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STABILITY RESULTS OF SOME FIRST ORDER VISCOUS
HYPERBOLIC SYSTEMS

SERGE NICAISE*

Abstract. In this paper, we first introduce an abstract viscous hyperbolic problem for which we
prove exponential decay under appropriated assumptions. We then give some illustrative examples, like
the linearized viscous Saint-Venant system. In order to achieve the optimal decay rate, we also perform
a detailed spectral analysis of our abstract problem under a natural assumption satisfied by various
examples. We finally consider the boundary stabilizability of the linearized viscous Saint-Venant system
on trees.
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1. INTRODUCTION

Stability of hyperbolic systems becomes a very important area of research due to various applications in fluid
dynamics, electromagnetism, wave propagation, traffic flow, etc., see [3, 6, 14, 16, 29]. Obviously the stability
property of a given system is closely related to the chosen dissipation law. In this paper, we concentrate on
viscous dissipation laws that appear for instance for the linearized compressible Navier-Stokes system [5, 13, 41]
or the viscous two-phase model [23]. In order to avoid repetitive proofs for each model, we perform an unified
analysis by designing an abstract setting that includes these models and even allows to treat new ones like the
linearized viscous Saint-Venant system on trees and the Maxwell system with a viscous damping.

More precisely, we first study an abstract evolution equation in the form

us + Au+ B*p =0,
pt — Bu =0, (1.1)
U(O) = u07p(0) = Po;

in an appropriate Hilbert setting with natural assumptions on A and B (see Sect. 2 for the details). First using
semi-group theory we show that such a system is well-posed. Second using a frequency domain approach [27, 40],
we show that this system is exponentially stable (in an appropriated subspace of the starting one).

Then we illustrate our theoretical results by four examples. In each case, we give the exact Hilbert setting
and check the different assumptions. The first example is the linearized compressible Navier-Stokes systems on
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a bounded domain of R? for which an exponential stability was proved in [41] by showing that the associated
semi-group is analytic; here we give an alternative proof that is much simpler. The second example concerns
the linearized viscous Saint-Venant (or compressible Navier-Stokes) system on trees, such a problem is an
extension of the same problem set in an interval [5, 13], where the authors showed the exponential decay by
performing a precise spectral analysis. There is a quite large literature on the Saint-Venant system on networks,
see for instance [7, 19, 31, 37], but, as far as we know, the authors concentrate on nonlinear problems with
boundary dissipation or on linear models with zero order dissipative terms [6, 7], but without viscosity. The
third application is the study of a quite general one-dimensional hyperbolic system with a viscous damping that
covers the case of the linearized viscous Saint-Venant system on an interval as well as the linearized viscous
two-phase model [23]; to our best knowledge, no decay results are available for this last problem. The final
example concerns the Maxwell system in a bounded domain of R? with a viscosity term. Such a dissipation law
is not considered in the literature, since usually either Ohm’s law (an internal damping of the form o F) or a
dissipative boundary condition (Silver-Miiller boundary) are used, see [28, 38, 39].

The drawback of the frequency domain approach is that it does not furnish the exact decay of the energy. One
possibility to overcome this difficulty and get the exact decay is to perform a detailed spectral analysis, namely
by obtaining the eigenvalues and the (generalized) eigenvectors of the associated operator and by showing that
these (generalized) eigenvectors form a Riesz basis of the energy space, see [5, 15]. In such a situation, the decay
rate is equal to the spectral abscissa. For our system (1.1), with the assumption that B*B is equal to A up to
a positive multiplicative factor, we perform the full spectral analysis of the associated operator and therefore
conclude that the decay rate of system (1.1) is equal to the spectral abscissa. The last three above examples
enter in this framework and therefore a precise decay rate can be obtained for them.

Finally we come back to the linearized viscous Saint-Venant system on a tree, and inspired from [5], we are
interested in the advection dominating case, for which the decay rate of the energy norm of the solution is slow
due to the advection modes. Similarly to [5], our goal is to restore the optimal decay by building a Dirichlet
control at all except one extremities of the tree. This method is based on an extension method and allows to
obtain an exponential decay rate with, contrary to [5], an arbitrary initial datum in the energy space.

Our main contributions can be summarized as follows: In Theorem 2.7, we show the exponential decay of the
abstract problem (1.1). We illustrate this result by various examples, in particular new ones, like the linearized
viscous Saint-Venant system on trees, the linearized viscous two-phase model and the Maxwell system with a
viscous damping, are considered. Under a realistic assumption between A and B, we perform a detailed spectral
analysis that allows to show that the (generalized) eigenvectors of the (non-selfadjoint) operator associated with
problem (1.1) form a Riesz basis and consequently that the decay rate coincides with the spectral abscissa (see
Thm. 4.4). We extend the result from [5] to the linearized viscous Saint-Venant system on a tree in the advection
dominating case.

The paper is organized as follows: In Section 2, we introduce the abstract setting, some notations and the
general problem studied later on. Its well-posedness is proved and its exponential decay is obtained. Section 3 is
devoted to the analysis of some illustrative examples. The spectral analysis of our abstract problem is performed
in Section 4. We end up the paper with the boundary stabilizability of the linearized viscous Saint-Venant system
on trees in Section 5.

Let us finish this section with some notations used in the remainder of the paper. For a bounded domain D,
the usual norm and semi-norm of H*(D) (s > 0) are denoted by || - ||s,p and |- |s,p, respectively. For s = 0,
we will drop the index s. Furthermore, the notation A < B (resp. A 2 B) means the existence of a positive
constant C; (resp. Cs), which is independent of A and B such that A < C1B (resp. A > C3B). The notation
A ~ B means that A < B and A 2 B hold simultaneously.

2. AN ABSTRACT FRAMEWORK

Let H; (resp. Ha, V') be a complex Hilbert space with norm and inner product denoted respectively by || - |1
and (+,-)1 (resp. || - ||z and (-,-)2, || - |[v and (+,-)y) such that V is a dense subspace of H; and is compactly
embedded into H;. Denote by V' the dual space of V with respect to the pivot space Hj.
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Let us now fix a sesquilinear (linear in the first variable and conjugate linear in the second one) and symmetric
form a from V x V to C that is supposed to be strictly coercive, in the sense that

afu,u) 2 |lul?, Vu € V. (2.1)
Then we denote by A the operator from V into V' by
(Au,v)y/—v = a(u,v),Yu,v € V.

Let us further fix a sesquilinear and continuous form b from V x Hy into C. Denote by B the linear and
continuous operator from V into Hs defined by

(BU, p)2 = b(uap)avp € H2a

and let B* be its adjoint operator (that is continuous from Hj into V).
We finally assume that the next inf-sup condition is valid

b
inf sup M 21, (2:2)
p€Hs yev ||ullvpll2

where
H3 = (ker B): = {p € Hy: (p,n)2 = 0,V € ker B*}.
In this setting, we consider the following evolution system: find u and p solutions of

u + Au+ B*p=0 inV/,
pt—Bu=0 in Hy, (2.3)
u(0) = uo, p(0) = po,

where u; represents the time derivative, while ug and pg are the initial data.

The existence of a solution to (2.3) in an appropriated Hilbert setting is obtained using semigroup theory.
Indeed let us introduce the Hilbert space H = H; x Hy with its natural inner product and introduce the
(unbounded) operator A from H into itself by

D(A) ={(u,p) € V x Hy : Au+ B*p € Hy},
u, p

A(u, p) = (—(Au+ B*p), Bu), Y(u,p) € D(A).

Theorem 2.1. Under the above assumptions, the operator A generates a Co-semigroup of contractions (T'(t))i>o0
on H. Therefore for all Uy € H, the problem (2.3) has a weak solution U € C([0,00),H) given by U = T (t)Uy.
If moreover Uy € D(A), the problem (2.3) has a strong solution U € C([0,00), D(A)) N C1([0,0),H).

Proof. 1t suffices to prove that 4 is a maximal dissipative operator, hence by Lumer-Phillips’ theorem it
generates a Cy-semigroup of contractions on H.
Let us start with the dissipativity. For U = (u, p) € D(A), we have

(AUa U)H = —(AU + B*pv U)l + (Buvp)Q = _a’(uau) + (Buap)Q - (p7 BU)Q
Hence

RAU,U)yy = —a(u,u) <0 (2.4)
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Let us go on with the maximality. Let A > 0 be fixed. Given F' = (f, g) € H, we look for U = (u, p) € D(A)
such that (A — A)U = F, or equivalently

A+ Au+ B*p = f in Hy, (2.5)
Ap— Bu =g in Hs. ’
Assume for the moment that such a U exists. Then the second identity is equivalent to
1
p= X(g + Bu). (2.6)
This expression in the first identity implies that
1 * 1 * : /
)\u—i—Au—i—XB Bu:f—XBng. (2.7)

Taking the duality pairing with v € V| we find that u € V satisfies
1 1
A, v)1 + a(u,v) + X(B% Bv)s = (f,v)1 - X(ngU)mVU ev.

Now this problem has a unique solution u € V, by Lax-Milgram Lemma because the left-hand side is a
continuous and coercive sesquilinear form on V', since

1
Mu, wh + afu, u) + +(Bu, Bu)s > a(u,u) 2 [|ulfiy, Vu € V,

and because the right-hand side is a continuous form on V. But by the definition of A, we deduce that u is a
solution of (2.7). Now defining p by (2.6), then the identity (2.7) means that

M+ Au+ B*p=fin V’,
that leads to
Au+ B*p=f— )u,
that clearly belongs to Hj. O

As usual the energy associated with (2.3) is defined by

E@%:%WMG+Hﬂ@, (2.8)

that is equal to 1/2 of the norm of (u, p) in H.

Proposition 2.2. The solution (u, p) of (2.3) with initial datum in D(A) satisfies
E'(t) = —a(u(t),u(t)) <0,

therefore the energy is nonincreasing.
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Proof. If Uy € D(A), we can derive the energy (2.8) because U € C*(]0,00), H) and obtain
E'(t) = R(U, Up)n.
Using problem (2.3), we get
E'(t) = R(AU,U)y.

We conclude thanks to (2.4). O

Note that system (2.3) is not strongly stable in the whole space since the kernel of A is not necessarily
reduced to {0} as the next lemma shows.

Lemma 2.3. It holds
ker A = {0} x ker B*.

Proof. Let (u, p) € ker A, then by (2.4) we deduce that a(u,u) = 0. Hence by (2.1), we deduce that u = 0. From
the definition of A, A(0, p) = 0 reduces to B*p = 0, and the conclusion follows. O

Accordingly we denote by Ag the restriction of A to Hy := H; x Hs, namely
D(Ap) = D(A) N Ho, (2.9)
and
Ao(u, p) = A(u, p),¥(u, p) € D(Ao). (2.10)

Note that A is well-defined from D(Ag) into Ho since the inf-sup condition (2.2) implies that R(B) =
(ker B*)* = Hj (see Lem. L.4.1 of [25]).

At this stage, we want to prove the uniform stability of system (2.3) in Hp. Our proof is based on a frequency
domain approach, namely the exponential decay of the energy is deduced from the following result (see [40] or
[27)):

Lemma 2.4. A Cy semigroup (ew)tzo of contractions on a Hilbert space H is exponentially stable, i.e., satisfies

le"“Uoll < Ce™"||Upllm, VUo € H, Vit =0,
for some positive constants C' and w if and only if
p(£) o{iB | B € R} =R, (2.11)
and
sup ||(if — £) 7Y < oo, (2.12)
BER
where p(L) denotes the resolvent set of the operator L.

Let us check that Ag satisfies the first assumption of Lemma 2.4.

Lemma 2.5. Under the previous assumptions, we have iR C p(Ap).
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Proof. For any z € R and an arbitrary F' = (f, g) € Ho, we look for U = (u, p) € D(A) solution of
i2U — AU = F, (2.13)

or equivalently

izp — Bu =g.

Now we distinguish the case z = 0 to the other cases.
First if z # 0, then in (2.14) we can eliminate 1 by L (Bu+ g) and the first equation becomes (compare with
the proof of Lem. 2.1)

1 1
izu+ Au+ —B*Bu=f - —B*gin V. (2.15)
iz iz
Taking the duality pairing with v € V, we find that u € V satisfies

1
(g, Bv)a,Yv € V.

iz(u,v)1 + a(u,v) + %(BU,B’U)Q =(f,v); — -

Now this problem has a unique solution u € V, by Lax-Milgram Lemma because the left-hand side is a
continuous and coercive sesquilinear form on V', since

1
%(iz(u,u)l +a(u,u) + E(Bu, Bu)g) = a(u,u) 2 Hu||%,,Vu eV,

and because the right-hand side is a continuous form on V. As before we deduce that u is a solution of (2.15)
and defining p = L (Bu + g), we deduce that (u, p) belongs to D(A) and satisfies (2.13). Finally p is indeed in
Hs3 because Bu and g both belong to Hs.

In the case z = 0, problem (2.14) reduces to

{ Aut B =, (2.16)

Bu = —g,

that is a standard saddle point problem (see [25], §1.4). By the coercivity assumption on a and the inf-sup
condition (2.2), we deduce that this problem has a unique solution (u,p) € V x Hs (see [25], Thm 1.4, p. 59).
This pair is clearly in D(Ag) since Au+ B*n = f € H;. O

Now we need to analyze the behaviour of the resolvent of Ay on the imaginary axis.
Lemma 2.6. The resolvent of the operator of Ay satisfies condition (2.12).

Proof. We use a contradiction argument, i.e., we suppose that (2.12) is false. Then there exist a sequence of
real numbers 3, — 400 and a sequence of vectors Z, = (un, pn) in D(Ag) with ||Z,||,, = 1 such that

|(iBrn — A)Zy|lyy — 0 as n — oo. (2.17)
By the definition of A4, this directly implies that

[iBntn + Auy + B pyll1 — 0, (2.18)
||2Bnpn - Bun”Q — 0. (219)
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We first notice that by the dissipativeness of A, we have
a(Un, tn) = R((IBn — A) Zn, Zn)w < ||(in — A) Znll4 — 0,
that leads to
U, — 0in V|
hence in particular in Hy. But the property (2.19) can be rewritten as
1Bnpn = Buy + gn,
with
gn — 0in Hs.
As B is continuous from V into Hs, the property (2.20) allows to conclude that
1Bnpn — 0 in Hs.
This proves that (u,, p,) — 0 in H and yields a contradiction.

These two lemmas directly imply the following energy decay.

Theorem 2.7. There exists two positive constants C' and w such that for all Uy € H,
AUy — PUp||ly < Ce™*||Up||3, ¥t > 0,

where P(ug, po) = (0,Qpo), Q being the orthogonal projection in Hs on ker B*.

(2.20)

Proof. Lemmas 2.5 and 2.6 show that A, satisfies the necessary and sufficient conditions from Lemma 2.4,

therefore the semigroup generated by Ag is exponentially decaying.
But for Uy € H, Uy — PUy belongs to Hy and therefore

e (Uy — PU)[l3 < Ce™"||Uy — PUp||34, ¥t > 0.
The conclusion follows from the fact that
et (Uy — PUY) = e (Uy — PUy) = Uy — PU.

and the trivial estimate ||[Uy — PUpl|% < ||Uol|%-

3. SOME EXAMPLES

In this section, we give some concrete examples that enter in our abstract framework.
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3.1. The linearized compressible Navier-Stokes system on a bounded domain of R%

Let Q be a bounded domain of RY, d € N*, with a Lipschitz boundary. On this domain, we examine the
problem

—pAu— A+ p)Vdivu+aVp=0 in Q x (0,00),
pr +bdivu =0 in  x (0, 00), (3.1)
u=20 on 99 x (0, 00), ’
u(-,0) = ug, p(-,0) = po in Q,

where u(z,t) (resp. p(z,t)) represents the velocity (resp. density) of the fluid at the point = and time ¢. As usual
1 and A are viscosity coefficients satisfying

p>0,A+p>0,
while a and b are positive constants. This problem corresponds to the linearization of the compressible Navier-
Stokes equation around a constant steady state (0, po) with pg > 0, see [13, 26, 34, 41].

This system enters into our abstract framework in the following way. We take H; = L?(Q)?, Hy = L?() and
V = H}(Q)? and choose the sesquilinear forms *

a(u, /( Zé)ujﬁv] )\Jr,u)dlvudlvv)dx Yu,v €V,

i,j=1

b(u,p) = —a/ divupdz, Yu€V,pe L*(Q).
Q

The coerciveness of a is direct as

d
a(u, / < Z 10;u;® + (A + )| divul >dx>2\uj|19, Vu € HY Q)4
3,j=1 j=1
On the other hand, it is easy to see that
B*p=aVp,Vp € L*(Q),

and therefore
HQ:LaQ):{pGL%Q)Z/pdm:O}
Q

Then the inf-sup condition (2.2) is the standard inf-sup condition for the Stokes system (direct consequence of
Cor. 1.2.4 of [25], see [25], p. 81).
Finally, if H; is equipped with its natural inner product and Hy with the inner product

a
(p1,p2)2 = 5/ p1p2 da, Vp1, p2 € L*(Q),
Q

_
here and below no confusion is possible between the constant a and the sesquilinear form a(-, )
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then it is easy to check that
Bu = —bdivu,Vu €V,
and that
D(A) = {(u, p) € HY () x L*(Q) : —pAu — (A + p)Vdivu +aVp € L*(Q)4},
with
A(u, p) = (Au + (A + p)Vdivu — aVp, —bdivu),V(u, p) € D(A).

According to Theorem 2.1, problem (3.1) is well-defined in a weak sense for initial data in L2(Q)? x L?(£2)
and in a strong sense for initial data in D(.A). Additionally, by Theorem 2.7, the solution (u, p) of problem (3.1)
tends exponentially to the stationary solution (0, cg), where ¢y = ﬁ fQ po dz, in other words, there exist two

positive constants C' and w such that the solution (u, p) of (3.1) satisfies
Hu(7t)||9 + Hp('vt) - COHQ < Ce_Wt7Vt > 0.

This decay is not new and is proved in Theorem 1.1 of [41] (see also [5], Cor. 1 or [13], Sect. 2.2 in the case
d = 1) but our proof is much simpler. In dimension 1, the decay rate w is explicit in Corollary 1 of [5], using
the results from Section 4, we indeed recover this decay rate, this will be done below.

3.2. The linearized viscous Saint-Venant system on trees

We first recall the notion of C?-networks, which is simply those of [9], we refer to [1, 2, 8, 10, 11, 32, 35] for
more details.

All graphs considered here are non empty, finite and simple. Let G be a connected topological graph imbedded
inR™, m € N*, with n vertices V = {v; : 1 <i <n}and Nedges E = {e; : 1 < j < N}.Eachedgee; is a Jordan
curve in R™ and is assumed to be parametrized by its arc length parameter x;, such that the parametrization

T [OJJ‘] — €5 1 Tj— ’ﬂ'j(l'j)

is twice differentiable, i.e., m; € C?([0,;],R™) for all 1 < j < N.

We now define the C2-network I' associated with G as the union ' = EU V.

The valency of each vertex v is denoted by «(v). For shortness, we later on denote by Veyy = {v € V : y(v) = 1}
the set of boundary (or exterior) vertices and Vip, = V' \ Vixt, corresponding to the set of interior vertices. For
each vertex v, we also denote by J, = {j € {1,..., N} : v € e;} the set of edges adjacent to v and let N, be the
cardinal of .J,. Note that if v € I.,; then N, is a singleton that we write {j,}. For each vertex v and j € N,,
the normal vector in e; at v is denoted by

. 1 if Wj(lj)Z’U,
”J’(”)_{ 21if m(0) = .

For a function u : I' — C, we set u; = uwom; : [0,];] = C, its “restriction” to the edge e; and use the
abbreviations:

_ dy

dil'j
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for a vertex v € e;. Finally, differentiations are carried out on each edge e; with respect to the arc length
parameter x;.

For any p € [1,00), we denote by L?(I') the set of measurable functions on I' such that u; € LP(0,[;), for all
7 =1,...,J. For shortness we write

N l;
/udx:Z/ uj(z;)de;,Yu € L*(T).
r = Jo

Now we denote by PC(T") the set of piecewise continuous functions on I', which means that « : I' — C belongs
to PC(T) if and only if u; € C([0,1;]), for all j =1,..., N. Further C(I') is the set of continuous functions on
I', which means that v € C(T") if and only if u € PC(I") and

U,j(U) = Uk(’U),Vj,k‘ € ‘]’U)U € Ving-

Similarly we denote by PH!(T) the set of piecewise H' functions on I', in other words u € PH(I') if and only
if u; € H'(0,1;), for all j =1,..., N. Further let us set H'(I') = PH'(I') N C(I"). These two spaces are clearly
Hilbert spaces with their natural inner product.

Let us now fix a C2-network I' that is a tree (graph without cycle, so that Ve, is non empty) and two
positive constants a and v corresponding to the advection and viscosity coeflficients respectively. With these
assumptions, we consider the linearized viscous Saint-Venant system on I' (see [5] for one interval)

uj —vui +ap; =0in Q;,Vj=1,..., N,
pit+ul = 0in Q¥ =1,..., N,

> e, Ui(v, )y (v) = 0,Yv € Vine, ¢ > 0,
vuj(v,t) —ap;(v,t) = vuy (v, t) — api(v,t),Yv € Ving, j, k € Jy, t >0, (3.2)

uj, (v,t) = 0,Yv € Vixe, t > 0,

u(+,0) = ug, p(-,0) = po in T,

where Q; := (0,1;) x (0,00). As before u and p represent the velocity and the water height of the fluid
respectively.

In the above system, the first transmission condition at interior nodes physically means the conservation of
mass through the vertices, while the second one corresponds to the stress balance equation.

Remark 3.1. This system also corresponds to the linearized compressible Navier-Stokes system on trees, where
in that case, p represent the density of the fluid, see [13]. Note that in [6, 7], the damping appears in the model
as a zero order term; but such a case is outside the scope of our analysis. We may further mention that the
derivation of water wave model from Navier-Stokes equations leads to the introduction of a non-local term
[21, 30], this term is here neglected, since it requires additional investigations.

As before, this system is covered by our abstract setting with the next choices. Take the Hilbert spaces

H1 = H2 = LQ(F) and

V={ue PHT): Z uj(v)vj(v) =0,Yv € Vipg and  u;, (v) = 0,Vv € Vexe },
Jj€Jy
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equipped with the inner product

(u,v)1 = / uv dx, Yu,v € L*(T),
r

(u,v)g = a/ uv dx, Vu,v € L*(T),
r
N Iy
(u,v)y = Z/o (u;0; 4+ ujv}) daj, Yu,v € V.
j=1

Choose the sesquilinear forms

N 1
a(u,v) ZZ/Z/. wivs dey,  Yu,v €V,
=170
N l;
b(u, p) = —aZ/O wip;da;, YueV,pe L*(I).
j=1

The coerciveness of a is a direct consequence of the compact embedding of V into L?(T) that yields
2 2
a(u,u) =viulir 2 lulir, YueV,

since T is a tree (Poincaré type inequality on T" [2]).
From the definition of b, we see that B is given by

Bu = _(u;)j’vzlv

and is clearly a linear continuous operator from V into L?(T'). Moreover again due to Poincaré’s inequality, B
is injective and its range is closed. Consequently according to Theorem 2.19 of [12], we have R(B) = (ker B*)~.
This means that B is actually an isomorphism from V into H3 and by Lemma I.4.1 of [25], the inf-sup condition
(2.2) holds.

In order to have an explicit form of the space Hj, let us characterize the kernel of B*.
Lemma 3.2. ker B* = C.
Proof. Let p be in ker B*, then it satisfies

N l;
Z/O uipjda; =0, YueV (3.3)
j=1

In a first step for any j =1,..., N, we take u € V such that uj = 0 for all k # j and u; = ¢ € D(0,1;). Then
(3.3) reduces to

lj
/ o'pjde; =0, Ve eD0,l),
0
and consequently

Py =0.
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This implies in particular that p belongs to PH*(T).
In a second step, we come back to (3.3) and apply Green’s formula on each edge to find

N
[ujﬁj]é] = 0, Yu € V,

Jj=1

or equivalently

S Y w)p () =0, VueV.

VEVint JE€Ju

Since for any v € Viy, and any X € C™» orthogonal to (1,...,1)", there exists a function u € V such that

(uj(v)vj(v))jes, = X, and ug(v') = 0, for all k € Jy,v" € Vi \ {v}, by taking such a test function in the
previous identity, we find that (p;);jes, is orthogonal to X. Since this holds for all X orthogonal to (1,...,1)7,
we deduce that (p;)jes, is a multiple of (1,...,1)T or equivalently

P = pkavjvk € Jv-
As this holds for all interior vertices and I' is connected, this proves the inclusion

ker B* C C.

The other inclusion being a direct consequence of Green’s formula, the proof is complete. O

A direct consequence of the previous lemma is that

My = I3(T) = {p € I3(T) : [ paa =0},

exactly as in the previous subsection.
Let us further characterize the domain of the operator A.

Lemma 3.3. It holds
D(A) = {(u,p) €V x L*(T) : —vu’ +ap € H (T},
with
A(u, p) = ((vuj — ap;)')iLy, —u5)70), Y(u, p) € D(A),
and the equivalence

[(w, P) I p(ay ~ Nl (w, p)l[ >, (3.4)

where

1w, p)Ip = llullie + llole + | = v’ + apll g r).- (3-5)
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Proof. By its definition, (u, p) belongs to D(A) if and only if (u,p) € V x L?(I") and satisfies
Au+ B*p € L*(T).

In other words, there exists h € L?(T") such that
L
(Au+ B*p,v)y_y = Z/ h;v;dx,Yv € V.

From the definition of A and B, this equivalently means that

Z/ apjvdos—Z/ h;v;dz, Vv € V.

As in Lemma 3.2, by taking first test functions equal to zero except at one edge where it coincides with a smooth
function with a compact support, we deduce that

—(vuj —apj)’ = h; in D'(0,1;),Vj =1,...,N,
and consequently
vuy — ap; € HY0,1;),¥j =1,...,N,
and
(Au+ B*p)j = —(vuj —ap;)',¥j=1,...,N. (3.6)

The second step of the proof of Lemma 3.2 directly shows that vu’ — ap belongs to H'(T').
The equivalence (3.4) directly follows from the definition of A(u, p) and from (3.6). O

In conclusion according to Theorem 2.1, problem (3.2) is well-defined in a weak sense for initial data in L*(T) x
L?(T') and in a strong sense for initial data in D(A). Further by Theorem 2.7 and the above characterization
of ker B*, the solution (u,p) tends exponentially to the stationary solution (0,Qpo), where Qpo = ﬁ Jr pos
T = fr dx being the length of I'. In other words, there exist two positive constants C' and w such that the
solution (u, p) of (3.2) satisfies

luC O)llr + lo¢. ) = Qpollr < Ce™*!(Jluallr + [lpollr), vt = 0.

To our best knowledge this result is new, the only drawback is that the decay rate is not explicit. This drawback
will be set up by a precise spectral analysis, and is based on the property

B*B="24. (3.7)
124

This property follows from the definition of B. Indeed for any u,v € V, one has

N 1
(B*Bu,v) = (Bu, Bv)g, = a E / w;v) dry = ga(u,v),
—1 /0 14
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which shows that (3.7) holds.

3.3. An one-dimensional hyperbolic system with a viscous damping

On a real interval (0, 1), we consider the system

uy — Muge + C*p, =0 in (0,1) x (0, 00),
pt + Cug =0 in (0,1) x (0,00), (3.8)
u(0,-) =u(l,-) =0 on (0, 00), ’

U(,O) = UO»P('aO) = pPo in (071 )

where u(z,t) (resp. p(z,t)) represents the vectorial unknown functions at the point = and time ¢ with values in
C™ (resp. C™), M is a n x n symmetric and positive definite matrix and C' is a m x n matrix. This system is a
first order linear hyperbolic system if M = 0 that is conservative [14], therefore the term —Mu,,, corresponds to
a viscous damping that will be responsable of the exponential decay of the system. If n = m = 1, this system is
nothing else than the linearized viscous Saint-Venant system in (0,1) (with a = 1) [5, 13]. If n =1 and m = 2,
it corresponds to a linearized viscous two-phase model where p; and py are the density of phase 1 and 2 (with
p = (p1,p2)), u is the common velocity, with the pressure law p(p1, p2) = a2p1 + a3p2, a1, az being two given
real numbers, hence the matrix C* is given by (a?,a3) and M = u > 0, see system (1.11) of [23]. Note that the
linearization of this system is made around the point (mg,ng,0) with mg,ng > 0.

Again, system (3.8) enters in our abstract setting with the next choices: Take the Hilbert spaces Hy =
L?(0,1)", Hy = L?(0,1)™ and V = HZ(0,1)" equipped with their natural inner product and choose the
sesquilinear forms:

1

a(u,v) = Muy -0, dz, Yu,veV,
0

1
b(u, p) = —/ Cugpdz, YucV,pe L*0,1)™.
0
The coerciveness of a is a direct consequence of Poincaré’s inequality in H}(0,1) as
1
a(un) = [ Musaade 2 ol o) 2 0l s Ya € HE0.1",
0

since M is supposed to be symmetric and positive definite.
From the definition of b, we see that B is given by

Bu = —Cluy,

and is a linear continuous operator from V into L?(0,1)™. If ker C = {0}, then obviously B is injective, otherwise
B is not injective but its kernel is clearly a closed subspace of V. Further we have the next characterization of
ker B.

Lemma 3.4. If ker C # {0}, let {e;}]_, (with 0 < I <n) be a basis of ker C. Then it holds

I
kerBz{uzZaiei:aieH&(O,l),izl,...,I}. (3.9)
i=1
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Proof. Let u € ker B, then equivalently, one has
and therefore

as (Cu)(0) = 0. This means that (recalling that H{(0,1) is continuously embedded into C([0, 1])).
u € kerC'in (0,1),

and therefore there exist a; € H3(0,1), for all i = 1,...,I such that

I
U= E Q€44
i=1

because for all = € [0,1], ai(z) = u(x) - fi, where {f;}L_; is a biorthogonal basis of {e;}/_; (i.e., satisfying
€i~fj :51'7]'). O

This lemma allows us to characterize the space W = (ker B)*, the orthogonal of ker B in V once it is equipped
with the inner product

1
(u,v)y = / Uy - Uy da, Yu,v € V.
0

Lemma 3.5. If ker C' # {0}, then
W={ueV:uc (kerC)* in (0,1)}, (3.10)

where (ker C)+ means the orthogonal of ker C in C™.

Proof. By definition, v € W if and only if
1
/ Uy - Uy dx = 0,Vv € ker B.
0
Hence according to Lemma 3.4, this is equivalent to
1 1
Z/ i ztly - & dz = 0,Va; € Hy(0,1),i=1,...,1.
i=170

For a fixed j € {1,...,I}, as test function in the above identity, we take a; = ¢ € D(0,1) and «; = 0 for any
i # 7, and obtain

1
/ Prly - € dr =0,V € D(0,1).
0
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This means that

(ug - €j)e = 0 in D'(0,1),
or equivalently

(u-€;)ze =01in D'(0,1).

In other words, u - €; is a polynomial of degree 1, and due to the boundary conditions (u-€;)(0) = (u-€;)(1) =0,
we get

u-& =01in (0,1).
As j is arbitrary in {1,..., I}, this exactly shows that u € (ker C)= . O

We are ready to show a sort of Poincaré’s inequality.

Lemma 3.6. It holds
ullv < |Buello,1), Vu € W. (3.11)

Proof. It ker C = {0}, W =V, and (3.11) is the standard Poincaré inequality. If ker C' # {0}, then as all norms
are equivalent in finite-dimensional spaces, we can say that there exists d > 0 such that

S|z < |Cx|,Va € (ker O)*.

For any u € W, as (3.10) implies that u, belongs to (ker C)* almost everywhere in (0, 1), this estimate implies
that

82 |ug(7)]3 < |Cup(2))?,V a.a. z € (0,1).

Integrating this estimate in (0, 1), we conclude by using the standard Poincaré inequality. O

At this stage, we consider the restriction of B to W, namely let
By : W — L*(0,1)™ : v — Bu,

that is still a linear continuous operator from W into L?(0,1)™. Due to the previous lemma, this mapping is
injective and its range is closed, consequently according to Theorem 2.19 of [12], By is actually an isomorphism
from W into Hs, since R(By) = R(B). Hence by Lemma 1.4.1 of [25], the inf-sup condition

b
inf sup L2l 5
PEH3 4 cW ||UHV||P||2

holds, hence (2.2) as well, since W C V.
As in the previous section, let us characterize the kernel of B*.

Lemma 3.7. Let {e;}_, be a basis of ker C* and {e} .., be a basis of (ker C*)L (in C™ ). Then it holds

ker B* = {p € L*(0,1)™ : p = Zaie;‘ with o;; € L?(0,1),Vi < I* and a; € C,Vi > I*}.
i=1
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Proof. Let p be in ker B*, then it satisfies
1
/ Cuzpdr =0, VuecV. (3.12)
0

This equivalently means that C*p satisfies
(C*p)x = 0in D'(0,1)".
In other words, C*p is constant in (0, 1), which means that there exists k € R(C*) such that
C*p(x) = k,Vz € (0,1).
Therefore there exists py € (ker C*)* such that
C*(plx) — po) = 0,V € (0,1),
which shows that
p—po € ker C* a.e. in (0,1),

hence the result. O

From the previous lemma, we see that ker B* is finite-dimensional if ker C* is reduced to {0}, its dimension
being equal to m, otherwise it is an infinite dimensional space. In any case, its projection @ can be easily
computed as follows: Without loss of generality, we can assume that the basis {ef}; of C™ is orthonormal,
then one has

I m 1
Qo= (p-&)ei+ > </ P dx) er,Vp e L2(0,1)™. (3.13)
i=1 i=I*+1 0

Indeed for an arbitrary p € L?(0,1)™, by the previous lemma

Qp = Zaief, (3.14)

i=1

with a; € L?(0,1), for all i < I* and a; € C for all i > I* fixed such that

/Ol(p—Qp) : (Z:n;ﬁe) dz =0,

for all 3; € L?(0,1), if i < I* and all 3; € C if i > I'*. By the orthogonality property of the e, this is equivalent
to

i/laigid@“:i/lp'éfgid%
i=170 i=170
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for all B; € L?(0,1), if i < I* and all §; € C if i > I*. In this property, first for any j < I*, we fix 8; = 3
arbitrary in L?(0,1) and 3; = 0 else, and find

1 1
/ a;fdr = / p- é}‘de,Vﬂ € L?(0,1),
0 0
which shows that
aj=p-e;. (3.15)

Second for any j > I*, we fix 5; = 8 arbitrary in C and §; = 0 else, and find again (3.15)
1 1 -
/ ajfdr = / p-e;8dz,Vp € C,
0 0
that here reduces to
1
a; = / p-é€;dr. (3.16)
0

Inserting (3.15) and (3.16) into the expression (3.14), we find (3.13).

In conclusion according to Theorem 2.1, problem (3.8) is well-defined in a weak sense for initial data
in L2(0,1)" x L?(0,1)™ and in a strong sense for initial data in D(A). By Theorem 2.7 and the above
characterization of ker B*, the solution (u, p) tends exponentially to the stationary solution (0, @po), where

I m 1
QPO:Z(PO'E;)GZF'F Z (/ po~ejdx)ef.
i=1 i=I+4+1 0
Recall that Theorem 2.7 does not furnish an explicit decay rate but under the assumption that
C*C = pM, (3.17)

for some positive real number 3, then the results of the next section allow to set up this drawback since we then
have

B*B = BA. (3.18)

Indeed from the definition of B, for any u,v € V', one has
1 1
(B*Bu,v) = (Bu, Bv)g, = / Cug - Cvgp dz = / C*Cuy - vy de,
0 0

and from the property (3.17), one obtains
(B*Bu,v) = Ba(u,v),
which shows that (3.18) holds.

Note that (3.17) always holds for the two examples mentioned at the beginning of this section, namely if
n=m=1and C#0orifn=1m=2and C* = (a?,a3) with a} + a3 > 0.
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3.4. The viscous Maxwell system in a bounded domain of R3

Let Q be a bounded domain of R? with a Lipschitz and simply connected boundary. On this domain, we

consider the Maxwell system

By —curl H +vcurlcurl E =0

H; +curlE=0

Exn=0H n=0
E(-,0) = Eo, H(-,0) =

’ (3.19)

where E(z,t) (resp. H(x,t)) represents the electric (resp. magnetic) field at the point « and time ¢ and the
boundary conditions are standard electric boundary conditions. Here v is a viscosity coefficient that is supposed
to be positive. The case v = 0 corresponds to the standard Maxwell system that is conservative [17, 22, 33],
and consequently the term v curl curl E is a viscous damping that will be responsable of the exponential decay

of the system.

This system enters into our abstract framework in the following way (see [22, 36] in the case v = 0). We first

recall that

H(div,Q) = {E € L*(Q)* :

~divE € L*(Q)},

Ho(div,Q) ={F € H(div,Q) : E-n =0 on 00},

ceurl B € L2(Q)%},

Ho(curl Q) ={F € H(curl, ) : E x n =0 on 90},

Xn (9

)=
)=
H(curl,Q) = {F € L*(Q)?
) =
)=

H(div, Q) N Hy(curl, 2),

are Hilbert spaces with their natural inner product, see [4]. Now we take

H, = H(div=0,Q) := {E € L*(Q)3 : divE = 0 in Q},
Hy; = Hy N Hy(div, Q) :={H € H(div=0,Q) : H-n =0 on 00},

both being Hilbert spaces with the inner product of L?(2)3. We further set

that is a Hilbert space with the inner product (due to Friedrich’s inequality, see [33], Cor. 4.8)

V = H(div =0,Q) N Hy(curl,Q),

(E,F)y = / curl E - curl Fda,VE,F € V.
Q

We now choose the sesquilinear forms

a(E,F):V/CurlE-CurIFdx, VE,F eV,
Q

b(E,H):f/curlEJ:Idx, VE € V,H € Hs.
Q

The coerciveness of a is direct, since

a(E,E):l//|CurlE\2dx, VE V.
Q
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Further as for F € V, curl E belongs to Hs, we directly deduce that
BE = —curl E,VE € V.

As before, let us characterize the kernel of B* and the domain of the operator A.

Lemma 3.8.
ker B* = Kp(Q) := {H € Hy : curl H = 0}.

Proof. Let H be in ker B*, then it satisfies
/ culE-Hdz =0, VEeV. (3.20)
Q

As D(92)? is not dense in V, while it is dense in Xo(€) [4], p. 827, therefore in this last identity, we want to
change the set of test functions into Xo(2). For that purpose, for an arbitrary E in Xo(Q2), we consider the
unique solution ¢ € H}(Q) of

/V<p~V1pd:c:/E~V¢dx,vweH§(Q).
Q Q

This identity implying that E— Vi is divergence free, we deduce that F = E— Vi belongs to V. Consequently
(3.20) yields

/curlE-de:/curlE-de:O.
Q Q

Therefore one equivalently gets that
/ H - curl pdz = 0,V € D(Q)?,
Q
which means that curl H = 0, as announced. This shows the inclusion

ker B* C {H € Hy : curl H = 0}.

The converse inclusion is a consequence of the next Green’s formula
/(curlE -F—FE-culF)dz =0,VE € Hy(curl,Q), F € H(curl, Q), (3.21)
Q

see the identity (3.3) of [36] or Lemma 2.5 of [18], page 91. O

From the previous lemma and Lemma 1.2 of [24] (see also [20] in the smooth case and [4], Prop. 3.14 for
a different expression of the basis), we deduce that ker B* is finite-dimensional, its dimension being equal to
J, the number of cuts X;,7 =1,...,J, such that Q° = Q\ U]J:le becomes simply connected. More precisely
there exist J functions ¢; € H'(Q°), j = 1,...,J, such that

ker B* = Span {@Qj}'fzh
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where @qj means that we take the gradient of ¢; in 2°, the properties of ¢; (stated in Lem. 1.2 of [24]) implying

that Vg; belongs to Kr(Q).
As a consequence, we have

Hg,:{HeHQ:/H-@gjdxzo,ijl,...,J}. (3.22)
Q

Let us now check the inf-sup condition (2.2).

Lemma 3.9. For all H € Hs, we have

|chur1E~H'dx|

H|q < su 3.23

Il < sup Ho e (323)
Proof. We first check that

Hy={He€Hy: (H-n,1)s, =0,¥j=1,...,J}, (3.24)

where (-,-)x;, means the duality pairing between H %(Zj)/ and H %(E]‘) (which has a meaning due to [4],
Lem. 3.10). Indeed by (3.22) H € H, belongs to H3 if and only if

/Hﬁqjdx:o,sz...,J.
Q

By Lemma 3.10 of [4], we get equivalently
J
Z(H “n, gle)s, =0,V =1,...,J,
k=1
where [g;]; means the jump of ¢; through ¥i. As [g;]x = 0% (see Lem. 1.2 of [24]), we conclude that
(H-n,1)s, =0,¥j=1,...,J.
Given H € Hj, owing to (3.24), we can apply Theorem 3.17 of [4] that yields a unique ¢ € V such that
curly = H,
that trivially implies

fQ curly - Hd:z:|
[eurlyllo

o - |

and proves (3.23). O

Let us further characterize the domain of the operator A.

Lemma 3.10. It holds

DA)={(E,H) €V x Hy :vcurl E — H € H(curl,Q)},
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with
AE,H) = (—curl(vewl E — H), —curl E),VY(E, H) € D(A). (3.25)
Proof. By its definition, (E, H) belongs to D(A) if and only if (E, H) € V x H, and satisfies
AE + B*H € H;.

In other words, there exists h € H; such that
<AE+B*H,F>V/_V = / h - Fdx,VF eV.
Q
From the definition of A and B, this equivalently means that

/(ucurlE-curlF—H-curlF)dx:/h-Fdx,VFEV. (3.26)
Q Q

Again as in Lemma 3.8, we can change the test functions to any element of X(f2) since for any ¢ € H}(Q),
one has

/h-V@dxz—/divh@dsz,
Q Q

due to Green’s formula and recalling that h is divergence free.
In other words (3.26) is equivalent to

/(ucur1E~cur1F'—H-curlF)dx: / h- Fdz,VF € Xo(9). (3.27)
Q Q

Consequently, we find equivalently that
curllvewrl E — H) =h

in the distributional sense and since h belongs to L?(2)3, vcurl E — H belongs to H(curl, Q).
The identity (3.25) directly follows from the previous considerations. O

In conclusion, Theorem 2.1 guarantees that problem (3.19) is well-defined in a weak sense for initial data in
H; x Hs and in a strong sense for initial data in D(A). By Theorem 2.7, the solution (E, H) tends exponentially
to the stationary solution (0, QHy), where

J ~
QHy =Y a;(Ho)Vg;,

j=1

with «;(Hp),j =1,...,J, uniquely determined by the condition

/(HO*QHo%@(jkdx:O,szl,...,J.
Q
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As already mentioned before, Theorem 2.7 does not furnish an explicit decay rate but for this model as we
immediately check that

BB=1a

v

the results of the next section allow to give an explicit decay rate.

4. A SPECTRAL ANALYSIS
Here we come back to the abstract setting from Section 2 and show that a spectral analysis of the operator
A is possible under the assumption

B*B = A for some positive real number 3. (4.1)

First as A can be seen as a positive selfadjoint operator (with a compact resolvent) from H; into itself with
domain D(A) := {u € V : Au € H;}, let us denote by (AZ)gen- (with A\;, > 0) the set of eigenvalues of A repeated
according to their multiplicity and let {¢g}ren+ be the corresponding set of orthonomalized eigenvectors (in
Hy). With these notations, one can prove the following result.

Theorem 4.1. Under the assumption (4.1), for all k € N*, the complex numbers

A2 N /A1
Mg = 2k E AV — 45 (4.2)

2

are eigenvalues of A. If \2 — 453 # 0, then Ay and \x— are simple eigenvalue of A and the corresponding
eigenvectors (up to a multiplicative factor) are given by

1
Ukt = (Ukt, prt) = (P TB%)' (4.3)
ket

On the contrary, if \2 —43 = 0, for some k € N*, then gt = A\— is an eigenvalue of A of geometric multiplicity
one and algebraic multiplicity 2, namely

1
Uk+ = (ke prt) = (91, 3—Byr) (4.4)
ket
1s the corresponding eigenvector, while
1
Uk— = (Uk—,Pk—) = (Oa )\TBS%) (45)
k+

s a generalized eigenvector, namely it satisfies
()\;H_ — A)Uk_ = Uk+.

Proof. Since we have already characterized the kernel of A (see Lem. 2.3), it suffices to look for a complex
number A # 0 and a non zero solution (u, p) € D(A) of

A(u, p) = Mu, p),
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or equivalently

Au+ B*p = —)Au,
Bu = Ap.

From the second equation, we can eliminate p given by
Ip (4.6)
= —Bu .
p=bu
and inserting it in the first identity, we get
1 *
Au + XB Bu = —\u.

But recalling our assumption (4.1), we find that u is solution of

(1+ g)Au = —\u. (4.7)

Now we notice that the definition of the domain of A requires that Au + B*p has to be in Hy, but due to (4.6)
and (4.1), we get

B

We remark that 1+ g cannot be equal to zero, otherwise by (4.7), u is zero and hence p = 0 by (4.6), which is
not allowed. Consequently u belongs to D(A) and satisfies

u. (4.8)

This means that u # 0 is an eigenvector of A with eigenvalue —%, and therefore

)\2
A+ S

2
= )\k’

for some k € N* and u = ¢, (up to a multiplicative factor). As this identity is equivalent to the second order
equation

M E XN+ BN =0, (4.9)

we find that A\ € {A\gy, Ap—}. By the identity u = ¢y and (4.6), we find the expression (4.3) for the associated
eigenvector, except if )\% — 48 = 0. In that last case, we see that the expression of Uy and Ui_ in (4.6) are the
same and consequently, Ar4+ has only one eigenvector. But simple calculations show that Uy_ given by (4.5) is
a generalized eigenvector. O

The next step is to show that the eigenvectors and generalized ones that we just found form a Riesz basis of
Ho. First we show that they generate the whole Hg. For further uses, we introduce the exceptional set

No = {k € N* : \] =43},
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and the set
Ny = {k € N*: \? > 43}.

Note that for k € Ny U Ny, the eigenvalues A\;y and A_ are real.

Lemma 4.2. Let the assumption (4.1) be satisfied. Denote by

Hoo = Span {Uk+ bren-.
Then Hg = {0} in Ho.
Proof. Let (u,p) € Ho be orthogonal to Hoo, namely satisfying
((u7p)7 Uki)y =0,Vk € N*.

Hence by the definition of U+ and of the inner product in H, we arrive at

(ua uk:t)Hl + (pv pk:l:)Hz =0,vk € N*. (410)

Now we need to distinguish between the case k € Ny or not:
1. For all k € N*\ Ny, by the previous theorem, (4.10) is equivalent to

1

(u7 (pk?)Hl + (p7 7BSDIC)H2 = 07
Ak

(D) (o )= (9),

Since the determinant of this matrix is equal to Ay — Apq and Ay — Mgy = )\k\//\% — 44 is different from zero,
we deduce that

or in matrix form

(u, o)1, = (p, Bor)n, = 0. (4.11)
2. If k € Ny, then by the previous theorem, (4.10) is now equivalent to

1
(u7 Sok)Hl + (p7 B@k)Hz = 07
Akt

1
(Pa )\TBS%)HQ =0.
k+

The second identity directly implies that (p, Bog)m, = 0 and the first one becomes (u,¢x)r, = 0. In other
words, (4.11) is still valid in this case.
In summary we have shown that (4.11) holds for all £ € N*, or equivalently

(u, 1), =0,k € N,
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as well as
<B*Pa<ﬂk>V’—V = OaVk € N*.

The first property implies that u = 0, since {j}ren+ is an orthonormal basis of H;. The second property
implies that

since {1 }ren- is also an orthonormal basis of V. But as by assumption p € (ker B*)*, we conclude that
p=0. [

We are ready to prove the Riesz basis property.
Theorem 4.3. Under the assumption (4.1), the set {|Uk+|l3' Uk ken is a Riesz basis of Ho.

Proof. For shortness, we denote by Vit = ks Ukt, with rrs = [|Ugs ||, so that ||Vie|# = 1. We first show
that from the set {Vi4}ren+ we can build an orthonormal basis of Hg. For that purpose, we calculate their
inner product by distinguish the following cases:

(a) For k, k" € N*\ Ny, we have by (4.1)

(Vit, Vit )1 = Fpthpr+ <(<Pka Ok H, (B, B@k')Hz)

R —
Akt A+
= Kk+Kk/+ ((‘ka Or ) H, a(pk, @k/)) (4.12)

BAT
pYAD yout

4+ —=
Akt A+

= fﬂkifwi(l + )(901«7 Pk ) H, -
Hence if k # k', we deduce that
(Vit, Ve )y = 0.

On the contrary if k = k', we only deduce that

BAR

(Vi s Ve )1 = Kig Fip— (1 + < ),
Akt Ak—

that, as easily checked, is different from 0. But since Vj; and Vj_ are linearly independent, we can orthonormalize

them, by setting

1
7(Vk— — 0k Vit ) (4.13)

7 —
n

where

B ) (4.14)

Ok = Vit Vi ) = Kpghp— (1 + N
+ -

Me = V- — 0xVietr [l = /1 = 6. (4.15)
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Note that for k € N; from (4.9), we see that A\g A, = BAZ, and therefore
O = 2Kkt Kk—.
(b) For k € N*\ Ny and k' € Ny, by the previous considerations, we clearly have
(Vs Vit ) = 0,
while

2
Kk+l<:k/_ﬂ>\k

V 7V/_ = —
(Viet, Vi - ) e s

(¢rs 0 )m, = 0.

(c) For k, k" € Ny, with k # K/, by the previous considerations, we directly have
Vet Vi ) = Vi, Vir - ) = 0,
while

I{]H_Iik/_ﬁ)\i

Vi, Vi 2 ) = 3
(Vi—, Ve = )m Ao et

(¢r, 01 )m, = 0.

27

(4.16)

Obviously Vi4+ and Vi_ are not orthogonal but as before, we can orthonormalize them by introducing Vi_ as

in (4.13) with Jx and 7 appropriately defined.

These three points show that the family {Vj, Vk,}keN* is an orthonormal basis of Hg. Consequently any

(u, p) € Ho can be written as

(w,p) = Y (@ Vir + BiVio),
keN®

with &g, Bk € C such that

1w, )3 = D (al® + 15el).

keN*

Coming back to the family {Vj4 }ren+, we have that

(,0) = > (kViy + BiVi)-
kEN*

with
- O = 1 -
ap=ay — — B, Br=—Dh.
Mk Nk
Hence {Vj4 }ren+ will be a Riesz basis, if we can show that

(s )3 ~ D (el + 18uf).

keN*

(4.17)

(4.18)

(4.19)

(4.20)
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According to (4.17), this equivalence holds if and only if

Z(|dk|2+|5k|2) ~ Z(\ak|2+|ﬁk|2)a (4.21)

keN* keN*

with the relations (4.19). To prove this last equivalence we split up the sum into two terms, the first one for
k small and the second one for k£ large. Namely for K fixed later on, we show that there exist two positive
constants C7 and C3 depending only on K such that

K K K
Z(|ak\2 + 1Bxl?) Z (low|* + [Bx]?) < C Z (léw|® + Bxl?), (4.22)
k=1 k=1 =1

as well as

Crlkl® + Bl?) < lawl* + |Bi]* < Cal|an]® + 1Bxl?), V& > K. (4.23)

If these two equivalences hold for one fixed K, then by summing up (4.23) on k > K and summing up with
(4.22), we find that (4.21) is valid and the proof will be finished.

Hence it remains to prove the two equivalences above. The first equivalence is a simple consequence of the
equivalence of norm in a finite dimensional space. Indeed it is clear that

- Or = 1 -
ar— Py =—Pr =0
Nk Nk
if and only if
&k = Bk} = 07

and consequently the mid term in (4.22) is a norm in C2¥.
For the equivalence (4.23), we look at the behavior of d; and 7y for k large. Hence without loss of generality
we can assume that k is in Ny. For such a k, from (4.12), we have

da= (14 555)

Hence we need the asymptotic behavior of Agy+. But from the expression (4.2), we have

ros XA+ MVAT 48 2872

2 A2+ N /A2 — 48

and therefore, one has

A+ ~ —p for k large. (4.24)
This behavior shows that
)\2
Kpy ~ (1+ F) ;é for k large.
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Similarly

T Aey/AZ — 48

5 ~ =} for k large,

and therefore
2 AN
K ~ (1 + —2) ~ 1 for k large.
Ak

These two equivalences in (4.16) yields

VB

Op = 2KpyKE— ~ 2—— for k large.
Ak

By (4.15), we deduce that

m =4/1— 07 ~ 1 for k large.

2 2 _ Ok Ok
lo|” + [Br|” = (Mk< B, >,< A >)C27

where (-, )¢z means the standard inner product in C? and the matrix M}, is given by

Using (4.19), we can write

M, =
k 8, 1407
Nk e

29

As the equivalences on §; and 7y imply that M}, is similar to the identity matrix for k large, we deduce that

(4.23) holds for k > K with K large enough.

The Riesz basis property allows us to give an explicit decay rate of the semi-group generated by Ag defined

by (2.9)-(2.10).

Theorem 4.4. Under the assumption (4.1), the semi-group (et40)

[0l £(ay) < Ce™ ™,V > 0,
for a positive constant C' and

e M
T = min{f3, ?}

Proof. Owing to Theorem 4.3, any U € H can be written as

U= Z (et Vier + cx—Vi—),
keN*

+>0 generated by Ao satisfies

O

(4.25)
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with cgy, cx— € C (recalling that Vit = kp+Ug+) such that

N1, ~ > lewrl® + len-|?).
keN*

Therefore 40U is given by

etAoU = Z (Crp €M Vi + cp_e™= V)
keN*\Ng

Rl—
+ Z et/\kJr((CkJr + Lck,t)VkJr + Ck,Vk,).
ke No Fok+

Theorem 4.3 then yields

||etAOUH’2H ~ Z (|Ck+‘2€2t§R)‘k+ + |ck_|2€2t§)‘k)\k,)
keN*\Ng

Rl —
+ 3 M ey + — et + [er[?).
keNo Pkt

The conclusion will follow if we can show that
RAex < —7,Vk € N*\ N, (4.26)
and
Akt < —T7,Vk € Np. (4.27)

But the second situation occurs if and only if there exists k& € N* such that )\i = 4f and in that case

)\2
)\k+:_7k:_25<_6§_7'-

In the first situation, we distinguish two cases:
1. If k € N*\ (No U Ny), then this is equivalent to the condition that A7 < 4/ and in such a case, we have

A7 A2
§R>\k:i: 5 = 5 = T
2. If k € Ny (equivalent to A? > 403), then clearly
A2 A2
e e Dk oM
k- < 5 =75 =

On the other hand, it is easy to check that Ay is a non decreasing function of k, and therefore, by (4.24), we
have

Ay < lim Ay = - < —7.
L— o0

as requested. O
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In conclusion if we define the decay rate of (2.3) as (see for instance [15], p. 214)
Wopt = inf{w : IC(w) > 0's. t. E(t) < C(w)e*'E(0),Vt > 0 and every finite energy sol. of (2.3)},

under the assumption (4.1), we have just shown that the decay rate is equal to the spectral abscissa of A defined
by

sup{RA: XA € 0(A)}
that is here equal to —7, in other words, one has
wopt = —T.

5. BOUNDARY STABILIZABILITY OF THE LINEARIZED VISCOUS
SAINT-VENANT SYSTEM ON TREES

If we come back to the linearized viscous Saint-Venant system (3.2) on a tree I', according to Remark (3.7),
the assumption (4.1) holds with = %. Consequently the decay of the semigroup generated by Ay is given by
—7 with

. ca M\
r = min(%, 20},
where M7 is the first eigenvalue of the Laplace operator (up to the factor v) on I with boundary and transmission
conditions associated with V' (compare with Cor. 1 of [5] in the case of an interval of length ).
As in [5], we are here interested in the advection dominating case, that here corresponds to the case when

% < 2. In that case, the decay rate of the energy norm of the solution of (3.2) is —%? and is then slow due to
the advection modes (corresponding to the complex eigenvalues of A with a real part smaller than %). Inspired
from [5], our goal is to restore the optimal decay —% for any tree by building a Dirichlet control at all except
one extremities of the tree. This method allows to obtain an exponential decay rate —o with o as close as we
want from ¢ and with an arbitrary initial datum in the energy space.
From now on we then fix a C2-network I' that is a tree and fix VDI a subset of V.., made of all vertices of
Vext, €xcept one, say r (the root of the tree), namely VDiss =V, \ {r}. As in Section 3.2, we suppose given
two positive constants a and v corresponding to the advection and viscosity coefficients respectively. Then we

consider the non-homogeneous problem

ujy —vuj +ap; =0in Q;,Vj=1,..., N,

pit+ul=0in Q;¥j =1,...,N,

> e, ui(v, )y (v) = 0,Y0 € Vipe, t > 0,

Vu;(v,t) —ap;(v,t) = vuj(v,t) — apr(v,t),Yv € Ving, 4, k € Jy, t > 0, (5.1)
wj, (1,t) = 0,Yv € Vexe, t > 0,

uj, (v,t) = qu(t), Vo € VIt > 0,

U(,O) = UO;P('aO) = Po in Fa

where (ug, po) belongs to (compare with Lem. 3.3)

D = {(u,p) € H}(") x L*(T") : —vu' 4+ ap € H (")},
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FIGURE 1. An original tree I' and its extension T.

with
HA(T) = {v e H'(T) : v(r) = 0},

that is a Hilbert space with the norm (3.5), and for all v € V2iss ¢, € C([0,00)) satisfies the compatibility
condition

qv(0) = uo(v),Vo € Veliéss. (5.2)

The existence and decay of the solution to this problem will be given below by using an extension method
(as in the proof of Thm. 4.1 of [5]). But before, let us introduce some notations and useful properties.

First, for all v € VDis5, we extend the edge e;, of I' having v as extremity into a longer edge €;, (of length
l; strictly larger than [; ). Denote by I the new tree obtained from I by simply replacing the edges e;, , with
v € VRIS by é;,, see Fig. 1, where I is in black and the extension in red. Denote by Vext the set of exterior
vertices of T (note that I has the same set Vint of interior vertices as I'). On this new tree f, we now denote by
5\%, k € N*, the eigenvalue of the operator A (that corresponds to the operator A but defined in f‘) of associated
eigenfunctions @y, st the associated eigenvalues of A (that again corresponds to the operator A but defined
in T).

The energy space associated with (3.2) set on T is

H = L*T) x LY(I),
equipped with the inner product

((y,p), (1. p1))5 = /f(yzh +appr) dz,V(y, p), (y1,p1) € H.

We first build an extension operator from I to T.

Lemma 5.1. There exists a continuous operator Ey from H to H such that

EY=Y inI',VY € H,

and that is also continuous from D to D(A), i.e., satisfying

1E\Y [ pay S YD, VY € D. (5.3)
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Proof. With loss of generality, for all v € VDI we can assume that the parametrization of the edge e;, is such

that v corresponds to /;, and that the edge ¢;, is parametrized by (0,1;,). Fix a function € H*(T") (that plays
the rule of a cut-off function) such that n; € C°°([0,1;]), for all j = 1,..., N and satisfying, for all v € V.2iss,

nj, (@) = 1,Ve € [l;, —&,1;,],
and

nj, (x) = 0,z € [0,1;, — 2¢],
with € > 0 fixed small enough so that

0<1l, —4e<lj +4e <1,

Furthermore for all v € V)i, we fix a cut-off function y;, € D(l;,,l;, + 4¢) such that

ext
lj, +4e
[ @t

Ly

For Y = (u,p) € H, we take E1Y =Y on I and for all v € VD% we set

ext

3 —x 3l; —x
(E1Y);, (x) = =3n;, (2, — x)Y;,(2l;, — x) + 4n;, ( ]”2 )Y, ( ]”2 )

Uiy
([ % 0dt) @), ¥ € 1, + ),
0

(E1Y);, () = (0,0), Va € (I, + 4e,1;,].

The continuity property of E; from H to H follows by simple changes of variable, while its continuity property
from D to D(A) is a simple consequence of Leibniz’ rule and again simple changes of variable. O

We go on with a multiplicative result.

Lemma 5.2. Fiz a function ¢ € H'(T) such that ¢ =0 on T, ¢ >0 on T\ T and ¢;, € C*([0,1;,]), for all

v € VOIS Then for any Y € D(A), 9Y also belongs to D(A) and

ext
€Yl peay S 1Y by
Proof. Simple consequence of Leibniz’ rule. O

For any o > 0, we finally introduce the finite set
12

NU:{kEN*:%<U}.

We finally need the next technical lemmas.

Lemma 5.3. For any o > 0, the eigenfunctions ¢y, k € N, are linearly independent on T \T.
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Proof. Assume that there exist coefficients ¢ such that

> e =0onT\T. (5.4)
keN,

Then by grouping the sum by packet corresponding to the same eigenvalue, we can write

b= b,

kEN,

as

k'eK

where K is a subset of N, such that A\ # A\ for all k, k¥’ € K such that k # k' and

b= Y. P

KEN A=Ay

Now for all v € V2Is5 we notice that 1y, can be written as

)\ 7 )\ ’
Y (x) = age cos(Tkx) + B sin(Tkx) on (0,1;,), (5.6)
with ag/, B € C. With these notations, (5.4) is equivalent to
Yp=0onT\T.

Since the functions Cos(%) and sin(%-), with k¥’ € K, are linearly independent (because the A, are two by
two disjoint), we deduce that

ap = P = O,Vkl e K.
Going back to (5.6), this means that for any k' € K, one has

Y =0one; Yoe VDiss, 5.7
o

ext

We now show from generation to generation that this implies that ¢y is zero on T, which automatically implies
that ¢, = 0, for all k. Indeed we first notice that

2
" >‘k’
kT

y 1Z}k/:00n€j,vj€{1,-~-7N}'

Then restricting this identity to an edge j of the last but one generation, as for the interior vertex v in common
with the last generation, (5.7) and the transmission conditions

Z d}j(v)’/j(v) = 0,Vv € Vins,

JE€Jy
Vi (v) = Py (v), Vv € Vi, 4, k € Jo,
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imply that
Y (v) = Y (v) =0,
by Holmgren uniqueness theorem, we deduce that
Y =0 on e;.
In other words, 15 = 0 on all edges of the last but one generation and by iteration, we conclude. O

Lemma 5.4. Let o € (0, %‘l] and @ be the function fized in Lemma 5.2. Then the functions \/@Uki,k eN,,
and \/p(0,1), are linearly independent on L\T.

Proof. Since ,/p is different from zero on r \ T, the requested property is equivalent to the linear independence
of Ups,k € N, and (0,1). Now assume that there exist coefficients ¢+ and d such that

Z (ck-i-Uk-i- + Ck_ﬁk_) +d(0,1) =0 on r \ T. (5.8)
kEN,

Then taking the first component of this identity we find

Z (Ck+ + Ck_)gBk =0on r \ T.
kEN,

Lemma 5.3 leads to
Chs + ch_ = 0,Vk € N,. (5.9)

Restricting the identity (5.8) to the second component we find

=3 (S O )Nker—OonI‘\I‘

A
keN, k+

By deriving in space this identity we find that

-3 (g ) —0onT\T,

A
keN, ’”

or equivalently

(kar + &)A%cﬁk =0onT\T.
Mer Ml

Again using Lemma 5.3 we find

Skt k= —0,Vk € N,. (5.10)
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Combining this property with (5.9), we find that
Chy = Cp_ = 0,Yk € N,, (5.11)
since Mgy # Ap_ (recalling that A\? < 20 < 44 and using Thm. 4.1). Coming back to (5.8), we are reduced to
d(0,1) =0on T\ T,
and we directly conclude that d = 0. O

We are ready to state our stability result (compare with Thm. 4.1 of [5] in the case of an interval).

2
Theorem 5.5. Assume that % < % and let o be arbitrarily in (0,%). Then there exists a positive constant C
such that for all initial datum (ug, po) € D, there exist controls q, € C([0,00)), v € VDiss  satisfying (5.2) for

ext 7

which problem (5.1) has a unique solution (u,p) € C([0,00), D) N C([0,00), H) that satisfies

1(u(), p(t))llz2r)2 < Ce™"[(uo, po)ll2(rye, ¥t > 0. (5.12)

Proof. As in the proof of Theorem 4.1 of [5], we use an extension method. The trick consists in building an
appropriated extension EYj to T of the initial datum Yo = (uo, po) € D so that the new advection modes are
cancelled. The difference with [5] is that our construction also allows to cancel the orthogonality conditions on
the initial data.

With the help of Lemma 5.1, we consider

EYy = E1 Yy + EQY),

with EsYy € D(A) defined in such a way that

(EYy, Ups )z = 0,k € N,. (5.14)
Hence we look for E»Y) in the form?
EyYo = @( D (ki Upy + e Up—) + d(0, 1)), (5.15)

kEN,

where ¢ is the function fixed in Lemma 5.2 (that allows to conclude that F2Y; belongs to D(A)) and the
coefficients ci4 and d are fixed in order to satisfy (5.13) and (5.14). Indeed these two conditions are equivalent
to

(EQYE)a (05 1))7:[ = _(Elyba (0; 1))7:[;
(E2Y0,Ukﬁ:)«;¢ = —(E1Yo, Uki)q.],Vk‘ e N,.

From the expression (5.15) of E2Yp, this system is equivalent to a square linear system

MX =C,
2 ~ -
2Let us notice that the assumption )\71 < % implies that N is non empty if o is sufficiently close to % Indeed as I is larger than

I, the space V defined on I' can be viewed as a closed subspace of the space V' defined on I and by Rayleigh quotient techniques,
one has A\ < A1.
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where the unknown vector X is equal to ((ckt)pex, » (Ch—)pen, d) and the coefficients of the matrix M are

simply the inner product in L?(I"\ T')? of the functions \/@Uki, k € N, and 9(0,1). Since, by Lemma 5.4,

these functions are linearly independent on T \ T, the matrix M is invertible, which guarantees the existence

and uniqueness of the coefficients ¢+ and d. R
Once EYy = (ag, po) € D(A) satisfying (5.13) and (5.14) is given, we deduce that the next problem in T

iy — vit!! + ap; = 0in Q; := (0,1;) x (0,00),Vj =1,...,N,

pie+i,=0inQ;,Vj=1,...,N,

(v, t) = Uk (v, 1), Yo € Vi, 4,k € Jp,t >0,

S e, V) = a;) (0,03 (0) = 0,70 € Vi, £ > 0, (519

i, (v,t) = 0,Yv € Vags, t > 0,

a(-,0) = g, p(-,0) = po in T,

has a unique solution (i, 5) € C([0,00), D(A) N C([0,00), L*(T")?). Furthermore the arguments of the proof of
Theorem 4.4 lead to the estimate

(@), O g2 rye < Ce™ T |EYoll 22, VE > 0, (5.17)

for some positive constant C' (independent of EYj). Hence the restriction (u, p) of (@, ) to I clearly belongs to
C([0,00), D) N C1([0,00),H) and satisfies (5.1) with

Gu(t) = iy, (v,1), Yo € V2=, 1 > 0,

ext

that by the Sobolev embedding theorem belongs to C([0, c0)). Finally the estimate (5.12) is a simple consequence
of (5.17) and of the property

IEYoll2oye S I Yollzaoye,

that follows from the continuity of F; from H to H and the definition of Fy (and Lem. 5.2). O
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