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AN EPIPERIMETRIC INEQUALITY FOR THE LOWER
DIMENSIONAL OBSTACLE PROBLEM

FrRANCESCO GERACT

Abstract. In this paper we give a proof of an epiperimetric inequality in the setting of the lower
dimensional obstacle problem. The inequality was introduced by Weiss [Invent. Math. 138 (1999)
23-50) for the classical obstacle problem and has striking consequences concerning the regularity of
the free-boundary. Our proof follows the approach of Focardi and Spadaro [Adv. Differ. Equ. 21 (2015)
153-200] which uses an homogeneity approach and a I'-convergence analysis.
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1. INTRODUCTION

The obstacle problem consists in finding the minimizer of a suitable energy among all functions, with fixed
boundary data, constrained to lie above a given obstacle. The obstacle can live in the whole domain or on a
surface of codimension one, these cases are denoted by the classical obstacle and the lower dimensional obstacle
(or the thin obstacle) respectively. In this paper we analyse a particular case of a lower dimensional obstacle
where the obstacle is laid in a hyperplane of the domain and the energies are the weighted versions of Dirichlet
energy. The motivation for studying lower dimensional obstacle problems has roots in many applications. There
are examples in physics, mechanics, biology and financial mathematics and many prime examples can be found
in [4, 12, 14, 16, 18, 27, 40, 41, 45, 46).

In this paper we consider the energy

E(v) ::/ |Vo|? 28 du, (1.1)
B+

1

and minimize £ among all functions in the class of admissible functions

Ay = {ve H (B, pa) : v>00nBj,v=gon(0B;)*}, (1.2)
where H(A, u,) is the weighted Sobolev Space and p, is the measure p, := |2,|* L*.B; with a € (=1,1). In
what follows we will extend automatically every functions in 2, by even symmetry with respect to {z, = 0}

and for convenience we will indicate any points z € R" as x = (Z,z,) € R""! x R.
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2 F. GERACI

By the direct method of calculus of variations it easy to prove the existence and uniqueness of the minimum
of (1.1) on 2A,. Let u := ming, £, we note that u satisfies the following Euler-Lagrange equations:

uw(Z,0) >0, T e B

w(Z, xn) = u(T, —xy),

div(|z,|* Vu(Z,z,)) =0, =€ By \{(Z,0) : u(z,0) =0}
div(|z,|* Vu(Z, z,)) <0, x € B; in distributional sense.

We denote by I'(u) := 0{(Z,0) € B} : u(Z,0) = 0} N Bf the free-boundary of u.
In order to establish the regularity of the solution w and its free-boundary a fundamental tool is the Almgren
frequency type function (see [3] for a = 0). For all points z¢ € I'(u):

r fBT»(aro) |Vu|? dug

NZo = .
a (T‘, U) faBT(IU) w2 |$n|a dHr—1

(1.4)

Caffarelli and Silvestre [13] proved the monotonicity of function r — NZX°(r,u) and some of its properties such
as, the property of being constant over all homogeneous functions; Caffarelli et al. [15] established the property
of the frequency function of being bigger than 1+ s, where s := 15“ is the exponent of the fractional Laplacian
of the trace, on R"~1 x {0}, of a global solution of (1.3) (see Sect. 2).

In the particular case s = 1/2, Giaquinta and Modica [35] proved u € Lip(By) moreover Athanasopoulos and
Caffarelli [2] proved that u € C2 (Bf U B}). More recently Riiland and Shi [47] proved the optimal regularity
C1mintz.8Y(BE U B)) in the case of C% coefficients.

In the general case s € (0, 1) Caffarelli et al. [15] proved the optimal regularity of the solution: Vzu is one-
sided C*, or rather Vzu € C*(Bif U B}), and the weighted normal derivative |z, |*d,u is C*(BE U BY) for all
0<a<l-—s.

Thanks to the monotonicity of the functional (1.4) it is possible to define the frequency of u in zy as
NZo(0F, u) := lim, o+ N¥°(r,u) and to distinguish the points in I'(u) respect to their frequencies. The free-
boundary I'(u) can be split as:

I'(u) = Reg(u) U Sing(u) U Other(u).

The points of the subset Reg(u) are called regular points, they are the points of the free-boundary with least
frequency i.e. 1+ s; we will denote Reg(u) as I'1y,(u). In the case s = 1/2 the regularity of I' j» was proved
by Athanasopoulos et al. [3], while Focardi and Spadaro [23], Garofalo et al. [31] (case of variable Lipschitz
coefficients) and Ruland and Shi [47] (case of variable Holder coefficients) gave alternative proofs of the regularity
using an epiperimetric inequality (see Thm. 1.1).

In the general case s € (0,1) Caffarelli et al. [15] proved that I'144(u) is locally a C1* (n — 1)-submanifold
and Garofalo et al. [32] gave a proof of this result (following the approach in [31]) in the case with drift in the
subcritical regime.

The points of the subset Sing(u) are called singular points and are the points of the free-boundary with
frequency 2m with m € N, equivalently their contact sets have density zero with respect to H". In the case
s = 1/2 Garofalo and Petrosyan [28] prove that Sing(u) is contained in a countable union of C! submanifold.
Very recently Garofalo and Ros-Oton [29] extended the result in [28] for s € (0, 1).

The subset Other(u) is the complement of Reg(u)U Sing(u) in I'(u). Recently Focardi and Spadaro [24, 24A]
gave a complete description of the subset Sing(u) U Other(u) up to a set of H"~2-measure zero. This result is
new also in the framework of the Signorini problem, i.e. in the case s = 1/2, and it is obtained by a combination
of analytical and geometric measure theory arguments. The goal of this paper is to give an alternative proof
of the regularity of I'1(u) given by Caffarelli et al. [15]. Our proof use an epiperimetric inequality and its
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consequences. We extend the result proved by Focardi and Spadaro [23] in the case s € (0,1). The two authors
outline the presence in their proof of two competing variational principles that contribute to the achievement
of proof.

In order to enunciate the epiperimetric inequality we introduce a sequence of rescaled functions u,,, =

% and an auxiliary energy “a la Weiss”

= 1 1+s _
Wl_‘O_S(T, U) = m/ . |VU/T|2 d,U/a — m /83 (o0) |U7~|2 |:L"n,|a dHn 1, (15)
Lo

BT( 0

which is the sum of a volume energy and a boundary energy. We note that 1 + s, the frequency of points of the
free-boundary examined, is the exponent of the scaling factor of sequence uy, , (see Eq. (4.1)) and the coefficient
of boundary energy. The existence of blow-ups is a consequence of a gradient estimate of rescaled function in
L?(By, j1a); reasoning by contradiction, thanks to properties of the frequency and the optimal regularity of the
solution we prove the (1 4 s)-homogeneity of blow-ups. So, according to a result of classification by Caffarelli
et al. [15] we state the result of the classification of (1 + s)-homogeneous global solutions of the fractional
obstacle, which constitute the following closed cone

Hrrs={A\he 1 €S2 N€[0,+00)} C HL.(R", o),

with

he() = (575 e— @ e +a2) (V@ e + a2+ e)s .

The key result presented in this paper is an alternative proof (a first proof, with an extra hypothesis of
closeness, was given by Garofalo et al. [32] which used it to give a proof of regularity of the free boundary) of
a Weiss’ epiperimetric inequality for the fractional obstacle problem (cf. [49], Thm. 1).

Theorem 1.1 (Epiperimetric inequality). Let 0 € I'1ys(u). There exists a dimensional constant k € (0,1) such
that if c € HY(By, j1a) is a (1 + s)-homogeneous function for which ¢ > 0 on By and c(Z,x,) = c(T, —x,) then

. 0 0
vleanl‘c Wli—&-s(lv U) < (1 - H)Wli-&-s(la C)'

Taking the epiperimetric inequality into account, Weiss proved this result in [49] in the classical obstacle case.
Recently Garofalo et al. [32] proved a similar epiperimetric inequality, with an extra hypothesis of closeness to
a fixed blow-up. The assumption of closeness to a fixed blow-up in the version of the epiperimetric inequality
established by Garofalo et al. [31] in the case s = 1/2 and by Garofalo et al. [32] in the case s € (1/2,1) is not
restrictive for the application to smoothness for the subset of regular points. On the other hand the formulation in
this paper is stronger since we prove that any (14 s)-homogeneous function satisfies the epiperimetric inequality
without any closeness restriction. Moreover, rather than employing Almgren’s and homogeneous rescalings as
done in [31, 32], as a minor consequence of the stronger formulation proved in the paper only homogeneous
rescalings are used to show smoothness of the subset of regular points (cf. Sect. 4). Finally, in case s = 1/2, the
stronger formulation due to Focardi and Spadaro [23] has been used by Riiland and Shi [47] to show optimal
regularity of solutions of thin obstacle problems with matrix coefficients in Holder spaces (cf. [47], Cor. 1).

Taking the epiperimetric inequality proof into account, by a contradiction argument we obtain a quasi-
minimality condition for a sequence of auxiliary functionals. Using a I'-convergence argument we inspect the
I'-limits of the sequence of auxiliary energies and analyse their minimizer that represents the directions along
which the epiperimetric inequality may fail. Using a variational method we obtain that such minimizers show
in the same time contradictory relationship with the cone £ .
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The epiperimetric inequality is a key ingredient to deduce the following estimate of the decay of energy:
Wi (ryu) < Cr7, (1.6)

where C and ~y are positive constants. Thanks to the decay estimate (1.6) we prove a property of nondegeneration
of solutions, from which we deduce that the blow-ups are nonzero. Proceeding as in [23] we can prove the
uniqueness of blow-ups and the regularity of I'11(u); we state this results in Proposition 6.6 and Theorem 7.1
respectively and do not prove them because they follow by the epiperimetric inequality and its consequences as
in [23], Propositions 4.8 and 4.10.

What follows is a summary of the structure of this paper: in Section 3 we introduce the frequency and
its properties and define I'14(u) the subset of free-boundary with low frequency. In Section 4 we prove the
existence and (1 + s)-homogeneity of blow-ups in the points in I'144(u) and in Section 5, thanks to a result by
[15], we characterize the (1 + s)-homogeneous global solution of the fractional obstacle problem. Section 6 is
devoted to establish the epiperimetric inequality and its consequences in the framework of the regularity of the
free-boundary, a decay estimate of an auxiliary energy, the nondegeneracy of the solution and the uniqueness
of the blow-ups. In Section 7 we state the regularity of I 4 5(u).

2. PRELIMINARY RESULTS

Let v € ming, &; we denote by A(u) its coincidence set, A(u) := {Z € B} : u(z,0) = 0}, and by I'(u) its
free-boundary I'(u) := dA(u) in Bj topology.

Caffarelli and Silvestre [13] showed that the Euler-Lagrange equations of u (1.3) are equivalent to the following
equations:

w(Z,0) >0 Te B

div(z¢ Vu(Z, z,)) =0 2, >0 (2.1)
lim, o+ 28 0pu(Z,z,) =0 u(Z,0) >0

lim, o+ 280,u(T, zy) <0 T € Bi,

which are related to the study of the classical obstacle problem in R"~! for fractional Laplacian (—A)® with
s € (0,1), where a = 1 — 2s. In particular, for all v solution of div(x? Vu(Z,z,)) = 0 on B;, with an appro-
priate extension to the whole R"™, there exists the limit lim, o+ 220,v(Z,2,) and lim, o+ 280,0(Z, z,) =
C(—A)*f(Z) with f the trace of v on R~ x {0} and C a constant depending on n and s (cf. [13]).

For x,, > 0, u(Z,x,) is smooth so the second condition in (2.1) holds in the classical sense, while the third
and fourth condition in (2.1) hold in the weak sense. By Silvestre [48] u(Z,0) € C1* with o < s, in particular
if —a < a < s the limit lim, _,o+ 20,u(Z, x,) can be considered in the classical sense.

The function u, can be extended by simmetry u(Z, z,,) = u(Z, —x,). So, as shown in [13] we can rewrite the
problem (2.1) as (1.3).

In order to simplify the notation, we introduce the following symbol:

R, (¢) := lim €%0,¢(Z,¢) (2.2)

e—0t

for all functions ¢ which are solutions for

{ V(@ 20) = V(3 ) (2.3)

Lo (¢) :=div(Jzn|* VY(Z,2,)) =0 {z,, # 0}.

In what follows, we shall state a uniform estimate on the solution u, so we report a quantitative result stated
in [24, 24A], Theorem 2.1.
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Theorem 2.1. For every boundary datum g € H'(By, ua) that respects the condition of compatibility with the
problem, i.e. g(T,x,) = g(Z,—x,) and g(Z,0) > 0, there exists a unique solution u to the fractional obstacle
problem (1.3). Moreover, Oy,u € C*(By2) fori=1,...,n—1 and |x,]|*0z,u € C“(BT/Q) forall0 <a<1-s,
and

Iy, 5 = leogarsy + 1Vsl gy + lloal 0, vl iy < Clluliagog ey (24
with XS,Q(BI"/Z) = {v € H'(By3) : ve CO(BT/Q), Vzv € CS(B?‘/2) and |x,|*0,, v € CQ(BY/Q)}.
Next, we state a version of the Divergence Theorem that will be used frequently in the paper.
Theorem 2.2 (Divergence Theorem). Let ¢ € HY(Bi, pa) and ¥ be a solution of (2.3), then
Vo Vodia = [ puealetant =2 [ oR)ann (25)
B B, B

We conclude the paragraph stating some results related to weighted Sobolev spaces. We rewrite these results
for our aims, but these also hold in more general conditions.

We state the analogous of the Banach-Alaoglu-Bourbaki Theorem (see [5], Thm. III.15) for which every
bounded and closed set in H'(Bj, u,) is relatively compact in the weak topology.

Theorem 2.3 (Banach-Alaoglu-Bourbaki Theorem [39], Thm. 1.31). Let v; be a bounded sequence in
HY(Bi, p1a). Then there exists a subsequence v;, and a function v € H*(By, i) such that v;, — v in L*(By, f1q)
and Vvj, = Vv in L*(By, pq; R™).

Moreover in view of [38], Theorem 8.1, where Heinonen and Koskela obtained an analogous of the Rellich
Theorem on Sobolev metric spaces, we can deduce that every bounded and closed set in H'(By, ) is relatively
compact in L?(By, jia).

Theorem 2.4 (Rellich Theorem [38], Thm. 8.1). Let v; be a bounded sequence in H' (B, j1,). Then there exists
a subsequence v;, and a function v € HY(Bi, ja) such that vj, — v in L*(Bu, f1a)

Futhermore, we indicate two Theorems of compact Trace embedding. We are interested in the trace of
functions in H'(By, ye) on L2(B}) and L?*(0By, |r,]* H™1).

Theorem 2.5 (Trace Theorem [20], Thm. 3.4). For all a € (—1,1) there exists a compact operator Tr :

HY (B, pa) — L*(B}) such that Tr(u) = u for every u € C*=(B;)

The Theorem of Trace embedding on L?(9By, |x,|* H"~!) is similar to the Theorem of Trace embedding in
the classical Sobolev spaces, for its proof we refer to [37], Section 3.7.

Theorem 2.6 (Trace Theorem). For all a € (—1,1) there exists a compact operator Tr: H'(B1, jua) —
L2(0By, |xp|* H™ 1) such that Tr(u) = u for every u € C*°(By)
3. FREQUENCY FORMULA
Let xg € I'(u) and r € (0,1 — |xg|); let N®°(r,u) be the frequency function defined by

o rfBr(mo) |Vul? dpg
NU« (T’ U) = 2 a n—1
faBT(IO)u | |* dH

if ulsp, (z4) 7 0. We recall the monotonicity result due to Caffarelli and Silvestre [13].
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Theorem 3.1. (i) The frequency function NZX°(r,u) is monotone nondecreasing in the variable r for all
r € (0,1 — |xg|).
(i) For all points xy € I'(u) the function N*(r,u) = X for all v € (0,1 — |xo|) if and only if u(zo + ) is
A-homogeneous.
(ii3) If u(xo + -) is A-homogeneous then A > 1+ s.
(tv) N¥o(r,u) > 1+ s for all xo € I, and r € (0,1 — |zo]).

Proof. As far as the proof of (i), (ii) and (iii) is concerned, we refer to [13], Theorem 6.1 and [15], Proposition 5.1.
As regards the proof of (iv), see Remark 4.5. O

Thanks to Theorem 3.1(i) it is possible to define the limit NZ0(0%, u) := lim,_,g+ N (r,u). We denote by
I s(u) the subset of points of free-boundary with frequency 1 + s:

INis(u):={zg €, : N0, u)=1+s}. (3.2)

Note that from the monotonicity of the frequency and by the upper semicontinuity of the function z —
NZ(0%,u)! the set Iy, C I, is open in the relative topology.
We introduce the notation:

DEo(r) = / IVl dpa Hoo(r) = / a2 [0 AR
B, (zo) OB (o)

and we can omit to write the point xg if zg = 0.

All functions HZ0(-), D¥o(-) and NZ°(-) are absolutely continuous functions of the radius, so they are
differentiable a.e.

We prove two properties of HX°(r) (see [1], Lem. 2, [23], Lem. A.2. for the case a = 0).

Lemma 3.2.

(i) The function

Hgo (r)
(0,1 —|zo]) > 7+ s (3.3)
is nondecreasing and in particular
Ho(r) < Mr"“ forall 0<r<1-— |z (3.4)
©T (= o) " '
(i1) Let xg € I'nys. For all € > 0 there exists an ro(e) such that
x Hge (TO) n+2+e
HY(r) > 25— forall 0<r<ry. (3.5)

- n+2-+e¢
To

Proof.

(i) We proceed along a two-step argument. Let zp € I14s(u) we recall that zg = (Zg,0). Thanks to the
Divergence Theorem and the third condition of (2.1) for which uR,(u) = 0 in B we can compute the

TThe function N, (0%, w) is the infimum on r of continuous functions NZ(r,u).
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. HEo
derivative of 7,2,(;;):

d 1 2
< Hoo(r) ) = —— Vu()|? dia. ,
dr <7‘"—25 @ (T)> yn—2s ~/BT(20)| ule)l du (3.6)

Next, throught the equation (3.6), we compute the derivative of HTZZ(QT )

d HIU(T)) Ches / 5 / 2 -1
— a =2r " r Vu(x)|*dug — (1 + s u’ |z, |* dH" , 3.7
¥ (555 [ V@R () [ i) (5.)

then, according to item (i) in Theorem 3.1 and recalling that xg € I'1s(u) we can deduce that
7~ (+2) [%0 (1) is nondecreasing.

(ii) Let ro = ro(e) be a radius such that for all < rg it holds NZ°(u) < (1 + s) + &/2. Then, thanks to (3.6),
we obtain

Hgo(r)

d
Ng°(ru) = EIOg (7,11—25) <(1+4+s)+¢/2.

N =3

So, dividing to § and integrating on (r,ro) we have

To

r n+2+e¢
HEO(r) > HE (ro) () . .

We now prove a version of the Rellich formula for weighted Sobolev spaces:

Proposition 3.3 (Rellich formula). Let v be a solution of (1.3). Then it holds that:

o

Proof. We apply the Divergence Theorem and the third condition of (2.1) for which uR,(u) = 0 in Bf and
develop

—9 2
|V’U‘2‘(En|ad%n_1 _ u/ |Vv\2d/¢a+2 / <<vv’£>) |$n|ad7'ln_l.
. r B, dB, r

T

div (|w2§ |n]® — 2 <w, §>vu|xn|a). O

In view of Section 6 we compute the derivative of the volume and boundary energies.
Lemma 3.4. The following formulae hold:

(i) (H20Y (1) = B2 H() +2 [y ) aVa vl | a0
(i) (DEoY(r) = 225 D20 (1) £ 2 [, () o P
(111) DZo(r) = faBT(IO) uVu - vz, | dH L.

Proof. (i) We can obtain the thesis observing that %UQ(SCO +ry) =2u(xo + ry)Vu(zo + ry) - y.
(ii) From Coarea and Rellich Formulae we obtain

Prop.33 n—2+a
r

D3e(r) + 2/ (V- v)? |z, |  dH" L

(D20 (r) = / IVl due
6B7~(220) 8BT(wO)
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(iii) In order to prove the formula, it is enough to apply the the Divergence Theorem and the third condition
of (2.1) for which uR,(u) =0 in Bj. O

4. THE BLOW-UP METHOD: EXISTENCE AND (1 + s)-HOMOGENEITY OF
BLOW-UPS

In order to study the properties of the free-boundary, we investigate the properties of the blow-up limits.
Let xg € I'4s(u), we shall consider a suitable sequence of rescaled functions of the solution u (called also
(1 + s)-homogeneous rescalings):

u(xo + rz)
Ugy,r(T) 1= s (4.1)

if xo = 0 we denote u,(x) in the place of ug ,(z). We do not take advantage of the Almgren type rescalings as
done in (3, 15, 31, 32].

The first step in the analysis of blow-ups is to prove the existence of the limits of the sequence (ug, ), for
all zg € I'4+5(u). In order to prove their existence, we state the equiboundedness of (uy, ), with respect to the
HY(By, j1,)-norm.

Proposition 4.1 (Existence of blow-ups). Let u € H'(B1, ua) be the solution of (1.3) and let xo € I'1s(u).
Then for every sequence ry | 0 there exists a subsequence (ry;); C (Tx)x such that the rescaled functions (uxo’rkj )j

converge in L? (B1—|zo|> Ha)-

Proof. Since xg € I'145(u),

D¥o(ry) (3.1)  HZo(ry) HZo(1 — |zo])
i 2 o a : a < a )
[Vu 0 kHL2(Bl,ua,R ) = 7,;:+1 - N,f"(rk)rZ“ = (1 s) (1 ‘x0‘>n+2 (4.2)

where in the last inequality we used the inequality (3.4) and the Theorem 3.1(i). Due to Lemma 3.2(i), we have

HEo (1) G0 Hyo (1~ o))

2 —
Hua;o,rk||L2(8B1,|a:n|“7-£”*1) - 7,2-1-2 = (1= |zo|)t2 )

So, according to the Poincaré inequality we have

sup [vao,ri |l L2(By ) < C <SI;P wao,ri 1 22(8B1 || Hn—1) + sup |Vumo,m||L2(Bl,ua;R")) <oco.  (43)

Therefore, thanks to Theorem 2.3 for every subsequence of radii r; \, 0, there exists an extracted subsequence
Ty N O such that wzq,r,,; = o i L*(Bi-jz|, #a) 85 J = +oo. 0

Remark 4.2. So, according to the quantitative estimate (2.4) and inequality (4.3)

(2.4)
Sgp”uzo,rkasya(iBl/g < s%pHuzo,rkHLz(Bl,ua) < oo. (4.4)

In particular, in view of (4.4) we can easily deduce that

l[ull L (B, (20)) < O, [Vaull Lo (B, (zo)rm) < Cr°  and  |||zn]* 0, ul| Lo (B, (me)mn) < Cr' 7% (4.5)
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Similarly to [49] we consider an energy “a la Weiss” used in [23] and [28] for fractional Laplacian (see [32]
for a version in the fractional Laplacian problem with drift and [25, 33] for a version in the classical obstacle
problem with quadratic energies with variable coefficients):

1 1
Wi (ru) = — / |Vul|? |2, |* dz — :;j / u? |z, | dH" (4.6)
"+ 1 B, (x0) r OB, (zo)
We note that
. Hgo(r)
Wl-(&is(T’ u) = rn+2 (N;Bo (T‘, u) - (1 + 5))7

thus if zg € I'14s(u) by (3.2) and Lemma 3.2 (Which guarantees the boundedness of Iﬁ“f;" )) we have

lim W0 =0
TI{% 1+s (T7 U)

and due to Theorem 3.1, we obtain

Wi (r,u) > 0.
Moreover, the function W7 (-, u) satisfies a monotonicity formula in the same essence as Weiss’ monotonicity
formula proved in [49]. For a similar proof see [32], Theorem 3.5.

Proposition 4.3 (Weiss’ monotonicity formula). Let zg € I s(x0) and u be a solution of problem (2.1); then
the function r — W10 (r,u) is nondecreasing. In particular, the following formula holds:

d 2
7W1I-&O-s(7da u) = */ (Vu,-v—(1+ s)ur)z |2, | e
0B,

dr r

Next, we prove the homogeneity property of blow-ups. We prove the result through properties of the frequency
function and the optimal regularity of the solution. Proceeding as in [25], Proposition 4.2, and thanks to
Proposition 4.3 it is possible to obtain the same result.

Proposition 4.4 ((1 + s)-homogeneity of blow-ups). Let u € HY(B1, ua) be a solution of problem (1.3). Let
xo € T4s(w) and (ugyr)r be a sequence of rescaled functions. Then, for every sequence (r;); | O there exists a
subsequence (rj, )k C (r;); such that the sequence (ugq,r; )i converges in Xg o(R™) (see (2.4)) for all0 < 8 <'s
and 0 < oo < 1 — s to uy, a (1+ s)-homogeneous function.

Proof. In view of (4.4), thanks to the Ascoli-Arzelad Theorem there exists a subsequence (that we do not relabel)
Ugy,ry, a0 Uz, € X o(B1)2) such that [|ug,,r, — Uz, ||Xﬁ (B3 converge to Oforall0 < f<sand0 < a<1-—s.

It is easy to prove that ug, is a solution of problem (1.3). In order to conclude the proof, we show that u,, is
(1 + s)-homogeneous.

We note that for every § > 0 we can fix p > 0 such that N¥(p,u) < (1 + s) + 4. So for k >> 1, for every
t € (0,1) (such that trg < p)

Na(t’uIO;Tk) :Ngo(taurk) = Ngo(trkvu) —Ngo(p,u) —I—Ngo(p,u) < (1 +S) + 9,

4.7
NZPo(t,u., ) = NIo(trg,u) > 1+ s, (4.7)

where we resort to Theorem 3.1. Now, from the convergence of u,, r, to ug, and thanks to the arbitrariness of
d, we obtain N, (t,uy,) =1+ s; then, by Theorem 3.1(ii), uy, is (1 + s)-homogeneous. O
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Remark 4.5. By proceeding in the same way, we can prove Theorem 3.1(iv) as well:

Proof of Theorem 3.1(w). Let xg € I'(u) and A = N2°(0",u). Then, if 7 N\, 0 is a suitable sequence of radii,
for all § > 0 we can fix p > 0 such that N¥o(p,u) < A+ 4. So, proceeding in much the same way as in (4.7), we
deduce

A< No(t,tugy, i) < A+ 0,

thus, by the strong convergence of ug, .. to its blow-up wo and by the arbitrariness of §, we have N, (¢, wg) = .
So, by the second item of Theorem 3.1 wg is A-homogeneous and by Theorem 3.1(iii) A > 1 + s. O

5. CLASSIFICATION OF THE (1 + s)-HOMOGENEOUS GLOBAL SOLUTIONS
Let h. be the function defined by

he(z) == (s_1§~ e—(@-e)?+ x%) (\/(55 e2+a2+7- e)s . (5.1)

From a simple calculation it is possible to prove the following properties:
(i) he(Z,zp) = he(T, —xy);
(ii) he(z) >0 on {z, =0} and he =0 on {z, =0,7-e < 0};

)
)
(i) Dehe() = 15 (V@ P+ aZ +7e)
(iv) Ophe(z) = —(1+ 8)zp ( @ e 122 + §~e>3_1;
)
)
)

(v) Orrhe > 0 for any vector 7 € S* C R~ x {0};
(vi) he is solution of (2.3);
(vii

0 -e>0

z
ale r) = ~ —s ~ .2
Rahe(@) {—(1+8)(2|x-e|)1 Foe <0, (52)
In particular, we obtain a complementarity property
he(Z, ) Rohe(T) =0 on {z, =0} (5.3)
So he is a (1 + s)-homogeneous solution of
v(Z,0) >0 TeR!
(T, xn) = v(T, —Tp)
div(|zn | Vo(Z,2,)) =0 x € R\ {(z,0) : u(z,0) =0} (5.4)
div(Jzn|® Vo(Z,2,)) <0 z € R™ in distributional sense
071 >0 for any vector 7 € OBj.

According to [15], Proposition 5.5, the function h. is, up to a rotation and the product by scalar, the unique
(1 + s)-homogeneous, global solution of (5.4).
We consider the closed convex cone of (1 + s)-homogeneous global solutions :

Nits = {>\ he @ e€ Sn727>\ € [Oa +OO)} C Hlloc(Rnnua)' (55)
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Caffarelli et al. [15] proved that ;14\ {0} is the set of blow-ups in the regular points of the free-boundary with
lower frequency.
We note that 14, is a closed cone in H} (R", u,). The restriction

~61+S|Bl = {U|Bl NS 531+s} - Hl(Blaﬂa)

is a closed set, and $145 \ {0} is parameterized by a (n — 1)-manifold by the map

772 % (0,00) L 114\ {0}
(e,\)  — Ahe.

Next we can introduce the tangent plane to space $145 in every point A h, as
TanH1+s = {denP(,a) + §-en=E-e=0,a€R} (5.6)

We compute the derivative of the map @ in a point of S"~2 x (0, 00):

d
d(e,)\)@(fa OL) = aho’(t)|t=0 (57)

with o(¢) a curve on S"~2 such that ¢(0) = e and ¢/(0) = £. By (5.1) and (5.7) we obtain

_ _ettg
le+e€ll

oy = )i g (VE P TR 4Ee)

dt |t=0
Then, we can rewrite (5.6) as
TanHiys ={ahec+vee : {-en=E6-e=0,a€R} (5.8)

where the function v ¢ is defined as follows:
S
ve,ng.g( (§~e)2+:c%+§-e) . (5.9)

We highlight some properties of function 1 € $14,. For all ¢ € HY(By, ), integrating by parts, according to
Theorem 2.2 and Euler’s homogeneous function Theorem we obtain

Vi - Vedu, = / OV - x|z, | dH T — 2/ @R, (1) dH™ !
B, B

B,

=(1+s) /BB O |z, P dH T — 2/3/ QR () dH™ . (5.10)

Remark 5.1. The first variation of functional Wl%rs(l, -) in a point ¥ € H1,, along a direction ¢ € H' (B, f14)
52
is

SWEL (1,9)[¢] =2 VU Vedu —201+9) [ b @ |an | dH" L

w2 (1+te)—We, (1,
2The first variation is defined as 5W19+5(1,w)[<p} = lims_so ( T (Lt «pt) s w))
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Then, by (5.10)

WL (L)l =4 [ eRa()@an ", (5.11)
by (5.3)
SWE (L )[¥] =0, (5.12)
so we can infer that
WL (L) = 3RO =0 Ve D, (5.13)

6. THE EPIPERIMETRIC INEQUALITY AND ITS CONSEQUENCES

In this section we prove an epiperimetric inequality for the points in I'14s(u), and its main consequences in
the framework of the regularity of the free-boundary. In Section 6.1 we prove the epiperimetric inequality. In
Section 6.2 we establish a decay estimate for adjusted boundary energy. In Sections 6.3 and 6.4 we state the
nondegeneracy of the solution and the uniqueness of the blow-ups in I'144(u) respectively.

6.1. Epiperimetric inequality

We now state the main result of this paper: the epiperimetric inequality “a la Weiss” in our setting. This
result is a key ingredient in our approach to the decay of the boundary adjusted energy and to the uniqueness
of blow-ups (see [23] for the classical case of Laplacian s = 1/2).

In this section we state and prove the epiperimetric inequality. For the convenience of readers, the proof will
be split into several steps.

Theorem 6.1 (Epiperimetric inequality). There exists a dimensional constant k € (0,1) such that if ¢ €
HY(B1, 1) is a (1 + s)-homogeneous function with ¢ > 0 on B and c(Z,x,) = ¢(T, —x,) then

nf WL () < (1= WP (). (6.1)

Proof. Without loss of generality it is possible to suppose that there exists a constant 6 > 0 such that the
function c satisfies the follows condition

diStHl(Blnu,a)(C;Sjl+s) < 4. (62)

In fact, according to the (1 + s)-homogeneity of ¢ and recalling that $;14 is a cone, for all § > 0 there exists a
constant v > 0 such that

diStHl(Bl,ua)(’yCa fJ1+5) < 4.

1

We can observe that if v € . then v~ 'v € 2. So, if we prove inequality (6.1) for the function e, or rather

i%lf ng-i-s(lvv) < (1 - KJ)WI%_S(L’)/C),
veRly e
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0 0 .
then, thanks to Wi (1,v¢) = v*Wi, (1, ¢) we infer

. 0 0
wlggf(c Wiis(Lw) < (1 —-r)W (1,0).

To simplify the notation we denote the functional I/Vl%rs(l7 ) by G(+). We argue by contradiction. Let us suppose
the existence of sequences of positive numbers x;,d; | 0 and a sequence of (1 + s)-homogeneous functions
cj € HY(Bi, pig) with ¢; > 0 on Bf such that

diStHl(Bl,ua)(Cjaﬁl-‘rS) = §j, (63)
(1-k)G(c) < 1€an‘ G(v). (6.4)

In particular, fixing h := he,, up to change of coordinate depending on j, we assume that there exists A; > 0
for which v, := A;h is the point satisfying the minimum distance between c¢; and $14, or rather

H¢] — Cj”Hl(Bly,Ua) = diStHl(Bl,p,a)(ijfJLFs) = 6j V] S N (65)
We split the proof into some intermediate steps.

Step 1: Auxiliary functionals. We can rewrite (6.4) and interpret this inequality as a condition of quasi-
minimality for a sequence of new functionals.

Setting j € N, let v € ,, we use (5.11) (applied twice to ¢; with test functions ¢; —v; and v — ;) and
(5.13); we can rewrite (6.4):

(1—x;) (g(Cj) = G(¥;) = 0G(¥;)[ej — 4] — 4/ (¢j — ;) Ra(¥5) dH”1>

B

< Gv) — G(W5) — 6G () o — o] — 4 / (0 — ;) Ra(th;) dH" 1. (6.6)

/
1

We can observe that G(vi) — G(va) — 6G(v2)[v1 — v2] = G(v1 — v2), then for all v € A, (6.6) can be rewritten
as

(1= 1) <g<cj —u)=1f —¢j>Ra<wj>dH”—l> <Gw—v)—4 [ 0= v)Rab)an (6)

Next we define new sequences of functions

¢ — Y
0j

Zj =

(6.8)

(recalling that 1); = A;h), positive numbers 6; := ;‘—; and sets B; :={z € z; + H}(B1,pta) : (2 +0;h)|p > 0}.

Now we introduce a sequence of auxiliary functionals G; : L?(By, pq) — (—00, +c]

/ |Vz|* dpa — (1 + S)/ 27 |p | dH T — 49j/ 2R, (R)dH" ' if 2 € B;
B1 B, B!

+00 otherwise.

Gi(z) == (6.9)
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We can observe that the second term in the formula above does not depend on z but only on its boundary

datum z|oB, = 2|8, -
We can rewrite (6.7) with the new notation and obtain

(1 - &j) (g(ajzj) — 45j/ zjRo(\jh) d”H"‘1> <G(d;z) — 45]-/ 2R, (A\jh) dH"
B B

and dividing by 5j2- we obtain the condition of quasi-minimality for z; with respect to Gj:
(1 —r;)G;(z) < G;(2) Vz € L*(B, pta)- (6.10)
Therefore we note that by the very definitions of z; and §; we have

lzill 21 (B ) = 1 (6.11)

So, by the compactness of Sobolev embedding from H'(Bi,u,) into the space L?(Bj, u,) Theorem 2.3, the
trace operator from H'(Bj, j1,) into the space L?(Bf) Theorem 2.5, and the trace operator from H(Bi, )
into L?(0By, |7,|*H" 1) Theorem 2.6, we may extract a subsequence (which we do not relabel) such that

(a) (25)jen converges weakly in H'(Bj, f1,) to some zoo;
(b) the sequences of traces z;|p; and z;|sp, converge respectively in L?(By) and L?(0By, |2, |*H"1);
(c) 0; has a limit 6 € [0, o0].

Step 2: First property of (G;) en. In this step we establish the equi-coercivity and some other properties
of the family (G;);en.

We observe that for all w € B;, since w|ap, = zj|ap, and hR,(h)(Z) = 0, it holds that

),

where we used (5.2) for which R,(h)(Z) < 0 and the condition w € B; for which (w + 6;h)p; > 0. Then from
the definition of (6.9) we have

wRy(h)(F) dH" 1 = — / (w+ 0;h)Ro(h)(F) AH™ " +0; | hR.(h)@)dH ' >0 (6.12)

/ ’ ’
1 Bl Bl

/ |Vw|? dpg — (1 + s)/ 23 o " AH" T < Gj(w). (6.13)
By 0B

This establishes the equi-coercivity of the sequence G;, in fact from (6.11), thanks to strong convergence of
traces, we obtain

liminf G;(z;) > —(1 + s)/ 22 || dH T =40 | 2o Ra(h) dH™ Y
JeN OBy B!

while if # = 400 from (6.11) and (6.13) we conclude that

liminf G;(z;) > —(1+ 5)/ 22 |z, |t dH L
JEN 0B,



AN EPIPERIMETRIC INEQUALITY FOR THE LOWER DIMENSIONAL OBSTACLE PROBLEM 15

Note that it is not restrictive (up to subsequence) to assume that G;(z;) has a limit in (—oo, +00]. Finally we
can observe that

lim G;(z;) = 400 = lim 6; ziRo(h) dH" ! = —o0. (6.14)

j —00 j — 00
J J B

Step 3: Asymptotic analysis of (G;);en. In this step we prove a result of I'-convergence for the family of
functionals (G;);en-

We can distinguish three cases:
(1) If 6 € [0, +00), then (200 + 0R)|5; > 0 and I'(L?*(B1, a))-lim G; = G with

/ |Vz|? dpg — (1 + s)/ 22 || dH T - 49/ 2Ry (h)dH" !
Bq 0B,

M) () .— B
Goo'(2) ifz € Bé}))
400 otherwise,

where B = {z € 200 + Hy(B1, p1a) : (2 +6h)|p; > 0}.
(2) If 6 = +o00 and lim; G;(z;) < oo, then zoo\B;,, = 0 (where B;’_ =B N{x,_1 <0}) and I'(L?(By, p1a))-
limG; = @ with

V2|2 dpg — (1 + s)/ 22 |z, |t A if 2 € B
gg)(z) = /31 0B,
400 otherwise,

where B = {2 € 200 + H}(B1, pa) : Z|BQ* = 0}. We note that the third addendum of G, is zero in B,

while if z € B; \Bg) the sequence G;(z) diverges; this heuristically justifies the choice of géi)(z) and BY).
(3) If @ = 400 and lim; Gj(z;) = 400, then I'(L?(B1, pq))-lim G; = G5 with

GP(2) = +o0 on L*(B1, fta).

For the reader’s convenience we recall the Definition of I'-limit (see [17]); the equality I'(L? (B, pe))-lim G; =
g},? with ¢ = 1,2, 3 is satisfied if the two following conditions hold:

(a) for all sequences (w;); C L*(Bi, pta) and w € L*(Bi, piq) such that w; — w in L?(By, u,) it holds
lim inf G;(w;) > G\ (w) (6.15)
j
(b) for all w € L?(By, uq) there exists a sequence (w;); C L*(Bi, f1q) such that w; — w in L?*(By, u,) and

limsup G;(w;) < g](-i)(w). (6.16)
j

Proof of the I'-convergence: Case (1).
(a) Without loss of generality we may suppose that liminf; G;(w;) = lim; G;(w;) < 400, then w; € B; for all
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j € N. Taking (6.13) into account, we deduce

[ VP e < Gt + () [ ud e dnnt < v,
Bq 831

then, since w; — w in L?(Bi,pa) we have sup; |w;lgi(p,,u,) < +00, so from Theorem 2.3 Vw; — Vw
in L?(Bi, ). Then, thanks to Theorems 2.5 and 2.6, the respective traces converge in L?(Bj) and
L?(8By, |z, |*H" ). Hence, we obtain (w + 6h)|p; > 0 and, in particular, since w;|p; = z;|p; then w|p, =

Zoo| B; and S0 25 € Bg})). At this point thanks to the convergence of traces of w; and weak semicontinuity of
the norm of the gradient in L?(Bi, 11,) we have (6.15).

(b) We observe that it is sufficient to prove the inequality for w € BY with
supp(w — zo0) C B, for some p € (0,1). (6.17)

If we want to deal with the general case, we consider the function

wy(z) =t (w (%) XB, (%) + Zoo (%) XB,,\Br (%)) with ¢ < 1.

It is easy to prove that wy € H'(B1, j1,) and supp(w; — 200) C By; moreover, wy — w in H(By, pi,) (for a similar
procedure see [34], Prop. 2.4.1, Chap. 2). If (6.16) holds for all wy, resorting to a diagonalization argument we
obtain (6.16) for w. Therefore for a Uryshon’s type property it is sufficient to prove the following property:
fizing w as in (6.17), for all sub sequences ji 1T 4+o0o there exists an extract subsequence ji, T +00 and there
exists w; — w in L?(Bu, pia) such that ®

limsup Gj,, (wi) < G (w). (6.18)
!

Setting r € (p, 1) let R := = and let ¢ € C}(B) be a cut-off function such that

4
ele. =1, ¢lg\z =0, IVele= < 5

— 70.
We define

wg =@ (w+ (0 —0;,)h) + (1 — @)z, (6.19)
and we verify that wy, € Bj,. In fact w € B((xl;), zj, € Bj, and

wZ + ajkh = gO(’LU + 6}7') + (1 - @)(ij + ajkh’) > 0.
SLet us assume the property (6.18) and prove (6.16). Let us suppose by contradiction that there exists w such that

I'—limsup G;(w) > g<(x1>) (w).
J

If (wj)jen is a sequence that achieves the I'-limsup, i.e. limsup; G;(w;) = I'-limsup; G;(w;), and ji is a subsequence for which
limsup; Gj(w;) = limg Gj, (wy,,), thanks to the property (6.18) there exists ji, such that

hin Gjy (wjk) = li%n gjkl (wjkl) < gc(xl>) (w),

leading to a contradiction.
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Therefore, since 0, — 6 € [0, 4+00) we have w}, — pw + (1 — ¢)200 in L?(B1, f1,). Thanks to the convergence of

traces of zj, in L?(B}) it is enough to prove the upper bound inequality for the first addendum of G; and gé})
respectively. From (6.19), we can infer

[ IvuiP e < [ V0 @00Vt [ VP apt [ [V du.
B B, Br\B, B1\Br (6.20)

=1y

Since r > p, from assumption (6.17), we estimate the term I}, as follows

I gs/ Q| Vw + (0 — 0;,)Vh|* du,
Br\B.,
+ 3/ (1= 9)?V2,|* due + 3/ _IVePleae = 2j + (0= 0;,)VA* dua
Br\B; Br

\Br

So

limsup/ |Vw};|2dua§/ |Vw|2d,ua+3/ |Vw|2d,ua—|—4limsup/ V2, |2 dpta (6.21)
k Bi Br\B» k Bi\B,

B, \B 1\B:
By the (1 + s)-homogeneity of z;, , we deduce
1
[ Vel an = [ (9 Pl an
Bl\E r OB,
1 1 —pntl
= / t”/ Vzj, |2 |zn|® dH 1 dt = 7/ |Vzj, | |[2n|® dH™ 1
T 831 n + 1 6B1

which leads us to

_ n+1 9 (6.11)
V2 2 |@n]* AL = 7/ IVz; |dpe < 2(n+1)
/?331 " 1- (1/2)n+1 B1\B, "

in turn implying

/ C|Vz P <2(1—7) (n+1). (6.22)
Bl\BT‘

We apply this construction to a subsequence r; T 1 and R; := 14;«1 and with a diagonal argument we obtain a

subsequence w; — w in L?(By, y,). Thanks to (6.21) and (6.22)

limsup/ |V |* dpta g/ |Vw|2d,ua+3hmsup/ |Vw|2d,ua+41imsup/ V2| ditg
S B v JBenB v JeaB

§/ |Vw|2d,ua+lim8(1—rl)(n+1):/ |Vwl|? djg,
Bl l Bl

and this provides the conclusion.
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Proof of the I'-convergence: Case (2).
(a) Without loss of generality we assume that

liminf G;(w;) = im G;(w,;) < 4o0. (6.23)
J J
Let w; — w in L?(By, u,), since w; € B; and (6.23), then w > 0 on By~ . From (6.12), we obtain
0< _9]/ ija(h) dHn_l ng(wj)—&—(l—l—s)/ ZJQ |{I;n|adH’n—1
B, 8B,
< sup (Qj(wj) +(1+ s)/ 27 |wn|® d”H,"1> < +o0.
j 681

Then dividing by 6;, the convergence of traces leads us to

/ wRe(h)dH" ' =lim [ wjR,(h)dH" ' =0

B i JB

From (5.2) we deduce that w|Bi.7 =0, or rather w € B2 In particular also z. € B2 because sup; G;(z;) <

+00. Then, according to the semicontinuity of the norm H!(By, u,) with respect to weak convergence of gra-
dient, the convergence of w; in L?(Bi, ji,) and the convergence of traces in L?*(9By, |, |*H" 1) we obtain the

I'-lim inf inequality (6.15).

(b) Now we prove the inequality (6.16). With the same argument used in Case (1) we can consider the case of

w € Bg) for which (6.17) holds and for all ji T +o0o we find a subsequence ji, T +o00 and a sequence w; — w in

L?(By, p1) such that

limsup Gj,, (wi) < G2,
!

We introduce the positive Radon measures

v i= |V |? |2n|* LBy — 46, (2, + 0j,h) Ro(h)YH"~'.By ™.

Assuming that k£ >> 1, we obtain

w(B) :gjk<ij>+<1+s>/

0B1

which leads us to

sup vg(By) = Ap < +o0.
k

2 | AR < sup Gj(z5) + Csup |12l g1 (5, .y < 00,
J J

(6.24)

In order to prove vy (B,) = p""'v(By) we observe that setting p € (0,1) by (1+ s)-homogeneity of z;, we obtain

[ 19z dn,

B,
n+1

P
| V2 @) gl AR () dt = 2
L [ v R e et ar = 2

p _ p
f ot Lot 9 )l )
0 OB 0 OBy

/ V25, ()2 [y A" () dt
0B
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1

= /  dt / V25 () [yl A" (y) dt
0 8B1
1

ty=x a n— n

St [ e @ et ) de = [ 92 dp
0 OBy By

and

p
/ 250 Ra(h)@)dH" = / / 250 Ra(h)(@)dH"
B, 0o JoB;

T oh

r=ty n—2 ~ . a ~ n—2 /-~
= t dt zi (ty,0) lim (te)® —(ty, te)dH

/0 / / Jk(y )51 0( ) ) n(y ) (y)

pn+1

/ 23, (5.0) Ra() )AH™2(§) = pm*! / 25, Ra(h)(@)dH"
n+1Jop; B,

where in the last equality we did the previous calculus again in reverse order. Since v (B1) < oo then v, (0B,) =0
with p € (0,1) \ I where I is a set at the most countable. Thus

Vk(Bpy \ Bp,) < Ao(pi ™ = p5™h) < e(n, Ao)(pr — p2), (6.25)

for all 0 < p; < po < 1 such that py,ps € (0,1) \ I. Repeating the argument in (6.17) we prove the I'-lim sup
inequality for function w € B2 for which there exists some p € (0,1) such that {w # 2.} CC B,. We extend w
on R™ as z in By and we indicate the extension by w again. We fix € > 0 and introduce the following auxiliary
tools.

Due to the definition of H'(By, u,) as COO(Bl)”'”Hl(Bl’““) (cf- [39], Sect. 1.9 and Lem. 1.15) there exists a
function vs € C*°(By) such that

|v® — W 1 (By gy < 0(€) with d(g) = o(e). (6.26)

Let w®(x) := w(x — 3ee,—1) be the translated function along the direction e,_1. Since w € Bg), we observe
that

w(z) =0 <= x—3ee,-1€{(Z,0) : 2,1 <0} <= =z€{(Z,0): z,-1 <3c}.
Let I, be the set defined as
I, ={z e B : dist(z,B;") <o} (6.27)

Let ¢. and x. be two cut-off functions such that

C
¢ € C°(Ise), e =1, IV@elli=m) < <
o C
Xe €CF(Bi—c), Xe 1o =1 |Vxclren,) < - (6.28)

For all 0 < € << 1 we build the sequence of functions

’LU](CE) = xg(qi)ewg + (1 - ¢5)U6) + (1 - Xt‘)zjk'
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Then we can at once infer
wy € zj, +Wy*(B)
and since we can write
Wi 0= e (e (05 + 05, h) + (1= 6e) (w7 + 05, 0)) + (1= xe) (2 + 0. ),

we prove that w,(:) € Bj,: w,(:) is a convex combination of functions vs, w” and z;, with boundary data as zj,

and every addendum is bigger than —6;, h restricted to Bj. In fact
(i) by definition zj, 4+ 6;, h > 0 in Bf;
(ii) if x € supp(¢e) N B} then z,—1 < 3e. Thus w®(z) = 0 then ¢.(z)(w™ (z) + 0;,h(x)) = ¢ (x)0;, h(x) > 0;

(iii) if # € supp(1— <) N B} then x,_1 > 2¢,s0 h(Z,0) > 0 and as 0, — 400 v°(x)+0;,h(z) > —||vs|| L (5,) +
;. h(x) >0 for k > ks.

So w'® € Bj, for k > k.
Next, consider,

Jg = —40, / w Ry (h) dH" !
B/

1

I; = / Vw2 dp,
B

respectively the trace term and the volume term of the energy of w,(:). By definition we have

’
1—2¢

Ji < —40, / (¢ew® + (1 — ¢ )0*) Ry (h) AH" ™ — 46;, / 2, Ra(R)dH" 1 = gD 4 7).
&75 j/l\B
According to (i), (5.3) and (6.25) we deduce
0 < sup JIEQ) <supvg(Bi \ Bi—2:) < C2e. (6.29)
k k

Instead, due to (ii), the function WiginG,. = 0 and from definitions of I and h we have Rq(h)|p; \1,. = 0.
From this we infer

0< M < 49, / w® Ry (h)dH" ™ + / VP Ry (h)dH™ 1| =0. (6.30)
B __NI3. Bi_ \Isc

Putting (6.29) and (6.30) together yields

limsup Jj, < Ce. (6.31)

k—o0
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In order to estimate the functional I} we observe that

I,ig/B |V(¢€w6+(1—¢5>v5)|2dua+c/ IV (¢ew® + (1 — ¢)v°) > dpta

Bi_c\Bi-2¢
C
*C/ V2, dpa + / (B + (1= 600" = 2, [P dpa = [V + 17 + 1) + 17,
Bi\Bi1-2c € JB1_\Bi_2.

We estimate the four addenda separately. From condition (6.25), we can infer
sup I,i?’) <supvg(Bjy \ Bi_2:)Ce. (6.32)
k k

We now estimate the first term; recalling that ¢, 1z, =0
R 2
it = / Voo |2 dptg +/ |V (¢e(w® —v°)) VV°|” dpg
B1-2:\I3c Bi_2:MN13e

< / |Vv°|? d,ua—i—c/ |Vo° |2 dpuq
Bi_2¢\I3c Bi—2eN13e

C
+f V(= o du+ 5 [ 07 — w72 dpty
Bi_2.NI3. € Bi1_2:.NI3.

< / |Vl |2 d,ua—i—c/ |V (v° — Vw)|? duzq
B1_2:\1I3c Bi_2:MN13e

c
+c/ \Vw\Zdua+7/ (Jo° = w]? + Jw — w|?) dpq. (6.33)
By _2:NI3e € 1—2:MN13e

Taking the last addendum above into account, we notice that for all ¢ smooth functions and 7 > 0

1
lo(x — Ten—1) — p(z)| < T/ [Vo|(z — Tte,—1)dt.
0

Then, by a simple application of Fubini’s theorem we deduce

2
¢ T

&2 lp(z = Ten—1) — (@) da < e 5 IVel* dpa
& I B1aenlse €% J(Bi—2:NI3.)+[0,7]en—1

where (By_2: N I5:) + [0, 7]en—1 denotes the Minkowski sum between sets. So, thanks to a density argument
and for 7 = 3¢ we infer

% lw — we|* dp, < c/ |Vw|? dpig.

€7 JG2:\Gse (B1-2:N13:)+[0,7]en—1

So, from (6.33), according to (6.26), the continuity of translation in L? and the absolute continuity of the
integral, and observing that £™((B1—2: N I3.) + [0, 7]en—1) = O(g) we obtain

M < / V. 2 djia + O(e). (6.34)
BI—ZE\ISE
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Reasoning in the same way as in the estimate of I ,51) we obtain
1Y < 0(e) (6.35)

Since supp¢. C Go. and recalling that by condition (6.17), if we choose € sufficiently small such that p < 1 — 5e¢,
supp(w3® — 23¢) C By_ac, we obtain

4 & c
1,5 ) <= |¢s(w€*1’6)|2dﬂa+7 |v672jk|2d,ua
€% JB1_\Bi_2. €% JB1_\Bi_2.
C
<S[ - 2 d
€% JB1_\Bi_ac

So, proceeding as in estimate of I ,il) and recalling that supp(w — 2) C B, for € sufficiently small we deduce

lim sup I,i4) < lim sup %/ 200 — 2j,|* dita + O(g) < O(e). (6.36)
Bi_c\Bi1-2¢

k—o0 k—oco €

Then putting together estimates in (6.32)—(6.36) leads to

limsup I}, < / |V |2 dpg + O(e).
k— o0 Bl—2€\13€
So, since

k—o0

W' E220 o (hevs. + (6)u5) + (1 = x)zoo = w&  in L*(By, 1)
and
w® =22 in L?(By, pta),

we conclude by the lower semicontinuity of the I'-lim sup

k— o0 =0 k—o00

I'—limsup G;, (w) < liminf <F—limsup Gj.. (w(e)))

< lim sup <lim sup(I; + J{j)) < / |Vwl|? djta,
B

e—=0 k— oo

that provides the thesis.

Proof of the I'-convergence: Case (3).
(a) From (6.10), we immediately have

liminf G;(w;) > liminf(1 — k;)G;(z;) = +00 = G&.
J J

(b) This is trivial, in fact limsup; G;(w;) < +oo = Gt
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Step 4:Improving the convergence of (z;); € N) if lim; G;(z;) < +oo. Using a standard result of I'-
convergence we show that z; — zoo in H' (B, ftg)-

For equi-coercivity of G; seen in (6.13), [15], Lemma 2.10 (a version of Poincaré inequality for weighted
Sobolev spaces) and ||z;|| g1 (B, ,u,) = 1 We have

[wllzr (B gy < Cy/G(w) +1,

so every minimizing sequence converges weakly in H*(Bj, p,) and thanks to Theorem 2.4 converges strongly in
L?(Bi, j1a)- Since G; is semicontinuous with respect to weak topology of H'(Bi, ui,) there exists ¢; minimizer
of G;. Taking into account [17], Theorem 7.8, with i = 1,2 there exists (o, € H'(Bi, j14) such that

i = Coos in L*(B1, pta) (6.37)
G;(¢5) = G (Coo), (6.38)
(s is the unique minimizer of G{¥), (6.39)

where due to (6.39) we have used the strict convexity of gé?. Therefore using the strong convergence of traces
in L2(0By, |2,|*H""1) and L?(B}), then from the estimates

G;(¢j) < Gj(z) <supGj(z;) < oo, (6.40)
J
and (6.39) we obtain

/ |VCJ|2 d,ua — |vCoo‘2dMaa
B B

which implies ¢; — (s in H' (B, f1q). According to (6.10) and (6.40), z; is an almost minimizer of G; in the
following sense

0<Gj(2) — G;(¢) < k;Gj(25) < kjsupGj(z;).
J

Since k; |} 0 and z; — zoo in H'(B1, ia), (6.38) and Step 3 yield that
G (200) < liminf G;(z;) = lim G;(¢;) = G (Co), (6.41)
with 4 = 1,2. From (6.10), we infer

1
Gj(z) < 1_7]%9]'(@‘);

from this, by (6.41) and by strong convergence of traces we obtain

lim_inf/ \sz\zdpa:/ |V 200 |? Afta,
J B4 B1
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that with the weak convergence of in H'(Bj, ui,) proves the convergence
Zj = Zoo in H'(By, pta)-

In particular

200l 1 (B pa) = 1- (6.42)

Step 5: Case (1) cannot occur. We recall properties of zo.:

(1) [lzcollzt (Byjua) = 15

(ii) 2zs0 is (1 4 s)-homogeneous and even with respect to {x,, = 0};
(iii) zeo is the unique minimizer of géé) with respect to its boundary data;
(iv) 200 € BY = {2 € 200 + H}(B1, 1) : (2 +6h)|; > 0}.

These properties imply that
Woo := Zoo + Oh

is the minimizer of fBl |V - |? dsq among all functions w € wo, + H (B1, fta) and w|p; > 0 in the sense of the

trace. So, ws, is the solution of the fractional obstacle problem. To prove this claim, for all z € B(()é) we consider
w := z + 6h and, recalling (5.11), we have

gfj}(z):/ \vu;Pdua—eQ/ |Vh|2dua—(1+s)/ 22 |@, |t dH
B, B,

B,

—20 [ Vw-Vhdu, —40 | =z lim (ga @(55, 5)) dH1
B, B! e—0 al’n
CAD [ dprg — 92/ VA2 dpta — (1 +s)/ 22 | AP — 2(1 4 s)/ e ] dH
B1 B 0B, 0B,
Since G (200) < G (2) for all z € B then
/ |Vwoo|? dptg < / |Vwl|? djta Yw € woo + HY (B, fa)-
B1 By

Using the (1 + s)-homogeneity and [15], Proposition 5.5, the result of classification of global solutions, we deduce
that wee = Aoschu,, € H145 for some A\ > 0 and v, € Sn=2,

Thanks to (6.5) we have the contradiction: from z; — 2o in H'(Bj, yt,) and (6.8) we have

¢; :
5% =0;h+2z; = Oh + 250 € Hiys in H'(Bi, pa), (6.43)

j
so for j >> 1

. (6.43) .
dlStHl(Bl,ua)(Cj75731+s) < ||Cj - ajAOOhVooHHl(Bhua) = O((Sj) <05 = dlStHl(Bl,ua)(ijy.71+s)v
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where we have used that §;A\chu_ € H14s.

Step 6: Case (3) cannot occur. To prove that Case (3) cannot occur, we conveniently scale the energies so
as to get a nontrivial I'-limit for the rescaled functionals ultimately leading to a contradiction.

By means (6.14), since lim; G;(z;) = +o00, we have

vj = —40; |z Ra(h)(@) dH" ! 1 4o0. (6.44)
B

Moreover z; — zoo in L?(B}) and (6.12) give us

lim 2 = —4lim zj Ry(h)dH" ™' = —4 / Zoo Ra(h) dH" ™1 € [0, 00)
70 7 Iy B{

SO
0,7, /% 1 +oo. (6.45)

Then we rescale the functional G; dividing by ;. For all z € B; we consider 'yj_lgj(z) and we note that

77Gi(2) = G, 22) (6.46)
with
a n— 0, n— n
= |Vw|2dua—(1—i—s)/w2 |z, | dH 1—4% wR,(h)dH"™t w € B;
Gi(w) =4 Jm o5, 7 I,
400 otherwise,
where

By ={wen~;"? 2z + Hi(Biua) = (w+8;7; />R 5 > 0},

Setting z; := ’yj_l/zzj, due to (6.11) and ; T +oo, we have Z; — 0 in H' (B, j14). Moreover the condition (6.46)
and the definition of ~; (6.44) yield

— |[Vw|?dpg — (14 s) w? |z, ¢ dH L
j

Thanks to (6.46) we can rewrite the inequalities (6.10) as
(1-#3)G;() < G,(3) v e B.

In particular, by taking into consideration (6.45), z; — 0 in H'(Bi, fta), and (6.47) (in other words lim; @(Ej) <
00) we proceed as in Case (2) of Step 3 establishing that

(L (B, ta))-im G = o
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with

— VZ|2 du, w € By
53y /Bl| 2du

400 otherwise,

where By, = {Z € H} (B1, i) - Z|p; = 0}. From Step 4 and the convergence z; — 0 in H'(By, j,), the zero

function turns out to be the unique minimizer of Go, and lim; /g\;(gj) — Goo(0) = 0; this is in contradiction
with (6.47).

To prove the theorem we have only to exclude Case (2) of Step 3. In what follows, we suppose the hypothesis
of Case (2) of Step 3: § = +o00 and lim; G;(z;) < +o0c. In the following steps we exhibit further properties of

the limit zo.

Step 7: An orthogonality condition. By evaluating that 1; is a point of minimal distance between c; and
145, we prove that z., is orthogonal to the tangent space T, 4s-

From the hypothesis § = +o0o we deduce that A\; > 0 for j >> 1. Therefore, by the condition of minimal
distance (6.5), we deduce that for all v € S*~2 and A > 0,

llej = il < llei = Mhwllar s, ),
and thanks to definition of z; in (6.8) it holds
Oillzill (B ey < 195 = A + 025l 1B, 1)
or in the same way
— 95 = Al By ey < 205(255 %5 — M) 1.(By ) - (6.48)
Now we suppose (A, v) # (Aj, en—1) and renormalizing (6.48) we obtain

’l/}j — Ahu
ij - )‘hVHHl(Bh;La)

=15 = Aol (B .y < 265(25, )HY(By o)

and by passing to the limit (A, v) — (A;, en—1), reminding the definition of tangent space T$)1, in (5.6), we
deduce

(2,€) 20 CE€Ty;Hts = ThH1+s, (6.49)

where we used \; > 0 in the computation of the tangent vector. By choosing the sequence (\,v) = (Aj,en,—1)

‘ . ;= ARy, _ . , .
such that lim 05— llat sy ey ¢ we obtain (z;,¢) <0 thus

(2j,¢) =0 C € ThHiys- (6.50)
So, taking the limit 7 — +o0o we conclude

<ZOO7<> =0 CE€ThH1ys- (651)
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Step 8: Identification of z,, in Case (2). There exist real constants ao, ..., a,_2 such that

n—2 s
200 = agh + (Z aixZ-) <\ [x2 |+ 22 + xn1> , (6.52)
i=1

50, in view of (5.8) and (5.9), zoo € T 145

The stated property follows from [32], Lemma A.3 (for the reader’s convenience we report a proof in the
Appendix).
Step 9: Case (2) cannot occur. We use the results of Step 4, 7 and 8 to deduce a contradiction.

From (6.52) we deduce that zoo € Tp$14s, by using it as a test function in (6.51), the condition of
orthogonality of Step 7 implies

<Zoové-> =0 C S Thﬁl+s~

Then we have zo, = 0 but this is in contradiction with (6.42).
In this way we exclude the occurrence of Case (2) of Step 3, thus providing the conclusion of the proof of the
theorem. O

In what follows we show some important consequences of epiperimetric inequality.

6.2. Decay of the boundary adjusted energy

The following proposition establishes a decay estimate for the boundary adjusted energy. In this connection
the epiperimetric inequality allows us to estimate from below, up to a constant, the difference between the energy
ngJrS(l, -) evaluated respectively in the (1 + s)-homogeneous extension of u,|gp, and in u, with ngﬂ(l, uyp); in
this way we obtain a differential inequality from which we deduce the decay estimate.

Proposition 6.2 (Decay of the boundary adjusted energy). Let xg € I'144(u). There exists a constant v > 0
for which the following property holds:
for every compact set K C B} there exists a positive constant C' > 0 such that

Wis(r,u) < Cr7, (6.53)

for all radii 0 < r < dist(K,0B1) and for all zg € I'4s(u) N K.

Proof. Let us assume z¢p = 0 € I'14s(u). Thanks to Lemma 3.4, we calculate the derivative of the boundary
adjusted energy Wiys(-, u)

i) =~ 0+ e - S e+ 0D g
S DD+ D - LER 2 gy 2UES gy L2 g
== j L, () %Ha(r) + T,}H Dy (r) = %Da(r) + Q(LI%S)Z)H@(T)
= —HTHW%S(T, u) — %Ha(r) + 1. (6.54)
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According to Lemma 3.4 and to the definition of rescaled functions (4.1), we can write

1 2(1 2 2(1
— — / |vu|2 |xn|a d’Hn71 + ( t_;f) / u2 |1'n|a d,anl N ( ‘:25) / uVu - E |xn|a d’Hn71
e JoB, rm oB rr 8B, T

r

z=ry 1
= r / (‘VUTF +2(1+ 3)2u72~ —2(1+ s)u,Vu, - y) |yn|® AH" !
0B,
1
_ ;/ (Ve v = (Ut $)u)? 4 [Vour P + (14 5)22) [yl i (6.55)
0By

where by Vyu, we denote the differential of u, in the tangent direction to dBj. Let ¢, be the (1 + s)-homogeneous
extension of u,|pp,

@@w:MW%W<$)

||
Thus, according to (1 4+ s)-homogeneity and by Euler’s homogeneous function Theorem and recalling that

H,(r) = r"*2H,(1) and W%s(l,ur) = WIQ+S(T, u), by putting together the equations (6.54) and (6.55), we
deduce

d 0 _ n+1 0 (n+1)(1+3) 2 a n—1
Gt = = () - ORI [
1 1
o [ v @) et (Tl (1 9202) [ ane
r 0B, T 8B
n+1 0 1 9 @ o1
= Wf+s(T, u) + — (Vu, -v— (14 s)u,)” [z, dH
r " JoB,
1
+*/ (|Vecr|2— (1+s)(n—s)cz) |2, | AR
T JoB,
1 1
= —iwﬁs(r, u) + — / (Vi - v — (14 s)up)? |zn|* dH 1
r " JoaB,
1
[ Vel = s+ 1) fa| ane
™ JoB,
1 1 1
= %Wl%rs(l’ CT) - %Wl%rs(l’u”‘) + ;/ (vur V= (1 + S)ur)2 |xn|a dHn_l.
9B,

So, by Proposition 4.3 we have

iVI/IQ—‘,-S (T’ U’) =2

dr LH(

ng+s(1’ CT) - ng+s(17u7‘)) .

Then, according to the epiperimetric inequality proved in Theorem 6.1, and recalling that «,- minimize Wl%_s(l, )
we obtain

d

dr

2(n+ 1)k
r(1—k)

2(n+ 1k

0
Wf+s(T7 U) 2 ’l"(l _ KZ)

0 0
lers (17 u?”) = Wf+s (Tv u)v
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and integrating this inequality in (0,7¢) we have
W, (ru) < WE (1,u)
Ls(mu) S WL (1u)r?,

2 (n+1)k
r(l—k) * O

with v :=

Remark 6.3. In order to prove the Proposition 6.2 the Weiss’ monotonicity formula is not necessary.

6.3. Nondegeneracy of the solution

In order to deduce the nondegeneracy property of the solution we note that the inequality (3.5) is not enough.
We state an improved version of (3.5); this is a consequence of epiperimetric inequality and decay estimate of
energy above.

Proposition 6.4 (Nondegeneracy). Let u € HY(Bi, p14) be a solution of the problem (1.3). Let us assume that
0 € I'ys(u) . Then there exists a constant Hy > 0 for which

H,(r)> Hyr"™  VOo<r<l. (6.56)

Proof. For the proof of this result we refer to [23], Proposition 4.6. O

By means of the nondegeneracy condition (6.56), for all xg € I'4+s(u), we deduce
/ “io,r |2, |* dH™ ™1 > Hy,
9B,

and if (ug, . )ken is a sequence that converges to ug in L?(B1, ia), a blow-up function in zg, due to estimate
(4.2) and the convergence of the traces in Theorem 2.6 we obtain the convergence of the traces of ug, ,, on
0By ; thus

/ ug |z, | dH™ 1 > Hy > 0.
8B1

So we infer ug # 0 for all ug blow-up functions in a point of I 4(u).
So, in view of Propositions 6.2, 6.4 and [15], Proposition 5.5 we can deduce the following result of the
classification of blow-ups.

Proposition 6.5 (Classification of blow-ups). Let u be a solution of the problem (1.3). Let ug be a blow-up of
u in point xg € I'4s(u). Then there exist a constant A > 0 and a vector e € S™=2 such that ug = \ he.

6.4. The blow-up method: uniqueness of blow-ups

By summarizing what we have been showing so far, due to estimate (4.2) and to Theorem 2.3, for all
xo € I'1s(u) and for all sequences 1, — 0 there exists at least a subsequence (that we do not relabel in what
follows) such that gy, ,, — Uz, in H*(B1, p,) for some nontrivial functions u,, € H*(B1, u,). It is easy to prove
that s, is a solution of problem (1.3). Furthermore u,, is (1 4+ s)-homogeneous. According to Proposition 6.5,
the result of the classification of blow-ups, we obtain ug, € $14s.

With the next Proposition we prove that the blow-up is unique, i.e. for all xg € I'1;s(u) there exists a
function u,, such that for all r, — 0 the sequence (ugy, -, )ken converges to g, in L? (B1, tta)- This is again a
consequence of epiperimetric inequality. In particular, the epiperimetric inequality provides an explicit rate of
convergence of the rescaled function ug, .
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The uniqueness of the blow-up was proved in [32], Proposition 5.2, follows the approach of [31]. Thanks to our
version of epiperimetric inequality, following the same computations in [23], Proposition 4.8 (for more details
see [34]), we can obtain a proof of next proposition using only (1 + s)-homogeneous scaling (see (4.1)).

Proposition 6.6 ([32], Prop. 5.2). Let u be a solution of the problem (1.3) and let K CC Bj. Then there exists
a positive constant C > 0 such that for all xg € I'1s(u) N K the following inequality holds:

/ [Usgr — U | |T0]® dH < CT%,
0B,

where v > 0 is the constant defined in Proposition 6.2. In particular the blow-up is unique.

7. THE REGULARITY OF THE FREE-BOUNDARY

Thanks to the uniqueness of blow-ups following the proof of [23], Proposition 4.10 (for more details see [34])
it is possible to give a different proof of the C1* regularity of I'1,(u) originally proved by Caffarelli et al. [15],
Theorem 7.7. The case of the obstacle problem with drift has been dealt with in [32], Theorem 1.2.

Theorem 7.1. Let uw € H*(By, p,) be a solution of the problem (1.3). Then, there exists a constant o > 0
such that for all g € I'ys(u) there exists a radius r = r(xg) for which I'is(u) N Bl.(zo) is a CY regular
(n — 2)-submanifold in Bj.

APPENDIX A

In this Appendix we report a result of structure of a (1 + s)-homogeneous solution of (A.1) due to Garofalo
et al. [32], Lemma A.3.

Lemma A.1. Let zo, be a (1 + s)-homogeneous solution of

— /s
{Lﬂm—o B\ B’ A

_ /™
Zoo =0 By,

even symmetric w.r.t {x, = 0}. Then there exist real constants ag,...,an,_o such that

n—2

Zoo = aoh + (Z aixi> <\ / Z‘%_l + x,% + xn_1> y (A2)

i=1
or rather zoo € Tp$H14s.

Proof. For all multi-indices o € N*~2 the derivative 9,24 is the solution of

Ly0y200 =0 B\ B’y

i 1\ B (A.3)
Onzoo =0 B,

According to [19], Lemma 2.4.1 and [15], Proposition 2.3, the derivative 0,24 is bounded in B/, thanks to
[19], Thms. 2.3.12 and 2.4.6, it is also continuous in By /5 \ {1 = 2, = 0}. We consider the second derivative
0ijZo With 4,7 =1,...,n — 2: since 2 is (1 + s)-homogeneous, the function 9;;z« is (s — 1)-homogeneous; as
0 < s < 1 from the boundedness of the derivative we deduce

D200 =0 in By Vi, j=1,...,n—2. (A.4)
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The solution z, is a smooth function in Bi"/2 and B1_/2 because the coefficients of the strictly elliptic operator
L, are smooth in these domains. Thus, fixed x,—; and x,, we can write the first order Taylor polynomial of
O /
Zoo('7 Tn—1, xn) n (Q y Ln—1, xn)

n—2
Zoo(xlyxnfluxn) = CO(xnfhxn) + Z Ci(xnfla xn)miv
i=1
with co(n_1,%n) = 200(0',Tn_1,275) and c;(Tn_1,Tn) = 0i2eo(0',Tn_1,2,). By definition the function

co(p—1,2n) is (1 4+ s)-homogeneous and the functions ¢;(z,—_1,z,) are s-homogeneous. Since 2z, and 0;zo
are continuous in By \ {zn—1 = 2, = 0} the function co(zn—1,2,) and c¢;(z,—1,2,) are continuous in
Bijo \ {#n_1 = 0} with Bys := {(xp—1,2,) € R? : z}_| + 22 < 1/4}. Thanks to homogeneity with posi-
tive degree co(zn—1, %) and ¢;(x,-1,2,) are continuous in By /5.

Taking into account (A.4), for all i = 1,...,n — 2 we obtain

¢i(Tn_1,2n) = Dizeo(¥', Xn_1,Tn)

co(Tn-1,%n) = 2eo (@', Tpn_1,Ty),

thus c¢;,co € Hl(Bli/Q,|xn|“ £?) and are solutions of (A.3) on Bli/Q.
there exist some constants (d;)i=1,...n—2 such that ¢;(x,—1,0) = a;x5_; when z,_; > 0 and similarly since

co(Tn—1,2n) is (1 + s)-homogeneous, there exists a constant ag such that co(z,—1,0) = agzs_, when z,_1 > 0.

We show that
s :
Ci(Tp—1,Tn) = 2—; <$n+1 +1/22_+ J;?L) . (A.5)

Passing to polar coordinates we can write ¢;(zp—1, ) = d;(r,0) = r°¢;(0). From L,c; = 0 we deduce that the
function ¢; is the solution of the following second order ordinary differential equation

Since ¢;(zp—1,%,) is s-homogeneous

sin Opgg + acos Opp + (a(l + s)z + (1 + 5)?)sinfp = 0 in (0, )
p(0) = 5t
<p(7r) =0,

and so it has a unique solution. Resorting to a direct calculation, we can verify that the function

a; "
wi(0) = 5((}050 +1)
is solution for all @ € [0, 7]. So the function ¢;(z,—1,x,) satisfies (A.5).

By proceeding in the same way we prove that the function ¢g(z,—1,2,) can be written as

~ S
a
Co(Tn—1,2n) = Wo—l) <1n+1 +y/Thg + x%) <$n+1 — /T +$%) :

and this provides the conclusion to the proof of the step. O
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