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DYNAMIC MODELS OF WASSERSTEIN-1-TYPE UNBALANCED
TRANSPORT

BERNHARD SCHMITZER" AND BENEDIKT WIRTH

Abstract. We consider a class of convex optimization problems modelling temporal mass trans-
port and mass change between two given mass distributions (the so-called dynamic formulation of
unbalanced transport), where we focus on those models for which transport costs are proportional to
transport distance. For those models we derive an equivalent, computationally more efficient static
formulation, we perform a detailed analysis of the model optimizers and the associated optimal mass
change and transport, and we examine which static models are generated by a corresponding equivalent
dynamic one. Alongside we discuss thoroughly how the employed model formulations relate to other
formulations found in the literature.
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1. INTRODUCTION

Optimal transport seeks the optimal way of transporting mass from a given initial distribution py to a final
distribution p1, both on some domain {2 C R". In Kantorovich’s classical formulation, the transport is described
by a transport plan or coupling 7, where 7(x, y) is the amount of mass transported from z to y so that, formally,
po =7(-x 2) and p; = 7(2 x -). Among all those couplings, the optimal one minimizes

/ c(z,y)dmr(z,y),
2x82

where ¢(z,y) denotes the cost per mass unit for transport from z to y. Solving the above minimization problem
is computationally very costly due to the high dimensionality of 7. An equivalent convex formulation (originally

for the case c¢(z,y) = ||x — y||?) in much lower dimensions is provided by the celebrated Benamou—Brenier
formula [4], which describes the transport via a material flow on {2 during a time interval [0, 1]. For the special
case ¢(x,y) = ||z — yl|, in which the total transport cost is known as the Wasserstein-1 or W7 distance between

po and p; and in which the transport cost is proportional to the transport distance, one can even eliminate the
time coordinate, reducing the problem dimensionality yet further.
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2 B. SCHMITZER AND B. WIRTH

1.1. Unbalanced optimal transport

In applications that need to quantify how close two mass distributions py and p; are to each other, pure
optimal transport does typically not suffice as a similarity measure since it requires py and p; to have the same
mass. Therefore, optimal transport models have recently been extended to the case of so-called unbalanced
transport, where the masses are allowed to change during the transport. Early proposals for unbalanced transport
problems can be found, for instance, in [3, 14].

A more systematic investigation started from dynamic formulations based on the Benamou—Brenier formula
for the Wasserstein-2 distance by adding a source term to the mass conservation constraint and a suitable
corresponding penalty to the energy functional. In [8, 10, 12] the source penalty was chosen to be the Fisher—
Rao or Hellinger distance, which leads to the Wasserstein-Fisher-Rao (WFR) or Hellinger-Kantorovich (HK)
distance. In [13, 16] variants of the total variation norm are studied as penalties. All models are careful to retain
some form of 1-homogeneity (at least in space) to allow for spatially singular measures.

In [7, 12] equivalent expressions for the WFR/HK distance are derived, based on an extension of the “static”
Kantorovich formulation. In [12] the mass change is modelled by relaxing the exact marginal constraints py =
m(- x £2) and p; = (£ x -) to soft marginal constraints where one penalizes the deviation with suitable entropy
functionals. In [7] transport is described by two so-called semi-couplings (vg,v1) with po = (- x £2) and
p1 = 11(§2 x ). Intuitively, vo(x,y) describes the mass starting out at = with destination y, while v;(z,y) is
the mass arriving in y from x. The Kantorovich functional is adapted suitably. It is shown that for a family of
dynamic unbalanced problems (beyond WFR/HK) one can find corresponding semi-coupling formulations. For
the WFR/HK distance the static formulas given in [7, 12] are related via dualization and a change of variables
([7], Cor. 5.9).

Due to its special structure, unbalanced extensions of the Wasserstein-1 distance have attracted particular
attention. Marginal constraint relaxations of Wasserstein-1 where the deviation of the m-marginals from pg
and p; is penalized by the total variation norm are studied, for instance, in [11, 15]. This is closely related to
the optimal partial transport problem studied in [6]. The article [16] cited above gives essentially a dynamic
reformulation of this distance. It is observed that this extension leads to a modified form of the Kantorovich—
Rubinstein formula. A family of more general unbalanced extensions of this formula (in a certain sense the most
general family) is studied in [21].

Roughly speaking, the above discussion mentions three types of formulations for unbalanced transport prob-
lems: “dynamic” formulations based on the Benamou-Brenier formula, “static” semi-coupling extensions of
the Kantorovich formulation, and unbalanced Wasserstein-1-type extensions of the Kantorovich—-Rubinstein for-
mula. In the following, we refer to these families by the shorthands (Dyn), (SC), and (W1T). via convex duality,
each of these formulations can be expressed in a primal and a dual form, which we denote by a suffix (P) or
(D). (By convention we refer to the measure formulation as primal, even though measures are identified with
the topological dual of continuous functions.)

As discussed, it was observed that various unbalanced transport distances can be expressed in more than
one formulation. In this article we study systematically the correspondence between unbalanced extensions
of the Wasserstein-1 distance in the formulations (Dyn), (SC), and (WIT). A schematic relation between
different (primal and dual) formulations, established correspondences, and new correspondences established in
this article is shown in Figure 1. Precise definitions for all formulas are given throughout the article at the
indicated positions. We return to a more in-depth discussion in Section 4.2, when the technical definitions have
been established.

1.2. Outline and contribution

Restricting to a Wi-type penalization of transport, this article aims at augmenting the picture of unbalanced
transport shown in Figure 1 by several relations. The article is organized as follows.

e Section 2: In Section 2.1 we introduce a family of dynamic unbalanced transport problems, (Dyn), where
the penalty for transport is linear in its distance. This is the Wi-type subset of the more general family of



DYNAMIC MODELS OF WASSERSTEIN-1-TYPE UNBALANCED TRANSPORT 3

Dyn-P SC-P WI1T-P
. R . Semi-Coupling Wi-type Static
ADf}{/namlc I‘Dr‘mial ((Def‘jii [7] Primal (Def. 4.1) Primal (Def. 2.4)
" féo'”w“c’)lwel C;(D P C;} i inf{ [z esc(20, 70, 21,71) dzo dz1 | inf{W1(po, py) + Cs(pp, P}) +
e o (10:71) € (o, p1)} Waloh, o)l (s ph) € Mo ()}
u u < 21
Dyn-D SC-D Z WIT-D
Dynamic Dual (Prop. 2.3) Semi-Coupling S Wi-type Static
sup{ fy 6(1,-) dp1 — [y 6(0.-) dpol | 7[T7]7> Dual (Prop. 4.2) & Dual (Prop. 2.5)
¢ € CH([0,1]xRQ), Vo] <1, sup{ [, adpo+ [, Bdp1l(a, B) € sup{ [ adpo+ [, Bdp1|(a, B) €
(0:¢,¢) € Bp} C()?, (alx), B(y)) € Bselz,y)} Lip(Q)?, (a(x), B(x)) € Bs(z)}
| (Prop. 4.8) :
(Prop. 3.1)

F1GURE 1. Relating different dynamic and static unbalanced transport formulations. A solid
arrow A — B indicates that every problem of class (A) induces a corresponding formulation
in class (B). A dashed link indicates that a correspondence has been established for a subset
of class (A). The dashed link marked with [{] has been established for special cases: balanced
transport for various cost functions, in particular for the Wasserstein-2 distance, is discussed in
[5], the Wasserstein—Fisher-Rao (Hellinger-Kantorovich) distance is treated in [12]. The links
marked with round brackets are established in this article. A more detailed discussion of the
relation between the different formulations is given in Section 4.2.

transport problems studied in [7]. In Section 2.2 on the other hand, we introduce a family of static W1 -type
unbalanced transport problems, (W1T), based on generalizing the Kantorovich-Rubinstein formula. This
is a subset of the family introduced in [21].

Section 3.1: We establish for every (Dyn-D) problem a corresponding (W1T-D) problem such that
the resulting optimal values are identical (Prop. 3.1). This includes explicit relations between feasible
candidates (e.g. Lem. 3.11) and model parameters (Prop. 3.12).

Sections 3.2 and 3.3: We examine the relation between primal optimizers of (W1T-P) and (Dyn-P). For any
optimizer of (W1T-P) we construct in Section 3.2 an optimizer for (Dyn-P) (Prop. 3.15). These dynamic
optimizers exhibit a very particular structure which is characteristic for Wi-type transport problems:
transport only occurs instantaneously at times 0 and 1, while in between only mass growth and shrinkage
take place. In Section 3.3 we give a sufficient condition for the dynamic model which implies that any
optimizer of (Dyn-P) is of this particular form (Cor. 3.21). Essentially, this temporal structure is the
reason for (W1T-P) having a mass change penalty in between two Wasserstein-1 distances (as opposed
to, for instance, a Wasserstein-1 distance between two mass change penalties, studied in [15], which has
no equivalent formulation in (Dyn-P))

Section 3.4: We characterize minimizers of (W1T-P) models concerning the spatial relation between mass
growth, shrinkage, and transport (Prop. 3.29). This provides an intuition of how the unbalanced transport
operates and automatically implies a corresponding characterization of (Dyn-P) model minimizers. In
particular, mass transport can neither occur into a region of previous or subsequent mass decrease nor
out of a region of previous or subsequent mass increase. Moreover, we derive a model-dependent distance
threshold (which may be infinite) beyond which no transport occurs (Prop. 3.31).

Sections 4.1-4.2: We establish the equivalence of (W1T-D) models to corresponding (SC-D) models
(Prop. 4.4). By the above results this implies a correspondence between (Dyn) and (SC) models. Using the
particular Wi-type structure, the relation between the corresponding model parameters is more explicit
than the corresponding result in [7], but it should be noted that the latter covers more general transport
problems.
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e Section 4.3: We characterize precisely, which (W1T-D) models have an equivalent (Dyn-D) model
(Prop. 4.8). In addition we provide corresponding simple sufficient as well as necessary conditions.

e Section 5.1: We perform a detailed analysis of the optimal unbalanced transport between two Dirac masses
(Example 5.1). This provides information on maximum and minimum transport distances as well as on
how the optimal mass changes depend on the previous or subsequent transport.

e Section 5.2: We provide novel examples of (Dyn-D) models by seeking the dynamic formulation of known
(W1T-D) models (Tab. 1). Though most of these induce the same topology on the space of nonnegative
measures (Prop. 5.8), they penalize mass changes differently. We also give a static counterexample for
which no dynamic formulation exists (Rem. 5.7).

1.3. Setting and notation

Throughout the article, 2 denotes the closure of a fixed open bounded connected subset of R™ (note that the
results would also hold for an arbitrary compact metric length space (2). We will interpret {2 as a metric space
with the metric d : 2 x 2 — [0, 00) induced by shortest paths in {2. The Euclidean norm on R™ is indicated by
-

For a metric space X we denote the set of continuous functions f : X — R by C(X) and the space of Lipschitz
continuous functions with Lipschitz constant no larger than 1 by Lip(X) (for X = {2, the Lipschitz constant is
with respect to the metric d). If X has the structure of a differentiable manifold, then C'*(X) denotes the set of
continuously differentiable functions f : X — R. For the analogous function spaces of vector-valued functions
into R™ we write C(X;R"), Lip(X;R"), and C*(X;R").

Now let X be a Borel measurable subset of a Euclidean space. By M, (X) and M(X) we denote the space
of nonnegative and of signed Radon measures (regular countably additive measures) on X, respectively. The
subset of probability measures on X is denoted P(X). Given p,p’ € M(X), we indicate that p is absolutely
continuous with respect to p’ by p < p’, and we denote the corresponding Radon-Nikodym derivative by (fp”,.
Given a measurable subset A C X the restriction of p to A is denoted pL_A. For a measure m € M(X x X) its
two marginals are denoted by Pxm and Pym and are defined for any Borel set A via

Pxn(A)=7(Ax X), Pyr(4)=n(X xA).

Finally, the domain of a function f : X — [—00, 0] is indicated as dom f = {x € X | f(z) ¢ {—o0,0}},
the indicator function of a set A C X is defined as t4(z) =0 if z € A and 14(x) = 0o otherwise, and the
interior of a set A C X is abbreviated as int A. For a normed vector space X we denote its topological dual
by X*. If f:X — [—00,00] is a proper function, then the Legendre-Fenchel conjugate of f is defined as
f*r X* = (—o0,00], f*(y) =sup,ex(®,¥)x,x+» — f(z). For a linear operator A : X — Y we denote its adjoint
by A* : Y* — X*. As usual we identify the topological duals of C(£2,R™) and C([0,1] x £2,R™) with M(£2)"
and M([0,1] x £2)".

2. REMINDER: MODELS FOR UNBALANCED OPTIMAL TRANSPORT

Here we recall different extensions of the classical Wasserstein-1 metric that allow for mass changes during
the mass transport. In particular, we recapitulate the class of dynamic models from [7] as well as a class of static
unbalanced optimal transport models from [21]. Establishing the equivalence of those two model classes belongs
to the main aims of this work. We will use subscripts D and S to indicate dynamic and static formulations
throughout; primal and dual energies are denoted P and D, respectively.

2.1. Dynamic Wj-type models

In the dynamic model formulation we consider a time-varying measure p which moves at a flux w and
simultaneously changes mass at rate . The relation between p, w, and ¢ is described by the following weak
continuity equation.
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Definition 2.1 (Weak continuity equation with source [7], Def. 4.1). For (pg,p1) € M (£2)? denote by
C&(po, p1) the affine subset of M([0, 1] x 2)*+7+1 of triplets of measures (p, w, ¢) satisfying the continuity equa-
tion O;p + V - w = ( in the distributional sense, interpolating between pg and py and satisfying homogeneous
Neumann boundary conditions. More precisely, we require

/[Oyl]m(ataﬁ)dwr/[Oﬁl]m(wb).dw+/[0)1]m¢dg:/ng(l,.)dpl_/{2¢(07.)de (2.1)

for all ¢ € C*([0,1] x £2).

This definition does not require that the map ¢ — p;, which takes ¢ to the corresponding time-disintegration
of p, is (weakly) continuous. Instantaneous movement of mass via w is characteristic for the W; distance and
the unbalanced extensions that we study (cf. Rem. 3.18). A Wasserstein-1 type model for unbalanced transport
now penalizes the flux w via its total variation as well as the mass change ¢ via an infinitesimal cost cp.

Definition 2.2 (Dynamic unbalanced Wi-type model [7], Def. 4.2-3). Let cp : R? — [0,00] be lower semi-
continuous, convex, 1-homogeneous, and let it satisfy

=400 if p<O,
co(p,()4=0  ifp>0,{=0, (2.2)
>0 else.

The associated dynamic cost functional is defined as Pp : M([0,1] x £2)1T+1 — [0, oc],

Pp(p,w, () :/

[0.1]x 82 H%H tep (%7 %) s (23)

where p € M4 ([0,1] x 2) is any measure such that (p,w, () < p. By the 1-homogeneity of || - || and ¢p this
definition does not depend on the choice of p. The corresponding primal dynamic unbalanced W1-type transport
problem for fixed marginals (po, p1) € M, (£2)? reads

WD(p07p1) = inf {PD(paW7C) | (/LU.}?C) € Cg(p07p1)} : (24)

The cost Wp also admits an equivalent dual formulation.

Proposition 2.3 (Dynamic dual problem). For a dynamic problem as in Definition 2.2 let Bp C R? be the
closed convez set characterized by vp, = ¢} . Introduce B = {(«, 8,7) € R | ||| <1, (a,7) € Bp} and
Dp : CY([0,1] x 2) = RU {oo},

f_Q ¢(17 ) dpl - f_Q ¢(07 ) de Zf (at(b(tv LL‘), V(b(t, (E)7 ¢(t7 x)) €B
Dp(¢) = for all (t,x) € [0,1] x £, (2.5)
—00 else.

Then

Wp(po, p1) = sup{Dp(¢) | ¢ € C*([0,1] x 2)}. (2.6)

Furthermore, minimizers of problem (2.4) exist if the infimum is finite.
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Proof. The proof is essentially identical to Theorem 2.1 of [8] and Proposition 4.2 of [7]. Problem (2.6) can be
rewritten as

sup  —F(A¢) - G(—9)

$€C1([0,1]x2)

with
F:C([0,1] x ;R*™ 1) - RU {00}, (a,B,7) = - ! vlalt, @), B(t, x),~(t, @) d(t, z),
G CY([0,1] x 2) = RU {so}, ¢~>/¢> Ydpr - /¢ ) dpo,
A:CH[0,1] x 2) = C([0,1] x 2;RMFHL) & (0,0,V,0).

Note that F' and G are convex and lower semi-continuous. A is linear and bounded. Further, there is some
¢ € C1([0,1] x £2) such that G(—¢) < oo and F is continuous at A ¢: for instance, let (—a,c) € int Bp with
a,c >0 and set ¢(t,z) = cexp(—2t), then t > (0;¢(t,v), #(t,2)) will move along a line from (—a, c) towards
(0,0), which can easily be shown to remain in the interior of Bp (the reader may refer to Lem. 3.2, which will
show this calculation in detail).

Using the above, by virtue of the Fenchel-Rockafellar Theorem ([17], Thm. 3) one obtains

su —F(A¢) — G(—9¢) = min G*(A*(p,w,()) + F*(p,w, (),
et o (Ag) — G(=9) perrert B s (A% (p,w, () (p,w, )

where the minimizer on the right-hand side exists if it is finite. We find

G (A (pw,)) = sup / B dp + / Vo - dw
[0,1]x £2

EC1([0,1]x£2) [0,1]x 2

+/[071]X9¢dg—/9¢(1,~)dp1—I—/qu(o")dpo

which is the indicator function of CE(pg, p1). With Theorem 5 of [18] one obtains F* = Pp. O

2.2. Static Wi-type models

A different class of unbalanced optimal transport models was introduced in [21] of which we here consider
a particular subclass. It is based on an infimal convolution type extension of the Wasserstein-1 distance by a
penalty cg(mg, mq) for changing a mass mg into m;.

Definition 2.4 (Static unbalanced Wi-type model [21], Def. 2.21). A local discrepancy is a function cg : R? —
[0, o0] satisfying the following properties,

(i) c¢s is convex, 1-homogeneous, and lower semi-continuous,
(i) cg(m,m) =0if m € [0,00) and cg(mo,m1) > 0 if mg # mq,
(iii) cg(mo,m1) = 00 if my < 0 or my < 0.

A local discrepancy cg induces a discrepancy Cs : M4 (§2)2 — [0, 00] via

Cston ) = [ es (@), 22(@)) (o) (27)
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where v € M (£2) is any measure with pp, p1 < v (the functional is independent of the particular choice).
Cs measures the cost of changing py into p1 by pointwise mass changes, where each mass change is penalized
according to cs. The associated static cost functional is defined as Ps : M (§2 x £2)% — [0, o0,

Ps(mo, 1) :/

d(z,y) dro(e,y) + Cs(Pymo, Pxi) + / d(z,y) dm (z,y). (2.8)
2x N

02x02

and the corresponding primal static unbalanced W1 -type transport problem reads
Ws(po, p1) = inf { Ps(mo,m1) | (m0,m1) € My (2 x 2), Pxmo = po, Pymi = p1}. (2.9)

The cost Wg also admits an equivalent dual formulation.

Proposition 2.5 (Static dual problem ([21], Cor. 2.32)). For a static problem as in Definition 2.4 let Bs C R?
be the closed conver set characterized by 1py = c%. Introduce Dg : C(£2)? — R U {oo},

Ds(a. §) — {{%j dpo + [o Bdp lflsia, B) € Lip(2)?, (a(z), B(x)) € B for all z € 2, 2.10)
then
Ws(po, p1) = sup {Dg(a7ﬂ) ‘ (o, B) € C(Q)Q} . (2.11)

Furthermore, minimizers of problem (2.9) exist if the infimum is finite. Finally, the sets Bg characterized by
LBy = c§ for some local discrepancy cs are exactly the sets of the form

Bs = {(a,8) €R? : B < hs(—a)} = {(a,8) €R? : a < hg(—p)}, (2.12)

where hg : R — RU{—0c0} (or equivalently hg : R — R U {—o0}) satisfies (we drop the indices)

1. h is concave, upper semi-continuous, and monotonically increasing,
2. h(z) <z for z€eR, h(0) =0,
3. h is differentiable at 0 and h'(0) = 1.

Note that on their respective domains, hg = —E;l(—) and hs = —hg'(—).

3. EQUIVALENCE OF DYNAMIC AND STATIC PROBLEMS

We first show the equivalence between dynamic and static problems in their dual formulations, after which
we shall turn to the primal interpretation.

3.1. Equivalence of optimal values

There are some structural similarities between the dynamic dual problem (2.6) and the static problem (2.11).
If one identifies « = —¢(0,-) and 8 = ¢(1,-), then the finite part of (2.5) corresponds to the finite part of the
objective in (2.10). The constraint |V (¢, x)|| < 1 guarantees that «, 5 € Lip(£2). In this section we show that
the constraint (0;¢(t, x), #(t,x)) € Bp for (t,z) € [0,1] x £2 can be translated into a constraint («(z), 5(z)) € Bg
for 2 € £2 for a suitable choice of Bg, such that problems (2.6) and (2.11) are in fact equivalent.



8 B. SCHMITZER AND B. WIRTH

Proposition 3.1 (Equivalence between dynamic and static problems). Consider the dynamic dual problem
(2.6) and its characterizing set Bp. Set

Bspre = {(=9(0),6(1)) | ¢ € C*([0,1]), (3:6(t), #(t)) € Bp for all t € [0,1]} . (3.1)
Then, by choosing
Bg = Bg,pre + (—00,0]? (3.2)
for the static dual problem (2.11) one finds

Wp(po, p1) = Ws(po, p1)-

The function hg that characterizes Bg as described in Proposition 2.5 will be given in Proposition 3.12. A
direct consequence of the proposition is that also the primal dynamic problem (2.4) is equivalent to a primal
static problem (2.9). Here, the corresponding static mass change penalty cg can be obtained from the dynamic
mass change penalty cp by first calculating the set Bp wvia Proposition 2.3, applying the above proposition to
obtain the set Bg, and finally calculating cg via Proposition 2.5. This will be done explicitly in Proposition 3.13.

The proof is divided into several auxiliary lemmas. The strategy is as follows: the constraints of (2.6) are
(Oro(t,x), p(t,x)) € Bp and [|Vo(t, z)|| < 1forall (t,z) € [0, 1] x £2. Let us ignore the constraint on V¢ for now.
Since py is nonnegative, for fixed ¢(0, -) the function ¢(1,-) in (2.5) will want to be as large as the Bp-constraint
allows. With the identification («, 8) = (—¢(0,-), ¢(1,-)) this yields an upper bound on 3 for fixed o and defines
the set Bg pre. This already implies Wp < Wg. Note that the set Bg pro does not necessarily satisfy the formal
structural assumptions for Bg, as specified by (2.12), which is why some post-processing from the preliminary
Bgspre to Bg is required. We show in the proof of Proposition 3.1, however, that replacing Bg with Bg e
does not change the optimal value of (2.11). From feasible (in the sense of Bg r.) static dual variables (a, )
for (2.10) we then reconstruct a feasible dynamic dual variable ¢ for (2.5) such that ¢(0,-) = —«, ¢(1,-) = 8.
The Lipschitz constraint on («, 8) suffices to imply |[Vé(t, z)|| < 1, thus establishing the converse inequality
Ws < Wp. We now study the dynamic cost c¢p and the corresponding set Bp in more detail.

Lemma 3.2 (Properties of Bp). The set Bp from Proposition 2.3 satisfies

Bp ={(¢,¢) €R*: ¢ <hp(¢)},

where hp : R — RU{—00} is concave, upper semi-continuous, nonpositive, increasing on (—oo, 0] and decreasing
on [0,00) with hp(0) = h'5(0) =0 as well as domhp = [—cp(0,—1),cp(0,1)].

Proof. Since c¢p is one-homogeneous, Bp must be a closed convex set. Due to ¢p(p, ) = oo for p < 0 we have

tBp (P1,¢) = sup Yip+ ¢C —cp(p,¢) < sup Pap + ¢¢ —cp(p,C) = LBy (Y2, d)

p20,¢ p20,¢

for all ¢; < 9 so that (v, ¢) € Bp implies (—oo, %] x {¢} C Bp. Thus there exists a function hp such that
(¥, ¢) € Bp < ¢ < hp(¢). Concavity and upper semi-continuity of hp follow from convexity and closedness of
Bp. Now ¢p(p,0) = 0 for p > 0 implies

LBy (¥, @) = sup Yp+ ¢C —cp(p,¢) =supyp+¢-0—cp(p,0) =
p20,¢ p20

{0 if ¢ <0

oo else

so that hp < 0. Furthermore, ¢, (0,0) = sup, - —cp(p,¢) = 0 so that hp(0) = 0. The monotonicity properties
now follow from hp(0) = 0, hp < 0, and concavity. Next, by the assumptions on ¢p it is its own convex envelope.
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Therefore cp = ¢ and in particular

0 <ep(0,1) =sup{¢ | hp(¢) > —x}, 0<ep(0,—1) =sup{¢ | hp(—¢) > —c0}.

Finally, note that the left and the right derivative of hp in 0 exist due to concavity and are given by the
monotone limits A%, 5(0) = lime o ho (jFE . We show h',(0) = 0 (the other equality follows analogously). For a

contradiction assume the existence of C > 0 such that for all £ > 0 we have (E) < —C. Thus, for any p,( >0
with ¢ < Cp we have

cp(p, Q) =1, (p¢Q)= sup Yp+o(=  sup  Yp+¢(C
¢, ¥<hp(9) $>0,9%<hp($)
< sup  Yp+oC=supg(¢—Cp) =0,
$>0,9p<-C¢ $>0
which contradicts the positivity of ¢p for p,{ > 0. O

For an illustration of the sets Bp and Bg as well as the functions hp and hg see Figure 5

Now we turn to the structure of Bg. As described above, for fixed ¢(0,-) the value of ¢(1,-) will intuitively
try to be as large as the constraint (9;¢, ¢) € Bp allows. So, ignoring regularity, from Lemma 3.2 we infer that
¢(1,x) will be given by the solution to the differential equation 0;¢(t, x) = hp(¢(t, z)) for initial value ¢(0, z).
This upper bound is rigorously established in Lemma 3.4. We first consider the case where the function hp
introduced in Lemma 3.2 satisfies an additional technical assumption. Functions not satisfying this assumption
will be treated via an extra smoothing argument in Lemma 3.6.

Assumption 3.3. Let s = max{z € R|hp(z) = 0}. We assume that hp is differentiable at 5 (left-differentiable
if 3 € 9(dom hp)).

Note that functions hp with § = 0 automatically satisfy Assumption 3.3 due to h';(0) = 0.
Lemma 3.4 (Properties of flow). For s > 0 we define the flow of Bp as Fs : R — [—00, 00),

F,(z) = sup {q’)(s) ’ o€ Cl([O, s]), ¢(0) = z, (0:9(t), ¢(t)) € Bp for t € [0,3]}
=sup {4(s) | ¢ € C([0,5]), 6(0) = 2, B, b(t) < hp(4(t)) for t € [0,5]}, (3.3)

where the supremum of the empty set is —oco. For s = 0 we set Fy(z) = 2z — tdomnp (2). The flow satisfies the
following properties for all s > 0.

(i) If Fs(z) > —o0, the map [0,s] ot — Fi(z) solves the initial value problem

9r9(t) = hp(o(t)) for t € [0, 5], ¢(0) = 2. (3.4)

(ii) If Fs(z) > —o0, then for all t € [0, s] we have Fy(z) > —oo and Fs(z) = Fy(Fs—+(z)), and the map [0, s]
t — Fy(2) is contained in {¢p € C1([0,s]) : (0:p(t),0(t)) € Bp for t € [0, s]}.

(iii) Fs(z) < z

(iv) Fy is strictly increasing on its domain.

(v) Fs is concave.

(vi) For z € domhp N[0,00), Fs(z) > 0 with Fy(z) >0 if z > 0.
(vii) For z € domhp N[0,00) the map [0,00) 3t — Fy(z) is conve.
(viii) Fs is differentiable in 0 with F.(0) =

(iz) Fy is non-expansive on domhp N[0, 00).

(z) Fs is locally Lipschitz differentiable on intdomhp N [0,00) \' 3 with Fi(z) =1 for z <5 and Fl(z) =

% for z > 3. Under Assumption 3.3 it is differentiable on all of int domhp N[0, 00).
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Proof.

(i) We first show that a solution to (3.4) exists when Fy(z) > —oo. We will construct such a solution explicitly.

Let
So =h;'({0}), Sy = (domhpn[0,00))\ Sy, S- = (domhp N (—o0,0])\ Sy

be a partition of domhp into three connected components. If z € Sy the solution to (3.4) is given by
d(t) =z forallt >0.If z€ S US_, let ¥ € C1([0,s]) be a suitable candidate in (3.3). The function 1
must be nonincreasing due to hp < 0. Without loss of generality we may assume that ([0, s]) is contained
in either S; or S_. Indeed, when z € S_, then ¢(¢) < ¢(0) = z must be contained in S_ for all ¢ € [0, s]
as well. On the other hand, when z € S, we may pick ¥(t) =5+ (2 —3) - exp (hz%(?t) where 3 = max Sp.
This is feasible in (3.3) since hp(5) = 0 by upper semi-continuity and hp is concave. Now for y € R
consider the integral

L(y) = Lny;w)dx

This is well-defined and finite when z,y € S; or when z,y € S_. The function I, is strictly decreasing
and thus invertible. Denote its inverse by ¢,. Due to I.(z) = 0 and

A S MO
oo>Iz(w(8))/w(0) @) = ), o) 20

the inverse ¢, is well-defined at least on [0, s]. Furthermore, ¢.(0) = z and

oL(t) = m = hp(6:(1)

so that ¢ = ¢, indeed solves the initial value problem (3.4).

Now let s > 0 and z € R with F,(z) > —oco and denote the solution to (3.4) by ¢,. Since ¢, is feasible
in (3.3), Fs(2) > ¢.(s). To show the reverse inequality, consider a competitor 1 € C*([0, s]) feasible for
(3.3). If z € Sy, then 9(s) < z = ¢.(s) since ¢ is decreasing. If on the other hand z € S; U S_, then as
above we may assume ([0, s]) to be contained in either S or S_. Due to I, (¢.(s)) = s and I, (¢(s)) > s,
the monotonicity of I, implies 1(s) < I71(s) = ¢.(s). Summarizing, Fs(z) < ¢,(s).

This is a direct consequence of (i).

If Fy(z) = —oo this holds trivially. Otherwise, t — F;(z) is nonincreasing on ¢ € [0, s] due to (i) and hp <0
so that Fs(z) < Fy(z) = 2.

This is a standard property of solutions to scalar ordinary differential equations. Indeed, for z € Sy this
follows from F(z) = z, and for 21,20 € S_ U S, with 21 < 29 assume Fy(z1) > Fs(22). Then with the
above notation,

1

Fy(z1) Fo(z2) 1
=1, (F; = ——dz < dzr =1, (Fs =95
=Ly = [ e [ s de = (R =

which yields a contradiction.

Let 21,29 € dom Fy and let ¢, ¢2 be the corresponding solutions to (3.4). For any A € [0,1] let z) =
Az1+(1—=A)-zoand ¢y = A- 1 + (1 — \) - 2. By convexity of Bp one finds that (9:¢x(t), pa(t)) € Bp for
t € [0, s]. Hence ¢, is feasible in (3.3) for Fi(zy) which implies Fs(zx) > ¢a(s) = X Fs(z1) + (1 = A) - Fs(22).
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(vi) The function 1(t) =5+ (2 —35) - exp (hZD_(g) t) from above is feasible in (3.3) so that Fy(z) > (s) > 0 and
P(s) >0if z > 0.
By (i) and (vi), t — Fy(z) is decreasing and nonnegative. Thus, since hp is decreasing on [0,00), the
derivative t — 0;F;(z) = hp(F¢(z)) is increasing.

(viii) We show that the right derivative of Fs in 0 is 1 (the argument for the left derivative is analogous).
If inf Sy > 0 this follows directly from Fs(z) = z on Sp. If inf S; = 0, since Fy is concave its right
derivative in 0 is given by the monotone limit lim.\ g FSE(E)7 which cannot exceed 1 due to Fs(e) < e. For

a contradiction we assume that the right derivative is strictly smaller than 1, that is, there is some C' < 1

with Fs(e) < C - ¢ for all € > 0. Since Fy(e) = ¢.(s) this implies

ce —1)-¢ €
s= L) 2 e = [ dmzwhD(?) - o (€.

Since h'5(0) = 0 the right-hand side diverges to oo as € — 0 which is a contradiction.

(ix) This follows from the concavity and monotonicity of Fy together with F.(0) = 1.

(x) For z € int Sy the statement is trivial. For z € int Sy fix some arbitrary a € S, with a > 2. Then by (i)
we have z = ¢,(la(2)) = F1,(z)(a) and thus by (ii) Fy(2) = Fs(Fr,(»)(a)) = Fr,(z)4s(a) = ¢a(la(2) + 5).
Taking the derivative we find

iy ®.Ia(2) +5)  hp(Fs(z))
B =50 = o)

which is locally Lipschitz on int S since the concave functions hp and Fy are locally Lipschitz on their
domain interiors. Finally, at § = max Sy the left derivative is 1 due to Fy(z) = z on Sp. If 5 € intdom hp,
using Assumption 3.3 one shows that the right derivative is 1 as well in the same way as for (viii).

O

Lemma 3.5 (Inverse flow). On Fy(dom Fy) let FI™ be the inverse of Fy (which is well-defined by Lem. 3.4(iv)).
Let hp : 2z hp(—2) and let Fy be the flow (3.3) associated with hp. Then

FiWV(z) = —F,(—2). (3.5)
Proof. By Lemma 3.4(i) one finds for z € F(dom F;) that z = ¢(s) where ¢ solves the initial value problem
0p(t) = —hp(4(t)) for t € [0,5],  $(0) = F™(2).

Consequently the function ¢(t) = —¢(s — t) solves the initial value problem

0:9(t) = hp(=4(t) = hp(4(1)) for t € [0,s],  §(0) = —=,

so that FI™(z) = ¢(0) = —p(s) = —Fy(—2). O

Relation (3.5) allows to translate results of Lemma 3.4 to Fi"V. Throughout this section we will use that
arguments involving F can be applied to Fi"V in an analogous way.

The flow F; will be crucial in constructing feasible candidates for the dynamic dual problem (2.6). For this we
need differentiability of F on domhp N[0, 00) which requires the additional Assumption 3.3 (see Lem. 3.4(x)).

Since this assumption may not always hold we will have to approximate hp by a suitable sequence of functions.
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Lemma 3.6 (Approximation of hp). Assume that hp does not satisfy Assumption 3.3, that is, 0 < § €
int(dom hp) and the right derivative h',(3) of hp at S is finite but strictly negative, h',(3) = —C < 0 for
some C > 0. Then for e € (0,5/2] the function

hp(z) if2<5—¢
hpe(z) = —2%(2 —5+¢)? ifz€[3—¢,79
hp z)—% ifz>3s

possesses the same properties from Lemma 3.2 as hp and satisfies Assumption 3.3. In addition, the set

Bp:={(,0) €R* | Y < hp(9)}

satisfies (1 —¢/3) - Bp C Bp.. C Bp.

Proof. The properties of h$, are straightforward to check. Moreover, since h%,(z) < hp(z) one finds Bf, C Bp.
It remains to show A - Bp C Bf, for A = (1 —¢/3) € [1/2,1) or equivalently hp(z/\) < h%(2)/A for z € R.
This holds true for z € (—o00,5 — €] since h5,(z) = hp(z) is nondecreasing and concave on this interval. For
z € [§ — ¢,3] = [)3, 3] one finds

A (z/X—3)2

hp(z/2) £ =C- (/A =38) < ~C———

= h5H(2)/

Finally, for z € domhp = domh%,, z > 5 one has

hp(z)
A

“[hp(2) + (1 = A) - (hp(5) -5 = hp(5))]

hp(z/N) < hp(z)+hp(z) - (L/A=1) 2=

+(1/A=1) - (hp(2) -z — hp(2))

< '[hD(Z)_C'd»

1!
R

> =

where we have used that z — h',(2) - z — hp(z) is decreasing for z > 0. For z # domhp the statement is
trivial. O

Remark 3.7 (Approximation of hp). If hp(—-) does not satisfy Assumption 3.3, then with the same argument
we can find some hp . possessing the same properties from Lemma 3.2 as hp such that hp(—-) satisfies
Assumption 3.3 and (1 +¢/s) - Bp C Bp. C Bp for s = minh,'({0}). Likewise, if neither hp(—-) nor hp
satisfy Assumption 3.3, then we can construct hp . possessing the same properties from Lemma 3.2 as hp as
well as Assumption 3.3 for hp . and hp(—-) and (1 — Ce) - Bp C Bp . C Bp for some fixed C' > 0.

We can now use the flows Iy and Fli“" to reconstruct for suitable («, 8) € Bgs pre a corresponding candidate
function ¢ in (3.1) with ¢(0) = —a, ¢(1) = 8 (Lem. 3.9). This allows a more explicit description of the set Bg pre
via Fy (Prop. 3.10), which we will later need to analyse the transition from Bg pre t0 Bs = Bg pre + (—00,0]? in
Proposition 3.1. Then, in Lemma 3.11 we establish that for (a, 8) € C*(£2) NLip(£2) with (a(z), B(x)) € Bs pre
for all = € (2, applying for each z € (2 the interpolation of Lemma 3.9 yields a dynamic dual feasible candidate ¢
for (2.6) with ¢(0,-) = —a, ¢(1,-) = 5. The main ingredient of this interpolation are the two auxiliary functions
examined in the next lemma, which are careful combinations of the flow functions. With these preliminaries in
place we can then provide the proof of Proposition 3.1.
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Lemma 3.8. We introduce the two auxiliary functions

Fi(z)—t- - Fi(z) if z >0,
if z=0,
1—-1t)-2 if z <0,

g:[0,1] x domhp > (t,2) —

-z if z >0,
if 2z=0,
Fiv(z) — (1 —t)- Fi™vv(z) if 2 <0,

o T~ O

g™ :[0,1] x domhp > (t,2) —

These have the following properties:

(i) g and g™ are continuous and differentiable in t.

(i) 9(0,2) = 2, g(1,2) = 0, g™ (0,2) =0, g™ (1,2) = z.
(iii) Under Assumption 3.3 for hp and hp(—-) (see Rem. 8.7) g and g™ are differentiable in .
(iv) Under the same assumptions, 0,g(t,z) € [0,1 —t] and 0,g™(t,2) € [0,1].

Proof. We prove the statements for g. All arguments for g™ work in full analogy by using Lemma 3.5.

(i) By virtue of Lemma 3.4(iii) and (vi) we have dom F; D domhp N [0,00). Therefore, domg = [0, 1] x
dom hp. Since F;(0) = 0 and F; is continuous on its domain, g is continuous in z = 0 and on all of dom hp
for all ¢ € [0, 1]. Finally, differentiability of g in ¢ for z < 0 is trivial, for z > 0 it is provided by Lemma
3.4(i).

(ii) This follows immediately from the definition, using the convention Fy(z) = z on domhp (Lem. 3.4).

(iii) With Assumption 3.3, due to Lemma 3.4(viii) and (x) g is differentiable in z for z # 0, and the one-sided
derivatives coincide in z = 0.

(iv) For z < 0 the result is clear. The derivative 0, F(z) for z > 0 is given by Lemma 3.4(x). For z € (0, 3]
(see Assumption 3.3) we have 0, Fs(z) = 1 so that the result is also established. Now fix some z > 3§ (thus

hp(z) < 0). Then 0,9(t, z) = k(Fi(z)) — t - k(F1(2)) with k(y) = Zgg; For y > 0, since hp is negative,
concave, and decreasing for positive arguments, k is positive, convex, and increasing. The map ¢ — F}(z)
is convex and decreasing by Lemma 3.4(i) and (vii). Therefore, k(F;(z)) > k(F1(2)) > t-k(F1(z)) and thus
9.9(t, z) > 0. In addition, the composition ¢ — k(F;(z)) is convex and thus k(F3(2)) < (1 —t) - k(Fo(2)) +
t-k(F1(2)) so that 0,g(t,2) < (1 —1t)-k(z) = (1 —1).

O
Lemma 3.9. For (o, 8) € R? with (—«,8) € (dom hp)? and B < Fi(—a) the function

bap [0,1] = R, e g(t,—a) + g™ (¢, ) (3.6)

satisfies o = —¢a,6(0), B = ¢a,5(1), da,p € CH([0,1]), and (rda,s(t), $a,s(t)) € Bp fort € [0,1].

Proof. The first three properties follow directly from Lemma 3.8. It remains to show 0,04 5(t) < hp(da,5(t))
for all t € [0,1]. If & < 0 < 3, then by Lemma 3.4(i)

01¢a,5(t) = hp(Fi(=a)) + f — Fi(=a) < hp(Fi(=a)) < hp(Fi(=a) + 1(8 - Fi(=a))) = hp(¢a,p(t)),

where we used that hp is monotonously decreasing for positive arguments. The result follows analogously for
B <0 < a using Lemma 3.5. Due to Fi(—a) < —« (Lem. 3.4(iii)) one cannot have «, 5 > 0 so that it remains
to consider the case o, 3 < 0. Note first that ¢, : t — g(t, —a) = Fi(—a) — t Fi(—a) and ¢g : t — gV (¢, 8) =
F™.(B) — (1 — t) FI™(B) both satisfy d;¢ < hp(¢) by the same argument as above. Furthermore one has
d5(t) <0 < ¢o(t) by Lemma 3.8(iv) and g(t,0) = g™ (¢,0) = 0 and thus ¢ 5(t) € [ps(t), pa(t)]. Now due to
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its concavity, hp attains its minimum on the interval [¢g(t), ¢o(t)] at the interval boundary so that with the
negativity of hp we obtain

O1¢a.,5(t) < hp(dp(t)) + hp(da(t)) < min{hp(ds(t)), ho(da(t))}
= min{hp(2) [z € [p5(t), ¢a(t)]} < hD(Pa,5(t))-

O
The previous result allows a more explicit description of the set Bg pre from (3.1).
Proposition 3.10. The set Bgpre can be characterized by
BS,prc = {(avﬂ) € R2 | (7066) € (doth)z, 6 S Fl(fa)}7
BS,pre = {(aaﬁ) S R2 | (_04;6) S (doth)27 B S E(—O&)} B
where I, is the concave upper semi-continuous hull of Fy which is given by
Fi(2) if z € int dom Fi,
Fi(z) = { sup Fi(dom F}) if z = supdom F}, (3.9)

inf F1(dom Fy) if z = inf dom F.

Note that inf F} (dom F) = inf dom hp.

Proof. (3.1) C (3.7): For (a, 3) € (3.1) by definition (—«, 3) € (domhp)? and there is a feasible candidate ¢
in (3.3) for Fy(—a) with ¢(0) = —a and ¢(1) = 3, thus Fi(—a) > 5.
(3.7) C (38.1): For (v, B) € (3.7) the function ¢, g constructed in Lemma 3.9 establishes that («a, 5) € (3.1).
Since F} is concave it is continuous on its domain. Hence, I only differs at the extreme points of the domain,
and the values at those points follow from the monotonicity of Fj. O

For (a, ) € C*(2) N Lip(2) with (a(x),8(z)) € Bspre for all z € £2, the interpolation of Lemma 3.9 at
each point x € 2 yields a function ¢ € C1([0,1] x £2) such that (9;¢(t, ), d(t,z)) € Bp for all (¢,z). In the
following Lemma we show that this pointwise interpolation also satisfies | V(¢, z)|| < 1 so that ¢ is feasible for
the dynamic dual problem. This is a crucial part of proving Ws(pg, p1) < Wp(po, p1) in Proposition 3.1.

Lemma 3.11 (Construction of feasible dynamic dual candidates). Assume hp and hp = hp(—-) satisfy
Assumption 3.5. Let a, 3 € C1(£2) N Lip(§2) with (a(z), B(z)) € Bs pre for all x € 2. For given (a,b) € Bs pre
let ¢qp be the corresponding function (3.6). Then ¢ : [0,1] x 2 — R,

¢(t’ $) = d)a(a:),ﬁ(at) (t) = g(t, —Oz(lL')) + ginv(t, 5(x))7

satisfies ¢ € C1([0,1] x 2), $(0,) = —a and 6(1,) = B, [Vo(z,t)| < 1 and (D6(t,), 6(t,x)) € Bp for all
(t,x) € [0,1] x £2.

Proof. By virtue of (3.7) (a(z), 8(z)) satisfy the requirements of Lemma 3.9 for all z € 2 so ¢ and 0;¢ are
well-defined with (Op¢(¢, ), ¢(t,z)) € Bp at each point (¢,z). With Assumption 3.3 for hp and hp(—-) the
function ¢ is differentiable in space with [|[V¢(t, z)|| <1 (Lem. 3.8(iii) and (iv)). O

Proof of Proposition 5.1. Wp(po, p1) < Ws(po,p1): Let ¢ € C1([0,1] x 2) with Dp(¢) > —oo (if no such ¢
exists, the inequality is trivial). Set « = —¢(0, ), 8 = &(1,-). Clearly, «, § € Lip(£2) and (a(z), 8(z)) € Bg for
all z € 2. Hence, Dg(«, 8) = Dp(¢).
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Wb (po, p1) > Ws(po, p1): First we show that Bg from (3.2) can be replaced by Bg pre and subsequently
Bgs pre in (2.10) without changing the value of (2.11).

Let appin = —supdom Fy = —supdom hp and By, = inf dom FI* = inf dom hp. Further, let (a, 3) be static
dual feasible with Dp(«, 8) > —oo for the set (3.2). Using the characterization (3.8) of Bg pre, we deduce that
for every x € (2 the condition (a(z), 8(z)) € Bs (as defined in (3.2)) implies that there are some (u,v) € [0, 00)?

such that (—a(x) —u, B(x) +v) € dom hp and

B(z) < B(z) +v < Fi(—a(z) — u).

Since —a(z) —u < min{—a(x), —amin} and Fy is monotonically increasing on domhp this implies f(z) <
Fi(—a(z)) if —a(z) € domhp and S(z) < Fi(—aumin) otherwise. Now consider

d(.’t) = max{amim OA(IE)}, ﬂ(l’) = max{ﬂmina B(x)}

Then & and f still lie in Lip(£2), they majorize o and 8, and (&(x), f(z)) € Bg pre for all z € 2. Thus replacing
Bgs by Bg pre in (2.10) does not change the value of (2.11). Further, note that A- Bg pre C Bs pre for all A € (0, 1)
(since Fy is concave and Fiy(0) = 0, see Lem. 3.4). Let (A,)52, be a sequence in (0,1) with lim, o Ay = 1.
Then for any (&, §) € Lip(§2)? with (&(x), 3(z)) € Bg.pre for all z € 2, the sequence (A, - (&, 5))5%, in Lip(£2)?
lies pointwise in Bg pre. Since {2 is compact the sequence converges uniformly to (&, B) and so the integral of

An - (&, §) with respect to pg and p; converges to the one of (&, 5). Hence, using Bg pr. instead of Bg yields the
same supremum.

Next we show that in (2.11) we may even restrict to (o, 3) € C1(£2)2. Indeed, given a,3 € Lip(§2) with
(o), B(x)) € Bg,pre for all z € £2, let

as=(1—8)a—0M, Bs=(1-08)B—6M

for M = min(|cumin|, |Bminl)/2, 6 € (0,1), then also as, 85 € Lip(£2). By convexity of Bg pre and since [-2M, 0]? C
B pre one finds (as(x), Bs(x)) + [—0M,5M]* = (1 = §) - (a(x), B(x)) + 6 - [-2M,0]> C Bg pre for all z € 2. By
the density of C'(£2) N Lip(§2) in Lip(§2) with respect to uniform convergence due to Proposition 7.5 there
exist ds, 35 € C1(2) N Lip(2) with |as — as|, |85 — Bs| < M and thus (as(x), Bs5(x)) € Bgpre for all z € £2.
Furthermore, as § — 0 we have (a5, 8s) — (o, ) uniformly so that Dg(&s, f5) — Ds(a, 8). Hence the value of
(2.11) does not change if we restrict additionally to (a, 3) € C1(£2).

Now let (o, ) € [C1(£2) N Lip(2)]? with (a(z),B(x)) € Bspre for all z € 2. If hp and hp(—-) satisfy
Assumption 3.3 then we can directly use Lemma 3.11 to construct a ¢ € C*([0,1] x 2) with Dp(¢) = Ds(a, B3)
and thus establish equivalence. Otherwise we will now construct a sequence (¢;)32; with ¢; € C 1([0,1] x £2) such
that lim; o Dp(¢;) = Ds(a, B). Let ¢; > 0 be a sequence converging to zero as j — oo and set A; = 1 —Ce¢; for
C from Remark 3.7. Let F ; (and Fs‘nj") be the flow (and its inverse) of the smoothed set Bp ., from Remark 3.7
and let Bg pre,c, be the corresponding set induced via (3.1) or (3.7). Set (aj, 8;) = A;j - (a, B) € [C*(£2)NLip(£2)]?,
then (a;(x), Bj(x)) € Bg for all & € (2. Hence, since A\; — 1 and {2 is compact, (a;, 5;) = (o, 8) uniformly and
thus Dg(cy, 8j) = Ds(a, ). As \j- Bp C Bp,, one has \;j - Bs,pre C Bs pre,e;, and so (a;(x), Bj(x)) € Bs pre,e,
for all = € {2. Therefore, the function ¢;, constructed from F ; and F, ;nj" via Lemma 3.11 for Bg pre.c;, satisfies
Dp(¢;) = Ds(aj, B;). O
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Proposition 3.12. The function hg corresponding to Bs as given by (3.2) is given by

Fi(2) if z € int dom F},
sup Fi(dom Fy) if z > supdom Fy,
inf Fy(dom Fy)  if z = inf dom Fy,

—00 if z < inf dom F1,

hs(z) =

where Fy is the flow of Bp at time t = 1, as defined in Lemma 3.4.

Proof. This follows from (3.2) and Proposition 3.10. The properties required for hg in Proposition 2.5 follow
from Lemma 3.4: hg is increasing and concave by virtue of (iv) and (v), hg is continuous on int dom F; by
concavity of Fy and upper semi-continuous on R by construction due to monotonicity of Fj, and hg(z) < z
follows from (iii) and hs(0) = 0, h’s(0) = 1 from (viii). O

3.2. Dynamic primal optimizers from static primal optimizers

The equivalence of the dynamic and static models has been established in Proposition 3.1 via equivalence
of their dual formulations. In this section we clarify the primal interpretation. Proposition 3.13 provides the
relation between the dynamic and the static mass change penalties ¢cp and cg from the primal formulations
Definitions 2.2 and 2.4. Based on this, Proposition 3.15 shows how to construct optimzers of the primal dynamic
problem (2.4) from optimizers of the primal static problem (2.9).

Proposition 3.13 (Relation between dynamic and static mass change penalties). For a dynamic unbalanced
transport problem (2.4) with mass change penalty cp, the mass change penalty cs of the equivalent static problem
(2.9) is given by

1
cs(mg,my) = min{/ cD(g—z, %)du ' (p,C) € CSS(mo,ml)}, (3.10)
0
where p is any measure in M4 ([0, 1]) with p, ( < p and

1 1
C&s‘(mo,mo—{<p,<>eM<[0,u>2 [ @draos [ oac=mi-o)=ma- 000 forazweclqo,m}.

If (3.10) is finite, it admits a minimizer.

The set CES(mgp, m1) encodes a weak “single point continuity equation” with no transport and only growth,
in analogy to Definition 2.1. Thus ¢g represents the minimum cost of a time trajectory (p,() € CES(mg, m1)
along which mass change is penalized by cp.

Proof. By Proposition 2.5 we have (g, = c§ and thus

cs(mo,m1) = sup {mo - a +m1 - B — tps(a, B)}
=sup {mi - ¢(1) — mo - (0) | ¢ € C'([0,1]), (8:(t), #(t)) € Bp for all t € [0,1]},
where we have used the relation (3.2) between the sets Bg and Bp from Proposition 3.1. The right-hand side

is essentially a variant of the dynamic unbalanced transport problem (2.6) without transport, so what follows
is a variant of the proof of Proposition 2.3. Abbreviating

G(¢) =my1- (1) —mg - ¢(0), F(0o,0) = /0 1By (0:d(t), () dt,  Ap = (0o, 9),
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we just repeat the arguments from the proof of Proposition 2.3 to obtain

cs(mo,my) = sup{—F (A¢) — G(— ‘ RS Cl([Ov 1])}
= min {F*(p >+G*<A*<p,o> | (p.C) € M([0,1))%},

where G*(A*(paC)) = LCES(mO,ml)(p7 C) and F* pv fo CD gl dic d/‘ due to tp, = cp. O

In order to construct an optimal triple (p,w, () for the dynamic problem (2.4) from an optimal pair (g, m1)
for the static problem (2.9), we first introduce two basic building blocks, a pure mass flow between two points
and a pure mass change at a single point.

Definition 3.14 (Singular mass flow and change). For given x,y € {2 denote a shortest path between them by
Pzy ¢ [0,1] = 2 with p, ,(0) = z and p, (1) = y. By the singular mass flow from x to y we denote the measure
Wa,y € M(£2)" defined via

/ b g,y = / Doy (1)) - Py (1) dt
N [0,1]

for all ¢ € C(£2;R™). By the singular mass change from mg > 0 to m; > 0 we denote a pair
(p[mo,m1], {[mo, m1]) € M([0,1])? which minimizes (3.10).

Proposition 3.15 (Construction of dynamic optimizers from static optimizers). Let (7, 1) be a pair of optimal
couplings in (2.9), abbreviate pjy = Py g, p} = Px 71, and pick v € M (£2) such that p}, p} < 7. For z € 2
let (p [dpo (z), %(z)} C[‘i{;" (z), dd—‘;l(:c)]) € M([0,1])? be the singular mass change from Definition 3.1/ between

dpg dpy.

mo = 3 (x) and my = F-(x). An optimal triple (p,w,() in (2.4) is obtained by

/[ow‘ﬁdp //Wwdﬂ L (@), (@) (=),
/[Ol]xnw dw_/w dwo+/w - dwn

with [ 6.y dsn= [ [ 0 Qi) =01
/[o,l]m vde= /Q/ 6(t,2) dC [ (x), Y ()] (D (@)

for all ¢ € C([0,1] x £2) and ¥ € C([0,1] x 2;R™).

Remark 3.16 (Non-uniqueness of minimizers). Note that the dynamic minimizers (p,w, ¢) constructed above
are not necessarily unique (the static minimizers (7o, 71) need not be unique either). For instance, if no mass
changes occur, the transport can also be performed over an extended interval in time. Vice versa, mass changes
may sometimes also occur instantaneously. In the particular case cg(mg, m1) = |mg —my| for min{mg, m,} > 0,
which corresponds to ¢p(p, () = || for p > 0, mass changes and transport may both happen during arbitrary
subintervals or even time points of [0, 1], leading to a large degenerate set of minimizers. In Section 3.3 we give
sufficient conditions for cg such that all dynamic optimizers are of the above form.
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Proof. We first show (p,w,() € CE(po, p1). Indeed, first note that for ¢ € C'(2) we have [, Ve - dw,, =
f[o 1 Vo (pay(t)) - Pey(t)dt = @(y) — p(z). Therefore, for ¢ € C1([0,1] x £2) we have

/[ou V- dw = /QXQ/ Vé(0,-) - dw,, ,dmo(z, y) /QXQ/ Vo(l Wy ydm (7, y)
-/ MQW—MQ@&M%M+/‘ 6(1,y) — 6(1,2) dmy (2, )
02x 02

02x02

- / 6(0,-) (gl — po) — / 6(1,) (g — pr).
0 N

In addition, due to (p[mg, m1], {[mo, m1]) € CES(mg, m1) for (mg,my) € [0,00)? we obtain

/[0 1]><Q(8t¢)dp+/[0 ”m¢dg
/U 90(t ) dp [ 2) /wwdc <>,f3';’1<x>]<t>]dv<x>
:AV@@fm> Wm)“ WM@=AMMNM—AMmm%

which implies (p,w, ) € CE(po, p1)-
Next we calculate the cost Pp(p,w, () from (2.3). Let us abbreviate

C={peC(0,1] x 2;R"™) | [[(t,2)|| <1 forall (t,x) €[0,1] x 2},

and let us denote the total variation norm of w by [lwllat(o,1x2)» = Sup,cz f[o 1)x0 ¥ - dw, then we have

/[ 192l dp = [l ango iy = sup /Q ) / (i Dy (£)) - By (1) b (2, )
X 2 X

0,1] PpeC ;—o

1 1
<3 /Q y / ey (0)]| dtdms () = /Q | dwg)dmofay) + /Q dwg)dm (@)

For the growth term, by optimality of (p[%(x), dd’i/l ()] ,([%(m), %(x)]) in (3.10), we get

dpj

1 dp[ 22 () %(x)] dC[%(JS) %(z)]
dp d¢ _ dy ' dy dy > dy
c du’ du d _/ / ¢ ) dﬂw d’}/ €z
/[o 1x 0 b (d“ d“) : ol " dps dpy (@)

— /Q s (%2 (@), 925 () do(a) = Cs(ph ).

Here, {13}z with p, € M ([0,1]) is a family of measures such that p[dpo (x), %(m)] , C[i—’;{’(x), %(x)] < g,

and p is chosen as [i o ¢du = [, fo é(t, ) dpg (t)dy(x) for all ¢ € C([0,1] x £2). Therefore, Pp(p,w,() <
Ps(mg,m) = Ws(po,pl) but Ws(po, p1) = Wp(po,p1) < Pp(p,w,() by Proposition 3.1. Hence the triple
(p,w, ¢) minimizes (2.4). O

Remark 3.17 (Beckmann’s problem). The W; distance on convex subsets 2 C R™ can be rewritten as a
minimization problem of a cost for mass flows, also known as Beckmann’s problem. The measures w; constructed
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in Proposition 3.15 are the canonical cost minimizing flows corresponding to the optimal transport plans 7;,
and one has Wi (p;, p;) = |lwil| pme)» (for more details see [20], Thm. 4.6).

Remark 3.18 (Interpretation of dynamic optimizers). The interpretation of the dynamic minimizer (p,w, ()
constructed in Proposition 3.15 is as follows. At time ¢ = 0 mass is instantaneously transported from pg to pf, as
encoded in g or rather wg. Then, throughout the interval [0, 1] the mass distribution py is gradually transformed
into p} via simultaneous mass change throughout {2. Finally, at t = 1 mass is instantaneously transported from p}
to p1, as encoded in 7; and w;. The temporal concentration of the transport into instantaneous shifts is possible
since the transport part of the cost, (p,w,() = |lw||a1(j0,1]x 2)», i 1-homogeneous in w. This is different, for
instance, from the Benamou—Brenier formula [4] which is a dynamic formulation of the W5 distance, or from
the Wasserstein—Fisher—Rao distance [§].

3.3. A necessary condition for dynamic primal optimizers

In the previous section we have constructed primal dynamic optimizers from static optimizers. In this section
we show that under suitable assumptions on the dynamic mass change cost ¢p any dynamic optimizer is of this
form.

Proposition 3.19 (Instantaneous mass transport). Assume hp(z) <0 for z #0 (hp determines the set Bp
via Lemma 8.2, and Bp characterizes cp via Proposition 2.3). If (p,w,() € CE(po, p1) is a dynamic primal
optimizer of Wp(po, p1) in (2.4), then |w|((0,1) x £2) =0, that is, mass transport only happens instantaneously
at ttme 0 and 1.

Remark 3.20 (Interpretation of assumption). Assumption hp(z) < 0 for z # 0 is equivalent to ¢ — ¢p(1,()
being differentiable with derivative 0 at ¢ = 0. A prototypical counterexample is ¢p(p, () = |(] for p > 0, see
Remark 3.16.

Proof. With Proposition 2.3 and Lemma 3.2 we obtain
en(1,¢) = v, (1,¢) = sup{hp(9) + ¢ ¢[¢ € dom(hp)} = (—hp)*(C)-
If hp(z) < 0 for all z # 0, then by concavity and upper semicontinuity of hp we have
z=0 & 0€9(-hp)(z) < ze€dep(l,-)](0)

so that d[cp(1,-)] = {0}. A similar argument works for the reverse implication. O

Corollary 3.21 (Structure of dynamic primal optimizers). Under the above assumption on hp, any dynamic
primal optimizer can be constructed from a static primal optimizer as in Proposition 3.15.

Sketch of proof. By Proposition 3.19 a dynamic primal optimal w must have the form dy ® wy + 91 ® wy for
some wp,w; € M(2)™. Using the continuity equation (2.1) one can show that these have weak divergences
00,01 € M(£2), that is, [, Vydw; = — [, do; for i = 0,1 and all ¥ € CL(£2), and that (p,0,¢) € CE(py =
po — 00, Py = p1 + 01). Using arguments similar to those of the following section it is easy to show that p|
and p} are nonnegative (if p{, were negative at some point, ¢ must have a compensating singular positive
component at ¢ = 0 which implies that mass is first created and then transported by wg, which cannot be
optimal). By optimality, wy and w; must then be optimal flows for Wi (p;, p;) in Beckmann’s formulation,
corresponding to optimal couplings 7; (¢f. Rem. 3.17). Similarly, (p,{) must be pointwise optimizers for (3.10)
in Proposition 3.13. O

Proposition 3.19 is proven via a primal-dual argument. On a formal level the primal-dual optimality conditions
for the dynamic problems require that ||Vé(t,2)|| = 1 on the support of w and that the gradient of ¢ is aligned
with the orientation of w. Essentially, we show that |Ve(¢,z)|| < 1 for ¢t € (0,1) and sufficiently “many” x € 2
for “optimal” ¢. The remaining x € (2 are shown to be harmless via the continuity equation. However, in general
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no dynamic dual optimizers exist in C1([0,1] x §2), and thus the argument has to be made via a maximizing
sequence, for which a more explicit bound on the gradient is required. This bound is established wvia some
auxiliary lemmas in Proposition 3.22. The duality argument is then made rigorous at the end of the section.

Proposition 3.22 (Lipschitz bound for constructed dynamic dual candidates). The feasible dynamic dual
candidates constructed in Lemma 3.11 satisfy

Vo, 2) <1 —t(1 =) - [K(-a(z)) + K(=5(z))]

for some function K with K(z) =0 for z <0 and K strictly positive and increasing for z > 0.
The proof is distributed over several auxiliary lemmas.

Lemma 3.23. Let f:[0,1] = R be convex and decreasing with concave derivative f':[0,1] — R. Then
Ft) < g(t) forg(t)=(L—t) fO)+tf(1)—t(1-t)K

with K = f'(1) — f(1) + f(0) >0
Proof. The convexity of f implies f(0) > f(1) — f/(1) and thus K > 0. Moreover, the concavity of f’ implies

F) = £(0) = [y F(Hdt > [yl = 1) f/(0) + ¢ f/(V)]dt = 3(f'(0) + f'(1)) so that 2(f(1) — £(0)) = f'(1) = £'(0).
Therefore, ¢'(0) = f(1) — f(0) — K > f'(0) and ¢'(1) = f'(1). Now by concavity of f' and thus also of f' — ¢’
there must be some ¢y € [0, 1] such that

f'(s)—g'(s) <0onsel0,t)] and f'(s)—g'(s)>0onse ty,1].

Together with ¢(0) = f(0) and g(1) = f(1) this implies g(s) > f(s) for s € [0,1]. O
Lemma 3.24. If hp(z) < 0 for z > 0 then there is an increasing function K : dom(hp) N [0,00) — [0, 00),
K(z) > 0 for z > 0 such that for z € dom(hp) N [0,00) one has

F(z)<(Q—-t)z+tFi(z) —t(1—1t)K(z).

Proof. Let z > 0. The map ¢t — Fi(z) is convex and decreasing by Lemma 3.4(i) and (vii). Furthermore, the
map t — 0 Fi(z) = hp(Fi(z)) is a composition of a concave decreasing function with a convex function and thus
concave. Therefore, we can apply Lemma 3.23 to obtain an upper bound on F(z), t € [0, 1], with coefficient

K(2) = 0iFi(2) = Fu(2) + Fol2) = hp(Fi() = Fi(2) + 2 = 2 [1 + file) (hfﬁg” _ 1” .

Let us abbreviate c¢(z) = %@(f))l > 0 and note that by the properties of hp from Lemma 3.2 we have
hp(z) < —c¢(z)z for all z > Fy(z). Thus, by Lemma 3.4(i) and Fi(z) > Fi(z) for ¢t € [0, 1], we have 0;F;(z) =
hp(Fi(2)) < —c(2)Fi(z). Using Fy(z) = z, Gronwall’s inequality now implies Fy(z) < zexp(—c(z)t) and thus
F17(Z) < exp(—c(z)). Summarizing, we obtain

K(2) > K(z) for K(z) = z[1 + exp(—c(2)) (—¢(z) — 1)]

so that, for ¢ € [0, 1],

F(2)<(1—t) Fo(2) +tFi(2) =t (1 =) K(2) < (1 —t) 2+t Fy(2) — t (1 — £) K (2).
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Note that ¢(0) = 0, ¢(z) > 0 for z > 0, and that ¢ is increasing by concavity of hp and monotonicity of Fy. It
is then straightforward to check that K is increasing and strictly positive for z > 0. O
Lemma 3.25. Let f:[0,00) — R be conver and increasing with f(0) =0. Let x >y >0, t € [0,1], and § > 0
such that (1 —t)x +ty— 396 >y. Then

F(A=tz+ty—0) <1 —1t) f(a) +t f(y) — d12.

Proof. Since z=(1—t)x+ty— 4 € [y, x], we can bound f(z) from above by the secant between (y, f(y)) and
(z, f(x)). This can be written as

Fz) < (U= 1) f(@) + 1 f(y) - $LE=1W.

Since f is convex and increasing, the slope %ﬁ(y) of this secant is not smaller than the secant slope @
between (0, f(0)) and (x, f(x)). O

Proof of Proposition 3.22. For z > 0 we find for g as defined in Lemma 3.8.

_ hp(Fi(z)) _ ho(Fi(2))
8zg(taz) - DhD(Z) —t DhD(Z) )

where we used the formula for the derivative of the flow from Lemma 3.4(x). Let K be the function appearing
in Lemma 3.24. Then for ¢ € [0, 1] we get

Fi(z) SF(z) < (1—t)z+tFi(z) -6

where § = ¢t (1 — t) K(z). The function z +— Z’; g; is convex and increasing and 0 for z = 0. Therefore, by
Lemma 3.25 we obtain

hp(Fi(2)) < hp((1—t)z+tFi(z) —0)
hD(Z) - hD(Z)

hp(Fi(2))
hD(Z)

<(1—t)+t —t(1—t)K(2)

so that 0,g(t,2) < (1 —1t) —t(1 —1t) K(z) for z > 0. By extending K(z) = 0 for z < 0 this bound is true for
all z € domhp and also holds in absolute value due to Lemma 3.8(iv), |0,g9(t,2)] < (1 —¢) —t(1 —t) K(2).
Note that Assumption 3.3 is satisfied due to s = 0. In complete analogy we can show existence of an increasing
function K with K(z) > 0 for z > 0 such that [0,9"™(t,2)| <t —t (1 —t) K(—2) for t € [0,1]. From now on

denote by K the pointwise minimum of the two functions, which is still increasing in z with K (z) > 0 for z > 0.
The result then follows from ¢(¢, ) = g(t, —a(z)) + g™ (¢, B(z)) and «, B € Lip(§2). O

Proof of Proposition 3.19. Let ¢ be feasible for the dynamic dual problem (2.6), set « = —¢(0,-), 8 = ¢(1,-)
and finally ¢(t, z) = g(t, —a(z)) + ¢"™ (¢, B(x)), as constructed in Lemma 3.11. Then ¢ has the same score as ¢.
Therefore, without loss of generality, we may in the following restrict the dynamic dual problem to candidates
of the form constructed in Lemma 3.11.

Let (p,w, () be a minimizer of the dynamic primal problem (2.4) and let (¢x)ren be a maximizing sequence
of the dynamic dual problem (2.6). Using the notation from the proof of Proposition 2.3 this implies that

By the Fenchel-Young inequality one has F*(p,w,() + F(Adr) — f[o 10 Ak d(p,w,() > 0 and
G*(A*(p,w,()) + G(—dr) + f[o 1]xQA¢k d(p,w,() > 0, therefore the above implies F*(p,w,() + F(Ady) —
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f[o 1]XQA¢k d(p,w,() \y 0 as k — oo. Further, due to the Wi-structure of the problem, F' and F* separate
into an w-related part and a (p, ¢)-related part,

F*(p, 0, )+ F(Ady) - / A d(p,w, )

[0,1]x 2

- <|w|<[o,11 X 0)+ /[ (T ) /[ . kadw)

+</ oo ($.8) dut [ im@onondea) - [ dsdp- [ ¢>kdc>,
[0,1]x £2 [0,1]x 2 [0,1]x £2 [0,1]x 2

where g is any measure with p > p,(, |w| € M4 (§2) denotes the total variation measure, and B (0) the
closed unit ball in R™. Both terms in parentheses are nonnegative due to the Fenchel-Young inequality and
thus converge to zero from above separately. Since the ¢ are admissible, we thus obtain |w|([0,1] x 2) —

f[O,l]xQ V(bkdw \ 0.

Let v = dI  be the local orientation of w and recall that [lv]| = 1 |w|-almost everywhere. Then |w|([0, 1] x £2) —
f[O,l]xQ Vo dw = f[O,l]xQ( — (Vg,v)) d|w|, where the integrand is non-negative |w|-almost everywhere since
IVoi|l < 1. For arbitrary § > 0 let now & be such that |w|([0, 1] x £2) — f[O,l]xQ Vor dw < 0 and set o« = — ¢ (0, -),

B=¢(1,-). Let € € (0, §5), set T. = [/z,1 — /2] and introduce the following subsets of [0, 1] x £2:

{t,z) € T. x 2]]a(x)| > € or |B(z)| > €},

{tz) € (Te x 2)\ S1| = Va(z) -v(t,r) < (1—¢) or VB(x) - v(t,z) < (1 -¢)},
= (T. x 2)\ ($1U S2),

([2vE, 1 = 2V/E] x 2)\ (51U Sy),

(

[0,1] x £2)\ (81 USyUSs) = ([0,1] \ T.) x £2.

We now estimate the mass of |w| on the sets Si, Sz, and S3. Note that ¢ (1—t) > € for t € T. so that |V (t, z)| <
1 —eK(e) for (t,x) € S; by Proposition 3.22. Therefore

52 [ el dlel 2 e K(e) lel(S0).
S
Using ¢r, = g(t, —a(z)) + ¢"™ (¢, 8(z)) and Lemma 3.8(iv) one finds V¢ -v <1 — ¢ on Sy and so
5> / (1= Vg -v)dlw| > & w](S).
Sa

Let now he : [0,1] — [0,1] be a smooth cutoff function with h.(¢t) = 0 for ¢t € [0,/e] U [1 — v/&,1], he(t) =1 on
t € [2y/e,1—2y/e] and |hL(t)| < % for t € [0,1]. Further, let g. : R — [—2¢, 2¢] be a smooth increasing function
with g.(z) = 2z for z € [—¢,¢] and ¢g.(z) € [0, 1]. Set V. (t,x) = h.(t) - g-(—a(z)). We observe

et o)l <26, [IVee(t2)ll S 1, |Oe(t,z)| < 4v/e
for (¢,2) € ]0,1] x £ and

Vipe(t,z) - v(t,x) >0 for (¢t,x) € Ss, —Va(z) v(t,z) > (1 —e) for (t,z) € Ss,
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Vi (t,2) = —Va(z) for (t,z) € S, Ye(t,x) =0 for (t,xz) € Sy.

We therefore obtain

/ngwsdw—égv¢s~vdw|z/ ~Vavdl 2 [ (1= dle] = (1 - ul(S).

Ss S3

Choosing the test function v, in the continuity equation (2.1) we also find

[ ovede= [ vedv—- [ owdp- [ g
S1US2US3 [O,I}XQ [O,I]XQ [071]><.Q

Together with the above bounds on |w|(S1) and |w|(S2) this implies

-l < [ Voedw== [ awdp- [ vedc- [ Ve
S3 [0,1]x £2 [0,1]x §2 S1US>2

< 4VElpl([0,1] x 2) +22[¢[([0,1] x £2) + || (S1 U S5)
< 4VEpl([0, 1] x £2) + 26[¢[([0,1] x 2) + 25 + 2

and thus

wl(83) < 22 (4\@0\([0, 1) % )+ 26¢([0,1] x ) + 25 + g) ,

Now we send § and ¢ jointly to 0 in a way such that E%@ +2 — 0. Note that then |w|([2y/E,1—2V/z] x 2) <

|w|(S1 U Sy U S3) — 0, which implies |w|([7,1 — 7] x £2) = 0 for all 7 > 0. By inner regularity of Radon measures
this implies w((0,1) x £2) = 0. O

3.4. Characterization of static and dynamic primal optimal solutions

In Proposition 3.26, Corollary 3.28, and Proposition 3.29 we will characterize minimizers my and 7; of
the static primal formulation (2.9) in more detail. By the two previous sections, this immediately implies a
characterization also of optimizers for the dynamic primal formulation (2.4). Our characterization concerns the
possible support of the couplings 7wy and 7.

Proposition 3.26 (Necessary optimality condition I for static primal). Let (mwg,71) be a feasible candidate in
(2.9). Denote py = Pymo, pj = Pxm1, choose some v € M4 (£2) with po, p1,ph, pi <K 7y, and set

0, = {xe Q‘%@(I) < ffj(x)}, 0= {J;E Q’%(az) > %(x)}, 0_ =0\ (2. UQ).
Clearly, £21 and £2_ are well-defined up to y-negligible (and thus p{, p}-negligible) sets. If (mo, 1) are minimizers
of (2.9), then

/ d(z,y)dmo(z,y) =0 and d(x,y) dm(z,y) = 0. (3.11)
2x$2_ 24 x82

2, and 2_ are the areas where mass is grown or shrunk in the intermediate Cg-term in (2.8). The above
proposition states that in an optimal arrangement or during the optimal dynamics mass is not transported after
it has been increased and not transported prior to being decreased.
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e
X

FiGURE 2. Illustration of Proposition 3.26. For pairwise disjoint zg,x1, 2, Yo, y1 € {2 consider
initial and final measure py = ag - 6z, + @1 - 0z, and py = bg - 0y, + b1 - 6y, With ap +a1 < bo+ b1
(in particular, there is zero mass located at z, o, y; initially). Left: Masses a; are transported
from z; to intermediate point z by the coupling my. The mass in z is then increased from
aop + a1 to by + by with the Cg term. Finally, masses b; are transported to y; by the coupling
71. (See (2.8) for the various terms.) Right: The cost of the left configuration can always be
improved by transporting mass directly from z; to y; in suitable fractions via the coupling o,
then increasing mass at final points y; appropriately, and performing no more transport via 1.
(See Example 3.27 for details.)

aj -

Example 3.27. The intuition behind Proposition 3.26 is illustrated in Figure 2. For the left configuration the
combined cost (2.8) for transport and growth is 23:0 a; - d(x;, 2) + es(ao + a1, bo + b1) + Z}:o b; - d(z,y;). For
the configuration on the right it is ZZ =0 @i boibl ~d(z4,y5) + Z;:O cs(b; %OIZI b;). By using ag + a1 < by + b1,
z # y; and the triangle inequality one finds for the transport costs

1
b.
> a1 € gl o)+ e )

i,j=0 1,j=0

1
a +a
= Za, ~d(xi, 2 bz n bll ij ~d(z,y;) < Zai ~d(zy, z) + ij ~d(z, ).
i=0 '

Moreover, by 1-homogeneity of cg one obtains

1

ch(b](ll?gizll b, ) 5(a0+a1,bo+b1).
=0

Thus, the second configuration has a strictly lower cost. Analogously, if ag + a; were strictly smaller than by + by
and x; # z, the left configuration can be strictly improved by letting the first coupling 7y perform no transport
at all, then decreasing masses at x; and finally transporting the decreased masses to the points y; in appropriate
fractions wvia .

Proof of Proposition 3.26. The strategy of the proof is as follows: for any feasible candidate (mg, 1) that does
not satisfy condition (3.11) we will construct a new candidate (7o, 71) with a strictly better cost. To this end,
Example 3.27 is generalized to arbitrary configurations.

(Step i) First we construct the improved candidate. Let the family {m ,}.c be the disintegration of mg
with respect to its second marginal Pymg = pf, (see for instance [2], Thm. 5.3.1). This means g , € P(2) for



DYNAMIC MODELS OF WASSERSTEIN-1-TYPE UNBALANCED TRANSPORT 25

po-a.e. z € £2 and, for any measurable ¢ : 2 — [0, 00],

fypttm= [, otere amoato| e

Intuitively, 7o , describes the distribution of mass before transport that arrives at z according to the transport
plan 7. It corresponds to the normalized coefficients a;/(ag + a1) in Example 3.27. Similarly, let {m1 ,}.c be
the disintegration of m; according to its first marginal Pxm; = p} such that

We now modify 7y and m; as follows: All mass that is transported by g into £2_ (and then after a mass decrease
is further transported by 1) will no longer be moved by 7y and will instead be transported by 7; directly from
its original to its final position. Likewise, all mass that is transported by mg into {24 (and then after a mass
increase is further transported by 1) will no longer be moved by 7; but will instead be transported by 7
directly from its original to its final position. In detail, we set #; = &; + + 7;,— + ;= for ¢ € {0,1}, where
we define the measures 7; 4,7 —, ;= € M4 (2 x 2) for i € {0,1} by how they act on measurable functions
¢ : 22 — [0, 00], using the above disintegrations,

/Q o = /ﬂ + [ /ﬂ ol dwO,z@)dm,z(y)} dph (=),
/ Gdis s = / 6y, y) dm (2,),

2x 82 24 x8

/anqﬁdﬁ'ov_ :/QX(L o(x, ) dmo(z, 2),

[ eano=[ [ | olen)dmto) dm,z<y>} a5, (2),

/ ¢dfro,::/ ¢ dro,
02x 80 02X 02—

/ ¢d7?(17::/ (bd’/Tl.
2% 2_x12

The measure 7y 4 corresponds to the coefficients aibOijbl in Example 3.27. 7; 4 is supported on the diagonal
which indicates that these particles do not move in the second transport term. 7; _ are the appropriate coun-
terparts when mass is decreased and 7; — are the corresponding parts of the original couplings in areas where
the amount of mass is not changed. One can readily verify Px@y = Pxmo = pg and Py, = Pym = p1.

(Step ii) Now we assume that (7, m1) do not satisfy (3.11) and then show that the transport costs implied
by (7o, 71) are strictly smaller than those of (mg, 7). By definition we find

/Q )i (r9) = /Q ) dny) /Q o) dio (1) =

/Q dlay)din () = /Q iy dm @) /Q dla)di () =0
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Now assume fQ+X9 d(z,y)dm(z,y) > 0. Then

/anddﬁo’Jr B /Q+ {/and(x’y) dro,: (z) dﬁlaz(y)} dpp(2)
< /Q+ UQ d(z, 2) dwo,z(ﬂc)-i-/gd(z,y) d7r17z(y)] dpl(2)

</ ddw0+/ ddm;.
QXQ+ .Q+><.Q

The first inequality is obtained using d(z,y) < d(x, z) + d(z,y) for any z € 2. The strictness of the second

inequality follows from %(2) < (il—‘:;l(z) for z € £2; and the assumption f9+ w0 d(z,y)dmi(z,y) > 0. Analogously

one shows that [, , d(z,y)dmo(z,y) >0 implies [, ,ddm,_ < [, , ddmo+ [, . ,ddr. Consequently,
by assumption

/ ddfro—&-/ ddmy </ dd7ro+/ ddmy.
2x0 2x0 2x0 2x0

(Step iii) Let p{, = Py#o, p} = Px71. We now show Cs(pg, 1) < Cs(pp, pi), which together with the
previous step implies that (7, 71) has a strictly smaller cost. Let

ﬁa,x = Py#o, and ﬁ’l,x = Pxi1,, for xe{+ —. =},

such that

pi= > pi, for ie{0,1}.
x€{+,—=}

Since {24, 2_,2_} is a partition of {2, one has
CS(P{)a pll) = Cs(pé)l—QJrapllLQJF) + CS(PE)'—Q,7P/1|—Q,) + CS(p6LQ=7P/1LQ=)a

and by joint subadditivity of C's in its two arguments

Cs(po A1) < Y CsBhyfhy):
x€{+,—,=}

One finds g _ = p;Lqo_, i € {0,1} and thus Cs(pplo_,pilo_) = Cs(py —, p1 —)- In the following let 7., €

M (2 x §2) be defined by
f,.potm= [ ] seninaw]ae.

where we combine the disintegration {7 ,},en with a different marginal v (as chosen in the statement of the
result). Let ¥ = Py m, (note that by construction v = Pxn.,) and let {my , }ye be the disintegration of 7., with
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respect to the second marginal, that is

/QXQ ddmy = /Q [/Q 9(2:9) d”w(z)] dy(y).

Now consider

where the inequality is due to Jensen’s inequality and oy and o1 € M, (£2) are defined for ¢ € {0,1} by

= d—p;z Ty (2 Y(y).
d)dai—/n Vm 1y (2) dmy )] o(y) d3(y)

02

One finds

[oan=[ [ o) et am )] o) = [ + [ stwam.)] asico
= [ otz

and therefore oo = pj . Similarly one finds oy = g} , and thus Cs(pplo,,pilq,) > Cs(f) ., 01 4 ). With
analogous arguments one shows Cs(pyL_,piLn_) > Cs(py _,p1,—) and thus Cs(p, p1) > Cs(pg, p1)- O

As a further consequence we have that, in an optimal arrangement or during the optimal dynamics, not only
is mass never transported after it has been increased or before it is decreased, but also no material is transported
out of a region of mass increase before this increase happens, and no material is transported into a region of
mass decrease after this decrease happened.

Corollary 3.28 (Necessary optimality condition II for static primal). If (mg,71) are minimizers of (2.9), then
ol (24 x (2\ 24)) =0, mL((2\2-)x02_)=0.

Proof. We show mol_ (21 x (£2\ £24)) = 0, the other statement follows analogously. We need to show molL_ ({24 x
2_) = 0since moL_ (24 x £2_) = 0 by the previous proposition. Assume mol_ ({24 x £2_) # 0, then one can modify
mo and 7 to 7y and 7, such that their cost does not increase. Indeed, consider all the mass being transported
by 7o from 24 to f2— and then further by m from (2— to {2. The modification of the couplings is to transport
this mass not at all during the transport associated with 7y and to transport it instead via 71 directly from (2,
to the final position in {2 without the intermediate deposition in 2_. In detail, using the disintegration notation
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from the previous proof, we choose 7y and 71 according to

/ ¢ dg :/ ¢ dmg +/ ¢(z,x) dmo (2, y),
2x0 (2x 2)\(24 x02=) Q402

/erz pdm = /an pdm /Q /Q 6(z,y) dm = (y)dPy (mol (24 x £22))(2)

" /Q+><Q /!2 ¢z, y) dm - (y)dmo(z, 2)

for all measurable ¢ : £22 — [0, co]. It is readily checked that 7y, 713 € M (§2 x §2) as well as Px#g = Pxmo = po

and Py, = Pym = p; so that 7y and 71 are admissible. Likewise it is straightforward to check Ap = P —ph =
Pxiry — Py#tg = Pxm — Pymg = py — pj so that the same mass change happens as before. In particular, the
domains 2, 2_, 2_ did not change, and pyL 24 > pyL 24 as well as p{L2_ = p{L_f2_. Therefore,

Cs (P, 1) = Cs (oL (2\ £2=), poL(2\ £2=) + Ap) < Cs(poL(£2\ £2-), poL (£2\ £2=) + Ap) = Cs(pfy, £1)

since m + cg(m,m + Am) is nonincreasing. (Indeed, using the 1-homogeneity and convexity of cg one has
cs(m+6,m + 6+ Am) = ™cg(m,m + 25 Am) < BE((1 — ) - cg(m,m) + 25cs(m,m + Am)) =

- m m-+46
cs(m,m + Am). In words, the mass increase in {2, is identical to before, but may have a cheaper cost since it

starts from an already higher mass.) Finally, the transported mass and the transport distance per particle (and
thus the total transport cost) is no larger than before,

/ ddfro—&-/ ddmy
02x02 02x 02

- / ddmg + / ddm + / / d(z,y) dm - (y)dmo(z, 2)
(22X 2\ (24 x02=) 2% Ry xN-J 2

- / / A=) Ay (9)dPy (oL (24 x 22))(2)
_JN

<

/ dd7r0+/ ddm—l—/ /d(x,z)—i—d(z,y) dmy ,(y)dmo(z, 2)
(2x2)\ (24 x02=) 2x 02 R4 xN2=J02

- / / d(z,y) dmy . (y)dPy (moL (24 x 2-))(z)
02— J0N

Z/ dd7T0+/ ddm. (3.12)
2x82 2% 982

Summarizing, the modification does not increase the cost so that (7, 71) are optimal as well. However, using
the optimality of (g, 1) and (7, 71) and the previous proposition,

0 :/ ddn; :/ d(z,y) dm . (y)dmo(z, 2)
2y x0 Qix0-Jo

so that the inequality in (3.12) is actually strict and thus (mg, 71) cannot be optimal. O

The characterization from Proposition 3.26 and Corollary 3.28 can be refined even further, in particular for
special cases.
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general case ¢s(1,+) smooth at 1 po L p1 es(1,:)=11—+
0 0. O 0 0. O 0, 0. O 0, O (O
Q. Q. Q. Q. \

) Q:

O
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FicUure 3. Tllustration of Proposition 3.29: there are optimal couplings mg,m; that take the
shown form for the different particular cases. Each square field corresponds to the direct product
of the regions indicated by the row and column. An empty field corresponds to 7 being zero,
a grey field indicates that m may be nonzero, and a field with a diagonal line corresponds to
diagonal support of 7 (that is, mass is not moved in that region). If cg(1, ) is differentiable at
1 and at the same time py L p1, then in addition mol (2= x 2-) = m L (2= x 2-) =0.

>

Proposition 3.29 (Characterization of optimal unbalanced mass transport). For all (po, p1) and among all
possible optimizers of (2.9), there is always a particular one (mwg, 71) such that its support is as shown in Figure 3
left, that is, in addition to Proposition 3.26 and Corollary 3.28 we have

mo(2- X 22)=m(2=x2.)=0 and d(z,y)dm (z,y) =0.
2\2_x0

Furthermore, pjy + py < po + p1. If in addition

1. ¢s(1,-) is differentiable at 1 or
2. po L p1 or
3. cs(1,)=1—+,

then the supports of the optimal (mp,m) can be chosen as shown in Figure 8 in the second, third, and fourth
column, respectively. If case (1) and (2) hold simultaneously, then in addition mol (2= x 2-) = m L (2= X
2-)=0.

Remark 3.30. Of course, the cases from Figure 3 can be combined. For instance, if cg(1,-) is differentiable
at 1 and pg L p1, then the transport can be interpreted as follows (see Fig. 4): From points contributing to
po there is first mass transported to p; (blue), then the mass is shrunk in the pg-region (orange) and grown
in the pj-region, and finally the rest is transported to p; (yellow). Those steps are essentially a manifestation
of the nonconvexity of the so-called path cost and its convexification being a combination of transport with
subsequent growth and shrinkage with subsequent transport, see Section 4.2.

Proof of Proposition 3.29. Note first that by Proposition 2.5, if the cost is finite then minimizing pairs (mg, 1)
exist.

General case. By Proposition 3.26 and Corollary 3.28 it only remains to show that optimal (7, 1) can be
found such that m; is diagonal on 2 x 2_ (that is, [, ., é(z,y)dm(z,y) = [, ., ¢(x,x)dri(z,y) for
all test functions ¢) and that mol(£2_ x 2-) = 0 as well as m L (2= x ;) = 0 (of which we shall only show
the first, the second follows analogously). To this end we just modify any optimal couplings (mg, ) without
increasing their cost. In particular, consider the mass transported from 2 to {2_ by 7y and then transported
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Al AL LAk

FiGURE 4. Illustration of the optimal dynamic mass transport as characterized by
Proposition 3.29, consisting of an initial transport (blue), subsequent mass shrinkage (orange)
and growth (green), and a final transport (yellow). See Remark 3.30 for more details.

further within £2_ by 7. We modify 7y and 7; such that the transport of this mass from its initial distribution
inside pg to its final distribution inside p; happens already in my and thus 7; no longer transports mass within
£2_ (corresponding formulas for the modified 7y and m; are straightforward to obtain as in the two previous
proofs). Obviously, the mass change cost is identical after the modification, and the transport cost has not
increased so that we may assume 71 to be diagonal on 2- x 2_. Next assume 7oL (2_ x 2-) # 0 and modify
mo and 71 as follows. Consider the mass transported from {2_ to {2 by 7y and then transported further by ;.
We modify 7y and m; such that mg no longer transports mass from 2_ to {2_, but instead the transport of this
mass happens in m; (again, corresponding formulas for the modified 7wy and 71 are straightforward to obtain as
in the previous proofs). Obviously, the transport cost has not increased by the modification. Furthermore, the
amount of mass decrease on (2_ is identical to before, but may have a cheaper cost since it starts from a higher
initial mass and cg(m,m — Am) is nonincreasing in m. Finally, the amount and cost of mass increase on {2
stays unchanged.

The property pj + p}j < po+ p1 can now be inferred as follows: By definition of £24 we have pjL 2, < p{L 2,
and therefore pjL 2 < pjL 2, which is absolutely continuous with respect to p;L{2; since m; is diagonal
on 24 x 2. Likewise, pjL2_ < pHl2_ < pol2_ (mass decreases on {2_ and 7 is diagonal on 2_ x §2_).
Finally, pj L £2— < p;L 2= by the structure of 7r;. If we now use Lebesgue’s decomposition theorem to decompose
pol 2= = 1o + 11 with vy < pg + p1 and v1(2\ ') = 0 for some 2’ C 2_ with (po + p1)(2') = 0, then 1; <K
pol 2 = pi L2 <« p1L2" =0 (note that ppl 2= = pj L 2- was not obvious a priori). Thus, pf, p} < po + p1.

Case cg(1,-) differentiable at 1. For a contradiction assume moL (2= X 2_) is not diagonal. Define pj =
Px (mol_ (2= x £2_)) as well as the diagonal coupling 7¢(A x B) = p5 (AN B) for all Borel sets A, B C R™. Next
define the coupling 7§ by setting 7§ = mp on (£2 x 2)\ (2= x 2_) and 7§ = (1 — &)my + end on N_ x _ for
some ¢ € [0, 1]. Note that the pair (7§, 71) is an admissible candidate in (2.9). Denote its cost by W¢ and note
Ws(po, p1) = WP due to the assumption of (mg, ) being optimal. Then at € = 0 we have

dwe
de

d
—5/ d(z,y) dmo(z,y) + —Cs(Pymg, Pxm1)
2_x0_ de

d dPy g /
= —¢ d(z,y)dmo(z,y +/ —cg (#,1) dp
| dwmaney+ [ fes (1) 4]

= 75/ d(z,y)dmo(z,y) <0
N_x0N_

dPyTI'S
dp}
Case pg L p1. Using the general structure of my and 1, for £ C {2, measurable we have

since d%cs( , 1) |e=0 = 0. This contradicts the optimality of (mg, 7).

,01|_E = Py(ﬂ'll_(Q X E)) > Py(ﬂ'll_(E X E)) = Px(ﬂ'ﬂ_(E X E)) = ,OllLE > p6|_E.
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Thus, p1 L E = 0 would imply pjLE = pjLE = 0 so that, due to E C {2, E can only be a y-nullset (where

is the reference measure used in Proposition 3.26 to define 2., £2_ and {2_). Now assume pgl_{2; # 0, then

due to the singularity with p; there is a measurable E C 2, with poLLE # 0 and p;L E = 0. By the above, E

must be a y-nullset, which contradicts polL E # 0. Therefore, pgl_{24 = 0 and thus also moL_(£2+ x £2) = 0.
Likewise one shows that pgLL £ = 0 with E' C {2_ can only happen for v-nullsets F and that 7L ({2 x £2_) = 0.
If in addition ¢g(1, ) is differentiable at 1, then from the previous case we know

poLQZ > Px(ﬂ'oL(Q= X _Qz)) = Py(Tl'ol_(Qz X Qz)) = p6|_9=,

pll__Q: > Py(Trll_(Q: X .Q:)) = Px(ﬂ'll_(ﬂz X Q:)) = pllLQ:.

Hence, since py and p; are singular with respect to each other, so are pjlL_f2— and pjL 2_. However, due to
pol 2= = p{ L 02— this is only possible if both are zero, which in turn implies moL_ (2 x 2=) = m L (2= x £2) = 0.

Case cs(1,-) = |1 — -|. Note that by Proposition 2.5 the corresponding function hg is given by hg(z) =
min(z, 1) — ¢[—1,00)(2) so that the dual formulation (2.11) can be transformed into

Ws(po, p1) = sup{ [, ad(po — p1) | @ € Lip(£2),]a| < 1}.
This implies that the cost actually only depends on py — p;. Therefore, defining

p = min ( dpo dpy
d(po + p1)” d(po + p1)

)(Po*‘ﬂl), po=po—pEMi(2), p1=p1—p€Mi(2),

we see Ws(po, p1) = Ws(po, p1). Now given optimal couplings (7o, 71) for Wg(po, p1) we simply set g = 7 + 7,
m = 7 + 7, where 7 is the diagonal coupling defined via foQ odm = fQ ¢(z,x) dp(z) for all measurable
¢ : 22 — [0, 0c]. It is straightforward to check that (g, 1) is a feasible candidate in (2.9) and that it has the same
cost as (7o, 71). Therefore, (g, 1) must be optimal. Note also that {24 are the same for (7, 71) as for (7o, 71).
Now by the previous case, ol (21 X 24 ) =T L(2_ x 2_) =0 so that moL (24 x 24) = 7L (24 x ) and
mL(2_ x 2_)=7L(2_ x £2_) are diagonal. O

The final result of this section shows that the maximal transport distance may be bounded depending on the
model. It implies for instance that, if the supports of py and p; have distance larger than some threshold (which
for some models is infinite), then no transport happens at all. Since the transport component of the total cost
depends on the transport distance while the mass change cost is independent of it and only depends on how
much mass is created or removed, such a threshold effect is not unexpected.

Proposition 3.31 (Maximal transport distance). Any optimizer (mg,m1) of (2.9) satisfies
71—OL{("Bay) €N X Q|d($,y) > LO} = 7T1|_{($,y) €N x 1 ‘ d(’l},y) > Ll} =0

for Lo = lim d1cg(a,l) — lir%alcs(a, 1) € (0,00], Ly = lim 0Oacs(l,a) — lir%62cs(1,a) € (0,00], where 0;
denotes the ith (left or right) partial derivative.

Proof. We only prove mL{(x,y) € 2 x £2|d(z,y) > L1} = 0, the other statement follows analogously. Let
A > 0 arbitrary and abbreviate

a—r 00

L" = lim Oqcs(1,a), L'=— lir%agcs(l,a).
a—r
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By convexity of ¢g(1,-) we have for any b > 0
cs(1,b+ A) < cg(1,b) + dacs(1,b+ A)A < cg(1,0) + LA
and thus by the one-homogeneity cs(a,b+ A) < ¢g(a,b) + L™ A for all @ > 0. Analogously one obtains cg(a, b —
A) < cg(a,b) + L'Afor a >0, b > A. As a consequence, for any nonnegative measures p’, §/, p’ with p/ — ' + p’
nonnegative we have
Cs(po,p' =7 + ') < Cs(po, p') + L5/ (92) + L7p.

Now assume (g, 71) optimizes (2.9) with 7" = 7L {(z,y) € 2 x 2|d(z,y) > L1} # 0. We will construct a
competitor with strictly lower cost. Define 7$'s and ngl via

7 =y — A and / b dnde = / oy, ) dri (2, y)
2% 2%

for all continuous ¢ : 2 x £2 — R, that is, 7i*" describes the transport of mass that moves farther than L; and W‘fgl
is the coupling corresponding to not moving that mass at all. Our competitor is 7, = 7§ +7r(1ig1 = — i +7rfgl,

and we estimate

Ps(mg, 1) = / ddmg 4+ Cg(Pymo, Pxmy — Pxmi® + Pxmd8h) +/ dd(m — mfer 4 78l
2% 2%

< / ddmg +05(PyTF0,Px7T1) +Ll71'11ar(ﬁ X _Q) +LT7ngl(.Q X Q) +/ ddm — Llﬂ'{ar(() X _Q)
2% 2x80
= Ps(ﬂ'o,ﬂ'l) + (Ll + L" — Ll)ﬂ'{ar(ﬂ X .Q) = Ps(ﬂ'o,ﬂ'l),

where we used (Px7#)(02) = 77 (2 x 2) = (Px7{#)(2) = (2 x §2). This contradicts the optimality of
(mp,m1) and thus concludes the proof. O

4. OVERVIEW OF AND RELATION BETWEEN STATIC AND DYNAMIC
FORMULATIONS
In this section we continue and extend the discussion from the introduction on different model formulations

and their relations. In particular, we provide a semi-coupling formulation of the static W;-type problem, and
we identify, which static Wi-type problems have an equivalent dynamic formulation.

4.1. Semi-coupling formulation of unbalanced transport

In this section we establish the relation between the formulations for transport problems from Section 2
with the semi-coupling formulation introduced in [7]. A main result of [7], Theorem 4.3, is the relation between
dynamic problems and the semi-coupling formulation. Using the results of Section 3 we give an alternative proof
for this statement in the special case of the Wi-type setting (Prop. 4.4).

Definition 4.1 (Primal semi-coupling formulation [7], Def. 3.3). For pg, p1 € M (£2) the corresponding set of
semi-couplings is given by

L(po, p1) = {(0:m) € (M1 (2 x 2))*| Pxyo = po, Pyy1 = p1} - (4.1)

Let further cg. : (2 x R)2 — R U {oo} be a lower semi-continuous function such that for all fixed (xq, 1) €
2 x (2 the function (mg, m1) — cse(xo, Mo, 1, m1) is convex and 1-homogeneous with cg.(xg, mg, 21, Mm1) = 00
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if mg < 0 or my < 0. The primal semi-coupling problem is given by

Wsc(po, p1) = inf {/ Csc (xo, %(xo,xl),xh dl%1(31707931)) dvy(zo, 1)
92

(v0,71) € F(po,m)}, (4.2)

where v € M, (£2 x £2) is such that vg, 1 < 7.

The semi-coupling cost ¢se (2o, Mo, 1, m1) may be interpreted as the cost for starting out at z¢ with mass mg
destined for x1, but only arriving at x; with changed mass m;. Again, there is a corresponding dual problem.

Proposition 4.2 (Dual semi-coupling formulation [7], Prop. 3.11). For a function cs. as in Definition 4.1, let

Bye(zo,21) = {(, B) € R? ’ [cse (20, - 71, )] " (ar, B) < o0}

Then

Wsc(po, p1) = sup {/Qadpo + /Q»Bdm (a, B) € C(12)%,

(a(zo), B(x1)) € Bsc(xo, 1) for all (zg,x1) € 2 x Q} (4.3)

A main result of [7] was to show that for suitable dynamic problems, including those of the form of
Definition 2.2, there is an equivalent semi-coupling formulation.

Proposition 4.3 (Equivalent semi-coupling formulation for dynamic problem [7], Thm. 4.3). For a dynamic
primal problem as in Definition 2.2, the associated path cost c, : (2 x R)? — [0,00] is given by

¢p(xo, mo, x1,mq) = inf {/0 m(t) - |0 ()| + ep(m(t), Oym(t)) di
(z,m) € C([0,1], 2 x R), (z(i),m(i)) = (24, m;) for i € {0, 1}} .

Assume that there exists some C < oo such that cp(p,2¢) < C - cp(p, ) for all (p,¢) € R?, and let ¢y be the
convex envelope of ¢, with respect to the arguments (mg, m1). Then Wp = Wsc.

A similar result can be established by finding an equivalent semi-coupling formulation for static Wi-type
problems and then using the equivalence between dynamic and static Wi-type problems (Prop. 3.1, see also
Prop. 3.13). This strategy has the advantage that one avoids computing the path cost ¢, and obtains a more
explicit form of the semi-coupling cost function ¢y, involving only the static mass change cost cg from (3.10).

Proposition 4.4. For a given static Wi-type problem according to Definition 2.4 and Proposition 2.5,
characterized by a function cg or equivalently a set Bg, let
Cpre(T0, Mo, T1,M1) = cs(mo, m1) + min{mg, m1} - d(xo, z1)

ok

sve(T0, Mo, T1,M1) its convex envelope with respect to the arguments (mo,m1). Then for the
or equivalently

and denote by c

. k%
choice cse = cpre

Bie(o,21) = [Bs +{(0,d(x0,21))}] N [Bs + {(d(zo, 21),0)}]

one has Wg = Wsc.
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The proof is split into the two following lemmas. First, equivalence of the dual formulations is established.

Lemma 4.5. For By.(zg,21) as given in Proposition 4.4, the dual static W1 -type problem from Proposition 2.5
is equivalent to the dual semi-coupling problem from Proposition 4.2.

Proof. Throughout this proof we write Ax = d(xg,z1). Note that the set Bs.(zg, 1) can be written as
Bie(zo,71) = {(a,b) € R?|[b < hg(—a + Az)] and [b— Az < hg(—a)]}. (4.4)

We show first that every feasible candidate of (2.11) is also feasible for (4.3). Let (a, 3) € Lip(£2)2, (a(z), B(x)) €
Bg for all z € 2. Then for all (zg,z1) € £2 x {2 we have

B(x1) < hg(—a(z1)) < hs(—a(zg) + Ax), B(z1) — Az < B(x0) < hg(—a(xo)).

Hence, (a(z), 8(x1)) € Bsc(zo,z1) and thus Wge > Ws.

Conversely, for every feasible candidate («,3) of (4.3) we construct a feasible candidate with potentially
better score for (2.11). Since o and 8 might not be in Lip({2) we may have to alter them. We first modify /3 for
fixed o and then vice versa. Recall that hg is concave and h's(0) = 1. Hence, for some a > Az any super-gradient
C of hg at —a + Az satisfies ( > 1 and consequently

hs(—a+ Azx) > hg(—a) + Ax - { > hg(—a) + Az.

We introduce the auxiliary function

Note that hg is Lipschitz and hg(z) > hg(z) so that

(a,b) € R?|b < min{hs(—a + Azx), hs(—a) + Azx}}
(a,b) € R?|b < min{hs(—a + Az), hs(—a) + Az}}.

Now set
Bi(z1) = inf{hg(—a(xo)) + Az |z € 2}, Ba(z1) = inf{hs(—a(zo) + Az)|z¢ € 2}.

Using that fls is Lipschitz, it is easy to show that $; and (2 are Lipschitz, and consequently so is B T X
min{ 31 (z), B2(x)}. Moreover, 8 > 3, so (a, 3) is still feasible for (4.3) with a score not lower than the one for
(o, B). Now, one performs the analogous modification for a, yielding a pair (&, ) which does not decrease the

score. Then (&, 3) € Lip(£2)2, and from the constraint (&(x), 3(x)) € By (,2) for x € 2 we find that (&, 3) is
feasible for (2.11). Hence, Wse < Wy and finally Wee = W. O

The next lemma establishes the corresponding primal semi-coupling formulation.

Lemma 4.6. For By, and c. as given in Proposition 4.4 we have Lp_ (3o 2,) = Csc(T0,T1,7)*, and csc is a
valid cost function in the sense of Definition 4.1.

Proof. Again, we write Az = d(z, z1). For fixed (z¢, z1) € 2 x 2 the map R? 5 (mq, m1) — cpre(0, M0, T1,M1)
is 1-homogeneous and lower semi-continuous. Therefore, by Carathéodory’s theorem ([19], Cor. 17.1.6) its convex
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envelope can be written as
Cpre(T0, Mo, ¥1,m1) = min{es(ao, a1) + Az - min{ag, a1 }
+Cs(b0, bl) + Az - min{bo, bl} | ap,a1,bp,b1 € Ryag + bg = mg, a1 + by = ml}. (45)

Let us show that this is equivalent to
min{cs(ao,al) + agAx + Cs(bo7 bl) + b1 Ax ‘ ap, a1,bp, b1 € Ryag + bg = mg,a; + by = ml}. (46)

It trivially holds (4.5) < (4.6), so now we consider the opposite inequality. For a feasible candidate (ag, a1, bo, b1)
of (4.5) we distinguish the following cases.

e [ap < a;] and [by < bo]: The candidate is also feasible for (4.6) with the same score.

e [ap > ay] and [b; > bo]: The candidate (dg,a1,bo,b1) = (bo,b1,a0,a1) has the same score in (4.5) and
satisfies g < @1, by < bp. Thus it also has the same score in (4.6).

e [ag > a;] and [b; < bg]: The candidate (ao, a1, bo, 51) = (0,0, a0 + by, a1 + by) has at least an equally good
score in (4.5) (using the subadditivity of c¢g). Due to ag < a1, by < by it also has the same score in (4.6).
The case [ag < a;] and [by > by] works analogously.

Thus (4.5) =(4.6). Note that (4.6) is the infimal convolution of (mg,mi) +— cs(mg,m1) + Az - my and
(mo, m1) = cs(mo,m1) + Ax - my.

Now abbreviate Bg(a,b) = Bs + {(a,b)} for (a,b) € R Then one finds (c¢f. Prop. 2.5) U (ap) (M0, Mm1) =
cs(mo,m1) +mo - a+my - b so that ciy.(zo,- 21,") = L};S(Aw’o) DLES(O,Az)’ where O denotes the infimal
convolution. Therefore,

kook ok

*
* * *
Csc('5U07 5 X1, ) = Cpre (an 5 1, ) = (LBS(ALO) O LBs(O,A.’I;)) = LBS(Aw,O) + LBS((LAx) = LBsc(mo,xl)'

For fixed (z¢, 1), convexity, lower semi-continuity, and 1-homogeneity of ¢y are properties of the Fenchel-
Legendre conjugate, while cy.(x, mg,y, m1) = oo for min{mg, m;} < 0 follows from (—o0,0]?> C By.(x,y). For
bounded, non-negative sequences {(mgk, M1 x)}i, the family of functions (zg, 1) — csc(To, Mok, T1, M1 %) 18
uniformly Lipschitz continuous. Therefore, the function cq. is jointly lower semi-continuous in all four arguments.

O

Remark 4.7 (Dirac cost interpretation). Proposition 4.3 suggests the interpretation of cy.(zo, mo, z1,m1)
as the dynamic cost for unbalanced transport from a Dirac mass mg at x¢ to a Dirac mass mi at x1. The
explicit characterization of cic = ¢y, via (4.6) now reveals the same transportation structure as obtained in
Proposition 3.29 and Figure 4: first some mass aq is transported from xg to x1, then the remaining mass by at
x¢ is changed to b; while the mass ag at x; changes to a;, and finally the remaining b, is transported from z(

to x1. Example 5.1 will give a more detailed analysis of transport between two Dirac masses.

4.2. Relation between different formulations of unbalanced transport

We now turn to a more detailed discussion of Figure 1 and the relation between the various dynamic and
static formulations of transport problems. In the following we write (A) — (B) for

“A problem of class (A) induces a corresponding problem of class (B)”.
Throughout this article we consider six different formulations, three pairs of primal and dual problems. We use

the shorthands (Dyn) for dynamic formulations, (SC) for the semi-coupling formulations, and (W1T) for the
Wi-type formulations; suffixes (P) and (D) indicate the primal or dual form.
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In [7] a family of dynamic problems is defined, and corresponding dual formulations are given, (Dyn-P) «»
(Dyn-D). The Wasserstein-1-type dynamic problems defined in Section 2.1 are a subset of this family. Moreover,
[7] introduces the primal and dual semi-coupling formulations and establishes their equivalence (SC-P) < (SC-
D) (cf. Sect. 4.1). One of the main results in [7] then is the equivalence (Dyn) — (SC), which was proven using
the primal formulations, involving the integration of the flow of the (smoothed) momentum field w.

In [21] families of primal and dual static Wasserstein-1-type problems are proposed, and their equivalence is
shown, (W1T-P) < (W1T-D). The static Wasserstein-1-type problems defined in Section 2.2 are a subset of
these families.

The primal and dual Kantorovich formulation of standard optimal transport with fixed marginals can be
interpreted as special cases of (SC-P) and (SC-D). Similarly, the celebrated Benamou—Brenier formulation of
the Wasserstein-2 distance [4] is a special instance of (Dyn). For this setting (Dyn) — (SC) is shown in [5] by
establishing the cyclic inequality (SC-P) > (Dyn-P) = (Dyn-D) > (SC-D) = (SC-P). For the crucial step (Dyn-
D) > (SC-D) the Hopf-Lax solution for the Hamilton—Jacobi equation corresponding to (Dyn-D) is used, hence
the link in Figure 1 is marked as (Dyn-D) — (SC-D).

Analogously, for the Wasserstein—Fisher—Rao/Hellinger—Kantorovich distance one can give formulations in
terms of (SC) and (Dyn). For this setting the link (Dyn-D)— (SC-D) is established in [12] by a generalized
Hopf-Lax formula. Note that the primal formulation paired with (SC-D) in [12] is a soft-marginal formulation
and differs from the semi-coupling formulation of [7], but is equivalent ([7], Cor. 5.9). In [12] the formulation of
(Dyn-D) is given by Theorem 8.13 and (SC-D) by Theorem 6.3, equation (6.14). Different forms of the Hopf-Lax
solution are given in equation (8.41) and Theorem 8.12.

Finally, the main result of Section 3.1 is the relation (Dyn-D) — (W1T-D), Proposition 3.1. The equivalence
proof involved constructing a feasible candidate for the dynamic dual problem from feasible candidates of the
static dual problem. In the next Section we will study when it is possible to derive a dynamic formulation from
a static problem, (W1T-D) — (Dyn-D).

4.3. Which static models have an equivalent dynamic formulation?

We already know that any dynamic model of type (2.4) can equivalently be expressed as a static model of
type (2.9) (Prop. 3.1). In this section we answer the question under what conditions the reverse statement is
true, that is, which static models have an equivalent dynamic formulation. We will see that the class of static
models is richer than the dynamic class: there are static models that cannot be expressed in a dynamic form (see
Rem. 5.7 later). At first glance this is surprising, since unlike the static formulation the dynamic one models
the full time evolution of the measures and thus might be expected to have more design freedom. In detail, the
main result of this section is the following.

Proposition 4.8 (Characterization of static models admitting an equivalent dynamic one). Consider the func-
tions hg and hg = —hgl(—-) from Proposition 2.5, which by Proposition 2.5 uniquely specify a static model.
Abbreviate

d=—min{z € R | hg(z) =suphg} € [~o0,0),
d=min{z € R | hg(z) =suphg} € (0,00,
s=—max{z € R| hg(z) = 2z} € [~00,0),
s=max{z € R | hg(z) = z} € (0, 0]

m= Eli{‘r%)(ﬁs(§+€) —s)/e € [0,1],

m= Eli\r‘%(hs(g—Fe’:‘) —35)/e €]0,1].
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gl:—CD(O,—l) d:CD(O,l) Y
E z ' hs(Z)
=52
: 4k d=ep(0,1)

FIGURE 5. Sketch of the functions hp and hg from Lemma 3.2 and Proposition 2.5. Bg gip
denotes the set Bg flipped along the vertical axis.

Denoting the left-sided derivative of a function g by g’ and the j-fold composition of g with itself by g7, the
function

—00 if z < d, )1 if m=1,
. RL—n)-R (= €7 loam g
thj%oo % ZfZ € (da 0)7 1-1/m ’
q[hS}(Z) = 93_.. K (z()}is}zqu»(z;) . —
Chmj_>oo W ZfZ (S [O7 d), B 1 me — 1’
_ f > d c= logm I
00 if z , o1  clse

is well-defined (at d and d we simply extend qlhs] upper semi-continuously), and the following holds.

(1). Existence. The static model (2.9) has an equivalent dynamic formulation (2.4) (that is, Ws(po, p1) =
Wp(po, p1) for all measures po, p1) if and only if qlhs] is concave.

(2). Necessary condition. A necessary condition for the above is that hg is locally Lipschitz differentiable on
(5,d) and hs is so on (d, s).

(3). Sufficient condition. A sufficient condition for the above is that i and i are convez on [0, 00).

(4). Uniqueness and reconstruction formula. If the static model (2.9) has an equivalent dynamic formulation
(2.4), then necessarily hp = g[hg]. (Recall that any dynamic model is uniquely specified by the function

hp from Lemma 3.2. In that case, d = —¢p(0,—1), d = ¢p(0,1).)

For a better intuition, in Figure 5 we illustrate two corresponding functions hp and hg, specifying a dynamic
model and its equivalent static formulation, respectively. As an example, Proposition 4.8(2) implies that the
static model with the piecewise linear hg(z) = min(z, 1+ 5,2+ %) does not admit a dynamic formulation, while

by Proposition 4.8(3) the static model with hgs(z) = 1% does. Note that Proposition 4.8(3) is only sufficient:
for instance, it is readily checked that the function hg belonging to a piecewise linear hp typically has multiple

linear segments of different slope so that hi, or ﬁi, cannot be convex.
S

S
Before proving the proposition, let us provide some motivation for the definition of g[hg|, which will be made

rigorous later. First observe that hg as induced by hp is given by Proposition 3.12 where F; is the solution to
(3.4) and by Lemma 3.4(vii) one has sup dom F; = supdom hp. Thus we can read off

d=supdomhp = cp(0,1) as well as  h%(2) = Fj(2) for all z € dom hp. (4.7
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If the static model with hg indeed comes from a dynamic model with (some as yet unknown) hp, then for small
z we can approximate hp(z) as follows. For € € R of small magnitude, with (3.10) we estimate

1
1,1+¢e) = inf / Ot~ op(Le).
ol ) (p,C)ecglsu,lJrs) 0 cp(p, ) cp(l,e)

Now by Propositions 2.3 and 2.5 and Lemma 3.2 we have

cep(lye) =supf{a+e- S| a,f R, a<hp(B)},
CS(1ﬂ1+€) :Sup{a+(1+€) 6 | Ck,ﬂ G]Ra « SES(_ﬁ)}
=sup{a+¢e-5|a B eR, a<hs(—p)+ B}, (4.8)

where in the last line we substituted (&, 3) = (a + 3, 8). Since for small ¢ we have ¢g(1,1 + ) = ¢p(1,¢), for
small 5 we expect

hp(B) = hs(=) + B = —hg'(8) + 5. (4.9)
For large z on the other hand (analogously for large negative z) we can now obtain an estimate of hp(z) by

exploiting that hg is the flow of hp.The flow can be differentiated, yielding (h%)(2) = Fi(z) = ho(hs(2)

oz SO
that finally we arrive at

ho(2) —00 if 2> d, —00 if z>d,
D(Z) = 4 ho(hi(2) . = hy(x)-hi (=) =
RCATOR if z € [0,d) ECAEEE if 2 €[0,4d),

where we have used our approximation of hp(z) for small z and that h%(z) is small for j large enough. This is
exactly the expression used in the definition of g[hg].

Remark 4.9 (Separate treatment on positive and negative real line). Analogously to (4.7) one obtains
d= —cp(0,-1) =infdomhp as well as Efg(z) = Fji-n"(z) for all z € dom hp.
For statements about hp(z) with positive z we will therefore always work with hg and Fj, while for negative z

we shall use hg as well as F' ;“".

We shall now begin proving Proposition 4.8 in multiple steps, not necessarily in the order of its different
statements.

Proof of Proposition 4.8(2). Assume that the static model with hg has an equivalent dynamic formulation with
hp. By (4.7) we have hg(z) = Fi(z) which is locally Lipschitz differentiable on (3,d) by Lemma 3.4(x). The
statement for hg follows analogously with Remark 4.9. O

The following lemma rigorously establishes the heuristic relation (4.9) “for small arguments”, as required for
the proof of Proposition 4.8.

Lemma 4.10 (Approximation of hp for small arguments). Let the static model with hg have an equivalent

dynamic formulation with hp. Then

P0Gy o) ho)
Z/wé_ﬁgl(_z)_z /s hs(z)—z ~ 2N\5 2 — hg'(2)
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Proof. We only prove the second limit, the first one following analogously via Remark 4.9. First consider the
case that hg is differentiable in 3, that is, ¢ =m = 1 and h4(z) - ™ =1 as z — 3. Using (3.10), for all € > 0
we have

1
cs(1,1+¢) = min{/ cD(g—Z, %)du (p, &) € CES(L,1 +5)}
0

< /1 ep(l+ete)dt < /1 ep(l,e)dt = ep(1,e),
0 0
where we exploited 1 4+ te > 1 and the convexity of cp via
en(pe) = pen(1,2) < p | Leep(1,e) + =Z2ep(1,0)] = en(le)
for p > 1. Note also that (see (4.8))

ep(lye) =sup{a+eb | a < hp(B)} = (—hp)*(e),
cs(1,14¢) =sup {a +(1+¢)8 ’ a< —hgl(ﬂ)} = (hg1 —id)*(e).

Therefore, cg(1,1+¢) < c¢p(1,¢) for € > 0 implies hp(z) > 2 — hg'(2) for 2 > 0 and thus

Furthermore, by (4.7), for z > 0 sufficiently close to 5 we have

hs(2) = Fa(2) = sup {6(1) | 9:6(t) < hp((1)) for all t € [0,1], 6(0) = 2}
> sup {#(1) | 6(1) = 6(0) exp (2G| 6(0) = 2} = zexp 122,

where we used the concavity of hp. This implies hp(z) < zlog hsz(z)

We(hg'(2)) — 1 as z — 3, using hg(hg'(2)) - (hg'(2) — 2) < 2z — hg(z) due to the concavity of hg as well as
lim, 5 hs(z) =3 we thus obtain

. Since hg is differentiable in 5 and thus

h 1 hS(Z)

lim inf # > liminf zogiilz

2NE z—hg (2) 2NE z—hg (%)
zlog ML —logteE

The case T < 1 is treated more explicitly. Let m = lim.\ 0 hp(5 + €) /e denote the right derivative of hp in
5 so that

hp(z) =m(z —3) —o(z — 3) for z >3,
where o(z — 5) denotes a nonnegative term decreasing to zero faster than z — 3. The flow of hp can readily

be approximated: hp(z) < m(z —3) implies Fy(z) < ze™, and the same calculation as above yields Fj(z) >
Zexp hDT(Z) = ze™°() where o(1) is a nonnegative term decreasing to zero as z — 5. Now (4.7) implies that
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the right derivative of hg in 5 is given by m = F(5) = ™. Furthermore, by the inverse function theorem, the
right derivative of h;l in 5 is given by % Thus,

—35)—o(z—73) ~ lim logm(z —3) —o(z —3) -
NFsz—hg'(2) Nsz—5—=(2-5)—0(z—35) =5(l-=)(z—75)—o0(z—73)

O

Proof of Proposition 4.8(4). We first show that the limits in the definition of ¢[hg] are well-defined and finite.
In fact, defining

_ R (z) — b (2)

() (hL)(2)

)

for all z € [0,d) we can show the monotonicity property
—00<qi(2) <gj-1(2) <gj(2) <0 forall j > 1. (4.10)

Indeed, we have ¢i(z) > —oo since hig(z) > 0 (the strict positivity follows by the concavity of hg and the
definition of d). Likewise, ¢;(z) < 0 follows from A}, < h{{l (which is true since hg(z) < z, see Prop. 2.5) and
(hg)’ > 0. Finally, the monotonicity of the sequence g; is obtained as follows: The composition of a concave,
monotonically increasing function with a concave function is again concave, thus hé is concave and increasing
for all j. Therefore,

hs (W5 (2)) < hs (WG (2)) + e (W) (WG (2) = W (2))
_ hs(hE (=) —hs(hs*(2)) | W (2) — ()
Ws(hs @)Y= T (0 )()

so that ¢;(z) = q;j—1(2).

This monotonicity property then implies the existence of the finite limit lim;_, . ¢;(z) (the case of negative z is
treated analogously).
Note further that ¢;(0) = ¢;(0) = 0 and g; is nonincreasing on (0, 00). Indeed, the latter follows from

_ .zwzl_;_ ZM
YOG T e @) e

(h5)'(2) = (hg ') (2)
(hg)'(2)

¢;(2) =

for z € [0,d), where (hg)" is well-defined as a weak derivative due to Proposition 4.8(2). Analogously one can
show that ¢; is nondecreasing on (—o00,0) (Rem. 4.9). By the monotone convergence ¢ - ¢;  ¢[hs] the limit
q[hs] shares the same properties.

Now we prove hp(z) = qlhs](z) for positive z (the case of negative z follows analogously via Rem. 4.9). By
(4.7), hp(2) = q[hs](z) = —oo for z > d. On the other hand, for z € [0, ) we have hg(z) = 2 so that ¢[hs](z) = 0
as well as hp(z) = 0 by (4.7). Finally, for z € (3,d) Lemma 3.4(x) together with (4.7) implies

04/ = Fi(z) = PH ) - Do)
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so that application of Lemma 4.10 yields

ho(2) _ . b)) L ho(h(z)

qlhs](z) ’ j i ' ~1.
dhslz) o T (W) — () e (W) — By (=)

= lim p(2)
Nee G- h5 )

3

c-(
[

Proof of Proposition 4.8(3). We prove by induction that g; is concave on [0, 00) for all j, which automatically
implies the desired concavity of the limit g[hg] on [0, 00) (the proof for (—oo, 0] is analogous by Rem. 4.9). First

note that go(z) = z — hg'(2) is indeed concave. Furthermore, due to g;;1 = jSé"s we have
h// (Z)
A =q.(h —q:(h S
qy+1(z) q]( s(2)) — q;( S(Z))(hfg(Z))Q

We need to show that gj; is non-increasing. Now ¢; and thus also ¢} o hg is non-increasing on [0, 00). Like-

wise, |g;| and |g; o hg| are non-decreasing, so it remains to show that |h%(2)|/(hs(2))? = —h’(2)/(k(2))? =

(1/h5(z))" is non-decreasing. However, this is equivalent to the convexity of 7. O
S

Proof of Proposition 4.8(1). If the static model has an equivalent dynamic formulation, then by
Proposition 4.8(4) we must have hp = g[hg]. Since hp is concave by Lemma 3.2, g[hg] is so as well.

It remains to show that concavity of ¢[hg] implies the existence of an equivalent dynamic formulation. We
have already shown g[hs] < 0 with ¢[hg](0) = qlhs]’ (0) = 0. Together with the concavity this means that q[hg]
specifies an admissible dynamic model of type (2.4) via

cp(mo,my) = sup{moa +m1 3 | o < g[hg](B)}.

Denote by hg the function specifying the corresponding static problem. We need to show hg = hs (which we
do on the positive real line; the negative case follows analogously with Rem. 4.9). However, we have hg(z) =
z = hg(z) for all z € [0,3] and both hg and hg constant on [d, c0). Furthermore, for z € (3,d), by the monotone
convergence theorem (recall (4.10)) and a change of variables,

dr = = lim dr = = lim —dy.

/ S 1 hs() 1 1 ORI
p q[hs](x) Cj—oo ), qj(z) Ci=wooJpizy  y—hg'(y)

Now first assume that hg is differentiable in s and thus m =¢ =1 as well as h’S(hjsfl(z)) — 1 as j — oo. Note
that for a negative increasing function f and a < b one has (a — b) f(b) < [," f(y)dy < (a — b) f(a). Choosing

o= (2), b= h(2), and fly) = s (
concavity hg(hfé_l(z)) > hs(hg(z)) + hg(h{g_l(z)) . (hf;l(z) - hfg(z)), we have

which is indeed negative and increasing on (S, d)) and using the

Ws(h% ' (2) < =1

Wy(2) — W5 (e) _ / S B 1O Rl O
) - ()

gy < s s 2
Wiz  y—hg'(y) Wy(z) — b (2)

so that fhs(z) —L_—dz = 1. In the case that m < 1, by the inverse function theorem the right derivative of
= alhs](z)

hg' in 5 is L Further, for z € (5,d) we have hg (2) \(S as j — oo so that (using little o-notation)

1
1 hg" () 1 1 hs(z) 1
— lim ——dy = = lim

= - = lim — - dy
C j—oo hJS(Z) y—hsl(y) CzN\s J, y—hsl(y)
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1 hs(2) 1
= — i d
e Ut LT CEb
1 hs(z) 1
= — lim d
sl U-H-9
1. 1 hs(z) —3 1 1 __
Ezl\%l—%og z—3 El—%ogm
and thus again fzhs(z) mdx = 1. Now this implies that hg is the flow of qlhs] at t = 1 (c¢f. proof of
Lem. 3.4(i)). However, hg is so as well by construction so that hg and hg coincide. O

5. EXAMPLES

This section will provide some examples of possible static and dynamic models, some of which are well-known.
We shall also calculate in detail the optimal solution to some simple unbalanced mass transport problems, which
will give some additional insight into the solution structure beyond Section 3.4.

5.1. Unbalanced transport between two Dirac masses

Here we consider the simple problem of unbalanced transport between two measures pg and p;, where both
consist of just two Dirac masses at the same positions. Since the unbalanced transport problem is invariant
under translation and rotation of the coordinate system and since according to Proposition 3.29 transport only
happens between the measure supports spt pg and spt p;, we may without loss of generality assume the Dirac
masses to lie on the one-dimensional real line, one at the origin and the other at some distance L > 0 (in fact,
our example covers the behaviour of unbalanced transport between two Dirac masses at distance L in any metric
space). Due to the one-homogeneity of the unbalanced transport cost Wg(po, p1) we might even restrict one of
the measures pg and p; to be a probability measure, however, this does not simplify the exposition substantially.
We shall consider the static formulation (2.9), since by Proposition 3.15 the dynamic model behaviour can be
directly inferred from the static behaviour.

Example 5.1 (Unbalanced transport between two Dirac masses). For simplicity we shall assume c¢g to be
differentiable (the exact same calculation can also be performed in the non-differentiable case if one simply
replaces derivatives by subderivatives; however, the rigorous justification of the calculation then involves a few
more technical arguments that we avoid here for an easier exposition). We set

po =mydo +m&dr, p1=mld +misy with m{ <md, mi >mf,

that is, mass is removed at the origin and added at L. We seek the optimal transport couplings 7y and m; in
(2.9). To this end, we may parameterize them as

o = aé(O,L) + (m8 - a)5(070) + m£5(L7L), ™ = b5(07L) + m?6(070) + (mf - b)(s(L7L)
with (a,b) € S = [0,m]] x [0, m¥], (5.1)

that is, my transports mass a and 7; transports mass b from the origin to L. That 7y and 71 must have the above
form follows from Proposition 3.29, which implies spt 7, spt 1 C spt(po + p1)? = {0, L}? and mo({(L,0)}) =
m1({(L,0)}) = 0. Indeed, suppose mo({(L,0)}) > 0 (and thus mo({(0,L)}) = 0 by optimality of ), then by
Proposition 3.29

1. either {0, L} = £2_ so that no mass change happens at all (thus both 7y and 7; must transport from 0 to
L, leading to a contradiction),
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2. or {0} C 24 so that necessarily 71({(0,L)}) > 0 in order to achieve a net mass removal at the origin.
This again leads to a contradiction since by Proposition 3.26 71 may not transport any mass from (2.

Analogously one obtains w1 ({(L,0)}) = 0. The cost (2.8) associated with 7, 71 can be calculated as

P(a,b) = L(a +b) + cs(m) — a,m + b) + cs(mb + a,m¥ —b)

= L(a+0b) + (m) — a)cs(1,a) + (m§ + a)es(1, B) (5.2)
for the relative mass changes
) L_b
a="0F2 50 and p="T1"2 50 (5.3)
mg— a my +a

Since P is convex, its optimum is well-defined. To find the optimal (a,b) € S there are thus only two possible
cases.

1. Case 0 # VP(a,b) for all (a,b) € S. In that case the optimum satisfies a = 0 or b = 0. Indeed, the optimum
must lie in 95, and if b = m{ then a = 0 is optimal (analogously one shows that a = m$ implies b = 0):
using the notation of Proposition 3.26 we have pj ({L}) = 0 and thus necessarily L ¢ 2. If L € {2_, then
by Corollary 3.28 the structure of 71 implies 0 € 2_ as well and thus a = 0 since by Proposition 3.26 g
is diagonal on £2_ x £2_. If on the other hand L € £2_, then p{({L}) = pj({L}) = 0 and thus again a = 0.

2. Case 0 = VP(a,b) for some (a,b) € S. In that case the optimum (a,b) has to satisfy

oP

0= 0 L —cs(l,a) + acs o(1,a) + cs(1, B) — Bes o(1, B),
oP

0= =L+csa(la) = csa(1,8),

where subscript ,2 denotes the derivative with respect to the second argument. These equations can be
transformed into

L= es5(1,8) ~ es o(1,0) = 78] ~ Tl 6.9
0= 22 0P 1es(1,8) ~ (8- Vs a(L )] ~ [es(L,0) + (1~ aes (1, 0)]
= 7(5)1) - Tlal(1), 55)

where T'[v] denotes the tangent to cg(1,-) at . Note that (5.4) implies 8 > « and (5.5) thus implies
Tla) < 0 and T[3]" > 0 or equivalently

a<l and [g>1.
Thus the minimizer (a,b) can be constructed geometrically as follows (compare Fig. 6): For s < 0 let

T!:[0,1] = R, zsup{s+t(x—1) |t <0, s+tly—1) <es(l,y)Vy € [0,1]},
Tri[loo) 5 R, wersupls+ie—1) | ¢>0,s+ty—1) < es(ly)Vy € [1,))

denote the left and the right tangent line to ¢g running through the point (1, s), and set

L(s) = (T7) — (T!)' > 0.
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FIGURE 6. Sketch for the construction of the optimal relative mass changes a and 8 from
Example 5.1.

Obviously, L(s) is continuous and strictly decreasing in s. Note that s parameterizes the solutions to (5.5)
and that by (5.4) there must be one s with

L(s) = L. (5.6)
The optimal relative mass decrease o and mass increase 8 can now be identified via the condition
T!=Tla], T =T[p| (5.7)

(note that there may be a closed interval of as or Ss satisfying this condition). From these we can solve

for (a,b) as
a 1 -1 -1 am? —m9
()= (s ) (ot ) 6

Obviously, in addition to the obvious constraints
a>m?/md and B < m¥/m¥, (5.9)
the condition (a,b) € S imposes four constraints on («, ),

p(R)—aml . am} p(R)

/B S - 7 = 7m0 /8 2 K
miy apo(R) —mf po(R)

1(R
o(R)’

s
~

a<

~—

hS)

We learn several interesting facts from the above example and particularly optimality conditions (5.6)—(5.8)
for s, (a, ), and (a,b):

1. A minimizer with a,b > 0 has to satisfy (5.6)—(5.8). Consequently there is a minimum distance Ly, =

limg »o L(s) € [0,00) between both Dirac masses, only depending on cg, below which mass is either only
transported before or after the mass change (that is, @ = 0 or b = 0). Ly, is the difference between left
and right derivative of cg(1,-) at 1, so Lyin > 0 only if ¢g(1,-) is not differentiable at 1.

. For the same reason and consistent with Proposition 3.31 there is a maximum distance Ly.x =
limg, oo L(s) € (0,00] between both Dirac masses, only depending on cg, beyond which there is no
mass transport before or after the mass change (a = 0 or b = 0).

. If there is transport before and after the mass change, then by optimality conditions (5.4) and (5.5) the
relative mass change a and 8 at each Dirac mass only depends on c¢g and the distance between both Dirac
masses.
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4. If the distance between both Dirac masses satisfies L € [Liin, Lmax] and «, § are the corresponding relative
mass changes, then mass transport happens before as well as after the mass change (that is, a,b > 0) unless
a,  violate (5.9) and (5.10).

5. For any cg we can easily engineer pg and p;, each consisting of two Diracs at the same locations, such that
transport optimally happens only before, only after, or before as well as after mass change. Indeed, choose
arbitrary a,b > 0 and s < 0 and let «, 8 be the relative mass changes corresponding to s via (5.7). Then

0 L
O ml mb satisfying o = mFb and B = ™1 =%, Optimality conditions

— 0
set L = L(s) and choose any mg, m i oy

(5.6)—(5.8) are now satisfied by construction.

6. Even in the simple setting with just two Dirac masses nonuniqueness of minimizers can occur in various
ways. First, if ¢g(1,-) is not strictly convex, then the tangents T'[y] to ¢g(1,-) for multiple different values
of 7 coincide so that (5.4) and (5.5) may have multiple solutions. Second, if c¢g(1,-) has nonzero left or
right derivative in 1 and L is small enough, (5.4) and (5.5) are solved by a = 8 = 1 so that (5.3) has
infinitely many solutions (a,b) as long as pg(£2) = p1(£2). Third, there may exist optimal (g, 1) which
are not of the form (5.1). Remark 5.2 examines when uniqueness can be expected.

Remark 5.2 (Uniqueness for unbalanced transport between two Dirac masses). If cg(1,-) is strictly convex
and differentiable at 1, then the minimizer (mg,71) of (2.9) for Example 5.1 is unique. Indeed, we show below
that any minimizer (g, 1) satisfies spt 7o, spt 1 C {0, L}?, and then following the same argument as given in
Example 5.1, any minimizer must have the form (5.1). Furthermore, for strictly convex cg(1,-), (5.4) and (5.5)
can have at most one solution («, ), which necessarily satisfies «, 5 # 1 (due to the differentiability of c¢g(1,-)
in 1) and thus results in at most one solution (a,b). Thus, there is at most one minimizer (a,b) in the interior
of S. Likewise, there can be at most one minimizer on each line segment of 95 due to the strict convexity of
the cost (5.2) if either a or b are held fixed. Together with the convexity of the cost (5.2) these two statements
imply that there is a unique minimizer (a,b) and thus a unique minimizer (mg, ).

It remains to show spt g, spt m; C {0, L}? or equivalently ph(£2\ {0, L}) = p} (2\ {0, L}) = 0. For a contradic-
tion, assume the converse and note that by Proposition 3.26 we have 2\ {0, L} C £2_ so that p{L(2\{0,L}) =
P (£2\ {0, L}). The coupling 7y must have transported this mass to 2\ {0, L} from {0, L} (without loss of
generality assume that part of it comes from 0). Now note mo((£24 U £2_) x £2-) = 0 (due to Props. 3.26 and
3.29, whose proof in the case of strictly convex cg(1,-) actually implies mo(£2- X 2_) = m (2= x £2;) =0 for
all minimizers (7o, 71) and not just a particular one) so that we must have 0 € {2_. The optimality of (mg, m1)
now implies that m; does not transport mass back from 2_ \ {0} to 0. Thus, m; must transport the mass
polL(2\{0,L}) = piL(2\ {0,L}) from 2\ {0,L} = 2_\{0,L} to L. The fact m (2= x (2L UN_)) =0
(again due to Props. 3.26 and 3.29) now implies L € £2_ and thus £2— = (2. Hence there is no mass change at
all, however, this contradicts the differentiability of cg(1,-) at 1 with vanishing derivative, since one can readily
reduce the cost of pure transport by introducing a sufficiently small amount of mass change.

As a further illustration of unbalanced transport between two Dirac masses we specify the previous example
to the special case in which pg and p; each only consist of a single Dirac mass and in which mass change is
penalized by the so-called squared Hellinger distance

cs(mo,m1) = (y/mo — /mq)>.
Example 5.3 (Unbalanced transport between Dirac masses with squared Hellinger metric). Here we pick
po = mgdo, p1 =midy

as well as the squared Hellinger cost cs(mg, m1) = (y/mo — /m1)?. As in the previous example we can param-
eterize my and m by (a,b) € S = [0,mJ] x [0,mL]. This can be further restricted to S = [0, min(mQ, m¥)].
Indeed, if m¥ < a < m$, then L € £2_ which must be suboptimal by virtue of Proposition 3.26 and one argues
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analogously for b. The optimality conditions (5.4) and (5.5) turn into

R S
which can be solved to yield
1 L L? ’
a:@ and B =S(L) for S(L):<2+ 4—1-1) > 1
and thus
S(ymE — m§ S(Lymg — m
0 ER L A I I

This is admissible (that is, (a,b) € S) as long as

1 L

L
my my
R — d — < S(L).
m9 — S(L) at m9 < S(I)

Otherwise, from the previous example we know a = 0 or b = 0 with cost
P(0,b) = Lb — 2y/bm§ +m + m¥,

P(a,0) = La — 2y/am¥ +md + m¥,

0 L
from which we obtain b = min(mJ, m¥, %) or a = min(my, m¥, %), respectively, by optimization. Comparing
the respective costs, we obtain

0 if mf < 1 L if mf < 1
1 m*g_s([/)) my 1 T—SL)’
S(LYmE—m8 . mt S(LYmd—mE mt
a= w 1fﬁ<ﬁg<s(l’)’ b= (S()L)%—ll lfﬁ<m7%’£<5(l’)’
md if S(L) < 2, 0 if S(L) < T

which is illustrated via the phase diagram in Figure 7.

As can be seen from Figure 7, Ly, = 0 and Lyax = oo (it is straightforward to check Té/ =T - 5F
\/52/4 — s] with L(s) = (T7)" — (T}) = v/s2 — 45 — o0 as s — —o0). Likewise, Ly = L; = oo for the maximal
transport distances from Proposition 3.31. Thus there will always occur some mass transport, no matter how far
the Dirac masses are apart. This behaviour is fundamentally different from the corresponding unbalanced trans-
port with the Wasserstein-2 transport metric (the Wasserstein—Fisher-Rao or Hellinger-Kantorovich distance
[7, 12]) in which mass transport is known to cease for distances larger than 7.

5.2. Examples of different static and corresponding dynamic models

In the literature there are several examples of static mass change penalties, a few of which are described in
[21] and summarized in Table 1. By 4.8(3), all of these models admit a corresponding dynamic formulation. For
some of them we calculate the corresponding dynamic functions hp and c¢p below (they are also provided in
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FIGURE 7. Phase diagram for the unbalanced transport of one Dirac mass onto another one
from Example 5.3. In the bottom parameter region, the first Dirac mass m{ is first shrunk to
size m¥ and then completely moved to the new position; in the top parameter region it is first
completely moved and then grown to m¥. In the intermediate region, only part a of the mass
is moved initially, then the first Dirac mass is shrunk while the second one is simultaneously
grown, and finally the rest b of the mass is moved.

Tab. 1 for reference), for others (for which a closed formula is not straightforward to obtain) we just numerically
approximate hp and ¢p using Proposition 4.8(4). The numerical approximations are displayed in Table 2.

Example 5.4 (Dynamic formulation for piecewise linear metric CEWI). The mass change penalty of CEWI from
Table 1 has four linear segments: ¢g(1,-) is zero at 1, and it increases to the right first with slope —s and then
with slope —d while it increases to the left first with slope 5 and then with slope d. The resulting hg is piecewise
linear as well and satisfies

hs(z) = —s+ L(z+s) for z € [-s,—d], hs(z) =35+b(z —3) for z € [5,d].

Note that EJS(Z) =Lz—(1-2%)sfor z €[ds] and hjs(z) =Wz + (1 - V)5 for z € [5,d]. Proposition 4.8(4)
thus implies

—00 if 2 ¢ [d,d],

0 if z € [s,3],

(z—3)logb if z € [5,d]
so that cp can readily be computed via cp(p,() = sup{php(z) + {2z | z € R}. Note that the mass change
penalties C¢ and CTV can be seen as special cases with —~d = —s=35=d=o0c and ~-d=-s=5=d =1,
respectively.

Example 5.5 (Dynamic formulation for Hellinger metric C¥). The squared Hellinger metric cs(mo,m1) =
(/o — /m1)? readily results in hg(z) = hg(z) = 1+ for z € (—1,00). Note hfg(z) = h(z) =
easily be shown by induction. Proposition 4.8(4) thus implies

zZ
77> 8 can

o #4561
joroo (hL)'(2) j—roo 1/(1+jz)?
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TABLE 2. Graphs of the functions cg, hg, hp, and cp for the dissimilarities from Table 1. The
last row shows a dissimilarity ng for which g[hg] is not convex so that there is no corresponding
dynamic model.

cs(1,) hs hp ep(l,-)
6
R 0
s 6
0 .
4 4
d p 10
(&3 , 2 2
4 -15 o
5 0 5
0 6 20
0 5 2 0 2 4 6 5 0 5
6 5 0
s 6
0 N
4 4
ngv 2 -10
2
2
4 -15 o
5 0 5
0 -6 -20
0 5 2 0 2 4 6 5 0 5
b 5 0
s 6
o .
4 4
1
oPv > -10
S 2
2
4 -15 o
5 0 5
0 6 -20
0 5 2 0 2 4 6 5 0 5
6
5 0
s 6
o .
4 4
cl 2 10
2
2
4 -15 o
5 0 5
0\\ 6 -20
0 5 2 0 2 4 6 5 0 5
6 5 0
s 6
o -
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S 2
2
-4 -15 0
5 0 5
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6
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0 N
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E,1
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4 0 N
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for z > 0 and likewise hp(z) = —22 for z < 0. From this we can now readily compute
oo if p <O,
cp(p,¢) = sup{php(2) +(z | z € R} = {42 s
i, clse

Example 5.6 (Dynamic formulation for Jensen—Shannon divergence C’gs). The Jensen—Shannon divergence

cs(mg, my) = myglog, mii’fnl + my log, mi”j}m results in hg(z) = hg(z) = logy(2 — 5=) on (—1,00). Note that
h(2) = hg(z) = log, % Thus Proposition 4.8(4) implies
hj _hj*l 22/27272/2 2
(o) — i P =) )

oo (hG)(2) —log2

_ (22/2_272/2)2

for z > 0 and likewise hp(2) for z <0, from which we obtain

—log2

0 if p <0,
cp(p, ) =sup{php(2) + ¢z [ 2 €R} = (5-1/9°

—Tog2 p+Clogy g else
with g = 5 + /1 + 1.

The graphs of the functions cg, hg, hp and cp for the above examples and a few further ones are provided
in Table 2.

Remark 5.7 (Static model without dynamic correspondence). There are static models which are not induced
by a corresponding dynamic model. Indeed, the last row of Table 2 shows a static model with

+00 if z ¢ [1,4], ) 1 11
1,2) = . h = yzz+ i a4+ 13
cs(1, z) { ax{» ng 2} iz e [14] s(z) =min{z, 52 + 5, 72 + 1}

By Proposition 4.8(2) it does not admit a corresponding dynamic model; and indeed, the calculated g[hg] shown
in Table 2 is nonconvex. Note that the non-existence of a dynamic model in this example is unrelated to the
behaviour of ¢g(1, 2) for z < 1.

As a final remark, let us mention that the cost (2.9) with CZV is also known as the flat norm difference
between two zero-dimensional currents or flat chains pg, p1 ([9], Sect.4.1-2). Hence, the unbalanced transport
cost with CEV metrizes flat convergence. Since flat convergence of uniformly bounded measures coincides with
weak convergence, the following proposition implies that weak convergence is equivalent to convergence of the
unbalanced transport cost for all static models with dissimilarities from Table 1 except for Cg, Cg’o, and Cg’l.

Proposition 5.8 (Topological equivalence). The cost Wg from (2.9) for the dissimilarities C&V, CEWI with
— 2

(d,s,a) = (—d, =3, 3), C¥, CL8, or C¥ is a semimetric on the space {p € M (2) | p(£2) < M} of nonnegative

measures with mass uniformly bounded by M > 1. Convergence in this semimetric is equivalent among all those

dissimilarities.

Proof. Tt is straightforward to see that the cost Wg(po, p1) is positive unless py = p1, and that Ws(po, p1) =
Ws(p1, po). Thus, Wy is a semimetric.

Consider two sequences of nonnegative measures p;,0;, j = 1,2,.... Since all listed dissimilarities can be
bounded above by a multiple of CZV, convergence Ws(p;,0;) — 0 for CZV also implies Wg(p;, ;) — 0 for any
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of the other dissimilarities. On the other hand, all dissimilarities can be bounded below by a multiple of the

dissimilarity Cs(pg, p1) = fQ cs (ff,f, C;p,yl ) d~y for

00 if mg <0 or my <0,

2(mog —mq) —my if%<%,
cs(mo,my) = 7(%;?“)2 if% [% 1)

s —mq)” if ™ e [1,2),

2(my —mg) —mg if %{1} > 2.

Thus it remains to show that Ws(p;, ;) — 0 for Cg implies Ws(p],o’j) — 0 also for C’SV For e € (0,1) let N
be large enough such that Wg(p;,0;) < e for Cg and all j > N. Let p = Pymy and 0 = Pxm for the optimal

mo and 7 in (2.9) with Cs and abbreviate v = p’; 4 0 and Q={zen| dpJ/ T (%,2)}, then
‘dpy _ ﬂ|2

dp’; do’; dp’, do’, . ,dp/ do’ d
st} = [ es(h Fhrar = [ % - 31 - minch dwdw/ﬁ(dp; o
min — =
dy > dy

, 2
/ |dpJ_ |d +/|dpj_%|2d72/ |dpJ_ (/|dﬂj_ )
>/ d&fi /|dﬁf—|d > /d&ff :i Vi, ol)?
~ Joa —4M s o)

Thus, the cost with CTV satisfies Wg(pj,0;) < e + V4Me for all j > N. The result follows now from the
arbitrariness of €. O

The same argument shows that weak convergence is also equivalent to convergence with respect to the cost
Wyg using the dissimilarities Cg’p with p € (0,1) or a general CgWI. However, those costs are not symmetric and
thus not a semimetric.

6. CONCLUSION

We considered a dynamic formulation of general unbalanced transport models with 1-homogeneous transport
costs as in the Wasserstein-1 distance. We showed its equivalence to a corresponding static formulation, and
we showed how the dynamic and static model parameters (the functions c¢p and cg) as well as the dynamic
and static optimizers relate to each other. This is particularly relevant from an application viewpoint, since the
static models have the advantage of being much lower-dimensional (in particular in their dual formulation in
Prop. 2.5) and thus easier to compute.

We also answered the question which static models allow a dynamic formulation, arriving at a necessary
and sufficient condition that can for instance be checked numerically. Due to our focus on Wi-type models, this
characterization becomes much simpler than a characterization of what dynamic and static unbalanced transport
models correspond to each other in the general case as in Theorem 4.3 of [8]. An interesting, non-obvious result
of this analysis is that the class of static models is richer than the class of dynamic models, even though one
might have thought that modelling the full time dynamics allows more modelling freedom. This phenomenon is
connected to the fact that the optimal dynamics are controlled by an autonomous ordinary differential equation
(ode) (3.4) describing the mass change, which imposes some a priori regularity on the resulting mass change. In
other settings without our particular W; structure, a similar situation should be expected. Allowing the mass
change penalty to change over time (thereby turning the above autonomous into a nonautonomous ode) might
remove this asymmetry between dynamic and static models and could be further investigated.



52 B. SCHMITZER AND B. WIRTH

The analysis of which static models allow a dynamic formulation turns out to be rather decoupled from the
actual transport problem. Thus the question arises whether it might have a broader applicability. Essentially it
answers the question what mass change penalties (that is, convex, 1-homogeneous premetrics) are generated by
geodesic paths with respect to a convex 1-homogeneous infinitesimal cost in the space of positive measures. A
completely different, dynamical systems or inverse problems perspective is the following: If the static model has
an equivalent dynamic formulation, then we showed that the static model function hg is the time-one map of
the autonomous scalar ode governed by the dynamic model function hp. Of course, for any time-one map there
are many possible compatible right-hand sides of the ode. Thus we essentially answered the question which
monotone maps hg : R — R with a single interval of fixed points are the time-one map of an autonomous ode
with concave right-hand side hp, and we provided an explicit formula to recover this hp.

We furthermore gave a detailed characterization of the structure of dynamic optimizers. This characterization
heavily exploits the Wi-type nature of our problem, and it will be fundamentally different for other dynamic
unbalanced transport models, in which typically mass change and transport occur simultaneously. In such cases
no clean separation of dynamic processes into transport and mass change can be expected. This clean separation
is actually advantageous from the application perspective, since it avoids that even a simple, mere transport
task will be accompanied by mass loss throughout the first half of the transport and subsequent mass gain
throughout the second half, just to reduce transport costs. A similar situation of clean separation between
both processes is expected if not the transport costs, but rather the mass change costs are restricted to being
1-homogeneous, a case which seems worth investigating.

7. A VERSION OF THE STONE-WEIERSTRASS THEOREM

Throughout, let {2 C R™ be the closure of an open bounded connected set, and let the metric d on (2 be
induced by shortest curves inside {2 (those exist, since 2 is geodesically complete). Let Bs(z) C R™ denote the
closed ball of radius 6 > 0 around z € R".

Lemma 7.1 (Approximation property of distance). For§ > 0 denote the §-dilation of 2 by 25 = {x e R™ | Ty €
Q ||z —y|| <6}, and denote the metric induced by shortest curves on (25 by ds. For any x,y € 2 we have
ds(z,y) — d(x,y) monotonically from below as § — 0.

Proof. Obviously, ds(x,y) is monotonically increasing as 6 — 0 and satisfies ds(z,y) < d(z,y). Let v5 C £2s
be a curve connecting x and y with minimal length, that is, H!(vs) = ds(x,y). By the Blaschke Compactness
theorem ([1], Thm. 4.4.15) there exists a subsequence 75, converging in the Hausdorff distance to a compact set
7 connecting  and y. By Gotab’s theorem ([1], Thm. 4.4.17), v is connected with H!(y) < liminf; .. H(ys,) =
liminf; o ds, (z,y). Furthermore, v C {2 so that d(x,y) < liminf; , ds, (z,y), concluding the proof. Indeed,
if z € v\ 2, let D= dist(z,2). Then for all i large enough there is some z; € 75, with ||z — z;|| < £, which
contradicts 5, C {25, for 6; < %. O]

Lemma 7.2 (Point separation). For any nonidentical x,y € £2 and a,b € R with |a — b| < d(z,y) there is a
function f € CH(2)NLip(2) with f(z) = a and f(y) = b.

Proof. Without loss of generality b > a. For § > 0 define g5 : 25 = R, g5(z) = ds(z, z), and extend gs by zero
outside {2s. Then convolve g5 with a smooth mollifier of support in B s (0) to obtain hs € C*(R™). The value of
Vhs at each point z € (2 is the weighted mean of Vgs over B g (2), which lies completely inside {25 so that g5 €
Lip(Bj(z)) and thus [|[Vhs(2)|| < 1 (since g satisfied the same condition). Thus hs| € C1(2)NLip(£2). Finally,

define fs5: 2 = R, f5(z) = a+ (hs(2) — hg(x))m. By definition, fs(x) = a and fs(y) = b. Furthermore,

as § — 0, hs — g5 uniformly on {2 and g5(y) — d(x,y) by the previous lemma. Thus, m < 1 for small
enough § so that fs € C(§2) N Lip(£2). O

Lemma 7.3 (Smoothed Heaviside function). For any e,§ > 0 there exists a function H. 5 € C°(R) with
lzH. 5(x)] <6 for all x € R and He 5(x) =0 for all x < —¢ and H. 5(x) =1 for all v > €.
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Proof. Since we can always mollify H. s, it suffices to show the existence of a piecewise differentiable H. s
satisfying the above conditions. Set n = &/(exp(55) — 1) and define

0 if z < —e¢,

%—(ﬂoglxl% if z € (—¢,0],
Hep(x) =4 1 joftn

g +olog == if z € (0,¢],

1 ifx>e.

It is straightforward to check that H. s is continuous and satisfies the required conditions almost everywhere. [

Lemma 7.4 (Smooth min and max operation). For f,g € C'(§2) N Lip(£2) and § > 0 define

fAsg=gHss(f—g)+ f(1—Hss(f —9)),
fVsg=fHss(f—g)+9(1—Hss(f —g))-

Then f As g, f Vs g € CH(2) N (1 + 26) Lip(£2), and

min(f,g) —d < f As g < min(f,g) + 4,
max(f,g9) — 6 < f Vs g <max(f,g)+ 4.

Proof. The continuous differentiability follows from the continuous differentiability of f, g, and Hs;.
Furthermore,

IV(f As 9l = [IVgHs5(f —9) + V(1= Hss(f—9) + (g — [)Hs5(f —9)V(f —9)ll
<||VgHss(f —g) + V(1 —Hss(f —g)ll + (g — f)Hss(f — IV + IVgll) <1+(1+1).

Analogously one shows f Vs g € (14 26) Lip({2). Finally, if |f — g| > 4, then min(f, g) = f As g and max(f, g) =
f Vs g, while otherwise we obtain a convex combination of f and g, which implies the rest of the statement. [J

The following is a simple variant of the classical proof by Stone.
Proposition 7.5 (Stone-Weierstral). C!(§2) N Lip({2) is dense in Lip(§2) with respect to the supremum norm.

Proof. Given g € Lip({2) and € > 0 we seek some f € C1(£2) NLip(£2) with ||f — g|| < e. Actually, since \g — g
uniformly as A — 1, it suffices to consider g € ALip(§2) for an arbitrary A € (0, 1).

For given z € 2, by Lemma 7.2 there exists for each y € 2 a function f, € C*(£2) NLip(£2) with f,(z) = g(x)
and f,(y) = g(y). Introduce the open set V,, = {z € 2| f,(2) < g(z) + §}. Since the family V,, for y € {2 forms
an open cover of {2 (note that x,y € V) and (2 is compact, we can extract a finite subcover V,,,,...,V,,. For
0 > 0 define

Fw = (((fyl Ns fy2) As fya) Ns fyk)

By the previous lemma, F,, € C(£2) N (1 + 26)* Lip(2) with |E, — min(fy,, ..., fy.)| < kd. Thus, by choosing
4 small enough (depending on x) we have F, = WF;E € C'(2) NLip(2) with F, < g+ §.
Now introduce the open set W, = {z € 2| Fi,(2) > g(z) — §}, which contains z. Again the W, form an open

cover of {2 from which we can extract a subcover W, , ..., W,,, and analogously to before we set

f= (((Fxl Vs FIQ) Vs FI3) Vs le).

Again, by choosing § small enough we have f = mf e CH ) NLip(2) withg—e < f<g+e. O
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Remark 7.6 (Higher smoothness). One may replace C* by C°°.
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