,N;). Let # € R, t € (0,7] and (g;);en such that £; > 0 and lim;_,o, ; = 0. Let (a"); be a sequence of
¢j-optimal controls for the discrete problems associated with Vk}; 41(x), where k; € {0,..., N; — 1} is such that
t € (ty,,tr,,,]- Let us define

I R (5.11)
Uy SE[tm,tm+1), m:kj+1,"',Nj—1.
In the case t = 0 we define @" (s) = @4, for all s € [ty tmy1) and m =0, - - - , Nj — 1, where @/ is an ;-optimal

control for the discrete problem associated with V°(z). Note that by definition " € Ut ,. We point out that
@M depends on t, but for notational convenience we have omitted this dependence. Now we prove the main
result of this section.

Theorem 5.2. Under the above notations we have

V(t,x) = lim V" (t,x), V (t,z) €[0,T] x R", (5.12)

J—00

where V1 was defined in (4.50) and

V(t,z) = lim Jb* (). (5.13)

J]—00

In addition, if K C R™ is a compact set, the sequence (V"7); converges uniformly to V on [0,T] x K.

Proof. Let us first show the pointwise convergence in (5.12). Let ¢ € [0,T] and = € R™ be fixed. For each h;, we
consider the partition of [0, 7] given by {to,t1--- ,tn,;} where ¢, = kh;, for k =0,---, N;. Thus, if ¢ € (0,T]
for all j € N there exists k; such that t € (tx,, tx,41]. If t = 0, we denote ;41 = 0. Let € be a positive number,
then there exists an 5-optimal control . € U!, such that

JE(a) < V(t,a) + % (5.14)
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For all j large enough we have
JHTET () < V(b 41, 7) + €. (5.15)
Indeed, by (5.14) and Theorem 4.1 there exists Cy > 0, independent of h;, such that,
T = () — 8 () 4+ T ()
< Co[l+]ef]h2 +V(ta)+ 5 (5.16)

1
< Cy [1 + |l‘|2] 2]7,]2 + V(tkj+1,x) + %

Let (g5)jen be a decreasing sequence of positive numbers that converges to 0. Then, there exists an €;-optimal
control, @i € u,g?;rl for each V" (ty, 41, ), i.c.

Vhi (thy41,7) < J]Z_J'Jrl(m,ﬁhj) < Vhi (th;41,2) + €5 (5.17)

Since U,q is compact, by a result of Krylov (see [19], Lem. 6, Sect. 3.2, p. 143), for any ¢’ > 0, there exists N,
such that for all j > N, there exists u" € HH%O constant in each interval of the partition {t, {777 T th}, such
that

hj _ = /
[|lu u5||H;0 <é. (5.18)
. h. ¢ hj hy h; 2 N-1 72 Shy
It is clear that w = (u,’,u’y,---,uy,) belongs to Lo X Hi:ijLf?i. We can define 4" =
h; hj N—1 2 " 3 . . . .
(uijr17 . ,uNj) € Hi:kﬁlLF?‘, then, using the same notations that in the previous lemma, we obtain

() = T AT ) = T ) | ) = i)

| 5.19
H TR @) — T (,019) (5.19)

By (5.18) and the continuity of J*® in UY, we deduce the first term in the r.h.s. goes to zero when j goes to
infinity. Since u/ and 4/ coincide from the time tk;+1, by Theorem 4.1, there exists C; > 0 such that,

T (uhs) — T (@) < (1 + [a2]h2, (5.20)
and by Lemma 5.1, there exists Cy > 0 such that,
, 1
[T (@) — TP ()] < Oy [ Jof?] [h; + w(hj)} : (5.21)
Therefore, we can conclude that for j large enough we have,

T8 () — Ty ()] < e (5.22)
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As we saw in Remark 3.5, the value V" (t; 1,2) is the same as if we minimize over the set of controls

o

i—k; HLQ 0 and, since 4" belongs to this set, we have

V9 (tg, 41, 2) < Jk7+1( i) < () +e < V(t,x) + 2, (5.23)

where in the last two inequalities we have used (5.22) and (5.14). On the other hand, Theorem 4.1 implies that
there exists C's > 0 such that

V(t,z) < Cs [1+|x?] h? + V (41, 2). (5.24)

Finally, Lemma 5.1 and (5.17) yield the existence of Cy > 0 such that

-

Vith41,2) < Jleg1se (ah) < Jk +1(x ahi) 4+ Cy [1—|— || ] [hf +w (hj)} (5.25)
<V (tg,q1,2) + &5+ Co [1+ 2] [hz +w(h; ] |

Combining the last three inequalities and using Theorem 4.4, we get the existence of C' > 0 such that for j large
enough,

V(t,x) = V0i(tz)| < [V(tz) =V (thpr, o) + [Vt 2) = V(¢ 2)]
(5.26)

< g +2e+C[[1+ |z [hf +5(hj)} :

Letting j 1T co and using that € > 0 is arbitrary we obtain (5.12).
Now, let us prove (5.13). Combining Theorem 4.1 and Lemma 5.1, we get the existence of C' > 0 such that

U — I )| < [ — e ()| 4 | ) - Il ()
' s ’ (5.27)
< C[t+P] [n) +a(hy)].
By (5.25) and (5.12), we conclude
lim J5 (@) = lim Jk (2 i) =V(t,x). (5.28)
Jj—o0 Jj—o0

In order to prove the last assertion of the theorem, let K’ C R” be a compact set. By Theorem 4.1 and Lemma 3.1,
we deduce that the sequence (V" ); is uniformly bounded and uniformly equicontinuous on [0,7] x K. Then,
by the Ascoli-Arzeld theorem, and the pointwise convergence (5.12), we deduce that the sequence uniformly
converges to V on [0,T] x K. O

Remark 5.3. We emphasize that our direct approach allows us to deal with more general assumptions that
the usually considered in the literature, such as, coeflicients which are bounded and/or independence of the
time variable. Also an important consequence of relation (5.13) is that (@") is a minimizing sequence for the
optimal control problem associated with V'(¢,). In particular, we can take as (") the sequence of discrete
time feedback controls constructed in Remark 3.7.

The following result shows that under some convexity assumptions, we have convergence of (@) to an
optimal solution of the continuous problem.
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Corollary 5.4. Suppose in addition that U,q is a convex set and J4* is a convex functional. Then, there exists
at least one weak limit point of (W), and any limit point u* € UL, satisfies,

JUE(u*) = V(t, 2). (5.29)

If in addition, J** is strongly convex, then the whole sequence (" )jen strongly converges to the unique u € U!,
that verifies (5.29).

Proof. First, note that since U,q4 is compact, the space U!, is bounded in Hﬂ%t. Using that the convexity and
continuity of J%® imply its weak lower semi-continuity, classical arguments yield the existence of at least one
optimal control @ for V (¢, x).

Since @/ is a bounded sequence in H%t, there exists a subsequence (still denoted @"7) which converges weakly
to u* € H]%t. By the weak lower semi-continuity and equation (5.13) we have

JH (u*) < liminf J5® (@) = V(t, z). (5.30)

J]—00

Finally, if J%® is strongly convex, the strong convergence follows from the classical argument stating that a
minimizing sequence of a strongly convex problem converge strongly to the unique optimizer of the problem
(see e.g. [4], Proof of Lemma 2.33(ii)). O

Remark 5.5. It is worth mentioning that the assumption of convexity holds, for instance, when for a.a.
t € [0,T], the maps (y,u) — £(t,y,u) and y — g(y) are convex and for ¢ = f,o the map (y,u) — ¥(t,y,u) is
affine. If in addition, for some & > 0, (y,u) — £(t,y,u) — €|u|? is convex for a.a. t € [0,T], then J® is a strongly
convex function.

APPENDIX
Here we prove some technical results stated in Subsection 2.4.

Proof of Lemma 2.3. For all k =1,..., N we have

k—1 k—1
yk:x-i—hZf(tj,yj,uj)+Za(tj,yj,uj)AWj+1. (A1)
j=0 Jj=

Then, by (H1)-(b) there exists Cy > 0 such that,

el <[l NB2 SRS (v )P (550 ot w5, 05) AW 1)

! B (A.2)
< Co [l + RISyl + gl + 1] + (520 ok, 35 u5) AW;42)%]

A\

By the Doob’s maximal inequality (see [16], Chap. 2, Thm. 6.10), the It6 isometry, and (H1)-(b), there exist
Cy1 > 0 and C5 > 0 such that

E [maxosick [1:l’] < Co [J2f? +h X425 [Elmaxocis; [vil?] + Ellusl?) +1]
+CHEI SN 1oty w5)I]] (A.3)

< G |2 + 0 N5y [Elmaxocis; yil?] + Ellusf?] +1])

The results follows by the discrete Gronwall’s lemma (see, e.g. [10]). O
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Proof of Lemma 2.4. Denoting Ay; = yj — y?, and Ap; = go(tj,yf7uj) — w(tj,y;47uj) for ¢ = f, 0, we obtain
fori=0,...N —1,

Ayipr =z —y+ Y hAfj+ > Ac; AW, (A.4)
§=0 §=0
We have,
4 P i P
Ay [P <3771 [z —yP + | DY BAL| + | Ao AW, (A5)
=0 =0
By (H1) we get
i P i i
D hAf| < NPT AL < TPTIRLP Y | Ayl (A.6)
=0 =0 j=0

Now, by (H1) and the Burkholder-Davis-Gundy inequality [6], there exists K, (independent of k), such that

B (s |7 A0, aWsalr) < K ([0S | Aayf1E)
< K,N:1hEY (E(|Ao,P) (A7)
< KRR Y E(Ayl)

Combining (A.5), (A.6) and (A.7), there exists ¢, such that

P < _ P P )
5 (o, ol ) < ool e 38 (s 140 (48)
=
The conclusion follows from the discrete Gronwall’s lemma. O

Finally, for the last result of Subsection 2.4, we need the following lemma. We recall that y(-) is the solution
of (2.20) and (yx)f_, is the solution of (2.8) associated with u! and ", respectively, where for notational
convenience we have omitted the indexes of the initial time and the initial condition.

Lemma A.1. Assume that (H1) holds true. Then, there exists C' > 0 such that
e E[y(t) - uel* < Ch[laf? + 2 + 1] + Ca?(h), (A.9)

forall k=0,...,N.

Proof. For all k=0, ..., N — 1 we define Ayy, := y(tx) — yx,

Afi(t) == f(t,y(t), ur) — f(tr, yr,ur), and Aoy (t) := o (t, y(t), ur) — o(te, Yr, ur)- (A.10)
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We have,

tht1 tr41
Ayiosr = Ayp, + / Afu(t)dt + / Aoy (H)dW (2). (A.11)

tk tk

Therefore, by the Cauchy—Schwarz inequality and taking conditional expectation inside the expectation, we
obtain

E[lApnl?] < E[Apl] +E [| S AR(ALP] +E [| [+ Aoy (t)aw ()]

+2 (B[ apf) (Bl o Afuar?]) (A.12)

2 (B[] Anae?)” (Bl A awo?)”

Applying the Young’s inequality in the last two terms, we have

E[|Ayk+1|2] < [1+hE [|Ayk2}+[1+,§]E[f;%+mfk(t)dtﬂ

: (A.13)
S Aoyt )dW(t)‘ } .

+[1+ hJE [

Now, we study all the square terms in the r.h.s. of (A.13) separately. By the Jensen’s inequality, we obtain

?|

fttkk+1 Afk(t)dt‘2:| < hE [ tht1 |Afk(t)‘2dt}
< 2RE [ F(ty(t) uk) — F(tyeun)2dE (A.14)

+2thtk+1 |ty un) — f (b, yrs ur)|*dE,

and by (H1), we get

E [ ik Afku)dtﬂ < R[S LPE[y(e) - gl at+ [ ()t - tel)at] (A.15)
< OML2 [HE[y(t) -yl dt + 20%02(h). '
In order to estimate the integral term in (A.15), note that for all ¢, <t < tg41 we have,
t t
y(t) — yp = Ayx + /tk f(s,y(s), u(s))ds + /tk (s, y(s), u(s))dW (s). (A.16)

Then, by (H1), the Cauchy—Schwarz inequality and the It6 isometry, we deduce that there exist ¢ > 0 and
Cp > 0 such that for all ¢ <t < tpy1,

IN

E(lyt) —ul] < cof [|Apef?] + ol [f ly(t) 2 + Junf? + 1)t
+COE[ftk+1 ()2 + Jug]? + ]dt} (A.17)

E [|Ayal*] + Coh [af? + lu" |, + Eful® +1]

IN
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where the last inequality follows from ([24], Prop. 2.1). So, by (A.15) and (A.17), there exist positive constants
C and C5 such that,

d

By the It6 isometry and (A.17) we have,

2
S Afuyat] ] < Ci%E [| Ayl ] + Cob® [af + [ut |2, + Blusl? + 1) +20%2%(h).  (A18)

E [+ Aak(t)dW(t)r

tk

B [0 |Aou(t) &

28 [ L [y() = gl + @ (|t - tk\))dt} (A.19)

IN

IN

CShE || Ayel*] + Ca?® [[af? + a2, + Eluf? + 1] + 20&(h),

for suitable positive constants C's and Cjy.
Combining (A.13), (A.18) and (A.19) we conclude that there exist C5 > 0, Cs > 0 and C7 > 0 such that

E [|Ayk+1|2} < [1 + C5h]E [|Ayy|?] + Cgh? [|x|2 + ([ 17 + Elug|* + 1} + Cohw? (h). (A.20)

Therefore, we deduce that

E[lApenl?] < [1+ CShIME [|Ayol?] + SHZ0[1 + CahliCoh? [|af? + w2, + Eluf> + 1]
+ 350 (L + Csh) Crhaw? (h)
(A.21)
< O TCsh [T|x|2 +2]Jull2,, + T] + OOy Tw ()
0
< Ch[[af + [ublZ, +1] + CaP(n),
for a suitable constant C' > 0. O

Proof of Lemma 2.5. By (A.16), the Doob’s maximal inequality and the It6 isometry, there exists K > 0 such
that

E [supy, <rc [0t = k?] < 2B [ly(tn) — pel’] + 4RE [ (s, y(s), we)] ds]

+4KE [ t:“ |cr(s,y(s),uk)\2ds] .

t

(A.22)

Since U,q is compact, by (H1), Remark 2.1 and the previous lemma we obtain the result.
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