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THE WEIGHTED ENERGY-DISSIPATION PRINCIPLE AND
EVOLUTIONARY I'-CONVERGENCE FOR DOUBLY NONLINEAR
PROBLEMS

MATTHIAS LIEROY* AND STEFANO MELCHIONNA?Z

Abstract. We consider a family of doubly nonlinear evolution equations that is given by families of
convex dissipation potentials, nonconvex energy functionals, and external forces parametrized by a small
parameter €. For each of these problems, we introduce the so-called weighted energy-dissipation (WED)
functional, whose minimizers correspond to solutions of an elliptic-in-time regularization of the target
problems with regularization parameter 6. We investigate the relation between the I'-convergence of the
WED functionals and evolutionary I'-convergence of the associated systems. More precisely, we deal
with the limits § — 0, — 0, as well as § +& — 0 either in the sense of I'-convergence of functionals or in
the sense of evolutionary I'-convergence of functional-driven evolution problems, or both. Additionally,
we provide some quantitative estimates on the rate of convergence for the limit ¢ — 0, in the case
of quadratic dissipation potentials and uniformly A-convex energy functionals. Finally, we discuss a
homogenization and a dimension reduction problem as examples of application.
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1. INTRODUCTION

In this text, we discuss an abstract convergence result for solutions to a family of doubly nonlinear equations
depending on a small parameter € > 0

dvpe (@) + 0= (u) 3 ge(t),  u(0) = ul. (P2)

Here 4 denotes the time derivative of the unknown u : [0,7] — H, where H is a reflexive Banach space. The
evolution is driven by a dissipation functional ¢, : H — [0, 00), assumed to be convex and Géteaux differentiable,
by an energy functional ¢. : H — (—o00, 00] with a suitable notion of (sub)differential d¢. (see below), and by
time-dependent external forces t — ge(t).

The abstract system (P.) can describe a variety of different dissipative problems in a large number of
applications from mechanics to thermodynamics, from population dynamics to finance, just to mention a few.
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2 M. LIERO AND S. MELCHIONNA

Problems of this type have been studied by several authors, and we refer to [9, 10, 21] and the references therein
for a survey.

The parameter € > 0 can have different origins: In real world applications often the problem’s data are
affected by errors or a mathematical model might be too complex such that one is interested in simplifying it
without loosing key features. This is the case for example in homogenization problems, where fast oscillations
of the coefficient, describing the physical microstructure, can be removed with a limiting procedure to obtain
an effective macroscopic model. In this sense, the parameter ¢ can be understood as a ratio between micro-
and macroscopic scales in the system. In other applications, € might be given by a numerical approximation
denoting for example the fineness of the grid.

A natural question is whether solutions to (P.) are stable with respect to the these perturbations. In other
words, is it possible to prove convergence of the solutions to (P.) to solutions of an effective equation assuming
convergence of the energy and dissipation functionals and of the data in some proper sense?

We remark that the question of convergence of solutions to problems under suitable assumption on the
convergence of operators/functionals involved in the definition of the problem is classical and has been studied
by several authors, see, e.g. [7] or the monograph [6]. More recently, the above question has been formalized in
the notion of evolutionary T'-convergence (E-convergence) introduced by Mielke [17] for the case g. = 0: We say
that a system (¢o, 10, go) is the evolutionary I'-limit of the system associated with (P.), if the convergence of
the initial data implies that limits of the curves ¢ — w.(t) are solutions with respect to (¢, 1o, go). Sufficient
conditions for evolutionary I'-convergence of dissipative problems have been provided in terms of I'- and Mosco
convergence of the corresponding dissipation and energy functionals, see, e.g. [23]. In particular, the convergence
results in the survey paper [17] are based on two equivalent formulations of (P.): (i) the energy-dissipation
principle formulation (EDP formulation) and (ii) the formulation as an evolutionary variational inequality (EVI
formulation) in the case that ¢, satisfies a uniform A-convexity property. The EDP formulation is written in
terms of a scalar balance between the final and initial energy and the total dissipation, which in turn is written
as sum of the primal and dual dissipation potentials, where the latter is given by the Legendre transform of ..
The E-convergence result then follows from proving a lower I'-limit for the involved functionals and establishing
that the resulting dissipation functional has again a (g, ¢) structure. In contrast, the EVI approach exploits
the uniform A-convexity of the energy functional ¢., which might not be satisfied in certain applications. In
this paper, we are interested in studing E-convergence by means of a variational method. Before illustrating our
results let us mention that results in a similar spirit have been obtained by Visintin (see, e.g., [27] and references
therein). More precisely, evolution equations are reformulated as null-minimization problems and weak notion
of evolutionary I'-convergence is investigated. See also [20] for a homogenization example.

Our approach to E-convergence is based on a variational formulation of (P.) using the so-called Weighted-
Energy-Dissipation (WED) principle, see, e.g. [1, 4, 5]. Given a target evolutionary problem, the WED principle
consists of two steps: First, a global parameter-dependent functional Z. s, defined over entire trajectories, is
proved to admit minimizers. In the case of (P.) the WED functional has the form

Loat) = [ et (i) + 50-00) = 5 laot) g ) (11)

These minimizers solve an elliptic-in-time regularization of the target problem, i.e. in the case of (P.) as target
problem,

_5%@8(“) +dye (@) + 09 (u) > g(t) a.e. in (0,7),
w(0) =u?,  ddy.(a(T)) = 0.

(Pes) (1.2)

Second, minimizers ( that also solve (1.2)) are proven to converge, up to subsequences, to solutions to the target
problem, as the parameter § goes to 0. Since solutions to (1.2) depend on the future, note in particular the final
condition in (1.2), causality is lost for § > 0. Thus, the limit § — 0 is usually referred to as causal limit.
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The WED principle, originally proposed by Ilmanen [11] (see also [15]), has been brought to new attention
by Mielke and Ortiz [18] in the context of rate-independent systems. Later, many authors widely extended the
theory, especially concerning the range of applications, i.e. the target problem considered. The gradient flow
case with A-convex potentials has been studied by Mielke and Stefanelli [19]. Akagi and Stefanelli have extended
the theory to the genuinely nonconvex case for gradient flows [5] and to convex doubly nonlinear systems [4].
Moreover, an analogous approach has been applied to some hyperbolic problems, e.g., the semilinear wave
equation [14, 24, 26], and to Lagrangian Mechanics [13]. Recently, nonpotential perturbation problems have
also been considered [1, 16].

The interest in such a variational approach lies in the fact that variational methods for evolution equations
allow to apply tools and technique of the calculus of variation in the evolutionary setting. This is indeed the
spirit of this work, where we want to study evolutionary T'-convergence (see below for a discussion) of equations,
by looking at I'-convergence of the associated WED functionals.

Throughout this paper, we assume that ¢. can be decomposed into the difference of two functionals, namely

e = ¢l — @2, where !, ¢? : X — (—00, 00| are proper, lower semicontinuous, and convex functionals on a
Banach space X C H with ¢! dominating ¢? in a suitable sense. This will allow us to define d¢. as the
difference of the convex subdifferentials dp! and dp? (see Thm. 2.1 for a more rigorous definition). These
assumptions along with suitable uniform growth conditions for ¢}, ¢2, and 1), yield the well-posedness of the
WED principle for fixed ¢ > 0.

A first question, that we answer in this paper, is whether the WED procedure is stable under these per-
turbations, or, in other words, whether the WED functionals Z5. converge to Z;( under some convergence
assumptions on the functionals 1., ¢., and on the data u? and g.. Indeed, assuming static I'-convergence of
the energy functionals ¢., and continuous convergence of 1. along strongly converging sequences in H (see
Sect. 2.2), as well as the convergence of g., u? in a proper sense, we prove I'-convergence of the corresponding
WED functionals (for § > 0 fixed). Note that I'-convergence is a natural notion of convergence for functionals, as
it implies convergence of minimizers. In particular, I'-convergence of the WED functionals implies evolutionary
I'-convergence for the elliptic-regularized problems (1.2) at least for solutions that are also minimizers of the
WED functionals . Our proof is based on using time-discrete approximations of curves t — u(t) to obtain the
lower lim inf estimate and to construct recovery sequences.

Second, we consider the joint limit § +¢ — 0 and show that solutions to the elliptic regularized and perturbed
problem, i.e. (1.2), converge to solutions to the target problem (P.) with e = 0. Here we exploit the uniform
growth conditions posed on the functionals to derive the necessary a priori estimates. Let us remark that the
I-limit of WED functionals for § — 0 is highly degenerate (intuitively it is just a constraint on the initial
condition, compare Sect. 2.3). Thus, the limit § + ¢ — 0 is meaningful only at the level of equations and not for
functionals.

Finally, we address the question of obtaining explicit convergence rates for the I'-convergence of the WED
functionals. Here we restrict ourselves to the case of quadratic dissipation potentials . and uniformly A-convex
energy functionals ¢.. Assuming to have some information on the rates of convergence for a good recovery
sequence of the static functionals, we deduce rates of convergence for the minimizers of the corresponding
dynamic WED functionals. To the best of our knowledge, the strategy we use in our proof is new. It is based
on a simple abstract result (¢f. Lem. 3.3) which describes sufficient conditions for having quantitative estimates
in I'-convergence problems and time-discrete approximations.

We note here that a related result has been obtained in [4]. More precisely, the authors proved Mosco
convergence of the WED functionals in the case ¢? = 0 and g. = 0 assuming Mosco convergence of ¢! in X
and of 1. in H. In contrast to our approach, it is required that a strongly in X converging joint recovery
sequence for the static dissipation and energy functionals exists and that the well preparedness of initial data
is satisfied. The latter is also necessary in the EDP approach in [17] and means that in additions to u? — uf
in H also ¢-(u?) — ¢o(ud) holds. Note that our result is more flexible since weaker conditions are assumed. In
particular, we do not need to assume the existence of a joint recovery sequence for the dissipation and energy
functionals. This sequence will be constructed by taking advantage of the coercivity of the energy functional in
X and by using the continuous convergence of the dissipation functionals in H. Moreover, weaker assumptions
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on the I'-convergence of the energy functionals allow us to deal with a much larger set of applications, namely
families of gradient flows driven by I'-convergent (but not necessary Mosco convergent) energy functionals (cf.
the homogenization example in Sect. 4.1). The paper is structured as follows: in Section 2 we introduce the
abstract setting for the WED principle and the evolutionary I'-convergence and formulate the main results. In
particular, we collect all assumptions on the dissipation potentials, energy functionals, and data that guarantee
the well-posedness of the WED principle for fixed parameter € > 0, hereby relying on the results in [1] (see
Sect. 2.1). Next, we fix conditions on the convergence of the “static” functionals ¢. and ¥ (Sect. 3.2) that allow
us to proof the evolutionary I'-convergence of (P.) in the setting of the WED principle and to obtain explicit
convergence rates for the latter, see Theorems 2.2 and 2.5 as well as Theorem 2.7. The proofs of these results
are collected in Section 3. Finally, we discuss in Section 4 two examples: (i) establishing the homogenized limit
for a nonlinear parabolic equation with rapidly oscillating coefficient functions; (ii) deriving a lower-dimensional
effective equation for a doubly nolinear parabolic equation on a thin domain.

2. PRELIMINARIES AND MAIN RESULT

In this section, we recall the basic framework of WED functionals and present the main results of this paper
whose proofs are postponed to Section 3. We refer to [4, 19] for more details on the WED principle.

2.1. The WED principle

Let H and X be reflexive Banach spaces such that we have the dense and compact embedding X C H. On
H we consider a convex dissipation potential ¢ : H — [0, 00), which is assumed to be Géateaux differentiable.
In particular, we denote by di¢(v) € H* the Géateaux differential for v € H. The energy functional ¢ : H —
Roo := RU {+0c0} is assumed to be of the form ¢ = ¢! — ¢?, where o', ¢? : H — [0,00] are proper, lower
semicontinuous, and convex functionals with domains D(?), i = 1,2. To include the work of the external forces
g:(t) € H* we introduce the augmented energy functional 5: [0,T] x H— Ry, by setting

ot u) = ¢(u) — (g(t), u)m- (2.1)

We impose the following growth assumptions on the dissipation and energy functional which are in accordance
with [1]. In particular, we refer to Remark 1 of [1] for a discussion of the assumptions. Let p € (1,00) and
m € (1,00) be fixed. We assume, that there exists a constant C' > 0 such that

(A1) [v]|% < C(p(v) +1) forall veH, (2.2a)
(A2) |lul’y < C(p*(u) +1) forall ue D(p"). (2.2b)
In particular, we have that D(¢!) C X and we will denote the restriction of ¢! to X again by ¢'. The (convex)

subdifferential with respect to X of ¢ in u € X is denoted by dx¢’(u) C X* and its domain by D(dx¢*). The
element in dx ¢’ (u) that realizes the minimal X *-norm is denoted by (dx¢’(u))° € X*. We assume that

(A3) ||771HT;/ <C(|luly + 1) for all uw € X and n' € dx ' (u), (2.3a)
(A4) Ay (v)||5. < C(|lv]l%, + 1) for all v € H, (2.3b)

where m’ =m/(m—1) and p’ = p/(p—1) are the dual exponents.
Additionally, as in [1, 5] we make the assumption that there exist x € (0,1) and ¢ > 0 such that we have

(A5) ©*(u) < k(e (u) +¢) for all u € D(p"), (2.4a)



THE WED PRINCIPLE AND E-CONVERGENCE FOR DOUBLY NONLINEAR PROBLEMS 5

(A6) ||772HZ* <c(p'(u) +1) for all u € D(dxp') and 1> € O (u). (2.4b)

Note that due to the domination assumption (2.4a) we can exclude the ambiguous case co—oo in the definition
of ¢ = ' — ¢? by setting

b(u) = { g(U) —¢* (u) LfISZ.G D(g"),

Finally, for the external forces and the initial data we demand that
(A7) geL”(0,T;H*) and  (A8) u’e D(ph). (2.5)
For a given time horizon T' > 0 we define the set of admissible trajectories
Kw®) == {ueW"P(0,T; H)Nn L™(0,T; X) : u(0) = u"}

and introduce for a (fixed) constant 6 > 0 the Weighted-Energy-Dissipation functional (WED functional) Zs :
L?(0,T; H) — ]—00, 00| via

Ty(u) = { fOT e t/d <w(u) + %(;NS(t, u)) dt if u e K(u), (2.6)

00 else.

The WED principle is concerned with finding a minimizer us € K(u°) and passing to the limit § — 0 to recover
a solution wu of the original doubly nonlinear equation. In particular, in [1] the following result was proven.

Theorem 2.1 (Akagi-Melchionna [1], Thm. 13).

(1) Assume that (A1)-(A8) are satisfied. Then for every § > 0 sufficiently small the WED functional Zs
defined in (2.6) admits at least one global minimizer us € K(u®). Furthermore, every local minimizer us
solves (1.2) in the strong sense, i.e. there exists ny € L™ (0,T; X*) and n? € LV (0,T; H*) with n} €
Ox ' (us) and n3 € Oy *(us) such that

755.5+§5+77§fn§:g(t), in X* a.e. in (0,T),

and  ug(0) = u®, 8¢s(T) =0, @7

where &5 = dip(us) satisfies & € LP' (0, T; H*) and &5 € L™ (0,T; X*) + LP (0, T; H*).
(2) Moreover, up to subsequences, us — u weakly in WP (0,T; H) N L™(0,T; X) and strongly in C([0,T]; H)
to a solution u to

E+nt —n?=g(t), in X* a.e in (0,T),and u(0) = u° (2.8)

with € = dy(a) satisfying € € L' (0,T; H*) and n* € L™ (0,T; X*) and 1> € L' (0,T; H*) with n* €
dxp'(u) and n* € Iup®(u).

We easily see that limit problem (2.8) can be formally recovered by setting § = 0 in (2.7).

2.2. I'-convergence of the WED functionals

Let us now consider a family of WED functionals Zs . which in turn is induced by families of dissipation and
energy functionals 1. and ¢. and external forces g. as in (2.6) depending on a small parameter € > 0 describing,
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e.g. the ratio between microscopic and macroscopic length scale. In the following theorem we provide sufficient
conditions on the convergence of the dissipation and energy functionals and of the external force to limits g,
@0, and go, respectively, that guarantee the I'-convergence of the WED functionals Zs. to the limiting WED
functional Zs .

In particular, we shall assume that the energy functionals ¢. = ¢! — ¢? converge in the following sense:

(T1) o} M, o in H, (T2) 2 SN vr  weakly in X. (2.9)

Here, « Mo» denotes Mosco convergence (I'-convergence with respect to the strong and weak topology) and
« 247 means continuous convergence, i.e. p2(u:) — pg(u®) for all sequences with u. — u® weakly in X. In

particular, in the case of uniform coercivity of ¢! on X the convergence in (I'l) is equivalent to ¢} AN b
weakly in X (see, e.g. [17], Prop. 2.5).
Additionally, for the dissipation potentials ¥, we assume that

(T3) . R 1o strongly in H. (2.10)
On the forcing terms we impose
(T4) g. — go weakly in L? (0,T; H*). (2.11)

Finally, we demand that the initial values u? yield energies that are finite and uniformly bounded in ¢, i.e.
there exists a constant C' > 0 independent of ¢ such that

(5) ¢.(ud) < C. (2.12)
In particular, given the uniform coercivity of ¢! in X it is natural to assume that
u? — u® weakly in X (strongly in H).
Theorem 2.2 (I'-convergence of WED functionals). Let us assume that @}, ©2, ., and g. satisfy the assump-

tions (A1)—(A8) with C,c,k,p,m independent of ¢ as well as the convergence conditions (I'1)—(T'5). Then,
the WED functionals

Ty (u) = { et (z/}g(u(t)) + §$€(t,u(t))> At ifue K@),

00 else,

I'-converge to

Tio(w) = { Jy et (wo(i) + $do(tu(e))) dt - if u € K(u0), (2.13)

00 else,

in the weak topology of WY(0,T; H) N L™(0,T; X).
Furthermore, let uy_ be a minimizer of Is., then, uj_ — uj weakly in WLp(0,T; H) N L™(0,T; X) and
strongly in C ([0,T; H), where u} is a minimizer of Ls .

The following generalization of the previous result to e-dependent time intervals and weight functions in the
definition of the WED functionals is straightforward.
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Corollary 2.3 (e-dependent weights). Let the assumption of Theorem 2.2 be satisfied. Moreover, let T, /T <
00, and let e. g : [0,T.) — [0,00) be a family of L™ functions uniformly convergent to t — e~/ for fived § > 0.
Then, the WED functionals

else,

T(w) { Sy ees®xi0m (1) (Ve@®) + $o-(tu(t) ) dt - if u e K, (u),

where
Kz, (u?) = {u € K(ul) : u is constant in [T.,T]},

I'-converge to Is defined in (2.13) in the weak topology of W'P(0,T; H) N L™(0,T; X).

Since minimizers of the WED functionals solve elliptic-in-time regularized problems, namely the associ-
ated Euler-Lagrange equations, we immediately deduce evolutionary I'-convergence in the sense of [17]. More
precisely, we have the following.

Corollary 2.4 (Evolutionary T'-convergence of the elliptic-regularized problems). Let the assumptions of
Theorem 2.2 be satisfied. Then minimizers of the WED functional s . solve

_%dwa(u) + dope (@) + 0¢c(u) 3 go(t) a.e. in (0,T),

(Pé,e)
w0) =w,  ddy.(u(T)) =0,
and converge (up to subsequences) to solutions to
d . . .
—0—dipo(t) + depo (i) + Odo(u) 3 go(t) a.e. in (0,T),
dt (Pg_yo)

w(©0) =u’  ddgpo(a(T)) = 0.

Note that both equation (Ps.) and (Pso) admit in general nonunique solutions. Thus, evolutionary
[-convergence has to be interpreted in the following sense. For all u?, there exists a solution u. to (Ps.)
such that {u.} converges, up to subsequences, to a solution u to (Ps). (Of course in Corollary 2.4 we choose
ue = us_ and u = uj,, i.c. the minimizers of the WED functionals). Moreover, solutions to both (Ps.) and
(Ps,0) are intended in the strong sense defined in Theorem 2.1.

2.3. The joint limit e + § — 0

The crucial question now is whether it is possible to consider the joint limit € + § — 0. The main result in
this section states that minimizers uj . of the WED functional Zs . (which also solve (P5.)), converge (up to
subsequences (0, e) — (0,0)) to solutions to the target problem (2.8). We remark that the limit 6 + ¢ — 0 is
meaningless in the sense of I'-convergence of the WED functionals, since the I'-limit of Zs . for § — 0 is highly
degenerate (see [18], Sect. 4.3), and provides only little information on the limiting solutions. More precisely,
for every € > 0 fixed the WED functional I'-converges in the weak topology of W?(0,T; H) N L™(0,T; X) to
the functional Z; . defined by

0 ifue ),
oo else.

Toe(u) = {

The following theorem combines the convergence results of Theorems 2.1 and 2.2.
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Theorem 2.5. With the same assumptions as in Theorem 2.2 let u? 5 denote a solution of (Psc) (e.g. a
minimizer of the WED functional Z. 5 ). Assume additionally that for e > 0 we have g. = g + g* with

gl € Wl’p/(O,T; H*) and g} — g5 weakly in W' (0,7, H™), (2.14)
g2 — g2 strongly in LP (0, T; H*), (2.15)

and well preparedness of initial data, i.e.
¢ (ul) — ¢(u°). (2.16)

Then, there exists a subsequence (ey,0k) such that e + 0 — 0 and ul, 5. — u, where u is a solution of the
doubly nonlinear equation (2.8) (with v =g, ¢ = ¢g, and g = go).

Let us now briefly comment on the assumptions (2.14)—(2.16).

Remark 2.6. Note that the stronger assumptions in Theorem 2.5 are not needed in Theorem 2.2, i.e. they are
not necessary for the limit passage ¢ — 0 with 6 > 0 fixed. However, although the assumptions (2.14)—(2.16)
refer to the convergence of the data for € — 0 they are fundamental for the limit § + & — 0.

Indeed, the limit § + & — 0 is computed at the level of the equations (Ps.) and not for the functionals Zs ..
To compute this limit we first derive uniform estimates on each term in (P;.). Note that this can be done just
with the assumptions of Theorem 2.1. These uniform estimates suffice to extract converging subsequences and
to pass to the limit in each term of equation (Ps ). The next step is to identify the limits of the nonlinear terms,
in particular, to prove lim._,q dng(u;,s) = depg(a).

By taking advantage of the convexity of the dissipation potential v, we only have to prove an upper esti-
mate on limsup,_,, <dw5(1lj§’€), u§7€>H, see (3.25). Since our estimates provide only weak convergence of both

depe (u3’5> and uj _, we substitute dy. (uge) by using equation (Ps.). As a consequence we have to handle the

two terms <8¢5(u§ o), s E> and <gs, us E> . We can pass to the limit in the first by integrating by parts and
: /g /g

using the well preparedness of initial data (2.16) and in the second by virtue of (2.14) and (2.15). Note that
this procedure is necessary only in the case that the term di. is nonlinear. In the case of quadratic dissipation
potentials there is no need to additionally assume (2.14)—(2.16), and the statement of Theorem 2.5 holds true
under the same assumptions of Theorem 2.2, in particular, without assuming well preparedness of initial data.

2.4. Convergence rates

Assuming some quantitative estimates on the rates of the I'-convergence for the static functionals ¢. and 1. is
it possible to derive quantitative estimates on the rate of I'-convergence for the corresponding WED functionals?

In particular, can we estimate the rate of convergence of the minimizers ||uj . — u} || in some norm?

We give a positive answer in the case of quadratic dissipation potentials 1. and A-convex energy functionals,
since stronger estimates on the time derivative of the minimizer of the functional uj . are available, which provide
H? regularity (cf. [19]). We recall that additional time regularity has been proven also in the non-quadratic case
in [2] for a specific nonlinear gradient flow driven by a p-Laplace operator. However, in the general nonquadratic
case such results are, to the best of the authors’ knowledge, not available. Thus, aiming at clarity, we restrict
ourselves to the quadratic (and A-convex) setting. Moreover, in the case of nonconvex energies minimizers of
WED functionals are not unique. Thus, quantitative estimates on convergence rates seem out of reach in this
case.

We assume that p = 2, H is a Hilbert space with scalar product (-,-) g, and that for all € > 0, ¥, is quadratic
such that ¥.(v) = 3(A.v,v)y with A, € Lin(H, H) symmetric and positive definite. Moreover, we assume
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2 =0, but we relax the convexity assumption on ¢.: here we assume ¢. to be A\-convex, i.e.

A
¢e(-) — 5 ||H§I is convex for all ¢ > 0 and A € R,

where A is independent of €.
Given a nonconvex functional ¢ : H — R, we recall that its Fréchet subdifferential 9% ¢(u) C H is defined as

ve o) iffueD(@) and limint 2 =W = W w-t)n

w—u lw—u|

> 0.

In the case that ¢ is A-convex, we can identify 9% ¢(u) = dgd*(u) + Au, where ¢*(u) = ¢(u) — A|ul|%/2 is
convex. In particular, we have D(¢) = D(¢*) and D(9%¢) = D(9n¢*). Thus, to simplify notation we will also
write O ¢ for the Fréchet subdifferential of the A-convex functional ¢.

Let us assume that there exists a space B such that H C B C X, and a positive constant C' and such that

U3 ol 11 oy iy < C for all € > 0. (2.17)
cllH1(0,7;B)

Note that in concrete applications the space B is typically an interpolation space between H and X (see, e.g.
Sect. 4.1).

Let R: : D(¢g) — D(¢.) be the recovery operator for the energy functionals ¢. M, ¢ in H, namely

Yu € D(¢o) : lirr(l] Ro(u) =u strongly in H and lil% P (Re(u)) = po(u).
E—> E—r

We assume there exists r?, r?’dﬂ r?’w > 0 with lim, r? = lim, r?‘vﬁﬁ = lim, r?w = 0, a non-decreasing function
£:]0,00) — [0,00), and a positive constant C, such that

1/2

(R1) IR0 — vl <72 (Ullvll ) + [loll) " for all v € X, (2.18)
A A .
(R2) 8e(0e0) = 5 19etly < d0(v) — 5 ol + 72 (elol) + ol + Il
for all v € D(¢) and 1 € g (¢o(v)), (2.19)
(R3) (e (ve) = $o(0)| < Cloll gz + llvell ) llve = wll g7 + 72 ol
for all v, € H and v € B. (2.20)

Furthermore, we assume that there exists an operator &. : D(¢.) — D(¢y), rates rS, rS¢ rS¥ > 0 with
lim, 7S = lim, r&? = lim. rS¥ = 0, a nondecreasing function, again denoted by ¢ : [0,00) — [0,00), and a

positive constant C', such that

1/2

(R4) 160 = vell g <& (E(l[ve]l ) + lvell’) " for all v € D(4). (2.21)
A A ~ m
B5)  ool(®ev) — 5 18evely < 0u(00) 3 el 19 (eCloellg) + e % + 1)
for all v, € D(¢.) and 1. € dgo.(ve), (2.22)
(R6) e (ve) = o ()] < C[0ll g + lvell ) loe = vll gy + S [loell

for all v. € B and v € H. (2.23)
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Finally, we assume that g. € H'(0,7; H) and that there exist C' > 0 and rates 7¢, r? > 0 with lim.r¢ =
lim. 70 = 0 such that

R7) e — goll 2o,y <7¢5 and  (R8)  [Jug — |, <rf. (2.24)

In Section 4.1 we will discuss a typical example for the developed theory, namely, the homogenization of a
parabolic equation. Since the operator &, will be used to smooth out oscillations coming from the microstructure,
we will call it smoothing operator from now on.

Theorem 2.7 (Convergence rates). Let (R1)-(R8) be satisfied and let uj_ and uj, be the minimizers of Zs
and Is o respectively. Then, there exists a constant C depending on 6 and on the problems data, but independent
on €, such that

1 2 3\1/2
||u§,€ - UE,OHLQ(()’T;H) S C (ps + (ps + pE) ) ’ (225)
where
1/2

ph=rT+ plit + ()70,

A A S A e S AL e

p=re +P(Tl:€5€+rg+7"§’¢+7"56’w+7'f +7r+78 /78 + 70,
and

T? = arg min(r?/T + 72 4 T) and TEG = arg min(rf/T + 72 4 T).
T T

Note that, analogously to Theorem 2.2 (where ¢ is fixed), Theorem 2.7 does not require well preparedness of
initial data.

We recall that in the case € > 0 fixed some estimates on the convergence rates for the limit 4 — 0 have been
proven in [19], provided some assumptions on the convergence of initial data are satisfied. However, we remark
that these results can not be combined with Theorem 2.7 to obtain estimates on the convergence rates in the
case 0 + e — 0. This is a consequence of the fact that the constant C in (2.25) depends on § and can not be
guaranteed to be uniformly bounded in §: In order to prove Theorem 2.7 we use Lemma 3.3 which provides
quantitative estimates on the rate of convergence of the minimizers of I'-converging functionals. One crucial
assumption is coercivity condition in (3.29) of such functionals. However, condition (3.29) is satisfied by the
WED functionals with a constant C' = Cs vanishing as 6 — 0 (see Sect. 3.3). Indeed, due to the presence of the
exponential weight in the definition of the WED functional, coercivity of Z5. cannot be uniform with respect
to the parameter §.

3. PROOF OF THE MAIN RESULTS

In this section we collect the proofs of the main results of Section 2.

3.1. Proof of the I'-convergence of the WED functionals

As usual, we divide the proof of the I'-convergence into two parts: first, we prove the liminf estimate and
then the existence of recovery sequences. Since § > 0 is fixed throughout this subsection, we will omit it in the
indices of the WED functionals, etc.
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Proposition 3.1. Let u. — u weakly in WYP(0,T; H) N L™(0,T; X), then ,
liminf Z, (ue) > Zo(u).
£ 50 6( s) = 0( )

Proof. Note that, as a consequence of the Mosco and continuous convergence of ¢! and @2, respectively, in

(2.9), and of the coercivity condition in (2.2b), we have the Mosco convergence ¢, M, % in H. Consider now a
sequence satisfying u. — u weakly in W1P(0,T; H) N L™(0,T; X). In particular, by standard embedding results
we also have

ue — u strongly in C([0,T); H). (3.1)

Thus, from the Mosco convergence of ¢. and the Fatou Lemma it follows that

T T
lim inf / e O (us(t))dt > / e o (u(t)) dt,

e—0 0 0

see also [25]. Moreover, thanks to (2.11) and to the strong convergence (3.1), we have

lim e t/0 (9e(t), uc(t)) y dt = / e /0 (go(t),u(t))y dt.
0

e—0 Jo

We focus now on the dissipation part. Fix N € N, N > 2 and set 7 := T/N. By using convexity of v,
Jensen’s inequality yields

T N ) 1T dt
liminf [ e %% (i) dt > 11£r§gf§e—lf/57 /( Ve (tie)—

e=0 Jo i—1)7 T

N T dt
> limi —it/d et )
> 1121361f2e TYe (/( Ug . ) , (3.2)
=

i—1)T

where we used e=#7/% < et/ for t < it in the estimate. Thus, exploiting the continuous convergence of 1. in
(2.10) and to (3.1) we can pass to the limit € — 0 to arrive at

e—0 4 T T
=1

N ) ) N ) .
o S i, (um - uaw—lm) S el (u(w) - u((z—m)) | 53
i=1
Let us denote by %, the piecewise affine interpolant of the nodes {u(i7)}2_, (compare (3.4)). We easily check that
L4, — 4 weakly in LP(0,T; H) for T — 0. Moreover, for (i—1)7 < ¢ < it we can estimate exp(t—it) > exp(—7)
hence

N

3 _ - T
Ze_i-,-/(s,rdjo (U('LT) U((Z 1)7)> dt 2 e_T/‘S/ e_t/é’(/jo (da7.> dt fOr all T.
T 0

‘ dt
i=1

Since g is lower semicontinuous and convex, we can pass to the limit 7 — 0 to arrive with (3.2) and (3.3) at
the liminf inequality. O

Next, we construct recovery sequences for Z. s. Here, we use a density argument.
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Proposition 3.2. For every u € K(u®) there exists a subsequence e — 0 and a sequence u., — u strongly in
WLP(0,T; H) and weakly in L™(0,T; X) such that

lim Isk (te,,) = Zo(u).

Ek—>

Proof. Our proof follows the lines of Theorem 7.2 of [3]. Let us start by assuming that u € K(u®) N C*([0,T7]; X)
(recall that u¥ € X). We fix N € N, set 7 = T/N, and define the nodal values u’ = u(it) € X, for i =0,...,N
Let ,, and %, be the piecewise affine and piecewise forward constant interpolants of {ul}} ; defined via

Bo() = ab(t)ul + (1=l (t))u? o
To(t) = uitl for t € [it, (i+1)7), (3.4)
where ol (t) =1 — (it —t)/7.
Since u € C1([0,T]; X) it follows that
U, — u strongly in WH*(0,T; H), (3.5a)
U, — u strongly in L*(0,T; X). (3.5b)

In particular, by the continuity properties of the functionals ¢ and 1y we immediately obtain the convergence
of the limiting WED functional

To(tr) = Zo(u) for 7 =0 (3.6)

and (see [3], Sect. 6.1.2)

N-1

(i+1)7 i+l
To(u,) = Z/ e /0 <Z/J0 (W) + 5do(u oy ;<go(t),ﬂr(t)>g> dt + hl,
0 1T

i=

T —t/s
where hl ::/0 e; (60(@i) — o)) dt.

Indeed, using the convexity of ¢} and choosing 71" € dx % (ul) and 2 € dxp% (ul) we arrive at the estimate

| /\

N-1 (it )T ot/ , 4 |
;/ (ai(t)(wé(Ui)—wé(u:“))Jrap (uitt) — (pg(m@))) dt

| /\

Z (e Wsee A+ M2 e ) ™ = il
=0

Hereafter, the symbol C' will denote a positive constant independent of 7 and €. By using (2.3a) and (2.4b),
and convergence (3.5b), we estimate

2"l - [l < €

Thus, we obtain AL — 0 for 7 — 0.
We now build a recovery sequence for the WED functional Z. 5 and u € K(u) N C'([0,T]; X). The strategy
is to discretize the time interval and to interpolate between the recovery sequences for the energy functional at
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each node. To unify notation, we define ug,s :=uY. Due to (2.9) and the coercivity of ¢. in X we find sequences
ul . for every i € {1,..., N} such that

uiws — ul weakly in X and ol (“i,s) — po(ub).

Note that u’ _ — u} strongly in H. Thus, thanks to (2.9) and (2.10), we have

i — yi=1 i il
»e (”) 5 o (“T”T) for all i € {1,.., N},
T T
@2 (ul ) — ¢f (ul) for alli € {0,...,N}.

Let @, . and T, . be the correspondent piecewise affine and piecewise constant interpolants as in (3.4). Thus,
for 7 still fixed we obtain the convergences

Ure — Uy weakly in L™(0,T; X), (3.7
U, . — U, strongly in WP(0,T; H), .
Ure — Uy weakly in L™(0,7T; X). (3.9)

We now claim that the following upper estimate holds
T (tre) < To(tr) + i + 12, (3.10)
where
lim lim ri.=0 and lim r2 =0.

Indeed, we compute

N-1 i T i %
S (i+1) s ultt —ul 1 il 1 -
L) =Y | e e | ) o) - 5 (g i)y |

1 N-1 (i+1)7 4 ' | | |
+ g / e_t/‘s (903; (O/T(t)uz.)s + (1—@77’_(t>)u:_—’i-€1) _ (P; (uﬁ"sl)) a
i=0 1T
1 N-1 .(i+1)7 —t/8 (, 2 (~ 2, itl , \
B g ] ¢ ((ps (UTVE) o 905 (uva )) dt = I‘I’,E + h'r,s + hT7€.
i=0 1T

Clearly, we have I, . — Zy(u,) + hl for € — 0. Moreover, using the convexity of ¢! and the definition of the
sequences u; . we arrive at

2 DT et/s 1, 1, i+1
liny . < i > [ Sk (o (uh) — b))

. T —_ - t
+ lim A (e t/57> (802 (ug) - ‘Pi(u—lrs)) dt

e—0 T

N-1 i T

_ (0T o=t/0 YV (O (Ul — o (wiTH)) df - lim 22

_Z ar( )(SOO(U‘T) SOO(UT )) +EI_I>1'(1) T,E"®
1 3

. B
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Note that we have to treat the case i = 0 separately since u?

Choosing 7t € dxpp(ul) we can argue as above to obtain

is not a recovery sequence.

N—-1
fing 2 < 3 07 ot o =+ B2
K2

whose right-hand side tends to zero as 7 — 0. Moreover, for ¢ = 0, thanks to (2.12) and to the fact that
@b(r) € LL(0, T), we get

h2? = /0 <e—t/“;t) (2 (u2) = p2(uz,)) dt < O

Here we used (2.3a) and strong convergence (3.5b).

It remains to show that also k2 . — 0 as e — 0 and 7 — 0. For this, note that for all ¢ € [0, 7] one has @, £ (t) —
- (t) weakly in X. Thus, as a consequence of the continuous convergence in (2.9) we have lim._,o ¢? (U (t)) =
@2 (- (t)). Moreover, since t — 2(u,-(t)) are uniformly integrable due to (2.4a), we can apply the Vitali
convergence Theorem ([22], p. 133) to deduce

i = [ (92 (@) — P3(a,)) dt.
e—0 F 0 1) 0 T 0=

With the convergences in (3.5a) and (3.5b) as well as estimate (2.4b), we conclude that the right-hand side
vanishes as 7 — 0.
Finally, the convergences (3.8) and (2.11) give us

T T
lim e—t/é <gg, a"'75>H dt = / S —t/9 <90a UT>H dt,
0

e—=0 Jo

which proves the claim in (3.10).
Note additionally that the sequence ﬂ_ﬂs is bounded in L™(0,T; X) independently of 7 and ¢. Indeed, without
loss of generality, we can assume that u; . and u; are such that

P ) < @b(ul) +1 = ph(u(in)) + 1 for all i = {0,..., N}.

As the functionals ¢! and ¢} are uniformly coercive in X, we have that

[l | < C (plul ) +1) < C (ph(uin)) +2)

and hence, by convexity,

~ m = (D 1+1
e elfnorn € 30 [ {okO ]} + (-ako) ui 7} ar
=0 T
N-1

IN

’L+1
¢ / (E)ph(ulin)) + (1-ak (1) @h(u((i+1) 7))} dt +2CT.

1=
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Therefore, without loss of generality, we can assume

T
i ellfmo ) < (| bt +7) (3.11)

for some constant C independent of 7, €, and u.
We now show that we can extract subsequences € and 7, such that the sequence defined by u., := U, r,
satisfies the statement of the proposition. Indeed, note that

||ﬂ7-75 - u”wlyp(o,T;H) S ”a‘r,s - ar”wl,p(o’T;H) + ||ﬂ7. - Ule,p(QT;H) ) (3'12)
and for all for all ¢ € L™ (0,T; X*) we find
4G tire — u>L’"(0,T;X) | < 1{G Ure = aT>Lm(O,T;X) |+ (¢, ur - u>Lm(O,T;X) s (3.13)

Let {(;}72 be a dense subset of L™ (0,T; X*). Thanks to the convergences in (3.7)(3.9) and estimate (3.10),
we can choose € = ¢, such that

- - - N . 1
tre, — uT||W1,p(O,T;H) <7 and [((,Ure, — “T>L"L(0,T;X) | <7 forall j <-—. (3.14)

9

Moreover, we can assume that r; . < 7 with 7} _ from (3.10). By using convergences (3.5a) and (3.5b) and
estimates (3.12) and (3.13), we obtain that

lim ||t, e, — u||W1)p(0 rany =0 and limsupZ. (Ure,) < Zo(u).
T7—0 [ —0
In particular, @, .. — u strongly in W1P(0,T; H).
It remains to show that also .. — u weakly in L™(0,T; X). Given ¢ € L™ (0,T; X*), for all & > 0 there
exists j € N such that ||¢ — Cj”Lm/(O rx-) Soand 7= 7(j) with j < 1/7, 7 < v and satisfying

3=

|<<l7a7' — u>Lm(O,T;X)| <aforalll<

Thus, by using (3.14) and (3.11), we have that

| <<= aﬂsf - U>Lm(o7T;X) | = | (¢ — ijar,ef - U>Lm(o,T;X) |
+ | <Cj’a7'78—r - aT>Lm(0,T;X) | +| <<jvaT - U>Lm(0,T;X) ‘
<Ca+a-+a.

In particular, 4, .. — uw weakly in L™(0,7;X). This proves the existence of a recovery sequence under the
additional assumption u € C*([0,T7]; X).

Let us now consider the general case with u € WHP(0,T; H) N L™(0,T; X). We can find an approximating
sequence u, € C'([0,T], X) with

U, — u strongly in WHP(0,T; H) N L™(0,T; X).

Hence, Zy(un) — Z(u). For every n let u, . be a recovery sequence for u, as constructed in the first step, i.e.
Un,e — Uy strongly in WHP(0,T; H) and weakly in L™(0,T; X) and such that limsup,_,oZc(un ) < Zo(uy).
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Moreover, we can assume that u, . satisfies the additional requirement
~( 1
||un,8||zlm(07T;X) S C((P (u) + T + 1)

Thus, it is possible to apply Lemma A.1 and extract a subsequence u, n, such that u,, ., — u strongly in
WLP(0,T; H) and weakly in L™(0,T; X) and such that the lim sup-inequality is satisfied. As a consequence of
the liminf-estimate obtained in Proposition 3.1, we conclude limg, 0 Z¢, (tn, e, ) = Zo(u). O

Theorem 2.2 can be now proved by simply combining the two propositions above, by using the coercivity of
the WED functionals on the space W?(0,T; H) N L™(0,T; X) and by recalling the compact embedding of the
latter in C([0,T]; H).

Proof of Corollary 2.3. For all u € Kr.(u?) we decompose

T.(u) = /OT ee,s(t)X[0,1.1(t) <1ZJ5(12) + %&(t, u)> dt
= [ (i) + o) = [ et (o) + 3 at

€

+ /OTE (eg,g(t) - e—t/a) (1/,5(1;) + ;%E(t,u)> dt. (3.15)

Note that, since ¢t — . (u(t)) + %&Fs (t,u(t)) is uniformly bounded in L (0,7T'), thanks to the uniform convergence
of ec s tot — e~t/% and to the convergence of T, we have that the second and the third terms in (3.15) vanish as
¢ — 0 and independently of u as long as u lies in a bounded subset of W1P(0,T; H) N L™(0,T; X). By applying
Theorem 2.2 we have that the first term I'-converges to Zy. By recalling the equicoercivity of the functionals Z.
in WbP(0,T; H) N L™(0,T; X) we then conclude the proof of Corollary 2.3. O

3.2. Proof of the joint limit

Let u. s be any solution to

—555,5 +&5+ 17;,5 — 77?’5 =g, in X" a.e.in (0,7, (3.16)

with 06, 5(T) =0 and wu.5(0) = u, '

where {5 = dip. (i 5) € LP'(0,T; H*), nl s € L™ (0,T; X*), n2 5 € L' (0, T; H*) with n! ;(t) € Ox o} (ue s(t)),

and 72 5(t) € Ouwp2(ues5(t)) for almost every ¢ € (0,T). We recall that solutions to this problem exist. Indeed,
as stated in Theorem 2.1 (see also [1, 3]), every minimizer of the WED functional Z, s, solves (3.16).

In order to prove Theorem 2.5, we want to pass to the limit § +& — 0 in (3.16). To this aim we recall that
ue,5 satisfies the following uniform estimate (cf. [1], Sect. 4.4, see also [3] for the convex energy case)

HgE"SHLP’(O,T;H*) + HU’E";HleP(O,T;H)mL"L(O,T;X) + Hng,é‘ L™ (0,T;X*)

+ Hng,zSHLp’(o,T;H*) + ||£575||C([0,T];X*) + H‘;éfﬁ”;:p’(0,T;H*)+Lm/(o,T;X*) <C, (3.17)

which implies, up to not-relabeled subsequences, the following convergence results for the joint limit § +& — 0

Ue s — u weakly in L™(0,T; X) " WhP(0,T; H), (3.18a)
Ue,s — u strongly in C ([0,T]; H), (3.18b)
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€5 — & weakly in L¥ (0,7 H*), (3.18¢)
6.5 — 0 strongly in L¥' (0,T; H*), (3.184)
77;75 — 7' weakly in L™ (0,T; X*), (3.18¢)
nZ s — n* weakly in L (0,T; H*), (3.18f)
6.5 — 0 weakly in L (0,73 H*) + L™ (0,T; X*). (3.18g)

for some limits n' € i (0,T; X*),n? € ¥’ (0, T; H*)and € € ¥ (0,T; H*). Furthermore, we recall that g. — go
weakly in L? (0,7; H*) by assumption (2.11). Thus, we can pass to the limit § + & — 0 to obtain the limiting
equation

E+nt —n*=goin X* ae. in (0,7), (3.19)
u(0) = u". (3.20)

Note that, since 12, go, and ¢ belong to the space L’ (0, T; H*), then, by comparison in (3.19) we also have
n' € LP(0,T; H*). In particular, equation (3.19) can be equivalently rewritten in the stronger form

E4+n' —n? =goin H* a.e. in (0,7).

It remains to identify the limits &, n', and 2.

8.2.1. Identification of n* € Oppi(u)
Let w € D(¢3) and let p € C°(0,T), p > 0. By the definition of the subdifferential, we have

T T T
| et [ (250 ues(t) ~why st = [ us0)otat. (321)
0 0 0

As a consequence of convergence (3.18b) and (3.18f), we get

T T
lim [ (52 5(t), ue5(t) — w),, p(t)dt = /O (n*(t), ult) —w),, p(t)dt.

e—=0 Jg

Thanks to continuous convergence of ¢? in (2.9) and the convergence in (3.18b), we have

T T T T
/O G (w)p(t)dt — / Gw)p(t)dt and / 2 (e 5(6)) plt)dE — / SR (u(t))plt)d.

Thus, passing to the limit in (3.21), we obtain

T T T
/ o (w)p(t)dt + / (17 (1), u(t) — w) , p(t)dt > / o (u(t))p(t)dt.
0 0 0

As p and w are arbitrary, we deduce n%(t) € Oupi(u(t)) for a.a. t € (0,T).
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8.2.2. Identification of n* € Oxpl (u)

As before, let w € D(p}) and let p € C2°(0,T) with p > 0. Let now {w.} C X be a recovery sequence for ¢}
at w, i.e.

we — w weakly in X (strongly in H) (3.22)

and ¢l (w.) — ¢} (w). By the definition of the subdifferential, we have

T T T
| ettt + [ G0 ues®) ) 00t = [ hues(e)pieiat (3.23)
0 0 0

As w,. is a recovery sequence, we have convergence

T T
| = [ shwipoa
0 0

Testing equation (3.16) with (u. s — we)p leads to

/0 (nd 5 (1), e 5(t) — we)  p(t)dt

T T
- / (0P (1), e (1) — w2, plt)clt + / (9e(1). e 5 (1) — w2)  p(t)dt
0 0
" / (5L 5(6),uess(t) — we)  plt)dt — / (e5(D),uess (t) — w2) (). (3.24)

Note that, as a consequence of convergences (3.18b), (3.18f), (3.22), we obtain

T T
| a5 = w0t = [ (0, ) w), ple)
0 0

Integration by parts, together with the final condition for & 5 in (3.16) and estimate (3.17) yield (see [3] for a
rigorous derivation of the integration by parts formula)

T
/0 (062 5(t), ue 5(t) — we)  p(t)dt

T T
== [ enl0ies ) o0 =5 [ (6esl0)ues(t) =0 )

< 5||/’||le°° HEE"SHLP’(O,T;H*) (”ﬂe,éan(o,T;H) + ||u675 - wg”LP(&T;H)) — 0.

Furthermore, thanks to assumption (2.11) and strong convergences (3.18b) and (3.22),

T T
/ (92 (1), e 5 (1) — w2) y p(E)E — / (golt), u(t) — w) 5y plt)dl.
0 0
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Finally, from (3.18b), (3.18¢), (3.22) it follows that

T T
/ (e.s(t), e g(t) — we) g p()AL — / (E(8),u(t) — w) g p(t)dt,
0 0

Substituting into (3.24) and using identity (3.19), one gets

T T
/0 (02 6(t), ue5(t) = we)  p(t)dE — /0 (P (1) +€(t) + go(t), u(t) — w) , p(t)dt

T
_ /0 (' (1), u(t) — w) , p(t)dt.

The Mosco convergence of ¢!, (3.18b), and the Fatou Lemma yield

T

imint [ el a0t > [ ebun)par

Combining all these facts from (3.23) we deduce

T

T T
/ wé(w)p(t)dH/ (0" (), u(t) — w) ¢ p(t)dt > / o (u(t))p(t)dt.
0 0 0

Hence, n' € dx¢}(u) a.e. in (0,7T). Moreover, since n'(t) € H* for a.a. t € (0,T), then n'(t) € dgp}(u(t)) for
a.a. t € (0,T) (cf. [3] for details).

3.2.3. Identification of & = dgo()
Let v € LP(0,T; H). Again by the definition of the subdifferential, we have

T T T
/ Ve (v(t))de +/ (€e,5(t), e 5(t) — v(t))  dt > / Ve (Ue,5(1))dt. (3.25)
0 0 0
Note that, as 1. < g strongly in H, we have

/0 " ()t - / o),

Arguing as in Proposition 3.1, the following inequality follows from Jensen’s inequality

T T
lim inf /0 e (e 5(t))dt > /O Yo (a(t))dt.

e+d—0

The weak convergence in (3.18¢) implies

T T
/ (es(t), v(t)) At — / (), 0(8))  dt.
0 0
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Using the Euler-Lagrange equation (3.16), we obtain

T T
lim sup / (.6 (t), tie,s(t)) py dt < limsup / <6é€,5<t) — 1z, (t), Tla,a(t)>H dt
0 0

e4+5—0 e+5—0

T
+limsup/ <n§76(t),u575(t)>H + (ge(t), e 5(t)) 5 dt.
e+6—0 Jo

Note that, as & 5 = dipe (e 5) € Ogtbe(tic 5), then . 5 € Og-1i(&. 5), where ¥ : H* — [0,00) is the Fenchel
conjugate of 1., i.e. YX(§) = sup,{(§,v) — ¥.(v)}. Using the chain rule and recalling the final condition
&.5(T) =0 (cf. [3] for a rigorous proof and more details), we get
s — s ies®) dt< [ (55 0rest) - Lol dt
[ (8st0 = s ieso), < [ (35050 - Godtueso)

< — 002 (€,5(0)) — i (ue,s(T)) + o (u)
<~ (ue,s(T)) + e (u).

By using the well preparedness of the initial data, the Mosco convergence of ¢! and (3.18b), we can pass to the
limit above to arrive at

T

li ' —n! ' < —liminf o} T li Ll

m sup /0 <5§s,s(t) ng,a(t),ue,a(t)>Hdt_ lim inf o (ue,s(T)) + _lim o (ue)
= —pp(u(T)) + 5 (u).

As already observed n'(t) € H* for a.a. t € (0,T), as a consequence of identity (3.19), thus, we obtain

—wé(u(T))eré(uo):/O (n'(t),u(t)),, dt.

Thus, thanks to the assumption (2.9) and the convergence in (3.18b), we can use the chain rule for ¢ — ¢2(u. s)
to get

T
limsup/ <77?,6(t)7u6,5(t)>}1 dt
e+d6—0 Jo

T
= lim @2 (ue 5(T)) — lim @2 (ud) = @5 (u(T)) — p(u®) = /0 (n?(t),0(t)) , dt.

Finally, by using convergences (2.14)-(2.15) and (3.18a)-(3.18b), by integrating by parts, we get

T
[ 0,50
T T
= (92 (1), ue 6(T)) y — (92(0),ul) y — /0 (G2(t), ue,5(t)) , dt +/0 (g2(t),tie,s(t)),, dt
= {90(T),u(T)) ;= (9(0), 1), _/O (90(t), u(t)), dt +/0 (96(t), o (t)) ; dt

T
:A<m@mmmw-
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Combining the above estimates and (3.25), we conclude

T T
/1% w+/'@wmw—mesz dola(t))dt

i.e. & € Opp(o,;m) Vo (1), where by (v fo o(v(t))dt for all v € LP(0,T; H). As vy is Gateaux differentiable in
H, then v, is Gateaux dlﬁerentlable in LP(0,T; H). Moreover,

T
<de(07T?H),(/JO<v)’w>LP(O,T;H) < /0 (davo(v(t)), w(t))y dt for all v,w € LP(0,T; H).

In particular, & € Ope (0,1, V() implies £(t) = dgbo(u(t)) for a.a. ¢ € (0,T). This concludes the proof of
Theorem 2.5.

3.3. Proof of the convergence rates

We now prove Theorem 2.7, i.e. quantitative estimates for the convergence of the WED minimizers. To this
aim, we take advantage of the following abstract result for I'-converging functionals.

Lemma 3.3. Let I.,Iy:V — (—00,00] be functionals defined on some Banach space V. Assume that each

functional admits a unique minimizer, denoted by u} = argmin ., u* = argmin I, respectively. Let I, 5T as
e — 0 in the strong topology of V. Finally, assume that there exist sequences uf € V and ud € V satisfying

(i) there exists pt > 0, such that

[ulf —u*|lv < pi; (3.26)

(ii) there exists p? € R such that
L@h) — To(u) < 2 (3.27)

(iii) there exist p3 > 0 such that
To(u) — I(uf) < p2; (3.28)

(iv) there exist C >0, T' > 1, and p2 > 0 such that

* r *
C |l = ut|ly < L(uf) — L(u) + pt. (3.20)

Then, ||uf —u*||,, < pt+ C (p2 + p2 + p‘g)l/F where C = (1/C)"/"

Proof. We estimate

luf = u[ly, < [Julf —

— " 1/T
< pt 4O (L(ult) — L(ul) + p?)
(3.26)+(3.29)

= pz + C (Lo(ul') = I(u") + I(w") = I(u}) + p?)

u; — “fuv

1T
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< 4O (2 + IwS) — L(ut) +p1)""
(3.27)

— 1/T
< AT+ o+ ol)
(3.28)

)

which completes the proof. O

Remark 3.4. Note that we need the sequences uf* and u? to be defined just for the minimizers «* and u} and
not for every element in the domain of the functionals.

3.8.1. Time-discrete to time-continuous WED functionals

To prove the result in Theorem 2.7, we will use a time-discrete version of the WED functional. It is known that
minimizers of the time-discrete WED functional (i.e. solutions to the time-discrete Euler-Lagrange equation)
converge to their time-continuous counterpart as the discretization parameter 7 goes to zero, see, e.g. Section 2.6
of [19]. In this subsection we estimate the rate of convergence of the time-discrete minimizers with respect to
the time step parameter 7 > 0. This result constitutes a first step in the proof of Theorem 2.7. Recall that
we restrict ourselves to the setting of a quadratic dissipation potential 9. (v) = %(Asv, v)g and of uniformly
A-convex energy functionals ¢, as well as g. € H(0,T; H).

We fix 6 > 0, T > 0, as well as a time step 7 = T/N for N € N. The parameter ¢ > 0 will be fixed in this
subsection, hence, we omit the index.

The time-continuous WED functional Zs is defined as in (2.6) while its time-discrete counterpart Z7 :
Kr(u®) — R U {+oc} is defined on K, (u®) := {u’} x HN wia

Wit — o

IT(U yeeey U ): p}rT <7/)< > +7¢(u1)77(gz’uz) >
’ s T 5 5 .

T U 1
= [ o) (wi@ + 5ot - @0 10m ) ar, (3:30)

where %, and U, denote the piecewise constant and piecewise affine interpolants of the nodes (u°, ..., u")

(analogously for g, and p, ). The discrete weights are given via pt = (6/(5 + T))i and (g!,...,gN) e HY is a
suitable approximation of g so that ||g, — gl|z2(0,7,m) < C7. Note that K, (u®) is in bijective correspondence
with the set

{u € K(u®) : uis piecewise affine with respect to [iT, (i+1)7), i =0,...,N—1}.

In particular, from now on, we will identify the tuple (u*?,...,u*") that minimizes the time-discrete WED
functional with the piecewise affine interpolant, denoted by u3¢. The former solves the discrete Euler-Lagrange
equation

v:’iﬂ U:’i y i i
—OAT————— + A" + 7" = gy,
7 _ (3.31)

where vf'=-"T"——"- and 70X’ €Igp(ul’),

where we additionally have the final condition v**"V = 0 (see [19], Eq. 6.6). Moreover, arguing as in Section 6.2
of [19] we obtain the following estimate with a constant C' independent of € > 0 for the time-discrete solution

512 1@ 20,7 1) + 52 107 oo 0,720 T+ 187 220,70
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T
+ HUEISCHHl (0,T;H) + ||ﬁ;k'HL2(O,T;H) +/O Qb(ﬂj_) dt < Ca (332)

*,1

where W} is the piecewise constant interpolant of the second order difference quotient of u}*, i.e. wi* =

(ve+l—p*¥) /7. Note, that this estimate mimics the time-continuous estimate

T
5t/ 10ew™ || 20,7311y T 5172 0ew™ oo,y ) + 110" N 0,752y + 1071 20,750 +/0 ¢(u)dt < C, (3.33)

(see [19], Sect. 4).

The following proposition gives a quantitative estimate for the time-discrete solutions.
Proposition 3.5. Let ud™® and u* be the minimizers of the time-discrete and -continuous WED functional s
and ZLs, respectively. Then, we have

disc *
7_ —Uu

Hu ) < Cr/? =; pdte, (3.34)

L2(0,T;H
Proof. In what follows the symbol C will denote a constant independent of 7, §, and € possibly varying from
line to line.

Without loss of generality, we can assume that A = Id. The general case follows from an analogous compu-
tation. We start by considering the difference between the time-discrete and time-continuous Euler—Lagrange
equation, i.e. (3.31) and (P ), respectively,

5 (W — dheu”) + (B — D) + (02— ) = (3. — 9).

We define the auxiliary function U := udi¢ — u*, use it as test function in the equation above, and obtain after

integration over [0, ¢] for ¢t = K7 for some K € {1,...,N}

K-1 r(i+1)7 oAl i t
—52/ (”,U:)Hds—i—&/o (Dpeu*, U ) g ds

i=0 YT T
¢
+/ (Tr — 0™, Ul ) ds+/
0 0

For the first and second term we employ a discrete and continuous integration by parts formula (recall that
uds(0) — u*(0) = U#(0) = 0 and v = ,ud™°) to arrive at

T

t

t
M =" UN)y ds:/ (G, —9,Ur)y ds. (3.35)
0

T KTt
é/ (vi’O,UT*)Hds—é/ (0K %), ds + 6(0pu” (1), U2 (1))
0 T J(K-1)T

T
K-1 (i+1)7' ) * _ * 1
+6 Z / (Ui,z7 UT (S+T) U‘r (S)
i

t t
d
) ds—é/ (atu*,atU:)HdS‘F*/ *HU:HiI ds

; T
i=1 7T

t t t
[ et ) ds [l -t ds< [, - gl 1021 ds
0 0 0

where 75¢ denotes the piecewise constant interpolant associated with the minimizer of the time-discrete WED

functional. By monotonicity, the first term on the last line is nonnegative, viz. fot (Tr—n*, ad™—u*) , ds >
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0. Moreover, thanks to the uniform bounds on 7%, on 7* and on the time derivative of ul®*¢, we have that
| fg (s — n*, udise — ﬂfiSC)H ds| < Cr. Furthermore, it is not hard to see that due to the estimate in (3.33) and
(3.32) the first term on the first line vanishes for 7 — 0 with an order of at least 7.

Next, we consider the second and third term on the first line, namely,

t

T J(K-1)T

) KT *, * * * _ * * _ *, l * _U*
—[ (035,02 (8)) s + 800" (0, U3 1)), = ~6(@W07 0. U30)  — 0 (4,7 [ 020015 = 0200

=: —6(Q UL (), UL (1)), + A

Here, thanks to the uniform bounds in (3.33) and (3.32), we can estimate

* — 1 k * *
21 61T e | 3 [ U005 =00
. .,

< 07'51/2(”7:”Loo(0,T;H) + ||8tU*||Loo(o,T;H)) <Cr.

Next, we treat the first and second term on the second line in the above estimate. We write

K-1 .(i41)r T _IT*
62/ <,U:,27UT(8+T) UT(S)

T

t
) ds—é/ (Opu*, 0,UY) gy ds
H 0

i=1 7T

t K-1 (i+1)7‘ ) * o *
_ 5/ |z ds+63 / <atu§156, Urls+7) 2 Uz(s) _ ew:) ds.
0 i=1 71

T T H

We observe that the last term on the right-hand side is of order 7. Indeed, we have that

K-1 .(i4+1)r ) * _a*
5 Z / (atuglsc’ u (S + T) u (S) _ 8tu*> ds
i=1 iT H

T

(+1)r u (s + 1) — u*(s)

T

— atu*

K—1
<9 HE:HLOO(O,T;H) <Z
i=1

< Cré/? 4| 20,711y < CT

1T

) 1/2
ds
H

and, by definition of udis

T

K-1 .(i+1)r ) disc _disc )
5 Z / <atuglsc, ur (S + T) Ur (S) _ atuﬁlsc> ds

i=1 YT T H

i=1 T
K—-1 ,(i+1)r .
c(s—iT) L, .
=9 / <v7*.’z, gv:’”l - vi’l) ds
i=1 JiT T H

< G707l oo 0,11y 107 220,71y < O

Finally, the right-hand side in the above estimate, containing the external forces, vanishes with an order of
at least 7 due to the assumptions made on g-.

H
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Combining the above estimates, we have for all t = K7, K € {1, ..., N},
* 1 * * * *
810U 320,00y + 5 107 (DMl < CT(UH U 20,1y ) + 8(0U7 (£) UF (1)) - (3.36)

Note that the same formula holds true for every ¢t < T (after suitably modifying the constant C'). Indeed, for
every t < T, let K be the biggest integer smaller than ¢/7. Thanks to the uniform estimates (3.32)-(3.33), each
term in (3.36) evaluated at time ¢ can be replaced by the same term at time K7 plus an error of order 7.

Starting from the above estimate and arguing as in Section 3.2 of [16], we can deduce [UX| 2 7.1y <
C7'/2. Substituting in (3.36) with t = T, and recalling that 8,U*(T) = 0, we also have §*/2 ”atU:HL?(O,T;H) =
0(71/2). O

3.3.2. Proof of the convergence rates

Since 6 > 0 is fixed throughout this section we will omit this index of the WED functionals and of their
minimizer.

We start by recalling that in the case of A-convex energies and quadratic dissipation potentials the functionals
Zs. and Zs o admit unique minimizers u} and u* over K(u!) and K(u®) respectively for all § sufficiently small.
Moreover, they satisfy the bounds [19]

1wl g2 0.7y zm 0.7 + 1M 20,7 21) < Css
el H2(0,T;H)NL™(0,T;X) ellL2(0,1;H) (3.37)

and [|u* (| 2o 7. mryrm 0,0 x) 10 N 20,70y < Cs,

for some Cs depending on §, but independent of e, where n} and n* are the selection of the subdifferentials
O de(uf) and O do(u*), respectively, such that u* and u* solve the respective Euler-Lagrange equations a.e.
in (0,T), see [19].

Our strategy to prove Theorem 2.7 consists in checking that Z. and Zg satisfy the assumptions (3.26)—(3.29) of
Lemma 3.3. To do this, we explicitly build the sequences uf and uf starting from the recovery and smoothing
operators R, and &, as well as the minimizers u* and u} of the time-discrete WED functionals Z§ and Z7
defined above.

It is worth noting that although we need to build the sequences uf and u2 in Lemma 3.3 just for the
minimizer of the functionals, we however need informations on the convergence rates for the operators R, and
S, for the static functionals at any point (¢f. (R1)—(R6)). This is due to the fact that the minimizers of the
static functionals are not related in any obvious way to the minimizers of the corresponding dynamic WED
functionals.

Proof of (3.26) and (3.27). We start by additionally assuming ¢. to be convex for all € > 0, i.e. A = 0. Let
u* € H*(0,T; H)N L™(0,T; X) be the minimizer of the limiting WED functional Zs o over K(u’). We fix a time
step 7 =T/N, N € N and define the nodal values u*® = u*(i7). As before, we consider the piecewise affine
and piecewise constant interpolants @* and u* for the nodes {u*(it)}. Let ud denote the (piecewise affine
interpolant of the) minimizer of the discrete WED functional Z7 ;.

We introduce the following sequence

kg [oHO T O-adO)meage teo,m),
” ol ()Reudsei 4 (1—ad (1) Reudse+l ¢ e [ir, (i + 1)), i=1,...,N—1,
where o (t) =1 — (t —iT)/7. O

Remark 3.6. The idea of the proof of (3.26) and (3.27) is to construct the recovering sequence R.u* by using
the good properties of the recovering operator Ji. for the energy functional. The naive idea would be to define
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(Reu*) (t) = Re(u*(t)). However, note that this cannot be done rigorously, since . is defined only over X and
u* is not pointwise well defined in X (but just in H) (see also Sect. 4.1).

Moreover, since in general PR, is not differentiable in time, we would have no informations on the time
derivative of (Rcu*) (t). Thus, a natural idea would be then to take a time discretization of u*, where nodal
values are average on small intervals (this way nodal values are well defined in X) compute R.u* on the nodal
values and finally interpolate. This, would provide a good estimate in condition (3.26). However, in order to
get some good estimates in (3.27) we need a control of Z.(R.u*) — Z(u*). If we define R.u* in terms of the
time piecewise affine interpolant @’ of u*, since we cannot estimate how good the approximation Z(u*) of
Z(u*) is (more precisely, we have no control on the dy¢(ut) as it does not solve any equation) as estimates of
Z.(R.u*) — Z(u*) seem hard to obtain.

Then, using the assumptions in (2.18), (2.24), and the bound in (3.34), we estimate

|
iu

disc

" 2
T ||L2(O,T;H)

2 : 2
o ugEHL?(o,T;H) < ||u* —u + ||uglsc - u‘l{%,sHL?(o,T;H)

N
< () 42 3 [t 7 a2 a0

i=1
2 2 P 2
< (o) +2 () sup £ flu™ ) +2 ()" Y7 = + 7 (72)
' i=1
2
<C (r? + 7'1/27"2 + pﬁtc> . (3.38)
The rate pdt° is the rate of convergence of the discrete to continuous approximation, computed in the previous

subsection (see (3.34)). We now decompose

T 1 T
L.(uf,) - To(u) = / e (e (Orufle) — o (Ou”)) dt + 5 / ™% (g2 (uf.) — do (u¥)) dt
0

0

1 T T
+ = / e*t/‘;((gs,uﬁs)H — (g, u*) ) dt =: / [AY,+ A+ Ai,s} dt.
0 0

We will treat each term on the right-hand side separately. Concerning A¥_ we introduce the auxiliary variable
U, r via

meudisc,i-ﬁ-l _ meudisc,i

R disc
8{&.’.}6 = - = atUT + U577—-

Using assumption (2.18) for the recovery operator we obtain for all ¢ € [0, 7)

R 0
p r

T isc isc m\ 1/2
(e (e fl) + uet) © + ==,

”Ue,‘r(t)HH < T

and for all t € [ir, (i+1)7),i=1,...,N—1,

PR

o oo oo o 1/2
106 Ol < = (2 (g™ ) € (] ) + g™+ g™ 5)
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By using these estimates, as well as (2.20), (3.34), we get

T
| avars / (900 + 19" L) - [ — Bps” + U]+ 02 0"
0

T 7’8 is *
C( +T9w+/o Tdt> + C |07 = B [| oo,y

ER
<C < + Y 4 pdie rg) . (3.39)

Here we used that d;u* is bounded in L?(0,T; B) as a consequence of (2.17).
Next, we treat the energetic part. Note that as before, we have to treat the case ¢ = 0 differently. By using
the convexity of ¢, and assumption (2.19), we obtain

T (i+1)T
/ A7 dt<CZ / €717 |ak (1) (Reud™) + (1—ak (1)) 6. (Reud™ 1) — gy (u”)] at
<or? @Z ( HudISCZHH _|_HudlsC'LHX_~_H dlsczHH>

N—-1 .(i+1)7 ) o ) o
FOX [T et o) + (-ab)n(ut ) — onfun)] .
The last term on the right-hand side can be estimated as follows: consider n35¢¢ € 95 ¢o(udi*>?), then

T
[ dt<ormcz T s ottty o) ) e e
|

u*|Hdt

- 7, T
<C (Tgt,¢> + 7) +C Z /iT ||77$isc7i+luH ||ugisc,i+l .
i=0

IN

+ Hugisc,i-&-l _ udiSCHH

N-1 .(i+1)7 o _
C (rg’t,d) 4 7.) +C Z / Hnglsc,l-i-lHH (Hudlsc —u
C( R 4 T) +C Hud“‘: —u*

<O (rT 4 pltc)

IN

L2(0,T;H)

Here, we used the estimates for 3¢ and the fact that N fZ(TH_l [|udiset — disc’i"’ng dt < C7?% and
SONL DT T |Judiseitt — d||H < C72. Moreover, since ¢, (u?) is uniformly bounded, then (¢, (uf'.) — ¢o (u*))

=0 Jir

is bounded in L1(07 T) independently of €, thus

/T A?_dt= /T e % (o (ul) — o (u*)) dt < Cr.
0 0
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Finally, concerning the external forces we use (2.24) and estimate

T
Ag_,a < /O eit/(s (g’f -9 uf:s)H + (ga uﬁe - U*)H (340)

*

= C(rd + pdtc 4 B 4 71/240), (3.41)

R
< Cllge = 9llp20.,m) + € Jure —u L2(0,T;H)

The case of A-convex energies can be handled similarly by repeating the above procedure with ¢.(-) replaced
by ¢:() — A H||?{ /2 and by estimating additionally

T T
[ e (A A1) € [ ol o =
0 0

<C (r? + pdet 1 7'1/27"2) )
Summarizing we have

*

C(rP + pdte 4 717270,

Huf;e —u L2(0,T;H) <

Ig(ufa) —I(u)<C (T?/T+P§tc+r?’¢ O AR S Y A o —|—Tl/27’g> .

We now choose TE% as the minimizer of 7 — rl/7 + pﬂtc + 7+ 7'1/27"2, and we easily check that 7'? — 0 as

¢ — 0. Note that this is the choice of 7 (as a function of €) that optimizes the convergence rates. In particular,

by defining uff := uf; _ we see that conditions (3.26) and (3.27) follow from the above estimates where

1 R d 7®\1/2 o
Pe = T¢ +p'r£’$+(7-€) Te

1/2
e A SR () I

Proof of (3.28). A proof of (3.28) can be obtained by following the proofs of (3.26) and (3.27) described above
and exchanging the role of ¢y and ., of 1y and ¥, of u¥® and 49, and of u* and u*. More precisely, let udis
be the minimizer of the discrete WED functional Z7 associated with ¢., 9., and g., and defined with respect
to the partition {iT}X,. Let u? be the minimizer of the WED functional Z..

For all 7, let us define ufjs as the piecewise affine interpolant with respect to the nodes
{ul, &udise:l . SudiseN1. Note that, by using assumptions (2.21), and arguing as for (3.38), we can prove
that

S

T U< ||L2(0,T;H) <SC(re + i+ 71200).

[ .

Computations analogous to the ones used in (3.39) and (3.41) combined with assumptions (2.21)—(2.24) give us
T e
/ ™% (vo (Oyu7.) — ve(Bpu)) dt < C ( S e+ r?) ,
0 T
1 T
5[ ot 6u(u)) At < C (S ),
0

1" 5
5 /0 ™0 ((g(t), ul )i = (9e(t), ul)mr) dt < C(rf 4 pfte 0 4 71/%02).
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Here, we also used the uniform coercivity and growth assumptions such that all the bounds on u} and ud*¢ and

the convergence rates for ud¢ — u? as 7 — 0 are uniform in ¢.

Summarizing we have

T(us ) — T.(u?) < C(rS )7+ p3° + 7S 4 1S9 4 pS¥ 47 408 4 0 4 71/2p0),

.

We can now choose 7 = 7€ := argmin, (r® /7 + p3* + 7 + 71/%r0), and define uf := uSs _. Then, condition

(3.28) is satisfied with .

~ = 1/2
A Sl R () W

T

O

Proof of (5.29). Finally, we want to check that (3.29) holds true for I' = 2 and p? = 0. We first recall that
the minimizer u} of Z. solves the elliptic equation (Ps.). By testing the Euler-Lagrange equation for Z. with

R we get

—_ *
v=ul —u;

T
1
0= / e /[ (Acdruz, On(uz—ul)) y + 5 (0 = gy —uf) | dt.
0

where 0¥ € O (u2) a.e. in [0,T]. We use the equation above to calculate

R x Sy R 4 L R * L Bl
T (ut) — Z.(ul) = /0 e [ws(&sus ) — e (Opul) + 5 (‘bs(ua ) = ¢5(u5)) s (gg,us N UE)H} dt
T
N / e % (e (Bpull) — Ye(Opul) + (AcOpul, O (ui—uf)) ;) dt
01 .
v / /0 ($o(ul) — pe(ud) + (nf,ul — uF) ) dt.

By using A-convexity of ¢., we get

2
o, dt.

17 /8 R R AT t/8 ||, R
5/0 e_/ (¢E(u5)_¢6(u:)+(nzvu:_ua)[_]) dt > %/0 e_/ Hua _u:|

We now exploit that 1. is quadratic to obtain
T
T (uf) = Zo(u}) 2/ e (e (Opul) + o (Oul) — (AcOul, dul) ;) dt
0

T
= / eft/‘; (wg(ﬁtuf — &gu:)) dt

0

T
> c/ e”t/0 H(“)tuf — Oy} 2 dt.
0

T
f,lrdt—i—i e_t/‘SHuf—u* "

25 J, ;

By arguing as in Proposition 2.1 of [19], recalling that v(0) = 0, for all 6 > 0 sufficiently small we obtain, after
suitably renaming the constant c,

T
T (uf) — T.(u?) > / /0 |ul — |}, dt,
0
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which implies (3.29). We conclude the proof of Theorem 2.7 by applying the abstract Lemma 3.3 with V =
L?(0,T; H). O

4. APPLICATIONS

In this section we provide two examples of application of the above abstract theory. The first one is related
to homogenization problems while the second deals with dimension reduction.

4.1. Homogenization of a 1D parabolic equation
In the 1-dimensional domain Q = (0,1) we consider the equation
ac(2)it — 0, (De(2)0pu) + be(2)u — co (@) u|?%u = g-(t,2) in Q x (0,T), (4.1)
equipped with homogeneous Neumann boundary conditions 0,u(0,t) = d,u(1,t) = 0. Here, 1 < ¢ < 2 and
ac(x) = a(z/e), be(x) = b(x/e), D(x) = D(x/e), c.(x) = c(x/e) for some 1-periodic continuous functions
a,b,D,c:[0,1] = [1/M, M] with M > 0. The initial data u? is assumed to be uniformly bounded in H'(2) and

the external forces satisfy g. € L*([0,T] x ).
Setting H = L*(Q) and X = H'(Q) the equation can be rewritten in the form

dve (@) + O ol (u) — @2 (u) = g=(t) in H,
where

jéck<x>h42dx and  6e(u) = 9 (u) — ¢? (u) with

Joy De(@)|0zul? + bo(a)|ul* dz if uw e H'(Q),

%) else,

and
ce()|u|?dx.

It is not hard to check that assumptions (A1)—(A7) are satisfied with p = m = 2 and that the elliptic-in-time
regularization given by

— dac(x)it + ac ()t — Oy (De(2)0pu) + be(2)u — co () [u|?2u = g-(t,x) in Q x (0,T), (4.2)

with additional final condition du(x,T) = 0 for a.e. = € 2, corresponds to the Euler-Lagrange equation of the
WED functional (¢f. Thm. 2.1)

T
~t/5 (B 4 Do 4 e — e — Lo yu) dedt i w e k(0
Ts(u) = /0 /Qe (2u| + 55 10zul” + ol q5|u| Sg-(tu ) dedt ifu e K@),
o else.

We will apply the theory developed in the previous sections to show that the functionals Zs . I'-converge to the
limiting WED functional Zs defined by the static I'-limits ¢y and 1. The latter are given by

W) = 5 [ cunlolde and go(u) = eble) = eh(w) with



THE WED PRINCIPLE AND E-CONVERGENCE FOR DOUBLY NONLINEAR PROBLEMS 31

() = 3 Jo Dharm|0oul* + barign|ul? dz if u € HY(RQ),
(%) else,

1
o5 (u) = */ Carith|u|? dz,
qJo

where Garith, Darith, Carith denote the arithmetic means of a, b, ¢ respectively and Dy, denotes the harmonic
mean of D, namely Dyarm = (fol 1/D(y) dy)~!. We refer the reader to [17] to check that ¢! M b in L?(Q)
(in particular, ¢} L @b weakly in H'(12)), and that . < ¥ with respect to strong convergence in L?(€2).

Moreover, note that for every sequence u. with ! (u.) < C, we have u. — u weakly in H(f2), u. — u strongly
in L7(Q) and, as a consequence of the Sobolev embeddings,

/2
|ue(@)|? < (el ) < Clluclfg < C (pL(u))"” < C for a.a. z € Q.

Thus, by using the dominated convergence theorem and the convergence c¢. — cayitn weakly™ in L () we get
1 1
gt(ue) = i) = 2 [ clud? — camenluftde = 2 [ o (uelt=1uf") + (ecmcaen) [l do = 0
Q Q

In particular, it holds that ¢, M $o in L?(Q) (or, equivalently, ¢. RN ¢o weakly in H(2)). Finally, we assume
that u? — u® strongly in L?(Q) and that the external force terms satisfy g. — go weakly in L2(0,T; H).
By applying Theorems 2.2 and 2.5, we arrive at the following homogenization result.

Theorem 4.1 (Homogenization). Let uj . be a minimizer of the WED functional Zs .. Then, uj_ solves (4.2)
and converges to us, a minimizer of the WED functional Zso which is in turn a solution to the homogenized
equation

- 6aarith'u + aarithﬂ - a;v (Dharmamu) + barithu - Carith‘u|q_2u = gO(tv ZC) m Q; (43)

for e = 0. Moreover, if additionally g. satisfies (2.14)-(2.15) and the initial data are well prepared, i.e.
o (u?) — ¢(u?), then, up to (not relabeled) subsequences the following convergences in the weak topology of
HY(0,T; L*(Q2)) N L2(0,T; H(Q)) and in the strong topology of C ([0,T]; L*(2)) hold true

(i) lime—o us . = uj where uy € argminZ; and solves (4.3),
(i) limg_,q uj . = u. where u. solves (4.1),
(111) limsy o uy . = u where u solves the following homogenized equation

aarith'L‘L - am (Dharmazu) + barithu - Carith‘u|q72u = 9o in 1 x [07 T]

We are now interested to establish some convergence rates. More precisely, we want to estimate the rate of

* *
Use = Us

convergence of here uj _, u} are defined in Theorem 4.1 (other norms can be considered

r2orsza@)’ "
as well due to interpolation). We obtain these rates of convergence by applying Theorem 2.7. To do this, we
restrict ourselves to the case of a convex energy potential, i.e. ¢(x) = 0 for all x € Q (i.e. 2 =0, p! = ¢, for
all e > 0).

Let us start to check the assumption of Theorem 2.7. Let us define the recovery operator R, : H1(Q2) — H(Q)

for the functionals ¢. as

/ D> (y) DharmOzu(y)dy + u(0)  for a.a. z € .
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We start by observing that

19— ull 2 ) = £C (14 ull gy ) -

Moreover, we write

o) — () = |

Q

+ /Q (ba(a:) (Reu(z))? — barithUQ(x)) da.

(Dg(a;) (0:Reu(2))® — Diaem (3wu(a:))2> dz

Recalling that 0,R.u = D! Dyarm0yu, we get

o

Da 83:9%5 2_l)larm aﬂc 2 d <O DilD arm_l 1 *
| (P-2) 0:3:0@))? = Disem (0:0(2)) d < €D Disms = 1] 1o e

< eC 7 (g

< <C (Il + el o)) for n € dudo(w).

Here we used that, since Q is 1-dimensional, d,u € H'(Q) implies d,u € L>(Q) and hence (9,u)* € H (Q).
Moreover, we have that

/ (bg(x) (Rou(z))? — barithuz(x)) dz = / (be(2) — baritn) (Reu(z))® dz + / barith (Reu(x) — u(z)) (Reu(z) + u(z)) dz
Q Q Q

2
< o~ busl gy | O, o)+ O 198t =l 198+

HI(Q
2
< Ce|ullz -

Combining these estimates, we get
Pe(Reu) — go(u) < eC (||UH12L11 @t ||77||2L2‘(Q)) for n € dp2(q)¢o(u).

Let us define B := H'(Q) and prove that it satisfies condition (2.17). Thanks to the first estimate in
(3.37), we have that uj_ is uniformly bounded in H2(0,T; L*(Q)) N L?(0,T; H'(Q)). Moreover, since Oy o,
€ > 0, are second-order uniformly coercive elliptic operators, we also have that uj . 1s uniformly bounded in
L?(0,T; H%(Q)). By interpolation we have that uj . is uniformly bounded in HY(0,T; H*(9)). We now estimate

1 (v) = Yo(w)| = %/Q |tarinw?(z) — ac(z)v* (z)|dx

IN

1 2 2 2
5 [ wien = @) 0*(@) + [0 (@) = (@) fac(a)da
1

IN

5 l|aaritn — ac ()| g1 (q))- w2(x)||H1(Q)

1
+ 5 ||aa||L°°(Q) [|w— U||L2(Q) [|w + U||L2(Q)

2
< Cue llwllgr gy + Cllv = wll 2 - (4.4)
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This proves that . satisfies (2.18)-(2.20) with

rg‘ = r?’dj = r?’w =ec.

We now define the operator &, : HY(Q) — H'(Q) by setting it to the piecewise affine interpolant of the nodes
{ul = u(ei)} over the partition [0, 1] = UN'[ie, (i + 1)e]. Note that for all u € H'(2) we have

180 = ull 2y < € (1+ ull i ey ) -
Furthermore,
2 2
B0(620) < 6 () +£C (14 [l o + 22y ) - (4.5)

Indeed, by convexity, we have that

N-1q pitd)e Wit i\ 2
¢0(65u) = 5/ Dharm <EEE) + barith(Gsu(I))z dz
N-l (i+1)e il QN 2
1 _
< 5/ <Darith (ugaus) + barith(u(m))2> dx + 7‘66’¢’1
Darith (&,u(az))2 + barith(u(x))Q) dz +rS*1
N-1 1 flitle )
= 5/ D.(x) (Ozu(x))” + bs(:r)(u(x))z) Az + 1S 4192 = ¢ (y) + rS2.
5 1€

Here, we have

(i+1)e
roet= 3 %/ T ((S.u@)? - w(@)) de < eC (1+ ||ullfn o))

and

(i+1)e

Nfl1
S,0,2 _
o=y

i=0 v

>

(5‘mu(x))2 (Darith - DE) dr < eC (1 + ||UH§{2(Q))

2 2
= O (14 Il a0y + Nl ) -
Combining the above estimates, we deduce (4.5). Finally, by arguing as in (4.4), we get

3 ] o @) - ac(@pt (o) da
= %/Qaarith |w2(x) - UQ(x)’ + |aarien — ac(z)] v (z) dz

2
< Csel[ollaszg) + Cllv = wllp2(q) -

[9e(v) = o (w)]
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Hence, &, satisfies (2.21)—(2.23) with

rf = rf’¢ = rf’w =ec.

In order to estimate convergence rates we additionally assume

||96 - 90||L2(Q><[0,T]) < Tg and Hug B UOHLQ(Q) = 7‘2

for some 7¢ = o(1), r? = o(1). Moreover, we assume that u? is uniformly bounded in H*(£2). This guaranties

uniform boundedness of the initial energies ¢ (ul). Note that, here we do not need well preparedness of initial
data. With this preparation, a straightforward application of Theorem 2.7 gives us the following estimate on
the convergence rates.

Theorem 4.2 (Convergence rates for the homogenization problem). Let uj . and uy be the minimizers of L.
and ZLs o, respectively. Then, for all § > 0 sufficiently small there ezists a constant Cs independent of € such that

Hug,e - U’EHLQ(O)T;[;(Q)) < C(S (7‘8 + Tg + 5)1/2 .

Moreover, by interpolation one can prove the following

||u||%2(O’T;H1/2(Q)) S CHUHLz(O,T;Hl(Q))||UHL2(O,T;L2(Q)) fOI“ all u € L2<O,T; Hl(Q»,

||u||§{1(0’T;L2(Q)) < CHU||H2(O,T;L2(Q))||UHL2(O,T;L2(Q)) for all u € H2(O7T; LQ(Q))

As a consequence, we can get convergence rates also in a stronger norm.

Corollary 4.3 (Convergence rates in a stronger norm). Let uj_ and uj be the minimizers of Is . and of Ls,
respectively. Then, for all 6 > 0 sufficiently small

3 < Cs (r?+r§+s)1/4

[ ugHH1(O,T;LQ(Q))ﬂLQ(O,T;Hl/Q(Q ’

for some positive constant Cs.

4.2. Dimension reduction

For w c R41, d > 2, open, bounded, and with sufficiently smooth boundary, we introduce the thin domain
Q. :=w x ]0,¢[ C R% Therein, we consider the doubly nonlinear parabolic equation

a(i) = V- (E'(Vu)) + h(u) = g(t) in Q, (4.6)

subject to homogeneous Dirichlet boundary conditions on dw X [0,¢] and homogeneous Neumann boundary
conditions on the remaining part of the boundary.

In order to fit this problem to the abstract setting of Section 2 we make the following assumptions on the
data: We assume that « is maximal monotone and there exists 1 < p < oo and constants c¢i,ce > 0 such that
for A(s) = [; a(o) do we have

1 /
VseR: A(s) zcl\s\p—c—, la(s)[P < cao|s|P +1)
1
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Moreover, we assume that for m € (1, 00) satisfying 1 < p < m* := dm/(d — m)4 there exists ¢z > 0 such that
the function E € C?(R?) fulfills, for constants c3,cq > 0

1 /
VzeR:: 03|z|m—g§E(z), [E (2)|™ < ecalz]™+1).

The nonlinear function h has the decomposition h(u) = fj(u) — f5(u) with convex functions fi, fo € C1(R)
fulfilling the following growth conditions

VueR: [fi)™ <eca(lul™ +1),  |fa)[P <es(ul™ +1).

Finally, we assume that § € L? ((0,T) x Q).
On the spaces H, = LP(€.) and X, = W™ (Q.) := {u € WH™(Q.) |u = 0 on 99 x [0,¢]} we introduce the
functionals . : H. — [0, 00] and ¢ : H. — Ry, via

—2 [ awds aw {fﬂ (Ve + filw) = Plu)de ifu € X,

otherwise.

The normalization factor 1/e is a simple scaling proportional to the measure of Q.. Moreover, note that by the
Rellich-Kondrachov compact embedding theorem, we obtain the compact embedding X, C V..

In order to pass to the limit € — 0 we rescale the domain ). to a domain of fixed size. More precisely, we
map a given z = (z/,z4) € Qe to y = (', 24/e) € Q1 := Q x (0,1). Then, we associate with a given function
o€ Wh™(Q.) a function u € W™ (Qy) in the obvious way, i.e. 4(z',24) = u(2’,x4/¢). Thus, we have Vi =
(Dyty - o, Dy, Byyu/e) T =: Vou. The rescaled functionals on the spaces H = LP(€) and X = W5 () are
defined via 1.(v) = 1(0) and ¢.(u) = ¢ (@), where we lifted the function § € L ((0,T) x €.) to a function
g € LP ((0,T) x Q1) in the natural way. We easily check, that assumptions (A1)—(A7) are satisfied.

We introduce the limiting energy density Ep : R¥~! — R via Ey(z') = min{E(2’, 24) | z4 € R} and denote by
£(2') the minimizer in the definition of Fy for given 2’ € R4~1. The minimization of the energy density E with
respect to zq = 0y, u is a common feature of linear and nonlinear dimension reduction theories, see, e.g. [8, 12].
In particular, it is a well-known result, that ¢. converges in the sense of Mosco to the limiting functional

¢O(U> = {fﬂl EO(V/u) + fl(u) - f2(u) dy u e ,XVO7

+00 otherwise.
where the closed subspace X° C X is given via
= {ue W5™()|dyu=0ae. inQ}.

Indeed, let ¢} (u) := [ E(Veu) + fi(u)dy. For an arbitrary u € X we have that ¢l(u) >

- 6'"

Iy ulfm — C
such that lim mfgﬁo cpe(ue) oo if ue — u weakly in X with u ¢ X°. On the other hand, we always have that
pi(u) > [ Eo(V'u) + fi(u)dy due to the definition of Ey. A function u € X° is actually independent of the

d-th variable and can therefore be identified with a function U € Wé’m(w).

The construction of a recovery sequence is based on the minimizer in the definition of Ey: Let u € X° be given
and define ¢ := £(V'u) € L™(§). For a given u € X°, we set R.u = u + cw., where w.(z',yq) = Oyd C(2,r)dr
and (. is a regularization of ¢ defined by the elliptic problem

—BA™C 4|2 = ¢3¢ in Q.
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Here, A™ denotes the m-Laplacian and S > 0 is such that 5/m < 1. By standard elliptic estimates we have
that e?|| V¢ || + 1C|17n < |ICI|72 and ¢ — ¢ strongly in L™ () . (The regularization of ¢ is necessary to
ensure that w. € W1™(Q;).) We now have

6. (Rou) = /Q [E(V'uteV'we, ) + fi(utews) — folutews)] dy — do(u),

where we used the convergences ew. — 0 strongly in W™ (Q;) and (. — ¢ = £(V'u) in L™ () as well as the
dominated convergence theorem.

—H
We set H? = X0 and assume that the initial condition satisfies u’ € X° leading to sup,- ¢-(u®) < cc. The
WED functional in this case is given by

/ e a4 5 (BT + 510 - fow) — a(0u) | ayar it e Kw0)
I5 c = 1951 5
otherwise.
The Euler—Lagrange equation in this case reads
d . . / .
- 5aa(u) +a() — Ve - (E'(Veu)) + h(u) = g(t) in Q. (4.7
We confirm that the conditions in (I'1)—(T'5) are satisfied, thus, applying the machinery developed in the

previous sections leads to the following result.

Theorem 4.4 (Dimension reduction). Let uj_ be a minimizer of the WED functional Zs.. Then, uj_ solves
(4.7) and converges to uj, a minimizer of the WED functional Zs, which in turn can be zdentzﬁed with a
function U§ defined on w solving the lower-dimensional equation

d )
— 5Ea(U) +aU)-V"- (E(’)(V'U)) +h(U)=G(t) inw, (4.8)
where G(t,2') fo (t,a’,r)dr. Moreover, up to (not relabeled) subsequences the following convergences in the

weak topology of WP (0,T; LP(Q1)) N L™(0, T; W5™ (1)) and in the strong topology of C ([0, T); LP()) hold
true

(i) lime 0 uj . = uj where uy € argminZs and solves (4.7),
(ii) lims—o uj . = ue where ue solves (4.6),
(#ii) limsic—o uj . = u where u can be identified with a function U on w solving the following lower-dimensional
equation

a(U) = V' (By(V'U)) + h(U) =G(t) inw.

APPENDIX A

Lemma A.1 (Diagonal extraction for weakly converging sequences). Let u, — u weakly in a separable and
reflexive Banach space B and, for all n, let U, — u, weakly in B. Moreover, assume that ||um |z < C,

where C' is a positive constant independent of m and n. Then, there exists a subsequence Uy, n, — w weakly in
B.
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Proof. As B is separable and reflexive, so is its dual B*. Let {b;}32, be a dense subset of B*. Choose u, n,
such that

| (bjs Uy g — u) g | < 1/K for all j < k.

Thus, the sequence U, n, — v weakly in B. Indeed, let b € B*, then for all € > 0 there exists j € N such that

E
by b, < ——
i~ bl < 3Tl

and k € N such that k > j and 1/k < /2. Thus,

‘ <b7umk,nk _u>B| < | <bj7umk,nk _U>B | + | <b_bj7umk,’nk _U‘>B|

1
= 1= byl

IN

Umy,ny 7“”3

o ([l + llull ) <.
27 2(C+ [ully) ’

IN

O
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