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EIGENCURVES FOR LINEAR ELLIPTIC EQUATIONS

MAURICIO A. RivAas™™ AND STEPHEN B. ROBINSON?

Abstract. This paper provides results for variational eigencurves associated with self-adjoint linear
elliptic boundary value problems. The elliptic problems are treated as a general two-parameter eigen-
problem for a triple (a, b, m) of continuous symmetric bilinear forms on a real separable Hilbert space V.
Geometric characterizations of eigencurves associated with (a, b, m) are obtained and are based on their
variational characterizations described here. Continuity, differentiability, as well as asymptotic, results
for these eigencurves are proved. Finally, two-parameter Robin—Steklov eigenproblems are treated to
illustrate the theory.

Mathematics Subject Classification. 35J20, 35P15, 58J20.

Received May 27, 2017. Accepted June 18, 2018.

1. INTRODUCTION

This paper is motivated by the study of variational eigencurves associated with two-parameter eigenproblems
such as the Robin—Steklov problem given by

—div (AVu) + c(z)u =pmo(z)u in 2, L1
(AVu) - v + be(z)u = Abp(z)u on 912, (1)
where (A, 1) € R? is said to be an eigenpair provided (1.1) has a non-trivial solution u, and eigencurves are
comprised entirely of eigenpairs. The given functions c, b., by, mg are assumed to lie in appropriate LP-spaces,
(2 is a bounded region in R" satisfying mild boundary regularity requirements, A is a matrix-valued field, and
v denotes the outward unit normal to 0f2. We assume my is strictly positive and allow by to be sign-changing.
For such problems, the boundary and interior equations may be combined in weak form using bilinear forms;
the weak form of (1.1) is (10.1). Our focus in this paper is, therefore, on the analysis of abstract eigencurve
problems associated with triples (a, b, m) of continuous symmetric bilinear forms on a real Hilbert space V.
Our main result generalizes the geometric characterization of eigencurves for Sturm—Liouville problems given
in Binding and Volkmer [7]. To obtain our main result, we considerably expand on the issues treated in [7]
regarding continuity, differentiability, and asymptotics of eigencurves, and also provide results for various issues
not appearing in the ODE case.
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The analysis in this paper is based on the use of spectral results for bilinear forms obtained in Auchmuty [3].
This bilinear and variational approach provides a simpler alternative to the usual operator-theoretic approach to
eigencurves as it avoids the use of dual, or other, Sobolev spaces and closed densely defined operators. For such a
classical treatment of eigencurves see Kato [13] and, in particular, Theorems 1.8 and 4.2 of Chapter 7 for abstract
results on analytic eigencurves. As weak forms to problems such as (1.1) incorporate both domain and boundary
integrals, our variational analysis is easily applicable to problems satisfying general boundary conditions other
than the common Dirichlet condition. For a treatment of one-parameter eigenproblems using bilinear forms
invoking properties of associated linear operators see Attouch et al. [2], or Blanchard and Briining [8].

It is worth noting that the assumptions on the bilinear forms used here also are sufficient to treat problems
on exterior regions U C R™. In the recent paper [4], Auchmuty and Qi Han use variational methods and a
suitable real Hilbert space E'(U) of finite energy functions to treat the well-posedness and representation of
solutions of Poisson’s equation on exterior regions subject to various boundary conditions. Moreover, the direct
use of bilinear forms, instead of boundary integral linear operators or single and double layer potentials, greatly
simplifies the analysis of related harmonic boundary value problems on exterior regions. We treat problem (1.1)
on bounded regions {2 merely to exemplify our abstract results, but it is of great interest to interpret the results
for problems on exterior regions. It is well known that eigenvalue problems on unbounded domains may also give
rise to an essential spectrum. In this case, we emphasize that our results generalize results about the discrete
spectrum and do not include the essential spectrum.

In this paper, we use variational analysis to study abstract eigencurves for bilinear forms on real Hilbert space.
This leads to a more self-contained study of eigencurves, our proofs are different and lead to important additional
details such as precise formulae for the slopes of the (variational) curves. More importantly, our main geometrical
characterizations given in Sections 8 and 9 are based substantially on the variational characterizations.

Eigencurves have been studied and used in a variety of ways for more than a century (see
Binding and Volkmer [7] for a nice summary), and renewed interest has emerged due to their effective use
in recent advanced applications. For instance, in [15] Lacey et al. carry out an asymptotic analysis for the first
eigencurve of a Robin—Steklov problem for the Laplacian to describe the stability of steady states of reaction dif-
fusion models with nonlinear boundary sources. The asymptotic results for this first Robin—Steklov—Laplacian
eigencurve were then generalized to higher eigencurves by Daners and Kennedy in [9]; a paper that takes a
variational approach to these Robin—Steklov—Laplacian eigencurves is that of Filinovskiy [11]. In [12], Giorgi
and Smits derive estimates for the first Robin—Steklov—Laplacian eigencurve to provide results for the loss of
stability of the normal state in zero fields for systems with enhanced surface superconductivity, and for the
long time behaviour of a Brownian motion with the creation of particles. Bandle and Wagner in [6] consider
the Robin-Steklov-Laplacian problem to derive an isoperimetric inequality for arbitrary domains in RY using
the harmonic transplantation method — they illustrate this method by means of some elliptic equations with
imhomogeneous Neumann boundary conditions.

A paper that uses eigencurves to establish existence results for some indefinite weight semilinear elliptic
problems is Ko and Brown [14]; those problems arise, for instance, in population genetics. Their results are
based on results for the principle eigencurve(s) for linear boundary value problems with indefinite weight and
Robin boundary conditions given in Afrouzi and Brown [1]. The paper of Binding and Volkmer [7] makes a brief
discussion on connections to indefinite inner product spaces such as Pontryagin and Krein spaces.

The papers of Mavinga and Nkashama [17] and Mavinga [16] establish existence results for some nonlinear
elliptic equations with nonlinear boundary equations where the nonlinearities interact with the associated gen-
eralized Robin—Steklov spectrum. The spectra considered in [16, 17] may be regarded as the set of points along
a diagonal line intersecting the eigencurves associated to their equations. We note that the principle as well as
higher eigenvalues of the related linear problems are considered in those papers.

Recently, two-parameter problems for the Laplacian have been used in Section 10 of Auchmuty and Rivas [5]
to provide representations of Sobolev spaces on product regions as tensor products of Sobolev spaces on the
individual factor regions. Those problems arise, for instance, in fluid mechanics, electromagnetic theory and
elsewhere, when the method of separation of variables is used to reduce the dimensionality of the studied
equation.
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By exemplifying our abstract results through the treatment of (1.1), we hope to motivate the effective use of
variational eigencurves to further advance the study of the above and other physical and mathematical models.

The current paper is organized as follows. The specific two-parameter eigenvalue problem considered in this
paper is described in Section 2, as well as associated terminology and definitions. Section 3 details the variational
characterizations for the eigencurves to be used in this paper. A first result that follows is the concavity of the
first eigencurve.

Special inner products are used in Section 4 to establish various orthogonality results for certain eigenspaces
associated with the eigencurves. In Section 5, the continuity of each eigencurve is established. In particular,
they are shown to be Lipschitz continuous.

In Section 6, eigencurves are proved to be differentiable except possibly where they intersect, and that
an intersection point (A, u.) is the intersection of finitely many differentiable curves. That is, variationally
characterized curves may not be differentiable at (A, p«) because they may follow one differentiable curve into
(As, pix) from the left and a different differentiable curve out of (A, u14) on the right. We give explicit formulae
for one-sided derivatives at each point of the eigencurve in terms of spectral data for the pair (b, m) of bilinear
forms. As noted above Kato’s results in [13] show that the spectrum is a union of analytic curves. However, we
believe it is of value to have a self-contained treatment emphasizing variational methods, and we note that our
results provide precise formulae for derivatives.

Section 7 treats the issue of describing the asymptotic behaviour of eigencurves. A difficulty arises as the b, m
forms are not necessarily variants of each other as in (10.1), the weak form of (1.1), where the associated bilinear
form b(u,v) := fan bo uv do comprises a boundary integral whereas the form m(u,v) := [, mouvdaz comprises
an interior-region integral. We show the asymptotic behaviour of eigencurves is governed by the spectrum of
(b,m) and that the sign of the quadratic form u — b(u,u) plays a role in these matters.

An interesting side issue encountered in our analysis is the possible appearance of straight lines within the
spectrum (collection of graphs of eigencurves) of (a,b,m) due to the degeneracy of b. Degeneracy may occur
in elliptic problems when weight functions are zero on a set of positive measure or when the equations involve
boundary integrals; the function by(x) in (1.1) may be zero on a set of positive (N — 1)-dimensional Hausdorff
measure, but the associated form b(u,v) := [, bouvdo is already degenerate as it is defined (in Sect. 10) on
the Sobolev space H!(2). Results for straight lines within the spectrum are given in Section 8 and are shown
to be related to a question of linear independence of certain eigenvectors. Simple examples of triples (a,b, m)
are also provided in this section to illustrate these results.

In Section 9, we prove a generalization of a main result in [7] stating that any straight line intersects the first
n eigencurves in at most 2n points. The straight line is assumed not a subset of the spectrum of (a, b, m). It is
worth noting that even in the most degenerate case, there are at most countably many lines in the spectrum.
As eigenvalues in our general setting may have multiplicity greater than one, for our main result we focus on
the number of connected components the graph of an eigencurve may have above the intersecting line instead
of considering points of intersections. This approach combined with the results of previous sections yields our
generalized geometrical characterization of eigencurves, Theorem 9.6.

The final section treats in detail the two-parameter Robin—Steklov eigenproblem (1.1). The analysis demon-
strates how the theory established here is applicable to quite general elliptic two-parameter eigenproblems in
divergence form.

2. TWO-PARAMETER EIGENVALUE PROBLEMS FOR BILINEAR FORMS

The two-parameter eigenproblem will be studied in the framework of bilinear forms on Hilbert space with
the following definitions and notation. V' will denote a real, separable, Hilbert space with inner product and
norm on V denoted by (-,-) and || - ||, respectively.

Our interest is in describing the pairs (), 1) € R? for which there is a nonzero u in V satisfying

a(u,v) = Ab(u,v) + pm(u,v) forallveV, (2.1)
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where a, b, m are bilinear forms on V subject to the conditions described below. This will be called the (a, b, m)-
eigenproblem. The pair (\, p) is said to be an eigenpair of (a,b,m) if there is a nonzero vector u € V satisfying
(2.1), and such u will be called an eigenvector of (a,b,m) corresponding to (A, ). The subset o(a,b,m) of R?
consisting of all eigenpairs (A, 1) will be called the spectrum of (a,b,m), and (2.1) will be called the eigenpair
equation.

Define A, B, M to be the quadratic forms on V associated with a, b, m so that

A(u) = alu,u), B(u) = blu,u), and M (u) = m(u,u). (2.2)

The assumptions on the bilinear forms to be used in this paper will include
(A1): af(-,-) is a continuous, symmetric, bilinear form on V' that is also V-coercive. That is, there are constants
0 < k1 < Kg < oo such that

ki llull* < A(u) < kg llul* foralluc V. (2.3)

(A2): b(-,-) is a weakly continuous, symmetric bilinear form on V; the form b is weakly continuous if u,, — u
in V implies b(uy, un) — b(u, u), where — indicates weak convergence.
(A3): m(,-) is a weakly continuous, symmetric, bilinear form that satisfies

M (u) > 0 for all nonzero u € V.

When (A1) holds, then a(-,-) defines an inner product on V' equivalent to the V-inner product and is called
the a-inner product; the associated norm will be denoted by || - ||o. When (A3) holds, the quadratic form M is
strictly positive on V so that m is an inner product on V' and the associated norm will be denoted by ||wl|m.
A vector u in V' will be said to be m-normalized provided m(u,u) = 1 . A bilinear form b satisfing (A2) may
be negative or zero for some v € V', and is said to be an indefinite form whenever B attains both positive and
negative values.

Note that the assumptions imply the existence of a compact embedding: If (V,a(-,-)) is the Hilbert space
described by (Al), m(-,-) is as in (A3), and (H,m(-,-)) is the completion of V with respect to m, then it follows that V'
is a dense subspace of H and embeds compactly. 1t is this compactness that is implicitly used in our constructive
variational approach to eigencurves, and it is imperative to verify carefully that assumptions (A1)—(A3) hold
when applying our results to particular situations; the assumptions do not hold, for example, for the choices of

V =H'R), a(u,v) :z/[u’v’—i—uv]dx, b(u,v) :z/bouvd:v7 m(u,v) ::/mouvdx,
R R R

with b, mo € L (R) such that mg(z) > 0 for all = € R as the bilinear form m is not weakly continuous in this
standard setting.

When working merely with a pair of bilinear forms, the standard (a,m)-eigenproblem for a pair (a,m) of
symmetric, continuous bilinear forms on V' is that of finding x4 € R and nontrivial u € V satisfying

a(u,v) = pm(u,v) forallveV. (2.4)

A nonzero u satisfying (2.4) is called an eigenvector associated to the eigenvalue p of (a,m). The number
of linearly independent eigenvectors of (a,m) corresponding to p is called the multiplicity of u. When the
multiplicity of p is one, then p is said to be a simple eigenvalue. The set o(a, m) of all distinct eigenvalues of
(a,m) will be called the spectrum of (a,m).

When (A1), (A3) hold, there is an increasing sequence Ay := {pon : n € N} of strictly positive eigenvalues
of (a,m), repeated according to (finite) multiplicity with g, — oo as n — oo, and there is an associated
sequence & := {eg, : n € N} of eigenvectors constituting a basis for V' that is orthogonal with respect to both
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a and m. These results follow from the analysis of Section 4 of [3] and the notation here is chosen to simplify
the presentation.

3. VARIATIONAL CHARACTERIZATION OF EIGENCURVES

In this section, the variational eigencurves associated to (a,b,m) to be studied in this paper are obtained
using the constructive algorithm given in Auchmuty [3]. The construction yields a one-parameter family of
sequences of eigenpairs for (a,b, m) as well as a corresponding family of sequences of eigenvectors.

For A, 7 € R define ay ; to be the bilinear form on V' given by

ax-(u,v) = a(u,v) — Ab(u,v) + Tm(u,v) foru,veV. (3.1)

The basic coercivity result for these forms is the following.

Theorem 3.1. Assume a,b,m satisfy (A1)-(A3) and A is defined by (2.2). Then for fized ro > 0 there exists
a constant T > 0 such that for each \ € [—rg, 9] the bilinear form ay . given by (3.1) satisfies

axr(u,u) > %A(u) forallu e V. (3.2)

Proof. Arguing by contradiction, suppose there are sequences 7,, > 0, A\, € [—7ro, ro] and u,, € V, with 7,
increasing to 400, satisfying

1
ax, r (Un,un) < 3 A(uy,) for all m € N. (3.3)

n;Tn

The form ay,, +, (Un, u,) is equal to A(u,) — ApB(uy) + 7 M (uy,) where A, B, M are given by (2.2). Without
loss of generality, suppose A, — A in [—rg, 70|, and the w,, are a-normalized so that A(u,) = 1. By assumption
(A1) the set {u € V : A(u) = 1} is closed and bounded so we may also assume without loss of generality that
uy, converges weakly to u in V. Then (3.3) becomes

% — M Buy) + oM (uy) < 0 forallneN. (3.4)

By weak continuity of M , B we see that M (u,) = M (u) and B(u,) — B(w). If u # 0, then 7, M (uy,) — 400
which contradicts (3.4). If, on the other hand, v = 0, then A\, B(uy) — 0 which implies

1
3 An B(upn) + 7 M (u,) > 0,
for large enough n. This again contradicts (3.4), so the assertion of the theorem holds. O

This result says that for A € R fixed, ay » will be a coercive bilinear form whenever 7 is large enough and
provided (A1) and (A2) also hold. For the remainder of this section suppose A € R and 7 > 0 have been chosen
to satisfy this criteria. Then a) , defines an inner product on V' equivalent to the V-inner product.

Denote by wpi(A) + 7 the first eigenvalue of (ay.,m). It may be found by maximizing the weakly
continuous functional M defined by (2.2) on the closed convex subset Ci . of V defined by
Ciynr={ueV:ay, (u,u) <1}. The maximizers of this problem are eigenvectors of (ay . ,m) corresponding
to the eigenvalue p1(\) + 7 whereas the value of this problem is

_ = . 3.5
P uesCulI’)M M (u) (3.5)
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These results follow directly from Section 3 of [3] with the appropriate notational modifications. Then using the
construction of Section 4 of that paper an infinite sequence of eigenvalues and eigenvectors of (ay ,,m) may be
found.

Let pin,(A) +7 >0, with n = 1,2,..., k, be the first k successive smallest eigenvalues of (ax r,m) and let exy,
be associated ay r-orthonormal eigenvectors. The (k + 1)st eigenvector of (ay,,,m) will be a maximizer of M
over the subset

CkJrl,)\,'r = {U € Cl,)\,r : a)\,‘r(uv e)\n) =0 forn= ]-7 2; BRRE) k}a (36)

and the value of this (k + 1)st problem is

1
. - sip M) 3.7
:u’k+1()\)+7— UECK 1, r ( ) ( )

Let Ay := {un()) : n € N} be the sequence of such values repeated according to multiplicity and in increasing
order and &) := {ex, : n € N} be a sequence of associated eigenvectors constructed by this iterative process.
The main result for this eigendata is the following.

Theorem 3.2. Assume a,b,m satisfy (A1)-(A3), axr is defined by (3.1) for T large enough, and Ay, Ex are
the sequences defined as above. Then each p,(X) in Ay is of finite multiplicity with —oco < p1(A) < pa(N) <
-+ = 400 and £y is an ay r-orthonormal basis of V' consisting of vectors satisfying

alexn,v) = Ablexn,v) + pn(X)m(ean,v) forallveV. (3.8)

Proof. Conditions (Al) and (A4) of [3] hold with the bilinear forms a, m there taken to be the pair (ax - ,m)
in this paper, so the analysis of Section 4 there is applicable. This yields the sequences Ay and &, for the pair
(axr,m) and their properties. Rearranging the corresponding eigenequation for (ax r,m) gives the eigenpair
equation (3.8), so that the ey, are indeed eigenvectors of (a,b,m) corresponding to eigenpairs (A, i, (A)). O

Define the nth-variational eigencurve associated to (a, b, m) to be the graph of the function A — g, (A). This
will be a subset of o(a,b,m) in R?, and we shall often say p.,(\) is the nth eigencurve associated to (a, b, m).
The point (A, px) € o(a,b,m) is said to be an eigenpair of multiplicity ko for (a,b,m) accordingly as the value
s is an eigenvalue of multiplicity ko for the pair (ay,,,m) where ay p := a — Ayb.

When a, b, m satisfy (A1)—(A3) and A € R is fixed, the following minimax characterization of eigenvalues will
be useful for the analysis of these variational eigencurves:

. Aw) — AB(v)
) = iyt g {5 ) .
v#0

where the infimum is taken over all subspaces Zj of V' of dimension k. The supremum in (3.9) is equal to
k() when Zj is a subspace generated by the first £ m-orthonormal eigenvectors corresponding to the smallest
eigenvalues of (ax,,m) where ay, := a — Ab. These results follow from Section 4 of [3] with (ax ,m) in place
of (a,m) and rearranging the relations obtained there to eliminate the parameter 7.

A direct consequence of this characterization is the following.

Lemma 3.3. Assume a,b,m satisfy (A1)-(A3). Then the first eigencurve pui(\) is concave.

Proof. Tt follows from (3.9) that pq(A) is the infimum of affine functions on R. O



EIGENCURVES AND ELLIPTIC OPERATORS 7

4. ORTHOGONALITY RELATIONS AND EIGENSPACES

Here, some orthogonality relations among eigenspaces of (a,b,m) will be described. In particular, distinct
eigenspaces are shown to be orthogonal with respect to various bilinear forms whenever the corresponding
eigenpairs lie on the same horizontal line or the same vertical line. These results simplify the analysis of
eigencurves.

Two vectors v,w € V are said to be orthogonal with respect to a bilinear form & provided a(v,w) = 0. The
forms a arising here are, in general, indefinite on the whole space V' and are therefore not necessarily inner
products on V. A first result is the following.

Theorem 4.1. Assume a,b,m satisfy (A1)—-(A3). If e1 ,ea are eigenvectors corresponding to eigenpairs (A1, f11)
and (Mg, p2) in o(a,b,m), then

()\2 — /\1) b(el, 62) + (Mz - ,ul) m(el, 62) = 0. (41)
Proof. The eigenpair equation (2.1) shows that for all v € V' the following relations hold:
aler,v) = Arbler,v) +prm(er,v) and a(ez,v) = A2b(ea,v) + pamles,v).

Take v = ey in the first equation and v = ey in the second and subtract to obtain (4.1). O
When distinct eigenpairs lie on the same horizontal line, (4.1) reduces to the following.

Corollary 4.2. Assume a,b, m satisfy (A1)-(A3), and let u € R be fized. If e1, e are eigenvectors corresponding
to distinct eigenpairs (A1, ) and (Ao, 1) in o(a,b,m), then

bler,e2) = 0 and a(er,e2) — pm(er,ez) = 0. (4.2)

Proof. Take 1 = po = pin (4.1) to get (Ao — A1) b(e1, e2) = 0. Then Ay # A\ implies b(eq, e2) = 0. Substituting
this into the eigenpair equation (2.1) gives (4.2). O

Let E), be the eigenspace in V associated with the eigenpair (A, u) of (a,b,m). That is, let Ey, be the
subspace generated by eigenvectors ey, in Theorem 3.2 associated to the eigenvalues p, (\) satisfying p, (\) = p
for fixed A. The orthogonality relations of Corollary 4.2 may then be expressed as

Exip Lo Ex,p and  Exyy Lay,, Exp, (4.3)

where 1 and 1,,,, indicate orthogonality with respect to b and a,m, := a — um, respectively.
In the case that distinct eigenpairs lie on the same vertical line, (4.1) reduces instead to the following
orthogonality relations.

Corollary 4.3. Assume a,b,m satisfy (A1)-(A3), and let A € R be fized. If eq, e5 are eigenvectors corresponding
to distinct eigenpairs (A, p1) and (X, p2) in o(a,b,m), then

m(e1,e2) = 0 and a(er,ez) — Aber,ez) = 0. (4.4)

Proof. Take Ay = Ay = XA in (4.1) to get (u2 — p1)m(er,e2) = 0. Then pg # py implies m(er,es) = 0.
Substituting this into the eigenpair equation (2.1) gives (4.4). O

These results may be expressed as

E)\ul L E)\ug and Ekul J—axb E)\sz (45)
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where 1, and L,,, indicate orthogonality with respect to m and ay; , respectively.

From Theorem 3.2, each eigenspace E,, is finite dimensional for any eigenpair (A, ) of (a, b, m), so that each
linear subspace in (4.3) and (4.5) is finite dimensional. These finite dimensional subspaces will be particularly
useful in the following sections.

5. CONTINUITY OF EIGENCURVES

This section describes the continuity of eigencurves associated to (a,b,m) and provides a first result on
differentiability of eigencurves when simplicity of the eigenpair in question is assumed. The following is the
main result on continuity.

Theorem 5.1. Assume a,b, m satisfy (A1)-(A3). Then each variational eigencurve p, () associated to (a,b,m)
1s Lipschitz continuous.

The proof of this will be a straightforward consequence of the following result that is based on the general
orthogonality result of Theorem 4.1 of the previous section. Here, the open ball in R? of radius ¢ > 0 centered
at (A« ps) will be denoted by Be (A, ).

Theorem 5.2. Assume a,b,m satisfy (A1)-(A3), and let (\«, ps) be a fized eigenpair in o(a,b,m). Then there
is an € > 0 and a constant C' > 0 such that

lp— ps] < CIN=Xi| forall (N p) € B-(As, px) Na(a,b,m). (5.1)

Proof. Let {(\;, 11;) : i € N} be a sequence of eigenpairs converging to (A, 1) in R?, and let e; be associated
a-normalized eigenvectors. Going to a subsequence if necessary, suppose e; converges weakly to some e, in V.
Take u = e; in the eigenpair equation (2.1) and let i — oo to get

a(ex,v) = Ab(ex,v) + peml(es,v) for each fixed v € V, (5.2)

using the continuity of the linear functionals associated with a,b, and m when v is fixed. Since 1 = X\; B(e;) +
i M (e;) holds as each e; is a-normalized, we get 1 = A\ B(ex) + p m(ex) by weak continuity. This and taking
v = e, in (5.2) then gives

1 = A Blew) + pe M(e) = Ales).

Thus, A(e;) — A(es), which implies e; — e,. This shows e, is nonzero and thus an eigenvector of (a,b,m)
corresponding to (A, p«) as (Al) and (5.2) hold.

Using the orthogonality relation (4.1) with (A, ) and (A, p;) in place of (A1, u1) and (Ag, p2) there, respec-
tively, gives (A, — Ay) b(ei,es) + (i — ps) m(e;,ex) = 0. Since M (e,) > 0, a rearrangement of this relation
and taking limits then yields

AT, T T Me) (5:3)

This implies the original sequence {(A;, ;) : @ € N} satisfies

. —B(v) e i s . Hi — s —B(v)
< 1 f < 1 < 4
B Ay S Mminf i s limswp T < max g (5:4)
v#0 v#0

with the extreme sides of this relation being finite as the eigenspace K}, ,, is finite dimensional. The desired
result then follows from these estimates. O
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When simplicity of p,(\s) is assumed the following is the basic differentiability result.

Corollary 5.3. Assume a,b,m satisfy (A1)-(A3), and let (A, ps) be a simple eigenpair of (a,b,m) with
corresponding eigenvector . If n(As) = w«, then the eigencurve u,(N\) is differentiable at A, with

dun | Blen)
A, Mle

(5.5)

Proof. Take p; = p,(X;) in the previous proof. Since E,,, = {ce. : ¢ € R}, the inequalities in (5.4) are
equalities so the assertions follow as this result holds for any sequence \; — A,. O

Differentiability at points (A, 1«) where p, (As) = py has multiplicity two or more, is more complicated, and
so we devote the next section to their investigation.

6. DIFFERENTIABILITY RESULTS FOR EIGENCURVES

This section provides a local characterization of eigencurves in the case of an eigenpair with finite multiplicity
greater than one. Specifically, eigencurves are shown to possess well-defined one-sided derivatives. This result is
then interpreted as saying that at any eigenpair of (a, b, m), the spectrum o(a, b, m) locally is entirely composed
of smooth curves crossing at that particular point; see Figure 1 corresponding to the matrix problem (6.5) and
(6.6) for reference.

Let (A, s) be an eigenpair of multiplicity ko > 2 for the triple (a,b,m) and let pip,+1(A) < pingr2(A) <

+ < lng+ko (A) be the eigencurves intersecting at (A, f«) so that

fng(As) < e = fng+1(Ae) =+ = fngikg (M) < fngtho+1(Ax)-
Diagonalize —b with respect to m on E}_,, to obtain m-orthonormal vectors .1, ..., u.x, and values
-B
by := minmax 7(1)) (6.1)

Zy vEZy ./\/l (’0)7
v#0
with the minimization taken over all subspaces Zj, of E)_,, of dimension k, satisfying

by <by < <bp, and  bluwk,v) = —bym(u.w,v) forallvekFE,,,., (6.2)

for each 1 < k < kg. The main result on differentiability of eigencurves is the following.

Theorem 6.1. Assume a,b,m satisfy (A1)—(A3). Let (A, px) be a fized eigenpair in o(a,b,m) and define by,
by (6.1). Then each eigencurve pin,+r(N) intersecting (A« px) satisfies

A AT A=A B A=At A=A (6:3)

The proof of this theorem will follow as a consequence of several lemmas. Only the second limit in (6.3) will
be considered as the proofs to establish each are similar.

Consider the map F : V x R? — V* with V* the dual space of V, defined by F(u, \, ) := a(u, ) — A\b(u, -) —
pum(u, -). We will use the implicit function theorem to study the level set L := {(u, \, 1) € V x R? : F(u, A ,u) =
0} in a neighborhood of (e, Ay, pt«) for some nontrivial e, € Ey_,,, with m(e,,es) = 1. Clearly {(e, Ay, 1) 1 € €
Ey...} € L. Observe that DF(eq, Ay, ptx) 1 V % R? — V* takes the form

DF(ex, A, ps) (v, 8, 1) = a(v, ) — Ab(v, ) — pam(v,-) — sb(ey, ) — tm(es, ).
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Using the decomposition V = E
Ex . @ Ex . to get

@By, , with Eiu* the orthogonal complement of Ey_,,, , writev = x4y €

« ok A s ?

DF(6*7 >‘*a N*)(v7 S5, t) = a(y> ) - )‘*b(y> ) - M*m(ya ) - Sb(e*7 ) - tm(€*7 ')>

because a(x,-) — A\b(x, ) — pem(x,-) = 0. Thus, it is natural to study the restriction of DF(ey, \s, tts) to
By xR
Mo

Lemma 6.2. Assume a,b, and m satisfy (A1)-(AS3). Let (A, i) be a fized eigenpair in o(a,b,m). If e, €
Ex. .. \ {0} is not a scalar multiple of u.; for anyi € {1,...,ko}, i.e.. ex is not an eigenvector associated with
(b,m) on Ex,,,, then DF (ex, A, i) : By, x R* = V* is an injection.

Proof. Suppose that DF (e, Ax, ttx)(y, $,t) = 0. Then, in particular, a(y, ) — Ab(y, ) — pam(y, ) — sb(e,, z) —
tm(ey,x) = 0 for all x € Ey_,,. But a(y,z) — \b(y, ) — pem(y,x) = 0 for any x € Ey_,,, so —sb(e.,x) —
tm(es,z) =0 for all x € Ej_,,. By the linear independece of b(e,,-) and m(e,-) we know that s =¢ = 0.
We now have that a(y,-) — A\b(y,-) — pem(y,-) = 0, and thus y € E\_,,. Hence y € E_,,, ﬂElJ\;N* = {0}.
Therefore, (y, s,t) = (0,0,0) and the lemma is proved. O

Thus, if e, is not an eigenvector as in the previous lemma and W C V* denotes the range of DF (e, Ax, ftx)

restricted to E/\l*u* x R?, then DF(ex, A, i) Eiu* x R2 — W is an invertible linear map.

Lemma 6.3. Assume a,b, and m satisfy (A1)-(A3). Let (A, us) be a fized eigenpair in o(a,b,m). If e, €
E. ;.. \ {0} is not a scalar multiple of uy; for anyi € {1,...,ko}, then the range of DF (€., Ax, ft4) : Ei‘ X R? —
V* s closed in V*.

m

Proof. Let W represent the range, let w, = DF (€, Ax, tt)(Yn, Sn, tn) € W, and assume w, — w in V*. We
must show that w € W. For any « € E),,. we have (w,,z) = —spb(es, ) — tam(es, x). Let o, = /52 + 2. If
a, — 00, then, by passing to a subsequence, we may assume «,, /" o0, ZT — 5, and ;—ﬂ — t, with 5 and ¢ not
both zero. Dividing {(wy,, ) = —s,b(ex, ) — t,m(es, x) by a,, and taking a limit gives 0 = —35b(e«, x) — tm(ex, T)
for all € E\,,,. This contradicts the linear independence hypothesis for e.. Hence {a, : n € N} is bounded,
and, by passing to a subsequence, we may assume s,, — 5 and t,, — L.

Now suppose {||yn|le : » € N} is unbounded. By passing to a subsequence, assume ||y,||, /* oo and

Y, = ﬁ — 7 in V. Dividing w, = DF(ex, A, ts)(Yn, Sns tn) by ||ynlle and taking a limit gives 0 =
a(y,-) — Ab(Y, ) — pem(y,-). Hence g € Eiﬂ* N Ex,u. = {0}. Since —s,b(es, x) — tym(es,x) is bounded we

have (M) (—snb(ex, x) — tym(es,x)) — 0, and thus a(y,,:) — A\b(@,, ) — em(Y,, ) — 0 in V*. By weak
continuity, b(7,,,v,,) — 0 and m(y,,,7,,) — 0. However, a(7,,,7,) = 1, so

1- /\*b(yrmyn) - M*m(ynvyn) - Oa
and 1 =0, a contradiction. Hence the ||y,||, are bounded and we may assume without loss of generality that

Yo =~y € By, inV.
Therefore, for every v € V', we have

w(v) = lim w,(v) = a(y,v) — Ab(y,v) — pam(y, v) — sb(ex, v) — tm(ex, v).

n— oo

Thus w € W. O

Lemma 6.4. Assume a,b, and m satisfy (A1)-(A8). Let (A, i) be a fized eigenpair in o(a,b,m). If e, €
Ex. . \ {0} is not a scalar multiple of u.; for any i € {1,...,ko}, then DF (e, As, i) : Ei#* x R?2 — W has
a continuous inverse.
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Proof. Tf not then there exists (yy, Sp,tn) C Ei#* x R2 with ||yn||a + |8n| +tn] = 1 and w,, = DF(yn, $n,tn) — 0
in V*. We may assume y, — y in V, s, — s, and ¢, — t. Thus a(yn, ) — Mb(Yn, ) — e (Yn, ) — Snb(es, ) —
tam(es, ) = aly, ) — Ab(y, ) — pam(y, ) — sb(es, ) —tm(ex,:) =0 in V*.

For all x € E)_,, we have —sb(e,,x) —tm(es,x) = 0,50 s =t =0. Thus ||ys|le = 1, and a(y, -) — Ab(y, ) —
wm(y,-) =0, s0 y € Ex,pu, () Ex.u. = {0}. Therefore y, — 0, b(yn,yn) — 0, and m(yn,yn) — 0. Thus 0 =

limy, 0 (W, Yn) = limp 00 (@(Yns Yn) — Aed(Yn, Yn) — M (Yn, yn)) = 1, a contradiction. O

Let P : V* — W represent orthogonal projection, then F := PF : V x R? — W is such that DF (e, As, 1) =
PDF (s, M\, 1) = DF (€4, \s, ptx). Moreover, F(ex, A, ftx) = PF(ex, A\, j1x) = 0. By the implicit function
theorem, there is a neighborhood, N; C Ej_,., of e., a neighborhood Ny C V x R? of (es, As, i), and a
differentiable function g : Ny — V x R? of the form g(z) = (z + y(x), M(z), p(x)) with g(es) = (ex, A, ftx),
such that {g(z) : 2 € N1} = {(x +y, A\, u) € V xR? : F(z + y,\, 1) = 0} () N2. However, we already have
F(z, M\, px) = PF(z, A\, pus) = 0 for all x € E)_,., so we must have g(z) = (z, A\, 1) for all z € Ny. Since
F(x +y, A\, 1) = 0 implies F(x + y, A\, ) = 0 we conclude that L N Ny = {(x, Ay, p1s) : @ € Np}.

The discussion above leads to the following lemma.

Lemma 6.5. Assume a,b,m satisfy (A1)-(A3), and let u,(N\) be a fized eigencurve intersecting the eigenpair
(As, s ). Suppose Ay — Ai and let {e;, : i € N} be a sequence of m-normalized eigenvectors associated with
i (Ni) with ejp, — e in'V. Then e € {£uyy, ..., U, }-

Proof. Straight forward limits yield that e is an m-normalized element of E_,,, . Moreover, Lemma 6.2 shows that
(Ai, (i), €;) can only converge to (A, 1+, €) where e is an eigenvector of (b,m) on E)_,,. The m-normalized
eigenvectors are precisely {ft, ..., Tk, }- O

To following lemma simply verifies that we can extract convergent subsequences when (\;, i, (A;)) € o(a,b,m)
with corresponding eigenvectors e; in V' are such that A\; — \,.

Lemma 6.6. Assume a,b,m satisfy (A1)-(A3), and let u,(N\) be a fized eigencurve intersecting the eigenpair
(Asy fs). Suppose A; — Ai and let {e;n : i € N} be a sequence of m-normalized eigenvectors associated to pin(A;).
Then there is a subsequence of {e;, : i € N} that converges strongly to an eigenvector v., associated to pu,(\s)
satisfying M (vip) = 1.

Proof. Let ro > sup{|\;| : i € N} to obtain a 7 > 0 as in Theorem 3.1. The bilinear forms ay, , :==a — \; b+
7m satisfy the identity ax, r(€in,€in) = pn(Ai) + 7 upon using the eigenpair equation (2.1) with u = e;p,.
Equation (3.1) then gives

for each ¢ € N. This and continuity of j,, () on [—rg, ro] imply {e;y, : i € N} is a bounded set and thus a weakly
precompact set in V' as (A1) holds. Extract a subsequence, denoted again by {e;, : i € N}, weakly converging
to a vector v, in V. Since M (e;,) = 1 for each i € N, it follows that M (v.y,) = 1. Take ¢ — oo in the eigenpair
equation (2.1) with u = e;;, to see that v., is an eigenvector associated to i, (As).

Since ||ven — €inl|2 = A(Vin) — 2a(Vin , €in) + A(ein), it suffices to show A(e;,) — A(vip) to establish strong
convergence of e;, to v,,. Therefore, from

A(vsn) = A B(vin) + pn(A) M (vsp) = lim (>‘i B(ein) + pn(Xi) M (ein)) = lim A(ein),

1—00 1—00

the assertions of the lemma hold. O
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Lemma 6.7. Assume a,b,m satisfy (A1)-(A3). Then for each k € {1,...,ko},

. NnoJrk()‘)_;u’* _
Jgm S, T (6.4)

Proof. Suppose that

1= = liming Pt T Protk ) Z e

A= AT A— )\* A=At A— )\*
Select 8 € (I,1%) with B & {b1,...,bg, }. There are \; C R such that \; N\, A« and

. ,LLTL()-‘rk(Ai) — Mx
1 s T = 4.
B W p

By Lemma 6.6, we can also select e; in Fy y with m(e;,e;) =1 and e; — e in V, where e belongs to

iskng+k (N

E\, .. and m(e,e) = 1 and —b(e,e) = 5. However, this contradicts Lemma 6.5. Hence, = = " and the limit
on the left side of (6.4) exists. A similar argument by contradiction shows that this limit must be in the set
{b1,.. ., br, }-

Let

o Hngtk(A) = e
Alirilj I = b, € {b1,... bk}
Since the variational curves are ordered it is clear that b,,, < by,, <--- < bmko. Let \; € R, ef S E)\iﬂn0+k()\i) be
such that \; \, A, e¥ — e* € E,_,. for each k. By previous lemmas we may assume that e* is an m-normalized
eigenvector of (b, m) associated with the eigenvalue b,,, . It clearly follows that b,,, = by and e* = Fu,, for each
k. Hence the proof is done. O

The result of Theorem 6.1 says that an eigencurve pi,,+r(\) intersecting an eigenpair (A, i, ) of multiplicity
ko greater than one possesses well-defined one-sided derivatives at that eigenpair given by (6.3). Since the left-
and right-derivative values by,_x41 and by are not equal to each other in general at such points, this implies
such an eigencurve pi,,1x(A) is in general not differentiable at such an eigenpair.

However, since the eigencurve g, —r+1(\) has by as its left-derivative at (A, g« ), which is equal to the right-
derivative of 4k (A) at this eigenpair, the theorem implies the spectrum of (a,b,m) can be characterized
locally around (A, p«) as being composed of kg curves that are differentiable at (A, i« ).

These one-sided differentiability results can be exemplified by (finite-dimensional) two-parameter generalized
matriz eigenproblems: find (X, u) € R? and nonzero x € RY satisfying

Ar = ABzx + px, (6.5)

where A is a symmetric positive definite matrix, such as the Laplacian matrix, and B a symmetric matrix on
RY. When A, B are, for example, the 3 x 3 matrices given by

2 -1 0 2 -1 0
A=|-1 2 -1/ and B= |[-1 2 -1, (6.6)
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the eigencurves may be found (implicitly) and are plotted in Figure 1. For this choice of A, B, the eigencurves
11 (A), p2(A) are not differentiable at (A, us) = (1,0), but locally around this point their graphs comprise two
curves that are differentiable at (A, p.) with one-sided derivatives given by (6.3) in Theorem 6.1.

FIGURE 1. Eigencurves for the matrix eigenproblem (6.5) and (6.6).

7. ASYMPTOTIC RESULTS

The previous two sections dealt with regularity issues pertaining to eigencurves. In the next few sections, the
interest is on providing a geometrical description of these variational eigencurves which is the main contribution
of this paper.

First, we shall treat the asymptotic behaviour of eigencurves. In particular, it is shown that the dimension
of subspaces on which the quadratic form B is strictly positive, or strictly negative, controls the number of
eigencurves that go asymptotically down to negative infinity as A — co. Using a more careful analysis, explicit
formulae are obtained to describe the asymptotic behaviour, the results depending on spectral data for the pair
(b, m) of bilinear forms.

For the first eigencurve, the result is the following.

Lemma 7.1. Assume a,b,m satisfy (A1)-(A3), and let 11(X\) be the first variational eigencurve associated with
(a,b,m).

(i) If there is a vector 0 € V' such that B(0) > 0, then

lim py(N\) = —o0.

A—00

(i) If there is a vector w € V such that B(w) < 0, then

lim p(A) = —o0.

A— —o0
Proof. The variational characterization (3.9) for ui(\) gives

A(v) — AB(v)
M (v)

w(A) < for all nonzero v € V.

For such v fixed, the right side of this inequality is an affine function in A with the sign of its slope determined
by the sign of B(v). Considering ¢, as in the theorem and taking the appropriate limit in A gives the desired
results. H
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This result may be interpreted as saying that the sign of the quadratic form B on one-dimensional subspaces
(spanned by such ¢ or @) may be used to determine the asymptotic behaviour of the first variational eigencurve
11 (A). The next result says that the asymptotic behaviour of the kth eigencurve is determined by the sign of B
on k-dimensional subspaces.

Lemma 7.2. Assume a,b,m satisfy (A1)-(A3), and let p(N) be the kth-variational eigencurve associated with
(a,b,m).

(i) If 01,...,0 are k linearly independent vectors at which B is strictly positive, then
lim pg(A) = —oc.
A—00
(i) If W, ..., 0, are k linearly independent vectors at which B is strictly negative, then
lim pr(A) = —oc.
A— —o0

Proof. Let A > 0 and let 7 denote the subspace spanned by the vectors 01, . .., Uy at which B is stricly positive.
The variational characterization (3.9) for ug(A) gives

su M su A(v) sup 4 — 5(0)
Iuk()\) S UEZPiC M ('U) S vegc {M (U) } * A UEZPk { M (’U) } '
V0 v£0 v#£0

This holds as B is strictly positive on the m-unit sphere in the finite dimensional space Zy. The right side of
this relation is an affine function in A . Part (i) then follows upon taking the limit, and part (ii) is similarly
proved. O

When B is strictly positive on some k-dimensional subspace of V, it follows from this result that the first k
eigencurves asymptotically decrease to —oo as A increases to +o0o. The positivity of B is easily verifiable, so this
asymptotic information for eigencurves is straightforward to establish in applications. A similar statement can
be made when B is strictly negative on a finite dimensional subspace.

To determine a more precise asymptotic description, define the values

s _ B(v)
Ng = 1}155%16%{ M(v)}’ (7.1)

where the infimum is taken over all k-dimensional subspaces Zy of V. It is worth noting that these values
may equal —oo, but never +o00. The following theorem shows that the asymptotic behaviour of eigencurves are
prescribed by these spectral values 7, and that the sign of B plays a role here as in the previous lemmas.

Theorem 7.3. Assume a,b,m satisfy (A1)-(A3). Then the kth-eigencurve up () satisfies

()
AILII;O = ke (7.2)

Proof. Assume X\ > 0 and let Z; be a k-dimensional subspace of V. Then

AWABO) B0

sup >
vEZ} M (U) vEZy
v#0 v#0
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Taking the infimum over all such Zj, and taking the limit inferior after rearranging A\ gives

e te(A)
1 f—= >
N A = e
using the variational characterization of p(A). R
To establish the desired reverse inequality, consider first the case in which 7, > —oc0. Let € > 0 and take Zj,
to be a k-dimensional subspace of V satisfying

sup {— B(v) } < m + €
vEZk M (U) B * .
v#0

The variational characterization (3.9) for ux(A) shows that

pr(A) 1 { A(v) }
< Tsuwp g ¢tk t s
A Ao \M(v) K
v#0

which gives limsup,_, . pr(A)/A < np + . Taking e down to zero then gives the desired converse inequality
so that (7.2) holds in the case 7y is finite.
When 7, = —oo, for n € N take Z ,, to be a k-dimensional subspace of V' such that

o i) <
00

The characterization (3.9) for the eigencurve ux () gives in this case

e 1 { A(v) } o
A A vezy,,, IM(v)
v#£0
Taking the limit superior and then taking n to +o0o gives the desired result. O

For the specific matrix problem (6.5) and (6.6) of Section 6, the quadratic form B corresponding to the
matrix B is strictly positive on a two-dimensional subspace of R3. Hence, as seen in Figure 1, the first and
second eigencurves go to —oo as A — +00; the eigencurves are asymptotic to lines whose slopes are the negative
eigenvalues of B.

Richardson’s equation is discussed in Section 3 of Binding and Vokmer [7] to exemplify their results on
Sturm-Liouville problems. The quadratic form B associated with that example is B(y) := fil sgn(z) y(z)? dz
defined on L?[—1,1]. It is obvious that B is strictly positive on an infinite dimensional subspace of L?[—1,1], so
every eigencurves [, () goes to —oo as A — +o0; likewise, p,(\) = —oo as A — —oo. This behaviour is seen in
Figure 3.1 of [7]. Their Theorem 2.2 provides explicit formulae for the asymptotic behaviour of the eigencurves.

8. STRAIGHT LINES WITHIN THE SPECTRUM AND LINEAR INDEPENDENCE

In this section, the degeneracy of the form b is used to determine when straight lines appear within the
spectrum of (a,b,m). When this holds, a further orthogonal relation is found for some of the associated
eigenspaces. Related to these results is a description of linear independence of vectors associated with eigenspaces
corresponding to eigenpairs lying on the same horizontal line.
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We point out that the results imply that if the spectrum contains a line segment, then the spectrum actually
contains the entire line containing that line segment. This leads to a technical, but interesting, point about
eigencurves that can hopefully be clarified in future research.

To proceed with the analysis, recall that the null space N(b) of a bilinear form b obeying (A2) is the set of
all vectors u € V satisfying

b(u,v) = 0 forallveV. (8.1)

When N(b) = {0} then b is said to be non-degenerate, otherwise b is said to be degenerate. It is worth noting
that the degeneracy of b has played no role in the preceding analysis.

Theorem 8.1. Assume a,b,m satisfy (A1)-(A8). Let p. ¢ o(a,m) and (A, ps) be distinct eigenpairs in
o(a,b,m) forl <i <k, withk > 2. Ife; are eigenvectors associated with (X\;, ), then the set & == {e1,...,ex}
18 linearly independent.

Proof. Suppose & is linearly dependent. Then without loss of generality we may assume ey, € span{ey,...,ex_1}.
If e, = ace; for some 1 < ¢ < k — 1 and some nonzero constant «, then by subtracting the eigenpair equations
that ey, e; satisfy shows that b(eg,v) = 0 for all v € V. This says e, € N(b) which implies (A, us) € o(a,b, m)
for any A € R. In particular, (0, ux) € o(a,b,m) or that p. € o(a, m), in contradiction with p. ¢ o(a,m).

Without loss of generality assume now that ey = Z;:ll «; e; with a; # 0 for all 4 and that the dimension d
of the span of & satisfies 2 < d = k — 1. Substituting this expression for ej into the eigenpair equation that ey
satisfies gives

k—1
E ajale;,v) = Agbleg,v) + fiy E a;m(ej,v
=1

holding for all v € V. Considering the terms that involve the a,m bilinear forms, and using the eigenpair
equations for eq,...,ex_1 simplifies this expression to

Z a; A ble, v) = Mg bleg,v).

Using the expansion for e; and rearranging terms reduces this last relation to

E

-1
b(é,v)=0 with ¢é := a; (N — k) e (8.2)
1

o
Il

The vector € is nontrivial since the A; are distinct and {es,...,ex_1} is linearly independent. As (8.2) holds for
all v € V, it follows that é belongs to N(b).
Now, for a given value A € R\ {A1,..., A\g—1}, define the vector

k—1
Ai — A
€\ = ZO@ < )\'_Ak>€i.

For fixed v € V, the expression Ab(ey ,v) + p. m(ey ,v) is then equal to

k—1
Do ( . _A) Ab(es0) + pemleqso)], (53)

i=1
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upon collecting like terms. Since the quantity Ab(e;,v) + p.m(e;,v) is equal to the quantity A; b(e;,v) +
e m(e;,v) + (A= A;)b(e;,v), it follows from the eigenpair equation that e; satisfies that the expression (8.3) is
equal to

S (325 latenn) + = Aplen )

Distributing and using the definitions of €, e) shows that this last expression is equal to the quantity a(ex,v) +
b(é,v), which reduces to a(ey, v) since &€ € N(b). This shows ey satisfies a(ex,v) = Ab(ex,v) + . m(ey, v) for all
all v € V| so that ey is an eigenvector of (a,b, m) corresponding to the eigenvalue (A, ). Taking A = 0 implies
that (0, us) € o(a,b,m) which contradicts p. ¢ o(a, m). Therefore, & is a linearly independent set. O

The next results considers the case . € o(a,m), and it says that when there is a nontrivial intersection of
the corresponding eigenspace Ey,, and the null space N(b) of b, then there is an entire straight line within the
spectrum of (a, b, m).

Theorem 8.2. Assume a,b,m satisfy (A1)-(A3), respectively, and let . € R be fized. Then any nonzero vector
e € Ey,, N N(b) also belongs to the eigenspace Ey,, for each A € R, i.e.., the straight line {(\, ) : XA € R} is
contained in o(a,b,m) in this case.

Proof. Such an e satisfies a(e,v) = p. m(e,v) and also b(e,v) = 0 for all v € V. Multiply the second relation by
A and add this to the first relation to get that e is an eigenvector of (a,b,m) corresponding to (A, p.) for any
A. The assertions then follow. O

Let Ny, (b) denote the subspace Ey,,, N N (b) for fixed p, € R. We point out that in many cases, Ny, (b) is
simply the trivial subspace. When it is nontrivial, denote by Ey,, the m-orthogonal complement of Ny, (b) in
E),. to obtain the decomposition

E)\M* = EAAM* Dm NOM* (b)7 (84)

where @,, indicates orthogonality with respect to the m inner product on V. This yields a further orthogonality
result to those given in Section 4.
It is instructive at this point to provide some easy concrete examples of spectra to illustrate the preceding
results. In particular, we describe spectra consisting entirely of (not necessarly horizontal) straight lines.
Suppose a, m satisfy (Al) and (A3), and let Ay := {uon : n € N} and & := {egy, : n € N} be the eigendata
described in Section 2 satisfying

aleon ,v) = ponm(egn,v) forallve V.

Consider the form b, := em defined on V for fixed ¢ € R. When ¢ = 0, the pair (a, b.) has no eigenvalues and
then the horizontal straight lines p,(A\) = po, completely make up the spectrum o(a, be, m).

When € # 0, then {e 11, : n € N} is the sequence of eigenvalues of (a,b.) so that the spectrum o(a, b, m)
comprises precisely the nonhorizontal straight lines p,(A) = pon — € A. In these two examples, the functional
forms of the eigencurves are linear.

As a third example, take K C N to be an indexing set of finite cardinality |K|, and let € be a vector in R
with nonzero entries €. Consider the bilinear form b.x defined by

| K]

ber (u,v) = Z e m(eor ,u) m(eor,v) for u,v e V. (8.5)
kEK
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If n ¢ K, then b.x(eon,v) = 0 for all v € V. Using the eigenpair equation (2.1) for (a,b.x,m) it is easy to
see that the graph of the constant function A — pg, belongs to o(a,b.x,m). When n € K, then the eigenpair
equation shows that the graph of the function A\ — po, — €, A belongs to o(a,b.x,m). Here, the nonhorizontal
lines are not necessarily parallel nor have slopes of the same sign. Therefore, in this example the variational
eigencurves p,(\) for this system are instead piecewise-linearly defined.

From these examples, it is easy to see that the degeneracy of b drastically affects the geometry of the spectrum
of (a,b,m) as well as the asymptotic behaviour of the eigencurves. We also remark that since only straight lines
through points (0, p), with p. € o(a, m), can be in o(a, b, m), there are at most countably many straight lines
in the spectrum of (a,b,m).

9. INTERSECTING THE SPECTRUM WITH STRAIGHT LINES

This section deals with the geometrical problem of establishing an upper bound for the number of components
the nth-eigencurve may have above a given a horizontal straight line p = p,. The case where the intersecting
line is not horizontal is discussed at the end of the section, and the results are seen to also hold for this case as
a consequence of a simple change-of-variables.

For a fixed eigencurve p,(A) and fixed p. € R, denote by {p, > u.} the superlevel set of p,(\) given by
{AeR: pp(A) > ps}. A finite interval (s,t) C R is said to be a component of {p, > p.} provided p,(s) =
i (t) = pa and pp (A) > po for all s < A < t. A semi-infinite interval (s, 00) C R is also said to be a component of
{ttn > ps} provided pu,(s) = ps and pp (A) > py for all A € (s, 00); a component of the form (—oo,t) is similarly
defined. We shall often say a component (s,t) of {f, > .} is a component of yi,,(\) above fi,.

For the first eigencurve, the geometrical result is the following.

Lemma 9.1. Assume a,b,m satisfy (A1)-(A3) and let p. ¢ o(a,m) be fived. Then {p1 > ps} has at most one
component.

Proof. This follows from the concavity of p;(A) given by Lemma 3.3. O

To begin the geometrical description of higher eigencurves, we first show in the next lemma that the eigen-
curves satisfy a nested property and then in Lemma 9.3 we provide a sign-condition that eigenvectors associated
with endpoints of a component must satisfy.

Lemma 9.2. Assume a,b,m satisfy (A1)-(A3), and let p.. ¢ o(a,m) and n,k € N be fivzed with k > n. Let I,
be a component of { i, > p+} and suppose {p > p«} has a component. Then for each integer n < i < k, there
is a component I; of {i; > p«} such that these components satisfy I, C In41 C--- CIL; C -+ C I.

Proof. By definition of eigencurves, ug(A) > un () for each A € R, so pg(A) > ps on I,. Since {pr > p.} has at
least one component, there is a component Iy, of {uy > p.} containing I,,. Since g, (A) < p;(A) < pg () holds
for n < i < k, again by definition, it follows that {{; > p.} contains a component I; satisfying I, D I; D I, and
the assertions then follow. O

It is worth noting that the components in Lemma 9.2 may be semi-infinite intervals.

Lemma 9.3. Assume a,b,m satisfy (A1)-(A3) and let p. ¢ o(a,m) be fized. If the bounded interval (s,t) is a
component of {pn > 14}, then eigenvectors egy, , ery associated with iy, (s), pn(t), respectively, satisfy

Blesn) < 0 < Blegn). (9.1)

Proof. Let \; € (s,t) be a sequence monotonically increasing to t. Using an argument similar to the proof of
Lemma 6.6, let v; € V be a sequence of eigenvectors of (a,b, m) associated with p,();) satisfying v; — e;,, in
V as i — o0o. The orthogonality relation of Theorem 4.1 then yields

lim P (Ai) — pn(t) lim —b(vi, €tn) _ B(ein) '
i—oo Ai —t i—oo M(Vj, ern) M (ern)
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Since i (A;) > ps = pn(t) and A; < t, it follows that B(es,) > 0. The argument that B(es,) < 0 is similar. [

If a component of p, () is of the form (—oo, t) instead, then the proof above is exactly the same to show that
an eigenvector e;,, associated with u,(t) satisfies B(et,,) > 0 provided u. ¢ o(a,m). An analogous satement
also holds for a component of p,(A) of the form (s, 00).

Our main result for higher eigencurves is the following.

Theorem 9.4. Assume a,b,m satisfy (A1)-(A3), and let p,. ¢ o(a,m) be fized. Suppose (s1,t1),...,(Sn,tn)
are finite intervals with (s;,t;) a component of some (not necessarily the same) {u; > p.}. Two such intervals
are either nested, with either endpoint possibly in common, or disjoint. If (s;,t;) = (s;j,t;), then these intervals
are assumed to be components of two distinct eigencurves. Then

Un(A) < py forall X e(—o0,8]U[t,00), (9.2)

where  §:=min{sy,...,s,} and t:=max{ty,... t,}.

Proof. For each t;, with 1 < i < n, use Lemma 9.3 to get eigenvectors e;, associated with pu,(¢;) satisfying
B(ein) > 0, and define Z := span{ejn,...,enn}. By Theorem 8.1, the vectors e;, are linearly independent
so that Z is an n-dimensional subspace of V. By Corollary 4.2, the vectors e;,, are b-orthogonal as well as
(a — psm)-orthogonal. Let v = >""" | v €;,,, with o; € R, be a vector in Z and let A > t. Using the eigenpair
equation that each e;, satisfies and the orthogonality just mentioned yields the following:

A() — e M (v) = AB(v) = Za? t; Blein) — )\Za?lg(em) = Za?(ti — A B(e;in) < 0.

Rearranging the exteme sides of this relation gives

pn(A) < SZII\IEO}{W} < p. forall A >4,
ve

using the variational characterization (3.9) for p,(X). A similar argument using left endpoints s; shows that
tn(A) < py for all A < § so that the desired result holds. O

For fixed eigencurve i, (A\) and p, € R denote by K, (11.) the number of components comprising the superlevel
set {gn > p+}. Lemma 9.1 may then be expressed as saying that Kj(u.) <1 for all u,. € R.
The following result is an immediate consequence of Theorem 9.4.

Corollary 9.5. Assume a,b,m satisfy (A1)-(A3) and let p. ¢ o(a,m) be fixed. Then for each n € N we have
K (ps) < m.

Proof. Suppose (s1,t1),.-.,(Sn,tn), (Sn+1,tn+1) are distinct components comprising the set {p, > p.} with
the endpoints satisfying t;_1 < s; < t; < s;41 for each i. We point out that we could have s; = —oo and also
tn+1 = +00. Nevertheless, consider only the first n components. We conclude from the proof of Theorem 9.4
that i, (A) < py for A > ¢, in contradiction to (S;41,tn+1) being a component of g, (A). Therefore, {p, > p«}
can have at most n components so that K, (us) < n holds for each n € N. O

Our main geometrical result for higher eigencurves is the following.

Theorem 9.6. Assume a,b,m satisfy (A1)-(A3) and let p. ¢ o(a,m) be fixred. Then for each n € N we have

> Ki(p) < n (9.3)
i=1
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Proof. Let (s1,t1),...,(Sk,tx) be distinct intervals, each a component of (not necessarily the same) {u; > p.}
for some 1 <7 < n. Define

A = inf{s; : 1 <i<k} and N := sup{t; :1<i<k}.

Assume without loss of generality that (s1,t1),..., (Sk,,tk,) are all the components satisfying t; < ¢, < A* for
each i =1,..., kg. It follows from Theorem 9.4 that

Pko(A) < py for all A > g,

Since p;(A) < pigy (A) for each i = 1,..., ko, it follows that p;(A) < p. for all A > ¢, for each i < ky. For each
ko < i <k, we have that ¢; = A\* and that (s;,¢;) is a component of one of the following

{/jfkoJrl > p,*} ) {/u‘koJrQ > /~L*} e {/u'k > :U‘*}

Two components (s;,t;), (s5,t;) with kg < 7,7 < k therefore belong to two different eigencurves above .. Since
the intervals considered here are components of {p; > u.} for some 1 < i < n, it follows that k — ko < n — ko,
so that k& < n. This means > ., K;(s«) < n holds for each n € N. O

The above analysis has dealt with the case of a horizontal line p = u, intersecting the spectrum o(a, b, m).
Consider now the case of a non-horizontal line ;1 = a A + /3 intersecting the spectrum of (a,b, m). The previous
work generalizes to this case using a simple change-of-variables as the relation

ale,v) = Ab(e,v) +pm(e,v) forallveV,
holds if and only if the following relation holds,
ale,v) = Abo(e,v) + Bm(e,v) foralveV,

where b, := b+ am. In this case, the (a,b,, m)-eigenproblem satisfies the same assumptions as the original
(@, b, m)-eigenproblem. Denote the eigencurves associated with the triple (a, by, m) by Ba.n(A). The variational
characterization (3.9) shows that

. A(w) = ABa(v) | . A(v) — AB(v) B
fan) = ff{ e - ff{MU - a3} = ) - ax

where the minimization is over all k-dimensional subspaces Zj of V. Thus, for fixed A € R, the eigenvalues i, ()
and Bq,n(A) only differ by the constant a A, and therefore the eigencurves (A, p,(A)) and (A, Bq.n(N)) identify
the same curve. Hence, the results for horizontal-line-intersections generalizes.

10. EIGENCURVES FOR TWO-PARAMETER ROBIN-STEKLOV
EIGENPROBLEMS

The abstract results of this paper apply to very general linear elliptic two-parameter eigenproblems. In
this section, they are used to describe and analyze eigencurves for the (weak form of the) Robin—Steklov
two-parameter eigenproblem (1.1) mentioned in the introduction.

In these problems, |- | and (,-) denote the Euclidean norm and inner product on RY. The terminology
and notation of Evans and Gariepy [10] will be used here except that o,do will denote Hausdorff (N — 1)-
dimensional measure and integration with respect to this measure, respectively. The real Lebesgue spaces LP((2)
and LP(042,do), 1 < p < oo, are defined in the standard manner with the usual p-norms denoted ||u||, » and
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|ul|p,602; the gradient of a function u will be denoted Vu; and H'(f2) is the usual real Sobolev space with inner
product and norm given by

[, v]1 2 ::/[VwVv + wv]dz and ||lul|iz2 = /[\Vu|2+u2|dx.
7 2

In the examples treated here, it is required that the embedding of H'(£2) into LP(£2) (for 1 < p < ps where
ps = 2N/(N —2) if N > 3 and ps = oo if N = 2) and the trace operator I' : H1(£2) — L?(0£2,do) are both
compact. This requirement holds, for instance, when 2 C R¥ is a bounded domain such that its boundary
consists of a finite number of closed Lipschitz surfaces of finite surface area (see Chapter 4 of [10] for details on
these issues). This requirement on {2 is assumed for the remainder of the paper.

The two-parameter Robin-Steklov eigenproblem is that of finding (\, u) € R? and nonzero u € H'(§2) that
satisfy, for each v € H'(2), the relation

/[(AVu)-VU + cuv]dx + beuvdo = A bouvdo + p / mo uv dz. (10.1)
Q o0 a0 o)

This is the weak form of problem (1.1), and the interest is in describing and analyzing the associated eigencurves
A+ 1n(A). The conditions on the given data include:

(C1): A(z) := (a;;(z)) is a real symmetric matrix whose components are bounded Lebesgue-measurable
function on {2 and there exist constants 0 < k3 < k4 such that

k€ < (A()E, &) < rylé? forall € e RN z € 2

(C2): ¢>0on 2 with ¢ € LP(£2) for some p > N/2 when N > 3, or p > 1 when N = 2;
(C3): b.>0on 02 with b € L>®(912), and ¢, b, satisfy

/cdm+/ bedo > 0;
I} a0

(C4): mg > 0 on 2 with mg € L9(£2) for some ¢ > N/2, and
/ mou?dz > 0 for all non-zero u € H*(§2);
o)

(C5): by € L>®(912) and by may be sign-changing on 912.

The a-bilinear form associated with (10.1) is, with u,v € H(£2),
a(u,v) = /[(AVU) Vo + cuv]dz + / beuvdo, (10.2)
I7; 09

and the associated b, m-bilinear forms are, respectively,

b(u,v) := 8Qb0uvda and m(u,v) = /Qmouvdx. (10.3)

It is a nice exercise to show that the conditions on the given data imply these a, b, m bilinear forms satisfy
(A1)—(A3) given in Section 2, so the eigencurve results of this paper apply to this two-parameter Robin—Steklov
eigenproblem.
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Let 7 > 0 and A, € R be fixed and define ay, . := a — A\.b 4+ 7m. When 7 is large enough, it follows from
Section 3, that the first eigenpair (., i1 (A«)) on the vertical line A = A, in R? for problem (10.1) is obtained
from the constrained variational problem

1

———— = su mou?dz 1 uwe HY(N), ax. ~(u,u <1}, 10.4
s = sw{ [ mo (9), ax.r(w) < (10.4)

and maximizers ey, are Robin—Steklov eigenfunctions corresponding to (A, u1(As)).

When ey, 1, ..., ex,k are eigenfunctions corresponding to the first k successive lowest Robin—Steklov eigenpairs
on the vertical line A = \,, then the (k+ 1)%'-eigenpair (A, pir+1(A«)) for (10.1) is obtained from the constrained
variational problem

1

2 1
=su mou“dx : u € H (2),ax, +(u,u) <1, ax, +(u,ex,n) =0, n=1,...,kp; 10.5
PR P{/Q 0 (£2), ax, - (u, u) Aer (U €x,m) } (10.5)

the maximizers ey, 1 are Robin—Steklov eigenfunctions corresponding to (A« fir4+1(Ax))-
In this fashion, the eigencurves A — p,, () for problem (10.1) are obtained variationally and their properties
are summarized as follows.

Theorem 10.1. Assume (C1)-(C5) hold and the bilinear forms a,b,m are given by (10.2) and (10.3). Let
ax, - '=a— \b+1mm with T large enough, and suppose i, (M) and ey, are given as above. Then each fi,(Ay)
is of finite multiplicity with —oo < (M) < p2(As) < -+- — 400 and the class {ex,n : n € N} is an ax, --
orthonormal basis for H'(£2) consisting of functions satisfying

/[(AV@AM) Vv + cex,pv]de + /
7

beex.nvdo = /\*/
o0

boex,nvdo + pn()\*)/ moex,nvdx. (10.6)
an 7]

for each v € H(£2).

Proof. As mentioned above, when the conditions (C1)—(C5) hold the bilinear forms a, b, m given by (10.2) and
(10.3) satisfy the assumptions (A1)-(A3) of Section 2. So, the results are a special case of Theorem 3.2. O

The orthogonality relations that Robin—Steklov eigenfunctions satisfy are as follows.

Theorem 10.2. Assume (C1)-(C5) hold, and let ey, ex,; be eigenfunctions corresponding to distinct
etgenpairs (A1, pri(A1)) and (A2, pj(A2)) of (10.1).

(i) In general, the eigendata satisfies
()\2—/\1)/80 bo eari ergg dor + (uj(xz)—m(Al))/QmOeM%j dz = 0. (10.7)
(i) If A\t = A2 = A and pi(As) # pj(As), then
/Qmo exiéx ;jdr = 0, (10.8)

and

/ [(Ave)\*i) . ve,\*j + CEN, s 6)\*]'] dx =+ / (bc — )\*bo) €N.i 6)\*j dO’ = 0 (109)
2 o0
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(111) If M # Ao and pi(M) = pj(A2) = p, then

/ boerier,jdo = 0 (10.10)
o0
and

/[(AVe,\li)-Vexzj + (¢ — pamo) ex,; ex,j) de + / beerier,jdo = 0. (10.11)
Q a0

Proof. The bilinear forms a, b, m given by (10.2) and (10.3) satisfy (A1)—(A3), so the proof of (i) is similar to
that of Theorem (4.1). From this relation, the orthogonal relations of (ii) and (iii) follow as in the proofs of
Corollaries 4.2 and 4.3. O

We emphasize that the weight function by is allowed to be sign-changing, so the bilinear forms in these
orthogonality relations are not necessarily inner products on H!($2).
A first regularity result for Robin—Steklov eigencurves is summarized next.

Theorem 10.3. Assume (C1)-(C5) hold and the values pi,(X) are given by (10.4) and (10.5). Then each
eigencurve [i,(\) associated with the Robin—Stelov eigenproblem (10.1) is Lipschitz continuous. Moreover, if
(As, s 18 a simple eigenpair of (10.1) and pn(As) = p«, then the eigencurve p, () is differentiable at A, and
has, with corresponding eigenfunction e,

fan bo 63 do
= == - 10.12
As Jomoe?dx ( )

ditn
dA

Furthermore, the first Robin—Steklov eigencurve pq () is concave on R.

Proof. The first statement follows from Theorem 5.1, the second one from Corollary 5.3, while the concavity
result follows from Lemma 3.3 when the bilinear forms a,b,m are taken to be those given by (10.2) and
(10.3). O

For higher multiplicities, the differentiability result is the following.

Theorem 10.4. Assume (C1)-(C5) hold and the values p,(N\) are given by (10.4) and (10.5). Let (A« ps) be
an eigenpair of (10.1) of multiplicity ko > 2 and let

/~Ln0+1()‘) < ,U/no+2()‘) < - < /1’”0"‘]“0()\>7

be the Robin—Steklov eigencurves intersecting (A, pix). The eigencurve pny1r(A) intersecting (A« px) has right-
sided derivative satisfying

n A) — [ — bo v% d
lim Hng+k(A) = pe — min max M , (10.13)
AAT A— . Z, ve;ezok Jomov?dz

where the minimization is taken over all k-dimensional subspaces Zy in the subspace E_,, associated with
(Asy pa); the left-sided derivative of ping+x(X) satisfies

no+k(AN) — L — bo v d
lim Hng+k(A) = px — minmax M 7 (10.14)
A= AL A— )\* Zg ve;éZ[)d fQ mo v2dx

where the minimization is taken over all d = ko — k + 1 dimensional subspaces Zq of Ex,,, -
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This theorem follows from the results of Section 6, and the results characterize, locally, the spectrum (col-
lection of graphs of eigencurves) of Robin—Steklov eigenproblems as comprising finitely many smooth curves.
However, the eigencurves intersecting such points of higher multiplicites are in general not differentiable at such
eigenpairs. This local characterization of eigencurves is concretely seen in the specific matrix eigenproblem (6.5)
and (6.6) given in Section 6. There, the point (\,x) = (1,0) in R? in Figure 1 is the point of intersection for
the first and second variational eigencurves pj(A), ua(A). The graph of each curve has a corner at this point, so
p1(A), 2 () are not differentiable at A = 1. However, concatenating the piece of uy()) left of (1,0) in R? with
the piece of pa(A) right of (1,0) yields a smooth curve.

Regardless of the multiplicity, it is interesting to note that differentiability of eigencurves is influenced by
spectral data for the pair (b,m) given by (10.3). As seen in Theorem 10.6, the pair (b,m) also dictates the
asymptotic behaviour of eigencurves.

The next result concerns the sign of the weight function by in the bilinear form b.

Theorem 10.5. Assume (C1)-(C5) hold and the values i, (\) are given by (10.4) and (10.5).

(i) If by is strictly positive o-a.e. on a subset of 082 of strictly positive Hausdorff measure, then all the
Robin-Steklov eigencurves pn,(\) decrease to —oo as A — +00.

(i) If by is strictly negative o-a.e. on a subset of 082 of strictly positive Hausdorff measure, then all the
Robin-Steklov eigencurves p,(\) decrease to —oco as A — —oo.

Proof. The first result follows from part (i) of Lemma 7.2, since in this case the quadratic form B(u) :=
/. 90 bo u? do is strictly positive on an infinite dimensional subspace of H'(2). The second results follows similarly
from part (ii) of that lemma. O

A further asymptotic result is the following.

Theorem 10.6. Assume (C1)-(C5) hold and the values p,(\) are given by (10.4) and (10.5). Then the kth-
eigencurve pp () satisfies

A
lim () = inf sup
A——+oco Zy VEZL
v#0

{—faObOUQda}

Jomov?de

where the infimum is taken over all k-dimensional subspaces Zy, of H'(2).

The asymptotic results and methodology behind Theorems 10.5 and 10.6 may be compared and contrasted
with those of Daners and Kennedy [9]. The specific equation in [9] is the case where ¢ = b, =0 and mg = by = 1
in (10.1) of this paper, so that the compatibility condition (C3) above is not satisfied. The authors in [9] show
that each eigencurve up()\), k € N, behaves asymptotically like —\2 as A\ — oco. It is, therefore, of interest to
find further natural assumptions on the data to obtain sharper asymptotic results for eigencurves of (10.1).

The above theorems provide regularity and asymptotic results for eigencurves of (10.1). The next result
describes when straight lines may appear within the Robin—Steklov spectrum.

Theorem 10.7. Assume (C1)-(C5) hold. If u. € R is such that there is a nmon-zero function e, € H'({2)
satisfying

/ bpe,vdo = 0, (10.15)
RYe;

and

/[(AVe*)-VU + ce,v]dx +/ beesvdo = pu / mo e, vdz, (10.16)
2 o1 9]
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for allv € HY(82), then the straight line {(\, ) : X € R} is contained within the spectrum of the Robin—Steklov
eigenproblem (10.1).

Proof. When a, b, m are the bilinear forms given by (10.2) and (10.3), then g, e, in this theorem are such that
e« € Eou, NN(b), so the result is a special case of Theorem 8.2. O

The data (., e,) in this theorem is a weak solution to the Robin eigenvalue problem

—div (AVu) + c(x)u = pmo(z)u in 2,
(AVu) v 4 be(x)u =0 on 0f2.

Denote by Ep,, the eigenspace in H'(§2) associated with such Robin eigenvalue .. The theorem can be
interpreted as saying that when Robin eigensubspaces Ey,,, intersect non-trivially with the null space N(b) of
b, then there are straight lines within the two-parameter Robin—Steklov spectrum o(a, b, m).

Our main geometrical result for Robin—Steklov eigencurves is the following.

Theorem 10.8. Assume (C1)-(C5) hold and the values pin,(\) are given by (10.4) and (10.5). If . is not a
Robin eigenvalue, then the total number of connected components of the graphs of the first n € N Robin—Steklov
eigencurves p1(N\) < pa(A) < -+ < pp(A) that lie strictly above the horizontal line p = p, is at most n.

Proof. As the conditions (C1)—(C5) imply the bilinear forms a,b,m in (10.2) and (10.3) satisfy assumptions
(A1)—(A3), the results follow from the construction given in Section 9, and in particular that of Theorem 9.6. [
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