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SECOND ORDER OPTIMALITY CONDITIONS FOR OPTIMAL
CONTROL PROBLEMS ON RIEMANNIAN MANIFOLDS*

QING Cui, L1 DENG™ AND XU ZHANG

Abstract. This work is concerned with optimal control problems on Riemannian manifolds, for
which two typical cases are considered. The first case is when the endpoint is free. For this case, the
control set is assumed to be a separable metric space. By introducing suitable dual equations, which
depend on the curvature tensor of the manifold, we establish the second order necessary and sufficient
optimality conditions of integral form. Particularly, when the control set is a Polish space, the second
order necessary condition is reduced to a pointwise form. As a key preliminary result and also an
interesting byproduct, we derive a geometric lemma, which may have some independent interest. The
second case is when the endpoint is fixed. For this more difficult case, the control set is assumed
to be open in a Euclidian space, and we obtain the second order necessary and sufficient optimality
conditions, in which the curvature tensor also appears explicitly. Our optimality conditions can be used
to recover the following famous geometry result: the shortest geodesic connecting two fixed points on a
Riemannian manifold satisfies the second variation of energy; while the existing optimality conditions
in control literatures fail to give the same result.
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1. INTRODUCTION

Let n € IN and M be a complete simply connected, n-dimensional manifold with Riemannian metric g. Let
V be the Levi-Civita connection on M related to g, p(-,-) be the distance function on M, T, M be the tangent
space of M at x € M, and T M be the cotangent space. Denote by (-,-) and |- | the inner product and the

norm over T, M related to g, respectively. Also, denote by TM = |J T, M, T*M = |J T M and C*°(M) the
zeM xeM
tangent bundle, the cotangent bundle and the set of smooth functions on M, respectively.

Let T > 0, U be a metric space, and f : [0,T] x M x U — TM and f°: [0,T] x M x U — IR be two functions
(satisfying suitable assumptions to be given later). Given yo € M, let us consider the following control system

{ym = f(t,y(t),u(t)), ae.tel0,T],

y(0) = o, (1)
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where ¢(t) = Sy(t) for ¢t € [0,7], and y(-) and u(-) are the state and control variables valued in M and U,
respectively. The cost functional associated with (1.1) is

T
Il = [ . u)a (1.2
0
In (1.2), u(-) belongs to the following admissible control set
Uga = {u(-) : [0,T) = U; u(-) is measurable}. (1.3)

Clearly, this is the situation without endpoint constraints.
We shall also consider the control system (1.1) with the following endpoint constraint

y(T) =y, (1.4)
for some given y; € M. The corresponding admissible control set is then given by
Vaa = {u(-) € Usa; yu(T) = 1},

where y,,(+) is the solution to (1.1) associated to the control u(-)(€ Uyq).
In this work, we shall consider the following two optimal control problems:

Problem I To find a (-) € Uyq such that

J@) = inf () (1)
Problem II To find a u(-) € Vaq such that
J@()) = dnf J(u()). (1.6)

For each of the above problems, we call @(-) an optimal control, the corresponding solution 7(-) to (1.1) an
optimal trajectory, and (g(-), a(-)) an optimal pair. Clearly, each of the above two optimal control problems can
be viewed as an optimal control problem with the state constrained on a submanifold of the Euclidean space.

One of the central topics in control theory is to establish necessary and sufficient conditions for optimal
controls. As that in calculus, one can derive the first-order necessary condition for optimal controls, as done in
the classical monograph [34], even for some situation of state constraints. Nevertheless, for some optimal control
problems, it may well happen that the first-order necessary conditions turn out to be trivial. In this case, the
first-order necessary condition cannot provide enough information for the theoretical analysis and numerical
computation, and therefore one needs to study the second (or even higher) order optimality conditions for
optimal controls.

There are many works addressing the second order necessary and sufficient conditions for optimal control
problems in Euclidean spaces, such as [4, 6, 10, 15-19, 22, 23, 25, 28-31, 37] (in which [4, 10, 17, 23, 31] are
five research monographs) and the references therein. Among them, we mention several works, in which the
controls are subjected to some restrictions: Warga [37] considers a control system with the control set in a
compact metric space. Frankowska and Tonon [15] investigate the second order necessary conditions when a
smooth endpoint constraint is presented and the control set is a closed subset of a Euclidean space. For the case
that the control set is a general metric space, Lou [28] considers a control system without state constraints. For
the case that the state (or mixed state-control) satisfies suitable inequality or equality constraints, we refer to
[5, 21, 32] and so on.
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For the control system whose state is constrained to a differential manifold, there exist also some literatures
(e.g. [1-3, 7-9, 35] and the references therein) devoted to the second order necessary and sufficient conditions for
optimal controls. On the basis of the second order optimality conditions, Bonnard et al. [8] present an algorithm
to compute the first conjugate time along a smooth extremal curve, at which the trajectory fails to be optimal.
In Chapter 4 from [35], Schattler and Ledzewicz provide a “state of art” account on the second order necessary
and sufficient optimality conditions for a class of control-affine systems (also, we refer to [7, 9] for relatively
earlier works). Nevertheless, compared to the case of flat spaces, the picture of second optimality conditions
in the curved spaces is, in our opinion, quite incomplete. For example, it would be quite interesting to extend
the related results in the flat spaces (say, that in the research monographs [4, 10, 17, 23, 31] on second order
optimality conditions) to the setting of curved spaces but many things remain to be done.

For many concrete problems, the cost functional (1.2) is actually related to some metric, for example, f° (in
(1.2)) is a suitable norm of some vector field. In this case, it is convenient to consider the control system (1.1)
on a Riemannian manifold, and to obtain more precise results on optimality conditions.

The main purpose of this paper is to investigate the second order necessary and sufficient conditions for
optimal control problems evolved on Riemannian manifolds. We distinguish the problems into two cases. The
first case is when the endpoint is free, i.e. the case without the condition (1.4). For this case, we consider
the control systems with quite general control sets. By means of the needle variation technique, we obtain the
second order Taylor’s expansion of the cost functional with respect to the control variable via the Riemannian
geometric tools, introduce a second order dual equation which depends on the curvature tensor of the manifold,
and obtain second order necessary conditions for optimal controls of both integral and pointwise forms. In
addition, we obtain the second order sufficient condition of integral form for local optimal controls. The second
case is when the endpoint is fixed, i.e. the condition (1.4) is imposed. For this more difficult case, as in [3],
we assume that the control set is open, and consider an extended control system involving an extra unknown
variable associated to the cost functional. There exists an interesting relation between the optimal controls of
the original optimal control problem and the above extended control system (e.g. [3], p. 179, Sect. 12.4): the
terminal value of the trajectory of the extended control system corresponding to an optimal control must be at
the boundary of the attainable set of this control system at the terminal time. Thanks to this relation, Agrachev
and Sachkov observe that, the key point of finding second order optimality conditions for the original optimal
controls is to analyze the Hessian of the endpoint mapping of the extended control system with respect to the
control variable (see [3], Thm. 20.3, p. 297, Thm. 20.6, p. 300, and Thm. 21.8, p. 347). Following this idea and
employing again some tools from the global geometry, we compute an explicit expression of this Hessian (see
(6.52)), and obtain the desired second order optimality conditions, which, as the case of free endpoint, contain
also the curvature tensor along the optimal trajectory. Note that the above mentioned explicit expression is
absent in [3].

From the viewpoint of Riemannian geometry, it is quite natural that the curvature tensor appears in the
second order optimality condition, see Synge’s second variation formula for geodesics (e.g. [33], Thm. 21, p. 158).
Nevertheless, one of the main difficulties for our control problems is to compute the second order Taylor’s
expansions (of the perturbed trajectories), i.e. (5.3)—(5.4) and (5.23), with convenient and explicit expressions
of the second order terms, which, in principle, should involve the curvature tensor. To do this, quite different
from the flat spaces, we need to establish a key geometric lemma, i.e. Lemma 2.3. This lemma enables us to
obtain the second order variational equations, i.e. (5.2) and (5.22), whose solutions are exactly the desired
expressions of the above mentioned second order terms. Clearly, the curvature tensor does appear in these two
equations. It seems to us that Lemma 2.3 has some independent interest and may be applied in other places.
Another difficulty in our Problem I is how to introduce suitable dual equations such that the second order
Taylor’s expansion (6.5) (of the cost functional) can be re-written in terms of the dual variables. This is the
key to obtain the corresponding second order optimality condition. It is not difficult to single out the first order
dual equation (3.7) (because, at least formally, it is the same as that for the flat spaces), which is employed to
rewrite the first order term in (6.5) (see (6.6)). For the second order term (6.7), there are some quadratic terms
of the first order variation X¢(-) (see (6.10)). Similar to the setting of flat spaces [28], one needs to find some
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second order dual equation to “cancel” these quadratic terms. Different from the flat setting and interestingly,
the curvature tensor appears in our second order dual equation (3.8).

It is worth mentioning that, compared to the corresponding results for optimal controls in Euclidean spaces
[4, 6,10, 15, 16, 18, 19, 22, 23, 25, 28-30, 37], the curvature tensor along the optimal trajectory appears precisely
in our results (Thms. 3.1-3.6). This shows the very difference between the curved and the flat spaces from the
viewpoint of optimal control theory.

On the other hand, compared to the existing optimality results (for optimal controls) in differential manifolds
[2, 3], our results are much sharper. Indeed, for Problem II, Agrachev and Sachkov [3] obtain the second order
optimality conditions in an abstract form (see [3], Thm. 20.3, p. 297, Thm. 20.6, p. 300, and Thm. 21.8, p. 347;
see also Agrachev and Gamkrelidze [2] for a similar result but for time optimal control problems), which is
usually very difficult to be verified for concrete problems. Since we use more delicate tool (i.e. Riemannian
geometry), our second order optimality conditions depend on the curvature tensor, which does not appear
explicitly in [2, 3]. Furthermore, our results are more precise and useful for solving some concrete problems (see
Example 4.2 and Rem. 4.4).

In order to show the differences between our main results and that in the previous works, we shall provide
two illustrative examples, i.e. Examples 4.2-4.3. Example 4.2 is about an optimal control problem on a non-
compact manifold with negative curvature and with a discrete control set. We show that this problem fulfils all
the assumptions in our main results. In Example 4.3, we apply one of our main results, i.e. Theorem 3.4, to
the following famous geometric problem: Given any two points on a Riemannian manifold, find the necessary
conditions of a locally shortest curve connecting these two points. We conclude that this curve must be a geodesic
and satisfies the second variation of energy, which is consistent with the corresponding results in Riemannian
geometry (see [33], p. 159). However, the Legendre-type second order optimality condition in ([3], Thm. 20.16,
p. 317) becomes trivial for the same problem (see Rem. 4.4 for more detailed analysis).

Though geometric control theory is a huge subject and there exist many works on control theory wvia differ-
ential geometry, it seems to us that the more delicate tool, i.e. Riemannian geometry, has rarely been used to
the study of ordinary differential equation control problems. As far as we know, this work is the first one which
links explicitly the curvature tensor of the manifold to the optimality conditions. It seems to us that this may
stimulate further work employing Riemannian geometry to the study of control problems.

The rest of this paper is organized as follows. In Section 2, for the reader’s convenience we recall first some
basic notions and results on Riemannian manifolds, and also we show two lemmas which will be useful later.
The main results of this paper are stated in Section 3. In Section 4, we give the above mentioned two examples.
In Section 5, we obtain the first and second order variations of a trajectory of the system (1.1), by means of
two classes of variation techniques, i.e. the needle variation and the classical variation. Section 6 is devoted to
proving our main results in this work.

One of the main results in this paper, i.e. Theorem 3.1, has been announced in [11] without proof.

2. SOME PRELIMINARIES

2.1. Exponential map

For this part, we refer the readers to ([14], Chap. 3) and ([38], Chap. 3).
A differentiable curve v(t) on M with t € [0, «) (for some a > 0) is called a geodesic if it satisfies

v"/(t)'.y(ﬂ =0, tel0,a). (2.1)

Let € M be fixed. For any v € T,,M, there exists a unique geodesic 7,(-) satisfying that +,(0) = = and
A»(0) = v. Let [0, ¢,) be the maximal interval on which ~,(-) is defined. Let O, C T M be the set of vectors v
such that ¢, > 1. Then one can define the exponential map as follows

exp, : Op — M, exp,v=,(1).
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It can be shown that O, is a neighborhood of the origin O € T, M, and exp, maps straight line segments in
T, M passing through the origin O € T, M to geodesic segments in M passing through x. For any v € T, M, the
differential of exp, at v is a linear map, denoted by

dexp, o1 TyToM — Texp, oM, (2.2)

where T, T, M denotes the tangent space of the manifold 7, M at the point v € T,, M.
Given an € > 0, write

B(O,e) ={veT,M; |v|<e} and B,(e) ={y € M; p(z,y) < €}. (2.3)

We call i(z) = sup{e > 0; the map exp, : B(O,€) — By(e) is diffeomorphic} the injectivity radius at the point
z (e.g. [33], p. 142).

We list the following properties of the exponential map, which can be found in many books on Riemannian
geometry (e.g. the proof of [14], Prop. 2.9, p. 65).

Lemma 2.1. For any x € M, the map exp,, is a local diffeomorphism, whose differential at the origin O € T, M
satisfies

dexp, |0 =dexp, | = the identity operator on T, M. (2.4)
X

Furthermore, for any y € M with p(x,y) < i(x), there exists a unique shortest piecewise smooth curve which is
also a geodesic in M, connecting x and y.

2.2. Parallel translation and tensors

For the details of this part, we refer the readers to ([24], Chaps. I and IIT), ([33], Chap. 2), ([38], Chap. 1)
and ([20], Chap. 1).
For any x € M and r,s € IN, a multilinear map

F: TXrMx-- - xToMxXT,Mx---xT,M— IR

r times s times

is called a tensor of order (r,s) at x. Denote by 7. (z) the tensor space of type (r,s) at z. A tensor field T of
type (r,s) on M is a smooth assignment of a tensor T (x) € T7(x) to each point x of M. The norm of T at
x € M is defined as follows:

‘T(I’” = sup {T(I)(Yla'"aYT'a)\la"'a)‘s); }/j € T;M7)\l € TzM7
Y| <1, N <1Lj=1,...,rl=1,....s}, z€M. (2.5)

Denote by 7. (M) the set of all tensor fields of type (r,s) over M.
Let v : [0,¢] = M be a differentiable curve with v(0) =2 € M, v(¢) =y € M and ¢ > 0. Given a vector
v € T, M, there exists a unique vector field X along v satisfying

VA-/(S)X =0, Vse [O,ﬂ, X(O) = .

The mapping T, M > v — X (y(¢¥)) € T,M is a linear isometry between T, M and T,M. We call this map the
parallel translation along the curve v, and denote it by L7, v. The parallel translation along the curve v enjoys
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the following property:
(L3, X1, L7, X2) = (X1, Xa), vV X1, Xo € T, M. (2.6)

For any n € Ty M, we define L7, n € T;M by LY, n(X) =n((L},)” "' X) for any X € T,,M. One can extend the
parallel translation of a vector at € M along the curve «y to a tensor 7 € T (x) by

L3, T 01y 00,1, M) = T((Lly)flvl, cel, (L;fy)flvr, (Lzy)flm, cee (Lzy)flns),
for all vy,...,v, € TyM and m,...,ns € TyM. From the above formula, one can get
T(Uh vy Up,y nla LU ans) = L’xny(L;’Eyyvla «. 7L’xyyv7‘7 L’wyynh ... 7L1y7]5)7 (27)

for any vy,...,v, € T4 M and n1,...,ns € T, M. Especially, from (2.5), (2.6) and (2.7), it follows that
(X[ = L3, X], [N =ILIAl, VXeTM, XeT;M. (2.8)

In particular, if p(z,y) < min{i(z),i(y)}, according to Lemma 2.1, there is a unique shortest geodesic ~
connecting r and y. In this case, we use L, instead of L7, for abbreviation.

Let T be a tensor field. Take any v € T, M. Let v be a smooth curve such that v(0) = z and 4(0) = v. Then
the covariant derivative of a tensor field (in terms of parallel translation) is defined as follows (see [20], p. 42):

Vol = lim % (L0 TOW) = T@)). (2.9)

Denote by VT the covariant differential of 7, which is a tensor field of order (r, s+ 1), and is defined by (see
[24], p. 124)

VT (Y1, Yo M, A, Z2) = VT (Ve Y AL, M), (2.10)

forall Yq,...,Y, € T*M and Ay,..., s, Z € TM. Applying ([24], Prop. 2.7, p. 123 and Prop. 2.10, p. 124), one
can get the following property: for each Z € T'M, one has

VZT(Yla"'ax“a)\la"'a)\s) :Z<T(Yla"'ayra)\la"w)\s)) 7T(valaYQa"'ama)\la"w)‘S)

e = T (Y0, VY A A = T (Ve o Y VA Agy oy M) — o
T (Y1, Yo M, V2N, YV, Y €T M, A, ..., A\, € TM. (2.11)

In particular, a smooth function f € C°°(M) is a tensor of order (0,0). V2f is a tensor of order (0,2). We
call this tensor the Hessian of the function f, which is a symmetric tensor, and can be computed by

V2 f(@)(X,Y) =Y (@)(Xf) = (VymX)f, x€M, X,Y € TM. (2.12)

For a smooth function h: M x M — IR of two arguments, we denote by V,;h the covariant derivative of h with
respect to the ith argument with ¢ = 1,2, d.e. for X € TM and (x1,22) € M x M,

<V¢h($1,l‘2),X($i)> = X($i)h($1,$2). (213)
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Moreover, we define higher order derivatives of h as follows: for i,j = 1,2, i # j, any (x1,22) € M x M and
XY, ZeTM,

ViVh(ay, 22)(X,Y) = Y(m»(X(xj)(h(xl,wz))) = Y (@) (V;h(z1,22), X (x,)));

AV ch(z,22)(X,Y) =Y () X(x:)h xl,xg)) = Vy @) Xh(x1,22);

ViVl 22)(X,Y, Z) = Vi (X (2;), Vh(z1, 22))(Y, Z);

ViV2h(z1,22)(X,Y, 2) = Z l)(vjh(fﬂhl‘g)(X, Y)). (2.14)

Let us recall the definition of the product of tensors (see [24], p. 22):
TOK=X19 20X, 0Y1®  QY,0w Q@ Qu,®m & Qng € T,/ F(M), (2.15)

where 7T = X1 @ @ X, Qui®@ - Quws €T/ (M),K=Y1® - QY,@m® - -®@n, € TP(M) and r,s,p,q € IN.
For any 4, j € IN, denote by £% the contraction of the ith contravariant index and the jth covariant index, which

is a linear mapping from 7. (M) to T, *(M) with 1 <i <7 and 1 < j < s, and is defined by (see [20], p. 17)

gij(X1®"’®Xr®w1®"'®ws):w]'(XZ')X1®"~®Xi71®XZ-+1®...®XT
QW @+ Qwj—1 QWjt1 Q- Q ws, (2.16)

for all Xq,..., X, € TM and wq,...,ws € T*M.

2.3. Two useful lemmas

We begin with the following technical result (in which, (2.18)—(2.19) and the first equality in (2.17) can be
found in [12]).

Lemma 2.2. For any x,y € M with p(x,y) < min{i(z),i(y)}, X, X1,Xo € T,M andY € T,M, it holds that

lexp, ty| = [exp, b a| = p(e,y), VL X =0, (2.17)
Vip(z,y) = —2exp, 'y, Vap?(z,y) = =2 exp;1 T, (2.18)
Lyyexp,ly=— exp;1 x, Lyydip? (2, y) = —d1p*(y, ), (2.19)
ViVap?(z,y)(Y, X) = =2(dexp,* [, X, Y), (2.20)
(dexp,* yY, X) = (dexp,’ zX, Y), (2.21)
ViVap?(z,y)(Y, X) = =Vip*(2,y)(Ly Y, X) = (Vip?(2,9), Vx L, Y), (2.22)
V202 (x, ) (X1, X2) = Vap?(z,2) (X1, X2) = 2(X1, X2), (2.23)
ViVip*(z,x) = ViV;p*(z,2) = Vip*(z, ) =0, i,j=1,2, i}, (2.24)

where the notions V1Vap?, V2V ;p? and V,-V§p2 with i,j = 1,2 and i # j are defined in (2.14), Vip* is the
Hessian of p* with respect to the ith argument, V3 p? is the covariant derivative of the Hessian V3 p*(z,x) with
respect to the ith argument (see (2.10)), and d; stands for the exterior derivative of a function on M x M with
respect to the ith argument for i =1,2.
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20)—(2.24).

Proof. We only prove the second equality in (2.17), and (2
(0) = X;. Then, 7, is the shortest geodesic connecting
)

Let 1 be a radial geodesic satisfying v1(0) = x and

~1(s) and z, provided that s > 0 is small enough. By (2.9), we have

1
Vi, Lo X = lim — (L2 Lo (9 X = X) =0,

s—0t S

which gives the second equality of (2.17).
Let v and S be the curves satisfying

10) =2, 4(0) =X, B0 =y, HO)=Y. (2.25)
By (2.14) and noting (2.18), we have

0 0 0

V1220 )Y X) = o 2 g2 0(0), 5o = g (V20°((0). BO)), BN
= —2%<exp;1 ~7(6),Y) o = —2(dexp, " [,X,Y),

which implies (2.20). Based on the above identity, (2.18), (2.19) and (2.6), we have

9 .
ViV20? (0,9)(Y. X) = =25 (L o0y exp;, 1(0), Lyno)Y)|

7]
55 V192 (1(0),9). Loy )]

= _<VXv1p2(ay)7Ly1Y> - <V1p2(x,y),VXLyY>,

6=0

which, together with (2.10), implies (2.22).
To prove (2.21), we recall (2.25) and the definition of the differential of a differentiable map, apply (2.18)
and get

exp; | ¥.) = (dexp; | 5(0).X) = (e 50| )
RV TN

= 230 (20 87))

=0 - 5 or 80p 9:7’:0.

Similarly, we get (dexp, ! LX, Y) = —%@%pQ('y(Q),ﬁ(T))‘g . These two equalities imply (2.21).

or e
To prove (2.23), we choose the normal coordinates {z1,...,2,} at x such that

0 0 0
<8xi @), %j(z» = % vaii @) gz ; =0 (2.26)

for i,5 = 1,...,n. From the above property, we can further deduce that

0

— =0 2.27
o] ) =0, (227)
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with g (-) = <82k( ), 22-(-)), where i,k,l =1,...,n. By some computation in this system of local coordinates,

) Ox
we obtain (2.23).
Then we go to the proof of (2.24). For any y which is sufficiently close to « and any vector field F, recalling
(2.14), we have

ViVap? (4, 2)(F, ) = V3 (Vap* (3, 2)()) () = V3 (V1o (4,2) Ly F) ) -,

where we have used (2.7), (2.18) and (2.19). Let us compute the right hand side of the above identity in
local coordinates. By the property of the normal coordinates {z1,...,z,}, we have p(z,y) = |exp; ' y|? =
>, 2?(y). For any 2 which is sufficiently close to z, denote

LoF =Y alz) 5 (0) (229)

i=1
where a;(z,y) is a function depending on z and y. Then,

n

V10%(9,2) (Lay F) = Lay F(p*(,0)) = 3 aj<m,y>£<y><x?<->> =23 ail,y)aily)
J i=1

4,j=1

For any vector fields X;(-) = >_i_; XF(-) 3% () with j = 1,2, noting (2.12), (2.19) and (2.26), we obtain that

2 2 F X, X)=-2 Xk e ().
ViVap(z,x)(F, X1, X3) kzzm: 1 2 ( 5$k8xl x(a (z, )z ())
We claim that
X’c (2, )z () = 0. 0o
k lzm,:zl 2 axkaxl (a ,(‘I, )SU ( )) 0 ( 9)

9
al'k T

0

N 0
n(w) = 3 g, (o daen)) = 52

(La-F, 5—())

T 8a:m

where k = 1,...,n. By the second equality of (2.17), we have 82 am( -) = 0, which implies V2V, p?(z, ) = 0.

Using the same method, we can show that VoV3p?(z,z) = 0, V1V2p (z,7) = 0 and V3V1p?(x,z) = 0. We now
prove that V$p?(x,z) = 0. For this purpose, we take any y(€ M) which is sufﬁmently close to z. For any

Y eT,M and j,k=1,...,n, letting —aik (x) act on both sides of (2.22) with X = -2, we obtain that
0 0 g 0 0
2 2 Y. 7v3 2 ’j/’ Y7 V Y
1;2/) (‘T,y)( ’81‘]'781‘]@) 1P (xay)(Ly 8 ) ( )( 8 L a )

"0
_\72 2 8 _ 2 )
Vip*(z,y) (viLy-Y (Vip (m,y)NLVLL Y),
T EED

EE
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where we have used (2.11) and (2.26). Letting y approach to z, and using (2.17), (2.18) and V3Vap?(z,z) = 0,
we conclude that V3p?(z, ) = 0. Similarly, we can get V3p?(z, ) = 0 in the same way. O

Denote by [X,Y] = XY — Y X the Lie bracket of vector fields X and Y. Denote by R the curvature tensor (of
(M, g)), which is a correspondence that associates to every pair X,Y € TM a mapping R(X,Y) : TM — TM
given by

R(X,Y)Z =VxVyZ —-VyVxZ— Vixy1% VZeTM.
We write
R(X,Y,Z, W) =(R(X,Y)Z,W), VX,Y,Z, W eTM.

For any z € M and X (x),Y (x) € T, M with X (z) |J Y (z), the sectional curvature sec(X (z),Y (z)) (of the plane
spanned by X (z) and Y (z)) is given by

R(X,Y,Y, X)(x)

sec(X (), Y (z)) = X AY@)E (2.30)
The following result will play a key role in the sequel.
Lemma 2.3. Let X,V,F € TM. Then, for any x € M, it holds that!
Vo (Al Lo F@)V()) = SROXV)F() (231)
Vivip(z,2) (X, F,V,V) + VaVip*(z,z)(X, F,V,V) = 2R(X, V, F, V) (). (2.32)

Proof. We will prove (2.31) and (2.32) by means of suitable local coordinates. Let {z1,...,z,} be the nor-
mal coordinates in a neighborhood O C M around =z, which satisfies (2.26) and (2.27). Denote by (gi;)(-) =
((%, %)()) and Fz@ (i,4,k =1,...,n) the metric matrix and the Christoffel symbols, respectively. Take any
m,j € {1,...,n}. Let x;(-) be the coordinate curve such that a%j(;zc) = ;(0) (see [14], p. 8). Recalling (2.13),

(2.28) and the definition of the differential of a differentiable map, for any y € O, we have

Ao (Lay F'(2))

aij( z) = aas‘ oy F(5(3)) = ij<v1al(a: v), 88 (a )>ai( ):

=1

where Vja;(+,-) (withl=1,2 and i =1,...,n) is defined in (2.13). Then, recalling (2.26) and (2.14), we have

0 o 0 0
L. F ; 2.
V gt (e Lo Fo ), 0) = ZV?V” (= x)(axj axm> 5; ") (23%)
Clearly, to obtain (2.31), we need to compute VaVia;(x, x) (62 , azm) for i ], =1,...,n. To this end, we

first show some properties of short geodesics. Given z,y € O, write V = exp; 'y and ,,(s) = exp, sV with

IThe left hand side of (2.31) is defined as follows: for y € M closing enough to z, we view L.y F(-) : By (i(x)) — TyM as a map,
where By (i(2)) is defined in (2.3). The differential of L., I(-) at z is a linear map, denoted by dz (Lay F'(2)) : ToM — Ty, r(s)TyM
where T, p(2)TyM is isomorphic to Ty M. Therefore, we have dz(Lgy F(x))V (x) € Ty M. Letting y vary around x, we get a vector
field dz(Ls. F(z))V(x) around z. Hence, Vx(4) <dI(L1F(x))V(a:)> is the covariant derivative of vector field du(Lz.F(z))V (x)
relative to X ().
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€ [0,1]. Then, 7,,(-) is the shortest geodesic connecting z and y, and satisfies 7,,(0) = 2z, 7,,(1) = y and
42y(0) = exp; ' y. We assume that the local expression of v,,(s) with s € [0,1] in the system of coordinates
(O,x1,...,2,) is as follows:

(Y2 (8)s - 372, (9)).

Then, ¥,y(s) = 37, 42,(8) 5% (v2y(s)). In particular, by Lemma 2.2, recalling the definition of a geodesic and
using the local expression of 7.,(-), we have

. SNy B . _ 1 1
’y,zy(]-) = szy(l)%(y) = Lzy'Yzy(O) = Lzy eXp, ! Y= _§Lzyvlp2(z7y) = §V2p2(zay)» (234)

which implies that fyzy( ) with ¢ =1,...,n are determined by the endpoints of geodesic 7., (-). Thus, we may
view 31,(1),..., §%,(1) as functions of the first argument z and the second argument y.
We claim that (recall (2.13) and (2.14) for the notations)

. 0 , 0
\J _— = C \J _ = — C
(Vi (1), 5 ) =85 o), (V33 (1), 5= (@)) = =55 + o(0), (2.35)
ViVail, (1) = o(1), V3i2,(1) = o(1), (2.36)
for (,j = 1,...,n, where 5§ is the usual Kronecker symbol, o(1) is a tensor of suitable order satisfying

limy,_,; 0(1) = 0. Indeed, for any j =1,...,n, it follows from (2.34) that

%<V2p2(z,y > i(vzy ({MZ )C?ij(y)>- (2.37)

=1

Letting =2-(y) act on the above identity, by (2.11), we get
Ox¢

1y, 0 0N 1 )
3 Vap (Z’y)(87787> + §<V2P (Z,y)7V%(y)ach>

Tj 0x¢

. y o d
= - <<V2’Yzy(1)a 67((2/»91](1/) + ’y,zy(l)aixc(y)gij)' (2.38)

According to (2.17), (2.18), (2.23), (2.24), (2.26), (2.27) and the fact that
4i.(1)=0, i=1,...,n, (2.39)

we obtain the first identity of (2.35) by letting z = x in (2.38). In a similar way, we obtain the second identity
of (2.35) by letting B%<(Z) act on (2.37) at z =2 with ( =1,...,n. For m = 1,...,n, letting xm( z) act on
(2.38), via (2.11), we get

o o0 0

1
*V1V§P2(zay)(67» Txg’ D

1 , PR
(Z)> +5ViVaep (2,9) (Vagg( Py %(20
0

= 3 (a9, 0 (o 0 5 1)) + {913, 00, 5 1) 5 )

i=1
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By Lemma 2.2, (2.26), (2.27) and (2.35), we obtain the first equality of (2.36) by taking z = x in the above
identity. Similarly, we obtain the second equality of (2.36) by letting %(y) (m=1,...,n) act on (2.38) with
z=z.

Recalling the definition of parallel translation and (2.28), for any s € [0, 1], we have

d P
0= Vs, (L F(z) = D 4L, (5)V o mzy(s))(ac(z’ ')574)
i,(=1

= Z (va <V2ac(z Ten(s))s ) + Z L4 (9)an (2 Ty DT (120(9)) 7= O 5))
which indicates that

Z%y <V2a< z,9),

> Z%v anzyF(y) 0, (=1,...,n.

,m=1

Letting %(y) act on both sides of the above identity, via (2.11), we obtain that

S (V2 0, o)) {Vatc( ), o)) + 3, () 30c(200) (5 5 )

i=1

#,(0(T0co0), gy )) + D (938, (0 e )Y )5 )

i,n=1
458, (0(Vaay (21 50— ) )05 ) + 3 (a2 ) 50— ()T5) = 0. (2.40)
Letting a%j(z) act on the above identity at z = z, we get
- o 0 - ¥ 0 0
D (it (U, g ) Viaclo ) (50 5,) + 30 (Vo (0, 50 Jane ) 5= 0T
i=1 m in=1 m
0 0 0
+) ((Vadny (1), 55— @) V1iVaac(2,y) (5 (), 5 —(2) ) +o(1) =0,
2( 21 O, Pyt (8@ dz; )

where we have used (2.11), (2.14), (2.26), (2.27), (2.36) and (2.39). Letting y approach to x, we obtain

9 (), aij(x)) - V%ag(%m)( a‘; 8xm) Zan (z, ) )rfn, (2.41)

V1V2a<(x,x)(axm 2

where we have used (2.35). For j =1,...,n, letting %(y) act on (2.40) with z = z, we get
)

> (Vo200 W) (i ) + {72150 53,00 o) (5 )

i=1 J

3 (it 00 5 0 o) 0+ (Vi (1), 5 ) )52 )T +o01) = .

i,m=1
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where we have used (2.11), (2.14), (2.26), (2.27), (2.36) and (2.39). Letting y approach to x, we obtain

V%ag(x,x)(%7 8?3]) +V2a<(a: m)(aa 4 )—i—Zan z,T (ai]( )FC + ﬁ( )chn) =0,

8Zm axm

where we have used (2.35). Since V3a,(z,z) is the Hessian of the function a,(z,-) with respect to the second
argument at x, it is a symmetric tensor of order (0,2). Therefore, we have

V%ag(x,x)(ai 8xm> Zan (x,x ( )FC 82” (x)]”fn). (2.42)

Recalling (2.33) and inserting the above identity into (2.41), we can get (2.31) with X = T and V = az

where we have used the expression of the curvature tensor in local coordinates (see [33], p. 41), the property of
the curvature tensor (see [33], p. 33), (2.26), and the definition of a;(x,z) with j = 1,...,n. It is easy to check
that Vx (s (dx(LxF(x))V(mD with X,V € TM is multi-linear with respect to X and V. Thus, the proof of

(2.31) is completed.
To obtain (2.32), for any y € O, we apply (2.22) and get

V10 o) (FO). 51-0)) = =i @) (L F ). 5-@)) = (T2, 7 (e F0)) ).

Letting %(y) (1 <k < n) act on the above identity, via (2.11), we can get

9] 0 0
V1Vip*(z,y) (F(y)v Txk(y)a 871‘](96)) + V1Vap?(2,) (V%(y)ﬂ 871‘](96))

900 (Lo F0). 5 (00, 5 0) + V3070 0) (4L F ) 500, 5 ()

e
= VTP (Vo B PO, 5 ) = (T120:0).V o (L P >>8i< ).

Moreover, letting 8%k_(y) act on the above identity, as y approaches to x, we can get

o o0 0

3 2
ViVap (xw)( " Oxy Oz Oz ;

7 )+ ViVapt(@,2) (Vo )V o aij(x))

VIR 00) (P o s o)+ V3000 (4 (4 e F ) ) s )y )
= -2V,¥1,0) (V0 0 (dy(Ly-F<y))y:xa%<@)va%(x))» (243)

where (2.17), (2.18) and (2.24) are used.
We claim that

ViV (@.0) (V0 )V o P g (@) + V0 @,0) (4 (4 (L F0) 5= (0)) 5l 5 (@) = 0. (244
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In fact, by (2.28), we may rewrite F(y) as F(y) = Ly, F(y) = Zzzl an(y7y)6%(y), and compute V_a_,)F" as
n T
follows:

n

Ve = 3 (Vs 5 ) + (Vo) 5 0)) ) + 3 ), 5 )

n=1 n,¢=1

Applying Lemma 2.2, and by (2.26) and (2.27), we have

va%(y)v F = z”: (Vﬂln YY) (aik aik) +2V1V2an(y,y)(ai%,aim) +V§an(y,y)(aixk, aik))ain( )

n=

=

0

. [

# 32 o) 0T 5 )+ 000, (2.45)
where ;gr; o(1) = 0. On the other hand, to figure out y< (LyaF'(Y)) 54 (y)) %(y) with y closing to z, we
choose a geodesic y(+) on M satisfying v(0) = y and 4(0) = —( ). Then,

4,(Lya (1) 2 Z @)= Y (Viatno) 2 ) (@)
yx (9l‘k 88 7 v 1\ ) 63% 6$z ’
and
0 0 5}
(4 (Le F0)) () ) = 5] Z (V1ai(9).2). 5-(1(5)) ) 5.~ ()
0 0 0
- Zvlaz v.2) (5~ ) az(w) G @ o) (246)

Inserting (2.46) and (2.45) (with y approaching to z) into the left hand side of (2.44), via Lemma 2.2, (2.41)
and (2.42), we get (2.44).

Inserting (2.44) into (2.43), via Lemma 2.2 and (2.31), we can get (2.32) with X = 2= and V = ;2. It is easy
to check that V3V p%(z,z)(X, F,V,W), V3V3p?(z,2)(X, F,V,W) and R(X,V, F, W)( ) with X, F, V, W eTM
are multi-linear with respect to X, F,V and W. Hence, the desired identity (2.32) follows. O]

In particular, when M is a two dimensional Riemannian manifold, we can employ Gauss-Bonnet theorem to
prove (2.31).

Lemma 2.4. Assume that M is a two dimensional Riemannian manifold. Let X, V,F € TM. Then, for any
x € M, it holds that

Vo (oL F@)V(@)) = gk () ((F (), Vi @)X () — (F (), X@) Vi @), (2.47)

where k(x) is the Gaussian curvature of M at the point x, and Vit (x) is given by

Vi(2) = {”x) — (V@) FEO RS i X(@) £0,
V(z), if X(z)=0.
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X
Ly, (5 F (y2(5))

FIGURE 1. Parallel translations along different curves.

Remark 2.5. Assume that M is a two dimensional Riemannian manifold. If XY € T M are orthonormal at
some point € M, then one has k(z) = sec(X(x),Y (z)). Applying this relation and formula (2.30), one can
easily check that (2.47) is consistent with (2.31).

Proof of Lemma 2.4. If X(z) =0 or V(z) =0, (2.47) holds obviously.

If X(x)#0, V(z)#0and V() #0, set eg = % and es = \%Eii\ Let us compute V., (d;L,. F(x)es)

firstly. Set v;(s) = exp,(se;) with s > 0 and ¢ = 1,2. For any y € M closing enough to z, by the definition of
the differential of a map, we have

d
& ‘OL'YQ (G)yF(IYZ(S))

de(Lay F(z))e2 = do(Lay F(2))72(0) =
Using the definition of the covariant derivative in the sense of parallel translation (2.9) and the above identity,
we see that

Ve, (dy(Le.F(z))e2) = lim 1(L,Yl(T)zdz(Lml(T)F(a:))eg —dgg(LmF(x))eg)

T—=0t T

= lim L (Lw)x (Loaormn FO2()) = Lagy(n F(@)) = (LyuoyeP(2(5)) - F(sc)))

. 1
= lim 7(L"/l(T)CEL’YQ(S)’Y;[(’T)F(’Y2(8)) - L’Yz(s)xF(ryQ(s))) (248)

7,8—01t TS

It is well known that the parallel translation of a vector along a curve conserves its norm and the angle between
this vector and the curve. We will use this property to compute

Loy (1ya L () (m) F(2(8)) = Loy ()2 F (72(5))-

Let v(-) be the shortest geodesic connecting v1(7) and ~2(s) with ¥(0) = v2(s) and (1) = v1(7). Denote by
Ag; the domain inside the geodesic triangle with vertexes v1(7), 72(s) and x. The above formula represents
the difference of parallel translations of F(v2(s)) along different curves. For more intuitive meaning, we refer to
Figure 1.

For s > 0, denote by ((s) the angle between F(v2(s)) and 42(s). Then, the angle between L., 5, F(72(s))
and 42(0) = e is 3(s), while the angle between L., (s, F (72(s)) and ey is § — B(s). Therefore,

Ly F(v2(8)) = [F(72(s))] (COS (g - ﬁ(S))el + cos B(s)ez). (2.49)

Denote the internal angles of the geodesic triangle Ay, at the points v1(7) and v2(s) by ay and asg, respec-
tively. The angle between F(v2(s)) and 4(0) is 7 — aa — (s), so is the angle between L., (), ()£ (72(5))
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and (1). Then, the angle between L., s, ) F(72(s)) and 41(7) is as + a1 + B(s) — m. Thus, the angle
between L., (7)x Loy, (s)y, () F(72(s)) and §1(0) = ey is ag + a1 + B(s) — 7. Consequently, the angle between
Loy, (e Ly (s)y () F(72(5)) and ez is a1 + o + B(s) — F, due to the fact that e; is perpendicular to ez. Therefore,

Loy, (1) Ly ()71 (1) F(72(8)) = | F(72(5))] (cos(al + ag + B(s) — ey + cos (al +as+ B(s) — g>€2>. (2.50)

The Gauss-Bonnet formula (Ref. [13], p. 274) gives

a1+a2:// de-l—g,
AST

where dA is the Riemannian volume element. By using (2.49), (2.50), the above identity and Taylor’s theorem,
we have

Loy ey Era(oyn () F02(5)) = Loy F(12(5)) = [F(a(s))| / / kdA( cos B(s)er — sin B(s)es )

// de (2.51)

We choose {s,7} as the normal coordinates at the point z. When s and 7 are small enough, the area of A,

denoted by A(AST), is given by
A(As'r) - /s<expzl'7< ) 61>d£.
0 s/’

Set v(s,7) = exp,;l(s) 71(7). Then, 7(¢) = exp,, () (Cv(s, 7)) with ¢ € [0,1] and

. 1 I B —1 £ —1
s,llg%w ;A(Asr) = 81_1>17(1)1+ 5/0 <dexpx expey £0(5:0) odexp.,, %U(Sﬁo);(dexp%(s) 161),61>d5
c=¢/ !
=¢/s .. “1 —1
o sl—lb%l+ 0 <d Py exXp., (s) ¢v(s,0) ° dexp’w(s) Cv(s}O)C(d eXp'Y2 (s) m@l), 61>d<
_ 1
27

where we have used Lemma 2.1 and the L’Hopital’s rule. Recalling (2.48) and (2.51), we have

Ve, (dg Ly F(z)e2) = Sli%m0+ ;A(A )<|F Ya(s |// de COSB( Jeq — cos (* —B(s ))€2> —l—o(// de))

Asr

= %k(x)|F(x)|(cos B(0)e; — cos (g - 5(0))62)

%k(x)«F(x) |x‘?i|>|X| <F( ) |X>“2<i)

which implies (2.47).
If X #£0,V #0and Vi =0, V is parallel to X. Similar to (2.48), we can get V., (d, L. F(z)e;) = 0, which
implies Vx(dyL,. F(z)V) = 0. The proof of Lemma 2.4 is complete. O
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Remark 2.6. If X (x) = e; and V(x) = ey are orthonormal, the left hand side of (2.31) characterizes the limiting
case of parallel translations of vector field F' along different curves. More precisely, by setting 7;(s) = exp, (se;)
with s > 0 and ¢ = 1,2, we can get (2.48). The geometric meaning is explained in Figure 1.

3. STATEMENT OF THE MAIN RESULTS

We begin with the following assumptions (actually, as we shall see later, for our Problem I, we only need
the assumptions (C1) and (C2) below):

(C1) The maps f(= f(t,x,u)) : [0,T] x M x U — TM and f°(= fO(t,z,u)) : [0,7] x M x U — IR are
measurable in ¢, continuous in u, and C' in z. Moreover, there exists a constant L > 1 such that,

|f0(s,z1,u) - fO(S,.Z‘Q,u)| < Lp(thQ)v
|L$1$2f(8’x17u) - f(S)anu” S L,O(l'l,l'g),
[fO(s, w0, u)| < L, |f(s,m0,u)| < L, (3.1)

for all s € [0,T), u € U, and x1,29 € M with p(z1,22) < min{i(x;1),i(x2)}, where zo € M is arbitrarily
fixed.
(C2) The maps f(t,x,u) and fO(t,2,u) are C? in . Furthermore,

‘wao(tvxlau) - Lwalvxfo(t,.’L'Q,u)‘ S Lp(xla 3’32),
|Vaof(t,z1,u) — Lyye, Vo f(t, 22, u)| < Lp(z1, 22), (3.2)

for all x1,29 € M with p(z1,22) < min{i(z1),i(x2)} and (t,u) € [0,T] x U, where V. f(s,-,u) and
V.f%(s,-,u) are the covariant derivatives of f(s,-,u) and f9(s,-,u) with respect to the state variable,
and their norms are given by (2.5).

(C3) U C IR™ is open. The maps f(t,z,u) and fO(¢t,x,u) are C? in (z,u). Furthermore,

IfO(t, z,ur) — fO>t, 2, us)| < Lluy — usl,

|f(t, 2, ur) — f(t,2,u2)] < Lluy — usl,

IVufO(t, z,uy) — VfO(t, z,us)| < Lluy — us,

[Vuf(t,x,u1) — Vo f(t,2,u2)| < Llug — usl,

Vo fO(t, x,uy) — Vo £t z,u2)| < Llug — s,

IVaf(t,z,u1) = Vo f(t, z,u2)| < Llur — uaf, (3.3)

for all uy,us € U and (t,z) € [0,7] x M, where V,, f(s,z,-) and V, f°(s, z, ) are the derivatives of f(s,z,")
and fO(s,x,-) with respect to the control variable.

In this paper, for X € TM (or X € T*M), we denote by X the dual covector (vector) of X. Denote by
HY :[0,T] x T*M x U — IR the Hamiltonian function, defined by

HY(t,z,p,u) = p(f(t,z,u) +vfo(t,x,u), Y (tz,pu,v)€[0,T]xT*M xU x R, (3.4)
with R~ = (—00,0]. In particular, when v = —1, we denote by
H=H"" (3.5)

for abbreviation.
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In this section, we fix a control @(-) € Uyq, where U,q is given in (1.3). Let g(-) be the solution to (1.1)
associated to u(-). For abbreviation, we denote

[ = (Lg(t),a(t), ¥te0.T]. (3.6)

Suppose that 1(t) € Tg( t)M is the solution to the following first order dual equation?:

Vit = ~Vaof (@), ) — vdofOlt], ae.te0,T),
1/1(T) =1

with d, f° denoting the exterior derivative of f° with respect to the state variable z, and V,f[t]((t),") (t €
[0,T]) being a tensor given by

VoS (0, X)) = Vxgon FE ) @), VX e TM.

3.1. Optimality conditions for systems without endpoint constraints
Let 1(-) be the solution to (3.7) with ¥ = —1 and ¢ = 0. Recalling (3.5), we put

U(t) ={ueU; H(tg(t),v(t),u(t)) = H(t,§(t),(t),w)}, te0,T],
Let w(t) € T (y(t)) with ¢t € [0, 7], and satisfy the following equation
Vimw + E2 (sz[t] ® w(t)) + &£12 (w(t) ® sz[t])

+ViH(t7 Zj(t)a 1/J(f), ﬂ(t)) - R(l&(t), ) f[t]7 ) = O? te [07 T)7 (3'8)

where £12 is defined in (2.16), the tensor R(z/;(t)7 - [t ) is given by

R((0),-, f1],-)(X,Y) = R(0(), X, J[,Y), VX, € T,
and the tensor V2 H (¢, §(t), ¥ (t), u(t)) is given by
VIH(t,5(t), (@), u(t)(X,Y) = VI f[t]((1), X,Y) = VI fP[(X,Y), VXY eTM.
Recalling the tensor contraction map in Section 2.2, we introduce two tensors @(t) € T2 ((t)) and &4 (t) €

T2X((t)) with ¢ € [0, T], which solve the following equations respectively

{vw)@ =& (VoS0 @@), te (0.7 59

P0)(X,Y)=(X,Y), VXY € T;OM,
2Qur first order dual equation (3.7) which contains the Levi-Civita connection V, is the same as the dual equation (12.30) in

([3], p- 168), if they are re-written in the local coordinates. Nevertheless, the explicit form (3.7) is convenient for us to derive further
the second order necessary condition for optimal controls by introducing a suitable second order dual equation (i.e. (3.8) below).
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and

{V o= —€2 (20 @ V), e 0.T) (3.10)

@1 (0)(X,Y) = (X,Y), VX,Y €T, M.

Our second order necessary conditions for optimal controls without endpoint constraints are stated as follows.

Theorem 3.1. Assume that the assumptions (C1) and (C2) hold, and (U,d) is a separable metric space. Let
((-),a(-)) be an optimal pair for Problem I. Then,

H(t,5(t), ¥(¢), a(t)) = max H(t, y(t), (1), u),  a.e. t €[0,T], (3.11)

where Y(-) is the solution to the first order dual equation (3.7) with v = —1 and ¥ = 0. Furthermore, for any
u(+) € Upg with u(t) € U(t), a.e. t € 0,T), it holds that

/O ' Ot {<V1H (t,5(1), (1), u(t)) - V$H(t,gj(t),w(t),ﬂ(t)),521(521 (@(t) © L) By (S))

LI o (s, 9s),u(s)) — 713D) ) + 5 (wt) 4w ) (£ 500),ue)) — ft], €2 (€2 (2(0) & LIS
DLY o (F(5.5(5),u(s)) = f1s))) ) asat <0, (3.12)

Qg

defined by w' (t)(X,V) = w(t)(V,X) for any X,V € TypyM

where the 2-form w' (t) is the transpose of w(t),
LU),0(t), u) (with w € U) is given by

&2 s defined in (2.16), and the tensor V. H(t
Ve H(t,y(1),9(1),u)(X) = Vi f(,5(8), w) (1), X) — do fO(t,5(1),u)(X), VX € TM. (3.13)
Moreover, if U is a Polish space, then the following pointwise condition holds:

5 (w0 + w0 (51— £(09(0),0), 10— £ 50),0)) + (VB (50, 60),5(0)) — VH (1, 5(1), 0(0),v))
x (f[t] - f(t,gj(t),v)) <0, VYoeUt), ae tel0,T]. (3.14)

Remark 3.2. The explicit dependence of the second order dual variable w(-) (involved in equation (3.8)) on the
curvature tensor R(1, -, f,-) reveals that the second order necessary condition (3.14) depends on the curvature.
When M is IR™, the curvature is zero everywhere, and for this special case, Theorem 3.1 coincides with ([28],
Thm. 4.3).

Denote by d(-,-) the Ekeland metric over the admissible control space U,q, given by

d(ur (), u2()) = [{t € [0, Tl ua (t) # ua (D}, YV ua(-), ua(-) € Uaa-

It is well known that (Uyq, d) is a complete metric space.
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Our second order sufficient condition for locally optimal controls for Problem I is given as follows:

Theorem 3.3. Assume that (C1) and (C2) hold, and (U,d) is a separable metric space. If an admissible pair
(y(-),u(-)) for Problem I satisfies (3.11), and there exist an eg >0 and a B > 0 satisfying

/O ) Ot {<V1H (t,5(1), (1), u(t) - VIH(t,g(t),w(t),a(o),gﬂ(gm (@(t) © L) By (S))

LI o (s, 9),u(s)) — 713D) ) + 5 (w®) + w) ) (£ 500), ue)) — f], €2 (€2 (2(0) & LIS

(
DLY ) o (F(5.5(5),uls)) = fls])) ) st < —Bd(u(),a()% ¥ u() € Una with d(u(-),a()) < o, (3.15)

Qg
A~
Lo
<
~
o~
=
iy
—
[V
~
N—

then, one can find an €1 > 0 such that
J() = J@(),  Vol)eV=A{ul) €Uaa; d(u(-),u(-)) < e}

3.2. Optimality conditions for systems with endpoint constraints

Before stating the main results of this subsection, we introduce some more notations. Recalling (3.4), under
the assumptions (C2) and (C3), we introduce the following two tensors:

VIH" (t.2,p.0) (X,Y) = V2f(t,2,0) (0. X.Y) + vV, ) (X, V), (3.16)
VAV HY (40,00 () = (Va6 0) (0, X) 0 P2, 0) (X)) 7, (3.17)

for all (t,x,p,u,v) € [0,T] x T*M x U x IR~ and X,Y € TM and n € IR™.
Assume that the condition (C1) hold and (U, d) is a separable metric space. If (g(-),@(-)) is an optimal pair
for Problem II, then there exist a v < 0 and a ¢y € Ty M with [v[ + [¢1] > 0, such that the following

Pontryagin’s type maximum principle holds ([3], p. 181, Thm. 12.10):

HY (t,5(t),(t),u(t)) = I;leal)](H"(t,g(t),iﬁ(t),u), a.e. t€0,T], (3.18)

where the covector field (-) along g(-) solves (3.7). Moreover, when U C IR™ is open, and f and f° are C! in
u, it is easy to see that (3.18) implies that

B, ;
0 ﬁ(t)H”(t,z?(t),w(t),u) =0, ae. te[0,T]. (3.19)

For any £(-) € L*(0,T; R™), we denote by V(t) € TyyM (t € [0,T]) the solution to the following first order
variational equation:
V(0)=V(T)=0. '

Based on the above first order necessary condition, we give below a second order necessary condition for
optimal pairs of Problem II.

Theorem 3.4. Assume that the conditions (C1), (C2) and (C3) hold, and (y(-),u(-)) is an optimal pair for
Problem II. Assume that u(-) € L*(0,T;U), and for any neighborhood O of u(-) in L?(0,T; IR™), there exists a
v() € Vaa \{a(-)}) NO. If (v,101) is a unique pair (up to a positive factor) satisfying (3.19), then the following
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second order necessary condition holds:

(i) Ifv <0 (the normal case), then

T
/0 {ViH”(t §(t), o (), a()(§(t),§() + VIH" (£.3(t), ¥(1), a(t))(V (1), V(1))

+2V, VL HY (8, 5(1), (1), a(t))(V (1), () — R(¥(1), V (1), (1), V(t))}dt <0, (3.21)

for all £(-) € L*(0,T;IR™) and V (-) € Ty\M satisfying (3.20), where the tensors V2H" and V,V,H"
are given respectively by (3.16) and (3.17).
(ii) If v = 0 (the abnormal case), the left hand side of (3.21) is sign-definite on the following set:

T
{eoerormms [ {1y + e e —o

0
where V (-) € Ty)M solves (320)} (3.22)

Remark 3.5. In optimal control theory, usually one may use the needle variation technique to deduce a
pointwise necessary condition from the integral one, provided that the later still holds when needle variations
are used as control perturbations (e.g. the proof of [27], Thm. 1.6, pp. 150-158 for the first order case, and the
proof of [28], Thm. 4.3, p. 1455 for the second order case). However, in our case, (3.21) does not enjoy such a
property, due to the hard restriction (3.20). Hence, it seems quite difficult to derive a pointwise condition from
(3.21).

Our second order sufficient conditions for locally optimal controls for Problem II is stated as follows:
Theorem 3.6. Assume that the conditions (C1), (C2) and (C3) hold, and (§(-),u(:)) is an admissible pair for
Problem I1I satisfying (3.18) for some v <0 and ¢, € Ty M. If there exist a vo > 0 such that

32
ou?

( )H”(t,z?(t),lﬁ(t),u)(v,v) < —lvl?, YveR™, ae tel0,T],
u(t

and a vy > 0 so that

T
/0 {2 (1, 5(0), 9(0), 5(0)(€(1), £()) + V2H (1,5(2), $(2), 5(0)(V (1), V(1))
FAVL VLB (1, (1), B0, 5(0) (V(0),€(0) ~ RE®), V(2), 50, V() Jdt < ~1lIe[Z0.z.50m), (3:23)

for all & € L*(0,T;IR™) and V(-) € TyyM satisfying (3.20), then u(-) is locally optimal in the L*(0,T;U)
topology.
4. TWO ILLUSTRATIVE EXAMPLES

In this section, we shall give two simple but illustrative examples to show the usefulness of our results in the
last section.

The first two lines of (3.1) and (3.2) are essentially Lipschitz conditions, and they are the key assumptions
for our main results. The following result provides a method which can be employed to verify them.

Lemma 4.1. Let T be a tensor on M. Then, the following two conditions are equivalent:

(i) There exists a positive constant L such that |VT| < L;
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(i) There exists a positive constant L such that |Ly, ., T (x1) — T (z2)| < Lp(z1,22), for all 21,20 € M with
p(x1, x2) < min{i(z1),i(2)}.

Proof. Suppose T € TM. Assume that (i) holds. Take any x1, 29 € M with 0 < p(x1, z2) < min{i(xy),i(z2)}.
Set V = meXng x1. Then, by Lemma 2.2, we have |V| = 1. Assume that {e1,eo,...,e,} (with e = V)

is an orthonormal basis at T3, M. Set v(s) = exp,,, sV for s € [0, 7] with 7 = p(21, x2). Then, v is the shortest
geodesic connecting 7 and xo, and parameterized by the arc length. Let {di,...,d,} be the dual basis of
{e1,...,en} at xo. Set

€i(5) = Lyyy(s)€ir  di(8) = Layqy(s)ds, sel0,7],i=1,...,n.

Then, {e1(s),...,en(s)} is the orthonormal basis at T’ M, {di(s),...,d,(s)} is the orthonormal basis at

T;(S M for s € [0, 7], and they are dual to each other. Thus, we can express 7 along the curve 7 as

n

T(y(s)) =D ai(s)ei(s), Vselo,r].

=1

Take any v = ) vpdy € T;,M. By (i), (2.10), (2.7), the parallel translation of e;(-) and d;(-) along ~ for
k=1
t=1,...,n and the Mean Value theorem, one can get

T(@2)(0) = Lo T(w1)(0)| = Z ai(0)es ivkdk) =~ T(@1)(Losayv)|

= Zaz Zaz z ( ; dek(’r))’ = ‘zn:((ll(()) — ai(’T))'Ui
i=1 =1 k=1 =1

= Tzaz = ‘P T1,T2) zn:dz' Jei( (Zn:vkdk(oﬂ
i=1 i=1 k=1

= |p(e1,22) V50 T (Larior?) | = |o@r 22 VTHO) (Larniorr.19)|
< Livlp(a1,22),

where ¢ € [0, 1], and we get (i¢). Conversely, if (i7) holds, we can apply (2.9) to get (3).
When T is a tensor of general order, one can apply (2.7) and the same method as above to get the equivalence
of (i) and (ii). O
By means of the above lemma, we give below an example which satisfies the assumptions (C1) and (C2).

Example 4.2. Consider the hyperbolic surface under the hyperboloid model
H% = {(21,22,73) € R*; 23 — (2 + 23) = R? x3 > 0},
endowed with the metric h = ¢*m, where ¢ : H3 — IR? is the inclusion, m is the Minkowski metric m =

dz? 4+ dz3 — dz3, and h is the pullback metric. H% is non-compact, and its Gaussian curvature is —1. For the
details of this model, we refer to ([26], Prop. 3.5, p. 38). Let (H%,¥) be the local coordinates with

V(zy,22) = (l’l,lL'Q, \/R? + 22 er%), (x1,x5) € IR?.
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Let U = {1,2,3,4} with the discrete metric. Denote

Doni ) e = we W,

flzyu) = yle (B +oita) (ch— - —
x

for z = (z1,72) € IR* and u € U. We consider the optimal control problem (1.1) and (1.2) on H%, with f and
f° given above. Then, the conditions (C1) and (C2) are satisfied.

Proof. Tt is easy to check that the third line of (3.1) hold. We will apply Lemma 4.1 to check the first two
inequalities of (3.1) and (3.2). By a direct computation, the metric A can be expressed in the local coordinates

(xla x2) by

2

x
h:( 71)d d
R? + a2 + r] ®dry —

2
P

R2 + 22 + 23

T1T2

Ty (@ dea 4 ey @ da) (1~
1 2

)dZQ (24 dlL’Q.

Hence, Vf and V2f in the coordinates z = (z1,z2) € R? are given respectively as follows:

Vo f(z,u) = u’e —(R* +z1“72)(<—2x13162 — w)i ® dzy + ( 275 + 1+ :>£ ® dro

R2 8901 R2 ox
2
2 Ty 0 1%2 0
: a
V2 E a”l Z1,To)=— ® dz; ® day, (4.2)

where a;j(z1,2) = e~ E T2 (R2 4 02 4 42)~Lp, i (21, 5) with piji(21,22) being a polynomial of z; and z;
for 4,5,l = 1,2. We also obtain that, for any tangent vector field Y = ala%l + QQ% and any cotangent vector
field n = bldxl + deZEQ,

R? + 22 + 23

Y| <1 implies a2+ a3 < 72 ,

] <1 implies b2 +b3 < (4.3)

where we have used the definition (2.5). Furthermore, for any = = (x1, z2), by using (4.1), (4.2) and (4.3), we
get

|V f(x,u)| = sup{fo(x,u)(n,Y);n eETIMY eT,M,|Y|<1,|n < 1}

s e —2x119 — 57 —2r2+1 + = a1
<ulsupe (B +x1+x2)(b1 ba) 9 :
922 — 22 2x129 + L1t a2
1 R2 R?
R? + 22 + 23

max{a? + a3, b7 +b3} < 7
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and
V2 f(z,u)| = sup{Vif(x,u)(n,Y,Z);n eETIMY,ZeT,M,n| <1,|Y|<1,]Z] < 1}
2 2
0 0 0

< w*sup { i @ da; @ d A, b5 En )

= wosup i;la]laxi @ x]® xlkn§:1(ak o al‘m ¢ axn)
- R?+ a2+ a2

maxc{a + a3, b} + b3, ¢} + 3} < =2}

R2+$%+$%}

2
2, 232 32 2, 2
=3 sup{ Z a;jia;bje; max{ai + a3, b7 + b3, c7 + 5} < 2

1,5,0=1
<L

for some positive constant L. By applying Lemma 4.1, we obtain the second inequalities of (3.1) and (3.2).
Using the same way, one can get the first inequalities of (3.1) and (3.2). O

By means of Pontryagin-type maximum principle, Sussmann ([36], Example 5.10.2) gave a new proof of the
classical result that the locally shortest curve connecting two fixed points on a Riemannian manifold must be
a geodesic. In the following example, we shall apply our second order necessary condition for optimal controls
with endpoint constraints (Thm. 3.4) to recover the well-known second variation of energy:

Example 4.3. Given any two points yo,y1 € M, assume that g : [0, 7] — M is a smooth curve with 3(0) = yo,
y(T) = y1 and constant speed |y(¢)| = C > 0 (for all ¢ € [0,77]). If y(-) is a locally shortest curve connecting yo
and y1, then it must be a geodesic. Moreover, if g(+) is a geodesic, the following second variation of energy holds
(see [33], p. 159):

/0 {IV50 V2 + RGO, VE®).5(6), V(5(6) fat > 0 (4.4)

for any V € TM with V(yo) =0 and V(y;) = 0.

Proof. According to the completeness of (M, g), given any bounded domain D C M such that g(t) € D for all
t € [0,T], one can find fi,..., frn € TM (m € IN) with compact supports, such that

span{f1 |§, ey fm|ﬁ} = {X|5, X S TM} (45)

Indeed, by the completeness of (M, g) and the Hopf-Rinow Theorem (see [33], Thm. 16, p. 137), we see that D is
compact. Hence, by ([38], Lem. 1, p. 52) or ([14], Thm. 3.7, p. 72), there exist a § > 0 and x1,...,2; € D (I € IN)
such that, for all # € D, the map exp, : B(O,8) C T,M — B,(8) is diffeomorphic and U'_, B,,(5/2) D D.
Therefore, for each i = 1,...,l, we can define vector fields {fl]() 7_; on By, () as a basis for TM restricted to
B, (0) as follows:

. e?, Yy € By, (9),
exps} y

fl(y) = dexp,,

where {e] %_; is a basis at z;. Then, we extend 5:10) %y from By, (6) to M smoothly, which are denoted by

{F¥31, such that 7| . I Y fg‘M\B =0 for =1 Thus, (FYyli=1,...,1j=

1,...,n) can express linearly any vector field restricted to D.
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According to (4.5), we see that

i) = S h0), e teDT) o
y(o) = Yo, y<T) =Y,
with u(t) = (u1(t),...,un(t)) € R™ a.e. t € [0,T], describes all absolutely continuous curves contained in D,

with endpoints yg and y;. In order to apply our optimal control results to the above shortest curve problem, we
need to seek an appropriate cost functional. To this end, set

N={y:[0,7] = M; y(0)=yo, y(T) = y1, and y(-) is absolutely continuous}.

Denote by L(y) the length of y € 2. Proposition 17 in page 126 from [33] says that, if g(-) is a minimizer of L
in £2, then it also minimizes E(y) = 3 |, " |5(t)|2dt within £2. Therefore, we define the cost functional as follows:

T
saun =1 [ opa=1 [* |Zuz ) wa(e) P, (@7)

where y,(-) is the solution to (4.6) corresponding to the control wu(-) € U = {u : [0,T] —
IR™; u(-)is measurable, and y,(0) = yo, yu(T) = 11}
Hence, we choose (4.7) to be the desired cost functional. The corresponding Hamiltonion function is

1 (ty,p,0) = p( S wifi)) + 5| S widi)|
i=1 1=1

for (t,y,p,u,v) € [0,T] x T*M x R™ x IR™.
Suppose that (F(-), @(-)) is optimal for problem (4.6) and (1.6) with J given in (4.7). Then 7(-) is the locally
shortest curve connecting 3o and y;. Applying Theorem 3.4 to this specific problem, we obtain that

(Z:uZ )il ) Q‘Zul Jfily ‘:u:(ulm%m)eﬂ{m{ (Zuzfz )

+g‘ Zulfl(y(t))‘ }, a.e. t€10,7T), (4.9)
i=1

: (4.8)

where the first order dual variable ¢ solves

{Vywﬁ = = Y wOVAGE) W), ) — v X wa OV fiGE) (f(5(10), ), ae. t €[0,T],
(4

)(T) = 11,
(4.10)
with
|+ [¢1] >0, v<0, (4.11)
and f; (j =1,...,m) being the dual covector of f;. Clearly, (4.9) is the first order necessary condition for
@(), al-)).

By differentiating (4.9) with respect to the control variable at u(t) for almost every ¢ € [0,T], we have

(O (fi(5(1) +v(fi(5(t),5(t) =0, ae te[0,T] (4.12)
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for i =1,...,m. According to (4.5), for any V € T M such that V(yo) = 0 and V(y1) = 0, we can find suitable
real valued functions on [0,7]: &1(+),-..,&mn(), such that

ViwV — Zﬂi(t)vv@(t))ﬁ = Z&(t)fz(ﬂ(t)% t € [0,T]. (4.13)
1=1 1=1
Combining (4.12) and the above identity, we deduce that
T m m '
/0 {Wt) (ng(t)V -3 ai(t)vv(y(t))fi> + (Vi V = w(t)Vy (g fi ﬂ(t)>}dt =0.

=1 =1

Using integration by parts to the above identity, via the dual equation (4.10), we can get

T
—v [ W0). Vit =o. (4.14)

If v = 0, (4.12) implies (t) = 0 for all t € [0, T], which contradicts (4.11). Hence, v < 0. By the choice of V,
(4.14) implies V;,yy = 0 for all ¢ € [0, T], which means that g(-) is a geodesic.
From (4.12) we can get

j(t) = —%1/:1(15), vtelo,T), (4.15)

which implies (v,4)1) is unique up to a positive factor. In order to deduce the second order necessary condition,
we need to compute V2H"Y, V,V,H" and V2ZH" at (t,4(t),1(t), u(t)) respectively.
Recalling (4.8), for any 1 < ,j < n, we have

82

B oy B (90 90, 0) = w0, 5G0)), 1€ 0.7 (416)

Hence, for any & € L?(0,T; IR™) satisfying (3.20) (or (4.13)), we get
VEHY (8,5(1), D (1), a(t) (§(2),£() = v Y &) fig(®). (4.17)
i=1
Recalling (3.16), (3.17) and (4.15), we obtain that, via the first order variational equation (4.13),

VEZHY (£,5(8), (0, 7))V (), V() = v (Vg VI + | Z@-(t)ﬁ@(t))f =2V V. Y &0 LEW)));
] i=1

YV H (8 5(8), (), () (V (1), 6(1)) = <vv<t(z 01;); Zfz 1 (5()) ).
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Inserting (4.17) and the above two identities into (3.21), and via (4.13), (4.15) and (3.20), we end up with

0.< Jy {1950 VI + RGO, VO30, V) + 2V v  Z1 w(0)1;)
Vi Ve X SOFEE) + 21 T &L EO) dt
= Iy {IVs VP + RGO V0. V() }at,

which implies (4.4). O

Remark 4.4. It seems to us that ([3], Thm. 20.6, p. 300) is too abstract to solve the concrete problem in
Example 4.3. On the other hand, the Legendre-type conditions ([3], Prop. 20.11, p. 310 and Thm. 20.16, p. 317)
say that the second order necessary condition of an optimal control @(-) is:

o -
0| H (&Y < " ae. 7).
3 gy B GTO, (0, 0)(0,0) <O, Vve R, ae te0T]

Applying the above condition to deal with the concrete problem in Example 4.3, instead of (4.4), one can only
get

1/’ Zvifi(g(t))f <0, Vv=(v1,...,0,)" €R™, (4.18)
i=1

a.e. t € [0,T], in which the equality (4.16) is used. Clearly, the condition (4.18) is trivially correct. Hence,

our second order necessary condition in Theorem 3.4 provides more information than that in [3]. In addition,

from the inequality (4.18), it follows that the optimal control is not totally singular, i.e. 4(-) does not fulfills

06722 7(t)H”(t,gj(t),1E(t),u) =0 a.e. t € [0,T], and therefore, the Goh condition and the generalized Legendre
u

condition do not work.

Remark 4.5. In Riemannian geometry, the condition (4.4) is the second order necessary condition of a locally
shortest geodesic, which is useful to derive the Jacobi equation for conjugate points. For control systems on
differentiable manifolds, this approach is extended in intrinsic-differential language (e.g. [1] and [3], Chap. 21).
It is quite interesting to check what happens for the control systems on Riemannian manifolds and obtain more
precise results but it seems that nothing has been published. Some studies along this line will be carried out in
our future publications.

5. VARIATIONS OF TRAJECTORIES

In this section, we shall give the first and second order variations of a trajectory of the control system (1.1),
by employing respectively the needle variation in the case that the control set U is a metric space, and the
classical variation in the case that U is an open subset in IR™.

5.1. The needle variation

In this subsection, we assume that U is a metric space.

Proposition 5.1. Assume that the conditions (C1) and (C2) hold. Fix any u(-) € Uyq, and let §(-) be the
corresponding solution to (1.1). For any u(-) € Uaq, denote by X, (t),Yyu(t) € TyuyM respectively solutions to



28 Q. CUI ET AL.

the following first and second order variational equations:

vy(t)Xu - vXu(t)f( ’ Ty ( )) + f(t y( ) ( )) - f[tL a.e. te (OaT]a (5 1)
X,(0) =0, '
and
(Vi)Y Z) = (Vv [t a(t), Z) — 3 R(Z, Xu(t), fIt], Xu(t))
<qu(t)f( Su(t)) = Vi, f(t - a(t), Z) (5.2)
+3V2FIH(Z, Xu(t), Xu(t), ae. t € (0,T],
for any Z € TM, where [t] is given in (3.6). Then, as d(u(-),a(-)) =€ — 0,
[Xu()] =0(e),  [Yu()] = O(e?), (5.3)
|Vu(t) - Xu(t)l = O(e)a |Vu(t) - Xu(t) - Yu(t)| = 0(62)a (54)
where
Vu(t) = exp;(lt) yu(t), te€l[0,T7, (5.5)
and y,(+) is the corresponding solution to (1.1) with the control u(-).
To prove Proposition 5.1, we need the following result.
Lemma 5.2. Under the assumptions in Proposition 5.1, for any u(-) € Uaq, it holds that
p(yu(f),yu(t)) < (1+p(I07y0))(eLfieLt)7 VO <t< I?S Ta (56)

where xg € M and L > 0 are given in assumption (C1). Furthermore, there exists a constant €1 > 0 such that

p(5(1), yu(t)) < 2L(1 + p(xo,y0))e™ |10,8] N {7 € [0, T} u(r) # a(r)}|, (5.7)

for any t € [0,T) and u(-) € Uyq with d(a(-),u(-)) < €.
Proof. The proof is divided into two parts.

Part I. In this part, we prove (5.6). Firstly, we claim that

£t 9,0)| < L(p(wo, ) +1) (5.8)

holds for any ¢t € [0,T], y € M and v € U.

In fact, by the completeness of the manifold M, we can find the shortest geodesic v connecting xy and y
with v(0) = 29 and y(1) = y. Let 0 = sp < 81 < 82 < -+ < sy—1 < sy = 1 (for some N € IN) be such that
p(v(s5),7v(s5-1)) < min{i(vy(s;)),i(y(sj=1))} for j =1,2,..., N. By means of (2.8), the condition (C1), and the
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triangle inequality of the norm | - |, we obtain that

|f(tvyvv)| < |L'y(sN 1)v(sn) f( )Y (SN—l) v)—f(t,y,v)|—|—|f(t,7(sN_1),v)\
< |L7(5N 1)v(sN) f( )Y (SN 1) ) f(t,y,v)l
+|f(t ’V(SN 1)’U) L’Y SN—2)’Y(5N—1)f(t7'7(SN*2)vv)' + ‘f(tv'y(sN*?)vv”

/\

B N
<Y Ly F (55210, 0) = F(£3(57),0)] + | £ (E 20, 0)]
=

I /\

ﬁ: (7(55-1).7(9)) + L = L(plwo, ) + 1),

which implies (5.8).

Secondly, we estimate | f(t, y,(t),v)| for any v € U and ¢ € [0,T]. Let 8 : [0,1] — M be the shortest geodesic
connecting y,(t) and yo and satisfy 5(0) = yo and 5(1) = y,(t). By the compactness, we can choose 79 =
0,71,72,...,7 =1 for some ! € IN, such that 7o <7 < --- <7 and p(8(7;), B(Tix1)) < min{i(8(7:)), {(B(Tix1))
fori=0,...,1—1. Applying Lemma 2.2, the condition (C1), (5.8), and the triangle inequality of the norm |- |,
we obtain that

|f(t,yu(t),v)| < ‘f(tayu(t)7v) - Lﬁ (T1-1) Tz)f( 6(Tl—1)’v)|
+|f(t B(11-1),v) = Lg(r,_p)g(ri_) [ (&, B(Ti—2), v)| + - + | f(, 90, V)]

< LZ,O B(1i—1)) + L(p(zo,y0) + 1)

= Lp(yu( ),%0) + Lp(zo,y0) + L. (5.9)

Thirdly, we estimate p(y.,(),yo0) for any t € [0,T]. Applying (5.9), we get

P(a(t),90) < Jy 9 (s)lds < L [y p(yu(s), yo)ds + Lt(p(yo, o) + 1)

Applying the Gronwall inequality, we obtain

p(yu(t),90) < (1+ p(xo, yo))(e™ — 1), ¥ ¢ € [0,T). (5.10)

Finally, for any ¢, € [0, T] with ¢ < £, applying (5.9) and (5.10), we have

P(Yu(t), yu ) < ft Iyu \ds
<Lft ( )yo)+p(mo,yo)+1)d
<1+ P(xo,yo))(eu —elt),

which yields (5.6).

Part II. In this part, we prove (5.7). We will firstly show that (5.7) holds on a small interval, and then
we extend it to the whole interval [0,T]. From (5.6), it follows that, for any u(-) € U,q, the corresponding
trajectory v, (-) is contained in the closed ball B, (R) with R = (1 + p(zo,v0))(elT — 1), where By, (R) is
defined in (2.3). Clearly B,,(R) is compact, because of the completeness of the manifold A and the Hopf-
Rinow theorem (see [33], Thm. 16, p. 137). Therefore, there exists a 6 > 0 such that, for any = € B, (R), the
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map exp,, : B(0,0) C T,M — B,(0) is diffeomorphic, due to ([38], Lem. 1, p. 52) or a direct consequence of
([14], Thm. 3.7, p. 72).
We claim that (5.7) holds on the interval [0, ], where

PR 6 +2(1 + p(wo, yo))
1= 7 n .
L 2(1 + p(z0,90))

In fact, by the triangle inequality of the norm |- | and (5.6), for any ¢ € [0,#1), we have

(()
(e

p(yu(t), 5(t)) )+ p(yo, y(t))

())(1 + p(20,%0))

VASRVANIVAN
0«1[\’)@

Denote by I,y the indicator function of the set {7 € [0,T]; wu(r) # u(7)}. For t € [0,¢1), using the condition
(C1), Lemma 2.2, (2.13), (2.6), (2.8), (5.6), (5.9), and (5.10), we get

P2 (0a(0),50)) = (V120 (6),50)), () + (V2 (0 (6),5(0)), 50}
= —2(expy k) B0). F(E (), u(t))) — 2(expyhy va(0), £11])
— —2(exp, ) {09010, 0) = 2 o B0 (L ya(0), 8(0)) — F(E, (), ()
f

<exp gt Y u(t)a H>
= 2expy vult), Ly st F 6 0, 5(0)) — F14)
—2(exp, o G(8), St yu (), u(t)) = f(E yu(t), u(1))) Luza(t)

< 2Lp( (1), () (D) 1)) + 2621+ pla,y0) L)),
which leads to
 p(0),7(0)) < L(p(@(0), 9(1)) + 262 (1 + 0, yo) Luga(1). (5.11)

Applying Gronwall’s inequality to the above inequality, we get (5.7) on [0,¢1). By the inequality (5.6) and the
continuity of p(-,-), (5.7) actually holds on the closed interval [0, ¢1].
Secondly, we show that (5.7) holds on the interval [0, t3] with

1

= Eln{m + (70, %0))

+ el — Lel)},

where

)
= mi . 12
€1 min {T, 3(1 +p(1‘0,y0))L€LT} (5 )

We already showed that (5.7) holds on [0,¢;]. It remains to show that, for u(-) € Upq with d(u(-),a(-)) < €1,
(5.7) still holds on [t1, ¢2]. For this purpose, for any s € [t1,t2), applying (5.7) with ¢t = ¢; and (5.6), we see that

P(Yu(8),4(s)) < p(yu(s), yu(t1)) + p(yu(t1), 4(t1)) + p(7(t1),4(s))
= ;(eLs — M) (1 + p(zo,y0)) + 2L(1 + p(xo, yo))e " d(u(-), u(-))
< 0.
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Then, similarly to (5.11), by Gronwall’s inequality and (5.7) with ¢t = ¢1, we can get (5.7) on [t1, t2). Furthermore,
by the continuity of p?(-,-) and (5.6), one can easily get (5.7) on [0, t2].
Using the same technique as above, one can prove by induction that (5.7) holds on [0, ¢;] for i = 2,3,... with

1 )

b= Zl“{za + p(z0, %0))

teltiol —Lel)}. (5.13)

We claim that there exists an integer I > 0 being large enough such that [0, 7] C [0,¢7]. Let us use the
contradiction argument and assume that

ti<T, Vie{0}U. (5.14)

Then, there would exist a > 0 and a subsequence of {t;} 1% (still denoted by {t;};%), such that lim; 400 t; = .
Letting ¢ — +o0o in (5.13) yields { = 1 In S Trtre oL - Recalling (5.12), one has t > T, which contradicts
(5.14). Hence we get (5.7) on [0, 7). O

We are now in a position to prove Proposition 5.1.

Proof of Proposition 5.1. First, we will prove (5.3). Multiplying both sides of (5.1) by X, (¢), using (C1) and
Lemma 4.1, we get

0

1
7|Xu<t)|§

2 [ Xu ()] = Ve ftH(Xu(t), Xu(t)) + (£ (£, 5(1), u(®) — f[t], Xu(t))

< LIXu (O + £ 5(t), u(t) — fII1Xu ()],

which leads to

| Xu(t)] < 2L/O IXu(S)\dS+2/O £ (s,5(s), u(s)) — fls][ds.

Applying Gronwall’s inequality to the above inequality, we can get, via (C1), the first estimate in (5.3).
To prove the second estimate in (5.3), we take Z =Y, in (5.2), and get

31 Yu@OI5Yu()] = Vi fIEI(Ya(t), Ya(#)) + Ve (f(2, () u(t)) = FIED(Yu(t), Xu(t))
=3 R(Yu(t), Xu(t), FIt], Xu(t) + VI (Ya(t), Xu(t), Xu(1))-

Applying (C1), (C2), Lemma 4.1 and the first relation of (5.3), we can find a positive constant C' > 0 such that

% Yu(t)] < C(Yu(t)] + Vo f (£, 5(t), u(t) — Vaf [l Xu(t)] + O(e%)).
Integrating the above inequality on [0, ¢], by Gronwall’s inequality, and applying the first estimate in (5.3), the
condition (C2) and Lemma 4.1, we obtain the second estimate in (5.3).

Next, we are going to prove (5.4).

By Lemma 5.2, there exists an €y > 0 such that, for all u(-) € Uyq with d(u(-),a(- )) =€
p(yu(t), 5(t)) < i(5(t)) for all t € [0, T]. Then, we can define V,,(-) as in (5.5). For t € [0,T], let V,,(t
at Ty M satisfying

< €y, we have
(t) be a vector

1 : .
V(t) = {my(t),yu,(t))‘/u(t)’ if [Vu(8)] # 0; (5.15)

0, if [V ()] = 0.
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Then, we define a geodesic connecting g(t) and y,(t) as follows:

B(0:) = expypy OVa(t), 0 € [0, p(H(t), yu(1)). (5.16)
The inequality (5.7) indicates that [(-;t) is the shortest geodesic connecting §(t) and y,(¢), provided

d(a(-),u(-)) = € is small enough. In particular, in the case that |V, ()| # 0, B(-;t) is parameterized by the
arc length. For any Z € T M, applying Lemma 2.2, Lemma 5.2 and Taylor’s expansion, we get

(Vi Vi Z) = =592V (5(0). 9 <>)<Z Pty 6), w(e)) + 5 V10 (5(0),5(0)) (2, £ 2, 3(0), w(t))
—fv%pZ( 0u0)) (2 710) + 5307 @0), 50)(Z, F10) + (7, £ 5(0), ) ~ F12)
= 5 om0V V1P (3(0), 56 t))(z F(t,8(6:8),u(t)) ) p(5(), (1)
1

1 58 =0 V2V @(0). B(0:0)(Z. 1 (1. B(0:1), u(1)) ) 0* (3(1), (1)
;;|9 0V r250). 5(6:0)) (2. £ o0(0). 0 (0) + (2. F(E.5(2). u() — F1])
a3 w0, 500:0) (2. 510) P 5(0) 1 0) + 0(e?)
= (2. f (6, 5(0))) + {2, 7050, u(t)) — FI) + (2, Vv 0 (1, u(t)
Vo (D)) ~ VAV (0. 500) (2, (50, u(1). Val0), V)
~ L VAV3((0), 50) (2. £1, Valt), Vi)
+%<Z7 Vv )V 250050 f (t - u(t))lo=0) (G (2), yu (1)) + o).
By Lemma 2.3, we obtain
<v§(t)vu7 Z> = <Z, V‘/'u,(t)f(t7 ,ﬂ(t))> + <va(t7g(t)7u(t>) - f[t]> + <Zvau(t)f(t7 'vu(t>)
T 6T SR Val), 2,Va(t)
502, Vv)V g0 £ b (D)=} o (3(0) 10)

~ LAV 0, 50) (2, £, 5(0), 0(0) — F18, Val0), Vi) + 0(). (5.17)

We observe that, for any v € U,

(Z,Vv.)V 2 pou) (8 0)o=0)p(§(1), yu (1)) = VI (£, 4(8),0)(Z, Vi (1), Va(t)). (5.18)

In fact, recalling the definition of V,(t), (2.11), (2.10) and (5.16), we have

The left hand side of (5.18) = Vu(t)(V 2 5(9.1) f (L, v); Z)p(yu (1), 5(1)) = (Vi (1 [t 0), Vv, 0 2)p(yu(t), 5 (1))

= Vul) (Va8 0)(Z, §5< 0)) (a0, 5(1) = Vo (50, 0) (Vv Z, ValD))

= (Trao (Ve (1, 00)) (Z, 806 Dla=0)plaa0), 51)
= V2F(5(8), 0)(Z, Valt), Vi),
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which implies (5.18). Inserting (5.18) into (5.17), and subtracting (5.1) from (5.17), we get that

(Vi (Ve = Xu), 7) = <sz xu0f LR AORAAC)
V. (£t 5(0),u(t) - flt )Z 0) + §VASI(Z, Valt), V)
VL0, 50) (2. (450, u(t) — FI, V(D). Vi (>) (5.19)
F3VE (7). u(t) = FIDZ.Val0).Vall)) + o), € (0.7
V,.(0) — X, (0) = 0.

Taking Z = V,(t) — X, (t) in the above system, and using (C2), (C3), (5.3) and Lemma 2.2, we can find a
positive constant C' > 0 such that

0

§|Vu(t) - Xu(t)|2 é C|Vu(t) - Xu(t)|2 + CI{ﬁ;ﬁu}(t”Vu(t)lQ + 0(62)7

where I{z4,} is the indicator function of the set {7 € [0,7]; u(7) # u(7)}, and the boundness of curvature
tensor R along (-) is used. By integrating the above inequality over [0,¢], applying Gronwall’s inequality of
integral form and (5.3), we can get the first estimate in (5.4).

We subtract (5.2) from (5.19), and get

(Vi (Vu — Xy = Yu), Z) =(Z, Vv, (1) x.t)-vu) [ (£, Uu(t)))

V. (50, u(t) = f1)(Z,Valt) = Xu(0))

~SR(Z,Valt) = Xu(0), F11), Xu(8)) = SRUTL Valt) = Xu(0), Z,Va(1))

+LV2IN(Z, Valt) = Xul0), Ve ())+% 2 U2, X, (00, Valt) — X,(0)

—LVEVLR2 (1), 50) (2 £ 5(8), u(®) = I, Val0), Va(0))

LV 30, u(t) ~ FID(Z, <>7vu<t>> +o(e?), te(0,T),
Va(0) = X, (0) = Yu(0) = 0,

t)

which implies

\Vg(t)(Vu - X.— Yu)| < C|Vu(t) - Xu(t) - Yu(t)l + Cl{u;éﬂ}(t) (qu<t) - Xu(t)‘ + |Vu(t)‘2)
+OVa(t) = Xu@OI(IVu ()] + [Xu(B)]) + 0(€2),

where we have used (C1), (C2), Lemma 4.1, the boundness of curvature tensor R along §(-). Moreover, by
applying (5.3), the first estimate in (5.4), Lemma 5.2 and (2.17), we can get

%IVM = Xu(t) = Yu(t)]? < 2|V (Va = Xu = Vo) |[Vu(t) = Xu(t) = Yu(1)]

< CIVy(t) = Xu(t) = Yau ()
FOVu () = Xu(t) = Yu(®)|[Va(t) = Xu(@O(Va(B)] + [ Xu(D)])
Oy (1) ([Vat) = Xu()] + [Va()2) IVat) = Xu(t) = Yal0)

+o(€%)[Va(t) — Xu(t) — Yau(t)]
< CIVu(t) = Xu(t) = Yu (&) + Cliuzay O ([Yu () + [Vu(O)[*) + o(€h).
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By integrating the above inequality over [0,¢] and applying Gronwall’s inequality and (5.3), we can get the
second estimate in (5.4). O

5.2. The classical variation

In this subsection, we assume that U is an open subset in IR™. Similarly to Proposition 5.1, we have the
following simple result.

Proposition 5.3. Assume that the conditions (C1), (C2) and (C3) hold. For any u(-) € L*(0,T;U) and
v(+) € L*(0,T; R™), set

w(-) = al) +ev(-), €>0.

Denote by y(-) the solution to (1.1) with control u(-). In particular, we denote by §(-) the solution to (1.1)
with control u(-). For any € > 0 being small enough, we define a vector field along §(-) as follows:

Ve(t) = expyyy y<(t), te€[0,T]. (5.20)

Let V(-) and Y (+) be respectively the vector fields along g(-) solving:

ViV (2) = Vo fItNZ, V(1) + Vuf[t](Z,0(t)), ae te(0,T],YZeT M, (5.21)
V(0) =0, ’
and
Vi)Y (2) = Vo fII(Z,Y (1) + Ve Vu f[1(Z,0(1), V(1) = $R(Z,V (), 5(t), V(t))
+AV2Z,V (1), V(t) + SV2f(Z,v(t),v(t), ae te(0,T),VZeT M, (5.22)
Y(0)=0
Then, we have
Vi(t) = eV(t) + Y (t) + o(e?), Yte[0,T]. (5.23)

Proof. Similarly to Lemma 5.2, when € > 0 is small enough, p(y¢(¢),4(t)) = O(e) for any ¢ € [0,T]. Thus, one
can define the vector field (5.20).
Following a similar argument as that in the proof of (5.17), we can obtain, for any Z € Ty M,

(Vi Ve, Z) = Vo fII(Z, Ve(t)) + VufI1(Z, v(t)e + Vo Vu fIE(Z, 0(t), Ve(t))e — %R(Z, V.(1), 4(1), V(t))

5 VA2, Vi), Velt) + 5 V202, 0(0), o) + o).

Dividing the above identity by €, we obtain that

im Yy (5.24)

e—0t €

uniformly in ¢ € [0, T], where V(-) is the solution to (5.21).
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Similarly, one can check that

Ve(t) — eV(t)

lim 5 =Y(¢)

e—0t €
uniformly in ¢ € [0, T], where Y(-) is a vector field along () solving (5.22). Thus, the proof is concluded. O

6. PROOF OF THE MAIN RESULTS

This section is addressed to proving our main results, i.e. Theorems 3.1-3.6.

6.1. Proof of Theorem 3.1

The proof of Pontryagin-type maximum principle (3.11) is given in ([3], p. 183, Thm. 12.13). This subsection
aims at proving the second order necessary condition. We divide the proof into 3 steps.

Step 1: In this step, we will give the second order expansion of J(-) around the optimal control @(-). Fix any
u(+) € Uaq and € > 0. Define

u(t) = u() o,k (t) + u(t) e (1), (6.1)
where E. C [0,T] is a measurable subset of [0,T] with |E.| = e. Let y°(-) be the solution to (1.1) corresponding
to the control u¢(-). Denote by X¢(-) and Y¢(-) the solutions to (5.1) and (5.2) with u(-) = u¢(-), respectively.
By Proposition 5.1, there exists an ¢y > 0 such that, for all € < €p, we can define

V() = exocd (), Vi€ [0,T],
and

Xe(t) = 0(e), Y (t)=0(?), V(t)=X(t)+Y(t)+o(e?), Yte[0,T]. (6.2)

Similar to (5.15) and (5.16), for t € [0, T, let V(t) be a vector at 7(t) satisfying

1 € : € .
‘"’/e(t) = mv (t)v if |V (t)‘ 7& 0; (63)
0, if |[Ve(t)] =0,
and let y(-;t) be the shortest geodesic connecting g(t) and y°(t), given by
Y(0;t) = expy) (OVE(L)), 6 € [0, p(u(t),y(t))]. (6.4)

In particular, in the case that [V¢(t)| # 0, v(+;t) is parameterized by the arc length. Recalling (3.6), and applying
(2.4), Taylor’s theorem, Lemma 5.2, (6.3) and (6.4), we obtain that

T () = Ia() = [ (fo(ty() () = £ 50, u (1) + £, 5(0), ue(0) — SO]) e

- ¢

/ 9 I 192 o
((7! s t), w (WP, 57 (1) + 5 5] 120550, u0) (0, (1)
(13(0), (1) = £ + o (5. 5°(1))) )t

0,5 (1) ), (1)) = f0(6,7(058), u (1)) + (1, 5(8), u (1) — f°[f] )t

+f0(t
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-/ " (9t 0,0 0), VOl lae) )
5 VAL 50w )T (@), V()P (50), (1) + (1, 5(0), (1)
1)+ o2 (w(0), " (1)) ) dt

-/ C (T V) + TP, V) + £ 50,00 — 1
5V (£ 50, (0) ~ £1) (V) V()
(V£ 5(8), w (1)) = Va £ V() + 0P (5(0), 5°(1)) )t

Recalling (5.7) and (6.2), we further get
J(w () = J(@() = I + I + ofe?),

where

T
I - / ((szo[t],Xe(t» + fo(t,y(t),ue(t)) — fo[t])dta
0

(6.6)

12:/0 ((szo[t],Yg(t»—i—(foO(t,gj(t),ue(t))—foo[t]aXs(t»+%Vifo[t](Xe(t%Xe(t)))dt (6.7)

In what follows, we will rewrite I; and I by the dual variables and the perturbed control u¢(-). Recalling
the first order variational equation (5.1), the first order dual equation (3.7) and (3.4) with v = —1 and ¢; = 0,

we have, via integration by parts over [0, T,

b= /OT (Vo (X<(0) + Ve f (- @) @(0) + 1O 5(8), u (1) = 18]t
- /OT (VO = Vo X+ T f b @) ) + (6, 5(8), u (1) — f°[] )t
_ /OT (e (71 — £ 50,0} + £, 5(0),u(0)) — 17t
= /OT (H(t,@(t)vw(t),ﬂ(t)) - H(t,g(t),¢(t),u€(t)))dt,

(6.8)

Using (3.7) with v = —1 and ¢y = 0, the second order dual equation (3.8), the second order variational

equation (5.2) and integration by parts over [0, 7], via (3.13) and (3.16), we can get

e[ (thW(Yf(t))w( )Ty (1 (0))) + (Ve S, 30, (1)
V£l X0) + 5Vl “0))
- /OT (W)( = Vi)Y + Vyen f(t, ﬂ(t») (VL O (), u (1))
V£l X)) + 5 VL), X))
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T
= [ (GROO. X 1.0 = (T (1t (0) = F(t (). 5(0)
S VA0, X0, XED) + (0, 5000, (1)) — VOl X(0)

VAP, X4(1) )t
= I3+ 14, (6.9)

where 1 is the dual vector of ¥,

h=%ﬁ(mme%mﬂﬂX%»—vymg@wwmmmxm%v@0&7 (6.10)
and
T
M:ﬂé<VwHﬁ@ULw@LMﬂ)—VgHuwaxwuLu%ﬂ%X%wmt (6.11)
Next, we shall re-write I3 and I, in terms of local coordinates along g(-). For this purpose, let {e1,ea,...,€e,}

be an orthonormal basis at §(0) = yg, and {d;,ds,...,d,} be the dual basis of {ey,es,...,e,}. For t € [0,T],
we define

ei(t) = LI e, di(t)= LI di, i=1,2,...,n. (6.12)
By (2.6) and (2.7), we have
(es(t),e; (1)) = di(t)(e; (1)) = &7, 4,5 =1,2,...,n, te0,T). (6.13)
Set
XO() = o Xi®ea(t), X () = (X{(0),.... X5 (1) (6.14)

Inserting the above equalities into (6.10), we get

Iy = Str [y (M(t) — H(1)) X)X (t)dt, (6.15)

where
M(t) = (M (6)) = (RO®), es(t), [t ex(8))), £ € [0, 7], (6.16)
H(t) = (Hir (1)) = (V2H(E 50, 0(0), 5(6) (e:(0), ex(t) ), t € [0, 7], (6.17)

Let us derive the differential equation satisfied by the matrix X¢(£)X¢' (t). Inserting (6.14) into (5.1), via
the parallel translation of e;(+) (i =1,...,n) along g(-), we can get

{f@:F@X%HJumﬂm,temJL (6.18)
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where
F(t) = ((Ve, 0 f (b a(®), e:(t) )) = Va[(dilt), ;1) = (Fi (1)), (6.19)
N ORIEIGRAO)

Fi(t,u) = = (F}(t,u),..., Fr(t,u))’. (6.20)
<f(t’ g(t)v u) - f[t]7 en(t)>

Hence, we get the equation for X(¢)X<T (¢) as follows:

[}
=

+ X P (Lus()T,  te(0,T), (6.21)
(XeXeT)(O) =0.

We now derive the local form of the second order dual equation (3.8). Recalling (6.13), we can express the
solution w to (3.8) by
w(t) = Z Wij (t)di(t) ® dj(t), (622)
i,j=1

where w;;(t) = w(t)(ei(t),e;(t)) for any t € [0,T]. The transpose of w(t) can be re-written as

n

w' () =Y wit)di(t) ®d;(t), Vte0,T]. (6.23)
Recalling (6.19), we have
V. flt] = Z Fij(t)ei(t) @ d;(t). (6.24)

R(p(t),- flt],) = > My(H)di(t) ® d;(t), (6.25)
i,j=1

VIH(t,§(t),v(t),u(t)) = Y Hi;(t)d;(t) @ d;(t). (6.26)
i,j=1

Set

W(t) = (wi;(t), Ytel0,T]. (6.27)
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Recalling (6.12) and (6.13), we insert (6.22), (6.24), (6.25) and (6.26) into (3.8), and get

{W(t) +F(6)TW(t) + W) F(t) - M(t) + H(t) =0, t€[0,T), (6.28)

W(T) = 0.

Applying (6.21), (6.28) to (6.15), via integration by parts over [0, 7], we get

—-3/ (W) + W )R 0) - X0 (6.29)
0

where we have used the properties: tr(AB) = tr(BA) and trA = tr(AT) for any n x n matrixes A and B.

In order to express I in the local form, for any u € U and i = 1,...,n, set
T
SOH (t,u) = (681H(t, w),..., 80, H(t, u)) . (6.31)

Recalling (6.14), we have
T —
Iy z/ SOH (t,u(t)) - Xe(¢t)dt. (6.32)
0

Now, we re-write X¢ in terms of u¢(-). Assume that &(-) = (¢;(-)) is an JR™*"-valued function satisfying

{é(t) = F(t)d(t), t € (0,T], (6.33)

where I € IR™*™ is the n X n identity matrix. Recalling (6.18), we have

() = /0 B(1)B(5) Fy (s, u (s))ds, (6.34)

where &~1(-) = (14(-)) is the inverse of &(-).
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Inserting (6.29) and (6.32) into (6.9) wvia (6.34), and recalling (6.1), (6.8), (6.20), (6.30) and (6.31), we can
re-write (6.5) by

B(1) /0 B1(5) Fy (s, u(5))dsdt + o(e2). (6.35)

Step 2: In order to get the integral form of second order necessary condition, we apply ([27], Cor. 3.8, p. 144)
to choose suitable measurable set F. in (6.35). Let u(-) be such that u(t) € U(t), a.e. t € [0,T]. Let E. C [0,T]
with |E,| = € be such that

S, & (5) Fis, u(s))ds = ¢ [y &1 (5) Fi(s, u(s))ds + 1 (1)
Soue. { - %(W(T) - WT<T>>F1<w<r>>
+d0H (1, u(T)) fo 8)Fy (s, u(s))dsdr

=y { - 1w () + WTm)Fl(T,u(T))
+00H (r, u(T))} L B(7) [y DY (s)Fi(s, u(s))dsdr + ma(t),

where
mi(t)| <€, Vte[0,T],i=12.

Then, dividing (6.35) by €? and taking the limit as € — 0, one can get, via the optimality of u(-),

T 1 ~ o
0 g/o {— SV + W () Fi(tu(t)) +58H(t7u(t))} ~§l'>(t)/0 () (s, u(s))dsdt. (6.36)
Set
Z dij(t)ei(t) @ e;(t Z Wi (1) d;(t), te€0,T]. (6.37)
i,j=1 i,7=1

Recalling (2.15), (2.16), (6.24) and (6.33), one can check, via (6.12) and (2.7), that @(-) and ¥4(-) solve (3.9)
and (3.10) respectively.

Recalling (6.20), (6.22), (6.23), (6.27), (6.30), (6.31) and (6.37), one can get (3.12) from (6.36), via (6.12)
and (6.13).

Step 3: In this step, we shall get the pointwise form of the second order necessary condition. Assume that U
is a Polish space. Recalling (6.36), define

Grtu) = (1) - Lwy+ wT )Rt u) + 50H (1,u) .
Go(t,u) = D L) Fy(t,u), (t,u) € [0,T] x U. (6.38)
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Then, by (6.36), for any u(-) € Uaq and u(t) € U(t), a.e. t € [0,T], one has

T t
0< /O Gr(t, ult)) - /O G (s, u(s))dsdL. (6.39)

Applying the same argument as that in the proof of ([28], Thm. 4.3), we can get, from the above inequality
and the conditions (C1) and (C2),

Gi(t,u(t)) - Ga(t,u(t)) >0 a.e. t €[0,T].

Following the same argument as that in the proof of ([28], Thm. 4.3) again, we can get, from the above inequality
and the assumption that U is a Polish space,

Gi(t,v) - Go(t,v) >0 YoeU(t),
for a.e. t € [0,T]. Recalling (6.38), the above inequality implies
1 . .
0< { - 5(W(t) W (t))Fl(t,v) n 66H(t,v)} Fi(t,v), YveU(t), ae tel0,T). (6.40)

Combining the above inequality with (6.13), (6.20), (6.22), (6.23), (6.30) and (6.31), we can easily obtain (3.14).
O

6.2. Proof of Theorem 3.3
For any v(:) € Uyq with d(a(-),v(-)) = € being small enough, from (6.35), we have,
H0) = I = [ (H50.00).8(0) = a0, 0000 a+ [ { =500+ W )R )

+J0H (t, U(t))} : @(t)/o &L (s)Fy(s,v(s))dsdt + o(€?).

Recalling (6.20), (6.22), (6.23), (6.27), (6.30), (6.31) and (6.37), one can get, via (6.12) and (6.13),

/ / {% W () (£t 5(0), v(®) - F10, €2 (€2 (2(0) @ LY 1y 81(5))
®Ly f(s,y

()3(t) (s),v(s)) — f[s]))
—VLH(t (), ¥ (1), (1)), £ (521
~fs,(s). o)) ) st + of

Hence, according to (3.11) and (3.15), it is easy to see that, there exists an 1 > 0 such that J(v(-)) — J(a(-)) > 0,
for all v() € Uyq with d(v(-),@(-)) < €. This completes the proof of Theorem 3.3. O
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6.3. Proofs of Theorems 3.4 and 3.6

In this subsection, we shall prove Theorems 3.4 and 3.6.
To begin with, let us recall the following known result ([3], Thm. 20.3, p. 297):

Lemma 6.1. Let F: U — M be a continuous mapping having smooth restrictions to finite-dimensional sub-
manifolds of U, where U is an open subset of a Banach space, and M is an n-dimensional, smooth differential
manifold. Let 4 € U be a corank one critical point of F, i.e. the codimension of ImDgF (the image of the dif-
ferential of F at @) is equal to 1. Let A\ € (ImDzF)*+ = {n € T}’;(ﬁ)/\/l; n(X)=0,YX eImDyF C TpgyM},
A # 0. If the quadratic form AHessz F : ker Dy F' X ker Dy F' — IR is sign-indefinite, which is defined by

2
AHessaF(v,0) = /\(%‘OF(@(E))), Vo e KerDgF C Tild, (6.41)

with ¢ : [0,e0) = U (eg > 0) satisfying ¢(0) = @ and &
intF(Ogq) for any neighborhood Oy C U of .

w(e) = v, then F is locally open at 4, ie. F(4) €
0

We are now in a position to prove Theorem 3.4.

Proof of Theorem 3.4. Similarly to [3], we introduce an extended system associated to problem (1.1) and (1.2)
as follows:

d )\ _ (FO>y),ult
S (o)) = (Geuud) . ulty e U, e te (0,7),

(yo(O)) / (0 ) (6.42)

y(0) Yo

Define the endpoint mapping E : L?(0,T;U) — IR x M for the system (6.42) by
J(u(-)) >
Eu(:)) = , 6.43
() <y(T;U(-)) (643)

where y(+;u(+)) is the solution to (1.1) associated to the control u(-). Then, we define the attainable set of (6.42)
at time T by

A={B(u()); u(-) € L*(0,T;U)}.
Since @(-) is optimal for Problem II, we have ([3], Sect. 12.4, p. 179)
E(a(-)) € 0A. (6.44)
For any v(-) € L(0,T; IR™), let y°(-) be the solution to (1.1) corresponding to the control i(-) + ev(-) with
small € > 0.

Firstly, we claim that

82

o =ve. o

de

YW =2v(), teloT) (6.45)

where V(-) and Y (+) are the solutions to (5.21) and (5.22), respectively.
In fact, for any ¢ € [0, T}, set

V. () ip .
7 {my(t),y&(t))’ if P(f/(t)’y () >0, (6.46)
]

V() = | e
0, if (1), y° (1) = 0,
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where V(t) = exp;é) y©(t) with € > 0 being small enough. Define
1(0; €) = expy() (OV(1)), 0 € [0, p((t), y(t)]. (6.47)

= g(t) and n(p(g(t), y¢(t)); €) = y(t). For any h € C°(M), applying Taylor’s expansion,

Then, we have 7(0;€)
), (5.23) and (5.24), we obtain that

Lemma 2.1, (2.17),

) =y L

B liné h(n(p(y(t),y‘(t)Z;E)) *h(n(0;6)>
= 1im L ((VA(p(0)), 5| n(0: )p(a(0).y° (1) + olp(5(8),y(1)))
= lim L(VA(5(t)), Ve(t)) = V(1) (h),

which implies the first equality of (6.45).

To prove the second equality of (6.45), we employ two ways to compute 88—:2

h(y(t)). On one hand,
0

2
2wt = tim 2| onr), 2o
2
= (v Vi, V(D) + (VAG0), o] 570, (6.48)

where the first equality of (6.45) is used.
On the other hand, recalling (6.46) and (6.47), we can get, via Taylor’s expansion, (2.17) and (5.23),
0? . 1 e e =
S| mr o) = im 5 () — b (1) + hi(0)

e—0 €
= tim 5 Lh (o), 5> (0):26)) — h(n(0:26)) —2[n (n(p( 0,57 0): ) —n(n(0:))]}
= tim - {(TH0). 5| 0(6:20)p0(0). 7 (1)) + 5| W (8:20) 72 00,7 (0)

2{TBE0). | Do) (0) — 2| Bz D@0 D) + 0l ).

Since

T nns) = 2| (ntaio:e)). 2o o) = (Vv VA Vi(1),

p?(y(t), y<(t))

where we have used Lemma 2.1 and the fact that n(-;¢) is a geodesic. Thus, by using the above equality and
(5.23), we can get

2
L] @) = 1 ((VR@0), Var(0) + 3 (T T, V1)) — 2(Th((0), Vel1)

~(Vv. VA, Velt)) + o(e?))

= tim = ((VR(0), 26V (1) + 4V () + 5 (Vaevoyacsy o Vo 26V (1) + 4V (1)

e—0 62
—2(Vh(5(1), eV (t) + €Y (1)) — (Vevt)rezv () Vh, €V (1) + €Y (1)) + 0(62))
= 2(VA(y(1)),Y (1)) + (Vv Vh, V(1)).
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Combining this equality with (6.48), one can get the second equality of (6.45).

Secondly, we claim that (v,11)" € (—o0,0] x Ty, M belongs to (ImDyyE)* if and only if it satisfies (3.19),
where 1)(-) is the solution to (3.7) corresponding to the pair (1,1);). Thus, by the conditions of Theorem 3.4,

the codimension of ImDy()E is 1.
In fact, assume that (v,91) € (—o0,0] x Ty M satisfies (3.19). Recalling (3.4), one can further get

vV fOlt)(0(1) + Vu (), 0(t) =0, ae t€[0,T], Yu()eL*0,T; R™). (6.49)

Integrating (6.49) over [0, T], we can obtain, via (5.21), (3.7), (6.45) and integration by parts,

0= [ {9t H0) + i V) - TG0, Vo) i
0
T
=0 V@) + [ {pV s M0() = Vi) - VoS0, V(D)

- ,//O (Va0 (0) + de UV (0) )t + 9 (V(T))

= ()" (Day E@())). (6.50)
Since v(-) € L2(0,T; IR™) is arbitrarily chosen, we have
(v,41)" € (ImDg(yE)*. (6.51)

Conversely, if (7, 1/;1)T € (ImDﬂ(,)E)J- with 7 < 0, one can follow the above argument in an inverse way, and
get (3.19) with v = & and (-) = (), where ¢(-) is the solution to (3.7) with v = & and 9, = ;.

Thirdly, according to (6.44), the above argument and Lemma 6.1, (v,¢1)" Hessy(.)E is sign-definite on
KerDy( E x KerDy(. E. Now, we need to compute explicitly both (v,11)" Hessy E and KerDy()E.

Recalling (6.41), (6.43) and (6.45), we have

(v.40) Hessay E(). o)) = (nin) T (g | B@() + o)

0€e? lo
2

- V%IOJ@(.) +eo()) + 20 (YV(T)). (6.52)

Applying (6.45), we can get

2

0 _ 0
Vo 0J(u(~) +ev(s) = Yo

= V/o {Vifo[t](V(t), V(1) + 2V Vo fOlt](v(t), V(1)) + V2 Ot (v(t), v(t))

(V. fOft], 27 (8) }at (6.53)
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Using integration by parts and employing the second order variational equation (5.22), we obtain that

23 (VD) =2 [ [V BV (1) + 50Ty ¥)
T
=2 [ {Vi V() + Val W00, (0) + VoS0 V(0. 0(0)
RO, V(2), 1, V(0) + 5 VW0, V0, V() + 5 V2 FHW0), v(0), o) fat

Inserting the above identity and (6.53) into (6.52), one can get, via the first order dual equation (3.7),
(v, 91) " Hessa() E(u(-),0()) = /0 {ViH”(b‘,ﬂ(t)ﬂﬁ(t)aﬂ(t))(V(t%V(t)) + VRH" (t,5(t), (1), a(t) (v(t), v(?))
PRV (1, (0), D(1), 7)) (V (1), w(0) — R0, V(). 71, V(5) .

By the definition of the kernel of Dy E, for any v(-) € KerDg.yE, one has

0=4

de

S (e (). +ev(t))d ST £O1V0) 49 O (0(8)) Yt
0( ’ Y (T) ) ( ’ V(D) ) (6.54)

In the normal case, i.e. v < 0, (6.54) implies, together with the first order dual equation (3.7) and (5.21),
V(T)=0and [ V,H"[t](v(t))dt = 0. By (3.19), it follows that

KerDyyE = {v(-) € L*(0,T; IR™); (3.20) with £(-) = v(-) admits a solution}. (6.55)

In order to determine the sign of the quadratic (v,¢;)" H essy(yE, from the assumptions, one can find a
ty(-) € Vaq \ {u(-)} such that [lu,(-) —a(-)||L2(0,7;mm) tends to zero as n — +oo. Set

n() —u()

(
[un () = @)l L2 0,7:mm)

vy (+) =

€ = lug(c) - ﬂ(')HLQ(O,T;IRM)-

Since Dy E : L2(0,T;IR™) — IR x T,, M is linear, one can find a subspace N C L?*(0,T;IR™) such that
L?(0,T; R™) = KerDyE® N, ImDg E = (D (E)N, and Dy : N — IR x T, M is surjective. Thus, we
have dim N' < oo. For each v;(-), there exist a v}(-) € KerDyyE and a v2(-) € N such that v, (-) = v}(-) +v2().
In what follows, we will consider two cases.

Case I. If there exists an ny > 0 such that v7(-) € N\ {0} for all n > n;, then one can find a subsequence of
{v2(-)} (still denoted by {v7(-)}) and a v*(-) 6 N such that

Jim[030) = Ol = 0. (6.56)

We claim that v?(-) =
Indeed, denote by VZ( ) and V3(-) the solutions to the first order variational equation (5.21) with v(-) = v} (-)
for i = 1,2 and v(-) = v2(-), respectively. Especially, applying (6.56), we have

1 2 (1) =o. .
n;rfwtggg]IV() V@) =0 (6.57)
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Denote by V,(-) = V,!(:) + V;2(-). One can check that V;(-) is the solution to (5.21) with v(-) = v, (-) = v}(-) +
v2(-). Denote by yg(+) the solution to (1.1) with cotrol u(-) = a(-) 4 €v,(-) for € > 0. Set V;, ((t) = expy,
for t € [0, T]. Applying (5.23), one can obtain

Vie(t) = eVi(t) + Y (t) + o(e?), Vit e [0,T],

where Y, (+) is the solution to (5.22) with V(-) = V,,(:) and v(-) = v,(-). Recalling the proof of Proposition 5.3,
one can check that €Y, (t) + o(€?) in the above formula is an infinitesimal o(e), which is uniform with respect
to vy (-), due to [Jvy(-)|z2(0,r;mm) = 1. Note that u,(-) = a(-) + €yvy(-) € Vaa, v5(-) € KerDy)E and (6.55).
The above formula holds for € = ¢, and

0="Vie,(T)=V2(T) +oley), n=ni+1,n+2,....

From the above formula and (6.57), one can get V*(T) = 0, and hence v*(-) € KerDgy.yE N N, which implies
the claim.

Applying Taylor’s expansion, and noting (6.45) and (6.51) and the boundness of {v,(-)} in L?(0,7; IR™), one
can get

v (@) + vy () = @) ) + 1 (Voo 1)) = €(v(Day T ) 0a(0) + 1V (7))
b (vHessa T (0,000 0) + 0 (| 5(D)) + o)
= e(v,¥1) (Day Bon ()

*62(1/, z/Jl)THess,;(.)E(vn('), vy(+) + 0(62)

_! 2( 1) Hessﬁ(.)E(Ué('),U};(‘))

€ (v, 1) " Hessq( E(vy(-), v;())

eg(u, @[Jl)THessa(.)E(v%(-), vfz()) + o(€?). (6.58)

Taking € = €, in the above formula, we have, via v < 0, y,"(T) = y1, (6.51) and the optimality of @(-),

v,y1) " Hessa() E(vy (), vy ()) + (v,41) " Hessa() E(vy (), v3()

(v ,wl)THessﬁ(.)E(v%(-),v??(~)) +o(1). (6.59)

By means of the boundedness of {v}(-)} in L? (O T; IR™), there exists a subsequence of {(v 1/)1)TH688 B CHOR
v5(-))} (still denoted by {(v wl)THessu( yE(h(-),v5(-))} ) such that lim, oo (v, 1h1) T Hessu( yE@i (), v5(-) =
¢ exists. Taking limit in (6.59) as 7 — +00, one can get, via (6.56), 0 > 1&. Since (v,91)" Hessu(.)E is sign
definite on KerDg)E, we get (v, wl)THessa(,)E is negative definite on KerDy.)E.

Case II. There exists a subsequence of {v,(-)} (still denoted by {v,(-)} ) such that v, (-) € KerDg.)E. Applying
the same argument as that in (6.58) and (6.59), one can get (v, wl)THessﬂ(‘)E is negative definite on Ker Dy E.

In the abnormal case, i.e. v = 0, KerDgyE is equal to (3.22). Lemma 6.1 concludes that the left hand of
(3.21) is sign-definite on (3.22). O

Finally, let us prove Theorem 3.6.
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Proof of Theorem 3.6. Theorem 3.6 is a direct consequence of ([3], Thm. 21.8, p. 347). O
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