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A FE-ADMM ALGORITHM FOR LAVRENTIEV-REGULARIZED
STATE-CONSTRAINED ELLIPTIC CONTROL PROBLEM™

Z1XUAN CHEN, XIAOLIANG SONG, XUPING ZHANG AND Bo YU”

Abstract. In this paper, Elliptic control problems with pointwise box constraints on the state
is considered, where the corresponding Lagrange multipliers in general only represent regular Borel
measure functions. To tackle this difficulty, the Lavrentiev regularization is employed to deal with the
state constraints. To numerically discretize the resulted problem, full piecewise linear finite element
discretization is employed. Estimation of the error produced by regularization and discretization is done.
The error order of full discretization is not inferior to that of variational discretization because of the
Lavrentiev-regularization. Taking the discretization error into account, algorithms of high precision do
not make much sense. Utilizing efficient first-order algorithms to solve discretized problems to moderate
accuracy is sufficient. Then a heterogeneous alternating direction method of multipliers (hADMM)
is proposed. Different from the classical ADMM, our hADMM adopts two different weighted norms
in two subproblems respectively. Additionally, to get more accurate solution, a two-phase strategy
is presented, in which the primal-dual active set (PDAS) method is used as a postprocessor of the
hADMM. Numerical results not only verify error estimates but also show the efficiency of the hADMM
and the two-phase strategy.
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1. INTRODUCTION

In this paper, we consider the following elliptic PDE-constrained optimal control problem with box constraints
on the state

. 1 2 o 2
o Iy, u) = Slly = yallze(o) + S llullze(o)

s.t. —Ay=u in Q, (P)
y=0 onl,
a <y(x) <b a.e. on,
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where Y := H}(Q), U := L?(Q), Q CR" (n = 2,3) is a convex, open and bounded domain with C!- or
polygonal boundary I'; the desired state yq € L?(2) is given; a, b € R and o > 0 are given parameters. Since
the constraints in (P) denote closed convex set, (P) admits unique solution (y*,u*). The solution operator G of
the elliptic equation in (P) mapping u to y is compact. To be more precise, G = ES, where S : u — y assigns
u € L%(Q) to the weak solution y € H}(Q) and E : H}(Q) — L?(Q) is the compact embedding operator. We
use (-,-) to denote the inner product in L?(2) and use || - || to denote the corresponding norm. Through this
paper, let us suppose the following Slater condition for (P) holds.

Assumption 1.1. There exists a 7 € L?(€2) such that
a< (Su)(z)<b Vzel.

Remark 1.2. Our considerations can also carry over to uniformly elliptic operators

n
Ay = — Z 0z, (@i5Ya,) + coy, aij,co € L, co 2 0, a;; = aj;
ij=1

and there is a constant 6 > 0 such that
Z aij(z)&€ > 0)|€))? for almost all £ € R™.
ij=1

Boundary condition can also expand to
Oy =0 onT.

Optimal control problems with state constraints and their numerical realization have been studied extensively
recently (see [3, 17, 30]). Since the Lagrange multiplier associated to (P) in general only represents a regular
Borel measure (see Casas [8] or Alibert and Raymond [1]) because of the presence of the pointwise state
constraints, the complementarity condition in the optimality conditions cannot be written into a pointwise
form. Hence, nonsmooth pointwise reformulations, which are needed in semismooth Newton methods, are not
possible. To overcome this difficulty, there are two common approaches, Moreau-Yosida regularization and
Lavrentiev regularization. Moreau-Yosida regularization [19, 20, 25, 27] is to convert the state constraint into a
penalty term. As in [34], the authors showed that a semismooth Newton method applied to the Moreau-Yosida
regularization of (P) leads to a 3 %3 block saddle point linear system, whose coefficient matrix is symmetric
and indefinite. While in our paper, we focus on the Lavrentiev regularization, whose idea is to replace the state
constraint by control-state mixed constraint. We can see from Section 4 that only a 2 * 2 block saddle point
system has to be solved in each iteration by applying our hADMM, which is based on the inherent structure of
the problem.

The Lavrentiev regularized problem has the form of a control-constrained elliptic optimal control problem. As
we know, since projection has to be carried out to get the control in each iteration in variational discretization
[22], which means mesh refinement for the control, the error order of the control of variational discretization
is generally higher than that of full discretization. However, our error analysis indicates that because of the
employment of the Lavrentiev-regularization, the error order of the control of full discretization is not infe-
rior to that of variational discretization, which is the most important reason prompting us to use Lavrentiev
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regularization. The Lavrentiev regularized problem associated to (P) is:

. 1 2 o 2
(y’ul)nel{}xU J(y,u) = 5”2/ —Yallz20) + §||UHL2(Q)

s.t. —Ay=u in Q, (Py)
y=0 onl,
a<Au+y<b a.e. on (),

where A > 0 denotes the regularization parameter. Since the constraints in (P)) denote closed convex set, (Py)
admits unique solution (7,,%y). In [32], the authors prove the convergence of (7,,%x) — (y*,u*) in L%(Q) for
A — 0. Also, they show that the Lagrange multiplier associated to the mixed control-state constraint in (P))
is an L2-function for every A > 0. In addition, [23] proves the weak convergence of the adjoint states in L? for
A tending to zero and the weak-* convergence of the multipliers in C(2)* to their counterparts of problem (P)
for A | 0. Without loss of generality, we assume that 0 < A < 1. We know from [36] that for the error resulted
from Lavrentiev-regularization, the following estimate holds

lu* — sl < VA, (L1)

where c is a constant independent of A. If we introduce an artificial variable v = y + Au, (Py) can be transformed
into a pure control constrained optimal control problem:

. 1 «
min J(y,v) = §||l/ - yd||i2(9) + ﬁ”v - yH%Z(Q)

1 1
s.t. fAerXy: X"U in Q, (Py)

y=0 onl,
a<v<b a.e. onfd

Since (ﬁ ) is a pure control-constrained problem, it admits a unique Lagrange multiplier in L?(£2) associated
to the inequality constraint.

To numerically solve the regularized problems, we use the First discretize, then optimize approach. With
respect to the discrete methods, the variational discretization has been applied in dealing with (P,) in [23],
where the authors give the following error estimates.

* — 1 2 1 3 1 4
o =l < € (Vi+ 55 (2 500+ 550 ) 0
and
Ju =l < © (VA + max{hllog(h)], 1*~#}) )

where n = 2, 3 denotes the space dimension and C' is a positive constant independent of the finite element grid
size h and regularization parameter .

Although the variational discretization avoids explicit discretization of the controls, compared with full
discretization method, it is not convenient to be numerically implemented. Hence, in this paper, we use the full
discretization method, in which both the state and control are discretized by piecewise linear functions. The
remarkable advantage of full discretization is that it can transform the problem into a finite dimensional problem
with a good structure, which is convenient to be implemented numerically. More importantly, we extend the
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results of [23] to the full discretization case, which results in the following two error estimates.

. 1 1 1. . 1
[u* — T §O<ﬁ+ﬁh+)\2 <h2+)\h3+)\2h4>) (1.4)
and
Ju = T ull < © (VA + max{hllog(h)], k5 ), (1.5)

where n = 2, 3 denotes the space dimension and C is a positive constant independent of A and h.
Although at first glance, the precision of (1.2) is higher than (1.4) from the view of h, actually it depends
on the matching relation between A\ and h. For example, we take h = 27°, which is small enough in general.

Meanwhile, we take A = 10™%, where A often has to be smaller in practice. In this case, ﬁ—z = )\% - is bigger
2

N
than \% In addition, the second error estimate (1.5) is the same as (1.3). So it does not mean that the error
order of full discretization is inferior to that of variational discretization because of the effect of A, i.e. the
employment of Lavrentiev regularization, especially when A is very small.

An algorithm called the primal-dual active set method (PDAS) has been used in solving the Lavrentiev-
regularized state constrained elliptic control problems in [31], which was proved to be a special semismooth
Newton method in [21]. Benefiting from the local superlinear convergence rate, semismooth Newton method
is a prior choice for solving nonsmooth optimization problem. The total error of utilizing numerical methods
to solve PDE constrained problem consists of two parts: discretization error and the error of algorithm for
discretized problem. The discretization error order of piecewise linear finite element method in terms of mesh
size is O(h), which accounts for the main part. Taking the precision of discretization error into account, using
fast first-order algorithms to get a solution of moderate precision is sufficient, rather than necessarily using
algorithms of high precision. In addition, it is seen in Section 4 that in general we have to solve a 4 % 4 block
equation system in each iteration, which makes the calculation very large, especially when the finite element
grid size h is very small. In [35], the authors give a method to transform the 4 % 4 block equation system to a
2 % 2 block one, however, it brings additional computation for the inverse of the mass matrix.

As we know, there are many first order algorithms being used to solve finite dimensional large scale opti-
mization fast, such as accelerated proximal gradient (APG) method [2, 26, 40, 41] and alternating direction
method of multipliers (ADMM) [5, 11, 15, 28, 29]. Motivated by the success of these first order algorithms, an
APG method in function space (called Fast Inexact Proximal (FIP) method) was proposed to solve the elliptic
optimal control problem involving L!-control cost in [38]. It is known that whether the APG method is efficient
depends closely on whether the step-length is close enough to the Lipschitz constant, however, the Lipschitz
constant is not easy to estimate in usual. So in this paper, we focus on ADMM, which was originally proposed
in [9, 16] and has been used broadly in many areas. First, we give a brief overview of ADMM for the following
linearly constrained convex optimization problem

min 6y (z) + 02(y)

s.t. Ax+ By =b,
e X,
yey,

(1.6)

where 61(z) : R™ — R and 63(y) : R™ — R are convex functions, A € R™*™_ B € R™*" and b € R™,
X C R™ and Y C R™ are given closed, convex sets. The augmented Lagrangian function of (1.6) is

£4(2.9,X0) = 03(2) + 0a(y) + (\, Az + By —b) + || Az + By — b| (17)
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where A € R™ is the Lagrange multiplier and o > 0 is a penalty parameter. Each iteration of ADMM has three
main steps

" = argmin {Eg(x,yk, AE: 0‘)’ T € X} ,
y* T = argmin { £, (2", y, A 0)| y € D}, (1.8)
ML — 2k g (AzP T 4+ Byt —b).

The advantage of ADMM is that it separates 61 (x) and 2 (y) into two subproblems, which makes each subprob-
lem in (1.8) could be solved easily. The ADMM algorithm for solving (1.6) has global convergence and sublinear
convergence rate at least under some general assumptions.

To apply ADMM type algorithm to (P,), we introduce an artificial variable v = Au + y, which results in

min J(y,0) = glly — valliaey + S lulao
st. —Ay=wu in ,
y=0 onT, (P)
v—Au—y=0 a.e. on{,
a<v<b ae. on

Compared with (Py) and (P)), (P,) separates the smooth and nonsmooth terms, which makes it more efficiently
to take advantage of ADMM.

The ADMM type algorithm has been used in elliptic optimal control problem with control constraints. In
[39], the authors proposed a heterogeneous ADMM (hADMM) algorithm. The hADMM algorithm employs
two different weighted norms in the augmented term in two subproblems respectively, which is different from
the classical ADMM. Also, the authors proved the global convergence and the iteration complexity results
o(%). Inspired by the simpleness, facility for implementation and global convergence rate of the hADMM, we
employ it to fully discretized Lavrentiev-regularized problem. Although Lavrentiev-regularized problem can be
transformed into a pure control-constrained problem as form (P)), it will become ill-conditioned when lambda
is very small. Thus we do not apply hADMM to (ﬁ A), we use its well structure as reference and apply it to
(IA3 ), which possesses well structure as we see in Section 4. For the first subproblem of hADMM, it is equivalent
to solve a 2 x 2 block equation system in each iteration, while using PDAS has to solve a 4 x4 block equation
system which should be carefully formed based on the active sets in each iteration. For the second subproblem
of hADMM, the solution has a closed form, which is very easy to compute.

Moreover, to satisfy the need for more accurate solution, a two-phase strategy is also presented, in which
the primal-dual active set (PDAS) method is used as a postprocessor of the hADMM algorithm. It is shown in
Section 5 that to get a solution of the same precision, the hADMM algorithm and the two-phase strategy are
obviously faster than PDAS method respectively.

The paper is organized as follows. Full discretization is considered in Section 2. Section 3 gives the error
estimates of the fully discretized Lavrentiev-regularized problem. In Section 4, we give the frame of the hADMM
algorithm and the PDAS method employed to the discretized problems. Two numerical examples are given to
verify the error estimates and the efficiency of the proposed algorithm in Section 5. Section 6 contains a brief
summary of this paper.

2. FULL FINITE ELEMENT DISCRETIZATION

In order to tackle (Py) and (P,) numerically, we consider the full discretization, in which both the state y
and the control u are discretized by continuous piecewise linear functions. Let us introduce a family of regular
triangulations {Th }n>o of 2, i.e. 2 = Upeq, T+ With each element T' € T),, we associate two parameters p(T')
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and R(T), where p(T') denotes the diameter of the set T and R(T) is the diameter of the largest ball contained
in T. The mesh size of T}, is defined by h = maxper, p(T). For the upcoming error analysis, we suppose the
following standard assumption holds (see [23], [24]).

Assumption 2.1. (Regular and quasi-uniform triangulations) The domain {2 is a open bounded and convex
subset of R™, n = 2,3 and its boundary I is a polygon (n = 2) or a polyhedron (n = 3). Moreover, there exist
two positive constants p and R such that

p(T) h
RO ST m S

~

hold for all T € T}, and all h > 0. Let us define 2, = UTeTh T, and let £2, € {2 and I}, denote its interior and

its boundary, respectively. In the case that {2 has a CYl-boundary I', we assume that (2, is a convex and that
all boundary vertices of {2}, are contained in I', such that

|2\ 24| < ch?,

where | - | denotes the measure of the set and ¢ > 0 is a constant.
For domains satisfying Assumption 2.1, the following result holds (see [18], Thm. 4.3.1.4, [37], Thm. 2.2.3).

Lemma 2.2. Suppose that 2 fulfills the condition in Assumption 2.1 and let f be a given function in L*(12),
while z solves

—Az=f in Q,
z=0 onI'.

Then z € H?(2) and the estimate

2l z2(2) < el ]l

holds true with a constant c independent of f and h.

The weak formulation of the state equation involved in (Py) and (Py)

—Ay=u in £,

y=0 onT (2.1)
is given by
(Vy,Vz) = (u, 2), Vz € HY(Q). (2.2)
Let a finite dimensional subspace Zj, of H{ ()
Zn={2,€C(Q) | zulp € P VT €Ty and z, =0 in Q\Q } (2.3)

be the discrete space, where P; denotes the space of polynomials whose degree are less than or equal to 1. Let
{pi(x) " be a basis of Z;, which satisfies the following properties:

Np,
¢i(x) >0, ¢i(@)llee =1, Vi=1,2,..,Nyp, Y ¢i(z)=1 Vze, (2.4)
i=1
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then (2.2) implies that the weak formulation is satisfied for all basis functions {¢;(z)}", i.e.

(Vy, Vi) = (u, ¢i), Vi=1,---,Np. (2.5)

We know from (3.11) that 7y = Py, (¥ — gp,\), which together with uy = @;% implies that w, satifies the
zero boundary condition. Thus we discretize y(z) and u(x) by the same basis of Z, i.e.

Ny, Np,
yn(z) = Zyi@(x) and up(z) = Zui@»(w), (2.6)

where y,(2;) = y; and up(2;) = ;. Then the discrete version of problem (P,), (P,) and (P,) are denoted by
(Pan), (Pxn) and (Py ) respectively,

. 1 «
min J(yn, un) = 5 llyn — yall72(,) + §||Uh||2Lz(Qh)

st. (Vyn,Vzr) = (un, zn) Vzn € Zp, (Pxn)
a < dup(x) +yn(z) <b on Qy,

. 1 «
min J (yn, on) = 5 llyn — yallZ20,) + o llvn = ynll7z(n)

1 1
s.t. (Vyh,Vzh) + X(yh,zh) = X(Uh,zh) Vzn € Zp, (P)"h)

a<wvp(x) <b on Qy,

. 1 @
min  Jp(yn, un) = §|th —Yall72(0, + §||Uh||2L2(Qh)

s.t. (Vyh,Vzh) = (uh,zh) Vzp € Zy, (f))\,h)
vp — Aup —yp =0 on Qy,
a<wvp(xz) <b on Q.

3. ERROR ESTIMATES

In this section, we extend the results of [23]. The essential difference between [23] and the present paper
is that the discretization method in [23] is variational discretization while this paper considers full discretiza-
tion, in which both the state and control are discretized by piecewise linear functions. The greatest difficulty
that full discretization introduces to the error analysis is that the solution of continuous problem is not fea-
sible for discretized problem. To tackle with this difficulty, we utilize the quasi-interpolation operator and
complete the error analysis. It is well known that since projection has to be carried out to get the control
in each iteration in variational discretization, which means mesh refinement for the control, the error order
of the control of variational discretization is generally higher than that of full discretization. However, the
error analysis in this section indicates that the error order of the control of full discretization is not inferior to
that of variational discretization because of the employment of the Lavrentiev-regularization. In this section,
we give two different error estimates, the first one of which depends on A\ while the second one of which is
uniform in .
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3.1. Error estimate for fixed A

For the error analysis below, we have to use a quasi-interpolation operator ITj, : L2(2) — Zj, which is defined
by

a0 )
Mo = 3 mi)6 (o). () = W e 12().
Let
Vaa={v € L*(Q) |a<v<b ae onQ}
and

Np,
Vaan = {vn = sz@(azﬂ a<v;<b on Oy},
i=1

then there holds
v € Vyg = v € Voap, Yo € L*(9Q).

For the interpolation error, the following lemma holds, whose proof can be found in [6, 13].

Lemma 3.1. There exists a constant C' independent of h such that
h|lv — Tyl 2 + |lv — ol g-1 < CR?||v|| g Vv € HY(Q).

First we consider the following variational equation
1
(Vw,Vz) + X(mz) =(g9,2), Vz € Hy () (3.1)
and its discrete version:
1
(vwha vzh) + X(w’“ zh) = (ga Zh)7 vZh S Zh7 (32)

where g € L?(2). We use w(g) and wy,(g) to denote the solution of (3.1) and (3.2) respectively, then the following
lemma holds.

Lemma 3.2. Under Assumption 2.1, there exists a constant C(Q) independent of A such that

1 1
[wn(g) = w(g)llzz0) < C(2) <h2 + th + /\2h4> lw(g) |20

holds true.

Proof. Let z = wp(g9) — Inw(g) in (3.1) and z, = wp(g) — Ihw(g) in (3.2), then we get

(w(g),wn(g) — Inw(g)) = (9, wn(g) — Ihw(g)),

(Vwi(g), V(wn(g) — Inw(g))) + %(wh(g%wh(g) — Iyw(g)) = (9, wn(g) — Inw(g)),

>| =

(Vw(g), V(wn(g) — Inw(g))) +
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where I;, denotes the linear interpolation operator. Subtracting two equalities above, we arrive at

(V(wn(g) —w(g)), V(wn(g) — Inw(g))) + %(wh(g) —w(g),wn(g) — Inw(g)) =0, (3.3)
lwn(g) — w(g)HiIl(Q)
< (V(wn(g) —w(g)), V(wn(g) — w(g))) + % (wn(g) —w(g), wn(g) — w(g))
1

= (V(wn(g) = w(9)), V{Inw(g) — w(g))) +  (wnlg) — w(g), Inw(g) — w(g))
< [IV(wn(g) —w(@)l - [VUIhw(g) —w(g)]l + %Hwh(g) —w(g)ll - [Tnw(g) —w(g)ll

< Jlwa(g) — wg)ll (@) - [Thw(g) — wig)llar(e) + illwh(g) —w(g)llar (o) - Hhw(g) —w(g)l,  (34)

where we have used % > 1 .Then we arrive at

[wr(g) — w(g)ll (o) < Hrw(g) —w(g)ll o) + illfhw(g) —w(g)ll

< 0@) (1t 32 (@)l 35)

where we used the standard interpolation error estimates, which can be derived from ([33], Thm. 3.1.6). To
achieve further estimates on ||w(g) — wn(g)|| L2, we first let ¢ be the solution of

(Vp,Vz) = (w — wp, 2), Vz € HY (), (3.6)
then we have
1 1
X(w —wp, ¢) = X(qu,qu) > 0. (3.7)
We recall that the following equation holds
1
(V(w — wh), Vzh) + X(w — Wy, Zh) =0, Vzp € Zy,. (38)
Let z = w — wy, in (3.6) and zp = ¢ in (3.8), we arrive at

[w — wp|* = (V¢, V(w = wp)) = (VIng, V(w — wp)) — %(Ih@w — wp)

< (V(¢p— Ing),V(w —wp)) — ~(Ing, w — wy) + %(qxw — wp)
)

> =

= (V(6 ~ 148), Vw —wi)) + 5 (6 — It w —
1
< 16 = Tl o = will + 516 = 1] o = wal

1
< Chllllaz - llw —wallar + XCthqﬁllm w = wa
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Lo
< Chllw = wp|l - llw = wrll g2 + S CPZ|lw = wal] - [lw = wll (3.9)

where we have used (3.7) in the first inequality, standard interpolation error estimates (see [[33], Thm. 3.1.6)
in the third inequality and Lemma 2.2 in the last inequality. Then we arrive at

1
lw —wh ]| < C(h+ $h?)[lw — wp ] e

A
1 1
< @+ 317) (h+ 18 lwlo) o
1 1
< cQ) (h2 -5kt vh4> [w(9)llrr2(c)- (3.10)

O

Let (7,0x) and (7 ,,Vx,n) be the solutions of (P,) and (f’,\,h) respectively, then the optimal system of (P )
is:

1 1
(V@A,Vz) + X(y)\,Z) = X(@)\,Z% Vz € H&(Q), (3113)
_ o _
(Vpx, Vz) + X(p,\,z) = (U —vya+ ﬁ(y/\ —Ty),2), Vz€ Hy(Q), (3.11b)
A
v € Vad, (5)\ — Yyt ap)\,v —5)\) >0, Yu € Vg, (3.110)

where p) denotes the adjoint state. And the optimal system of (IND)\JL) is:

1 1
(VY.ns Van) + X(y/\,hazh) = X(@,h,Zh), Vzn € Zp, (3.12a)
1 B a _
(Vorn, Van) + X(p,\,h, zn) = (Ynp — Ya + ﬁ(y)\,h —Uxnh)s 2n), Van € Zn, (3.12b)
_ _ _ A _
Uan € Vad,hs (Oan —Unp + P v = Uan) >0, Vv € Vad,h, (3.12¢)

where py; denotes the adjoint state. Additionally, Let y(v), yn(v), p(v), p"(v) and pu(v) be the
solution of

1

(V3,V2) + 1 (5,2) = 5 (0,2), V= € HA(9), (3.13)
(Vyn, Vzn) + %(yh,zh) = %(v,zh), Vzp € Zn, (3.14)
(V9.2) + 5 (p.2) = (0(0) — ya + < (ylv) —0),2), ¥z € HY(®) (315)
(V9" 9o+ 30" 20) = (9(0) = ya + 55 0(0) = 0).20), Ve € 2 (3.10)
(Vo V2n) + 5 (ons 20) = (0 (0) = ya + 55 0m(0) = 0).20), Ve € 2 (3.17)

respectively, then we have 7, = y(vx), px = p(¥x), Uan = Yn(Oxn); Prxn = Pr(Vxn)- The following corollary
can be easily derived from Lemma 3.2.
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Corollary 3.3. Suppose that Assumption 2.1 is fullfilled. Then there exists a constant C(Q) independent of X
such that the following estimate is valid

1 1
lon(o0) =l < O (124 31+ 35 .15)
In addition
h (= 2 1 3 1 4
Allp™(@x) = pall < Cla, @) { A° + $h* + 55k (3.19)

holds true with a constant C(a, ) independent of .

Proof. By constructions, 7 = yx(T») is also the solution of the state equation in (Py) with uy = 1 (Tx —7,) on
the right hand side, i.e. it solves (2.1) with @) as inhomogeneity. Therefore, Lemma 2.2 yields

[Tallz2(2) < clanll < e

where the optimality of %) guarantees its uniform boundedness w.r.t. A in L?(§2). Together with Lemma 3.2,
this implies (3.18).
Moreover, again due to uy = %(EA —7,), the adjoint state solves

1
—ApZﬂA—yd—Xp—F%ﬂ,\ in €,

p=20 on I,
and hence, again by Lemma 2.2,

Alpallzz (@) < gl + Allyall + alull + [IpAl)

follows with a constant c¢ independent of A\. Thanks to their optimality, @y and ¥, are uniformly bounded in
L?(Q) independent of \. Moreover, consider again an arbitrary sequence \,, tending to zero for n — co. Then,
from [23], we know that the associated sequence of adjoint states converges weakly in L?(f2), giving in turn its
uniform boundedness such that ||px|| < ¢ independent of X. Thus, we obtain A||px||g2(o) < ¢ and consequently,
Lemma 3.2 gives the assertion.

[
Theorem 3.4. Suppose that Assumption 2.1 is fulfilled. Let (§y,0x) and (§y 5, 0an) be the solutions of (15)\)
and (13>\7h) respectively, then there exists a constant C'(a, Q, Anaz) independent of X such that

_ _ _ _ 1 1 1 1
[x = sl + 175 = Tanll i@ < C(03 % Amas) (ﬁh e <h2 bt A;ﬁ))

1s satisfied.

Proof. Because the solution Ty j, of (ﬁ,\,h) is feasible for (f’A), we can insert Ty p in (3.11c), which gives

A _
(Ux —7x + P UxR = vy) > 0. (3.20)
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Let v = II, vy, where II, is the quasi-interpolation operator defined above. Then v is feasible for (f’ An) and we
can insert ¥ in (3.12c¢), which gives

A - _ _ A _
('U)\,h —Uxn Tt PR 0 UA) + (U/\,h —Yan T PR 0N v,\,h> > 0. (3.21)
Adding (3.20) and (3.21) then yields

_ _ A - o _ A _ _
Uxh = Yant+ PR U= TN F O =Oan — Ty —Tap) + a(px —DPxn ), Oan —Ux) > 0.

We can rewrite the inequality above into the following form:
_ _ A I 2 _ o _
0= (@n=Fxn+ oPan 0= 0)= [0 = Oxn 7 +(un(@2) = Tx, 0an = 02)

A A
+a(m —p"(T2), o — Ty) + a(ph(@) — pr(Tx), Ux,p — Tr)

I
A
+@xn — Yn(0A); Uan —Tr) + a(ph(@) — DAy U h — D) - (3.22)

Iz

Let v =Tz p, 2n = DPr(Tr) —Pan € Zp, and v =Ty, 2, = pr(Ta) — Pan € Zp, in (3.14) respectively. Subtracting
the two resulted equalities we get

_ _ _ 1 _ _ _
(VYxn — Vyn(@x), Vor(0x) — Vo) + X(yA,h —yn(0x), Pr(Tx) — Dx1)
1
= X(@,h =, pr(Ux) — Pan)-
Let v ="y, zn =Yy — Yn(0x) € Zp and v =Vxn, 21 = Y — Yn(Ux) € Zp, in (3.17) respectively. Subtracting
the two resulted equalities we arrive at

1
(Vpn(0x) = Voan, VU, — VT,(02)) + X(ph(@\) — Pxhs Unn — Yn(Tr))
— _ « — _ _ _ _ _
= Wn(@x) = Tan + 33 Un() = Tan = O3 +Txk) Tan = Yn(02)-
So we have
1, _ = _ _ o _ _ _ _ _ _
X('Uk,h — 00, Ph(Tn) —Pan) = (Yn(Un) — Yan T ﬁ(yh(”/\) —Yxp—Ux+ UA,h)ayA,h = Yn(Tr))-

Then we can rewrite I in (3.22) as

I = Uy — yn (@A), Ux.n — Ux) + = (Pr(Tx) — Prh, Ua,h — Ua)

a
2
_ L _ L a, L _
= (U — Yn(Ox), Uxn — V) + E(yh(vA) —Yxnt F(yh(vk) ~Uxh = OA +OxR),Tan — Yn(0r))
A2 - _ _ o _
—(1+ E)Hyh(vx) —Tonll? + 2@ n — Yn(Ur), Tan — D). (3.23)
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Similarly let v = vy, 2, = Ty, — Yn(Ux) € Zp, in (3.16) and (3.17) respectively. Subtracting the two resulted
equalities we derive
1
(VP"(0x) = Vpr(r), VU — Vin(Ta)) + X(ph(@) = pr(02): Y — Yn(Vr))

= (y(2) = u(B2) + 15 (4(Tx) = yu(T2). Top = v (T2)).

Let v = Dyp,2n = p"(Ux) — pr(Dy) € Z, and v = Ty, 2, = p"(U)) — pr(Vx) € Z), in (3.14) respectively.
Subtracting the two resulted equalities we have

(VTan — Vyn(®r), VD" (Bx) — Vpu(0))) + i@,\,h — yn(Ux), 0" (V) — pr (V)

= %(m,h — 0, " (Tx) — pr(Dy)).

So we arrive at
S = 022" () — pu@2)) = (4(T) 3 (03) + 5 (y(72) ~ Y (52)), T — 9 (2))

Then we can rewrite I; in (3.22) as

A
I = E(ph(ﬁ,\) — pr(Ur), Ux,p — T)

= o Ox = 9n(O3) + 35 G5 = ya(2)), Tan — yn(02))
= 0+ ) - @) 7~ ) (329

Inserting (3.23) and (3.24) into (3.22), we get

(07

b\ (pr — Ph(ﬁ,\)ﬁ,\,h —Ty)

0 < —|[or = Uanll® + (Yn(Ox) — Ux, Uan — Ua) +
2
-1+ E)(yh(m) = Uanr Yn(0x) = Uan) + 2Ux 0 — Yn(Vx), Drn — Vr)
A2

_ - _ _ A ~
-1+ E)(y/\ = yn(Ox),Yn(Vx) = Uan) + @an — Vo + PV = Ux)

o . L A2
= —[l[ox = Oanll* — 27y — Unhs UA = Oxn) + [Ty — y,\,h||2] - EHZJ)\ - y,\,hH2

_ N . a N _
+ (U — yn(Ur), Uan — ) + 5 (P = p"(Ux),Uan — V)
A2 _ . . = . A -
—(1+ E)(yx ~Uans Yn(Ox) =) + @Oxn — Yy p + PV = Uy)
o e AP
= — A [ax —uxull” - EHy)\ — Tl

A
+ (@ — Yn(U2); ATUxp — ) + Ty —Un) + a(p/\ — p"(U2), A(@a,n — )
_ _ A2 _ o A, -
+ @an —U\) — (1 + E)(yh(w) ~ U Ux — Uan) + a(a%\,h + Dah, U — D).
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So we derive

_ _ _ _ o SR _ - _ _
al[iy =l + 75 —Uanll® < N x = (), T — W) + (pa — p"(Ur), Urp — W)
1 o _ _ o _
+ X(p/\ *Ph(v/\)’yxh = U\) + Wn(@x) =5 Tan — Ua)
1, _ -
+ X(OéU,\,h + DAy U — Tp).

Using Young’s inequality we get
(a = 2k)|[ax — Tanl® + (1 = 2K)[[7y — U ll®
< (4 1) o=@l + (s + o ) Xl - 2" E0)1
+ %Haﬂ)\,h +oanllai@ 10 =oxllz-1@)

with k£ > 0 arbitrary. Then Corollary 3.3 and Lemma 3.1 yield

(o = 2k)[[@n = Tanl® + (1= 2K)|[7x — T ul®

2
1 1 1 1 (3.25)
< C(o,Q Mmaz) | — (A2 4+ <h3+ =kt —h%|.
< C(a, Q, )lkM( +3h 5
Let k = § min(a, 1) to make o — 2k > 0 and 1 — 2k > 0, then we arrive at
_ 1 Lo 1g 1.4
H'LL)\ - U)\vhH S C(a, Q, )\mam) ﬁh + F h + Xh + Fh] . (326)
For |7y — ¥ nllmr, we have Vt > 0,
7, — y)\,h”%{l <C{a(Py = U pn> U — Yu(Wx)) + a(Gy — U > Yn(@x) — Ty )}
=C(Yx — yn(Wr), Ux — Unn) g, 5
+ Cyn(Ux) — Ty +Tx — Unpn Ux — ﬂA,h>H§,H*1
_ _ c,._  _ _ _
<Ctl|yy — yn(@)17n + 7 llax = U nll* + Ctl[gy — yn(@r)l|70
c._ o c,._
+—lws - Unnll? + CtTy — Gl + il D% ,nll®
_ — 2 — — 2 3C — — 2
=2Ct[Gx = yn @)z + CHGN = Fanllz + = lax —aaall’,
which implies
— 2 — — 2 3¢,
(A= COlFx =T nlli < 2CHTx =y (@) + =[x —axnl™ (3.27)

We choose t = % to make 1 — C't > 0, then we derive

175 = Tamllir < CLUTN = ya @) + 2y = T} (3.28)
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We know from standard error estimates that |7y — yn(@n)| g < Ch|[w,||, which together with (3.26) implies

_ _ 1 1 1 1
15, — Tanllim < Clar 2 Amaa) (h +o=ht 5 (m b Ah)) . (3.20)

Since 0 < A< 1,80 h < %h. Then the term h can be abandoned from the formula above and we can get the
assertion.

O

3.2. Error estimate uniform in A

We now derive an error estimate which does not depend on \. Let (9, @x) and (7, p,, Ux,n) denote the solutions
of (Py) and (P, p) respectively, then the optimal system of (Py) is:

(VTy, V2) = (T, 2) Yz € H(Q), (3.30a)
(Vor, V2) = (Uy — Yd — fta + i, 2), V2 € HH(Q), (3.30Db)
oty + px+ Ay — Apg =0 a.e. in (3.30c)
(g, a — AT —Ty) = (16, NTx + Ty — b) =0, (3.30d)
ta(z) >0, pp(z) >0 ae inQ, (3.30e)
a<Auy+7, <b ae in{, (3.30f)

where p) is the adjoint state and p,, pp are Lagrange multipliers associated to the regularized pointwise state
constraints in (Py). Similarly, the optimal system of (P ) is:

(VYxn, Vzn) = (Unn, 2n) Yon € Zp, (3.31a)
(Vpk,h, Vzn) = (ym = Yd — Ma,h T Ub ks zn), Vzn € Zy, (3.31b)
oLy b, + Pah + Ao p — AMig,n =0 ace. in Q, (3.31¢)
(/Ja,h7 a— Ay, — ym) = (,ub,h, AUy p, +Yan — b) =0, (3.31d)
tan(x) >0, ppp(z) >0 ae in €, (3.31e)
a< Nixp+7Pyp<b ae inf, (3.31f)

where pj  is the adjoint state and (4,5, fp,5 are Lagrange multipliers. We consider a sequence of positive real
numbers \;, tending to zero for k — co. We use (Py) to denote the regularized problems associated to A\ and
their solutions are denoted by (7, %) with an adjoint state py and Lagrange multipliers piqr, tpr. To begin
with, we give the following lemma which focuses on the boundedness of the Lagrangian multipliers. Since upper
bound and lower bound exist simultaneously in the problem we consider, the proof of the following lemma
encounter some difficulties compared with the situation with only one bound. However, we utilize the fact that
at least one of the two multipliers is equal to zero and complete the proof.

Lemma 3.5. Under Assumption 1.1, the sequence of Lagrange multipliers {upr} and {pqx} are uniformly
bounded in L*(£2).

Proof. Let u; = min(@,0), up = max(@,0) € L?(€2), then we have u;(x) <0, ug(z) >0 a.e. in Q. Then from
the maximum principle for the state equation, we have (Suq)(z) < b, a < (Suz)(x) V& € Q. So VA > 0, there
exists 71, 7o > 0 such that

Aug(z) + (Sup)(z) <b—m ae. in
a+ 12 < Aug(x) + (Sug)(z) a.e. in Q. (3.32)
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Let Uy, = w1 — Uy, Uk = Uk — Uz, then using (3.32) we arrive at

T + )\kﬂk(ﬂﬂ) + (Sﬂk)(x) —b ()\kﬂlvk(:c) + (Sa17k)($)) a.e. in €,

§ .
To +a — )\kﬂk(m) — (Sﬂk)(l‘) < —()\kﬁ27k(x) + (Sam)(x)) a.e. in €. (3.33)
We multiply the two formulas in (3.33) by ppr and pex respectively, which implies
/ T pprdr < / —()\kﬂl,k + Sal’k)/ibkd(ﬂ a.e. in €,
Q Q

/QTg,uakdac < /Q —(Aplz,i + SUa i) fhardr  a.e. in Q. (3.34)
Since (3.30c) is equivalent to
/Q(aﬂk + G* (Gl — ya + tok — Mak) + Melivk — Meplak)zde =0, Yz € L*(Q). (3.35)
We know that at least one of ppr and pgr is 0. When piqy is 0, let 2 = Uy in (3.35), then we arrive at
/Q ~Oveisp + G ioda = /Q (i + G (Gl — ya))iiypde. (3.36)

When pipg; is 0, let z = Uz, in (3.35), then we get

/ —(Akﬂg,k + Gﬂg,k)uakdx = / —(Oéﬂk + G*(Gﬁk — yd))ﬂzkd:ﬂ (3.37)
Q Q

Together with (3.34), we arrive at

/ ruperdz < (o + [|GI) [l + G lyal) Qs || + 7],
Q (3.38)
/QTzuakdfC < (e + Gl + G llyal) (luz]l + Il

From the optimality of 7y, we know the uniform boundedness of . in L?(Q2). So we know that {upr} and {jiax }
are uniformly bounded in L'(€2). 0O

Similarly to Lemma 3.5, we can prove the uniform boundedness of ||ttax,n 21 (o) and ||por,nllz1 (@) w.rt hy A
by replacing S by S;, and G by Gy,.

Theorem 3.6. Let (3, Ux) and (§y ,Uxn) be the solutions of (Px) and (Px ) respectively, then there exists
some 0 < hg <1 such that

[@x — Tanll + [Tx — Tanllm < Ch5, V0 <h<ho

holds, where n denotes the dimension of Q@ and C' > 0 is a positive constant which is independent of \.

Proof. Subtracting (3.30c) and (3.31c), we get:

Ty —Txn) + (Px — Pan) + Ao — po,n) — Mpta — pa,n) = 0. (3.39)
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Multiplying the formula above by Wy — %y 5, we derive

al[iy — T nll> = (pan — prTx —Txn) — (A(ip — po.n), Ux — Tan)
Jr()‘(,ua - ﬂa,h)aﬂA - ﬁ)\,h)
—(App — po,n), Ux — U n) + (Mfta — fa,n), Ux — Ux,n)

+(p" = paslx = Tan) + (Pak — " A — Tan), (3.40)
where p" is the solution of
(Vp",Vzn) = (s — ya — tta + i, 2n) Yz € Zn, (3.41)
y" is the solution of
(Vy",Vzp) = (Tx, 21) Vzn € Zy. (3.42)

Let z;, = y" — 7y, € Zp, in the formula which we get by subtracting (3.31b) and (3.41), then we arrive at
(V(pan —2"), V(" - Uan)) = @an = Un + Boh — o — fa,n + fas y" - Tan)- (3.43)
Similarly, let zj, = px » — p" € Zj, in the formula which we get by subtracting (3.42) and (3.31a), then we derive
(V" = T0), Vorr — ")) = (@x — Urp, pan — p"). (3.44)
So we can get

(Pa,h —ply — Unn) = Urn — Ty — Ynn) T (o Yrp — y") + (Mb,h»yh ~Yxn)

I II
+ (Har " = To) + (Ban: Uap — ¥") -
II1 2%
For the term I, since U < b— Auy p and pp > 0, we derive
(s o — Y™) < (pp, b — Naxp — y" — b+ Aux + 7)) (3.45)
= (o, A@x —8xn)) + (16,55 — ") (3.46)

For the term 11, because of 7y < b — Auy and 5, > 0, we have

(oo ¥ = Tan) = (osns Ux — Tan) + (o, ¥ — )
< (Mo, b — Nx — Y, — b+ Naan +Tan) + (Lo y" = Uy)
< (o, NTan —@2)) + (oon, Y™ — Ty (3.47)

For the term I11, based on —TYap < —a+ Auy,p, and pg > 0, we arrive at

(s ¥" = Tan) < (Bary" — a4 Mian + a — Mix — 7))
= (fta, N@xp — ) + (Has Y™ — 7)) (3.48)
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For the term IV, following from —%, < —a + Auy and pgq p > 0, we have

(Bahs T — y") = (Bahs Txp = Tn) + (Han, Ux — y")
< (fah Tap — @+ Nax +a— Naxn — Tap) + (Han T — Y")
< (Hans AW = Tan)) + (Han: Ty — ¥")- (3.49)

Inserting (3.45), (3.47), (3.48) and (3.49) into (3.40), we get

al[@y — Tanl® < = (Ao — fo,n),Tx — Tan) + (Ma — fa,n), Tx — Unp)
(" = pr.Tx — ) + Txn — Uns y" - Uan)
(Ao = pto,n), 0\ — T n) — (Ma — Ha,n), Tx — Txn)
+ (oG = ") + (o ¥ = T2) + (Has ¥ =) + (Hans Gn — ")
= —l7x = Tanll® + @rn = Tnoy" =) + " —paun — )

+ (1tp — fioh — fa + fan, Ty — Y™,

+
_|_

which gives
alfix —nll® + 175 — ol
< @an =T ¥ —Ta) + 0" — o, — Uap) + (5 — Bk — Ha + Hans Ty — Y")

1 2 a
2, Yh = 2 Ak 2 X
| +2Hy Ul +a||p PAll + S lEx = Tanll

< 1”% —Uxn
+ [lto = to.n — ta + panlli) - 17x = ¥" L (@)-
Then we arrive at
alfiy = wanll” + 175 — Ganll®
< g —o"I> + %Hp/\ = "I + 2l — ton = pa + panllLie)  1Ux — ¥ L= ()

It is shown in [7] that the following formula holds

lpx = ™12 < 247" (17 = yall® + liall2e + lleliZe) - (3.50)
Through standard finite element error estimates and the fact that ||@y|| is bounded independent of A resulting

from the optimality of uy, we know that [[g, — ¢"[|> < Ch* and ||y, — y"| 1) < Ch* 2. Together with
Lemma 3.5, we have the following estimation for ||[@y — @/,

[@n —aanl? < OO+ ' + R %), (3.51)
which implies [Ty — Wy 4| < Ch!~%. Then as the proof of Theorem 3.4, we can get
G = Uanllar < Clh+h'"7), (3.52)

which gives the assertion.
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In addition, if we assume that )y is uniformly bounded in L*°(2), then from [12] we know that
17— ¥l o=y < CH2|log(B) P[]l = - (3.53)
Then from the proof of Theorem 3.6 we have
[@x —@xnl* < C(h* + h*™™ + h?|log(h)[?), (3.54)

which implies the following corollary.

Corollary 3.7. Assume that the sequence of optimal solutions to (Py) for A 10, denoted by {uy}, is uniformly
bounded in L>(Q), and assume further that the solution of (2.1) satisfies y € W24(Q) for all 1 < q < oo if
u € L*(Q). Then the sequence of solutions of (Pxp), denoted by {Tx pn} satisfies

[G@x — @xpll < Cmax{h|log(h)|,h*"2}, Y0 <h<hg
where n denotes the dimension of Q and C is a constant independent of A\ and h.

3.3. Analysis for error estimates

The main novelty with respect to the error estimates of our paper is that we prove the error order of full
discretization is not inferior to that of variational discretization, which has been stated in detail in introduction.
The overall error consists of two parts: one arising from the regularization and another caused by the dis-
cretization. We know from [36] that for the error resulted from Lavrentiev-regularization, the following theorem
holds

Theorem 3.8. Let (y*,u*) and (§y,uy) be the solutions of (P) and (P)), then the following error estimate
holds

lu* —w| < eV,

where ¢ is a constant independent of .

Combining Theorem 3.8 with Theorem 3.4 and Corollary 3.7, we arrive at the following results for the overall
error.

1 1 1 1
o = maall < O (VRt ot 55 (124 540+ 5nt) ) 359

and
lu* = Tanll < Co (VA+ max{h| log(h)|,h*"#}), (3.56)

where n = 2, 3 denotes the dimension of 2 and C7, Cs are positive constants independent of A and h. As we
said in Introduction, the error order of full discretization is not inferior to that of variational discretization.
It is clear from (3.55) and (3.56) that when A is fixed, both two error estimates decrease as h declines until
reaching a lower bound resulting from term v/}, i.e. Lavrentiev regularization. However, for fixed h, the first error
estimate may decrease also may increase as A declines because term v/A and term %h + % (h2 + %h‘g + %h‘l)
exist simultaneously. While the second error estimate may decline until reaching a lower bound also may
remain unchanged as A decreases. These statements declare that for fixed h, it is not the smaller A the better.
Additionally, both (3.55) and (3.56) give an upper bound for the error, which one is a better estimate also
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depends on the values of C; and C5. So different problems may have various error variation trend. We could
verify the statement above through the numerical experiments in Section 5.

4. HETEROGENEOUS ADMM AND TWO-PHASE STRATEGY

The total error of utilizing numerical methods to solve PDE constrained problem consists of two parts:
discretization error and the error of algorithm for discretized problem. The error order of piecewise linear
finite element method in terms of mesh size is O(h), which makes the discretization error account for the
main part. Thus using heterogeneous ADMM (hADMM), which is a fast and efficient first order algorithm,
to get a solution of moderate precision is sufficient. Heterogeneous ADMM is different from the classical
ADMM, where two different norms are applied in the first two subproblems. However, in order to satisfy
the need for more accurate solution, a two-phase strategy is also presented, in which the PDAS method is
used as a postprocessor of the hADMM algorithm. However, we should emphasize that here the ‘accurate’
refers to the KKT precision of the numerical algorithm but not the error between exact solution and numerical
solution.

To rewrite the discretized problem into a matrix-vector form, we define the following matrices

Np, Np,
K = </ Vo, - Vo; dx> and M, = (/ i - P d:v) , (4.1)
1973 i,j=1 Qn i,j=1

)=

where K} and M}, denote the finite element stiffness matrix and mass matrix respectively. Let

Np,
yan(®) =Y yadi(x) (4.2)
=1

be the nodal projection of y4 onto Z, where yzi = y4(2?). The lump mass matrix W}, is defined by

Np

®i() dx) : (4.3)

i=1

Wp, = diag (
Qp

which is a diagonal matrix. Actually, each principal diagonal element of W), is twice as the counterpart of Mjy,.
For the mass matrix M} and the lump mass matrix W}, the following proposition hold.

Proposition 4.1 ([44], Tab. 1). V z € R¥% | the following inequalities hold:

4 if n=2
2 2 2 )
z < |z < |z where ¢ =

For simplicity, we use the symbol before discretization to denote the column vectors of the coefficients of the

functions with respect to the basis {qﬁl(x)}f\g’l which are discretized above, for example, y = (y1,92, ,yn, )’ €

RNr. Then we can rewrite the problem (P 1) and (P, ;) into a matrix-vector form, which are the actual versions
we apply the hADMM algorithm and PDAS method to respectively

1 a
: J _ = _ 2 e 2
o in n(y,w) = Slly = yallag, + 5 llulla,

s.t.  Kpy = Mpu, (A’A h)
v—Au—y=0,

v € [a, bV
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1 o
inJ = Zly — wqll? — w3
yfé]lélfvh n(y, uw) > ly — yallas, + 5 w2,

/
s.t.  Kpy = Mu, (P'xn)
M+ y € [a,b]V".

In the process of implementation, if a solution with moderate accuracy is sufficient, hADMM algorithm is
applied. In addition, if more accurate solution (‘accurate’ refers to the KKT precision of the numerical algorithm
but not the error between exact solution and numerical solution) is required, a two-phase strategy is employed,
in which the PDAS method is used as a postprocessor of the hADMM algorithm. The following two subsections
focus on the hADMM algorithm and the PDAS method respectively.

4.1. Two ADMM-type algorithms for (Pi\,h)

Since the stiffness matrix K} and the mass matrix M), are symmetric positive definite matrices, we can
rewrite (P ;) into the reduced form

. 1, o
min Ju(y.u) = 1K My~ ally, + Sl

u,vERNR
s.t. v—Au-— Kh_thu =0,

v € [a,b]V".

(RPY, ;)

In order to show the differences between our hADMM and classical ADMM, we give the details of these two
algorithms respectively. First, let us focus on classical ADMM.

4.1.1. Classical ADMM

We can see from the content below that the first subproblem of classical ADMM has to solve a 3 x 3 block
equation system. It can be reduced into a 2 * 2 block equation system, however, it will introduce additional
computation of M, 1 More importantly, classical ADMM algorithm is not mesh independent.

The augmented Lagrangian function of (Rﬁ’/\ p) st

1 _ a _
Lo (0,03 1) = S Muu = yall3s, + 5l + (0 = M= K7 Myu)

o _
+§||v—)\u—Kh LMy u))? + 01, 0)¥n (v), (4.4)

where € RV» is the Lagrange multiplier and ¢ > 0 is a penalty parameter. We give the three main steps at
k-th iteration.

step 1 : ™! = argmin L, (v*, u; u¥)
u
step 2 : v = argmin L, (v, u**1; %)
v
step 3 : pf Tt = pF 4 o (P — AR — R

Now let us give the details about two subproblems with respect to u and v respectively. The first subproblem
is equivalent to the following problem
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. 1 2 o 2 k ok 9 k 2
y7$]11§11vh §||Z/*yd||Mh,+§HU||Mh+(# ) *AU*Z/)JrgHU —Au—yl

s.t. Kpy — Mpu =0,

whose Lagrangian function is
L . _ 1 o 2 g 2 k .k \u — g k u — 2 K - M
1y, wsp) = 5lly = wallig, + 5 lullag, + 50" = du —y) + Sl0" = Au—yl” + (p, Ky — Myu),

where p is the Lagrangian multiplier corresponding to the equality constraint Ky — Mpu = 0. Then the KKT
conditions of (4.5) are

Mi(y = ya) = p* = o(v* = du—y) + Kp'p=0
aMuu — M® — Ao (v® = M —y) — MpTp=0

Khy - Mhu =0
My + ol Mol K,T yktt Mpyq + p* + ook
& Xl  Nol+aM, —M," uktl | = Ak + o) : (4.6)
K — M, 0 phtt 0

The second subproblem is equivalent to the following problem

gﬁg}&h TR N e T z||v — bt gkt 2 .
! ’ .
st. v € [a, b]Nh7

whose object function is a quadratic function, so it has a closed form solution

k
VM =TI, v (Au’““ + P — ’;) . (4.8)

4.1.2. Heterogeneous ADMM (hADMM)

The essential difference between hADMM and classical ADMM is that the former adopts two different
weighted norms in two subproblems in each iteration. It is clear from the content below that the first sub-
problem of hADMM only has to solve a 2 *x 2 block system without any additional computations, which can
be solved by generalized minimal residual (GMRES) with preconditioning matrix, and the second subproblem
has a closed form solution. More importantly, The numerical results in Section 5 indicate that our hADMM
algorithm is mesh independent, while classical ADMM is not. Additionally, to construct the relation between
the continuous problem and discretized problem, proposing hADMM algorithm is a natural idea. Following the
hADMM proposed in [39], we define the weighted augmented Lagrangian function of (RP) ;) as

1 _ o _
Ly (v, u; 1) =§HKh "Myu —yall3s, + §||U||?wh + (v — Au— K7 Mpu) g, (49)
. ) .
+ 5”“ — A — K, Myl )3y, + Ola,5vn (V)

where p € RV# is the Lagrange multiplier and o > 0 is a penalty parameter. Based on (4.9), we give the following
ADMM-type algorithm
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step 1 : uF ! —argmlnL (0", u; k)
step 2 : v**1 = arg min Lo, (v, u*+%; 1iF)
v

step 3 : pF =k + O’(’Uk+1 — AuFtt — ka),

which is a modification of classical ADMM. Now let us give the details about two subproblems with respect to
u and v respectively. The first subproblem is equivalent to the following problem

. 1 2 « 2 k .k T \loyk 2
Sily — 2 —u— S lIlv" = Au—
Jmin - olly = vallag, + g s, + (650" = du = y)a, + Sl = du =yl (4.10)

s.t. Khy—MhUZO,
whose Lagrangian function is
)’ . _ 1 _ 2 9 2 k .k _ A — g k A — 2 K - M
2(y,wsp) = 5lly = yallis, + 5 lullas, + (070" = Xu = y)ar, + Flv" = du =yl + (P, Kny — Myu),

where p is the Lagrangian multiplier corresponding to the equality constraint K,y — Mpu = 0. Since the
smoothness of (4.10), solving it is equivalent to solving the following linear system

(14 o) M, Ao M, KT yktl My, (yq + p* + o)
AoM, (Mo +a)M, —M," ubtt | = AMy(pF 4+ ov®) |, (4.11)
Kh —Mh 0 pk+1 0

from which we derive that

1
k41 k+1 k+1 k k

Then (4.11) could be reduced into the following equation system without any additional calculation.

(1 + ,\2a+a)Mh ,\20+aMh + K}F ] [ yht } [ Myyq + /\QUJFQMh(u + avk) (4.13)

)\20+a My, — Ky, )\201+a M, karl )\2J+a My, ('u +ov )
It is seen that the hADMM only has to solve a 2 *x 2 block equation system in the first subproblem in each
iteration. We should emphasize here that writing the optimality conditions in the form of an antisymmetric
matrix can make it more convenient for the design of the preconditioning matrix and the equation system can
be solved by GMRES with preconditioner. (4.13) can also be written into a symmetric matrix, however, some
of the principle elements of the coefficient matrix will be negative.

Even if applying the modified ADMM, the second subproblem, which is equivalent to the following problem

) X o
min  (p,v — Auftt — ka)Mh + —|lv— APt — k+1||Mh
vERNR 2 (4.14)

st. v€[a, bV

does not have a closed form solution. Utilizing the relationship between M), and W}, we replace the term
Zllo = Mr Tt — 3, by Sllo — AuF Tt —yFHH[R | where W, is the lump mass matrix defined in (4.3). Then
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the second subproblem is transformed to the following optimization problem
. o
min  (uF,0 = M=y ) Sl = Aty
vERNR 2 (415)
st. v € [a, b

whose solution has the following closed form

(4.16)

Wy~ My, uF
’ g

Although this will introduce the computation of W,~ 1 W), is a diagonal matrix, whose inverse will not cost
much computation.
Based on the content above, we give the frame of the hADMM algorithm:

Algorithm 1 Heterogeneous ADMM (hADMM) algorithm for (RPY ;)

Initialization: Give initial point (v0, u%) € RVn x R™Vn and a tolerant parameter 7 > 0. Set k = 0.
k41
b

Step 1 Compute (y uF*+1) through solving the following equation system

I+ 52255 Mn )\20+aMh+KT ye+t 1| Mpya + soorg Ma(n® + ov)
—52Z M), — Ky, Zara M ] { pFt! } B { — sz Mu(p* + ovF)
Compute uk11 as follows
wktl = )\201+ a(pk+1 — Aoyttt 4 A (WF + ovk)).

Step 2 Compute vF11 as follows

1k
S (Auk+1 4yt Wy~ Mpp ) .
’ ) o

Step 3 Compute pF11 as follows

k+1

1 = 1P o (Rl C kL Ry,

Y

Step 4 If a termination criterion is met, Stop; else, set k := k + 1 and go to Step 1.

For the convergence result of the heterogeneous ADMM algorithm, we have the following theorem.

Theorem 4.2. ([/39], Thm. 4.5) Let (y*,u*,v*,p*, u*) be the KKT point of (A'/\JL), {(uF,v*, u*)} is generated
by Algorithm 1 with the associated state {y*} and adjoint state {p*}, then we have

lim {[Ju® —w*[| + [[o* = v*[| + [|[u* = p*||} = 0,
k— o0

lim {[ly* —y*|| + [Ip* — p*[|} = 0.
k—oo

4.2. Primal-Dual Active Set method as postprocessor

As we have said above, the error of utilizing numerical methods to solve PDE constrained problem consists
of two parts: discretization error and the error of algorithm for discretized problem, in which the discretization
error account for the main part. Algorithms of high precision do not make much sense but waste computations
in practice. In general, using hADMM algorithm to get a solution of moderate precision is sufficient. Although
algorithms of high precision are not necessary, we also provide a two-phase strategy to satisfy the requirement
for numerical solution of high precision, in which the PDAS method is used as a postprocessor of the hADMM
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algorithm. The PDAS method was used to solve control constrained elliptic optimal control problem in [4].
In [21], the authors show its relation to semismooth Newton method, which can be used to prove its local
superlinear convergence. We employ the PDAS method to (P’ 1), whose Lagrangian function is:

~

1 «
L(v,us ) = 51y = vallds, + S lullis, + @ Kny — Myu) + (sa, @ = M= y) + (o, A+ y = b),
where g, ty € RN are the Lagrange multipliers. Then the KKT conditions of (P’A,1) are

M (y = ya) + Kjp — pra + i = 0,

aMpu — My p — Mo + Mip = 0,

Kpy — Mpu =0, (4.17)
fa >0, a—=Adu—y<0, (tta,a—Iu—y)=0,

e >0, Mu+y—5b<0, (u, u+y—>b)=0,

which can be equivalently rewritten as

My(y = ya) + Ky p — pra+ pp =0,

aMpu — My p — Miq + Mip = 0,

Kny — Myu =0, (4.18)
min(pg, A +y — a) = ptg + min(0, \u +y —a — pg) =0

min(up, b — Au —y) = pp + min(0,b — Au —y — pp) = 0.

Let = pup — fia, then (4.19) can be reduced into the following 4 * 4 block system

My(y —yq) + Kiip+p=0,
aMuu — MpTp + Ap =0,

(4.19)
Kpy — Mpu =0,
p—max(0, p+ Au+y —b) —min(0, \u+y —a — pu) = 0.
We define the active and inactive sets as
Ao ={i€{1,2,.. . Np}: duy +yi + 1 —a <0}, (4.20)
Apn = {iE {1,27...7Nh} :)\ui+y¢+ui—b>0}, (4.21)
= {1727 ,Nh}\(Aa,hUAb,h) (422)
and note that the following properties hold
Au; +y; =a on Agp, Au;+y; =0 on App, (4.23)

i <0 onAgp, ;>0 onApp, p;=0 onZ.

Let

1 i=jand i€ Aghp, 1 i=jand i € App,
(Ea)ij = (Ep)ij = (4.24)
0 else, 0 else,
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then we can rewrite the optimal system (4.19) into a linear system

My, 0 E, + Ey K}j; Y Mpyq
0 aM, MNE, + Ey) —M," u | 0 (4.25)
E,+E, ME,+E) I—E,—F 0 pw | | EBaa+Epb |- :
Kh —Mh 0 0 P 0

Tt is shown in [4] that whether the two consecutive active sets equal is a termination criterion for the primal-dual
active set method. Following the content above, we give the frame of the PDAS method:

Algorithm 2 Primal-Dual Active Set (PDAS) algorithm for (P’y 5)

Initialization: Choose initial point y°, u°, p° and u® € RVr; Set k = 0.

Step 1 Determine the following subsets of {1,2,..., N} (Active and Inactive sets)
Ak = i€ (1,2, Ny} b +yF +ub —a <0},
Af = i€ {1,2,., N} s Ml +yf + pF — b > 03,
5 = (1,2, NP\ (AR, U AL ).

Step 2 Determine E¥ and E{f through (4.24) and solve the following system

My, 0 Ef + EF KF yhtl Mpyaq
0 aMy, MEF+EF)  —M,T ubtl | 0
EF+EF XEF+EF) I-EF-BEF 0 phtt | 7| Eka+ EFb
K, — My, 0 0 phtl 0

Step 3 If k> 1, A];'zl = A"i , and AI;TLI = A’g j, O a termination criterion is met, Stop; else, set k := k4 1 and go to Step 1.

For the convergence result of the PDAS method, we have the following theorem. For more details, we refer
to [14, 42, 43].

Theorem 4.3. Let (u*,y*) be generated by Algorithm 2, if the initialization (u®,y°) is sufficiently close to the
solution (u*,y*) of (P'x.1), then (u*,y*) converge superlinearly to (u*,y*).

5. NUMERICAL RESULT

In this section, two numerical experiments are considered. All calculations were performed using MATLAB
(R2013a) on a PC with Intel (R) Core (TM) i7-4790K CPU (4.00GHz), whose operation system is 64-bit
Windows 7.0 and RAM is 16.0 GB.

In the hADMM algorithm, the accuracy of a numerical solution is measured by the following residual

na = max{ry, ra, 3, T4, s}, (5.1)
where

1= [|Mn(y — ya) + Knp — Mypl],
ry = |laMpu — Mpp — AMppl|,

3 = |[v —T[qp) (v — Mpp)|,

ra = |[Kpy — Mpull,

s = [lv—Au—yllm,-
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TABLE 1. The L? error ||u} — uy 5| for Example 5.1.

R pY
10°2 10725 10=* 107** 107* 107*® 107® 107°%% 107
25Y2  9.8613 5.2420 4.7054 4.7211 47837 4.8108 4.8215 4.8250 4.8261
25/2 9.6385 4.2513 1.9925 1.5824 1.6055 1.6280 1.6360 1.6385 1.6391
25/2 9.6298 4.2403 1.8113 0.7893 0.5401 0.5360 0.5438 0.5471 0.5484
25/2 95821 4.2302 17991 0.7626 0.3373 0.2073 0.1956 0.1997 0.2019
25¥2 95361 4.1992 1.7624 0.7588 0.3188 0.0767 0.0660 0.0659 -

FIGURE 1. Figure of the desired state y4 on the grid of size h = %‘Gﬁ.

Similarly, in the PDAS method, the accuracy of a numerical solution is measured by

where

1 = [|Mn(y — ya) + Knp + pas |,

ne = maX{%, Y2, V35 74},

2 = ||aMpu — Mpp + Aptas|,
73 = [[Kny — Mpull,

Ya = || ptap — max{0, prap + A+ y — b} — min{0, \u + y — a + prap }||-

Let € be a given accuracy tolerance, then the terminal condition is na (np) < e.
To present the finite element error estimates results, it is convenient to introduce the experimental order of
convergence (EOC), which for some positive error functional E(h) with h > 0 is defined as follows: Given two

27

(5.2)
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14v2 with \ = 1045,

FIGURE 2. Figures of numerical state and control on the grid of size h =

26
(a) Numerical state yy 5 and (b) numerical control uy .

TABLE 2. The EOC for Example 5.1.

h Py
104 1045 10 10755 10-¢
25¥2 15751 1.5632 1.5593 1.5582 1.5580
252 15717 1.6028 1.5890 1.5825 1.5796
252 13677 1.3705 14752 14540 1.4416
25Y2 13947 14344 15674 1.5995 -

grid sizes hy # ho, let

log E(hy) —log E(hs)

EOC :=
log h1 — log ho

It follows from this definition that if E(h) = O(hY) then EOC = «. The error functional E(-) investigated in
the present section is given by

E(h) = ||u* _Uz\,h”LQ(Q)-

In this section, we use two adjacent values of h to compute the EOC.

In both two examples, hADMM algorithm and two-phase strategy are employed to get numerical solutions
of different precision respectively, i.e. the iteration is terminated with different e. Their convergence behavior
are both compared with PDAS method, which is a special semi-smooth Newton method (see [21]). There are
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TABLE 3. The convergence behavior of our hADMM algorithm and PDAS (a special semi-
smooth Newton method) for Example 5.1.

h 4dofs A hADMM  PDAS
Tter 22 16
1074 Residual n 9.08¢—03 8.97e—03
Time/s 1.68 11.48
Tter 22 17
2542 18977 10745 Residual 7 9.33e—03 9.02e—03
Time/s 1.65 12.33
Tter 22 18
10-° Residual 1 9.49¢—03 8.54e—03
Time/s 1.68 13.38
Tter 25 33
10742 Residual n 6.42e—03 7.93e—03
Time/s 32.50 155.19
Tter 25 34
2542 76 353 1075 Residual 7 4.53e—03 7.58¢—03
Time/s 32.80 162.01
Tter 25 34
10752 Residual 7 3.12e—03 9.35e—03
Time/s 32.14 167.03
Tter 28 68
107 Residual n 4.12e-03 4.67e—03
Time/s 214.49 2938.8
Tter 28 70
25v/2 306 305 10755 Residual 7 2.61e—03 8.93e—03
Time/s 214.17 3049.3
Tter 28 72
10~ Residual 7 2.35¢—03 6.72e—03
Time/s 214.52 3148.9

four tables in both two examples. The first one in each example gives the L? error of the control and the
second one shows the convergence order for fixed A through EOC defined above. The last two tables focus on
the convergence behavior, including the times of iteration, residual n and time, of the hADMM algorithm and
the two-phase strategy compared with the PDAS method respectively. In the last two tables, ‘#dofs’ denotes
the dimension of the control variable on each grid level, ‘iter’ represents the times of iteration and ‘residual’
represents the precision n of the numerical algorithm, which is defined above. In Table 4 and Table 8, two sub
columns in the column of ‘two-phase strategy’ record the convergence behavior of two phases, i.e. hADMM and
PDAS, respectively.



30

7Z. CHEN ET AL.

TABLE 4. The convergence behavior of our two-phase strategy and PDAS (a special semi-
smooth Newton method) for Example 5.1.

h #dofs A Two-phase strategy PDAS
(hADMM | PDAS)
Iter 22 |4 19
10~4 Residual n 9.07e—03 | 3.27e—14 3.28e—14
Time/s 4.62 (1.80 | 2.82) 13.64
Iter 225 20
223/5 18977 10745 Residual 7 9.32e—03 | 4.64e—14 4.65e—14
Time/s 5.11 (1.64 | 3.47) 14.46
Iter 225 22
1075 Residual n 9.48¢—03 | 3.12e—14 3.12e—14
Time/s 5.19 (1.65 | 3.54) 16.35
Iter 256 37
10745 Residual 7 6.44e—03 | 8.11e—14 8.1le—14
Time/s 60.92 (33.17 | 27.75) 173.74
Iter 256 38
22;5 76 353 107° Residual n 4.55¢—03 | 8.22e—14 8.23e—14
Time/s 59.78 (33.16 | 26.62) 180.97
Tter 25| 7 40
10752 Residual 7 3.12e—03 | 8.19e—14 8.19e—14
Time/s 64.64 (33.05 | 31.59) 195.93
Tter 28 |8 73
10-° Residual 7 4.12e—03 | 1.43e—13 1.43e—13
Time/s 542.99 (214.55 | 328.44) 31524
Iter 2819 75
222;/5 306 305 10752 Residual n 2.62e—03 | 1.36e—13 1.36e—13
Time/s 580.03 (214.80 | 365.23) 32414
Iter 28 | 10 7
10-¢ Residual n 2.34e—03 | 1.58e—13 1.59e—13
Time/s 615.18 (214.75 | 400.43) 3334.2

Example 5.1. We consider {2 = B;(0) as the test domain and set a = —1, b=1, a = 1073 and o = 11 in the
first example. The desired state is defined by

2 0<r<i,
-2 1<r<2,
0 2<r<25.

ya(r) =

When the exact solution is not known, using numerical solution as relative exact solution is a common

method. For more details, one can see [24]. In our practice implementation, we choose h = 22;;/5 and A = 1076,

When h = 2'2;;/57 the scale of data is 306 305, which results in a large scale discretized problem. When lambda is
too small, the problem will be ill-conditioned and the error will increase on the contrary from the error analysis

in Section 3. Through testing with different lambda, e.g. A = 10755, 1075 and 10~7, we find that A = 1076
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TABLE 5. The L? error ||[u* — uy 5| for Example 5.2.

R A
10~2 10—25 10—3 10735 10~ 10~%5 10-5 10755 10-6
14v2 90358 2.0296 2.0218 2.0256 2.0260 2.0263 2.0264 2.0264 2.0265

25

™)

14v2 7.0136e—1 6.9802e—1 6.9544e—1 6.9136e—1 6.9012e—1 6.8968¢—1 6.8966e—1 6.8963e—1 6.8958e—1

no

14v2 98032 —1 2.5438e—1 2.4976e—1 2.4906e—1 2.4885e—1 2.4880e—1 2.4881le—1 2.488le—1 2.4878e—1

27

142\( 2.1943e—1 9.5802e—2 8.9552e—2 8.8678e—2 8.8670e—2 8.8656e—2 8.8652e—2 8.865le—2 8.8648e—2

)

142‘9/5 1.9627e—1 4.2603e—2 3.8927e—2 3.2657e—2 3.1490e—2 3.1436e—2 3.1418e—2 3.1404e—2 3.1401le—2

TABLE 6. The EOC for Example 5.2.

h A
10-* 10745 10 107%% 107

14v2 15537 1.5548 1.5550 1.5550 1.5552

14v2 14716 1.4709 1.4708 1.4708 1.4708

14v2 14888 1.4887 1.4888 1.4888 1.4887

o7
14v2 14936 1.4958 1.4966 1.4972 1.4973

is an appropriate choice. We give the L? errors ||u} — @y || on grids of different sizes with nine different values
of X from 1072 to 107° in Table 1. As an example, the figures of the desired state y4, the numerical state yy p

and numerical control uy ; on the grid of size h = %@,ﬁ with A = 10745 are displayed in Figures 1 and 2. If a

solution with moderate accuracy is enough, hADMM algorithm is employed and compared with PDAS method.
Both two algorithms are terminated when 74 (np) < 1072 in this case and the corresponding numerical results
are displayed in Table 3. In addition, if more accurate solution is required, we employ the two-phase strategy
and compare it with PDAS method. In this case, both two algorithms are terminated when 1 (np) < 107! and
the numerical results are shown in Table 4.

From Table 1, we can see that for fixed A, the error decreases as h declines at first until it reaches a bound
resulted from regularization. When h is fixed, the error declines as A decreases generally, while the error shows
a rising trend with the last few values of A\. The numerical results in Table 1 declares that for fixed h error may
increase as A decreases, which verify the error estimates in Section 3. Table 2 shows the convergence order for
fixed A. Tables 3 and 4 show that both the hADMM algorithm and the two-phase strategy are much faster than
PDAS method especially when the finite element grid size h is very small. The numerical results in the last
two tables verify the efficiency of the hADMM algorithm and the two-phase strategy. Thus there are reasons
to believe that the efficiency of hADMM and two-phase strategy will be more obvious when the finite element
grid size h gets smaller.

We would like to point out that the number of iteration of both hADMM and PDAS are independent of the
discretization level. First, from Table 3, it is easy to see that when A = 107> the number of iteration of hRADMM
for three discretization levels are 22, 25 and 28 respectively. More importantly, as we know, the Semi-smooth
Newton method is locally superlinearly convergent, so we would like to point out that the mesh independence
of PDAS is also expressed locally. That is to say the number of iteration of PDAS from moderate accuracy to
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F1GURE 3. Figures of exact and numerical state on the grid of size h = 14v2 with A = 1045,

27
(a) Exact state y* and (b) numerical state yy p.

high accuracy (e.g. 1073 to 10713) is independent of the discretization level, which can be embodied by our
numerical results. For Example 5.1, we could subtract the last column of Tables 3 and 4. When A = 107%, the

number of iteration of PDAS for three discretization levels when accuracy improving from 1072 to 10! are 4,
4 and 5 respectively.

Example 5.2. We consider Q = [0, 14]2 as the test domain and set o = 1073, a = —4, b=4, 0 = 0.5 and
define g(z) as

éngr%cos (27rmfg) féx z€10,1),
_(éx?’—F;?cos(ch—g)—x2+<1—$)m—%+$) z €[1,3),
%:ﬂ_,_s%cos(%m:—g)—2a:2+(8—$)m—23—6+% x € [3,4),
2 x € [4,5),
7<%x3+41?cos(2mﬁf%)75m2+<257$)m7%+%) z € [5,6),
g(z) = %1:34—%(:05(27@—%)—79324—(47—#)33—321—0—2—; z €[6,8),
_ <%m3+$c05<2wx—g) — 927 4 <81—$)m—241+%) z€[8,9),
-2 z € [9,10),
%x3+$c05(2wx7g)75x2+ (507$)m7526+2—i2 z € [10,11),
_ (éx?’—kécos (m—g) — 62> + (71—%7r2>x—275+%> € [11,13),
éxs—i—s%cos(%m:—g)—7x2+(98—$>x—¥+% x € [13,14].
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FI1GURE 4. Figures of exact and numerical control on the grid of size h = 14v2 with A = 1045,

27
(a) Exact control v* and (b) numerical control wy p.

Let y*(2) = —g(z1)g(2),
[ 0.Isin(7ay) sin(7rz2) z € (4,5) x (4,5) or z € (9,10) x (9,10),
Ha = 0 else,
{ 0.1sin(mz ) sin(mz2) z € (4,5) x (9,10) or = € (9,10) x (4,5),
My =
0 else,

then from the optimal condition we arrive at

u*(z) = —Ay* = g (21)g(22) + g(21)g (22),
p =—au,
Yo =y + pp — pa + Ap.

The exact solution is known in this example and the L? errors ||u* — %y || on grids of different sizes with nine
different values of A from 1072 to 1076 are given in Table 5. As an example, the figures of exact state y* and

numerical state y n, exact control u* and numerical control uy ; on the grid of size h = 142\7/5 with A = 10745 are
displayed in Figures 3 and 4. As stated in Example 5.1, if a solution with moderate accuracy is sufficient, both
hADMM and PDAS are terminated when 1 (np) < 1072 and the corresponding numerical results are displayed
in Table 7. Moreover, if more accurate solution is required, we employ the two-phase strategy and compare it
with PDAS. Both two algorithms are terminated when 1 (np) < 10~ in this case and the numerical results
are given in Table 8.

Table 5 shows that when A is fixed, the error declines as h decreases until the error is up to a lower bound
caused by the regularization. While for a fixed h, the error declines as A\ decreases. The data in Table 5 verify the
error estimates in Section 3. The last two tables in this example are similar to their counterparts in Example 5.1.
It is easy to see from the numerical results that the hADMM algorithm and the two-phase strategy are faster
than PDAS method especially when the finite element grid size h is very small, which verifies the efficiency of
the hADMM algorithm and the two-phase strategy.
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TABLE 7. The convergence behavior of hADMM and PDAS (a special semi-smooth Newton

method) for Example 5.2.

7Z. CHEN ET AL.

h #dofs A hADMM PDAS
Tter 31 3
107 Residual n 6.84e—04 3.66e—04
Time/s 0.39 1.55
Iter 31 3
142 16129 10745 Residual n 7.06e—04 4.01e—04
Time/s 0.36 1.46
Iter 30 3
107° Residual 7 9.12e—04 4.12e—04
Time/s 0.34 1.44
Tter 30 6
10742 Residual n 9.39e—04 3.18e—04
Time/s 4.01 17.25
Iter 31 6
142 65025 10-° Residual 7 6.48e—04 5.71e—04
Time/s 4.19 16.88
Iter 31 6
1073 Residual n 4.69e—04 3.85e—04
Time/s 4.25 17.21
Tter 30 14
107 Residual n 5.76e—04 2.56e—04
Time/s 80.38 267.73
Iter 30 14
14y2 261121 10755 Residual n 9.10e—04 4.24e—04
Time/s 80.14 264.62
Iter 30 14
10~ Residual 7 9.15e—04 5.37e—04
Time/s 81.23 267.02

Through the numerical results of Example 5.2, we could also see that the number of iteration of both
hADMM and PDAS are independent of the discretization level. First, from Table 7, it is easy to see
that when A = 107° the number of iteration of hADMM for three discretization levels are 30, 31 and 30
respectively. Furthermore, it is well known that the Semi-smooth Newton method is locally superlinearly
convergent, so we would like to point out that the mesh independence of PDAS is also expressed locally.
For Example 5.2, we could subtract the last column of Tables 7 and 8. It is not difficult to see that the
difference is independent of the discretization level. For example, when A = 107°, the number of itera-
tion of PDAS for three discretization levels when accuracy improving from 107* to 10~'2 are 3, 4 and 6
respectively.
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TABLE 8. The convergence behavior of the two-phase strategy and PDAS (a special semi-smooth
Newton method) for Example 5.2.

h #dofs A two-phase strategy PDAS
(hRADMM | PDAS)
Tter 314 6
10~* Residual n 6.84e—04 | 8.64e—14 8.67e—14
Time/s 2.30 (0.36 | 1.94) 2.94
Iter 314 7
14y2 16129 10745 Residual 7 7.06e—04 | 8.69e—14 8.68e—14
Time/s 2.32 (0.37 | 1.95) 3.49
Iter 304 6
1075 Residual n 9.12e—04 | 7.84e—14 7.84e—14
Time/s 2.32 (0.36 | 1.96) 2.97
Tter 30| 6 11
10742 Residual 7 9.39e—04 | 3.58e—13 3.57e—13
Time/s 92.40 (4.81 | 17.59) 32.87
Iter 316 10
142\8/5 65025 1075 Residual n 6.48¢—04 | 2.87e—13 2.87e—13
Time/s 22.18 (4.53 | 17.65) 29.51
Iter 316 10
1072 Residual 7 4.69e—04 | 4.38¢—13 4.37e—13
Time/s 922,50 (4.78 | 17.72) 20.73
Iter 308 20
107° Residual n 5.76e—04 | 7.73e—13 7.73e—13
Time/s 231.48 (80.94 | 150.54) 385.78
Tter 30|38 21
14y2 261121 107 Residual 7 9.10e—04 | 8.33¢e—13 8.34e—13
Time/s 231.88 (80.94 | 150.94) 402.96
Tter 308 22
1076 Residual 9.15e—04 | 9.53e—13 9.53e—13
Time/s 232,51 (80.28 | 152.23)  420.21

6. CONCLUSION

In this paper, state-constrained elliptic control problems are considered, where the Lagrange multipliers
associated to the state constraints are only measure functions. To tackle this difficulty, we utilize Lavrentiev
regularization. After that, the regularized problem is discretized by full finite element discretization, in which
both the state and control are discretized by piecewise linear functions. We derive error analysis of the overall
error resulted from regularization and discretization. To solve the discretized problem efficiently, a heterogeneous
alternating direction method of multipliers (hADMM) is proposed. If more accurate solution is required, a two-
phase strategy is proposed, in which the primal-dual active set (PDAS) method is used as a postprocessor of
the hADMM. Numerical results not only verify the analysis results of error estimate but also show the efficiency
of the proposed algorithm.
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