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STAMPACCHIA-CALDERON-ZYGMUND THEORY FOR LINEAR
ELLIPTIC EQUATIONS WITH DISCONTINUOUS COEFFICIENTS
AND SINGULAR DRIFT

Lucio BocCcARDO®

Abstract. In this paper, the existence and properties of solutions of the boundary value problem (1.4)
are studied. No regularity assumptions on the coefficients of the matrix M (z) are used (in particular
we do not require that the principal part is —A), no assumptions on the size of HEHLN are needed.
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1. INTRODUCTION

Let Q be a bounded, open subset of RV, N > 2 and M : Q — RY 2, be a bounded and measurable matrix
such that

A€ < M(z)¢ ¢, M) <B, aexecQ, VEeRN. (1.1)
We assume that E(z) is a vector field and f(x) is a function such that

E e (LY (@)Y, (1.2)

ferL™Q), m>1, (1.3)

and we consider the following boundary value problem with drift term

—div(M (z)Vu) = E(z) - Vu+ f(z) inQ, (1.4)
u=0 on 9. '
The above boundary problem is linear, but the differential operator may be not coercive, unless ||E||(L N ()

is sufficiently small or div(E) = 0 (see also [4, 8]).
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2 L. BOCCARDO

First results on this problem can be found in [14, 23, 33]. In the second paper, it is handled for the first time
the case E € (LY (Q))", with no restrictions on the norm and no assumptions of the type div(E) = 0, and it
proves the existence of solutions belonging to VVO1 2(Q) This existence result was generalized to the nonlinear
case in [19].

In the present paper, we prove that the boundary value problem (1.4)

1. (Stampacchia theory) has a unique weak solution u € W(}’Q(Q) NL™ (Q), m** = N]\iglm, if % <m <&
if m > &, then u € W2 () N L (Q);
* Nm

2. (Caldéron—Zygmund theory) has a distributional solution u € Wol’m* (), m" = 2=, if 1 <m < ]\27712 ;

that is the results proved in [33, 34] (case 1) and [10] (case 2) under the assumption E = 0.

Moreover, in this paper, we do not use the weighted-Sobolev functional space framework of [34], but the
standard-Sobolev functional space framework, so that our first estimate (1.7) is not easy at all (even in the case
1 of Wy7*(Q) solutions).

If £ =0, also in the vectorial case, with no coefficient but considering the nonlinear case, the same problem
has been considered in the paper [21]. There, existence results and Lipschitz estimates are obtained under the
assumption that the vectorial field E belongs to the Lorentz space L', with a smallness condition on the
LN norm.

Furthermore, we discuss the uniqueness, the stability of the solution with respect to the G-convergence and
the positivity. In particular, with respect to the positivity of the solutions, we can follow the method of [15] and
we prove a “strong maximum principle”.

The main difficulty of the study is, even for data f(z) with “good” summability (i.e. f(z) € L™(Q), m >
%), the proof of a priori bounds of the type

(=gl (e 121 R B (15)

where B is the Banach space, possibly as large as L'(€).
In [5], existence and properties of the solutions of the boundary value problem are studied

=0 on 0. (1.6)

{—diV(M(sc)Vz/J) = —div(¢ BE(z)) + g(z) in Q,
Although the above problem (1.6) is the dual problem of (1.4), it is not possible to study completely our
problem (1.4) by a duality method, since the existence results about the linear problem (1.6) are obtained with
a nonlinear approach, so that estimates of the type

1l < Clgll,

are not proved.
Nevertheless, in the first step of our proof, we are able to use a duality approach in order to prove our basic
a priori bound

<o

s € (1.7

Jul 11 s FE D e v )

thanks to some estimates proved in [5]. This starting point is different from [3, 7, 19].
Even if our first inequality (1.7) is “poor” (it is not a Sobolev space estimate), it is important in order to

bypass the difficulty that we do not assume bounds on the size of ||EH(LN(Q))N and it plays the same role of

the log-estimate for the problem (1.6). We recall that log-estimate for the problem (1.6) was presented by the
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author in some talk at the beginning of the century and then written in [5] and used by many authors (see
[6, 20, 24, 26, 28, 35]).
We point out that this paper is related with [2], where the Stampacchia—Caldéron-Zygmund theory is studied,

also for nonlinear elliptic equations, under assumptions on the size of ||E ||(L NN
Nonlinear problems with drift term of form (which does not belong to L) are studied in [27].

In [17], it is proved the existence if N = 3 and F and f belong to a Morrey space (E with sufficiently small
norm).

In [25], two-sided pointwise estimate by the truncated Riesz potential for nonnegative weak solutions to (1.4)
are proved.

2. A NONLINEAR APPROACH TO A LINEAR AND NONCOERCIVE PROBLEM
Consider the following Dirichlet problems

E(z) - Vun, f(z)
L+ SEDA+ Slua)? 1+ S

U, € W2 () NL®(Q) : —div(M(z)Vu,) = (2.1)

For our study, we need to start with bounded weak solutions, so that we do not use the existence result of
[14], since there is proved existence of weak solutions, but not the boundedness, if the data are bounded. In
our approach (see Appendix A), the existence of u,, is guaranteed by the Schaefer fixed point theorem, which
is a consequence of the Schauder theorem ([30]; see also [22], Thm. 4, Sect. 9.2.2), and the boundedness of u,
is guaranteed by the Stampacchia summability theorem (see [33]).

This is our nonlinear approach to a linear and noncoercive problem. Furthermore, note that we can rewrite

(2.1) as

B@ Vit | f@)

€ Wy (Q) : —div(M(z)Vu,) = : 2.2
o € WEH(Q) ¢ —div(M (@) ) = — el (2.2
Lemma 2.1. Assume (1.1), (1.2), (1.3). Then for any k > 0 there exists a constant Co(m, HEHLN(Q)) > 0 such
that
11l Co(m, | E]
measure {z : k < |uy(z)|} < m (k N) . (2.3)
Proof. Consider the dual Dirichlet problem
, : E(z) Un ()
n € WH2(Q) 1 —div(M*(2)Vib,) = —div ¥ + 2.4

where M* denotes the adjoint matrix of M. We recall that in [5] it is proved the existence of a weak solution
of the Dirichlet problem

Y e Wy (Q): —div(M*(x)Vy) = —div(y E(z)) +g

with E € LN(Q)N and g € LY(Q); if ¢ > ]\2,—% it is proved (Cor. 5.2) the estimate

N+42
N

/WWsaw%mm/m+@w%mm/WPHMEmwﬁ/mﬂ{ . (25)
Q Q Q Q
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where C; > 0;if 1 < g < it is proved the estimate

N+2’
101 gy < CUIEN e 191 g 00 8)- (2.6)

Thus, the existence of v, is a consequence of the results of [5]. Moreover, taking 1, as test function in (2.1)
(use the equivalent form (2.2)) and u,, in (2.4), we get (use (2.6))

f( )
. 181,05y
[ e T S ¥l ) S 151y COB I [ 2
where 1 = % + ql*, with m > 1 and ¢ < % Then we deduce
ol < 11 g CUE L 0,2 0, 5) (2.7)
and thus (2.3) follows. O

Remark 2.2. With the above method, it is possible to handle the case m = 1 (see [9]), but then the summability
p > N of E is needed.

Lemma 2.3. Assume (1.1), (1.2), (1.3). Then there exists a constant Cp,(E, f) > 0 such that

tnll e gy < Con (1Bl g 171 )2

Proof. FIRST STEP — Recall Stampacchia’s definitions: Vk > 0,

s, if |s| <k,
Ti(s) = A Gu(s) = s — Ti(s).
k(s) {k B || > ks o k() = s = Ti(s)

Here, we adapt the approach of [10]. We ChOOS€ as test function in (2.1), for any & > 0, 53 [(|Gr(un)| +
§)2A =1 —§2271] sign(u,), where A\ = 2

(1.1) and the Young inequality, so that we have

/ (G (n)| + 8)2* D[V G (1) ?

L[ E@| |V bt 1 N
= 2/\—1/914_ LIE| (1 + Lju|)? 5 (G (un)| +9) + 2)\_1/Q|f||Gk(un)|2 !
< 7/ (\Gk(un)|+5)2u 1>|VG (un)|2+C’A/ (|Gk(un)|+5)2)\‘E|2

Q

171l ,
m 2x—1)m

(2.8)

m/

1C is nondecreasing w.r.t. HE”LN(Q)'
2From now on, we do not write a, .
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Let A, (k) = {z: k < |u,(x)|}. Hence we have, for some positive constants C; (independent of n, but depending
of ”E”LN(Q)) and thanks to Sobolev inequality, letting § — 0,

[/ |Gk(u")|m} ) (2.9)

< BN A2* / y|@=nm |
Y A I O g = T <X

Then we have the inequality

2 2 1
5F

(ol o] o] <cn.] o

which implies, recalling that A\2* = m** = (2A — 1)m/

%
(1 al [ 1B )nak(un)uw < Ol
An (k)
Recall (2.7) and now fix k such that
2

1 NIy

=>0C |E| ) (2.10)

2 An(®)
that is possible thanks to (2.3). Note that k depends on HE”LN and ||f||Lm. Thus, we obtain that

Gk (un)ll e ) < Callfll -

SECOND STEP — We note that, since u, = Ti(u,) + Gg(un),

1

+ kmeasure (Q) = .

ltnll e gy = NG e g + 1Tl e ) < Gl

Lemma 2.4. Assume (1.1), (1.2) and m > &, then there exists a constant Cp,,(E, f) > 0 such that

tnll gy < Con (1Bl g 1711 )
Proof. Note that (2.9) with the simple choice A =1 joint with (2.10) gives
2 1
1 =] <c wl”
2| Jo = 2 (A,0) | o ’

that is

1
2% =
< |
[ / |Gk<un>] < Call 7l 2% a oy
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which implies

{/|Gk(un)|2]2 < GCsllfll ... measure(An(k))%+W*%,
Q L™(Q)

Then, since our assumption m > 45 1mphes that - 5 < % —|— ~ — 77, from now it is enough to copy the Stampacchia

proof (see [33]) and our estimate 1s proved. O

2.1. Positivity
Lemma 2.5. Assume (1.1), (1.2), (1.3). Let f > 0. Then u, > 0.

Proof. Recall the definition of u,,, solution of (2.1) and consider the auxiliary problem

0< 2, € Wo() : —div(M" () Vz,) = _div<(1 + i@l)? 1 f(lx|)E> * ?Jj(ﬁ)—l

The positivity of z, is proved in [6]. The combined use of z, as test function in (2.1) and of u, in the above

Dirichlet problem yields
) [w),
ol+: |f| o |un ()]

Note that this equality gives

f( ) un ()~ _ [un(z) "]
0= T Jo @ / )] =

which implies u,,(2)~ = 0. Thus, if f > 0, then u, > 0.

3. FINITE ENERGY SOLUTIONS (STAMPACCHIA THEORY)

3.1. Existence of weak solutions

If E e (LN(Q)N and f € L™(Q), m > ]\2,172, the existence of weak solutions is proved in [14]; our result on
the existence is based on a different proof; our main contribution in this section is the Stampacchia type result
on the summability of the solutions.

We point out that, even with £ = 0, the summability of Vu does not increase if the summability of f

increases, when m > % (see [7]), in contrast with the following section (where 1 < m < & +2)

Lemma 3.1. Assume (1.1), (1.2), m > ]\2[12 Then the sequence {u,} is bounded in W, *(Q).

Proof. We use u,, as test function in (2.1) and then we use Lemma 2.3, so that we have

2
o [ 1Vunl < [ B@ITuln] + 151 g ]
2
2
< 1Bl | 19000 il g + 151
2

< (11, 151 ) (1B | [ 1900 11

.
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Now we use Lemma 2.3, m > ]\2,—4]\_’2 and the above inequalities give the boundedness in VVO1 2(Q) of the sequence

{un} O

Remark 3.2. If m = this Lemma is proved in [14], with a different proof.

N+2’

As a consequence of the previous lemma, there exist u € WO1 -2 (©2) and a subsequence (still denoted by wu,,)
such that

{un} converges weakly to u in W, (). (3.1)
Theorem 3.3. Assume (1.1), (1.2), m > N+2 Then there exist a weak solution u of (1.4); that is
ueWy?(Q): [ M(z)VuVo = / vE(x) -Vu+ | fv, Voe W, ?Q), (3.2)
Q Q Q
and
o [ 196P < (Il v g 171,10 ): (33)
Moreover

1. if 2 m < m < ¥, u belongs to L™ (Q);
2. ifm>5 u belongs to L>=(Q);
3. if f >0, thenu > 0.

Proof. Thanks to the linearity of the problem and (3.1) it is easy to pass to the limit in the weak form of (2.1)
and we obtain (3.2) and (3.3). Moreover Lemmas 2.3, 2.4, and 3.1 give 1 and 2, (3.3) and Lemma 2.5 gives 3.
O

Remark 3.4. We point out that, in 1 of the above theorem, the proof of the summability u € Lm(Q) does
not follow the Stampacchia’s proof of [33], since it is genuinely linear; our proof is a little bit similar to the
approach used in [7, 11], where furthermore more general results, with respect to [11, 33|, are contained, with
proofs which remain true in the nonlinear framework.

Remark 3.5. In the next section, we will prove a positivity result (even for less regular data f) stronger than
the positivity result given in Theorem 3.3.

3.2. Uniqueness of weak solutions

Theorem 3.6. Assume (1.1), (1.2), m > ]\2,52 Then the weak solution u € Wy'>(Q) of (3.2) is unique.

Proof. Assume that there exists u, w weak solutions of (3.2). Then we have
/ M(x)V(u—w)Vv = / vE(x) - V(u—w), Yve Wy?(Q).
Q Q

Let ¢ € WO1 () be the weak solution of the auxiliary problem

/QM*(I)VdJVqZ):/QwE(x)ngJr/ (u—w) 1_w| Xt wh,

qQ lu—w| 1+ u
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Vo€ VVOL2 (€2). The existence of v is proved in [5]. The simple choice v = ¢ and ¢ = u — w yields

LS L
0= = . 3.4
A¢w1+|u—w| o T+ Ju—w] (34)

The last integral is the distance equivalent to the convergence in measure; thus, we proved that v = w.

O

Remark 3.7. With the same proof, it is possible to prove the following comparison result: in (3.2) we consider
data f;, with fo > f1; then the solution us is greater than the solution u;. Indeed, following the proof of
Lemma 2.5, define now ¢ € W0 %(€2), the weak solution of the auxiliary problem (the existence and the positivity
of ¢ is proved in [6])

/M WV — /wE v¢+/ (uz = u1)” ¢ veewl?q).

|lug —ur| 14 |ug — uq]

On the other hand, we have

M (2)V (uz — u1) Vo = /

vE(z) - V(ug — uy) +/(f2 — fi)v, Vv e W, (Q).
Q o

Q

The choice ¢ = us — u1, v = 1/; yields

R ST

‘UQ —ul\ 1+ |’IL2 —U1|

which implies

7/ (ug —u1)™ (ug —uy)” :/ (ug —u1)~™ ug —ug >0,

|UQ—U1| 1+‘U2—U1‘ |U2_U1| 1+|UQ—U1|_
that is (ug —u1)~ = 0.

4. INFINITE ENERGY SOLUTIONS (CALDERON-ZYGMUND THEORY)

Theorem 4.1. Assume (1.1), (1.2), 1 <m < N+2 Then there exist a distributional solution w of (1.4); that
is

uEWOI’m*(Q): /QM(x)VuV<p:/Q<pE(x)~Vu+/Q fo, Yoe CHQ). (4.1)

Proof. Recall that A = "QL* ; in this theorem 1 < m <

with Lemma 2.3, and we have

N+2’ so that 3 < A < 1. We use the inequality (2.8), joint

« |VGk(un)|2
5/ (el +oyzam = G 0€(0).

The use of the Fatou Lemma, as § and k go to 0, gives

« [Vu,|?
— —_ < .
Q lun 202~ @
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Now, we recall that in [10] it is proved that a consequence of the above inequality is the boundedness of the
sequence {u,} in Wy (). Then there exist u € W™ (Q) and a subsequence (still denoted by u,,) such that

u, converges a.e. and weakly to u in Wol’m* Q). (4.2)

Thanks to the linearity of the problem and (4.2) it is easy to pass to the limit in the weak form of (2.1) and we
obtain (4.1).

Remark 4.2. In the present paper, we do not use the assumption div(E) = 0, but we note that we can handle
a drift term of the form E + Ey, with div(Fy) = 0.

Moreover, we are able to obtain a general solvability result in I/VO1 P(Q), with 1 < p < 2, even for linear
elliptic equations with matrix M (z) having discontinuous coefficients and singular drift E'(x); the solvability in
WP (2), with p > 2, can fail also with E = 0 (see Sect. 3.1 and [7]).

Note that, in the last case (Caldéron—Zygmund theory), in our problem with u € VVO1 m” (Q) distributional
solution of —div(M (z)Vu) = E(z) - Vu+ f, the right hand side E(z) - Vu belongs to L"(Q), with = + + -1 =
%, so that we have a “maximal regularity” situation. On the other hand, it is clear (recall the case E = 0)
that it is not possible to handle the case m = 1 in a distributional framework setting, since F(z) - Vu does not
belong to L1(2) (see [3] and Rem. 2.2).

In the papers [3, 16, 24|, existence of solutions, in a suitable sense (nondistributional), of Dirichlet problems

(even nonlinear) are studied in the extremal cases of right hand side measures; for this definition see also [1, 8].

4.1. Remarks about the uniqueness

The uniqueness of distributional solutions can fail even if £ = 0 (see [31]). Nevertheless, following [18], it
is possible to give a partial answer to the problem of uniqueness. We consider (joint with (2.1)) the Dirichlet
problem

E(z) - Vw,

wn € Wo () ~div(M(@)Ven) = T A T e

+ fns (4.3)

where {f,,} is any sequence of bounded functions converging to f in L™(Q2). Repeating the proof of the previous
theorem, we can say that w, converges weakly (and in measure) to some w in Wy'™ (). Let 1, € W, *(Q) be
the weak solution of

/QM*(SU)V%W:/Q%E@)W+/Q (tn — wn) 1

X {u, % w,} P-
(tn — w)| T+ [(un, — wy)] *n7nd

Now, we adapt the proof of Theorem 3.6 and we have

R A e 7]

In the right hand side, f, — 1-{&E\)f| converges to zero in L™(£2) and the sequence {¢,,} is bounded in L?(£), for
all p < oo; thus, the right hand side converges to zero. In the left hand side, we use the convergence in measure

of u, —w, to u —w. So that we have

[l [
o 1+ [u—w| o 1+ [(un — wy)|

that is u = w.



10 L. BOCCARDO

Thus, the above discussion proves the uniqueness of the solution obtained as the limit of approximate solutions
(see [18]). O

5. G-CONVERGENCE

We recall the definition of G-convergence for sequences of elliptic and bounded matrices.

Definition 5.1. Let {M,,} be a sequence of matrices which satisfies
alé]? < Mp(x) €€, [Mn(z)| < B, aexe, VEERN. (5.1)

The sequence {M,,} is said to G-converge to a bounded, elliptic matrix My(z) if, for every g in W=12(Q), the
sequence {wy,} of the unique solutions

w, € Wp2(Q), —div(M,(z)Vw,) =g in Q, (5.2)
satisfies
w, — woy weakly in Wy (Q),
where wy is the unique solution of
wo € W (Q),  —div(Moy(z)Vwy) =g in Q. (5.3)

This notion of G-convergence was introduced in [32] by Spagnolo in the symmetric case. He proved the follow-
ing compactness theorem: any sequence of symmetric matrices M, (x) which satisfies (5.1) admits a subsequence
which G-converges to a matrix My(x) of the same type. A relationship between G-convergence of differential
operators and I'(weak-W; %(Q))-convergence can be found in [12]. The study in the case of nonsymmetric matri-
ces is due to Murat and Tartar [29] involving the H-convergence, where the boundary condition on the Dirichlet
problem is removed.

We consider the solutions u,, of the Dirichlet problems (3.2) with the matrices M,, (which G-converge to
Mo)i

u, € W32(9Q) : /Q M, (2)Vu, Vv = /Q v E(z) - Vu, +/Q fo, VueW; Q). (5.4)

Theorem 5.2. Assume (5.1), (1.2), m > %, and the G-convergence of M,, to My. Then the weak solution

Up € WOI’Z(Q) of (5.4) weakly converges in Wol’Q(Q) to the weak solution ug of
uy € W () ;/ Mo (z) VeV :/ vE(x)~Vuo+/ fo, VueW; Q).
Q Q Q

Proof. The estimate (3.3) and (5.1) give an a priori bound for the sequence {u, }; so that we can say that there
. . - 1,2
exists {uy, } which converges weakly to some @ in Wy ().
We will use the following lemma (see e.g. [13]). Let {M,,} be a sequence of matrices which satisfies (5.1), and
that G-converges to some matrix My. Then for every function ¢y belonging to Wy>(€2) N L>(12), there exists
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a sequence {¢, } in W)2(Q) N L°(Q) such that
{—div(M;(z)Vén)} converges strongly to — div(Mg(z)Veo) in W—12(Q),
[#nl < IS0l g (5.5)

{dn} converges to ¢ weakly in WO1 2(Q) and almost everywhere.

Then, in (5.4), we use v = ¢,, and we have

[ M@0, V60, = [ 00, B@) -V + [ S0,

that is

| M @V00, T = [ 6 BT+ [ T

Thanks to (5.5), we can pass to the limit and we say that
| Mote)vaves = [ Mi@9oova= [ 6uE@) Vi [ fon
Q Q Q Q

for every function ¢g belonging to W01’2(Q) N L>°(Q); by uniqueness, this implies that @ = uy.

APPENDIX A

In this section, we prove the existence of a bounded weak solution u, of (2.1). We consider the Dirichlet
problem

B(z) - Vuy,

up € Wy Q) : —div(M(z)Vuy) = (1+ hlun])?

+ b(x), (A1)

where h € R* under the assumptions B € (L=(Q))Y, b € L>(Q) and (1.1). Due to the properties of the
differential operator L(v) = —div(M (z)Vv), (A.1) can be rewritten as a fixed point problem

up € We(Q) : up = L1 <m + b(ﬂc)>. (A.2)

Define the operator

.1 B(x)-Vv
Tw)=1L <(1+h|v|)2 + b(m))

Since T': WO1 2 Q) — T/VO1 2(Q) is well defined and compact, in order to apply the Schaefer fixed point theorem
([30]; see also [22], Thm. 4, Sect. 9.2.2), we need to prove that the set

X ={veW,?):v=1tT(v), for some t € [0,1]}

is bounded, so that T has a fixed point.
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If v € X, then

L(v) =t (M + b(x)) (A.3)

as test function and we have
|Vo|? / B(z)-Vv v / v
< + b -
o [, wono < f, e nrTr e O T

1 [ B(x)-Vu 1
= E/Q L+ hJo]) *E/Qb(x)

where use used that ¢ € [0, 1], (1+f§|v\) < (th v 1+h\ P < < +. Then we use the Young inequality (0 < 7 < o)

@) [, e < [, B0, [

_v
and we use TFATo]

and we obtain

that is

/% < Cy(1+ h?). (A.4)

and the Holder

Now, we use v has test function in (A.3) and we have (use again ¢ € [0, 1], (1+f1|v\)2 < (Hi\vl)

Vo
o Vv2§Bm/7v+bw/v
Lo <18, [ st bl [ 1o

<13l <o+ 1| 1P| 4, [

inequality)

which proves that X is bounded (of course for h, B and b fixed). Thus, the problem (A.2) has a fixed point and
(A.1) has a solution.
Now we prove that up, € L*(2). We take G (up) as test function in (A.1) (recall (A.4))

o [IvGuP <181, caa+ | [1Guwnl] 4 1ol [ Gt
Q Q Q
Here, the Stampacchia method (see [33]) gives the boundedness of uy, (of course for h, B and b fixed).
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