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ON THE TOTAL VARIATION WASSERSTEIN GRADIENT FLOW
AND THE TV-JKO SCHEME

GuILLAUME CARLIER"?* AND CLARICE POON?

Abstract. We study the JKO scheme for the total variation, characterize the optimizers, prove some
of their qualitative properties (in particular a form of maximum principle and in some cases, a minimum
principle as well). Finally, we establish a convergence result as the time step goes to zero to a solution of
a fourth-order nonlinear evolution equation, under the additional assumption that the density remains
bounded away from zero, this lower bound is shown in dimension one and in the radially symmetric
case.
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1. INTRODUCTION

Variational schemes based on total variation are extremely popular in image processing for denoising purposes,
in particular the seminal work of Rudin et al. [25] has been extremely influential and is still the object of an
intense stream of research, see [10] and the references therein. Continuous-time counterparts are well-known to
be related to the L? gradient flow of the total variation, see Bellettini et al. [3] and the mean-curvature flow, see
Evans and Spruck [14]. The gradient flow of the total variation for other Hilbertian structures may be natural
as well and in particular the H~! case, leads to a singular fourth-order evolution equation studied by Giga and
Giga [15], Giga et al. [16]. In the present work, we consider another metric, namely the Wasserstein one.

Given an open subset 2 of R? and p € L'(12), recall that the total variation of p is given by

T(p) = sup{/ﬂdiv(z)p L2 e CNQ), 2]~ < 1} (1.1)

and BV(Q) is by definition the subspace of L(£2) consisting of those p’s in L(€) such that J(p) is finite. The
following fourth-order nonlinear evolution equation

Op + div (p Vdiv (é;)) =0, in (0,T) x Q, p|,_, = po, (1.2)

Keywords and phrases: Total variation, Wasserstein gradient flows, JKO scheme, fourth-order evolution equations.

1 Ceremade, UMR CNRS 7534, Université Paris Dauphine, Pl. de Lattre de Tassigny, 75775 Paris Cedex 16, France.
2 MOKAPLAN, INRIA-Paris, France.
3 Centre for Mathematical Sciences, University of Cambridge, Wilberforce Rd, Cambridge CB3 0OWA, UK.

* Corresponding author: carlier@ceremade.dauphine.fr

Article published by EDP Sciences © EDP Sciences, SMAI 2019


https://doi.org/10.1051/cocv/2018042
https://www.esaim-cocv.org
mailto:carlier@ceremade.dauphine.fr
http://www.edpsciences.org

2 G. CARLIER AND C. POON

supplemented by the zero-flux boundary condition

pVdiv (lgﬂ) -v =0 on 02 (1.3)
p

has been proposed in [7] for the purpose of denoising image densities. Numerical schemes for approximat-
ing the solutions of this equation have been investigated in [4, 7, 13]. One should consider weak solutions
and in particular interpret the nonlinear term div (lg—zl) as the negative of an element of the subdifferential
of J at p.

At least formally, when pg is a probability density on €, (1.2)—(1.3) can be viewed as the Wasserstein
gradient flow of J (we refer to the textbooks of Ambrosio et al. [1] and Santambrogio [26], for a detailed
exposition). Following the seminal work of Jordan et al. [17] for the Fokker—Planck equation, it is reason-
able to expect that solutions of (1.2) can be obtained, at the limit 7 — 0%, of the JKO Euler implicit
scheme:

1 . _
PO = Po, Pry1 € argmin {%Wf(pk,p) + J(p), p€ BV(Q) 07?2(!2)} , (1.4)

where Py (12) is the space of Borel probability measures {2 with finite second moment and W5 is the quadratic
Wasserstein distance:

W2(pop1) = in {/ Rx—yﬁdv(m,y)}, (1.5)
d><d

YEH(po,p1)

II(po, p1) denoting the set of transport plans between py and p; i.e. the set of probability measures on R? x R?
having pg and p; as marginals. Our aim is to study in detail the discrete TV-JKO scheme (1.4) as well as
its connection with (suitable weak solutions) of the PDE (1.2). Although the assertion that (1.2) is the TV
Wasserstein gradient flow is central to the numerical schemes described in [4, 7, 13], there has been so far, to
the best of our knowledge, no theoretical justification of this fact.

Fourth-order equations which are Wasserstein gradient flows of functionals involving the gradient of p, such
as the Dirichlet energy or the Fisher information, have been studied by McCann et al. [22] who found a new
method, the flow interchange technique, to prove higher-order estimates, we refer to [18] for a recent reference on
this topic. The total variation is however too singular for such arguments to be directly applicable, as far as we
know. We shall prove the convergence of JKO steps as 7 — 07 under the extra assumption that densities remain
bounded aways from zero. Whether this extra assumption is reasonable or not is related to a minimum principle
issue, interesting in its own right, namely the monotonicty of the infimum along JKO steps. We shall see that, in
a convex domain, JKO steps obey a maximum principle (the maximum of the density is nonincreasing along JKO
steps). The corresponding minimum principle seems more difficult to prove and we have been able to establish
it only in some particular cases, namely in dimension one and in the radially symmetric case, eventhough we
conjecture it is satisfied in more general situations.

The paper is organized as follows. In Section 2, we start with the discussion of a few examples. Section 3
establishes optimality conditions for JKO steps thanks to an entropic regularization scheme. Section 4 is devoted
to some properties of solutions of JKO steps and in particular a maximum principle based on a result of [11], we
also establish a minimum principle in dimension one and in the radially symmetric case. Finally, in Section 5,
we prove a conditional convergence result, we establish convergence of the JKO scheme, as 7 — 0T, under the
extra assumption that the density remains away from zero, this covers the unidimensional case as well as the
radially symmetric case when the initial condition is strictly positive.
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2. SOME EXAMPLES

We first recall the Kantorovich dual formulation of W2:

1 2
§W22(M07M1) = sup {/Rd dpg + /Rd edpr = (x) +p(y) < |x2y} (2.1)

an optimal pair (¢, ) for this problem is called a pair of Kantorovich potentials. The existence of Kantorovich
potentials is well-known and such potentials can be taken to be conjugates of each other, i.e. such that

@) = inf {310 = o2 v} v = inf { Gl = - oo}

yER rcRd

which implies that ¢ and v are semi-concave (more precisely %||2 —  is convex). If up is absolutely continuous
with respect to the d-dimensional Lebesgue measure, ¢ is differentiable p; a.e. and the map T'=id — Vi is the
gradient of a convex function pushing forward p; to pg which is in fact the optimal transport between g and
11 thanks to Brenier’s theorem [5]. In such a case, we will simply refer to ¢ as a Kantorovich potential between
w1 and po. We refer the reader to [28] and [26] for details.

In this section, we will consider some explicit examples which rely on the following sufficient optimality
condition (details for a rigorous derivation of the Euler-Lagrange equation for JKO steps will be given in
Sect. 3) in the case of the whole space i.e. 8 = R?. Let us also recall that by Sobolev inequality BV (R?) is

continuously embedded in L% (R%).

Lemma 2.1. Let pg € Po(R%), 7> 0 and Q = R? (so J is the total variation on the whole space), if py €
BV(R%) NPy (RY) is such that

L div(z) > 0, with equalityp; — a.e., (2.2)
-

where ¢ is a Kantorovich potential between py and po and z € C1(R?), with ||z||p~ < 1, div(z) € LYR?) (so
that div(z)p1 € L*(RY)), and

J(p1) = /Rd div(z)p1. (2.3)

Then, setting

@ pu(p) == 5= W3 (po, ) + J(p), ¥p € BV(RY) N Py(RY) (24)

one has
D7 4y (p1) < Prpy(p), Vp € BV(RY) N P(RY).

Proof. For all p € BV(R?) N Pa(RY), J(p) > [radiv(z)p = J(p1) + [gadiv(2)(p — p1), and it follows from the
Kantorovich duality formula that

1

1 ®
—Wy > —W; Z(p—p1).
oy 5 (po,p) > o7 5 (po, 1) +/Rd T(P p1)

The claim then directly follows from (2.2). O
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2.1. The case of a characteristic function

A simple illustration of Lemma 2.1 in dimension 1 concerns the case of a uniform pg, (here and in the sequel
we shall denote by x4 the characteristic function of the set A):

1
P0 = Pag, @0 >0, po = %X[fa,a]-

It is natural to make the ansatz that the minimizer of ®. ,, defined by (2.4) remains of the form p; = p,, for
some a1 > ap. The optimal transport between p,, and pg being the linear map 7' = %?id, a direct computation
gives

1

1
(I)"?Po(pal) = ;1 + @(al - ao)za

which is minimal when «; is the only root in (ag, +00) of
a3 (ay —ag) = 3. (2.5)

To check that this is the correct guess, we shall check that the conditions of Lemma 2.1 are met. It is easy to
check that the potential defined by

1 9 37
)= — (a1 —ag)r® — —
e(x) 2a1( 1~ Qo) e
is a Kantorovich potential between p; = p,, and pg. Define! then 2z; by

ap — o 3T
T21(x) = —%@10)1‘3 + 20, x € [—ag,aq]

extended by 1 on [, +00) and —1 on (—o0, —a1]. By construction —1 < z; <1 (use the fact that it is odd and
nondecreasing on [0, a] thanks to (2.5)), also 2] (day) = 0 so that 2; € CY(R) and z1(ay1) = 1, 21(—ay) = —1
and one easily checks that J(p1) = ffR z21Dpy = fR z1p1 (here and in the sequel Dp; denotes the Radon
measure which is the distributional derivative of the BV function p1). Moreover 721 + ¢ > 0 with an equality
on [—aq, aq]. The optimality of p; = pg, then directly follows from Lemma 2.1.

Of course, the argument can be iterated so as to obtain the full TV-JKO sequence:

Ofy1 i1
Pry1 = argmin &, - = < = 1d) pr = <1d> P05
Q. # Qo #

where af, is defined inductively by
(af41 — ap)(af1)? =37, af = ao,
which is nothing but the implicit Euler discretization of the ODE
d'a? =3, a(0) = ay,

whose solution is a(t) = (a3 +9¢)3 . Extending pj, in a piecewise constant way: p” (t) = pj_, for t € (kr, (k+1)7],
it is not difficult to check that p™ converges (in L*>((0,T"), (P2(R), W3)) and in L?((0,T) x R) for any p € (1,00)

TThe guess for this construction is by integrating the Euler-Lagrange equation on the support of Pay -
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and any T > 0) to p given by p(t,.) = (%z)id)#po. Since v(t,x) = %x is the velocity field associated to

X(t,z) = %{t))x, p solves the continuity equation

Owp + (pv)z = 0.
In addition, pv = —pz,;, where

2t 2) = _63(%) 23 4 22ft), z € [~a(t), a(t)],

extended by 1 (respectively —1) on [a(t), +00) (respectively (—oo, —a(t)]). The function z is C*, ||z]|p~ < 1
and z - Dp = —|Dp| (in the sense of measures). In other words the limit p of p” satisfies

0ip — (P2az)e =0
with |z| <1 and z- Dp = —|Dp| which is the natural weak form of (1.2) since z,, = Vdiv(z) in dimension one.

2.2. Instantaneous creation of discontinuities

We now consider the case, where pg(z) = (1 — |z|); and will show that the JKO scheme instantaneously
creates a discontinuity at the level of p;, the minimizer of ®, ,, when 7 is small enough. We indeed look for p;
in the form (Fig. 1):

_f1-82  itll<g
p””‘{u—unkiﬂﬂ>@

for some well-chosen § € (0,1). The optimal transport map 7' between such a p; and po is odd and given
explicitly by

T(x):{1 1-2(2-pB) ifzel0,B),

T if x > 0.

The Kantorovich potential which vanishes at 8 (extended in an even way to R_) is then given by

22 _ _RB))3/2 .
o(z) = {““Ww ita e [0.9)

0 if x > 3,

where

B 2(1 - B)°

C=—-—— -

7+ B+ 32— 5)

Let us now integrate 7z’ = —¢ on [0, 8] with initial condition z(0) = 0, i.e. for « € [0, 3]
3 2
4
ro(a) = - 4 L [1—(1—28))?

6 2 15(2—73)?

B o1y 4
*(2‘5‘3@m)$+wmﬂﬁ
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-1 -6 0 6 1
F1GURE 1. The probability density functions pg and p; from Section 2.2.

Note that z is nondecreasing on [0, 8] (because ¢(0) < 0, ¢(8) = 0 and ¢ is convex on [0, 5] so that ¢ < 0 on
[0, B]), our aim now is to find 8 € (0,1) in such a way that z(8) = 1 i.e. replacing in the previous formula

T_ﬁ_ﬁ+4(1—(1—6)5)_2(1—ﬁ)36
32 15(2 — B)? 3(2-8)

the right hand-side is a continuous function of 8 € [0, 1] taking value 0 for 8 = 0 and % for B =1, hence as
soon as 107 < 1 one may find a 8 € (0,1) such that indeed z(8) = 1. Extend then z by 1 on [, +0c0) and to
R_ in an odd way. We then have built a function z which is C* (p(3) = 0), such that |z| < 1, z- Dp; = —|Dp1]|
and such that 2’ + £ = 0. Thanks to Lemma 2.1, we conclude that p; is optimal. This example shows that
discontinuities may appear at the very first iteration of the TV-JKO scheme.

3. EULER-LAGRANGE EQUATION FOR JKO STEPS

The aim of this section is to establish optimality conditions for (3.1). Despite the fact that it is a convex
minimization problem, it involves two nonsmooth terms J and W3 (po,.), so some care should be taken of to
justify rigorously the arguments. In the next subsection, we introduce an entropic regularization, the advantage
of this strategy is that the minimizer will be positive everywhere, giving some differentiability of the transport
term.

3.1. Entropic approximation

In this whole section, we assume that €2 is an open bounded connected (not necessarily convex) subset of R?
with Lipschitz boundary and denote by P,..(2) the set of Borel probability measures on  that are absolutely
continuous with respect to the Lebesgue measure (and will use the same notation for p € P,.({2) both for the
measure p and its density). Given pg € Pac(£2) and 7 > 0, we consider one step of the TV-JKO scheme:

in {;TWQQ(po,p) n J<p>}. (3.1)

PEPac(£2)

Tt is easy by the direct method of the calculus of variations to see that (3.1) has at least one solution, moreover
J being convex and p — Wi (p, po) being strictly convex whenever py € Pac(£2) (see [26]), the minimizer is in
fact unique, and in the sequel we denote it by p;. Given h > 0 we consider the following approximation of (3.1):

e {mp) = W2 (p0.) + (o) + he<p>} , (3.2)
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FIGURE 2. The perturbation p. j from (3.5).

where
£(0) = | pla)tog(p(a))de.

It is easy to see that (3.2) admits a unique solution pj,. Moreover, since €2 is bounded, £ is lower bounded,
hence J(py,) is bounded. Recalling that the embedding BV (Q2) C LP(Q) is compact for every p € [1, 74 ), one
may therefore (up to extraction) assume that p, converges as h — 0 a.e. and strongly in LP(Q) for every
p €[l %) to some p1, which, by a standard I'-convergence argument, is easily seen to be the solution of (3.1).
The advantage of this regularization is that not only each pj, is bounded from below but also that hlog(pn) is

bounded from below uniformly in & (but not in 7 which is fixed throughout this section):

Proposition 3.1. Up to passing to a subsequence, the family By, := hlog(pn) is uniformly bounded from below.
Moreover, By, is bounded in LP(Q) for any p > 1 and max(0, 51,) converges strongly to 0 in LP(QY) for any p > 1.

Proof. Let tp, > 0 be such that the set ng := {pn, > ¢} has positive measure and finite perimeter (recall that
pr € BV). Let us assume that there is an € € (0,1) such that

th|Fth|
< h .
°= g (3.3)
and
|[Acn| > 0 with A, := {pn, < e} (3.4)

We aim to show that e cannot be arbitrarily small. Define then p. p := max(pp,e) that is € on A, and
pn elsewhere. Defining c. j, := fQ(,uE,h — pn) and observing that c., < ¢|Q], we see that (3.3) implies that
Ceh < %tﬂF[Z\ and tp > 2¢ so that A.p and th; are disjoint. Finally, set

XFZL (3 5)
= — Ceh g .
Pe,h Heh e,h |Ft’,l1|

See Figure 2, where we set & p, := cepn/|F["|.
By construction p. 5 € P(2) hence 0 < Fp,(pe,n) — Fr(pn), in this difference we have four terms, namely

e the Wasserstein term, which, using the Kantorovich duality formula (2.1) and the fact that Q is bounded
can be estimated in terms of ||ps 5, — pllrr = 2¢e p:

1 1 C
E”@(Pe,h,po) - EWS(%PO) < —Ceh- (3.6)
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for a constant C' that depends on €2 but neither on ¢ nor h,
e the TV term: J(pn) — J(pn): outside F}* we have replaced py by a 1-Lipschitz function of pj which
decreases the TV semi-norm, on F}* on the contrary we have created a jump of magnitude c. 5 /|F}! | so

Per (FZZ )

J(pe.n) = J(pn) < cen ,
||

(3.7)

where Per(F/') = J(xp» ) denotes the perimeter of F}* (in ),
, > ,

o the entropy variation on A p, on this set both p. , and py, are less than ¢ so that (14 1log(t)) < (1+log(e))
whenever ¢ € [pp, pe,p] which by the mean value theorem yields

/A (penLog(pen) — pnlog(pn)) < (1 -+ log(e))esn (3.8)

e the last term is the entropy variation on F}' . It is convenient to split F}* into F{* N{pe > 1} and F' N
{pe,n < L}. The entropy variation on the first part is easy to control. Indeed, ¢ — tlog(t) is nondecreasing
on [L,4+00). Since, on F N{p.r, > 1}, pp = pen > L, we have (p. 1, log(pe,n) — pr log(pn)) < 0. As for the
second part, we observe that F* N {p., <1} C {pn < I+ %2}, so on this set, both p.j, and p, remain
in the interval [£, 1 + 2] We thus have

27
[ (0 108(p-) = prlog(on)) < Caltr)ee (3.9)
th,
where
th 1 t
Chr(tp) := max { |1 + log(t)| : 5 <t< - + 5 (- (3.10)
Putting together (3.6)—(3.9), we arrive at
C  Per(F!
0< ( + |rF(‘ht|’) + hCy(tn) + hlog(e) + h> Ce by
th

which for small enough ¢ is possible only when c. , = 0 i.e., |Ac n| = 0. More precisely, either we have the lower
bound:

C Per(F}!
hog(or) > S — nOy(t) - ) (3.11)
T ‘Fth ‘
h
or (3.3) is impossible i.e., pp, > t’gg‘hl. To prove that §;, = hlog(pp) is bounded from below uniformly in h, it

is therefore enough to show that we can find a family ¢;, bounded and bounded away from 0, such that |Ft’Z|
remains bounded away from 0, and Per(Ft}Z) is uniformly bounded from above as h — 0. First note that, since
J(pn) is bounded, there exists p such that p, — p in L' and a.e. up to a subsequence, note also that p € BV
and p is a probability density. Setting F} := {p > t}, F} := {p, > t}, if s > ¢, since p;, converges a.e. to p, we
have a.e. liminf, xpr > xr,. It then follows from Fatou’s Lemma that when s > ¢, liminfy, |Fl| > |Fs|, hence
choosing 0 < 81 < B2 < B so that |F| > 0, we deduce that there exists hg > 0 and ¢; > 0 such that for all
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t € [B1,B2] and all h € (0, hg], we have ¢; < |F}*| < |Q|. For an upper bound on perimeters, we observe that
since J(pp) < C, thanks to the co-area formula, we have

Ba
/ Per(F]")dt < J(pp) < C.

So, there exists t;, € [81, 82] such that Per(Ft’;’) < C/(B2 — f31). Finally, since p;, converges in L', we may assume
that, up to a subsequence, p;, < ¢ for some ¢ € L' (see [6], Thm. IV.9). Then, by dominated convergence and
since log(max (¢, 1)) € LP(Q) for every p > 1, we have that log(max(pp, 1)) converges a.e. and in LP, in particular
this implies that max(0, 85) converges to 0 strongly in LP(£2), and we have just seen that min(0, 8) is bounded
in L*°(Q). O

Let us also recall some well-known facts (see [9]) about the total variation functional J viewed as a convex
lower semi-continuous (l.s.c.) and one-homogeneous functional on L (Q). Define

Iy={¢eLYQ) : 3z€ L®(QRY), ||z]|p~ <1, div(z) =&, z-v=00n09,} (3.12)

where div(z) =&, z-v =0 on 02 are to be understood in the weak sense

/qu:—/ﬂz.vu, Vu e C'().

Note that I'y is closed and convex in L(2) and J is its support function:

J(p) = sup / Eu, Yu € L (). (3.13)
£ely

As for the Wasserstein term, recalling Kantorovich dual formulation (2.1), the derivative of the Wasserstein
term p — W2(po, p) term will be expressed in terms of a Kantorovich potential between p and pg.
We then have the following characterization for pp:

Proposition 3.2. There exists z;, € L°°(Q,R?) such that div(z,) € LP(Q) for every p € [1,+00), ||zn]lz~ < 1,
zp v =0 0n 0Q, J(pp) = [odiv(zn)pn and

LA div(zp) 4+ hlog(pn) =0, a.e. in Q, (3.14)
-

where pp, is the Kantorovich potential between pp and pg.

Proof. Let p € L>°(Q) NBV(Q) such that [, = 0. Thanks to Proposition 3.1, we know that pj, is bounded
away from 0 hence for small enough ¢ > 0, p;, + tu is positive hence a probability density. Also, as a consequence
of Theorem 1.52 in [26], we have that

W2 t W2 = 3.15
t—)0+ 2t[ 2 (p07ph + ,U,) 2 (p07ph)] /Q‘Ph/% ( )

where ¢}, is the (unique up to an additive constant) Kantorovich potential between pp and pg, in particular

¢y, is Lipschitz and semi concave (D?¢j, < id in the sense of measures and id — V¢, is the optimal transport
between py, and pq). By the optimality of p;, and the fact that J is a semi-norm, we get

J(u) = J(pn +p) = J(pn) = lim, t (T (pn + tp) = J(pn)) / Entt, (3.16)
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where

& i= =2 — hlog(pn)-

Since ¢y, is defined up to an additive constant, we may chose it in such a way that &£, has zero mean, doing
$0, (3.16) holds for any p € L*°(2) N BV(Q) (not necessarily with zero mean). Being Lipschitz, ¢, is bounded,
also observe that h(log(pn))+ = hlog(max(1, py)) is in LP(Q2) for every p € [1,400) since pp, € Lﬁ(Q) and
hlog(pp)— = —hlog(min(l, pp,)) is L>(Q) thanks to Proposition 3.1, hence we have £, € LP(Q) for every p €
[1,+00).

By approximation and observing that &, € L%(Q), (3.16) extends to all p € Lt (Q). In particular, we have

sup/§u2/§hu
EeTy JQ Q

but since Iy is convex and closed in L4(f), it follows from Hahn-Banach’s separation theorem that &, € Iy.
Finally, getting back to (3.16) (without the zero mean restriction on p) and taking u = —pp, gives J(pp) <
fQ &npn, and we then deduce that this should be an equality. O

3.2. Euler—Lagrange equation

We are now in position to rigorously establish the Euler-Lagrange equation for (3.1):

Theorem 3.3. If p1 solves (3.1), there exists ¢ a Kantorovich potential between p1 and po (in particularid — Ve
is the optimal transport between py and po), B € L=®(Q), B >0 and z € L=(Q,R?) such that

Lt +div(z) =8, z-v =0 on 09, (3.17)
-
and
Bpr =0, [zllL= <1, J(p1) = [ div(z)p1. (3.18)
Q

Remark 3.4. It is not difficult (since (3.1) is a convex problem) to check that (3.17)—(3.18) are also sufficient
optimality conditions. The main point here is that the right hand side § in (3.17) which is a multiplier associated
with the nonnegativity constraint is better than a measure, it is actually an L function.

Proof. As in Section 3.1, we denote by pj the solution of the entropic approximation (3.2). Up to passing to
a subsequence (not explicitly written), we may assume that pp, converges a.e. and strongly in LP(Q2) (for any
p € [1,7%)) to p1 (the solution of (3.1), again by a standard I'-convergence argument). We then rewrite the
Euler-Lagrange equation from Proposition 3.2 as

Pt div(an) + B = By (3.19)
where 3 := hlog(max(pp, 1)), B, = —hlog(min(ps,1)), and
lzrllee <1, zp-v =0 on 0Q and J(pp) = / div(zp)pn- (3.20)
Q

It follows from Proposition 3.1 that ﬁ;ﬁ' converges to 0 strongly in any LP, p € [1,+00) and that 3, is bounded
in L*°. Up to subsequences, we may therefore assume that z; and 3, weakly-* converge in L° respectively
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to some z and B with ||z||fe <1, z-v =0 on 9 and 8 > 0. As for the Kantorovich potentials ¢y, since the
transport map (id — V) a.e. takes values in €2, we have ||[Vp | pe < diam(€2), hence ¢y, is an equi-Lipschitz
family because €2 is bounded. Moreover fQ =T fQ B, — B:) which remains bounded, hence we may assume
that ¢y, converges uniformly to some potential ¢ and it is well-known (see [26]) that ¢ is a Kantorovich potential
between p; and pg. Letting h tend to 0 gives (3.17).

Since pj, converges strongly in L' to p; and 3, converges weakly- to 3 in L> we have

[ 3=t [ pus; =timh | puflogomin(t, p)] =0,
Q b Jo h Q

hence fp; = 0. Thanks to (3.13), we obviously have J(p1) > [, div(z)p1 (since div(z) € L>, div(z) € I}y), for
the converse inequality, it is enough to observe that

J(p1) < limhinf J(pp) = limhinf div(zp)pn
Q

and that div(z,) = — 2 — 52‘ + B, converges to div(z) weakly in L? for every ¢q € [1,+00). Since p;, converges
strongly to p1 in LY when ¢ € [1, 7%) we deduce that J(p1) = [, div(z)p1 which completes the proof of
(3.18). O

A first consequence of the high integrability of div(z) is that one can give a meaning to z - Vu for any
u € BV(Q). Indeed, if g € [;%,400] and ¢’ denotes its conjugate exponent, following Anzellotti [2], if u €

BV(Q) N LY(Q) and o € L>®(,R?) is such that div(c) € LI (Q), one can define the distribution o - Du by
(o - Du,v) = —/ div(o) uv — / uo- Vo, Yo € CHQ).
Q Q

Then o - Du is a Radon measure which satisfies |0 - Du| < ||o||p|Du| (in the sense of measures) hence is
absolutely continuous with respect to |Du|. Moreover one can also define a weak notion of normal trace of o,
o-v € L*®(09Q) such that the following integration by parts formula holds

/Qa.Du:—/Qdiv(a)w/mu(a.y).

We refer to [2] for proofs. These considerations of course apply to o = z and u = p; € BV(Q) and in particular
enable one to see z - Dp; as a measure and to interpret the optimality condition J(p1) = [, div(z)p1 as [Dp1| =
—z- Dp, in the sense of measures. Finally, the fact that div(z) € L* in Theorem 3.3 and the theory of variational
mean curvature (see Tamanini [27], Massari [19, 20], Gonzalez and Massari [21], Thm. 3.6) allows for conclusions
about the regularity of the level sets, Fy = {p1 > t} of p1, the solution of (3.1), we do not elaborate this regularity
(which, anyway, only holds for fixed time step 7 > 0) further here.

4. MAXIMUM AND MINIMUM PRINCIPLES FOR JKO STEPS

Throughout this section, we further assume that  is a convex open bounded subset of R?, our aim is to
establish bounds on the TV-JKO iterates given by (3.1). Since, the TV-JKO scheme aims at minimizing total
variation at the fastest rate in the Wasserstein metric, it is natural to wonder whether when the initial condition
is bounded from above and from below then the JKO-iterates remain so (with the same bounds). We shall answer
affirmatively for the upper bound (maximum principle), as for the propagation of the lower bound (minimum
principle), we have been able to prove it only in special cases (dimension one and radially symmetric setting).
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4.1. Convexity along generalized geodesics

Our aim is to deduce some bounds on p; from bounds on py. To do so, we shall combine some convexity
arguments and a remarkable BV estimate due to De Philippis et al. [11]. First we recall the notion of generalized
geodesic from Ambrosio et al. [1]. Given T, g and g7 in Pac(£2), and denoting by Tp (respectively T7) the optimal
transport (Brenier) map between & and pg (respectively ui), the generalized geodesic with base [ joining ug to
w1 is by definition the curve of measures:

U == ((1 - t)TO + tTl)#ﬁ, te [O, 1] (41)
A key property of these curves introduced in [1] is the strong convexity of the squared distance estimate:
W3 (7, 1) < (1= OWF (@, po) + W3 (7, ) — (1 = )W (1o, 1) (4.2)

It is well-known that if G : Ry — R U {+oc0} is a proper convex ls.c. internal energy density, bounded from
below such that G(0) = 0 and which satisfies McCann’s condition (see [23])

A€ R, — MG(A™?) is convex nonincreasing (4.3)

then defining the generalized geodesic curve (ut)seo,1] by (4.1), one has

/ G(pe(x))de < (1 — t)/ G(po(x))dx +t/ G(p1(x))de. (4.4)
Q Q Q
In particular LP and uniform bounds are stable along generalized geodesics:

el Ze < (X =B)llpollZs + thuollZes Nuellzee < max(llpoll Lo, [luallL=), (4.5)

and
/ 1e(z) log (e (2))da < (1 — 1) / 11o() log (o ())dz + ¢ / 111 () log(un (2))da. (4.6)
Q Q Q

An immediate consequence of (4.2) (see Chap. 4 of [1] for general contraction estimates) is the following

Lemma 4.1. Let K be a nonempty subset of Pac(2), let o € K, p1 € Pac(2), if 11 € argminﬂeKWQQ(ul,u)
is a Wasserstein projection of p1 onto K, and if the generalized geodesic with base 1 joining po to fiy remains
in K then

W3 (1o, 1) < W3 (po, 1) — W3 (pa, fia).- (4.7)

Proof. Since u; € K we have W2(uy, jiy) < W2(u1, i), applying (4.2) to the generalized geodesics with base
w1 joining po to fi; we thus get

(1= )W3 (1, fn) < (1= W5 (ua, po) — t(1 = )W (o, fin),

dividing by (1 —t) and then taking ¢ = 1 therefore gives the desired result. O
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The other result we shall use to derive bounds is a BV estimate of De Philippis et al. [11], which states that,
given, p € Pac(2) NBV(Q), and G : Ry — R U {400}, proper convex ls.c., the solution of

it {520 + [ Glotonas (48)

PEPac(2)

is BV with the bound

Taking in particular,

0if p< M,
G(p)zz{ r=

400 otherwise,

this implies that the Wasserstein projection of p onto the set defined by the constraint p < M has a smaller
total variation than pu.

4.2. Maximum principle
Theorem 4.2. Let pg € Pac(£2) N L>®(Q) and let py be the solution of (3.1), then p; € L™= () with

lp1llze @) < llpollzo(0)- (4.10)

Proof. Thanks to (4.5) the set K := {p € Pac(§2) : p <||pollr=(q) a.e.} has the property that the generalized
geodesics (with any base) joining two of its points remains in K. Let then p; be the Wy projection of p; onto K
i.e. the solution of inf ek WZ(p1, p). Thanks to Lemma 4.1 we have W3 (po, p1) < Wi (po, p1) — Wi(p1, p1) and
thanks to Theorem 1.1 of [11], J(p1) < J(p1). The optimality of p; for (3.1) therefore implies Wa(p1,p1) = 0
i.e. p1 < [lpollLe (- O

Remark 4.3. In Section 3, we have used an approximation of (3.1) with an additional small entropy term,
the same bound as in Theorem 4.2 will remain valid in this case. Indeed, consider a proper convex l.s.c. and
bounded from below internal energy density G and consider given h > 0, the variant of (3.1)

it {5 W)+ 30+ [ Glotanas). (4.11)

Then, we claim that the solution py, still satisfies p, < [|po|| (). Indeed, we have seen in the previous proof that
the Wasserstein projection pj, of pj, onto the constraint p < ||pol| (o) both diminishes .J and the Wasserstein
distance to pg. It turns out that it also diminishes the internal energy. Indeed, thanks to Proposition 5.2 of [11],
there is a measurable set A such that pn = xapn + Xo\allpoll Lo, it thus follows that [\ Al||po| L=~ = fQ\A Ph-
So, from the convexity of G and Jensen’s inequality,

6o = [ o+ 1o\ a6 <|Q\A1 / \Aph> < [6ton).

thus yielding the same conclusion as above.
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4.3. Minimum principle in special cases

In dimension one, it turns out that we can obtain bounds from below by the same convexity arguments as
for the maximum principle of Theorem 4.2:

Proposition 4.4. Assume that d = 1, that Q) is a bounded interval and that pg > a > 0 a.e. on § then the
solution p1 of (3.1) also satisfies p1 > o> 0 a.e. on L.

Proof. The proof is similar to that of Theorem 4.2 but using the Wasserstein projection on the set K := {p €
Pac(£2) = p > a}, the only thing to check to be able to use Lemma 4.1 is that for any basepoint &z and any o and
w1 in K| the generalized geodesic with base point & joining po to g1 remains in K. The optimal transport maps
To and T from T to po and pq respectively are nondecreasing and continuous and setting Ty := (1 — t)Tp + t17,
one has

I=pe(T)Ty = po(To)Ty = pa Ty = (1 = t)po(To) Ty + tua ()T > T

which is easily seen to imply that u; > « a.e. O

As a consequence of the previous minimum principle, integrating the Euler—Lagrange equation one can deduce
higher regularity for the dual variable z:

Corollary 4.5. Assume that d =1 and Q is a bounded interval. If p1 solves (3.1) and z is as in Theorem 3.3
then z € Wy™(Q). If in addition py > a > 0 a.e. on Q, then z € W>(Q).

Proof. The first claim is obvious because both ¢ and 8 (¢, 8 and z are as in Thm. 3.3) are bounded hence so is
2. As for the second one when py > a > 0, thanks to Proposition 4.4, we also have p; > « hence § = 0 in (3.17)
and in this case div(z) = 2’ = —%£ is Lipschitz i.e., z € W2, One can actually go one step further because
x — ¢'(x) = T(x) where T is the optimal (monotone) transport between p; and pg. This map is explicit in
terms of the cumulative distribution function of p;, F}, and FO_1 the inverse of Fy, the cumulative distribution
function of pg, namely T = FO_1 o Fy. But Fj is Lipschitz since its derivative is p; which is BV hence bounded
and F; ! is Lipschitz as well since pg > o > 0. This gives that ¢ € W2 hence z € W3°°. O

The proof of Proposition 4.4 unfortunately does not generalize to higher dimensions, because densities which
are bounded from below by « are not stable by generalized geodesics. In the radially symmetric case, we can use
the Euler-Lagrange equation to derive a minimum principle. We believe that JKO steps preserve lower bounds
in more general situations but have not been able to prove it.

Proposition 4.6. Assume that Q = B(0, R) is the ball centered at 0 or radius R > 0 in RY, and that py is
radially symmetric with pg > o > 0 a.e. on Q) then the solution p1 of (3.1) also satisfies p1 > a > 0 a.e. on €.

Proof. Let us write po(x) = po(r) with r = |z| € [0, R], since (3.1) is invariant by rotation and strictly convex, it
is easy to see that its unique solution p; is also radially symmetric, let us write it as p;(z) = p1(r). Denoting by
cq the (d — 1)-Hausdorff measure of the unit sphere S9!, and setting fip := c47% 1 po, fi1 := cqr?'p1, observe
that p; is the minimizer of the one-dimensional convex functional

1

R
F) = Wi Goscar™ ) +ca [ 14|07

among nonnegative densities p on (0, R) such that cg4 fOR r4=15 =1 and 74" Dp is a bounded Radon measure
on (0, R). Arguing as in the proof of Theorem 3.3, the minimizer p; is characterized by the Euler-Lagrange
equation

ity + frd—l =B>0, 3eL¥0,R), Bp1 =0, (4.12)
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where ¢ is a Kantorovich potential between f1; and fip and zZ € L>°(0, R) is such that

R R
|Z] <1 a.e. and / r=1Dpy| = / Eri=Y py. (4.13)
0 0

Note that (4.12) implies that r9~1Z is Lipschitz so that Z is locally Lipschitz and

R R
/ Y Dpy| = 7/ r4=1ZDpy (4.14)
0 0

Since p; € BVi,.(0, R), we can perform a Hahn—Jordan decomposition of Dp:

Dpp=vt—v,vt>0,v" >0, v" Lv, (4.15)
and set
A:=spt(|Dpy|) = AT UA™ with AT :=spt(vT), A~ :=spt(v7). (4.16)
Next, we observe that, using (4.14), we have |Dp| = vT + v~ = —Z(v+ — v7), we thus deduce that Z =
—1 = minZz vT-a.e. and since Z is continuous we actually have z = —1 on A% = spt(v"). In a similar way,
Z=1=maxz on A~ :=spt(v7).

Now let us show that p; > «. Assume, by contradiction, that the set where p; < « has positive measure in
(0, R), and let rg € (0, R) be a continuity point of p; such that pi(rg) < a, define then

a_ :=inf{r € (0,79) : p1 < aon [r,1ol},
at :=sup{r € (ro,R) : p1 < aon [ro,r]}.

We then have 0 < a_ < ay < R. Let us assume that a_ > 0, we claim then that a_ € A~ since otherwise,
p1 would be nondecreasing in a neighbourhood of a_ which would imply pi(a_ —¢) < « for small € > 0,
contradicting the definition of a_, we thus have Z(a_) = 1. Since p; is BV in a neighbourhood of a_, it has a
right and a left limit at a_, again by minimality of a_, the left limit of p; at a_ cannot be strictly smaller than
a, so there is an € > 0 such that p; >0 on I_ := [a— —e,a_). Hence on I_, (4.12) becomes

L od-1_ @
¥+ 7+ 220, (4.17)
r T

moreover, on I_, @ is actually of class C* with & (r) = r — T(r) where T is the (continuous) optimal transport

between /i1 and [ip obtained by the relation F, o T = Fy, (where Fy, is the cumulative distribution function
of f1; for i = 0,1). One can therefore differentiate (4.17) on I_ so as to obtain

r—T(r)

T

od—1., (d—1)_
7'+ - 7 - = Z(r) +

=0,Vrel_. (4.18)

Since z is maximal at a_, we first have

lim 5130 ) — 3a_ — )] = — 4= V) _#la)

6—0t a_ T



16 G. CARLIER AND C. POON
but recalling (4.12) we also have

0 > limsup§~'[Z(a_ + 6) — Z(a_)]

d—0+t

. . a_+48 . - d
> 515& 0 g [—(d—1)s7"Z(s) — 7' 5(s)]ds
_ (@-D3a)  fla)

which shows that Z is differentiable at a_ with z’(a—) = 0, this enables us to deduce that z"(aZ) :=
lims o+ 2" (a— — 0) < 0, with (4.18) this gives

Ta)—a =1 (z"(a:) G 1)> <.

a

Ifa_ = 0, since T(0) = 0, the same conclusion is reached with an equality. In a similar way, we obtain T'(ay) > a
(again with an equality in case ay = R). Using the fact that p; < o on (a_,a) (with strict inequality in a
neighbourhood of r() together with Fjz, o T' = Fy, and pg > «, we get

> Fy, (ay) — F, (a-) = Fy,(T(ay)) — Fy,(T(a-))
> Fy,(aq) — Fpy(a—) > acd(

which yields the desired contradiction. O

Let us remark that the proof of Proposition 4.6 gives an alternative proof of the minimum principle in
dimension one.

5. CONVERGENCE OF THE TV-JKO SCHEME UNDER A LOWER BOUND
ESTIMATE

We are now interested in the convergence of the TV-JKO scheme to a solution of the fourth-order nonlinear
equation (1.2) as the time step 7 goes to 0. Throughout this section, we assume that €2 is a bounded open
convex subset of R? and that the initial condition py satisfies

P0 € Pac(£2) N BV (2) N L>°(Q), po > o> 0 a.e. on €. (5.1)

We fix a time horizon T, and for small 7 > 0, define the sequence pj, by
. 1 -
PO = P05 Pry1 € argmin {%Wg(pk,p) +J(p), pe BV N PaC(Q)} (5.2)

for k=0,...,N, with N, := [g] Thanks to Theorem 4.2, (5.1) ensures that the JKO-iterates p}, defined by
(5.2) also remain bounded pj, < [|pg|| 1< (n). We shall also assume that pj, remains bounded from below by c:

pr > a >0 a.e. in Q, for every k and 7 (5.3)

which holds, as we have seen in Section 4.3 when d = 1 or when (2 is a ball and pg is radially symmetric.
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We extend this discrete sequence by piecewise constant interpolation i.e.,
pT(t,x) = prypqi(x), t € (kr,(k+1)7], k=0,...N,, z € Q. (5.4)

We shall see that p™ converges to a solution p of

Oup + div (p Vdiv <§;’|)) — 0, (t,2) € (0,T) x D, py_y = pos (5.5)

with the no-flux boundary condition

p Vdiv <|§Z|> -v =20, on (0,7) x 9. (5.6)

Let us introduce the spaces

HL (Q) :={z e L*(Q,RY) : div(z) € L*(Q)},
H2 . (Q):={z€ H. (Q) : div(z) € HY(Q).}

Since p is no more than BV in x, one has to be slightly cautious in the meaning of div (%) which be
J

conveniently done by interpreting this term as the negative of an element in the subdifferential of J (in the L?

sense). For every p € BV(2) N L?(Q) let us define
J(p) :={div(z) : z€ HL (Q), ||z]|lz~ <1, z-v=00n 9%, J(p) = / div(z)p}.
Q

This leads to the following definition:

Definition 5.1. A weak solution of (5.5)—(5.6) is a p € L>((0,T),BV(Q) N L>(Q)) N C°([0, T, (P(£2), W3))
such that there exists z € L>((0,7) x Q) N L?((0,T), H3,,(Q)) with

div(z(t,.)) € 8J(p(t,.)) for a.e. t € (0,T), (5.7)
and p is a weak solution of
Oyp — div (pVdiv(z)) =0, p|,_, = po, pVdiv(z)-v =0on (0,T) x 95, (5.8)

i.e., for every u € C([0,T) x )

/OT /Q(atu p— pVdiv(z) - Vu)dadt = —/ w(0, ) po(z)dz.

Q

We then have

Theorem 5.2. If pg satisfies (5.6) and the JKO iterates p}, obey the lower bound (5.8), there exists a vanishing
sequence of time steps T, — 0 such that the sequence p™ constructed by (5.2)-(5.4) converges strongly in

LP((0,T) x (0,1)) for any p € [1,+00) and in L>=((0,T), (P(£2),W2)) to a weak solution of (5.5)-(5.6).
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Proof. First, pyp being L>, we have a uniform L* bound on p” thanks to Theorem 4.2, and from our extra
lower bound assumption (5.3) we have

M :=|pollpe = p"(t,x) > o, t €[0,T], a.e. x € Q. (5.9)

Moreover, by construction of the TV-JKO scheme (5.2), one has

N
1 ~ T T T

— > W3 (pk pie1) < J(po),  sup J(p7(t,.)) < J(po) (5.10)
2T t

k=0 €[0,7]

By using an Aubin-Lions type compactness Theorem of Savaré and Rossi (Thm. 2 in [24]), the fact that
the embedding of BV(Q) into L?(Q2) is compact for every p € [1, fg) as well as a refinement of Arzela—Ascoli
Theorem (Prop. 3.3.1 in [1]), one obtains (see Sect. 4 of [12] or Sect. 5 of [8] for details) that, up to taking
suitable sequence of vanishing times steps 7,, — 0, we may assume that

d
pm = pae in (0,7) x Qand in LP((0,T) x ), Vp € [1, d1> (5.11)
and
sup Wa(p™(t,.), p(t,.)) = 0 as 7 — 0, (5.12)
t€[0,T]

for some limit curve p € €%z ([0, T, (P(£2), W2)) N L((0,T) x 2). From (5.9) and Lebesgue’s dominated con-
vergence Theorem, we deduce that the convergence in (5.11) actually holds for any p € [1,4+00). It also follows
from (5.9) and (5.10), that p € L*>((0,7),BV(©2) N L>(£2)) and that p > .

We deduce from the fact that p > o > 0 and Theorem 3.3 that for each £ = 0,..., N,, there exists z] €
L>=(Q,R%) such that div(z]) € W1>(Q) and

lzillee <1, 27 -v=00n 09, J(p},) = / div(z])pr, (5.13)
Q

and the optimal (backward) optimal transport T, ; from pj_ , to pj, is related to 2, by
id =Ty, = —7Vdiv(zj,,). (5.14)
We extend 2}, in a piecewise constant way i.e. set
2T(t,x) =2z (x), t€ (kr,(k+1)7], k=0,...,N;, x € Q. (5.15)
We then observe that
W30k phn) = [ Jo = Tia @) Pof o (@)do
= [ VAL )P ()

Zarz/gl\Vdiv(z,:+1)|2dm.
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Thanks to (5.10) we thus deduce that Vdivz7 is bounded in L?((0,T) x 2), since div(27) has zero-mean, with
Poincaré-Wirtinger inequality, we obtain

T
/O div(z7) |2yt < C. (5.16)

We may therefore assume (up to further suitable extractions) that there is some z € L*((0,T) x Q) N
L2((0,T),H% (©)) such that 2™ converges to z weakly x in L>((0,7) x Q) and (div(z7), Vdiv(z7)) converges
weakly in L2((0,T) x Q) to (div(z), Vdiv(z)). Of course ||z||L~ < 1 and z(¢,.) - v = 0 on 9N for a.e. t. Note also
that p”Vdiv(z7) converges weakly in L!((0,T) x Q) to pVdiv(z).

The limiting equation can now be derived using standard computations (see the proof of Theorem 5.1 of the
seminal work [17], or Chap. 8 of [26]): Let u € C2([0,T) x £2) and observe that

/O ' /Q Bru pdedtzi ( /Q U(kw)(pZ(m)—p£+1(w))dx> - /Q u(0, 2)p7 ()dz.

k=1

Recalling that pp =17, #pz 41, and applying Taylor’s theorem, we have

([ stiro)6i(e) = s (e

=¥( (@) - 2) Vathr.o) + R

N,

= Z (/ (Vdiv(zg41)) - Vu(kr, z) + RT(I))p;de) ,

where |RT(I)\ < C||D*u(kr, ~)||Loo|TkT+1(:c) — x|, Note also that for ¢t € (k7, (k + 1)7], |Vu(kT,-) — Vu(t, )| <
7||0¢Vu| L. Therefore,

T
/ /(@u p" — p"Vdiv(z") - Vu)dzdt = —/ u(0,2)p7 (z)dz + R, (u) (5.17)
0o Ja Q
with
N,
| R (u)] < Cmax{|| D*ul|~, ||3tVU||L°°} > Wi(pk: piga) < O (5.18)
k=0

Passing to the limit 7 to 0 in (5.17) yields that p is a weak solution to
Oyp — div (pVdiv(z)) =0, p|,_, = po, pVdiv(z)-v =0on (0,T) x OS2,

It remains to prove that J(p(t,.)) = [, div(z(t,z))p(t,z)dz, for a.e. t € (0,T). The inequality J(p(t,.)) >
Jo div(z(t,z))p(t, z)dz is 0bV10us since z(t,.) € Hé (Q), 2(t,.) - v=00n 02 and ||z(t,.)||re < 1. To prove the
converse inequality, we use Fatou’s Lemma, the lower semi-continuity of J, (5.13) and the weak-convergence in



20

G. CARLIER AND C. POON

LY((0,T) x Q) of p7div(z7) to pdiv(z):

T T
/ J(p(t, ))dt < / liminf J (o7 (£, ))dt
0 0 T
1
Sliminf/ J(p"(¢t,.))dt
T 0
T
:hminf/ /div(zT(t,a:))pT(t,x)dxdt
T 0 JQ

_ /0 ! /Q div(z(t, 2))p(t, ) dadt

which concludes the proof. O
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