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LINEAR QUADRATIC STOCHASTIC OPTIMAL CONTROL
PROBLEMS WITH OPERATOR COEFFICIENTS: OPEN-LOOP
SOLUTIONS*

QINGMENG WEL!, JIONGMIN YONG? AND ZHIYONG YU?**

Abstract. An optimal control problem is considered for linear stochastic differential equations with
quadratic cost functional. The coeflicients of the state equation and the weights in the cost functional
are bounded operators on the spaces of square integrable random variables. The main motivation
of our study is linear quadratic (LQ, for short) optimal control problems for mean-field stochastic
differential equations. Open-loop solvability of the problem is characterized as the solvability of a system
of linear coupled forward-backward stochastic differential equations (FBSDE, for short) with operator
coefficients, together with a convexity condition for the cost functional. Under proper conditions, the
well-posedness of such an FBSDE, which leads to the existence of an open-loop optimal control, is
established. Finally, as applications of our main results, a general mean-field L.Q control problem and
a concrete mean-variance portfolio selection problem in the open-loop case are solved.
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1. INTRODUCTION

Since the pioneer works of Lasry—Lions [20-22], the mean-field type stochastic differential equations, stochastic
optimal controls, stochastic differential games, and their applications received extensive researchers’ attention
in recent years [3-5, 7-10, 34]. This paper is mainly motivated by the mean-field linear quadratic (LQ, for short)
stochastic optimal control problems, and this motivation will be explained in detail in the next section.

When we consider mean-field LQ control problems with random coefficients, the terms of the following forms

A(s)X(s), A(s)E[A(s)X(s)], etc. (1.1)
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could appear in the state equations, where s is the time variable, A(-), A(-), A(-) are suitable matrix-valued
stochastic processes, and X (-) denotes the state process. On the other hand, the terms of the forms

(Q(5)X (), X(9)),  (Q(5)X(5),E[Q(s)X(5)]), (Q)E[Q(s)X(5)],E[Q(s)X(5)]), ete.  (1.2)

could appear in the cost functionals. It is a bit complicated to treat them case by case. This inspires us to
introduce a universal framework to deal with them uniformly.

In order to further reveal the advantages of the framework of operators, let us see a simple example. It is
well known that mean-variance portfolio selection problems are very important in mathematical finance. In a
natural viewpoint, mean-variance problems can be regarded as special examples of mean-field LQ problems (see
[2, 6, 28] or Sect. 4.1 in the present paper). In mean-variance problems, the variance of some random variable
is included in the cost functionals. For example, the variance of the terminal state X (T") reads:

Var(X(T)) = E[X(T)? - 2X(T)E[X(T)] + (E[X(D))’] =E[X(T)* - ®[x(1)))]].  (13)

Therefore, in the cost functional, if we allow the variances of the state and/or control to appear, then the
expectations will appear quadratically. Having this in mind, it will be very natural to include terms like those
in (1.2) in the cost functional. We will present some concrete examples in a later section.

Now we introduce our framework. Let (£2, F,F,P) be a complete filtered probability space on which a standard
one-dimensional Brownian motion {W(t),¢ > 0} is defined such that F = {F; };>¢ is the natural filtration of W (-)
augmented by all the P-null sets in F. Consider the following controlled linear (forward) stochastic differential
equation (FSDE, for short) on [¢,T]:

{ dX(s) = [A(s)X (s) + B(s)u(s) + b(s)]ds + [C(s) X (s) + D(s)u(s) + o(s)|dW(s), s€ [t,T], (1.4)
X(t) = . )

In the above, X(-) is called the state process taking values in the n-dimensional Euclidean space R™; wu(-) is
called the control process taking values in R™; (t,z) is called an initial pair with t € [0,T) and z being a
square integrable R™-valued F;-measurable random variable; b(-) and o(-) are called non-homogeneous terms.
To explain the coefficients of the system, we first recall the following spaces: For any ¢ € [0, T],

L%, (;R") = {¢: 2 — R™ | £ is Fy-measurable and [|¢]| = (E|§\2)% <oo}, L*(R™) =L% (2;R"),

T
Li(t, T;R"™) = {(p ([, T) x 2= R" ’ ©(+) is F-progressively measurable, ]E/ lo(s)]?ds < oo},
t

T
o, <}
| 1etar], < oo}
Li(2;C([t, T];R™)) = {cp 2 [t, T] x 22— R™ | ¢(-) is F-progressively measurable, s - ¢(s,w) is continuous

LA(0; L' (t, T;R™)) = {4,0 :[t, T] x 22— R™ | ¢(-) is F-progressively measurable,

almost surely, IE{ sup |cp(s)\2} < oo}.
s€[t,T)

For any Banach spaces X and Y, we let .Z(X;Y) be the set of all linear bounded operators from X to Y, and

denote .Z(X;X) = .Z(X). Also, when X is a Hilbert space, we let . (X) be the set of all bounded self-adjoint
operators on X. In the state equation (1.4), we assume that

As),C(s) € X(L?FS(Q;R”)), B(s),D(s) € ,%(LETS(Q;RW); LEUS(Q;R")), Vs € [0,T]. (1.5)
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More precisely, for example, for any £ € L% (5R™), A(s)€ € L2FS (£2;R™), with

(BLAG)ER) " = IAGES A €2,
where
LA = sup {[A(s)élls | € € L3 (2 R™), Jil =1}

Some additional conditions will be assumed for ||A(-)|], ||C(-)||, [|B(-)|| and ||D(-)| later. In what follows, the set
of all initial pairs is denoted by

9= {(t,x) |te[0,T], z¢ Lit(n;w)},

and the set of all admissible controls on [t, T is denoted by U[t,T] = La(t, T;R™).

One can show that under certain conditions, for any initial pair (¢,z) € & and control u(-) € U[t, T, the state
equation (1.4) admits a unique strong solution X (-) = X (-;t,z,u(-)) € L2(2; C([t,T]; R")). The performance
of the control process is measured by the following cost functional:

J(tsu() = E[(GX(T), X(T)) + 209, X (T)) + / " (195X (6), X(5) + 2(S(9) X (5),u(s)
H(R(s)u(s), u(s)) + 2(a(s), X (5)) + 2(p(s), u(s)) ) ds] (1.6)
where
Ge y(ﬁ(n;m)), Q(s) € y(Lffs(Q;R”)),
S(s) € Z (L5, (BR"); L3 (BR™)), R(s) € 7 (L3, (ZR™), Vs € [0,T), (L.7)

with certain additional conditions, and g € L?(£2;R"), ¢(-) € L&(£2; L* (0, T;R™)), p(-) € LZ(0,T;R™).
Our optimal control problem can be stated as follows.
Problem (OLQ). For given (¢,z) € 2, find a 4(-) € U[t,T), called an open-loop optimal control, such that

Jwat) = inf J(ta() (L8)

The above Problem (OLQ) clearly includes the classical stochastic linear quadratic (LQ, for short) optimal
control problem for which all the coefficients and quadratic weighting operators in the cost functional are
matrix-valued processes [32, 33]. On the other hand, by allowing the coefficients of the state equation and the
quadratic weighting operators in the cost functional to be linear bounded operators between Hilbert spaces of
square integrable random variables, our problem will cover stochastic LQ optimal control problem for mean-field
FSDEs with cost functionals also involving mean-field terms (such problems are referred to as MF-LQ problems).
In [34], for a simple MF-LQ problem (with deterministic coefficients), under proper conditions, optimal control
is obtained via the solution to a system of Riccati equations. See [18, 23, 35] for some follow-up works.

There are a plenty of literatures on the classical LQ optimal control problems and two-person differential
games. See [1, 11, 12, 14, 24, 25, 29-32, 39] for deterministic coefficient cases, and [13, 17, 33, 37] for random
coefficient cases. In [30] (see also [31]) open-loop and closed-loop solvabilities/saddle points were introduced, and
the following interesting equivalent relations were established for LQ optimal control problems with deterministic
coefficients: The open-loop solvability of the LQ problem is equivalent to the solvability of an FBSDE, and the
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closed-loop solvability of the LQ problem is equivalent to the solvability of the corresponding Riccati equation.
For two-person differential games, similar results are also valid. In the current paper, we focus on the open-loop
solvability of our Problem (OLQ). The studies of closed-loop case and differential game problems will be carried
out in our future publications. For the solvability of FBSDEs or Riccati equations arising in the classical LQ
stochastic optimal control problems and stochastic differential game problems, one is referred to [15, 27, 38].
We may regard the current work as a continuation of [18, 23, 30, 31, 34].

Several contributions have been made in this work. Firstly, all the involved coefficients are operator-valued
processes or operator-valued variables. The appearance of the operator coefficients in the state equation and the
cost functional prompts us to develop some new methods and techniques. Actually, our results on the FSDEs
and backward stochastic differential equations (BSDEs, for short) with operator coefficients are of independent
interests themselves. Secondly, under a convexity condition, we establish the equivalence between the open-loop
solvability of Problem (OLQ) and the well-posedness of a coupled FBSDE with operator coefficients. Thirdly,
under some conditions, the well-posedness of the relevant FBSDE with operator coefficients is established by
the method of continuation (which is original introduced in [16]). Fourthly, as an application of our general
abstract results, we present the solution to the mean-field LQ problem (which is a major motivation of the
current work). The open-loop optimal control for the MF-LQ control problem is characterized by the solution
of a Fredholm type integral equation of the second kind. The theoretical results are also applied to a concrete
mean-variance portfolio selection problem arising from mathematical finance.

The rest of this paper is organized as follows. Some motivations of Problem (OLQ) are carefully presented
in Section 2. Some general results for FSDEs and BSDEs with operator coefficients will be established as well.
Section 3 is concerned with Problem (OLQ). Open-loop optimal controls are characterized, and the solvability
of the relevant coupled FBSDEs with operator coefficients is established by the method of continuation. In
Section 4, an MF-LQ optimal control problem and a mean-variance portfolio selection problem are worked out.
Finally, we wind up this paper in Section 5.

2. PRELIMINARIES

2.1. Motivations

In this subsection, we look at some motivations of our Problem (OLQ). First of all, for the state equation
(1.4), let us look at some special cases.
e The classical linear SDE:

{ A(s)E = A(s)6,  C(s)6 =C(s)E, VE e L% (2R,
B(syn=B(s)n, D(s)n=D(s)y, Vne L% (2;R™),

with A(+),C(-), B(+), D(-) being some matrix-valued processes.
e The case of simple mean-field SDE (MF-SDE):

—~

{A(S)E — A(s)¢ + A(5)E[A(s)€], Cls)¢ = C(s)E + C(s)E[C(s)€], Ve € Lk (%R,
B(s)n = B(s)n + B(s)E[B(s)n], D(s)n = D(s)n+ D(s)E[D(s)n], Vne L% (2R™),

for some matrix-valued processes A(-), A(-), g(), etc. In the case that all the coefficients are deterministic (as
in [18, 23, 34]), the above will be reduced to the following simpler form:

{A(S)é = A(s)e + A(s)E[E], C(s)¢ = C(s)é + C(s)E[e], VE € L% (&:R™),
B(s)n = B(s)n + B(s)E[n], D(s)n=D(s)n+ D(s)E[n], Vne L% (2;R™),

for some matrix-valued deterministic functions A(-), A(-), etc.
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o The extended MF-SDE:

A(s)E = A(s)E + / An(9)E[Ar(s)€] (),
V¢ € L% (2;R™),
C(s)E = C(s §+/CA E[Ch(s)€] u(dN),
(2.1)
B(s)n 77—|—/B,\ ] (dX),

D(s)y = D(s) + / Da(s)E[Da(s)n] u(d),

v € L% (2;R™),

with A(-),C(-), B(-), D() being matrix-valued processes and Ay (-), Ax(-), etc. being families of matrix-valued
processes parameterized by A € R, and u(-) being a Borel measure on R. Some conditions are needed in order
the above make sense. A special case of the above is the following (with u(-) supported at {1,2,3,---}):

A(s)E = A(s)E+ Y Ap(s)E[Ar(s)E] = A(s)E + A(s) 'E[A(s)€],
e N ) N VE € L3 (2, R™),
C(s)¢ = C(s)6+ Y Cu(s)E[Ci(s)¢] = C(5)¢ + C(s) 'E[C(s)¢],
k=1 (2.2)
B(s)n = B(s)n+ Y _ Bi(s)E[Bi(s)n] = B(s)n+ B(s) "E[B(s)n],
k2 _ _ _ Vn € L% ($2;R™),
D(s)n = D(s)n+ > _ Di(s)E[Dk(s)n] = D(s)n+ D(s) "E[D(s)n],
k>1
with
A(s)" = (Ai(s), Aa(s),...), §<s>T = (fﬁ(s)ig*z(s)i ),
Cs)" = (C1(5), Ca(s),-), Cs)T = (Cus) ", Ca(9)T,.), (2.3)
B(s)" = (Bi(s), Ba(s),- ), B(s)" = (Bis)", Ba(s) . ),
D(s)" = (Di(s), Da(s),...), D(s)" = (Di(s)",Da(s)",...),

for some matrix-valued processes Ag(-), Ax(), C (), Cr (), Be (), Br(-), D (), Di(+), k = 1,2, . ... We will look
at the above case in details in Appendix A.
From the above, we see that by allowing A(-),C
valued processes), our state equation can cover a big class of stochastic linear systems.
Next, we look at the cost functional. To get some feeling about the operators in the cost functional, let us

(1), B(), D(+) to be operator-valued processes (not just matrix-

look at the case compatible with (2.2)—(2.3). Let

X0 = (gaxiry) X0 = (m@emre) = (arioms):
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G\ Qi(s) Ri(s)
G=|G2|, Q(s)=|Q) |, R(s)=|Re(s)]. (2.4)

For the terminal cost, we propose the quadratic term as

¢ G\ [ X(T)
(6 &) uexmy) (ooxay))
+(GTEIGX(T)], X(T)) + (GX(T), E[GX(T)]) + (GEIGX (T)}, E[GX(T)])]
(GTEIGX(T >}+GTE[G@ (D)) + X4 21 G EIG [EIG: X (T)), X(T))
| 7

for some

1,721 7

GTI/E[GX( 7]+ GTE[GX (T)] + GTE[GIE[GX (T)], X (T)) = E(GX (T), X (T))
and the linear term as

ple. X)) =2( (%) (gairy) ) ~EL (@ BGX(D)

= E {90, X(T)) +zk>1 91, E[GLX (T >1>} E(go + Y51 GLElgil, X(T))
—E(go + G Elg], X (7)) = Elg, X(T),
g1
92 | . (2.5)

for some
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and similarly,
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for some
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We see that, in the above case,

G¢ = G¢ + GTE[G¢] + GTE[GE] + GTE[GIE[GE], € € L2 (2;R™),
Q(5)6=Q()s+Q(s) "E[Q()E]+Q(s) "E[Q(s)€]+Q(s) "E[Q(s)[E[Q(s)¢], € € L% (2;R"),

S(s)€ = S(s)€ + R(s) "E[S(s)¢] + S(s) 'E[Q(s)¢] + R(s) "E[S(s)|[E[Q(s)¢], &€ L% (%R™),  (2.10)
R(s)n=R(s)n+R(s) "E[R(s)y]+R(s) 'E[R(s)n]+R(s) "E[R(s)E[R(s)n], € L% (R™),

9=290+G'Elg], a(s) = ao(s) +Q(s) "E[a(s)], p(s) = po(s) + R(s) E[p(s)].

When all the weighting functions in the cost functional are deterministic, the above will be reduced to the
following: (see [34])

Q(s)¢ = Q)6+ Q()E[E],  S(s)€ = S(s)é+ S(s)E[¢], € € L (2;R™),

{ GE=GE+GE[E], € € L*({3R™),
R(s)n = R(s)n+ R(s)E[n], ne L% (£2;R™).

The above suggests that if the coefficients of the state equation are given by (2.1), the corresponding operators
in the cost functional could look like the following:

0 = Gt + [ (GTEIGHE + GTEIGAE ) + [ [ GTOAEG In(dn(an), € (iR,

Q5)¢ = Q)¢ + [ (Oa(s) TEIQA(S)E) + @ (9) EIGA()¢] ()
+ [ @ @GR, ¢ € Lk (2R,

S =5(:)¢ + [ (Ralo) BB 6)¢] + Sa(5) BIQ)E () (21)
+ [ B B BRI nldn). ¢ € L3 (R,

)
Rispn = R(s)n + [ (Bals)TELRA ()] + B (s) TELRA(s)a] ()

+ / / Ba(s) T Baw ()E(R, (s)n]u(d\)p(dv), 1 € L2 (2:R™).
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In the above, é)\l,, @)\V(-), §)\,,(-), ITE,\V(~) are deterministic, and
G, =G, Qu(s)T =Qua(s), Rau(s)T =Rua(s), VAveR, se[0,T]. (2.12)
The above shows that our framework can cover many problems involving mean fields.

2.2. The state equation and the cost functional

We now return to our state equation (1.4) and cost functional (1.6). Recall the Hilbert space
L% (;R") C L*(;R") = L%, (;R"), s €[0,T],
with the norm:
%
lello = (EIEP), V¢ € 13 (ZR").

Also, we recall the spaces L2(£2; L*(t,T;R™)) and L2(§2; C([t,T]; R™)) introduced in the first section. We now
introduce the following definition concerning the operator-valued processes.

Definition 2.1. An operator-valued process B : [0,7] — X(LQ(Q;RT”);LQ(Q;R"D is said to be strongly
F-progressively measurable if

B(s) € ,,Sf(Lfrs(Q;Rm); Lfrs(g;R")), Vs € [0, 7],

and for any n(-) € L2(0, T;R™), B(-)n(-) is F-progressively measurable. The set of all strongly F-progressively
measurable operator-valued processes valued in & (LQ(Q;R”);LQ(Q;R")) is denoted by % (LQ(Q;R’”);

LQ(Q;Rn)), and denote
L (L2(Q;]R”); LQ(Q;R”)) - % <L2(Q;R")).
Further, for any p € [1, 0], we denote
20 (12 R 12 (2R ) = {B) € Ze (L@ R™); L@ RY) | IBO < oo},

where

([ 1soea)’,  pepw

esssup ||B(t), p =00,
t€[0,T]

1BOp =

with ||B(t)|| being the operator norm of B(t) for given ¢ € [0, T, defined by

IB(#)]| = sup { (E[IB(t)n\Z])% ’ ne L% (%R™), (IE[|17|2])% - 1},
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Also, we denote
R (LQ(Q;R”);LQ(Q;R”)) = (LQ(Q;R")),
and
P (L?(Q;Rn)) - {B(~) ey (L?(Q;Rn)) | B(s) € y(LQE(Q;Rn)), Vs € [O,T}}.

Strong measurability for operator-valued functions can be found in [36]. Our operator-valued processes have
an additional feature of F-progressive measurability. Therefore, the above definition is necessary.
Now, for state equation (1.4), we introduce the following hypothesis.
(H1) Let
A() e ZHIA2RY), B() e Z2(L*(2R™); LA(2R")),
c() e L2 (IR, D() € 22 (LA(BR™): LA(%RY)),
b(-) € Lg(2; L' (0, T;R™)), o(-) € LE(0,T;R™).

The following result gives the well-posedness of (1.4).

Proposition 2.2. Let (H1) hold. Then for any (t,x) € 2, and u(-) € U[t,T], there exists a unique solution
X()=X(5t,x) € LE(2;C([t, T); R™)) to (1.4) and the following estimate holds:

B sup (X)) < K[lal3 + (180 +1P0)I) [ ) 3

seft,T]
T 9 T
[ wwiar],+ [ o], (213)
t t

for some constant K > 0 depending on ||A(-)||x and ||C(-)]|2.

|

Proof. Let (t,z) € 2 be fixed and u(-) € U[t,T] be given. For any X(-) € L2(2;C([t,T];R")), we define the
process X () by

X(s) :x+/ts (A X () +B(r)u(r)+b(r))dr+/: (Ct)X () + DEyu(r) + o)) AW (). s € [1.T]

For any ¢t < t; < te < T and any s € [t1,t2],

X()P <3{IX @)+ (f; | A(r) )+B(T)U(T)+b(7‘)|dr)2
|0 X0 + Dyutr) + o) aw ()|}
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By Minkowski’s integral inequality and the Burkholder-Davis—-Gundy inequality (see Karatzas-Shreve [19],
Chap. 3, Thm. 3.28), we have

E[ supepr, o 1X ()]

< 3{IX ()13 + | 7 [AG)X () + Beryu(r) + b ar |
E[sup,e g | 7 (€)X )+ DOYulr) + o)) aw ()| ]}
s{Ixoi3+ (| [ 1A x@lar| + | 1 |B<r>u<r>|dr)]; +|

I (o)X () + D(ryur) + a(r))dW(r)‘ |}

<a{liz+s[(J7 140 X(lladr) + (Ji 18@)u()lodr) |

+3e2 3 (IC()X ()3 + |1D(r)u <>||2+||o<r>||2)dr}

3LIX ()13 +3[ (2 140 Iar) + e f2 100 2ds] sup, g, g 1613

+3( f3 IB()Pdr + cosup, i IDE)I2) i u(r)]3 Plar] + 3es J1 o) 3ar},

Ji bwlar]|)

+E |: SupTG[ths]

S o]

where co > 0 is the constant in the Burkholder—Davis—Gundy inequality. Thus, it follows that for some generic
constant K > 0, (hereafter, K > 0 will stand for a generic constant which could be different from line to line)

B[ sw (X(P] < &{IxX@I3+ || £ bwlar]|) + J ot 3ar

TE[t1,8]
+(Jy IBOPdr + sup, g, o IDE2) f ur) 3ar |
K[( S I4@)ar)” + [ le@)Pdr|E | sup e, o 1X (D).

For § > 0 small enough, we have

t+9

K[(/j” ||A(r)||dr)2+/t lew)l2ar] < 1.

Thus, the map X(-) — X(-) is a contraction from L2(£2;C([t,t + §];R™)) into itself. Therefore, it admits a
unique fixed point which is a solution to the state equation on [t,t + §]. Repeating the same argument, we can
obtain the unique existence of the solution X (-) € L(£2; C([t, T];R™)) to the state equation (1.4).

Moreover, for the solution X(-), from the above, we have

E[ swp (X(P] < &{jal2 + ]| 7 blar] + J ho)lEar + (1BOIE + IPOIR) f; utr) 300}

TE[t,s]

2
K[(J 1AW dr) + [ 1) 2dr| B[ sup, e 1X ()]
Then by a simple iteration argument, we obtain (2.13). O

Now, for the cost functional, we introduce the following hypothesis.
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(H2) The operator G € Y(Lz(ﬁ; R”)) and the operator-valued processes
() e A (LA(@R"), S() e L (L (BR) AZR™)), R() e 7= (LA(ZR™)).
Also,
g € L*(25R"), q() € LE(2,L1(0, T5R™),  p(-) € LF(0, T;R™).

We have the following result.

Proposition 2.3. Let (H1)-(H2) hold. Then for any (t,z) € 2 and any u(-) € U[t,T], the cost functional
J(t, x;u(+)) is well-defined.

Proof. First of all, Proposition 2.2 implies that the state equation (1.4) admits a unique state process X (-) =
X(5t,mu(-) € LE(2;C([t, T]; R™)). Let us observe the following estimates:

E(GX(T), X(T)| < IGIIX (D13, El{g, X(T)] < llgll21 X (T)]]25

/tT]Em(S)“(S)’U(S»Ids < /t

T T
IR(s)Ilu(s)]3ds < ”R(')”oo/t [u(s)ll3ds;

T

/tT]E<5(s)X(5),u(s)>|ds < (/tT ||S(S)X(S)||gds);(/t ||U(S)H§ds)%;

1

< 15Ol (B[ s 1xF])" ([ e 3ds)

s€[t,T]

T T
[ BHQEIX (). X(slds < [ IQGIEX (o) s < | QOIE[ sup (X(5)F]:

s€[t,T]

[ atonas],

(E[ s 1x)7)) "

/ " Blals). X (s)lds < B ( / Clalids) sup ()] <

s€t,T) s€(t,T]
T T 1, T 1
[ Blioteulas < ([ 1o Blas) " ([ luto)3ias)”
¢ t t
This implies that the cost functional J (¢, z;u(-)) is well-defined. O

Next we look at the quadratic form of the cost functional (1.6), from which we will get some abstract results
for Problem (OLQ).
It is clear that for given t € [0,T), (z,u(-)) — X (-;t,z,u(-)) is affine. Therefore, we may write

X (st zu() = [Fi)u()]() + [Fo()z]() + folt, ),
where
Fi(t) e 2 (Ul TH LA TSRY),  Fo(t) € 2 (L3, (@R LEE TR, folt,) € LAt TSRY).

Let
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Consequently,

~

J(tasu()) =E[(G{ROu()+Foa+lot)}, Fr@u()+ Foo+ o) +2(g, B (u() + Fo(ha + fo(®))
1 (Q) (IR Hu()](5) + [Fo(®)z](s) + folts )}, [Py (u()](s) + [Fo(t)a](s) + folt. )
+2(SE{[FL()u())(s) + [Fo(t)a)(s) + folt, )} uls)) + (R(s)uls), uls)
+2(q(s), [P (0)u())(s) + [Fo(t)2])(s) + folt, ) + 2(p(s), u(s)) ) ds]

= <g[ﬁ1u + Fox + fo], Fiu+ Fyx + ﬁ)> + 2<g7 Fiu+ Fox + ﬁ)>
+{Q(Fiu+ Fox + fo), Fru+ Foz + fo) + 2(S(Fiu+ Foz + fo),u) + (Ru,u)
+2(q, Fru+ Foz + fo) + 2{p, u)

= (Bou(-), u(-)) + 2{u(), 1) + po,

(2.14)
with
Gy = FyGF, + F{ QF; + SFy + F{ 8" + R,
o1 = Fy {g(ﬁom + fo) + g} + Fy [Q(Fox + fo) + q} +8(Fox + fo) + ps
vo = (G(Fox + fo), Fox + fo) +2(g, Fox + fo) + (Q(Fox + fo), Fox + fo) + 2(q, Fox + fo).
Clearly,

By € y(u[t,T]), o1 UL T], ¢o€R.
Therefore, according to [26], we have the following result.
Proposition 2.4. For any (t,x) € 2, the map u(-) — J(t,x;u(-)) admits a minimum in U[t, T if and only if
Dy 20, 1€ %’((152) = the range of $,. (2.15)
In particular, if the following holds:
Dy > 461, (2.16)

for some 6 > 0, then (2.15) holds and the map u(-) — J(t,z;u(-)) admits a unique minimum given by the
following:

u(-) = =05 o1 (). (2.17)

It is clear that if
G20, Q()=S()R()7'S()=0, R() =4I, (2.18)
then (2.16) holds. Thus, under (H1)—(H2) and (2.16), Problem (OLQ) admits a unique open-loop optimal

control.
If we denote

St wsu(-)) = J(t x5 u();0(),0(),9,4(), p(),
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indicating the dependence on the nonhomogeneous terms b(-), o(+) in the state equation and the linear weighting
coefficients ¢, q(+), p(+) in the cost functional, then we define

JO(t;u(r)) = J(t,0;u(-);0,0,0,0,0) = (Pou(-),u(-)), Yu(-) € U[t,T]. (2.19)

Hence, we see that the following is true.

Proposition 2.5. Let (H1)-(H2) hold. Then the following are equivalent:
(i) JO(t;u(+)) = 0 for all u(-) € U[t, T);
(iil) u(-) — J(t,z;u(-)) is convex.

2.3. BSDEs with operator coefficients

In this subsection, let us consider the following BSDE with operator coefficients:

dY (s) = —(A(s)*Y(s) +C(s)"Z(s) + w(s))ds + Z(s)dW(s), se€lt,T],
Y(T) = ¢ € L*(2;R").

(2.20)

A pair (Y (), Z(-)) of adapted processes is called an adapted solution if the above is satisfied in the usual It&’s
sense. We have the following well-posedness and regularity result for the above BSDE.

Proposition 2.6. Suppose (H1) holds and ¢(-) € LZ(£2; L' (¢, T;R™)). Then (2.20) admits a unique adapted
solution (Y (+), Z()) € LE(2;C([t, T);R™)) x L2(t, T;R™), and the following estimate holds:

5 s v+ [ 1260Pa] < ki + | [ o] (221)

sE€t,T]

where K > 0 is a constant depending on || A(-)||1 and ||C(-)||2-

Proof. Denote
M(t, T] = L§(2; C(t, TI; R™)) x Li(t, T;R™),

and

100 2Ol = {B] sup o]+ [ 12Pas)

s€t,T]

It is clear that || - || s, is @ norm under which M(t, T] is a Banach space. We introduce a map .7 : M[t,T] —
M(t, T] by the following:

where (y(+),2(:)) € M[t,T] and (Y (), Z(-)) is the adapted solution to the following BSDE:

T T
Y(s):§+/ (A(r)*y(r)+C(r)*z(r)+cp(r)>drf/ Z(r)dW(r), s € [t T).
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Then a standard result for BSDEs leads to the following estimate:

B[ sw v+ [ izoPar] < k{ll+ | (ool oo+ el

rels,T)

w{iei+ | [ oo+ | e <r>|dr\ / etrlar|}
<r{ie+ ([ 1aoy ()||2d7"> +(/ ety =(elaar)” + | [ etelar]}
<xe{jetz+ ([ haoiar) B[ ) / jewran) ([ 1) +] [ o]

<xcfie+| [ o+ [( [ ||A<r>|\dr) [ jewPar) ] [E( s ) )+ [ 1]}

The above estimate implies that the map (y(-),2(-)) — (Y (), Z(+)) is a contraction on M[T — §,T] for some
small § > 0. Then a routine argument gives the well-posedness of BSDE (2.20) on [t,T], and estimate (2.21)
holds. O

3. OPEN-LOOP OPTIMAL CONTROLS AND FBSDES
3.1. Solvability of problem (OLQ)
Let us first give the following definition.
Definition 3.1. A control process @(-) € U[t,T] is called an open-loop optimal control of Problem (OLQ) at
(t,x) e 7 if

Jwa) = inf (), (3.1)

f a(-) € U[t,T] exists satisfying (3.1), we say that Problem (OLQ) is open-loop solvable at (t,z) € 2, and
X() = X(t,z,u(-)) is called the open-loop optimal state process.

The following gives a characterization of optimal open-loop control of Problem (OLQ).

Theorem 3.2. Let (H1)-(H2) hold. Given (t,x) € 2, then u(-) € U[t,T] is an open-loop optimal control of
Problem (OLQ) at (t,z) € 9 with X (-) being the corresponding open-loop optimal state process if and only if
u(+) = J(t,x;u(-)) is convex and the following FBSDE with operator coefficients:

o,

X(s) = (A(S)X(s> + B(s)a(s) + b(s))ds + (C(S)X(s) +D(s)a(s) + a(s))dW(s),

4¥ (5) = — (A(s) Y () +C(5)" Z(5)+ Qs) X () +5(5) uls) +a(s) ) ds+ Z(s)dWV (s),
X(t)==z, Y(T)=GX(T)+y,

s € t,T],

admits an adapted solution (X (-),Y(-), Z(-)) such that the following stationarity condition holds:

R(s)u(s) + B(s)*Y(s) + D(s)*Z(s) + S(s)X(s) + p(s) =0, s€[t,T], as. (3.3)
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Proof. For (t,z) € 2 and u(:),u(-) € U[t, T], let X(-) = X(-;t,x,u(-)) and X(-) = X(-;t,z,u(-)) be the state
process (1.4) corresponding to u(-) and u(-), respectively. Denote

-~

X()=X()=X(), a()=u()—a().

Then )?() satisfies the following FSDE:

>

<)
=
+
v
=
)
=

N———
s
=
V)
m
~
|

{ AX(s) = (A(s))?(s) + B(s)a(s))ds + (C(s)
(t) = 0.

Now, let (Y(-), Z(-)) be the adapted solution to the BSDE in (3.2). Then we have the following duality:

_ ~

E(GX(T) + g9, X(T)) =
Hence,

)+ u(s)],(5)) + 2(a(s), X (5)) + 2(p(s), (s)) ) ds |

= E{(GX (1), X(T)) + [, ((Q)X(5), X () +2(S(5) X (5),(s)) + (R(s)(s), i(s)) ) ds
+2[(GX(T) + 9, X(T) + [ ({Q() X(s), X (5)) + (S()X (5), (s))
+(S(5)X (), als)) + (R(s)a(s), als) + {a(s), X(s) + {p(s), (s)) )] }

= IOt a()) + 2E [T (R(s)a(s) + B(s)*¥ (s) + D(s)" Z(s) + S(5)X (5) + p(s), ) ) ds.
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Thus, if constraint (3.3) holds and u(+) — J(t, z;u(+)) is convex (which is equivalent to JO(t;u(-) —u(-)) = 0, see
Prop. 2.5), we have the optimality of (-). Conversely, if a(-) € U[t, T] is a minimum of u(-) — J(¢,x;u(-)), then
by letting o — oo in the above, we see that u(-) — J(t,x;u(+)) is convex and the constraint (3.3) holds. O

We note that (3.2)—(3.3) is a coupled linear FBSDE with operator coefficients. The above theorem tells us
that the open-loop solvability of Problem (OLQ) is equivalent to the solvability of an FBSDE with operator
coefficients. A similar result for LQ problem with constant (matrix) coefficients were established in [31]. The
proof presented above is similar to that found in [31], with some simplified arguments.

3.2. Well-posedness of FBSDEs with operator coefficients

~ We now look at the solvability of FBSDE (3.2)—(3.3). To abbreviate the notations, we drop the bars in
X,Y,Z,uof (3.2) and (3.3), that is, we consider the following:

dX(s) = (A(S)X(S) + B(s)u(s) + b(s ))ds n (C( )X () + D(s)u(s) + a(s))dW(s),

)
4y (s) = = (A()"Y () + C(5)" Z(5) + Q)X (5) + S(5) uls) + as) ) ds + Z(s)AW (), s [1,7),  (3.4)
X(t) =2, Y(T)=GX(T)+g,
R(s)u(s) + B(s)"Y () + D(s)"Z(5) + S(5) X (5) + pl(s) = 0.

For the well-posedness of the above equation, we need the following hypothesis.
(H3) For some ¢ > 0,

G=0, Q(s)—S(s)*R(s)"'S(s) =0, R(s) =3I, sel0,T),

where [ in the above is the identity operator on L?(£2; R™).
Note that the last condition in (H3) ensures the existence of the inverse R~! of operator R, and

E(R(s) 'u,u) > ——=Euf?, for any u € L% (;R™), ae., s € [t,T]. (3.5)

)
IR(s)I?
On the other hand, by Schur’s Lemma, one sees that (H3) is equivalent to the following:

Q1) () |
520 (5] wo) > mOZo

Now, under (H3), u(-) can be expressed explicitly as

u(s) = —R(s)~L (B(s)*Y(s) £ D(s)"Z(s) + S(s)X (s) + p(s)), se[t,T). (3.6)

By substituting it into the first two equations of (3.4), the system becomes a coupled FBSDEs with operator
coefficients as follows (suppressing s):

axX = ((A _BRS)X — BRB*Y — BR™'D*Z — BR"'p + b)ds
+((c-DPRIS)X —~DRIB'Y ~DRID*Z— DR 'p+ a)dW(s),

ay = — ((Q CS*RIS)X 4 (AF — S*RIBY + (CF — S*RID*)Z se[t,T), (37
~S*R1p+ q) ds + ZdW (s),

X(t) =z, Y(T)=GX(T)+
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Remark 3.3. From (H1), (H2), it is easy to check that

A() = BOR()TIS()
C()=D(R()™'S()
Q() =SC)"R()™ 15()65”1@2(9 R"))-

For example,
T T
| 146) = Beor) ss)lds < [ (4G + 18R S6))ds
0 0

< [ ([ iseiras) s re ([ seir)’

sel0,T
< 0Q.
The remaining two can be verified similarly.
The following is the main result of this subsection.

Theorem 3.4. Let (H1)-(H3) hold. Then there exists a unique adapted solution (X(-),Y(:),Z(:)) €
[LA(£2; C([t, T); R™))]? x La(t, T;R™) to the coupled FBSDE (3.7) with operator coefficients, and the following
estimate holds:

IE[ sup |X(s)]* + sup |Y(s)|2+/tT|Z(s)|2ds}

s€[t,T) s€[t,T)
2 T )
s+ [ loiBast [ loash @9
t

<k {letg + ol + | [ ptsyas];

where K > 0 is a constant depending on [|A()|[1, [IB()ll2; [C()ll2; IP()lloe 1) 11; [SC)ll2 IR()™ oo and
1G1-

Before presenting a proof of Theorem 3.4, we introduce the following auxiliary FBSDE with operator
coefficients parameterized by a € [0, 1]:

dX° = (a(.A ~ BR7IS)X® — BR™IB*Y® - BR™ID* 2 + <p) ds
+(a(c = DRTIS)X ~ DRTIB'Y — DR™ID*2%) + )W (s),

o dye = —(a(Q — SRS X + a(A" — S*RIBH)Y® s € [t T1, (3.9)
fa(C* — S*R-\D")Z° + 7) ds + ZodW (s),

X t)=¢ Y*T)=agX*(T)+n,

where
(& @, ¥, 7,m) € M[t,T) = L%, ($2;R") x Li(92; L' (t, T;R™)) x Lg(t, T;R™) x Lg(02; L' (¢, T;R™)) x L*(£;R").

The following gives an a priori estimate of the adapted solution (X*(-),Y*(-),Z%(-)) to the parameterized
equation (3.9)4.



LINEAR QUADRATIC STOCHASTIC OPTIMAL CONTROL PROBLEMS 19

Proposition 3.5. Let (H1)—-(H3) hold and « € [0, 1] be given. Let (X1, Y1, Z1) and (X2, Y2, Z3) be the solutions
to (3.9), corresponding to the different (&1, ¢1,%1,71,M), (&2, P2, 2, v2,m2) € M[t, T], respectively. Then the
following estimate holds:

T
B[ sup [Xa(s) ~ Xa(o) + sup [Va(s) = Ve + [ 1Z3(5) = Zals)Pds
s€(t,T] se(t,T] t

K{ls -Gl + -l + | [ 116~ eaoas]] + [ o) —vatolaas
T 2
4 [ e = aotas] ) (3.10)

where K > 0 is a constant depending on [|A(-) — B()R(-)7!SC) |1, IC() — DOREG)TESO) 2, 1Q() —
SCI RSOl 1BO) 2 1P lloes IIR() ™ oo, 1G]l and independent of o € [0, 1].

Proof. For convenience, we denote ()A(,}A’, 2) = (X1 — X9, Y7 — Y5, 7y — Z5), which satisfies

axX = (a(A _BRIS)X - BR'BY - BR'D*Z + @)ds

+(a(c=DRTIS)X = DRIB'Y = DRTIDZ +$)AW(s), s € [t.T],
a7 = ~(a(Q- S'R'$X +a(A’ - S'R7'B)Y (3.11)
+a(C* = S*R'D*)Z + ’i)ds + de(s), s€tT],

X()=¢& Y(T)=aGX(T)+7,

with (5) ‘/ﬁﬂpa’% ﬁ) = (61 - 527 Y1 — ¢27¢1 - 1/’2771 — 72,1 — 772)
For the forward equation, by applying Proposition 2.2, we have

EL:}B} | K(s)P]

T 9 T
K{I@E+] [ 1-BR1ET +02)+ e, + [ 1-DRVET +D°2) + Dl
<r{@s+| [ el + [ 1dgar
+(IBOIE + PO ) IR 1A / |B*Y +D*Z|3ar }

< k{83 +H/ Blar| +/ ||¢||2dr+/ 187V +D*Z|3dr },

where K depends on [LA() — B()R()™'S()ll, [IC() = DOREC) SOz, 1BOll2, D) lloos IR oo,
independent of «.
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Similarly, for the backward equation, Proposition 2.6 leads to

E[ sup ?(s)|2+/tT2(s)|2ds}

s€[t,T]

K{loGX (@) + 73 + | / Q- SR 18)X+7d3”}

k{703 + / s (161 + 120) ~ SO*RE) SO EL swp 1X(5)P]}

s€t,T]

i+ | [ o]} 5[ sw %6},

s€(t,T)

where K depends on [|A() — B()R()T'S()[1, IC() = DORE) TSz, 1Q() = SO RSOl 191,

independent of . Then, we get

]E{ sup |X(s)]? 4+ sup |1A’(s)|2+/tT|2(s)|2ds]

s€(t,T] s€(t,T]

R T 2 T T 2 T . N
k{8 + 1@+ || [ g, + [ 1oar+ | [ Rl [Cis T ez, a2
t t t t

with K depending on [ A(-) = B()R()7'S()Il1, ICC) = DORE)THS()ll2, 1Q() = SC)* RSO, 1Bz,
1D |lso, IR() ™ loo, [IG]], independent of a. L
On the other hand, by applying It6’s formula to (X (-), Y (-)), we have

E{(X(1),agX(T) + ) ~ € V(1) } = B{(X(T), V(1)) — (X(1), Y () }
=E ' {(a(A ~BRIS)X —BR7BY —BR'D*Z +3,Y)
0

—(X,a(Q-S*R'EX + a(A* = S*R™IB)Y + a(C* — S*R™ID*)Z +7)
(a(C—DRIS)X — DR™'BY — DR™1D*Z + 4), Z)}ds

~

+H=DR™'B'Y = DR'D'Z,2) + (5,7) + ($,2) — (X.7) bas

:—E/OT{< YBY +D*Z),BY +D*Z) — a(X,(Q ~ S*R7IS)X) + (3, Y) + (¢

R
|
i
\Q/)
—
o,

V2l

Hence,

E/T<R—1(B*?+p*2),3*?+p*2>dr:—aJE{<g)?(T),)?(T)> /T<(Q S*R18)X, X)d }

+B{ET () - (XD + [ e+ 6.2 - 5 D)ar), (3.13)
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By (H3), we know

L .3 o PN T oy P o %
B[ 157+ 2pas < BLE{E70) - @ X@) + [ [0.7)+0.2) - 3. D)]ar}.
t t
Then, for any € > 0, we have

T T
/ IB*Y +D*Z[*ds < eE[ sup |X(s)]>+ sup [V(s )\Q—i—/ |Z(s)|2ds}
s€[t,T] s€[t,T] t

|LR5||2{||5||2+||77||2+H / glar. + | / ][ + / 9lar}. (310

By selecting ¢ = 1/(2K) (K is the one in (3.12)), we get the desired result (3.10) from (3.12) and (3.14).

O

Remark 3.6. It is known that, for general coupled FBSDEs, monotonicity condition leads to the solvability
[16, 27]. Our condition (H3) is basically the monotonicity condition for linear FBSDEs with operator coefficients.

Next lemma gives the method of continuation.

Lemma 3.7. Let (H1)—(H3) hold. Then there exists a constant ey > 0 such that for any given g € [0,1),
if FBSDE (3.9),, admits a unique adapted solution for any (&, ¢, ,v,n) € M[t, T], then for a = ap + & with
€ € (0,e0], o + € < 1, (3.9), also admits a unique adapted solution for any (&, p,,v,n) € M[t, T].

Proof. Let g9 > 0 be undetermined, and ¢ € (0, gq]. We focus on the following FBSDE:

dX = (ao(A —BRIS)X = BRYB'Y + D*Z) + e(A— BRIS)X + go)ds
+(ao(C ~DR7IS)X —- DR™YB'Y + D*Z) + £(C — DRIS)X + ¢)dW(s),

ay = — (ao(A* ~S*RIBYY + ap(C* — S*R™IDY)Z + ag(Q — S*R™IS)X seltT], (3.15)
Fe(A* — S"RIBY)Y 4 £(C* — S"RIDNZ +£(Q - S*RIS)X + 7) ds

+ZdW (s),
X(t)=¢ Y(T)=0aGX(T)+eGX(T)+n,

where (X, Y, Z) € [L2(2; C([t, T]; R™))]> x L&(t, T;R™) is arbitrarily chosen.
Our assumption ensures the solvability of the above equation. Therefore, we can define a mapping Lo+
from the space [L2(£2; C([t, T};R™))]? x La(t, T;R") into itself as follows:

(X(),Y (), Z() = Lag+e(X (), V(). Z("))-
For another given (X (-),V(-), Z(-)) € [L2(2; C([t, T); R™))]? x LZ(t,T;R"), let

(X(),Y (), Z()) = Lag+e(X (), V(). 2())-
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Denote (X(-),Y(-),Z(-)) = (X(-) = X(-),Y() = Y(:), Z(-) = Z(-)). From Proposition 3.5, we have

E[ subscpe ) 1X ()2 + supsepery IV () + [T 1Z(5) s

(ST - S RIBII + (€~ SRID)E +(Q - SRS Radr) )
<K\€I2{IIGIIQIIX(T)||§+ (IIA(-)— BORE) TSI +ICC) = DORE) TSI

+1Q() = SCROTISOIR) B[ supaeq 1 2(s)]

HIAC) = SOTRE) BN} E| sup.ege zy 19(s)1]

HC)* = S RETIDOBE [ 1Z(r) 2dr}

< K[ePE| sup,epe 7 |4 (5)|* + supgeps, V(s |2+ft 1Z(s |2d5]a

< K[eP{IGX(T) 3+ (1A - BR18) 2], r) + ;e - DR1S) R ar
D)z
)

where K > 0 is a constant independent of g and . Therefore, we can choose ¢y > 0, such that K 53 < 1/4.
Then, for any € € [0,e¢], Lay+c 18 a contraction map. Consequently, there exists a unique fixed point for the
mapping Lq,+. which is just the unique solution to FBSDE (3.9), with o = a + €. O

Now we present a proof of Theorem 3.4.

Proof of Theorem 3.4. When a =0, (3.9)g becomes

dx° = ( — BRYB'Y° +D*2°%) + cp) ds + ( ~DRYBY® + D20 + 1/)>dW(s),
dY? = —qds + Z°dW (s), s € [t,T],
X0ty=¢ YUT)=n,

whose solvability is clear. In fact, one can first solve the BSDE to obtain (Y?, Z%), then solve the FSDE to get
X0,

Next, by Lemma 3.7, for any (&, ¢,v,7v,nm) € M[t,T], and any « € [0,1], (3.9), is uniquely solvable. In
particular, when o = 1, (3.9); with

{=z, ¢=—BR 'p+b ¢=-DR 'p+o, y=-SR 'p+q n=gyg (3.16)
becomes (3.4) which is also uniquely solvable.

Let a =1, (§,¢,%,7,n) is given by (3.16), (&2, p2, Y2, v2,m2) = (0,0,0,0,0) (the corresponding solution to
FBSDE is (0,0,0)). By the a priori estimate (3.10), we have

T

B sup [X()F + sup (V)P + [ 12(s)ds]
s€[t,T] s€[t,T] t

T 2

i{lal3 + ol + | [ 1= ByREs) ™ ole) + o)ias]

)

T T
+ [ 1= PERE o) + olds+ | 1= SERE o) +als)lds
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T 9 T
il + g+ | [ pesas], + [ 1o1g

+ / IB(YR() ™ p(s)I3 + ID(YR(5) ™ p(3)3 + IS (5)R(s) ™ ()3 ] s |

T 9 T
<k {llelB 4ol + | [ pms, + [ 1o

T
+ (IBOIB + 1P % + ISCIB) IRC) % / lo(s)3ds }-

o

o

We obtain (3.8).
O

Remark 3.8. Note that, in our setting, the norms ||A(-) — B()R()7!SO)|, [1Q(-) = S()*R()~LS(- )|| and
IB(YR(-)"*B(-)*|| of coefficients are only required to belong to L!(t,T;R), and |C(-) — D()R(-)"*S()|,
ID(R()™IB(-)*|| € L3(t, T;R). Therefore, these five norms are not necessarily bounded.

Corollary 3.9. Under (H1)-(H3), Problem (OLQ) admits a unique open-loop optimal control given by (3.6),
where (X(+),Y(+), Z(-)) is the unique solution to FBSDE (3.7).

Proof. Let us denote by J°(t;u(+)) the cost functional (1.6) when z,b(-),0(-),g,q(-), p(-) are all 0. Obviously,
assumption (H3)—(ii) implies J°(¢; u(+)) = 0 for all u(-) € U[t, T]. By Proposition 2.5, we know u(-) — J (¢, z;u(-))
is convex. Moreover, by Theorem 3.4 and the expression (3.6), there exists a unique (X(-),Y(:),Z(-),u(-))
satisfying (3.2) and (3.3). Thanks to Theorem 3.2, we obtain the result. O

4. MEAN-FIELD LLQQ CONTROL PROBLEM

We have mentioned that a major motivation of this work is the study of stochastic LQ problem of mean-field
FSDE with cost functional also involving mean-field terms. In this section, we will carry out some details for
the mean-field case.

We shall use the mean-field setting (2.2) and (2.10) given in Section which we rewrite here for convenience.

Al)e = A+ Als) 'E[AGK] e g2 (gupmy,
C(s) = C(s)§ + C(s) "E[C(s)¢], (4.1)
B(s)n = Bls)n+B() 'EB(sh]. ¢ 2 (g gm).
D(s)n = D(s)y +D(s) "E[D(s)n],
and
Gt = G¢ + GTE[G¢) + GTE[GE] + GTE[GIE[GE], € € L2(2;R™),
Qs)¢ = Q) + Qs) "EIQ(s)¢] + Qls) "EIQ(s)] + Q(s) "EIQE)EIQ(s)e], - € € L (%R™),
S()¢ = S(5)¢ + R(s) "E[S()¢] + S(5) "E[Q(s)¢] + R(s) "ES(s)[E[Q(s)]. € € L, (%R"), (4.2)
R(s)n = R(s)n+ R(s) "E[R(s)n] + R(s) "E[R(s)] + R(s) 'ER()ER(s)n], 0 € L3, (ZR™),
9=g0+GTElgl q(s) = qo(s) + Q(s) "Ela(s)],  p(s) = po(s) + R(s) "Elp(s)],

with the above coefficients given by (2.3)—(2.9).
We introduce the following hypothesis for the involved coefficients in the state equation.
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(H4) For k > 1, let
A,flk,gk,C, Ck,ék : [O,T] X 2 — Rnxn’ B,Bk,§k7D,Dk,.5k : [O,T] X 2 — Rnxm’

be F-progressively measurable processes satisfying

(i) /T {esssup |A(s,w)| + (Z]E|Ak |2)%<ZE|gk(s)|2>%}ds < 00,
0 k>1 k>1
(i) /OT [eisesgp | B(s,w) (I;E|Bk |2) (k>1E|§k(s)|2)}ds < 00,
T (4.3)
(iii) /0 [eises}lzp |C(s,w) (’;IEC;C |2) (k>1E|5'k(s)|2>}ds < 00,
(iv) (zse,s[(s)uTI]) [eswsesgp |D(s,w)| + (ZE\Dk )|2)5<1;E|5k(5)|2)5] < 00,

and b(-) € L2(2; L} (0, T R™), o() € L(0, T R")
Note that (H4) ensures the operators A(-), B(-),C(-), D(-) satisfy (H1). In fact, take any £ € L% (£2;R"), we
have

W=

e f+zﬁk<s>mﬁk<s>ﬂ\2f

- (el 3
< [E(a@PrEr)]" + [(Z B P) )]
557 Hiele
@) (S EAE)] Ve

k>1

[AG)El = (ELAS)EP)

M\»—l
[N

< {esssup|A s,w)| + [ ( ]E|Ak

wes?

< {esssup|A s,w)| + [(
wesn

k=1
k=1
k=1

Then, (4.3)-(i) implies that

Nl=

/OT I A(s)||ds < /OT [esssup|A(s w)| + (ZE\Ak )é(ZHﬂAk )

k>1 k>1

}ds<oo

Therefore, A(-) € £ (L*(2;R™)).

Similarly, (4.3)-(ii), (iii), (iv) imply that B(:) € Z2(L2(2;R™); L2(2;R™)), C(-) € L2 (L2(2;R™)), D(-) €
L2 (L*(2;R™); L2(§2;R™)), respectively.

Next, for the cost functional, we introduce the following hypothesis:
(H5) For i,5,k > 1, let

G,Gp,Gr,Gij : 2 »R™™, GT =G, Gl =Gy,
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be Fr-measurable and satisfy

esssup |G(w)] + ZE(|GM2 + \Gk|2) + Z |]EG”| < 0. (4.4)

k>1 i,7>1

and for 7,5,k > 1, let

Q, Q1 Qr, Qi - [0,T] x 2 = R™™ Q)T =Q(), Qu()" = Qul"),
R, Ry, Ry, Rij - [0,T) x 2 = R™™  R()T =R(-), Ry()" = Ry(),
S, Sk, 8ij 1 [0,T] x 2 = R™" S :[0,T] x 2 — R™™,

be F-progressively measurable processes satisfying

(i) /OT{esssup|st|+ZE(czk ()2 + 1Qu(s)]?)

k>1
+( > |E@ij(s)l2)§ (ZE\Qk(s)F)}ds < o0,
4,521
(ii) (SMG)SESEIZETXJ (s,w)| + esssup [;E(Hﬁc (s)|* + [Ri(s) ) ”Z>1 IERy;(s) } 00, (4.5)

(iii) /OT{esssup|S (s,w) [ZEOQk (5)]2 + |Sk(s )|2+|§k(s)|2+|]§k(s)‘2>r

wesn E>1

+( X [88,)°) (S EiQuo) (S BIRo)7) bas < oo

1,521

Also, go € L2(2;R™), qo(+) € LE(£2; LY(0,T;R™)), po(-) € L2(0,T;R™), and g : 2 x [0,T] — R™, py : 2 x
[0,T] — R™ are F-progressively measurable, and

> Egl + / ™ (IBe(s)P + Eps(s)? ) s < ox. (46)

k=1 k>1

Under (H5), one has all the conditions in (H2) are satisfied. Detailed calculations are collected in the appendix.
Now, for any (¢,z) € 2, our state equation is given by

dX(s) = (A(S)X(s) + A(s)TE[A(s) X (5)] + B(s)u(s) + B(s) "E[B(s)u(s)] + b(s))ds
+(C5)X () + C(9) "EIC(9)X ()] + D(s)u(s) + D(s) "E[D()u(s)] + o(s) ) AW (s), s € [t,7], (47
X(t) =z,

and the quadratic cost functional is
J(t, w5 u()) = E{<GX(T),X(T)> +2(GX(T),E[GX(T)]) + (GE[GX (T)], E[GX(T)])

~ T _ ~ o~ ~ ~
+2{o0, X(T) + 2@ EICX(T)) + [ [(@X. X) +2(Q¥. B@QX]) + (QEIQX). EQX)
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+2(5X,u) + 2(SX, E[Ru]) + 2(SE[QX], u) + (SE[QX], E[Ru]) + (Ru, u) + (E[Ru], Ru)

+ (Ru, E[Ru]) + (RE[Ru], E[Ru]) + 2(g0, X) + 2(a, E[QX]) + 2(po, u) + 2<p7E[ﬁu]>}ds}-
(4.8)

The argument s is suppressed in the above functional.

In [8], a well-posedness result of MF-FSDE was established under Lipschitz condition. In Section 2 of
this paper, we extend the result to a kind of non-Lipschitz case (see Prop. 2.2) to ensure that, for any
u(-) € L&(t,T;R™), there exists a unique strong solution X (-) = X (-;¢,z,u(-)) to (4.7), and the cost functional
J(t, z;u(-)) is well-defined. Now, we propose the MF-LQ stochastic optimal control problem as follows:
Problem (MF-LQ). For any given (¢,z) € Z, find an admissible control @(-) € U[t,T] such that

()= it J(Ewil) (4.9)

In the above u(-) is called an open-loop optimal control of Problem (MF-LQ), and the corresponding optimal
state trajectory X (+;t,z,u(-)) is denoted by X (-).
The following result characterizes the optimal control #(-) of Problem (MF-LQ).

Theorem 4.1. Under (H4)-(H5). For any (t,x) € Z given, 4(-) € U[t,T] is an open-loop optimal control of
Problem (MF-LQ) at (t,x) with X(-) being the corresponding open-loop optimal state process, if and only if
u(-) = J(t,z;u(-)) is convex and (X(-),Y (), Z(-),u(-)) € [LE(2; C([t, T);R™)))? x L(t, T;R™) x U[t, T solves
the following system (the argument s is suppressed):

= (AX + ATE[AX] + Bu + B E[Bu] + b) ds
+(CX + CTE[CX] 4+ Du+ D'E[Da] + 0) aw, s e [t,T),

ay = (ATY +ATE[AY]+CTZ+ CTE[CZ] + QX + Q E[QX] + Q"E[QX]

+QE[QIEIQX] + STa + STE[Ra + Q"E[S ] + Q E[SJE[Ra] + ¢)ds
+ZdW, s [t, T,
X(t) ==,
Y(T) = GX(T) + G E[GX(T)] + GTE[GX(T)] + G E[G]E[GX (T)] + g0 + G E[g],
Ri+ RTE[Ra] + (RT ﬁTE[ﬁ])E[ﬁﬂ] +B'Y +B'EBY]+D"Z+D'EDZ]
+5X + RTE[SX] + SE[QX] + R"E[S|E[QX] +p =0, se€[tT].

(4.10)

Moreover, if (H3) holds true, then the above system (4.10) admits a unique solution, and Problem (MF-LQ)
admits a unique optimal open-loop control a(-).

Proof. By the above analysis and the calculations collected in the appendix, we know that (H4) — (H5) imply
(H1) — (H2). Then the results of theorem are obtained by applying Theorems 3.2 and 3.4, and Corollary 3.9 in
Section 3.

O

Remark 4.2. We note that (H3) implies the existence of the inverse of operator R(-). In other words, u(-) ca
be solved from the algebraic equation (the last two lines) in the system (4.10), in terms of (X(-), ( ), Z (- ))
Therefore, system (4.10) is a coupled mean-field FBSDE.
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Assumption (H3) is in the form of operators. In order to suit mean-field problems, here we try to propose a
sufficient condition of (H3) in the form of matrices. We rewrite the cost functional as follows:

_ _ _ T
J(t,3;u()) = E{<GX<T>,X(T>> +2e X0+ [ [@QX(6).X()
+2(8(5)X(s), u(s)) + (R(s)u(s), u(s)) +2(a(s), X(s)) +2(p(s), u<s>>]ds}, (4.11)

where, for any s € [t, T, the above used notations (introduced in Sect. ) are repeated again as

%)= (gaxery) X9 = (gatxew): = (embmm)

G >0, (2(()) ng()_;) >0, R>6 (é 8> . (4.12)

Corollary 4.3. Condition (4.12) implies assumption (H3). Then under (H4)—(H5) and (4.12), all the results
of Theorem 4.1 hold true.

Proof. We only need to show (4.12) implies assumption (H3). Firstly, for any ¢ € L2(2;R"),

E(GE, €) = E(GE + GTE[G¢] + GTE[GE] + G 'E[GIE[GE], €)
= E(G¢, £) + 2E(G¢E, E[GE]) + E(GE[GE], E[GE]) = E(GE,€) >0,

where & = (¢7, (E[Ge])T).

Secondly, for any s € [¢t,T], any & € L%_—S(Q; R™), any n € L%_-S((Z; R™), we have (the argument s is suppressed
for simplicity):

E<<§ fz) (f,) 7 (§>> = E(Q¢, &) + 2E(SE,m) + E(Rn, n)

E(Q,€) + 2E(Qg, E[Qg]) + E(QE[Q¢], E[Qg]) }
+2{B(S¢ 1) + B(S¢ B[R] + E(SEIQU] ) + ESEQE], BR )}
+{E(Rn,n) + 2E(Rn, E[R7)) + E(RE[R7)], E

) )
= E(QE.£) + 2E(SE ) + E(Ra, ) = << ) ( ) ( )>

=



28 Q. WEI ET AL.

where £ = (¢7, (E[Q¢])T) and " = (", (E[Ry))T).
Thirdly, for any s € [¢,T], any n € L% (£2;R™),

E(Rn,n) — 6E[n|* = E(Rny,7) — 5E<<é 8) n7n> = E<[R— 6 (é 8)} n,n> > 0.

Example 4.4. Let the state process X (-) be one-dimensional, and the terminal cost be
J(t, m;u(-)) = Var (X(T)).
In the form of operators, J(t,z;u(-)) = E[(GX(T))X(T)], where
Ge=¢—E[g], VEeL*(R).

It is easy to check that G € .(L2(2;R)) and G > 0. However, when we try to rewrite J (¢, z;u(-)) in the form
of matrices, we find it admits many representations. For example, one representation is

J(t, x5 u() = ]E{(X(T) - IE[X(T)])Q} = IE[X(T)2 — 2X(T)E[X(T)] + (IE[X(T)])Q}
= {<< —11 _11 > ( ]Efgf((jgf))] ) < Efgf((j;)} >>} = E[(G1X(T), X(T))].

We verify that G; > 0. Another representation is given by

J(t w5 u() = E[X(T)?] - (BIX(T)))* = E[X(T)? - (E[X(T)])"]

-=[((o %) ( eixy ) (s )] ~BHeXD). X))

Obviously, Gs is not positive semidefinite.

Remark 4.5. Along the way of the above example, we can have the following comprehension: a group of
operators satisfying (H3) may be represented by many groups of matrices, and it is possible that some groups
of representation matrices do not satisfy (4.12). This is the reason that we would like to keep (H3) (instead of
(4.12)) in Theorem 4.1. Moreover, this comprehension suggests that there are some advantages to introduce the
framework of operators in the study of mean-field problems.

Next, we try to characterize the optimal control @(-) by the solution of a Fredholm type integral equation of
the second kind.

Proposition 4.6. Let (H4)-(H5) and (4.12) hold. Then for any given (t,xz) € 9, Problem (MF-LQ) admits
a unique open-loop optimal control u(-). Let (X(-),Y(-),Z(:)) be the corresponding adapted solution to the



LINEAR QUADRATIC STOCHASTIC OPTIMAL CONTROL PROBLEMS 29

FBSDE (4.10), and let

5,w) 7Y (5,0) + B(s,w) TE[B(s) Y (s)] + D(s,w) T Z(s,w)
+D(s,w) "ED(5) Z(s)] + S(5,0)X (5,) + R(s,0) "E[S(s) X (s)]
+8(5,0)E[Q(5) X (5)] + R(s,w) "ES(S)E[Q()X (5)] + p(s,w)), we 2, s€[t,T],
[Rs, )T+ Rs,w) TE[R(s)] ) R(s,0)],

0(s,w) = —R(s,w) ( B( )
D( )

I'(s,w,w') = —R(s,w)™*

W) R(s,w") + (R(s,w
w,w' € N2, selt,T).

Then the following integral equation

u(s,w) = 0(s,w) + /QF(&w,w')u(s,w’)d]P’(w'), we R, seltT), (4.13)

admits a unique solution which is the open-loop optimal control u(-). Moreover,

(s, w) = 0(s,w) + /QQ5(S,w,w’)g(s,w’)clIP’(w')7 (s,w) € [t,T] x $2, (4.14)

with &(s,w,w") being the unique solution to the following equation:

B(s,w,0) = D(s,w,) +/ [(s,0,@)8(s, 3,0 )dP@), (s,0,0') € [t,T] x 2 x 2, (4.15)
(9]

Proof. Note that

sru =2( (g %) (i) (i) ) > 25"

Thus, R is invertible. This means that for any v € U[t, T,
Ru=wv

admits a unique solution u € U[t, T.
We now write the equality (in (4.10)) which @(-) satisfies more carefully as follows:

R(t)yu(t) + R(t) "E[R(t)u(t)] + (R(t)T + ﬁ(t)TE[ﬁ(t)])E[ﬁ(t)u(t)} =0(t), (4.16)
with
o(t) = — (B(t)TY(t) +B(t)"EB®)Y ()] + D(t) " Z(t) + D(t) 'ED(t)Z ()] + S() X (1)

+R() B[S0 X (1)] + S(OEIQMX(1)] + R(1) TESEQM) X (1) + p(1)).

Note that (4.16) is indeed a Fredholm type integral equation of the second kind:

R(t,w)u(t,w)+/ [ﬁ(t,w)TR(t,w’)Jr(R(t,w)Twa{(t,w)T]E[l?{(t)])f{(t,w’)}u(t,w’)dﬂ”(w’) —0(t,w),

0
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which can be rewritten into the following standard form of Fredholm integral equation of the second kind:

w(t,w) = B(t,w) + / Pt w0 u(t, ' )dPW), w e 2, t € [0,T]. (4.17)
2
where
o(t,w) = R(t,w) 10(t,w),
I(tw,w) = —R(t,w)"" [ﬁ(t,w)TR(t,w') + (R(t,w)T ¥ ﬁ(t,w)TE[ﬁ(t)])ﬁ(t,w')}.

Our assumption has guaranteed the well-posedness of the above equation. If we define @(¢,w,w’) to be the
unique solution to the equation (4.15), and let u(-) be defined by (4.14). Then

/Ql"(s,w,w')ﬁ(s,w')dﬂb(w’) = [, I(s,w,uf [Q(S,w’) +fQ@(s,w’,@)g(s,w)dP(@)}dP(w’)

= [, I(s,w,uf )0(s,w’)dP(w') )+ Jo [ (s,w,w") (s,w’,@)dP(w’)}g(s,@)dP(@)

=/, I(s,w,w)0(s,w)dP(w) + fo [ s,w,w’) — I'(s, w,w’)]@(s,w’)dﬁ”(w')
= (s, w) — O(s,w).

Thus, @(-) defined by (4.14) is the solution to the integral equation (4.13). O

4.1. A generalized mean-variance portfolio selection problem

In Example 4.4, the variance of a random variable is involved in the cost functional. In this subsection, we
shall investigate a generalized mean-variance portfolio selection problem arising from mathematical finance,
where the cost functional is an extended version of the one in Example 4.4.

Let us consider a Black-Scholes market model consisting of one risk-free asset (a bank account or a bond)
with interest rate r(-) and one risky asset (a stock) with appreciation rate p(-) and volatility o(-). We assume
that r(-), u(-) and o(-) are nonnegative, F-progressively measurable, bounded stochastic processes. Moreover,
there exists a constant € > 0 such that o(s) > ¢, for all s € [¢t,T]. Under the self-financing assumption, by a
standard argument, the wealth process X (-) of an agent evolves according to the following FSDE:

dX(s) = [r(s)x<s> + 9(s)w<s>}ds +r(s)dW(s), se€t,T],
X(t) ==,

(4.18)

where z € L% (£2;R) is the initial endowment, 6(-) = o(-)~!(u(-) — r(-)) is the risk premium, 7(-) = o(-)7(-)
and 7(+) is the dollar amount invested in the stock. 7(-) € U[t, T] = Li(t, T;R) is called a portfolio which is the
control process of the agent.

Let B be a given bounded Fp-measurable random variable, and there exists a constant € > 0 such that g > ¢.
The cost functional is given by

2
J(t,2:7()) = E[B(X(T) - EX(T)))°] - 2B[X(T)],  n() € Ult,T]. (4.19)
Particularly, when 8 > 0 is a constant, then the cost functional is reduced to

J(t,z;7(-)) = BVar (X(T)) —2E[X(T)], () eU[t,T],
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which is a classical mean-variance cost functional studied by many researchers (see [2, 6, 28] for example). Due
to this, for the general case, we call (4.19) a generalized mean-variance cost functional.

We pose the following generalized mean-variance portfolio selection problem.
Problem (GMYV). For any given (¢,z) € 2, find a portfolio 7(-) € U[¢t,T] such that

JaF) = b (), (4.20)

In the above 7 () is called an optimal portfolio of Problem (GMV), and the corresponding optimal wealth process

X(:;t,2,7(+)) is denoted by X (-).
Similar to Example 4.4, we introduce an operator Gy € Y(LQ(Q; ]R)):

Go& = B¢ — PEIE] - E[B¢] + E[PIE[E], V&€ L*(R), (4.21)
as well as an Fpr-measurable random variable go = —1. Then the generalized mean-variance cost functional is
rewritten as J(t,z;7(-)) = E[(GoX(T)) X (T) + 290X (T)]. For any { € L*(2;R),

E[(G0¢)€] = E{8¢? - BE[¢]¢ — ElBelé + EISELE]¢ }
= B{8¢? - 26Eele + B(El))” } = E{8(¢ —El&))*} > 0,

i.e., Go > 0. However, due to the vanishing of the control weight, the cost functional defined by (4.19) does not
satisfy assumption (H3). Then the conclusions in the paper cannot be used directly to solve Problem (GMYV).
Next, we try to use the equivalent cost functional method introduced in [17, 37] to overcome the difficulty.

It is easy to see that X () — E[X(-)] satisfies the following FSDE (suppressing s):

d(X - IE[X]) = (rX —E[rX] + 0 — E[Gw])ds +ndW, selt,T],
X(t) —EX®#)] =z —E[z].

(4.22)

Let H(:) be a deterministic differential function which will be determined later. By applying It6’s formula to
H()(X(-) —E[X(-)])?, we have

d{H(X - E[X])*}
:{H’X2 —2H'E[X]X + H'E[X|E[X] + 2HrX? — 2HE[r X]X — 2HrE[X]X + 2HE[X]|E[rX]

+ 2HOX 7 — 2H XE[9r] — 2HE[X]0r + 2HE[X|E[6x] + Hr® }ds + 2H (X — E[X])md V.
Then,
~H(E[ (e ~ Els))’] = ~HT)E[(X(T) - EX(D)])’]
T
+ / E{ (H’X — H'E[X] + 2rHX — HE[rX] — HrIE[X])X
+2H0(X — E[X))7 + H7T2}ds. (4.23)

We notice that, the left hand side of the above is a constant which is independent of the portfolio 7(-), and the
right hand side is in a quadratic form of X(-) and 7(-). Now we add the constant —H (t)E[(x — E[z])?] on the
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original cost functional J(t,z;-) to get an equivalent one (in the sense of evaluating portfolios 7 (-)):
Tt i n() = J(t @ m() — HOE| (v - Ela])’]
= E[(8 - H(D)) (X(T) — EIX(T)))"] - 2E[X (D)
T
+ / JE{ (H’X — H'E[X] + 2rHX — HE[rX] HTE[X])X

+2HO(X — E[X])7 + H7T2}ds. (4.24)

For the equivalent cost functional J# (¢,z;-), we hope to find a suitable differential function H(-) such that
assumption (H3) is satisfied. If in this case, due to the equivalence between J(t,z;-) and J (¢, z;-), we can use
JH(t,x;-) instead of J(t,z;-). For this aim, we introduce the following operators:

Ge = (8- H(T))¢ — (8~ H(T))E[E] - E[(8 ~ H(T))¢] +E[B — H(T)|E[¢], €€ L*(2R),
Q¢ = H'¢ — H'E[¢] + 2rHE — HE[ré] — HrE[(], €€ L3 (R), se[t,T),

(4.25)
S€:H9(€_E[€])7 EGL%:S(Q,R), s € [taT]a
Rn=AHn, neL%(R), seltT).
We also define g = —1. Then, (4.24) can be rewritten as
T
JH(t,2;7() = E [gX(T) - X(T) +2¢- X(T) + / (QX X 428X -7+ Rr- w)ds} . (4.26)
Consequently, we have
S*n = H(n —E[6n)), ne€ L% (R), seltT) (4.27)
For any s € [t,T], any & € L% (£2;R), we calculate
E[(Q-S'R7S)¢-¢| = H'E|[(¢ — El¢])¢| + HE[(2r - 6%) (¢ - El¢])¢] — HE[6% (¢ - El¢)) | Ee]
=E[(H'+ Hr — %) (¢ - Bl¢)°| + HE[(2r — 26%) (¢ — E[e]) [Elg). (428
We introduce the following assumption.
(H6). The process 7(-) — 0(-)? is deterministic.
Under assumption (H6),
E[(Q-S'RTS)¢-¢| =E[(H' + H(2r - 6%) (¢ ~ E[¢])?]. (4.29)
Now, we give a sufficient condition of (H3) as follows.
(). H(T)<Pp,
(ii). H(s) >0, selt,T], (4.30)
(ii). H'(s)+ H(s)(2r(s) — 0(s)*) >0, se[t,T].



LINEAR QUADRATIC STOCHASTIC OPTIMAL CONTROL PROBLEMS 33

Since 7(-) and (-) are bounded, then there exists a constant K > 0 such that [27(s) —0(s)?| < K for all s € [t, T].
We define

H(s)=ee KT=9) s [t,T). (4.31)

It is easy to verify that H(-) defined above satisfies all the requirements in (4.30).
Proposition 4.7. Under assumption (H6), Problem (GMV) admits a unique optimal portfolio @ (-) € U[t, T},

where (X (), 7(-), Y () € LE(2; C([t, T); R)) x U[t, T] x LE(£2; C([t, T); R)) is the unique solution to the following
FBSDE:

dX(s) = [r() (s) + ()ﬁ(s)}dsw(s)dms), selt,T],
dY (s) = —r(s)Y (s)ds — 0(s)Y (s)AW (s), s € [1, T, (4.32)
X(t) =z, Y(T)=pBX(T)—-pPEX(T)] -E[BX(T)] +E[FEX(T)] - 1.

We notice that FBSDE (4.32) is not in the classical form.

Proof. Firstly, under assumption (H6), for the optimal control problem (4.18) and (4.24), assumptions (H3)—
(H5) are satisfied. Then Theorem 4.1 works to ensure that, the optimal control problem (4.18) and (4.24)
admits a unique optimal control #(-) € U[t, T], where (X(-),7(-),Y (), Z(-)) € L3(2;C([t, T);R)) x U[t, T] x
L2(2;C([t, T);R)) x L2(t,T;R) is the unique solution to the following system:

Hfr+9?+Z+H0(X —E[X]) —0, seltT,

ax = [rf(—l—@fr}ds—i—frdw, selt,T],

av — _{Tff + H'X — H'E[X] +2rHX — HE[rX] — HrE[X]

) ) _ (4.33)
+ HO7 — HIE[Hw]}ds +ZdW, seltT),

X(t) =
Y(T ) (B H(T))X(T) - (6 H(T))E[X(T)] - E[(8 — H(T))X(T)]
+E[B — H(T)|E[X(T)] -

Since the cost functionals J(t,2;-) and J(t, ;) are e
portfolio for Problem (GMV). Consequently, X (-) = X(-

Secondly, by Theorem 3.2, the optimal pair (X (-),7(-)) of Problem (GMV) as well as the corresponding pair
of adjoint processes (Y (-), Z(-)) € L2(2; C([t,T];R)) x L&(t,T;R) satisfies the following system:

quivalent, then 7(-) = 7(-) is also the unique optimal
) is the corresponding optimal wealth process.

()Y (s) + Z(s) =0, selt,T),

di(s) [ )fs) o(s ) (s)|ds + 7(s)dW (s), s €[t T], i)
dY (s) = —r(s)V (s)ds + Z(s)dW (s), s € [t,T],

X(t)==, Y(T)=pX(T)-BEX(T)] -E[BX(T)] +E[BEX(T)] - 1.

Moreover, we can verify that there exists a relationship between systems (4.33) and (4.34):

f=7, Y=Y-HX-EX]), Z=Z-Hr scltT) (4.35)
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We notice that the above transformation is invertible, which implies the uniqueness of (4.34). Now we have
proved that system (4.34) admits a unique solution.
Finally, by substituting Z(-) = —6(-)Y (-) into the forward and backward SDEs of (4.34), we complete the
proof.
O

Remark 4.8. As the same as the classical stochastic LQ problems with matrix coefficients, (H3) is regarded as
a regular (or standard) assumption. But the (generalized) mean-variance portfolio selection problem is a typical
example in the non-regular case. In the analysis of this subsection, we introduced assumption (H6). We hope
we can get rid of it in our future research.

5. CONCLUSION

It is the mean-field LQ Problem (MF-LQ) that inspires us to study the LQ optimal control problem with
operator coefficients (i.e., Problem (OLQ)). As we known, (4.7)—(4.8) is a new form of mean-field LQ problems.
Besides, all the coefficients are allowed to be random in our study. As a start, we only study the open-loop case.
The closed-loop case of the control problems, as well as differential games are under our investigation.

APPENDIX A

We collect some detailed computations of Section below. Recall that

G¢ = G¢ + GTE[GE] + GTE[GE) + GTE[GIE[GE], ¢ € L2(2;R™),
Qs)¢ = Q)¢+ Q(s) "E[Q(s)¢] + Q(s) "E[Q(s)¢] + Q(s) "E[Q()|E[Q(s)¢], € € L (25R™),
S(s)6 = S(s)¢ + R(s) "E[S(s)¢] + S(s) "E[Q(s)¢] + R(s) "E[S(s)|E[Q(5)¢], & € L, (%R™), (A1)
R(s)n = R(s)n + R(s) "E[R(s)n] + R(s) "E[R(s)n] + R(s) "E[R(s)[E[R(s)n], n € L (2R™),

9=90+G'E[g], a(s) = a(s)+ Q(s)"E[a(s)], p(s) = pols) + R(s) "Elp(s))-

Then

IGEll < IGEll2 + |G TEIGE][l2 + |G TE[GE] 2 + |G TE[GIE[GE] |2

< (BlGeR) + (B[ X 1GuEIER) el ) + (B] X 16 E16wR) Hiel] )

k>1

[

+ (B 32 166, G, Fleta] )

i1
< {ebbbup|G )|+ (ZMGM )%(ZE@HQ)% + (ZEIékIQ)%(Z]EIGkIQ)%
k>1 k>1 E>1 k>1
H(TEEr) (X [T ECIEE R ) Y
i>1 i>1 >l

< {esssup|G )|+ Z]E|Gk|2 + ZE|Gk|2 ( Z |E61j|2)%(ZE|ék|2)}“EH2

k>1 k>1 i,j>1 k>1



LINEAR QUADRATIC STOCHASTIC OPTIMAL CONTROL PROBLEMS 35

This implies that

911 < esssup |Giw)| + D BIGKE + 3 EIGH + (3 EG,2) (Y EIGH?).

E>1 k>1 i,j>1 k>1

With the same idea, we have

1Q(s)éll2 < 1Q(s)Ell2 + 1Q(s) "E[Q(s)é]llz + 1Q(s) "E[Q()é] 12 + 1Q(s) "E[Q(s)E[Q(s)¢]]

= (21QWeP) " + (B 0u() E@e ) + (5] Qels) Bkl

k>1 k>1

+(B] Y Qs (s)EIQ;(s)€][")

3,521

|2

[N

=

< esssup|Q(s w)||I€]l2 + [ (Z'Qk |(E|Qk(s)] )%H§H2)2]

k>1

+ [B( T 106 EIG6) ) el

k>1

HE[(T10:P) T (S EQs 01EG )]}

i>1 i1 j>1

< {esssup|Q(s w |+2(ZE|Qk )%(ZEKQI@ )

k>1 k>1

H(EGWF) [ (X EQu@IE M )] el

i1 j>1

< {esssup|Q s,w |—|—ZIE|Q;C )2 +ZE|Qk(5)\2 + ( Z IEQ:; (s) )%(ZE\Qk )}||€H2

k>1 k>1 i,j>1 k>1

which leads to

Nl=

1Q06) < esssup |Q(s, )| + D EIQu(s) + Y EIQu() + (3 [BQy (o))

k>1 k>1 Q=1

(D EIQks)2).

k>1
Next,

[R(s)nll2 . _ _ ~ _ -
< IB(s)nllz + [R(s) "ER(s)]ll2 + [R(s) "E[R(s)]l|2 + [R(s) "E[R(s)|E[R(s)]]2

— (BIREEE) + (] Somr B ER6) + (B S,y Falo) BB
(B 5,50 Fule) BRI, (1))
< esssupcr R )l + [B( Soon 1 @R Hinl) ] + [E(Sion 1o EIR ) il) ]
HE[( S B@E) T (o0 BRS)ER (011]) ]}
< {esssup, e [R(s. )] + 2(2k211@|ék<s>\2)%(zk>1E|Rk< )’
(S BIRR) [ S (S BRGIER G )] il
< {esssupcq [R(5.)] + oo BRI + S B + ( Sy BRSO (S BRI Yl

[NE

-
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which leads to
IR()lK esssup | Rs,w)| + 3 BIRy(s) P + D EIRi(s) 2 (3 Ry ()F) T (Y EIRMs)?).
k>1 k>1 3,721 k=1

Further,

IS()Ell _ _ N - " _
<[IS()€ll2 + IR (s) "E[S()€]ll2 + IS (s) "E[Q(s)€] |2 + [IR(s) "E[S()IE[Q(s)€] 2

= (EIS()¢ |2)% + (Bl Do Ba (o) B ) + (8] S Su() BLGL(0)8]1)
(B30 Fulo) B, (B ()] )

<esssupwemsww)msuw[E(zk>1|Rk< ©15P) Hele) ] + [E( Soon 18I EG) ) ]
HE[(Sor IR OP) St (S0 884 () [EG (5)e]]) |}

< {esssupcn 1S(5.0)] + (Sion BIR0) ) (zmmsk 1)+ (S BS0?) (S BIGL ()
+(zi>1m<s>2)%[zm(zmms IEE )2]%}”5“2

[NE

Nl=
Nl=

which leads to

1S(s)l < esssup |S(s, )| + D ElRi(s)* + D EISk(s)* + D EISk(s)* + D ElQw(s)?

k>1 k>1 k>1 k>1
(X S, 0F) (S BRR) (D EuOE) .
i,j>1 k>1 k>1

Finally,

~ ~ 271
lgllz < ligoll2 + I1G " Elglll2 = llgoll2 + [E] > GIEG| |
k>1

JURRNS 1 _
< lgollz + (DEIGH?) (D2 Eael?) < llgolla + Y EIG + 3 [Ege]*

k>1 k>1 k>1 E>1

H/OT\Q(S)\dS H/ lqo0(s \ds‘ +/ 1Q(s) $)]||2ds
*H/ ao(s)1ds |, +/ 15 Elgi(s)]

< H/ |q0(8)\d5‘ +/ (ZMQk >%<Z|Eq1c )% ds

k>1 k>1

H/ lgo(s \ds‘ +/ ZE|Qk )ds+/ (Z'Eqk ) s

k>1 k>1

2] %ds
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2] %

<llpo(s)ll2 + (S EIR)P) (X Eae()?) * < lloo()llz + DO EIRL()P + D [Epn(s)|*

k>1 k>1 k>1 k>1

lp(s)ll2 < llpo(s)ll2 + IR(s) "Elp(s)]ll2 = llpo(s)ll2 + [E’ > Ri(s) "Elpi(s)]

k>1

N[=
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