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STRONG LAGRANGE DUALITY AND THE MAXIMUM PRINCIPLE

FOR NONLINEAR DISCRETE TIME OPTIMAL CONTROL

PROBLEMS

Eero V. Tamminen*

Abstract. We examine discrete-time optimal control problems with general, possibly non-linear or
non-smooth dynamic equations, and state-control inequality and equality constraints. A new general-
ized convexity condition for the dynamics and constraints is defined, and it is proved that this property,
together with a constraint qualification constitute sufficient conditions for the strong Lagrange dual-
ity result and saddle-point optimality conditions for the problem. The discrete maximum principle of
Pontryagin is obtained in a straightforward manner from the strong Lagrange duality theorem, first in
a new form in which the Lagrangian is minimized both with respect to the state and to the control
variables. Assuming differentiability, the maximum principle is obtained in the usual form. It is shown
that dynamic systems satisfying a global controllability condition with convex costs, have the required
convexity property. This controllability condition is a natural extension of the customary directional
convexity condition applied in the derivation of the discrete maximum principle for local optima in the
literature.
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1. Introduction

Optimality conditions based on Lagrange multipliers have a key position in the theory of optimization for
constrained problems. In the classic form of the theory usually presented in textbooks, convexity properties of
sets and functions have a central role in the development, and the Lagrangian is a linear functional defined
on the image space of the objective and constraint functions of the problem. Lagrange multipliers are vectors
in the dual space of the image space, and the existence and properties of the multipliers can be based on the
separation of sets in the image space by hyperplanes defined by the multipliers; cf. [1, 22].

For both theoretical and computational reasons, the theory of optimality conditions has been deepened and
extended beyond the classic linear form. Known results have been proven under weaker hypotheses and new
results have been obtained. The classic theory has been extended by considering non-linear Lagrangian functions,
separation of sets in the image space by curved manifolds, and theorems of the alternative for general systems.
For original results and references see [8, 9, 17, 30].
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The development of variational analysis has opened a new approach to conditions of optimality, not restricted
by unnecessary requirements of convexity or differentiability. This line of research has led to profoundly new
and more general results on all areas of optimization theory; cf. [6, 23, 31].

On the other hand, interest in the classic theory itself has not declined, because it has special concrete
properties not always shared by deeper, often more abstract results. The optimality conditions based on the
linear Lagrangian can be split into separate components, constraint by constraint and time-step by time-step,
and the linear Lagrange duality theory is geometrically transparent and has profound symmetry properties.
These features are important theoretically, computationally and in applications. In this work, we consider only
classic linear Lagrangian functions.

Under appropriate assumptions, the optimality theorems establish the existence of a separating hyperplane
in the image space, and a corresponding dual multiplier vector satisfying a set of conditions at a solution
point of the problem. In the case of various problems, the existence of a separating hyperplane is a deeper
issue, and the resulting explicit conditions of optimality are then more immediate. The mathematical theory of
optimality conditions is extensive. In order to obtain a good overall picture of the theory, and to be able to place
individual theorems in their proper context, it is helpful to organize the results in a suitable manner. Two main
approaches to Lagrange multipliers for constrained optimization problems are traditionally distinguished in the
literature – the local and the global, respectively [1, 22]. The local approach, cf. Chapter 4 in [1], is based on
the differentiability of the objective and constraint functions of the problem, and leads to the Karush–Kuhn–
Tucker necessary conditions for a local optimum. The global approach, the Lagrange duality theory, is based on
convexity, and leads to the strong duality theorem and saddle point optimality conditions, cf. Chapter 6 in [1],
which are necessary and sufficient for achieving a global optimum.

The strong Lagrange duality and saddle-point theorems for a constrained optimization problem are based
on two basic assumptions about the problem: a convexity property in the image space of the constraints and
a normality condition (constraint qualification) which rules out certain ill-behaved problems. The convexity
property sufficient for duality is satisfied if the objective and the inequality constraint functions of the problem
are convex, and the equality constraint functions are affine. These assumptions are transparent and easy to
verify, and in the standard proofs of strong Lagrange duality for constrained optimization problems in the
literature, convexity of the inequalities and affinity of the equalities are assumed, see [1] for example. These
properties are not, however, necessary conditions for strong duality. The convexity property in the image space
can be guaranteed by weaker assumptions. Alternative convexity properties sufficient for strong duality in
different types of problems have been treated in Elster and Nehse [7], Hayashi and Komiya [13], Jeyakumar [20],
Nehse [24], Simons [33], Tamminen [34], and Illés and Kassay [17].

The maximum principle of Pontryagin (PMP) gives necessary conditions for optimality for optimal control
problems. Differentiability of the objective and constraint functions of the problem with respect to the state
variables is assumed, and the principle establishes the existence of a dual vector (Lagrange multiplier), which
together with the primal variables satisfies the optimality conditions at a solution point. In the theorem there
are two central conditions: the Euler-Lagrange equation, and the maximum condition for the Hamiltonian
function, respectively. The maximum principle gives necessary conditions for an optimum, which is local in
the space of state variables, and global in the control set, cf. [18], and can be viewed as a counterpart of the
Karush–Kuhn–Tucker theorem.

The principle was formulated and proved first for continuous-time problems by Pontryagin, Boltyanskii,
Gamkrelidze and Mishchenko in [26]. Somewhat later the corresponding result for discrete-time problems, the
discrete maximum principle (DMP), was proved by Halkin and Holzmann, and by Propoi, see [11, 12, 14, 15,
16, 27, 28]. However, the result for the discrete-time case is not an exact counterpart of the PMP. In the proof
of the maximum condition for the Hamiltonian in the discrete maximum principle an additional condition of
directional convexity for the dynamic equation, not needed in the proof of continuous maximum principle, is
required.

The early development of the DMP was completed by Boltyanskii in [2]. He proved first that the Hamiltonian
gradient is non-positive at every time point, which is a weaker form of the maximum principle. Assuming
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directional convexity, he then obtained the strong form of the DMP, with the optimality condition for the
Hamiltonian.

Both in the case of continuous-time, and discrete-time problems, the local approach to conditions for opti-
mality was applied in the original derivation of the principle. Hager and Mitter [10], Rockafellar [29], and
Zalmai [35] have applied the global approach for continuous-time optimal control problems with linear dynam-
ics, and derived strong Lagrange duality, saddle point optimality, and maximum principle conditions for these
problems.

Recently, Bourdin and Trélat have analyzed control problems on time scales (closed subsets of the time
axis), and extended and proved the Pontryagin maximum principle for optimal control problems defined on
arbitrary time scales in [3, 4]. Their result combines into one theorem the maximum principle results for
continuous-time and discrete-time optimal control problems. Points on the time scale are divided into two
mutually exclusive classes, right dense, and right scattered points, respectively. At right dense points time
flows forward continuously, and the optimum condition for the Hamiltonian is satisfied without an additional
convexity assumption, as in the continuous-time maximum principle. At right scattered points time takes a finite
step forward, and the Hamiltonian satisfies a gradient condition. If the Hamiltonian is convex with respect to
the control variable, a certain optimum condition can be derived at these points, too. The continuous, and
discrete forms of the maximum principle are obtained as special cases.

After the original development, approaches to conditions of optimality in mathematical optimization, and in
optimal control, were unified by many authors; cf. Luenberger [22], Canon et al. [5], and Ioffe and Tihomirov [18].
For a thorough presentation of the general (classic) theory of mathematical optimization in finite dimensional
spaces see Bazaraa et al. [1], and the extensive literature cited there.

Optimal control problems with discrete time are mathematical optimization problems with a special structure,
set up in finite-dimensional spaces. Control problems have two types of variables which are connected by the
dynamic equation. State variables are elements of a finite dimensional vector space (the state space) and control
variables belong to an abstract control set, which does not necessarily have a topological structure. From the
viewpoint of mathematical optimization, the dynamic equation is an equality constraint within the problem.
General results of optimization theory apply to control problems, and more specific results are obtained by
utilizing the special structure. The discrete maximum principle, cf. [2, 5, 25, 32], is a key instance of such
results.

Propoi proved in [28] the strong Lagrange duality result and saddle point optimality conditions for discrete
optimal control problems with dynamics that are linear with respect to the state variables, and with convex
inequality constraints. However, strong duality for control problems with nonlinear dynamic equations, leading
to nonlinear equality constraints, has not been treated in the literature. In this work, we return to this problem
and apply a general convexity condition, which is new in the context of discrete control problems and does not
require linearity of the dynamic equations or the equality constraints of the problem, see [34].

Together with a constraint qualification, the convexity condition is sufficient for strong Lagrange duality
and the existence of a saddle point for the problem. From the strong duality theorem, we first obtain the
discrete maximum principle in a new form in which differentiability is not assumed, and the Lagrangian is
minimized both with respect to the state variables and the control variables, then in sub-differential form and
finally, assuming differentiability, in the customary form. The derivation of these results is transparent and, in
a step-by-step manner, highlights the roles played by the different assumptions in establishing the results.

The control problem studied is defined in Section 2. For easy reference, the duality theorems needed are
recalled without proofs in Section 3. Section 4 contains the results, the convexity condition is analysed in
Section 5, and Section 6 concludes the paper with some remarks.

2. The optimization problem and definitions

We examine controlled dynamic processes in discrete time t = 0, 1, . . . , T . A process is a pair (x, u), where
the trajectory x = [x(t); t = 0, 1, . . . , T ] is the sequence of the states x(t) ∈ Rn of the system at the time points
t, where R is the set of real numbers, and the control of the system u = [u(t); t = 0, 1, . . . , T − 1] is the sequence
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of control elements u(t) ∈ Vt, where Vt is a general nonempty control set at time t. The processes (x, u) are
elements of the set W = X × V , where x ∈ X = Rn(T+1) and u ∈ V = V0 × V1 × · · · × V(T−1).

Definition 2.1 (The primal problem). The following optimal control problem is called the primal problem:

minimize

{
C(x, u) =

T−1∑
t=0

ct(x(t), u(t)) + cT (x(T ))

}
subject to the constraints (2.1)

x(t+ 1) = x(t) + ft(x(t), u(t)), t = 0, 1, . . . , T − 1, (2.2)

x(0) = q, (2.3)

gt(x(t), u(t)) ≤ 0, t = 0, 1, . . . , T − 1, (2.4)

ht(x(t), u(t)) = 0, t = 0, 1, . . . , T − 1, and (2.5)

u(t) ∈ Vt, t = 0, 1, . . . , T − 1. (2.6)

The real function C on the set W in (2.1) is the objective to be minimized. The dynamic development of the
system is governed by the vector difference equation (2.2), with the given initial state (2.3). The inequalities (2.4),
and the equalities (2.5), define the state-control constraints of the problem. Constraints defined by functions of
the state only, i.e. constraints defined by functions constant on the appropriate Vt are included among these.
The relations (2.6) define the constraints on the control only.

The initial and terminal boundary conditions on the state are of the simplest possible type, with a given
initial, and free final, state. This choice is made in order to concentrate on the essential, dynamic, primal-dual
structure of the results, and to avoid unnecessary detail. Extension to other types of boundary conditions is
straightforward. All constraint inequalities for vectors in real Euclidean spaces are defined in the natural manner,
component for component.

In the primal problem, for each t = 0, 1, . . . , T − 1, the functions ct, ft, gt, and ht, are defined on the set
Rn × Vt, into real Euclidean vector spaces of dimensions 1, n, r, and s, respectively. As there is no control
vector at time T , the last term in the objective function C, the terminal cost cT , is a real function on Rn.
We use the following short notation: the dynamic equation (2.2) with the initial Condition (2.3) is written
F (x, u) = 0, the inequalities (2.4) are written G(x, u) ≤ 0, and the equalities (2.5) H(x, u) = 0, where the
functions F : W → X = Rn(T+1), G : W → Y = RrT , and H : W → Z = RsT , are defined by:

F (x, u) = [−x(0) + q,−x(t+ 1) + x(t) + ft(x(t), u(t)); t = 0, 1, . . . , T − 1], (2.7)

G(x, u) = [gt(x(t), u(t)); t = 0, 1, . . . , T − 1], and (2.8)

H(x, u) = [ht(x(t), u(t)); t = 0, 1, . . . , T − 1]. (2.9)

Using this notation, the primal problem (2.1)–(2.6) is written in the following short form:

minimize C(x, u), subject to: (2.10)

F (x, u) = 0, (2.11)

G(x, u) ≤ 0, (2.12)

H(x, u) = 0, and (2.13)

(x, u) ∈W = X × V. (2.14)

All of the inequality constraints are combined into (2.12), whereas the different roles of the state
equation (2.11) and the constraint equalities (2.13) within the maximum principle provide the reason for writing
them as separate equations in the problem. No special assumptions are made about the structure of control set
V . Throughout the paper, the primal problem is assumed to have a finite optimal solution.
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3. The Lagrangian function and duality

For Lagrange multipliers, we use the notation of Luenberger [22]. Continuous linear functionals on a normed
vector space Q form its topological dual vector space, denoted as Q∗, and the value of a functional ρ ∈ Q∗ at the
point r ∈ Q is written as 〈r, ρ〉. Lagrange multipliers are elements of the dual vector space of the image space
of the constraint functions. The image spaces X, Y , and Z of the constraints in the definition of the primal
problem are finite dimensional Euclidean vector spaces, and consequently, X∗ = X = Rn(T+1), Y ∗ = Y = RrT ,
and Z∗ = Z = RsT .

Definition 3.1 (The Lagrangian function). The Lagrangian function L : W ×X∗×Y ∗×Z∗ → R for the primal
problem is defined for (x, u) ∈W , and (Ψ,Λ, Γ ) ∈ X∗ × Y ∗ × Z∗ by:

L(x, u;Ψ,Λ, Γ ) = C(x, u) + 〈F (x, u), Ψ〉+ 〈G(x, u), Λ〉+ 〈H(x, u), Γ 〉. (3.1)

The Lagrange multiplier (Ψ,Λ, Γ ) has the components Ψ ∈ X∗, Λ ∈ Y ∗, and Γ ∈ Z∗, and these are further
partitioned into vector components corresponding to the structure (2.7)–(2.9) of the functions F , G, and H,
respectively, and indexed as follows: Ψ = [ψ(t) ∈ Rn; t = 0, 1, . . . , T ], Λ = [λ(t) ∈ Rr; t = 0, 1, . . . , T − 1], and
Γ = [γ(t) ∈ Rs; t = 0, 1, . . . , T − 1]. Using this notation, the terms of the Lagrangian function (3.1), associated
with the constraints, have the following detailed expressions:

〈F (x, u), Ψ〉 = 〈−x(0) + q, ψ(0)〉+

T−1∑
t=0

〈
−x(t+ 1) + x(t) + ft(x(t), u(t)), ψ(t+ 1)

〉
, (3.2)

〈G(x, u), Λ〉 =

T−1∑
t=0

〈
gt(x(t), u(t)), λ(t)

〉
, and (3.3)

〈H(x, u), Γ 〉 =

T−1∑
t=0

〈
ht(x(t), u(t)), γ(t)

〉
. (3.4)

In (3.2), it is natural to name the first (vector) component of Ψ as ψ(0), and the component multiplying
the term [−x(t+ 1) + x(t) + ft(x(t), u(t))] as ψ(t+ 1), for t = 0, 1, . . . , T − 1. For the primal problem, with the
Lagrangian function (3.1), the corresponding dual function and the Lagrange dual optimization problem are
defined as follows:

Definition 3.2 (The dual function). The dual function Φ : X∗ × Y ∗ × Z∗ → R ∪ {−∞} is defined by

Φ(Ψ,Λ, Γ ) = inf{L(x, u;Ψ,Λ, Γ ) : (x, u) ∈W}. (3.5)

Definition 3.3 (The Lagrange dual optimization problem). The Lagrange dual optimization problem is defined
as:

max{Φ(Ψ,Λ, Γ ) : (Ψ,Λ, Γ ) ∈ X × Y × Z}, subject to (3.6)

Λ ≥ 0. (3.7)

The set P ∗ = {Λ ∈ Y ∗ : Λ ≥ 0} is defined as the positive cone in Y ∗. Any (x, u) satisfying the constraints
(2.11)–(2.14) of the primal problem is called primal feasible, and any (Ψ,Λ, Γ ) satisfying the constraint (3.7)
of the dual problem is dual feasible. We recall the following fundamental relations between solutions to the
primal, dual and Lagrangian minimization problems required in the sequel. Theorems 3.4 and 3.5 are algebraic
consequences of the definitions made above, for proofs cf. [1, 34], the details are omitted here.
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Theorem 3.4 (Weak and strong duality). If (x̂, û) ∈ W is primal feasible, and (Ψ̂ , Λ̂, Γ̂ ) ∈ X∗ × Y ∗ × Z∗ is
dual feasible, then Φ(Ψ̂ , Λ̂, Γ̂ ) ≤ C(x̂, û). Further, if Φ(Ψ̂ , Λ̂, Γ̂ ) = C(x̂, û), then (x̂, û) and (Ψ̂ , Λ̂, Γ̂ ) are optimal
solutions to the primal and dual problems, respectively.

Theorem 3.5 (Conditions equivalent to strong duality). Let (x̂, û) ∈ W be primal feasible and (Ψ̂ , Λ̂, Γ̂ ) ∈
X∗ × Y ∗ × Z∗ dual feasible. Then the strong duality condition Φ(Ψ̂ , Λ̂, Γ̂ ) = C(x̂, û) is satisfied if and only
if the following conditions are satisfied: min{L(x, u; Ψ̂ , Λ̂, Γ̂ ) : (x, u) ∈ W} is obtained at the point (x̂, û), and
〈G(x̂, û), Λ̂〉 = 0.

According to duality Theorem 3.4, any dual feasible vector provides a lower bound for the primal optimum,
and any primal feasible vector an upper bound for the dual optimum. The strong duality condition, Φ(Ψ,Λ, Γ ) =
C(x, u), is sufficient for the primal and dual optimality of the respective vectors. Theorem 3.5 states that, for
the feasible primal and dual vectors (x̂, û) and (Ψ̂ , Λ̂, Γ̂ ), minimization of the Lagrangian L(x, u; Ψ̂ , Λ̂, Γ̂ ) over W
at the point (x̂, û), and the condition of complementary slackness, 〈G(x̂, û), Λ̂〉 = 0, are necessary and sufficient
for the strong duality and, consequently, for the primal and dual optimality of the respective vectors. The point
(x̂, û; Ψ̂ , Λ̂, Γ̂ ) is also a saddle point of the Lagrangian function on the set W ×X∗ × P ∗ × Z∗.

For any constrained optimization problem, the question of the existence of a Lagrange multiplier vector which,
together with a primal optimal solution vector, satisfies the strong duality condition is of great interest. If such
a multiplier exists, then the strong duality condition and the equivalent conditions of Theorem 3.5 provide a
starting point for the structural analysis and solution of the problem.

4. Strong Lagrange duality theorem and the discrete maximum
principle for the primal problem

The existence of a Lagrange multiplier vector satisfying the strong duality condition can be based on convexity
and normality properties associated with the problem. Of these, the convexity requirement concerns the structure
of the problem. Here, we apply the general convexity property of [34] which, when stated in relation to the primal
problem, takes the form of Condition 4.1. This condition is analysed in detail in the next section. For some other
applications of the convexity property of [34] and other related generalized convexity conditions in optimization
see [17, 21]. The normality Condition 4.2 is required in order to guarantee that the Lagrange multiplier vector
constructed in Theorem 4.3 is normal, i.e. that the scalar multiplier of the objective function in the Lagrangian is
strictly positive. The Lagrangian is linear in the multiplier vector, and it is then possible to take the component
multiplying the objective equal to one, as is already done in the Definition 3.1 of the Lagrangian. A number
of different normality conditions for constrained optimization problems have been treated in the literature, see
e.g. [1]. Condition 4.2 is simple in form, and all the constraints are treated on a formally equal basis. It is easy
to prove, that the normality condition for general optimization problems with a similar structure in [18] implies
Condition 4.2.

Condition 4.1 (Generalized convexity). For every (x1, u1) ∈ W , (x2, u2) ∈ W , and κ ∈ [0, 1], there is an
element (x3, u3) ∈W , such that:

C(x3, u3) ≤ κC(x1, u1) + (1− κ)C(x2, u2), (4.1)

F (x3, u3) = κF (x1, u1) + (1− κ)F (x2, u2), (4.2)

G(x3, u3) ≤ κG(x1, u1) + (1− κ)G(x2, u2), and (4.3)

H(x3, u3) = κH(x1, u1) + (1− κ)H(x2, u2). (4.4)

Condition 4.2 (Normality (constraint qualification)). For every nonzero (Ψ,Λ, Γ ) ∈ X∗ × P ∗ × Z∗, there is
(x, u) ∈W such that:

〈F (x, u), Ψ〉+ 〈G(x, u), Λ〉+ 〈H(x, u), Γ 〉 < 0. (4.5)
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Note that the inequality (4.5) must be satisfied only for multiplier vectors (Ψ,Λ, Γ ) satisfying Λ ∈ P ∗ = {Λ ∈
Y ∗ : Λ ≥ 0}. By application of Theorem 5.2 of [34], we obtain the Lagrange duality Theorem 4.3 for the primal
problem.

Theorem 4.3 (Lagrange duality theorem). Assume that the conditions of convexity and normality 4.1 and 4.2
are satisfied in the primal problem. A feasible process (x̂, û) ∈W is an optimal solution to the primal problem if
and only if there exists a dual feasible Lagrange multiplier vector (Ψ̂ , Λ̂, Γ̂ ) ∈ X∗×P ∗×Z∗, such that the strong
duality condition Φ(Ψ̂ , Λ̂, Γ̂ ) = C(x̂, û) is satisfied. It follows that the vector (Ψ̂ , Λ̂, Γ̂ ) is an optimal solution to
the dual problem.

On the strength of Theorem 3.5, the Lagrange duality theorem can also be stated in the following, alternative
form.

Theorem 4.4 (Necessary and sufficient conditions for optimality in the case of strong Lagrange duality).
Assume convexity and normality 4.1 and 4.2. A primal feasible process (x̂, û) ∈W is optimal if and only if there
exists a Lagrange multiplier vector (Ψ̂ , Λ̂, Γ̂ ) ∈ X∗ × Y ∗ × Z∗, such that the following conditions are satisfied:

min{L(x, u; Ψ̂ , Λ̂, Γ̂ ) : (x, u) ∈W} is attained at the point (x̂, û), (4.6)

Λ̂ ≥ 0, and (4.7)

〈G(x̂, û), Λ̂〉 = 0. (4.8)

The discrete maximum principle of Pontryagin is a direct consequence of the theorem. The convexity and
normality assumptions are only needed in establishing the existence of a feasible dual vector satisfying the
strong duality condition. All subsequent results follow from this condition only. In other words, for the control
problem studied, convexity and normality are sufficient conditions for strong duality, which is in turn sufficient
for the maximum principle. In order to obtain the conditions of the principle in detail, we derive two separate
conditions from the minimum Condition (4.6) for the Lagrangian function, one for the state and one for the
control, respectively, see Proposition 4.5 below.

Proposition 4.5 (Elementary necessary conditions of optimality for the Lagrangian function). Let(Ψ̂ , Λ̂, Γ̂ ) ∈
X∗ × Y ∗ × Z∗. If min{L(x, u; Ψ̂ , Λ̂, Γ̂ ) : (x, u) ∈W = X × V } is obtained at the point (x̂, û), then

min{L(x̂, u; Ψ̂ , Λ̂, Γ̂ ) : u ∈ V } is obtained at the point û, and (4.9)

min{L(x, û; Ψ̂ , Λ̂, Γ̂ ) : x ∈ X} is obtained at the point x̂. (4.10)

The set X is a vector space and the minimum Condition (4.10) is satisfied, if and only if, the null vector θ
is a subgradient of the Lagrangian function L(x, û; Ψ̂ , Λ̂, Γ̂ ) at x̂:

θ ∈ ∂xL(x, û; Ψ̂ , Λ̂, Γ̂ );x = x̂. (4.11)

Further, if the Lagrangian function L(x, û; Ψ̂ , Λ̂, Γ̂ ) is differentiable with respect to x at x̂, then the gradient
of the Lagrangian function at the minimum point is zero:

θ = Lx(x, û; Ψ̂ , Λ̂, Γ̂ );x = x̂. (4.12)

In the proposition the subgradient, cf. [1, 18, 22], is defined as in convex analysis: For a (not necessarily convex)
function B : X → R on the vector space X, the vector d ∈ X∗ is a subgradient of B at x̂ if B(x̂) + 〈(x− x̂), d〉 ≤
B(x) for every x ∈ X. The set of subgradients of B at the point x̂ is the subdifferential ∂xB(x);x = x̂, and it
may be an empty set for a nonconvex function.

The function L(x, û; Ψ̂ , Λ̂, Γ̂ ) on X is not assumed to be convex, neither is convexity required for the equiv-
alence of the conditions (4.10) and (4.11). Condition (4.11) states that the subdifferential of the Lagrangian
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function L(x, û; Ψ̂ , Λ̂, Γ̂ ) at the optimal point x̂ contains the null vector θ, and is thus not empty. For the dif-
ferentiability of the Lagrangian function with respect to x at x̂, it is sufficient, that all the functions in the
definition of the primal problem are differentiable with respect to x at the optimum point (x̂, û). The proof of
the proposition is standard, and omitted here. The Condition (4.9) is the optimality condition with respect to
the control in the maximum principle, and the different variants (4.10)–(4.12) of the optimality condition with
respect to the state correspond to the Euler–Lagrange equation. We then substitute the Condition (4.9), and
one of the alternatives (4.10)–(4.12), for the Condition (4.6) in Theorem 4.4, and obtain the maximum principle
as a consequence.

Theorem 4.6 (The discrete maximum principle of Pontryagin without, and with, differentiability, in short
notation). Assume that convexity Condition 4.1 and normality Condition 4.2 are satisfied. If (x̂, û) is an optimal
solution to the primal problem, then a Lagrange multiplier vector (Ψ̂ , Λ̂, Γ̂ ) ∈ X∗ × Y ∗ × Z∗ exists such that

min{L(x̂, u; Ψ̂ , Λ̂, Γ̂ ) : u ∈ V } is obtained at point û, and (4.13)

min{L(x, û; Ψ̂ , Λ̂, Γ̂ ) : x ∈ X} is obtained at point x̂, (4.14a)

equivalent to the condition:

θ ∈ ∂xL(x, û; Ψ̂ , Λ̂, Γ̂ );x = x̂, (4.14b)

and the conditions of dual feasibility and complementary slackness are satisfied:

Λ̂ ≥ 0, and (4.15)

〈G(x̂, û), Λ̂〉 = 0. (4.16)

Further, if the Lagrangian function L(x, û; Ψ̂ , Λ̂, Γ̂ ) is differentiable with respect to the state x at x̂, then the
gradient of the Lagrangian function at the optimal point is zero:

θ = Lx(x, û; Ψ̂ , Λ̂, Γ̂ );x = x̂. (4.14c)

Theorem 4.6 provides necessary conditions for optimality for the primal problem written in the short form
(2.10)–(2.14). The conditions of the theorem take the familiar form of the discrete maximum principle of
Pontryagin, when the detailed structure and notation (2.1)–(2.6) and (3.2)–(3.4) are taken into account, and
the conditions are rewritten accordingly. We assume differentiability and use the minimum condition with
respect to the state variable x in the form (4.14c), obtaining Theorem 4.7.

Theorem 4.7 (The discrete maximum principle of Pontryagin). Assume that convexity Condition 4.1 and
normality Condition 4.2 are satisfied, and that for every control u ∈ V all functions of the state x in the
definition of the primal problem are differentiable with respect to x. If (x̂, û) is an optimal solution to the primal

problem, then there exist Lagrange multiplier vectors ψ̂(t) ∈ Rn; t = 0, 1, . . . , T , λ̂(t) ∈ Rr; t = 0, 1, . . . , T − 1,
and γ̂(t) ∈ Rs; t = 0, 1, . . . , T − 1 which satisfy the following propositions (i)–(vi):

(i) The adjoined state ψ(t) satisfies the dynamic equation with the terminal condition: For every t =
0, 1, . . . , T − 1,

ψ̂(t) = ψ̂(t+ 1) +
[
ftx(x̂(t), û(t))

]>
ψ̂(t+ 1)

+ ctx(x̂(t), û(t)) +
[
gtx(x̂(t), û(t))

]>
λ̂(t) +

[
htx(x̂(t), û(t))

]>
γ̂(t), and (4.17)

ψ̂(T ) = cTx(x̂(T )). (4.18)
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(ii) The minimum condition for the local (time-point-wise) Lagrangian is satisfied: For every t = 0, 1, . . . , T −1,

min
{
ct(x̂(t), v) +

〈
ft(x̂(t), v), ψ̂(t+ 1)

〉
+
〈
gt(x̂(t), v), λ̂(t)

〉
+
〈
ht(x̂(t), v), γ̂(t)

〉
: v ∈ Vt

}
(4.19)

is obtained at the point û(t).
(iii) Conditions of non-negativity and complementary slackness for the Lagrange multipliers associated with

the state-control inequality constraints are satisfied: For every t = 0, 1, . . . , T − 1,

λ̂(t) ≥ 0, and (4.20)〈
gt(x̂(t), û(t)), λ̂(t)

〉
= 0. (4.21)

Propositions (ii) and (iii) are equivalent to the following, strong duality conditions (iv)–(vi) for the con-

strained minimization of the Hamiltonian function ct(x̂(t), v) + 〈ft(x̂(t), v), ψ̂(t+ 1)〉 of the problem, and
it’s Lagrange dual optimization problem. The dual functional is given below, see Definition 4.8.

(iv) The time-point-wise primal minimum condition for the Hamiltonian: For every t = 0, 1, . . . , T − 1,

min
{
ct(x̂(t), v) +

〈
ft(x̂(t), v), ψ̂(t+ 1)

〉}
, subject to: (4.22)

gt(x̂(t), v) ≤ 0, (4.23)

ht(x̂(t), v) = 0, and (4.24)

v ∈ Vt, (4.25)

is obtained at the point û(t).
(v) The time-point-wise dual maximum condition: For every t = 0, 1, . . . , T − 1,

max
{
ϕt

(
x̂(t), ψ̂(t+ 1);λ, γ

)
: (λ, γ) ∈ Rr × Rs

}
, subject to: (4.26)

λ ≥ 0, (4.27)

is obtained at the point (λ̂(t), γ̂(t)).
(vi) The (local) strong duality condition: For every t = 0, 1, . . . , T − 1,

ct(x̂(t), û(t)) +
〈
ft(x̂(t), û(t)), ψ̂(t+ 1)

〉
= ϕt

(
x̂(t), ψ̂(t+ 1); λ̂(t), γ̂(t)

)
. (4.28)

This completes the theorem.

Definition 4.8 (The dual functional for the time-point-wise Hamiltonian minimization problem). For every t =
0, 1, . . . , T − 1, ξ ∈ Rn, and Σ ∈ Rn, and for every (λ, γ) ∈ Rr ×Rs, the local dual functional ϕt(ξ,Σ; · , · ) : Rr ×
Rs → R ∪ {−∞} is defined by:

ϕt

(
ξ,Σ;λ, γ

)
= inf

{
ct(ξ, v) +

〈
ft(ξ, v), Σ

〉
+
〈
gt(ξ, v), λ

〉
+
〈
ht(ξ, v), γ

〉
: v ∈ Vt

}
. (4.29)

The set Vt is never empty, and it follows that either a finite infimum in (4.29) exists, or the infimum equals
−∞. We have assumed that the primal problem has a finite optimum solution, and the Lagrangian minimum
condition (ii) of Theorem 4.7, satisfied by the optimal solution, implies that for every t, for ξ = x̂(t), and

Σ = ψ̂(t+ 1), the set of points (λ, γ) ∈ Rr ×Rs, λ ≥ 0, where the infimum (4.29) is finite, is nonempty and the
dual maximization problem (4.26) and (4.27) is properly defined.
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Proof of Theorem 4.7. The detailed conditions of Theorem 4.7 are obtained from Theorem 4.6 by inserting the
expressions for the cost and constraint functions of the problem. The Euler–Lagrange equation (4.14c) gives the
conditions (i). The minimum Condition (4.13) takes the form (ii), and (4.15) and (4.16) give the conditions (iii).
Note that as G(x̂, û)≤ 0, and Λ̂ ≥ 0, it follows that each additive term in 〈G(x̂, û), Λ̂〉 is non-positive, and the
complementary slackness Condition (4.16) implies that each term equals zero. The equivalence of propositions (ii)
to (iii) and propositions (iv)–(vi) is an application of Theorems 3.4 and 3.5 to the time-point-wise Hamiltonian
minimization problems. The details of the proof are omitted here.

Propositions (i)–(iii) of Theorem 4.7 give the usual form of the necessary conditions for optimality of the
discrete maximum principle of Pontryagin in the literature, see [5]. Propositions (ii) to (vi) in Theorem 4.7
are not affected by the choice between the alternative forms (4.14a)–(4.14c) of the minimum condition for the
Lagrangian with respect to the state variables. Finally we note that in addition to the necessary conditions for
optimality of the Theorems 4.6 and 4.7, under the assumptions made also the strong global duality condition,
Φ(Ψ̂ , Λ̂, Γ̂ ) = C(x̂, û), which is sufficient for primal and dual optimality, is also satisfied.

5. Examples of problems with the required convexity property

Condition 4.1 is an application of the convexity condition for general optimization problems of [34] to a
discrete-time optimal control problem. By direct substitution, it can be seen that Condition 4.1 is satisfied in a
primal problem with the following linear structure: (i) All the functions of state and control in the problem are
additively separable to state-dependent and control-dependent terms. (ii) The state-dependent terms are linear.
(iii) The control-dependent terms satisfy a straightforward derived convexity condition. This derived condition
is always satisfied, if the control sets are convex subsets of vector spaces, and if also all the functions of control
in the problem are linear.

Next, we examine the possibility of satisfying Condition 4.1 if we choose x3 = κx1 + (1 − κ)x2 within it,
i.e. we assume that for any (x1, u1) ∈ W , any (x2, u2) ∈ W , and for any κ ∈ [0, 1] a u3 ∈ V exists, such that
Condition 4.1 is satisfied by the element (x3, u3) ∈ W , where x3 = κx1 + (1 − κ)x2. We also assume that
the Condition 4.1 for the objective function is satisfied by each additive term ct separately. Inserting these
assumptions into Condition 4.1 leads to the following time-step-wise Condition 5.1, implying Condition 4.1:

Condition 5.1 (Sufficient conditions for convexity property 4.1). For every t = 0, 1, . . . , T −1, for every ξ1, ξ2 ∈
Rn, for every ν1, ν2 ∈ Vt, and for every κ ∈ [0, 1], there is a ν3 ∈ Vt such that:

ct(ξ, ν3) ≤ κct(ξ1, ν1) + (1− κ)ct(ξ2, ν2), (5.1)

ft(ξ, ν3) = κft(ξ1, ν1) + (1− κ)ft(ξ2, ν2), (5.2)

gt(ξ, ν3) ≤ κgt(ξ1, ν1) + (1− κ)gt(ξ2, ν2), and (5.3)

ht(ξ, ν3) = κht(ξ1, ν1) + (1− κ)ht(ξ2, ν2), (5.4)

where ξ = κξ1 + (1− κ)ξ2, and for t = T , the final cost cT is a convex function on Rn.

Condition 5.1 for time t = 0, 1, . . . , T − 1 can be illustrated as follows. Suppose first that the problem has no
inequality or equality constraints, and the convexity property consequently has no Conditions (5.3) and (5.4).
We examine the system at time t, and Conditions (5.1) and (5.2), and choose x(t) = ξ1, and u(t) = ν1. Then the
state of the system takes step ft(ξ1, ν1) from the point x(t) = ξ1 to the point x(t+ 1) = ξ1 + ft(ξ1, ν1) at time
t + 1, and the contribution to the cost function at step t is ct(ξ1, ν1), and correspondingly for x(t) = ξ2, and
u(t) = ν2. Condition 5.1 for t = 0, 1, . . . , T − 1 is twofold: (i) The equation (5.2) is a controllability requirement
which states that, for any two initial points ξ1 and ξ2, for any κ ∈ [0, 1], and for any two controls ν1, ν2 ∈ Vt,
control ν3 ∈ Vt exists, which from the convex combination x(t) = ξ = κξ1 + (1− κ)ξ2 of initial points ξ1 and ξ2
gives the convex combination transfer step ft(ξ, ν3) = κft(ξ1, ν1) + (1− κ)ft(ξ2, ν2), and consequently at time
t+ 1 leads to the corresponding convex combination of the end points. (ii) The term in the objective function
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satisfies the convexity requirement (5.1). A sufficient condition for this is that the cost term is of the following
type:

ct(ξ, ν) = c1t [ft(ξ, ν)] + c2t [ξ + ft(ξ, ν)], (5.5)

where c1t and c2t are any convex functions on Rn.
For problems with state-control constraints Condition 5.1 has inequalities (5.3) and equalities (5.4). In this

case, we can repeat the same argument as above, with the additional requirement that constraints (5.3) and
(5.4) are satisfied by the control ν3 ∈ Vt.

For the primal problem, for each t = 0, . . . , T −1, the attainability set At+1 ∈ Rn is defined as the set of states
x(t+ 1), reachable by trajectories satisfying all the constraints of the problem for all time steps s = 0, 1, . . . , t.
Condition 5.1 implies that all the attainability sets are convex. Condition 5.1 also implies that, if the trajectories
x1 = [x1(t); t = 0, 1, . . . , T ], and x2 = [x2(t); t = 0, 1, . . . , T ] are feasible, then the convex combination trajectory
x3 = κx1 + (1− κ)x2 = [κx1(t) + (1− κ)x2(t); t = 0, 1, . . . , T ] is feasible too, for any κ ∈ [0, 1], and satisfies the
convexity requirement for the objective function.

Condition 5.1 can be viewed as a natural generalization to a global optimum of the customary assumption
of directional convexity made in the derivation of the discrete maximum principle for a local optimum in the
literature, see Theorem 4.2 of [5]. Following the treatment of the reference, and applying the notation of this
paper, we recall the directional convexity condition for problems without state constraints.

Condition 5.2 (Convexity for an optimum, local in the state space). For every t = 0, 1, . . . , T − 1, for every
ξ ∈ Rn, for every ν1, ν2 ∈ Vt, and for every κ ∈ [0, 1], there is a ν3 ∈ Vt such that:

ct(ξ, ν3) ≤ κct(ξ, ν1) + (1− κ)ct(ξ, ν2), and (5.6)

ft(ξ, ν3) = κft(ξ, ν1) + (1− κ)ft(ξ, ν2). (5.7)

By choosing ξ1 = ξ2 = ξ in Condition 5.1 we see that it implies Condition 5.2.

6. Concluding remarks

In this article we examine discrete time optimal control problems by applying the global approach via
Lagrange duality theory. The main contribution is the generalized convexity Condition 4.1, which, together with
a constraint qualification, is sufficient for strong Lagrange duality, and saddle point conditions for optimality for
these problems. The conditions are sufficient for global optimality, and state that there exists for the problem
a normal Lagrange multiplier, the Lagrangian is optimized at the primal optimal solution, the multiplier is an
optimal solution to the dual problem, and the complementary slackness conditions are satisfied.

The discrete maximum principle of Pontryagin is derived in a straight-forward way from this result. The
maximum principle is a necessary, but not sufficient, condition for optimality, and consists of three parts:
the Euler-Lagrange equation, the Hamiltonian maximization condition and the conditions of complementary
slackness. The optimum condition for the global Lagrangian in the duality result gives the two first of these, and
the conditions of complementary slackness are the same in both theorems. The Euler-Lagrange equation follows
from the fact that the global Lagrangian attains an optimum with respect to the state variables at the primal
optimal point. It is obtained first as an optimum condition, and then, assuming differentiability, as a difference
equation. The condition for the Hamiltonian follows from the optimum condition for the global Lagrangian with
respect to the control variables.

In the literature the DMP is derived by a local approach. Both the development in [11, 12, 14, 15, 16, 25,
27, 28], the detailed analysis in [2], and the derivation of the principle from general results covering wide classes
of mathematical programming problems in [5, 18], apply a local approach. Also the totally different general
development of the maximum principle for arbitrary time scales, including discrete time, in [3, 4] follows a local
approach. Differentiability with respect to the state is assumed from the beginning, and this is sufficient for
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the weak form of the principle, with Euler-Lagrange equation, conditions of complementary slackness, and a
gradient condition for the Hamiltonian. By making a proper assumption of convexity, directional convexity e.g.,
the optimum condition for the Hamiltonian is obtained.

Also in [28], the strong Lagrange duality result for a discrete-time optimal control problem is derived from
the conditions of DMP, obtained trough a local approach, by assuming that the dynamic equation, and the state
equality constraints are linear, and the inequality constraints are convex. This case is also covered by general
Lagrange duality results for mathematical programming problems in the literature, see [1].

In comparison with the local approaches to the maximum principle, the global approach applied here is based
on a very restrictive convexity condition, does not require differentiability, and consequently can be applied to
problems with non-smooth data. In addition to the conditions of the DMP it furnishes the optimum condition
for the overall Lagrangian, characterizes the Lagrange multiplier as an optimal dual solution, and gives an exact
convergence criterion for primal-dual solution methods. In the local approaches only differentiability is assumed
in order to obtain the principle in the weak form, and a suitable assumption of convexity gives the strong form.
The different local approaches are thus much more widely applicable. The generalized convexity Condition 4.1
is satisfied in problems with a strong controllability property, with a convex objective function. Linear structure
is also sufficient. The condition is, however, not needed in the derivation of the maximum principle from the
strong duality result, i.e. strong duality alone is sufficient for the maximum principle. Finally, we note that the
approach of this paper is very similar to the approch to continuous-time optimal control problems with linear
dynamics applied in [10].

The statement of the primal problem, and the conditions of the maximum principle, Theorem 4.7, have a
beautiful symmetry between the primal and dual forms of the problem. For linear problems this symmetry is
known as the duality relations of dynamic linear programming, see Ivanilov and Propoi [19].
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