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MACROSCOPIC LIMIT OF THE BECKER-DORING EQUATION
VIA GRADIENT FLOWS

ANDRE SCHLICHTING®

Abstract. This work considers gradient structures for the Becker—Déring equation and its macro-
scopic limits. The result of Niethammer [J. Nonlinear Sci. 13 (2003) 115-122] is extended to prove the
convergence not only for solutions of the Becker—-Doring equation towards the Lifshitz—Slyozov—Wagner
equation of coarsening, but also the convergence of the associated gradient structures. We establish the
gradient structure of the nonlocal coarsening equation rigorously and show continuous dependence on
the initial data within this framework. Further, on the considered time scale the small cluster distri-
bution of the Becker—Doring equation follows a quasistationary distribution dictated by the monomer
concentration.
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1. INTRODUCTION
1.1. The Becker—Do6ring model

In this work, we are interested in gradient structures for the Becker—Déring equation and its macroscopic
limits. The Becker-Déring equation [3] is a model for the coagulation and fragmentation of clusters consisting
of identical monomers. The main modeling assumption is only monomers are able to coagulate and fragment
with other clusters in a way that the total density of monomers is conserved

Zlnl(t) = Zlnl(O) =:pp forallt>0. (1.1)
=1 =1

Hereby, n;(t) is the density of clusters of size [ at time ¢. The evolution of the densities n;(t) is given by an
countable number of ordinary differential equations of the form

(t) = Jio(t) — Ji(t) 1=2,3... (1.2)
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2 A. SCHLICHTING

where J; is the flux from clusters of size [ to clusters of size [ + 1. The system (1.2) gets closed with an equation
for ny

a(t) ==Y Ji(t) = Ji(t) = Jo(t) — Ja(t), (1.3)
=1

which is chosen, such that formally (1.1) is satisfied. The fluxes J; are given by mass-action kinetics, that is the
rate of coagulation is determined by a;nin; and the rate of fragmentation is given by b;y1m;11, where a; and
biy+1 are rate factors only depending on [. This leads to the constitutive relation

Jl(t) = aml(t)nl(t) - bl+1nl+1(t), = 1, 27 e (14)

The detailed balance condition for this system reads J;(t) = 0 for all [, satisfied by a one-parameter family of
equilibrium solutions

-1
wi(z) :=2'Q;, with Q;:=1 and Q:= H

j=1

a;
—_— 1.5
o (1.5)

To specify the long-time behavior, we introduce the convergence radius of the series z — ), 12'Q; by zs € [0, 00]
as well as its value at the convergence radius

05 1= ilzin € [0, 00]. (1.6)
=1

We are interested in the regime where z; € (0,00) and g4 € (0,00). We will assume that the rates are explicitly
given as follows:

Assumption 1.1 (Rates). For a € [0,1), v € (0,1) and zg, ¢ > 0 define the coagulation and fragmentation rate
of a monomer for a cluster of size [ by

ap:=1% and b :=1%(z+ql77).

Hereby, the parameter z, is consistent with its definition as radius of convergence (c¢f. Lem. 4.1) and g5 as
defined in (1.6) is strictly positive and finite under Assumption 1.1.

Then, as investigated by [2] solutions to the Becker-Doring equation with g < g5 converge to the equilibrium
state wj(z), where z = 2(go) is given such that > 72, Iz!Q; = g and the convergence takes place in a weighted
0! space

t—o0

lim Zl [ni(t) —wi(2)] =0
=1

In the case g9 > o5, it holds

lim n;(t) = wi(zs) for each ! > 1.

t—o0

Hence, the excess mass gg — 0s > 0 vanishes in the limit ¢ — co. The interpretation is, that the excess mass is
contained in larger and larger clusters as times evolve. These large clusters form a new phase, e.g. liquid droplets
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formed out of supersaturated vapor. It is the aim of the is work to add some aspect to the understanding of the
formation of the new phase.

The crucial ingredient for the above convergence statements is the existence of a Lyapunov functional F of
the form of a relative entropy F,(n) := H(n | w(z)). Hereby, z > 0 is a parameter selecting the stationary state
and the relative entropy is defined by

H(n|w): Zwl@/}( ) with  ¢(a) :=aloga —a+ 1, for a > 0. (1.7)

A calculation shows that it is formally decreasing along solutions to the Becker—-Déring equation

d]-" S
Z aining — biringe)(loganyng —logbyyini11) =: —D(n(t)) < 0. (1.8)

=1

Hence, the Lyapunov function can be interpreted as a free energy dissipating along the flow. This indicates,
that the free energy is minimized as ¢ — oo. By the mass conservation (1.1), we expect the long-time limit to
be the solution to the following minimization problem

00 > Os-

Fo(w(z)), 00 < os;
1nf{ Zlnl = QO} {]-‘ZS (w(zs)), (1.9)

In the first case the infimum is attained and the parameter z = z(gg) is chosen such that Y ;2 lw;(2) = 0o.
In the second case the infimum is not attained (¢f. [2], Thm. 4.4). From now on, we choose z = z(go) in this
particular form and omit the supscript. Hence, the functional reflects correctly the long-time behavior of the
equation. Moreover, the Lyapunov function has the form of a relative entropy and the question arises, whether
their exists a gradient structure for the Becker—Doring equation having this relative entropy as driving free
energy.

1.2. Gradient flow structure

To bring the system into the framework of gradient-flows, it is helpful to interpret the Becker—Doring equation
as the following system of chemical reactions

ar—1

Xi+ X = X, 1=23,... (1.10)
1

Hereby, X, denotes a cluster of size | and the rates for coagulation {a;},5, and fragmentation {b;},,, are
positive as in Assumption 1.1. In this formulation, we can use the gradient structure as observed by Mielke [15]
for chemical reactions under detailed balance condition and it turns out that the Becker—Déring equation is
indeed a gradient flow with respect to the Lyapunov function (1.7) under a suitable metric. The same metric
was discovered by Maas [14] in the setting of reversible Markov chains.

The existence of the metric depends crucially on the detailed balance condition satisfied by the equilib-
rium (1.5)

aqwiw; = bppiwip =: K, (1.11)
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where k! is the stationary equilibrium flux and the implicit parameter z is chosen according to go as described
after (1.9). Equations (1.2), (1.3), (1.4) can be compactly rewritten with the help of (1.11) as

oo
. niny ni+1 1 1 1+1
=) £ S A - , 1.12
=2 (B o)t e et (112)

with el =0 for i # [ and €/ = 1 for [ € IN. Since the free energy F is of the form of a relative entropy (1.7), we
can identity its variation as

DF(n) = <log21,...,logzl:,...).

K3

Then, the gradient flow formulation of the Becker-Déring equation takes the form

n=—K(n) DF(n), (1.13)

where the Onsager matrix C is defined by
K(n):= K A(nlnl,mﬂ> el +el —et) @ (el + ¢l —elt! 1.14
=2 KAL) | )@ ( ) (1.14)

and A(+,-) is the logarithmic mean given for a,b > 0 by

a, a=nh.

1 —b
__azb b
A(a,b) :/ a*b' =% ds = {logalogb’ ke (1.15)
0
The identification of (1.12) and (1.13) is based on the algebraic identity

A(ab,c) (loga +1logh—logc) =ab—c for a,b,c>0.

We refer to Appendix A for the more general structure behind this identities and applications to other
coagulation and fragmentation models.

1.3. Variational characterization

The gradient flow formulation allows for a variational characterization initiated by de Giorgi and its collab-
orators [7] under the name of curves of maximal slope. From the interpretation of the Becker-Déring model as
chemical reaction, it is clear that the total number of particles is conserved, which suggests to define the state
manifold

M = {n € IF&HJ\FI : Zl”l = Qo}.
1=1

Possible variations of the state manifold consistent with the Becker-Déring dynamic are given by the linear
space TM = span{e1 +e—etl: e ]N}. By the definition of the Onsager matrix (1.14), we have that the
following space is well-defined

TiM:={¢ € RN : 3s € TM such that s = —K(n)¢}. (1.16)
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A crucial ingredient to study the underlying metric structure is the continuity equation and curves of finite
action.

Definition 1.2 (Curves of finite action). A pair [0,7] 5 ¢ = (n(t), ¢(t)) € M x T,y M is a solution to the
continuity equation, denoted by (n, @) € CE, if it satisfies

(i) n(:):[0,T] — M is absolute continuous.
(ii) The pair (n,¢) satisfies the continuity equation for ¢t € (0,7") in the weak form, that is for all ¢ €
CH((0,T),R) and all [ € N holds

| (50 mo = v) (Kmeo), ) ae = o (117)

The action A of a pair (n,¢) € M x T, M is defined by

A(n, ) = o(1) - K(n(t)g(t) = Y _ k" | Voo (1), (1.18)

where V,.¢ := ¢p41 — ¢ — ¢1 and

_A<"1”l "”1) (1.19)

Wiy Wi41

A curve (n,¢) € CE7 is called a curve of finite action, if

sup F(n(t)) < oo, /A ))dt < oo, and /D ) dt < oo,
te[0,T]

where D(n) = A(n, —DF(n)) is given as in (1.8).

The nonlocal gradient V,¢ in (1.18) can be avoided by interpreting the monomer concentration n; = g —
> 12, Ing as anonlocal boundary condition. Along this idea a Fokker-Planck equation with such type of boundary
condition having similar features like the Becker—Doring model was recently introduced in [6].

Curves of finite action give a variational formulation to solutions of the Becker—-Doring equation. In compar-
ison to the direct gradient flow equation (1.13), this avoids regularity questions arising from the application of
the chain rule. The concept was introduced in [7] and further investigated in [1]: For any curve (n,¢) € CEr of
finite action holds

J(n) = F(n(T)) - /D ))dt + = /A ))dt > 0. (1.20)

Moreover, equality is attained if and only if n is a solution of (1.12).
We provide the crucial observation of the proof, which follows formally by evaluating

€ Fin(t) = DFu(e)) (1) " DF (1)) - K(m(1)) (1)

> —%D]—'(n(t)) K(n(t))DF(n(t) — %aﬁ(t) K(n(1))o(t),
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where we used that K is positive semidefinite and the Cauchy—Schwarz inequality. The equality case is read off
from the equality case in Cauchy—Schwarz. For a rigorous treatment in a similar situation, we refer to Section 2.5
of [10]. We use this variational structure to pass to the limit after a suitable rescaling.

1.4. The macroscopic limit

The connection between the Becker-Doring equation with positive excess mass gg — 95 = 0 > 0 and a macro-
scopic theory of coarsening is due to Penrose [22]. He observed by formal asymptotics that the macroscopic
part of the Becker—Déring dynamics converges after a suitable rescaling (cf. Sect. 2.1) to a classical coarsening
model introduced by Lifshitz and Slyozov [13], and Wagner [25]

qua—’y th

Qe + (A (u(t) —gA My) =0 with u(iy) = e
t

(1.21)

Hereby, the measure v4(d\) is the distribution of particles of macroscopic size A € R.+. Moreover, the parameters
a, v and ¢ satisfy Assumption 1.1 and we will call the nonlocal conservation law (1.21) the LSW equation in
the following. Formally, the total mass is conserved and the evolution stays in the state manifold for any ¢ > 0

/A p(dA) = g}.

The LSW equation are a gradient flow as formally observed by Niethammer ([17], Sect. 4). The driving energy
of the system is given exactly by the first oder expansion of the macroscopic part of a suitable rescaling of the
free energy (1.7) (with z = z,) driving the Becker-Déring equation (¢f. Lem. 4.2)

voe M= {u € CO(R,)*

E(v): L/Al—v V(dN). (1.22)

Let us introduce a formal Riemannian structure and define a tangent space on M by T,M :=
{s Ry - R | f AsdA = O}. An identification of tangent and cotangent vectors is obtained wia the operator
K(v):TfM — T,M given by

Kv)w:=-0h(A%wv) for weTyM:={w:Ry - R|3IseT,M: K(v)v = s}. (1.23)
By an integration by parts of the identity 0 = f Asv(dA) holds the inclusion property Th M C
{w Ry =2 R | JAw v(dX) = 0}. Let us formally derive the gradient structure for the LSW equation (cf.

[17], Sect. 4), that is we assume all differentials and quantities to be smooth enough. The differential of the
energy (1.22) is given for some s € T, M by using the identification s = —K (v)w with w € T M

DE(w)-s= % /)\1*75d)\ S /(’u)\ - qAM)s A
I—vy L—v
= —/)\a(u — A Nwr(dN),

where u € R can be chosen such that v — DE(v) € T; M thanks to [ A*wv(dA) = 0. Then, the gradient flow in
weak form satisfies for all § € T, M

/ AW V(AN) = gay (B, 5) = —DE(v) - 5 = / A — QA=) w(d)),
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where Oy = —0\(A*wv) and § = —9\(A\*wv) in distribution. Hence, we obtain the identification
w=u—q\ ",

where u = u(v) is a Lagrangian multiplier chosen such that w € T;'M, that is it satisfies the constraint
S A*wr(dX) = 0 and is formally given by (1.21). Hence, the gradient flow of the energy E with respect to
the metric induced by K is given by

Oy = —K(V)DE(v) = =05 (A* (u(ve) — gA™")m),

where u (1) given by (1.21). To make the above observation rigorous, we use the de Giorgi formalism of curves
of maximal slope. Up to technical details, which is dealt with in Section 3, we can define an action functional
as follows: For a pair (v, w) solving the continuity equation 9;1; + 9z (A%w:r;) = 0 in distributions, denoted by
(v,w) € CEp, the action is defined by

A(I/t,wt) ::/)\O‘|wt|2dl/t.

Then, by the identification of tangent and co-tangent vectors via s = —9) (A*wv), we obtain that the dissipation
is given by

D(v;) = A(vg,u(t) — DE(1p)) = /)\a‘u(ut) — q)\_7|2 duy, (1.24)

where u(1;) € L*((0,T)) given by (1.21) ensures that u(v;) — g\™7 € T M, i.e. it is a valid cotangent vector
satisfying [ A*(u(vy) — gA~7)dX = 0.
The functional J(v), which completely characterizes solutions to (1.21) (c¢f. Prop. 3.6) is defined by

J(v) := E(vr) — E(v) + %/D(Vt) dt + % /A(Vt,wt) dt >0, (1.25)

with J(v) = 0 if and only if 1, is a weak solution to the LSW equation (1.21).

The main application of this variational framework is to prove the convergence of the Becker-Déring gradient
structure to the LSW gradient structure. In addition, the variational characterization of the LSW equation
together with a compactness statement for curves of finite action (¢f. Prop. 3.5) allows to proof continuous
dependence on the initial data (cf. Cor. 3.8).

1.5. Passage to the limit

The macroscopic limit is rigorously derived by Niethammer [16]. There, the main technical tool was to pass
to the limit in the energy-dissipation relation associated with the rescaled Becker—Doéring equation to obtain
the energy-dissipation relation of the LSW equation. The one for solutions to the Becker—Doring equation is
obtained by integrating the identity (1.8) in time

F(n(T)) — F(n(0)) + /0 Dn(t)) dt = 0. (1.26)

The functional J from (1.20) contains the identity (1.26), since for solutions of the Becker-Déring equation it
holds A(n(t), —DF(n(t))) = D(n(t)).
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Likewise, from (1.25) and (1.24) follows that the LSW equation satisfy the energy-dissipation identity

T
E(VT) — E(l/()) +/0 D(l/t) dt = 0.

where u(t) is given in (1.21).

The contribution of this work is to lift the convergence statement from the level of energy-dissipation relations
along solutions to the functionals J and J along curves of finite action. Hereby, by doing so no essential new
technical difficulties arrise, which underlines the fact that the gradient structure is natural for these types of
equations. We prove that a suitable rescaling of the functional J¢ converges to the functional J in an evolutionary
I-convergence sense under the assumption of well-prepared initial data (see Thm. 2.2). In particular, the gradient
structure of the Becker-Doring equation converges to the one of the LSW equation (¢f. Thm. 2.2) and in
particular it implies the convergence of solutions (cf. Cor. 2.3). This program follows the ideas of Sandier and
Serfaty [23], and was later generalized by Serfaty [24].

The ingredients of the proof of convergence are based on: (i) the variational characterization of the Becker-
Doring equations in Section 1.3, which follows the gradient structure established by [15]; (ii) the rigorous
variational characterization of solutions to the LSW equation in Section 3, which extends the formal gradient
structure of Section 4 of [17]; (iii) a priori estimates for the variational framework of the Becker-Déring gradient
structure in Section 4.1, which lifts many of the results of [19] from solutions of the Becker-Doring system to
curves of finite action.

Another motivation to reconsider the proof of [16] is that systems possessing a gradient structure can be well
described by studying convexity properties of the free energy with respect to the implied metric. Especially, the
results of [21] suggest, that the system shows dynamic metastability as described by [20] for gradient systems.
Under this point of view also the additional results on quasistationarity in the next subsection are first steps
towards a characterization of dynamic metastability of the Becker-Déring equations.

1.6. Well preparedness of initial data and quasistationarity

A crucial assumption in the approach of showing convergence wvia curves of maximal slope is the well pre-
paredness of initial data, which assumes that the rescaled free energy of the Becker-Ddring gradient structure
converges to the one of the LSW gradient structure

Fe(n®(0)) = E(ry) as e—0.

The second contribution of this work is to show that on the rescaled time-scale, the Becker—Déring equation
reach instantaneously a quasistationary equilibrium, which is dictated only by the monomer concentration.
On the other hand, the monomer concentration follows closely a macroscopic quantity similarly defined as u
in (1.21). The crucial ingredient in the proof is an energy-dissipation estimate based on a logarithmic Sobolev
inequality similarly to the one used in [4] to proof convergence to equilibrium in the noncondensing case gy < gs.

The quasistationary result shows, that the microscopic part of the rescaled free energy F¢(nc(t)) vanishes
for almost every t > 0. It does so by proving a separation of time scales. The fast scale is the relaxation time
of small clusters towards a local equilibrium, which can be understood as the response to the slower coarsening
time of the large clusters. On the level of conergence of gradient flows, this is a step towards showing, that
only the macroscopic part of the rescaled free energy F¢(n°(0)) has to convergence towards E(1vg) to ensure
well prepared initial date. The conjecture is, that the microscopic part is automatically well prepared on the
observed rescaled time-scale. This is consistent with the continuous dependence on the initial data of the LSW
equation, which is valid under the assumption of convergence of the macroscopic energy for the initial data (see
Cor. 3.8).
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1.7. Outline

The next section contains in Section 2.1 the rescaling of the Becker-Doring gradient flow structure. This
enables us to state the main results in Section 2.2. In Section 3, we prove the gradient flow structure of the LSW
equation and prove the continuous dependence on the initial data within this framework. Section 4 contains
some a priori estimate for the Becker—Déring system in Section 4.1, which allow then to the limit in the gradient
structure in Section 4.2 and finally we prove the quasistationary equilibrium of the small clusters in Section 4.3.
We conclude the paper with Appendix A showing that also more general discrete coagulation and fragmentation
models fall into this framework. Moreover, Appendix B provides an elementary estimate.

2. MAIN RESULTS

2.1. Heuristics and scaling

From now, we consider the Becker—Doring system with initial total mass gy > gs and rates satisfying
Assumption 1.1. Moreover, the reference state for the free energy is given by w = w(z;) as defined in (1.5).

We fix a scale e~! of the large cluster for some ¢ > 0 and consider the first order expansion of the energy in
€. For some cut-off [y, we introduce for [ > [y the rescaled variable A = €l and treat A\ as continuous variable on
]R/J'_.

We rescale the cluster density n; by €2 and define the empirical measure by

Vo (AN) 1= (Tpen)(dN) == Y 5El(d)\)g = é 3 Sa(dA )y (2.1)
1> 1>lo

That is for each ¢ € C(R) holds

/OOO CA) vE(dN) = é PRCIL

1>lo

This scaling preserves the mass in the large cluster, which follows by approximating ((A) = A with cut-off
functions.

The leading order contribution of the free energy is given by the free energy of the large clusters [ > ly. This
part of the free energy (1.7) can be expanded (cf. Lem. 4.2) as follows

Fz (%) = | sty D8] (140657 + 0u)

lzlo lZlO

= % /)\177 dv® (1+0(l57) + O(Igwy,)), (2.2)

for some o > 0. To match the macroscopic energy (1.22), we define the rescaled free energy as

Fi(n) = Z2F(n).

e

The rescaled free energy is of order 1, whenever the free energy is of order 7. The main result of [2] states
that the total free energy decreases to zero as t — co. Hence, one possible way to obtain initial data n°(0) with
Fe(n®(0)) = O(1) is to introduce a time ¢ such that F(n(t:.)) = O(¢7) and set n°(0) = n(t). In particular, this
implies by the results of [21], that for e small enough, all possible existing metastable states are already broken
down.
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The expansion (2.2) also shows, that the cut-off [y has to satisfy two conditions (c¢f. (4.2) and (4.4))
;i_{% ljwi, =0 and 811_1}1(1) max{lJ,l§ }/F(ns(0)) = 0.

By taking into account the asymptotic of {@Q;},~, (cf. Lem. 4.1) and recalling w; = 2.Q;, the cut-off [y can be
chosen as -

lo:=1[e""] forsome wz€(0,3). (2.3)

We consider only states n such that free energy is of order €7, that is we consider the restricted state space

ME = {n € ]Rﬁ : Zlnl =00 and F(n) < 67}-

>1

Likewise, the differential of the free energy for states n® € M* will be of order €7 and hence covectors will be
also on scale 27 'e7, that is we define a rescaled vector field w® by

Vig= (et —e' =€) ¢ = i1 — ¢ — 61 =: 27w (el). (2.4)

The rescaling of tangent vectors is then determined by the rescaling necessary for obtaining the macroscopic
Onsager operator (1.23). This follows heuristically by expanding the Onsager matrix (1.14)

(K(n)g) = —'*05(A* e w” ) (1 +o(1)) with 95f(A) == M

Hence, we define the rescaled Onsager operator by

1
61—04"!"7

(K= (n)w®)(el) := (K(n)o) (1),

where w® and ¢ are given by the relation (2.4). This rescaling translates to the action A(n, ¢) (1.18) and we
define the rescaled action by

Zs .
A (%) = = > KA Vi (2.5)
1>1

Since, the dissipation is given as D(n) := A(n, —DJF(n)), the rescaling is the same and we define D¢(n) =
2,6~ (129 D(n). Hence the total rescaling between cotangent and tangent vectors is ¢! ~**+7, which fixes the
time scale for the macroscopic process.

Now, we introduce rescaled curves of finite action in analog to Definition 1.2. By abuse of notation the new
time-scale t/e1=2%7 is still denoted by t.

Definition 2.1 (Rescaled curves of finite action). A weak solution [0,7] 3 ¢t — (n°(t), w®(t)) to the rescaled
continuity equation

T
| (ot ) = w0 (e ), ) de =0, for all 4 € CL(O.T)R)
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denoted by (n®,w®) € CES is called a rescaled curve of finite action if
T T
sup F(v5) < o0, / Af(n(t), w*(t))dt < oo and / D (n(t)) dt < oo.
t€[0,T) 0 0

Moreover, for such a curve we define the rescaled functional characterizing curves of maximal slope by
I e
JE(n®) := F(n*(T)) — F¢(n°(0)) + 5/ D (n®(t))dt + 5/ A®(nf(t),w(t))dt > 0. (2.6)
0 0

In particular solutions such that J¢(n®) = 0 satisfy the time-rescaled Becker-Déring equation
ne(t) = —e'=*TC(n®(t)) DF (n(2)). (2.7)

2.2. Convergence of the gradient structures

The functionals J¢ (2.6) and J (1.25) are used to characterize solutions of the Becker-Doring and LSW
equations in a variational way, respectively. The main idea to show convergence of the Becker—Doéring equation
to the LSW equation, which goes back to [23] (¢f. [24]), is to prove liminf._o J¢(n®) > J(v) for curves of
finite action n® converging to v. The lower semi-continuity estimate can be established by showing individual
semi-continuity estimates for the energy, action and dissipation. This is the content of Theorem 2.2.

Theorem 2.2 (Convergence of curves of finite action). Suppose that « > 1—3~. For T > 0 let (n®,w®) € CES
be a rescaled curve of finite action and v§ := IIE, .n°(0) with IS, as defined in (2.1) satisfy

mac mac

o0
/ Ayg(dX) =0 as R— oo wuniformly in . (2.8)
R

Then, there exists a limiting curve t — (vy, wi) € CEr such that

ve =I5, .n°(t) > v in CO(RL)*  for allt € [0,T] (2.9)

and
wi (A)ws (dN) dt = w, (N (dN)dt in C2([0,T) x Ry)*. (2.10)
There exists u € L*((0,T)) such that

he(t) == ”1(’277” —u(t), weakly in L*((0,T)), (2.11)

and u(t) satisfies the identity

g [ XY w(dN)
U = @y

Moreover, the energy, the action and the dissipation satisfy the following liminf estimates

Vit € [0,T] : liH(l)fE(I/tE) > E(n), (2.12)
e—
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hmlnf/ A (v, wi)dt > / A(ve, wy) (2.13)
lim inf D‘E (vi)dt > / D(w) (2.14)
e—0 0

The classical conclusion from the above theorem is the convergence of curves of maximal slope under the
assumption of well-prepared initial data to deal with the term —F°(n°(0)) inside of J¢(n®). The following
Corollary is an immediate consequence of Theorem 2.2 by the arguments of Theorem 2 from [24].

Corollary 2.3 (Convergence of curves of maximal slope). Suppose o > 1 — 3y and let (n®,w®) € CES be a
curve of finite action. Moreover assume v§ = IIS,.n°(0) satisfy the tightness condition (2.8) and n®(0) is
well-prepared in the sense that

lim ¢ (n(0)) = E(1).

e—0

Then, there exists a limiting (v, w) € CEr satisfying (2.9) and (2.10) such that

liminf J¢(n®) > J(v) >0

e—0

Especially, if J¢(n°) =0 then J(v) =0 and it holds

a11_1}1(1)]—'5(n‘5(t)) =E(n) forallte[0,T],
Af(nf,w®) = A(v,w) for a.e. t €[0,T],
D*(n°) — D(v) for a.e. t € [0,T].

2.3. Quasistationary evolution

The statement (2.11) connects the microscopic monomer concentration with a ratio of moments of the
macroscopic cluster distribution. It is possible to show this identity already on the level of rescaled Becker—
Doring equation alone. That is, the monomer concentration follows closely a moment ratio of the distribution
of the large clusters.

Proposition 2.4. For any curve (nf, ¢¢) € CES such that J¢(nf) < oo uniformly in & and v§ satisfying (2.8)
the rescaled monomer excess concentration h® as defined in (2.11) satisfies

T
/0 (he(t) — 2dt< ¢ / e (n(t) dt, (2.15)

where DS . is defined like D* with summation restricted to {lg,...,00} and

> st (b 1musa () — agr)

ev lelo apmny

u (t) ==

The above results together with a refined energy-dissipation estimate based on a logarithmic Sobolev inequal-
ity allows to establish detailed information on the distribution of the small clusters for curves of rescaled finite
action and in particular for every solution of the time-rescaled Becker—Doring equation (2.7). The result makes
part of the formal asymptotic contained in Section 3 of [16] rigorous.
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Theorem 2.5 (Quasistationary distribution). For any curve (n®,¢°) € CES such that J(n®) < oo uniformly
in € and v§ satisfying (2.8) the small cluster follow a quasistationary distribution dictated by ny: Forlyp = |e™*|
with x satisfying (2.3) holds

mic

T T
/ Huic (7 () | w(nf(t))) dt < CerFmmmaty) / Dt (ng)dt,
0 0

where wy(z) = 2'Q; as defined in (1.5), D= is defined like D with summation restricted to {1,...,lo — 1} and

mic

Hmic @S the microscopic relative entropy defined by

lo—1
n .
Hmic(n | w(z)) := wi(z with z)=xlogz —x + 1.
1) = () it o) = wlog
In particular, for a.e. t € (0,T") it holds
gll}(l)fmic(n (t)) =0 and glj)%]:mac(yt) = E(Vt>7 (216)

where FZ ;. is defined like F¢ with summation restricted to {1,...,lo — 1}.

C

Remark 2.6. The statement (2.16) is not enough to ensure well-prepared initial data, since the statement
only holds for a.e. t € [0,T]. However, it suggests that the statement of Corollary 2.3 holds already under the
assumption of macroscopically well-prepared initial data:

lim E(v5) = E(v). (2.17)

e—0

The assumption (2.17) together with the tightness condition (2.8) are natural, since they are also a sufficient
condition for establishing continuous dependency on the initial data for the limiting gradient flow (¢f. Cor. 3.8).

Remark 2.7. It is possible to use a different rescaling of the Becker-Doring system with different assumptions
on the coagulation and fragmentation rates to obtain the LSW equation in the limit (¢f. [5, 12]). Recently,
within this scaling regime a quasi steady approximation was used to derive a suitable boundary condition for
the macroscopic limits (cf. [8]).

3. THE LSW EQUATION AND ITS GRADIENT STRUCTURE

To make the formal calculation from Section 1.4 rigorous, we introduce the concept of curves of finite action
for the LSW equation.

Definition 3.1 (Curves of finite action). A weakly* continuous curve [0,7] 3 ¢t — v; € M is called a curve of
finite action, if there exists a measurable vector field [0,T] > ¢ + w; € T;;, M such that

T
A(v,w) ::/ /)\a|wt|2 v (dA) < oo,
0
where the pair (v, w) € CEr solves the continuity equation
6tVt + 8A()\‘thut) =0 in Cé)o([o, T] X ]R+)* (31)

Before formulating the compactness statement, we want to revise the definition of the dissipation (1.24) and
generalize it to curves of finite action. The dissipation acts as a weak upper gradient. Hence, for a curve of finite
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action [0,7] >t — v, € M and using the fact that w; € T,;, M for all ¢ € [0, 7] it formally follows

</ e
< /OT </ A (u(v) — g7’ d’/t) %(A(Vta wy))? dt, (3.2)

where u(v;) is an arbitrary function on M. The choice of u(v;) is fixed by a minimization in L2. That is, we
define the dissipation as the weighted L2-minimal upper gradient for the energy. Before doing so, we need as
an auxiliary result, that a finite dissipation implies the existence of the a-moment for a curve of finite action.

T
|E(vr) — E(vo)| = ’/ /q)\aith diy dt
0

/(u(t) —qA\77) wydyy| dt

Lemma 3.2 (Moment estimate). Assume o > 1 — 3. Let (v,w) € CEr be a curve of finite action in M such
that

T
2
inf A% (u(t) — A=) duy dt < oc. 3.3
ueLIQI(l[O,T])/o/ (ult) = gA™7) dvi dt < o0 (3.3)

Then, it holds the moment estimate

T
/ /)\0‘ dv dt < oo. (3.4)
0

Proof. Let us define D(v,u) = [ A*(u — q)ﬁ”)2 dv. We observe that for @ > 1 — «y, there is nothing to show,
since the bound follows by interpolation from sup,¢(o 7y £(1¢) < oo and [Adv =

Therefore, assume now o < 1 — 1. Let us define n(\) := Ax[0,1](A) 4 X(1,00)(A). Then, we can estimate with
Cauchy—Schwarz for any x € R

/OT (/(U(t) —qA_”)n(A)”thYdt < /OT D(Vuu(t))/n(A)Z"A—a dv, dt (3.5)

T
S/ D(v,u(t))dt sup /n()\)%)\_o‘dut. (3.6)
0 t€[0,T]

Since, SUPy¢(o,7) E(v;) < oo and f Ady, = p, we can use interpolation to bound the sup in ¢t provided 2k — o >
1 — . On, the other hand, since [ Ady; = g for all t > 0, there exists a constant gr > 0 for any 7' > 0 such that
[ n(A)dvy > or (see also Lem. 4.7 for a similar argument). We can estimate the left hand side of (3.5) from
below in the case kK = 1 by using the Young inequality for some 0 < 7 < 1

/OT (/(“(t) =g\ ")n(N) dz/t>

2 T
dt > (1 —T)@%/ u(t)? dt
0

- (1 - 1) / LB

Since, E(vy) € L*=([0,T]), we obtain the first a priori estimate

T T
/ u(t)?dt < C’T/ D(vg,u(t))dt + Crp. (3.7)
0 0
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Another choice is kK = 1 — 7 thanks to a < 1 — 4. Then, we estimate the left hand side of (3.5) by using again

the Young inequality with 7 € (0,1) as follows
- 2
dt > (1 - T)q/(/ A2 dut> dt
0

/OT (/(U(t) = A7)V th)
~ (1 _ 1) /OTu(t)2((1 —E(w))? dt.

T

2

Since, we trivially have [~ A'"2Ydy, < [Ady, = g, it follows by using the first a priori bound (3.7) and
E(v) € L*([0,T)) the second a priori estimate

/OT (/ A2 dut)2dt < Cr /OT D(vy,u(t))dt + Cr, (3.8)

which shows (3.4) for & > 1 — 2v. Hence, we assume now « < 1 — 2~. Similarly to (3.5), we can now estimate

by Cauchy—Schwarz for some & € R
T T ) 2
dt < (/ D(vg, u(t)) dt) </ /n(A)Q”)\‘“ dy, dt) . (3.9)
0 0

r

The second factor is bounded for 2% — a > 1 — 2v by (3.8). Hence, a possible choice is & = 1 — 2y by the
assumption v < 1 — 2. Since u € L*((0,T)) and [ A ~27dwy € L2((0,T)), we conclude the estimate (3.4). [

N

/(u(t) — g\ ")n(N)" dy

The Lemma provides the crucial ingredient to conclude that the dissipation is well-defined and justifies the
use of the weak formulation in the first step of (3.2).

Proposition 3.3. Assume a > 1— 3. Let (v,w) € CEp be a curve of finite action in M such that (3.3) holds.
Then the associated minimization problem has a unique solution u € L*([0,T)) such that

A= u(t) =g\ 7 €T, M forae. tecl0,T] (3.10)
Moreover, the associated functional defined for a.e. t € [0,T] by

- qua—'y dl/t

D) == / X (ult) — A ) dv with u(t) = e (3.11)

called dissipation, is a strong upper gradient for the energy E. That is, it holds for any curve (v,w) € CEr of
finite action

t
|E(v,) — E(vy)| < / VD) VAW, w,) dr, YO<s<t<T. (3.12)
Hereby, equality in (3.12) holds if and only if wi(N) = £(u(t) — gA\™7) for vi-a.e. X € R.

Proof. In the first step, we show (3.10) and (3.11). Therefore, the first variation of the minimization problem (3.3)
along some s : R4 — R is given by

[ o= asa=o
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We show that is is well-defined by an estimate analog to (3.9)

< </OTD(Vt,u(t))dt> % </OTs(t)2//\a v, dt) %,

which is bounded thanks to the estimate (3.4) for s € L*((0,7)). In addition the a priori esti-
mate (3.7) shows that minimizer is actually in L?((0,7)) and hence satisfying the Euler-Lagrange equation
J(u(t) — gA~")A*dv, = 0 for ae. t € [0,T], which is nothing else than (3.10) also showing (3.11).

It is left to show, that D(v;) is a strong upper gradient for the energy. Therefore, we fix a test function
¢ € C°(R4) and calculate for a curve (v, w) € CEp

T
/0 A (u(t) — gA™7) duy s(t) dt

dtl— /Al_”é“ dvt—Q/Aa "¢y dvﬁi/AHa V¢ wy dvg = T+11.

Using the fact that w; € T M, we can smuggle in u(t) and apply Cauchy—Schwarz to the first term I, to obtain

IgA(yt,wt% (/)\O‘u—q)\ 'VC) dut> ,

Hereby, equality holds if and only if w; = :i:wtc with wf := u—gA~7(. Hence, by choosing (,, converging to 1 from
below the result (3.12) follows by integration in time and dominated convergence, provided the term IT vanishes.
By an additional approximation step, we can justify to choose the sequence (,(\) = nAx[0,1/n) + X[1/n,00) and
estimate II by

1 1

1 n 2 % z

nm<— / Aa|wt|2 dyy / )\O‘|u — qxuq;f dyy | .
IT=v\Jo 0

Since, we can assume the r.h.s. of (3.12) to be finite, we can conclude again by dominated convergence, that
II — 0 as n — oo, which finishes the proof. O

Lemma 3.4 (Tightness is preserved by curves of finite action). Let {vg}.. be a family satisfying the tightness
condition (2.8). Then for any T > 0 and any family of curves {(v°,w®) € CEr : vi_g = 1§}.~q of uniformly
finite action the family {v;} ., satisfies the tightness condition (2.8) uniformly in e for any t € [0,T].

Proof. Fix a test function n, g € C°(R4, [0, 1]) such that n, g(s) =0 for s < r/2 and s > 2R, 1, r(s) =1 for
r<s< R, |n. g(s)| <C/rforr/2 <s<raswellas [n z(s)| < C/R for R <s < 2R. We can estimate for a
fixed curve of finite action (v, w) € CEp

d
’dt JRE

< /)\O‘n|wt|d1/t+/)\1+a In'| |Jwy| dvy

C o0 1+(v 1+0
< 170(/ |wt\dl/t+ //\ |we| duy
2 r
2

C 2R

)\HT& |wt| dl/t

< C(lla + 11a> A(Vtawt)% (/Adl/t> .
r-z R—=
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By an integration in time, letting R — oo and using the assumption of finite action, we obtain for all ¢ € [0, T]
the estimate

T

oo oo /T
/ /\thS/ AdVo#-%-
r z r2

Hereby the constant C' only depends on the test function and the action of the curve. Hence, if we apply this
estimate for {vf},., we observe its tightness by the tightness assumption on {v§},., and the uniform finite
action of the family. O

Proposition 3.5 (Compactness of curves of finite action). Assume a > 1 — 3v and let (v, w™) € CEr for
n € IN be a family of solutions to the continuity equation with uniformly bounded action and dissipation such
that {vy'}, i satisfies the tightness condition (2.8). Then, there exists a subsequence and a couple (v,w) € CEr,
such that

v Soyin CO(Ry)* Yt €[0,T),
wv™ S wv in C2([0,T] x Ry)*. (3.13)

In addition, the action and dissipation satisfy the liminf estimates

T T
/ Ay, wy) dt <liminf [ A(v],wi)dt (3.14)
0 n— oo 0
T T
D(v)dt <liminf | D(v)dt. (3.15)

0 n—=oo Jo

Proof. For any ¢ € C}(Ry) and 0 < ¢; < ta < T holds

‘/Cdvl; —/Cdv;i /:2/6Acva ve(dX) dt)

N ta 2
< sup |(?\Ag<| [ta — t1]2 </ A(vy,wy) dt) ,
ty

A>0 2

which shows (3.13) and the weak* continuity of v;. Moreover, it holds for x € R and ¢ € C([0,T] x R)

T T T 3
/O/C(t,)\)/\“+o‘|w?|dufdt§</o A(V;L,wg)dt> (/O /C(t,)\)zAQ“*adutdt) L (3.16)

By lower semi-continuity it follows E(1;) < co and by the tightness Lemma 3.4 it follows the conservation of
total mass [ Adv, = [Advg = [ Adyf < co. Hence, v, € M for all t € [0, T]. Then, by interpolation, the second
term in (3.16) is finite for 1 — v < 2k + o < 1. There exists pu € C%([0,T] x R ) such that w"v™ = y and the
pair (v, u) satisfies Opvy + Oxpe = 0 in C2°([0, 7] x R4)*. Since (v™,w™) is a curve of finite action, we find a
subsequence such that

n—oo

T T T
lim Ay, wy)dt = A* :=lim inf/ / A(v, wyt) dt.
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Hence, we get the estimate with £ = (1 — «)/2

/OT/C(t,A)Al?‘m(dA) dt < (A* /OT/((t, A2\ dy, dt)é. (3.17)

Now, we can apply the Riesz representation theorem to find v € L%(\dvdt) such that

/OT/C(t,A)Alz“m(dA) dt:/OT/C(t, NAo(t, A) v (dN) dt.

Setting ((t,\) = )\FTQC(t,)\) and wy(A\) = AFTav(t,A), we get that u:(d\) = v(t, \)ve(dX). Moreover, since

w € L2(A\“dy; dt) it is of finite action. Moreover, by approximating ¢ (¢, \) = :ji—g it follows from (3.17) the
2

lower semi-continuity of the action (3.14).
Finally, (3.15) follows by noting that D(v}*) = A(v)", u(v}") — gA™7), which is well-defined by (3.10). O
The formulation of the LSW gradient flow as curves of minimal action, reads now in analog to the one of the

Becker-Déring equation (1.20).

Proposition 3.6 (LSW equation as curves of maximal slope). Let a > 1 — 3. For (v,w) € CEp with finite
action holds

T T
J) = E(vr) — E(vo) + %/O D(v) dt + %/O Ay, wy) dt > 0. (3.18)

Moreover, equality holds if and only if vs is a solution to the LSW equation.

Proof. We can assume that the dissipation fOT D(v;) dt is bounded, because else there is nothing to show. Then,
we can use the strong upper gradient property of the dissipation (3.12) after an application of the Young
inequality to arrive at

d 1 1
aE(Vt) Z *§D(Vt) — iA(Vt,’lUt).
An integration of the above estimate shows the nonnegativity of J in (3.18). The equality case follows from the
equality case in (3.12) for a.e. t € [0,7T] by choosing w;(\) = u(v;) — gl~7. Then, by weak® continuity of ¢ — 14
follows the result for all ¢ € [0,T.

Now, for a curve (v,w) € CEr with J(v) = 0 follows by Proposition (3.3) and (3.12) the identity

—/)\aqx\M’wt dvy = VAW, w) D(vy) = A(ve, wi) = D(v, wy).

Since w; € Ty M, it follows that w; = u(t) — gA\™" for v; almost every A\ € R. Hence, the continuity
equation (3.1) takes the form

Qe + (A (u(t) —gA My) =0 in CX([0,T] x Ry,

which is nothing else than a weak solution to the LSW equation. O

Remark 3.7. The compactness statement in Proposition 3.5 is also a tool to proof existence of solution to the
LSW equation by the particle method (cf. [18, 19]). Therefore, the initial distribution is approximated in the
weak™ sense by a discrete sum of Dirac deltas. Solutions for such data are determined by solving the finite system
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of ordinary differential equations determined by (1.21) for each particle. Then the compactness statement allows
to pass to the limit in the particle number and existence for measure valued initial distributions is obtained.

In addition, the compactness statement Proposition 3.5 with the variational characterization of solutions of
the LSW equation from Proposition 3.6 is the essential tool to show the continuous dependence of the solution
on the initial data.

Corollary 3.8 (Continuous dependency on the initial data). Let {15}, be a sequence of initial data satisfying
the tightness condition (2.8) and

lim E(v5) = E(v) < . (3.19)

e—0

Then there exists a solution v € C([0,T] x Ry )* to the LSW equation such that vi = v; in CO(Ry) for all
te[0,T].

Proof. By the compactness statement Proposition (3.5) follows that there exists a couple (v, w;) € CEp being
the weak* limit of (vf,w§) € CEr and satisfying the two liminf estimates (3.14) and (3.15). By lower semi-
continuity of the energy and the assumption (3.19) follows 0 = liminf._,o J(v*) > J(v) > 0 and hence J(v) = 0,
which proves the claim. O

Remark 3.9. The above result is consistent with the existing literature: In Theorem 2.2 of [19], the continuous
dependency on the initial data was shown under the tightness condition (2.8) with respect to weak* convergence
for continuous test functions compactly supported on [0,00) including 0, i.e. Borel measures on [0, 00). Then,
it is easy to see that weak* convergence with respect to this class implies convergence of the macroscopic
energy (2.17).

4. PROOF OF MAIN RESULTS

4.1. A priori estimates for the Becker—Doring gradient structure

In this section, we consider the Becker-Doring equation and its gradient structure as introduced in Sections 1.1
and 1.2, respectively.

The reversible equilibrium distribution w with parameter z € (0, z5] (corresponding to the conserved quantity)
is given by (1.5). Note, that the radius of convergence for z — > ;7 lw;(2) is z, and >_,°, lw; =: g5 < 00 (cf.
Lem. 4.1). Hence, the equilibrium state w; := wi(zs) is the one with largest total mass ps. We work in the
excess mass regime and any state will have total mass larger than g5 to which there doesn’t exist an according
equilibrium state with the same total mass. The free energy is always the relative entropy with respect to
w = w(zs), if not stated explicitly.

Lemma 4.1. Under Assumption 1.1, there exists a constant Fo such that for any | > 2
Q= 1 exp( (Fo— L1 -y + qiz(zk27 -1)J(1+00™)), (4.1)
lozl™! Zs 223(1 —27)

o 1

where 5, = logl for v =3

The proof relies on elementary estimates and is included for convenience in Appendix B. The expansion of
the rates allows us to easily conclude the expansion of the free energy F.

Lemma 4.2 (Expansion of free energy). Let n € M be given such that F(n) < oo as defined in (1.7), then
there exists o > 0 such that for any ly > 2

Fio(n) = F>W (n) (1 + 05 ") + O(l§wry ), (4.2)
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where Fi, and ELOSW are defined by

o

Fiy(n Zwlw( ) and  FESW (n) :%)le—vm.

s(l -7 =y

Proof. We expand the function ¢ in the definition of Fj,

o0

1
Fiy(n) = Z (nl log ZZ—QZ +ny(logn; — 1) + wl>

I=lo

We estimate the first sum using the asymptotic expansion (4.1)

i(nllogzllQ):Z le 7m+0<zll 27n>
sl S

I=lp I=lo

logl®
+lew os! le ni(log zs + Fo(1+ O(177)))

ll[) llO

B I S W — —(1-7)
_<zs(1v)l§,l ”m>(1+0(10 log) +0(1; ™)),

Likewise, we note that for any 5 € (0,1) exists Czg > 0 such that for > 0
Imin{z(logz — 1),0}| < Cpz”
and with the Holder inequality, we can estimate
[ee) [e’e) o0 1_/6
Z|min{nl(lognl —1),0} <Cp anﬁ < Cjg <Z 117m> (Z Ty ) .
I=lo I=lo 1=lo i 17
Now, we can choose  such that 1% (1—v) =k >1and B <1 leading to the estimate
Z|min{nl(10g n —1),0} < Cp (BZ T 41— 5) O(lg(”_l)(l_m).
I=lo 1=lo

The last term evaluates with the help of (4.1) to

IEZ:OM < ;;)exp« (lq—v)lm) (1 +O(l‘7))>

q 1— q 1—
<C exp (—l "’) dl<cr exp( — 7).
lo zs(1—7) 0 zs(1—7) 0

Therefore, a combination of all the estimates leads to the result.
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Moreover, we need a Crzisar-Pinsker inequality for the free energy, which was already a crucial ingredient
n [16]
Proposition 4.3 (Czisar-Pinsker inequality ([16], Lems. 2.1, 2.2)). For n € M and any small n > 0 and any
p < oo and any ly > 2 holds

Z Iy —wy| < Cy/F(n) (4.3)
Zlm (0 — o)

I=ly

< ClJ/F(n) + Cply P (4.4)

For the next Lemmata, we make statements on curves of finite action to deduce certain compactness, which
we later need for passing to the limit. These Lemmata are the analog of Lemmas 2.3 and 2.4 from [16], but we
proof them for curves of finite action instead of solutions to the Becker—Déring equation.

Lemma 4.4 (A priori estimates for curves of finite action). Let (n,¢) € CEr be a curve of finite action as in
Definition 1.2 and n € L*(0,T), then it holds

l—a—2k

/ 0> ki |Vz¢()|dt§0<sup FESW (n(t ) K /|n A pdt,  (4.5)

I=ly te[0,T

for any K € [170‘%, 159] with Amac the action as defined in (1.18) restricted to | > ly. Hereby, Vi¢ := ¢r1 —
¢ — $1 and Ay is defined in (1.19). Moreover, it also holds the estimate

l—a—2k

/ 0> lams (i (0 = b (0] <€ (s 7V uin) / 9] v Pren D) lt,  (46)

=1, te[0,T

where again Dpyae is defined as in (1.8) restricted to l > .

Proof. We estimate using the Cauchy—Schwarz inequality

> IR IVig(t)] < (Z Elng Vl¢(t)|2> (Z zQ%%r)

1=l 1=lo 1=l

=

Now, using that fact that
K7 = Aaming, bipingg ) = A()\O‘nlnl, A+ 1)%zs +q(l+ 1)_7)nl+1),

the estimate ()"H) <1+ § and from (4.3) the bound [n; — 25| < C'y/F(n), it follows
Z PRy < 2(25 + max{C’\/]:(n), qlo_’y}) Z 1026,
l=lo I=lo

Now, we use the Holder inequality to interpolate

a42r4y—1 l1—a—2k

Z jot2ny, < <Z lnz) i (i ll—"/nl> ’ < C (FESW (n(t))) e

1=lg 1=lg I=lp
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by assuming 1 — a — v < 2k < 1 — «. The estimate (4.6) follows from (4.5) by noting that with the choice
¢*(t) = DF(n(t)) = (1og "l‘”)l>1 holds

KRy (8| Vig* (8)] = ama () (t) — by imiga (t)

and Apac(n(t), *(t)) = Dmac(n(t)). O
The last a priori estimate deals with tightness and how tightness is preserved for curves of finite action.

Lemma 4.5 (Tightness is preserved for curves of finite action). A family N C M is called tight provided that

oo

sup Z Inp—0 as R— oo. (4.7)
nENl:R

If the family No C M satisfy the tightness condition (4.7). Then for any T > 0 and any family of curves
{(n,9) € CEr : n(0) € No} of uniformly finite action the family {n(t)} also satisfies the tightness condition (4.7)
forte[0,T).

Proof. The proof is similar to Lemma 3.4, where the same result is proven for the LSW gradient structure. Let
1 < M; < M and let n € C*(R) be a cut off function such that n(l) = 0 for [ < % and | > 2Ms, n(l) =1
for My <1< M, and such that n/(l) < IS for % <! < M and |n/(D)] < MQZ for M, <1 < 2M,. Moreover,
we define AV := In(l) and assume M; > 2 such that n(1) = 0. Then, it follows for any curve of finite action

(n,¢) € @

%N n(t) =N - 9n(t) = N - K(n)o

= (Z n(l+1) K ae t) Vio(t) Z k' ny ) IVin Vig(t ))

<C < (t)IVig(t)]
M1 > 1=M, /2
+ (A;Mf‘lf +— ) Z U KR ()| Vot )I)
1 =M1 /2
< C 1—a = ‘VZQS( )|
<M12 M2 )l %;/2

where C is the constant depending only on the cut off function 7. Integrating over time and using (4.5) leads to

Mo 2Mo 1 1 t
S < Y lnl<o>+0< M+M12a> / VA, 9(0) dt.
2

=M, 1=M; /2 M, ®

Now, using the fact that ¢ — n(¢) is a curve of finite action and letting My — 0o, we obtain

i Ing(t) < i Iny(0) + Cf—;?

=M, 1=M, /2 M2
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where the constant C' is uniform for the family. This finishes the proof since Ny satisfies the tightness
condition (4.7). O
4.2. Passage to the limit: Proof of Theorem 2.2

To pass to the limit in the discrete continuity equation, we define the flux density measure for a fixed
covector ¢ and rescaled one we(el) = z;e77V;¢ (cf. (2.4)) by

AN = = m > " da(dN) K nf) Vg (4.8)
1>1o
1 [0 E € b € £
= = Z 0c1(dN) 1 A(nlnl (zs +q(l+1) 7)n1+1) w(A).
1>l

and the dissipation flux density measure

45 (dN) = El%ﬂ 3 sa(dN) (@i () — bisamiea (1)) (4.9)

1>l

Let us note, that with the above definitions for [ > [y and A = &l holds

5 (0) — oy (KlnJo) = () + 0500 =0, (410)
where

€

Let us summarize the a priori estimates found in Section 4.1 and rewrite them in rescaled variables. We denote
with F2 . (JIE 1) = €Y Fmac(n) and similarly for A%, as well as Dz

mac mac

Proposition 4.6 (Rescaled a priori estimates). With x from (2.3) holds
(i) The rescaled free energy satisfies

C > F2(n°) 2 Frac(v?) = E(7)(1 + O(™)) (4.11)

(i) The total excess mass satisfies

] [ - (@ - 00

— vf € MF be a rescaled curve of finite action and n € L*((0,T)), then for any k €

< ce(52) JFe (o), (4.12)

l—a—2k

T 5
Rcy mui(dA)dtsc(sup Foel¥ ) [ noVEGE e )
0

t€[0,T]

l1—a—2k

T 2
| ate) [ <dA>dt<0<sup Fnelv ) / 0(8)|y/ Derac ) . (4.14)
0

t€[0,T]
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(iv) If {v5}.s( satisfies the tightness condition (2.8) and [0,T] >t — vf € M* are rescaled curves of finite
action, then for all t € [0,T] also {v}}.., satisfies the tightness condition (2.8).

The above results enable us to conclude the liminf estimates and proof Theorem 2.2.

Proof of Theorem 2.2.

Step 1: Convergence of v°. For ¢ € C}(R,) and 0 < t; < t, < T, we calculate using the discrete continuity
equation in the form (4.10)

’/cdu;—/Cdua

; / RCOE N

C '/ /A*m (dN)] dt
)\EIR+

e W( ‘/ VAo ) dt
m'1c to t

IN

)\ER+ 2
)\
< C sup | V|t
AER,

This estimate together with the bound (4.11) imply via Arzela-Ascoli the weak™ convergence towards a weakly*
continuous map ¢ +— v;. Moreover, the a priori bounds (4.11), (4.12) and tightness condition (2.8) imply that
[¢dv® — [¢dv holds for ¢ € C°(R) satisfying

lim sup L(/\)' < oo and lim K]
A—00 A—0 A7

= O7
which implies that the excess mass is preserved
/)\dl/t =00—0s = wveM, foralltel0,T].

Moreover, the bounds (4.11) and (4.12) also imply by weak lower semi-continuity the estimate (2.12) and
especially that sup,c(o ) E(v1) < oo.

Step 2: Convergence of . The a priori estimate (4.13) implies the existence of a measure u € C2([0, 7] x R)*
such that up to subsequences

//C(t,)\) dp§ dt — //((t, N dp for all ¢ € CY([0,T] x Ry). (4.15)

Now, we show the limiting measure is of the form pu(dt,dA) = A*w(X)v(dA) dt for some vector field w; with
finite action. Therefore, we remind at the definition of u® (4.8) and A% . (2.5) to estimate

1

2

T
//(t/\)\ 2 s (dN) dt < (/ AL z/t,wf)dt> / ! = Cltenl' ok w1 dt | (4.16)
l>l

Nl=
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The second term on the right hand side can be bounded by using the one-homogeneity and concavity of
(a,b) — A(a,b)

7Z< ll akl ()

l>l0
<fZ< (t, ) LA (3 (0)nf (1), (25 + a1+ 1) )nf,1 (1))
l>l
< T el Ini(b), (2 +alg ") D C(tel) Ingyy (b)
1>y [>lo
< BT Z& t,el) Inf(t),
1>lo

where we used in the last estimate that lo = e~%, |n§ — z,| < Cy/F(n) < Ce? by (4.3) and the fact that ¢ is
uniformly continuous. Since ¢ — n®(t) is a curve of finite action and by the convergence of the total mass, it
follows that the right hand side of (4.16) is finite. Hence, we can pass to the limit ¢ — 0 in (4.16) by the same
argument as in (4.15). It follows for a subsequence which attains

/ AS L wf)dt — A = lim inf/ AS (0, wt) dt

e—0

the estimate

//C(t,)\)/\l_Ta,ut(d)\) dt < (A*//(Q(t,/\))\yt(d/\) dt)é,

with p¢(dA) denoting the disintegration of y in ¢t. Hence, we can conclude as in the derivation of (3.17) to find
v € L?(\dy; dt) by the Riesz representation theorem showing lower semi-continuity of the action (2.13).

Step 3: Convergence of the dissipation D*. We observe that D2, .(vf) = A5, (v5, W), where w® is the special

vector field given by —V;DF=(v5), i.e. for all |

_ nsng nj
eV (el) = log ——L — log —+L.
wiwg Wi+1

Therefore, we can apply the same arguments of step 2, but now to the dissipation flux density ¢ defined in (4.9)
and use the a priori estimate (4.14) to deduce the liminf estimate

T T T
liminf/ Da(yf)dtz/ A(Vt,tbt)dt:/ /Aa\@t|2ut(d)\)dt
e—0 0 0 0

for some 1w € C2([0,T] x Ry )*. It, is left to show that h¢(t) — h(t) in L?((0,T)) and @ is of the form h(t) —q/\Y
wit h € L*([0,7]), however this statement follows exactly along the lines of Lemma 2.6 from [16]. The final
result (2.14) follows now by the definition of D(v;) as the infimum over all such h € L?([0,T]) from Lemma 3.3).

Step 4: Continuity equation holds. Finally, choosing a subsequence such that both convergences (2.9) and (2.10)
holds for a test function ¢ € C°([0,T] x R), we can pass to the limit in the weak form of the discrete continuity
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equation (4.10)

T
| [actnwi@yas [ [oscenmiayar=o
$e—=0 le—=0

T
[ [ocenma@nas [ [ocenm@na=o,
0
which shows (v, w) € CEr. O

4.3. Quasistationary expansion: Proof of Theorem 2.5

The proofs of Proposition 2.4 and Theorem 2.5 consists in several steps, which are formulated in the following
Lemmata. In the proofs of this section, C' is a generic constant, which is assumed to be independent of € and
only depending on the parameters inside of the rates from Assumption 1.1.

Lemma 4.7. Assume that F5,.(v°) < C, ly satisfies (2.3) and v° satisfies the tightness condition (2.8). Then
for any k € [0,1], there exists ¢ > 0 such that

/X’“ dv® > ¢ >0 uniformly in e > 0. (4.17)

Proof. The assumptions of the Lemma ensure the conservation of the excess mass (4.12). Together with the
tightness assumption, we have for any x < 1

/ M VE(A) > /0 o @

1 M
> — A g (dA
e | A

> ﬁ (Po —ps — O (67(1/2‘9”)) — OM(1)>-

Hence, we can choose M large enough but finite and € small enough such that for some ¢ > 0 the estimate (4.17)
holds. O

Lemma 4.8. For any n € M holds

14+u Dinac(n)
— < .
(u—h) log<1 +h> S TEA R (4.18)
where u = u(zs),
ony— 2 _ B—A(z)
h:= - and u(z):= A0
and
A(z) = Zalznl and B := Z bia1myey- (4.19)

1>lo 1>l
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Moreover, if F(n) < CeV, ly satisfies (2.3) and v° satisfies the tightness condition (2.8), then it holds for
small enough and some C > 0 uniformly in € the estimate (2.15) from Proposition 2.4.

Proof. For the proof n is fixed such that F(n) < Ce?. Then, we introduce two measures « and [ on
{ZOalO+1a"'}

Vi>ly: oz):=azny and B :=bpingr

with partition sums A(z) and B (4.19), respectively.
We introduce Dac,-(n) the constant monomer density dissipation of the large clusters

arzng
Diac.2(n) == Y _(azn — bipanii) log ————

1>l

> 0.
bi+1mi41

Note, that by this definition Dyac(n) = Dmac,n, (7). By the definition (4.19), it follows A(nq1) = (1 + h)A(zs)
and the identity

u(ny) = (u(zs) — h). (4.20)

Now, rewrite and Dyac .(n) and apply the Jensen inequality to the one-homogeneous convex function a —
alog(l+ a)

; B — ai(z) log (1 + B —041(2)>

a(z) (2)

= A(z)(u(z) log(1 + u(2))
Hence, we obtain by setting z = n; and using (4.20), the estimate

A(=)(u(=) log(1 +u(2)) = A(z)(u — h) log(l - T;Z)

from where we conclude (4.18). By using the explicit expression of the rates (1.1) follows

o a 4 a a—ry
2A(Zs) B = DZZO Zsl (1 Zslﬂ/>nl + Zle ny, + qu ny,

> (1 - %)A(z» > A(z)(1 - O(E™)),

zslg
by the definition of Iy (2.3). Hence, we have B < A(z;)(1 + O(e™)) and in particular with (4.20)

uz) | Ih

<
) < T T

< O(E™) + 0(5%> = 0(e™), (4.21)
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where we used that with F(n) < Ce” also |h| < Ce? from the estimate (4.3). The estimate (4.21) allows to
linearize the bound (4.18) as follows

1+h (u—h)? (u— h)?
(u—h)log( ) = max{l+h,1+u} = 14 0(e®)’

Finally, to deduce the estimate (2.15), it is enough to rewrite it in rescaled variables and use the estimate (4.17)
from Lemma 4.7

A= zselfa/)\al/a(d)\) > et > 0. O

The time-scale separation between the dynamic of the small clusters and the one of the large clusters is
characterized by the following logarithmic Sobolev type inequality.

Proposition 4.9 (Microscopic energy-dissipation estimate). Let w;(z) := 2'Q;. Then for all n € ]R]IJ\FI with
Fmic(n) < CeY there exists Crgp independent of € such that it holds

Humic(n | w(n1)) < Crppe "1~ Dpic(n), (4.22)

where Humic is the microscopic part of the relative entropy between n and w(ny) defined by

Hmic(n | w(z 2 < )> with ¢(a) =aloga —a+ 1.

Proof. We note, that the function (a,b) — ¢(a,b) := (a — b)(loga —logb) occurring in the definition of the
dissipation is one-homogeneous. In addition, the following lower bound holds

(a —b)(loga — logb) > 4(\f* \/5)2

Moreover, we remind that w(z) satisfies the detailed balance condition a;w; (2)w;(z) = bi41wit+1(z). By choosing
z = ny, the dissipation can be rewritten and bounded from below by

- aniwy(ng - -
n) =2 amwi )w(wz(nlywl“(”l))

1>1
e e e R

Hence, instead of showing the estimate (4.22), it is sufficient to proof
'Hmic(n | w(nl)) < CEEDﬁ(n)

This inequality was investigated in [4]. To apply the result there, we introduce the measures

l 1,...,lg—1}: z) = L and y(z i (2) .
€{ 0 } pa(z) Ziollwl ) 1(2) = Zéo1lwl()
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Hereby, we note that p is a probability measure, but v not necessarily. Let us assume the following mixed
logarithmic Sobolev inequality

lo—1 lo—1
Ent,,(f%) := Y mfflog == i < Cust Y wilfi = fiyr). (4.23)
=1

=1 l =1

Then, Proposition 3.2 from [4], where by the different normalization of v, the constant simplifies to

OLSI 2 lp—1 lo—1
Cgrp < — Z ng Z wy 7?,1) (424)
=1

To proof the mixed logarithmic Sobolev inequality (4.23), we use Corollary 2.4 and Remark 2.5 from [4], from
which we obtain the bound

CLst <480 sup V[/l(nl)log(Wl(nl)>Vl(n1), (4.25)
1<i<ly Wi(n1)

where

|
—

lo—1

= Z w;i(z) and Vi(z) = !
=l

< ajw;(z)

J

We will establish the following estimates for |z — z,| < Ce? and some C > 1

éwl(z) < Wi(2) < Clw(2) (4.26)
Vi(z) < il;(;)a (4.27)

We postpone the proof of the estimates and first show the final result. By a combination of (4.26) and (4.27)
with (4.25), we obtain the estimate

CrLsi < C sup [27—@ log(wc(’z))
!

1<i<ly

By the expansion (4.1) follows

<cre exp<q<1_7)ll7 “llog Z) < Cexp(C1'),
2s

S

wi(z)

is uniformly bounded, because of |z — z5| < Cez. We obtain the upper bound

where we used that lollog =

Crst < Csupy g, 11717 < Cly™ . A combination of this bound with (4.24) leads to the bound

e(1—atn) n1+W1(n1)Zl 1 "y
ni

Crep < Ce™"
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The conclusion (4.22) follows now from (4.26), |ny — 2| < Ce? and the bound 250:—11 n <3 syl =o. To
proof the estimates (4.26) and (4.27), we first observe that by the assumption |z — z,| < CeZ, we have the
comparison

wi(z) _ <2)l < (1+C’5%>l < exp(C&:%lo) <C

Zs

by the choice of Il (2.3). In the complete analog way, we get :}‘;l((j)) > % Hence, it is enough to show (4.26)
and (4.27) for z = z,.

Therefore, we use the expansion (4.1) from Lemma 4.1 in the form: For some constant C' > 1 and any [ > 1
holds

! C
Clel-t eXp <_Zq(1 - ’7)117> <@ < — exp (—q(l - 7)l1V>.

laZé Zs
The estimate (4.26) with z = z, is now proven

lp—1

lo—1
c 1 q - c q -
Wi(z) < 2 J'E:z janp(_zs(l —7)J 7) < I E eXP<—ZS(1 —7)j 7

J=l

lofl o0
< lg exp<q(1 - 7)017> dv < C’l”fa/ exp <q(1 - 'y)v> dv
“ i ! Zs

s 1—v

S C’l”wl.

The estimate (4.27) with z = z, follows similarly

The estimates (2.5) and (2.16) from Theorem 2.5 are a consequence of (4.22).

Proof of Theorem 2.5. Finally, the estimate (2.5) follows just by rescaling Dy, and integrating the estimate
along a curve of finite action. For the statement (2.16), we first observe that Fiyic(n) = Hmic(n | w) and get by
writing z = z.e”

lo—1 lo—1 !
Humic(n | w(z)) = Fmic(n) = — Z In;log Z Z wi1- <Z>
=1 Zs =1 Zs
lo—1 lo—1 elh 71
=h s — l lwj——— — 05 |
<Q. ; n + ; wq i éh)
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The first difference in the bracket can be bounded in terms of (4.4) from Lemma 4.3. The second difference can
be explicitly expresses as follows

lo—1

Z lwl

lo—1

<lel+lel —lh

>lg

lo*l
< Cljwi, + Ch Y Puy < CIJwy, + h),
=1

where, we used the upper in (4.26), which holds by the proof also with lg = co. Moreover, w; has arbitrary high
moments following from the expansion (4.1). By the choice of [y (2.3) and again (4.1) follows that [Jw;, < Ce?
for any p > 0. Hence, combining all these estimates and reminding that Fiic(n) < Ce?, we get

el | @(2)) = Funie(m)| < Clal (777 Fricm) + 7 + [1] ) < Clhl(=" + |nl),

where o = (4 — 2) > 0 by (2.3). Hence, we can conclude for a curve of finite action

/ ic(n(t)) dt < zge ”/ Humic(n(t) | w(na(t))) dt

T
+ CE_’Y/ log(nl(t) — 1) (5‘7 +
0 Zs

log(nl(t) — 1) D dt
Zs

T
< Celi—2)(i=aty) / D=, (n(t)) dt

0
2 T 2
dt + ngﬁ< / dt>
0

The conclusion (2.16) follows by (2.11) from Theorem 2.2. O

Nl=

ny(t) — zs
e

T
ny(t) — zs
2l M) = <s
+Ce =

0

APPENDIX A. GRADIENT STRUCTURES FOR COAGULATION AND
FRAGMENTATION MODELS

A.1 Reversible chemical reactions as gradient flows

This part of the appendix shows the general structure for reversible chemical reactions. Since, the Becker—
Doring equation and other coagulation-fragmentation models can be interpreted as an infinite set of chemical
reactions (1.10), they fall into this category. The basic observation goes back to Mielke [15], who found the
entropic gradient flow structure for reversible chemical reactions.

Definition A.1 (Reversible chemical reaction). Let n € RY be the densities of N € IN U {+oo} different
chemical species (or complexes) X; reacting according to the mass action law. Each reaction r = 1,... R with
R € NU{+00} is characterized by the stoichiometric coefficients 2", y" € IN)’ and forward and backward reaction
rates k. >0

r

x’{X1+~-~+z§VXNk%y{X1+~'+y}"VXN, r=1,...,R. (A1)
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The chemical reaction is assumed to be reversible. That is, there exists a state w = (w1, ...,wy) € RY such
that

r

kw® =k wY =k (A.2)

Here, the notation for multiindices is used: w® = vazl w; i, The evolution equation for the density is given by

r

R .
o T nm ny T T
n= —Z_;k <w5”r - W)(x —y"). (A.3)

The Becker-Déring clustering equation interpreted as an infinite set of chemical reactions (1.10) fall in this
framework by setting N = R = oo and z} := ;1 + d;,» and y] := J; ,+1. The detailed balance condition (A.2)
is satisfied in terms of the one-parameter family of equilibrium distributions w(z) (1.5). Moreover, the more
general Smoluchowski coagulation and fragmentation model fit into this framework (c¢f. Appendix A.2) under
the assumption of detailed balance.

The free energy is defined as relative entropy with respect to the reversible equilibrium as in (1.7), i.e.

F(n) = H(n | w) and hence DF(n) = (log 2, ... log 2X ). To define the manifold of states, the stoichiometric
g w1’ , 108 wN )

subspace and its complement are used
S:=span{z" —y":r=1,...R} and ST:={seR":v-5=0, Vy S}
Then, the manifold is given for some fixed ng € ]Rﬂ\_] by the affine space of densities
My =m0 +S)NRY = {neRY :n-s=ny-s,VseSt}

The definition formalizes that S* contains all conversation laws of the reaction and therefore the tangent vectors
on M,,, are given by RS. Coagulation and fragmentation models of one species, like Becker-Déring, in this
terminology are characterized by

St =span{I}, with TI:=(1,2,3,4,...).

Hence, the manifold has only one conserved quantity, which is the density oo > 0 of the total number of particles
Mi={neRY :in-I=3"In =0}

The derivative of the energy DF is a force and has to be interpreted as covector. The underlying metric can
be specified by mapping covectors to (tangent-)vectors. This is done via the Onsager matrix to be defined as
the symmetric semi-positive definite matrix

y"

K(n) = ZM(Z Z) (@ —y) @ @ —y), (A.4)

where A(-,) is the logarithmic mean in (1.15). Hence, recalling that the space of vectors was given by RS, we
define the covectors with the help of the Onsager operator by (1.16), where the identification is well-defined
since the image of K is by definition RS, whenever n is strictly positive in all of its components. Note, although
the tangent space is state independent, this is not the case for the cotangent space.

With this preliminary definitions a reversible chemical reaction as given in Definition A.1 is formally the
gradient flow of the free energy F with respect to the metric structure induced by the Onsager operator (A.4)
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and it holds the formal identity
n=—K(n)DF(n). (A.5)
The property from which immediately follows that (A.5) is the same as (A.3) is
o

n
n; n; n
(" —y")- DF(n) = Zx{logw—: fyflogw—: = logF —log
i=1

ny"
wy’r‘ b)

o r
n®  nY

which is nothing else than the nominator of the logarithmic mean A(wxr , F) and resembles a discrete chain
rule. The gradient flow decreases its energy along its evolution in terms of the dissipation, i.e.

%f(n) =DF(n) -n=—-DF(n) - K(n)DF(n)

r

n®" nY n®" ny"
= — k" —— (1 -1 =:-D
ET <wmr wyr> ( og — —log wyT> (n)

We see that the Becker-Doring system fits into this framework. However, there is freedom in the choice of the
free energy and under certain physical assumption, there are other possible choices.

A.2 Smoluchowski coagulation and fragmentation equation

The Becker-Déring clustering equation is itself just a special case in the more general class of Smoluchowski
coagulation and fragmentation equations seen as the following family of chemical reactions

aij

X; +X] b‘:\ Xi-‘rj with (Z,j) € IN x IN.

Hence, the stoichiometric coefficients in (A.1) are given as :r,(f’j) = 0;,x + 0,1 and y,(:’j) = 0i4j k- A gradient flow
structure can be established under the assumption of detailed balance, which in this case does not necessarily

hold: There exists a state w € RN such that for (i,7) € N x IN holds
@;,jWikj = bi, Wi

Under this condition, the Smoluchowski coagulation and fragmentation equation is the gradient flow (A.5) of
the free energy F with repesct to the Onsager operator K defined in (A.4).

A.3 Modified Becker—Doéring system

The modified Becker—Déring system was introduced by Dreyer and Duderstadt [9]. The main feature is the
introduction of a mixing entropy between the clusters. Hence, the free energy consists of a relative entropy part
as defined in (1.7) plus a mixing entropy depending on the total number of clusters

F(n)=H(n|w)—N(n)(logN(n)—1) with N(n)= an (A.6)
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The most compact form of the free energy is F (n)=> (nl log #(n) + wi). Hence, the differential of the free

energy differential is given by

D]-N"(n) = (log WIJT\l;(n),...,log wZ]?:;(n)’) (A7)

The reaction is still of the same form as the classical Becker-Déring system (1.10), i.e. 2] = 6,1 + d;,» and
Yyl = d; r4+1 in (A.1). This leads to the same detailed balance condition as for the classical Becker-Déring model
arwiw; = bypiwry1 =: k". Hence, we obtain the same possible equilibrium states w,(z) = 2”@, given in (1.5).
Again z has to be determined from the formal conservation law ;2 lw;(z) = >_;2, In;. However, the existence
as minimizer of the free energy in this case is more involved and for a detailed analysis of the equilibrium states,
we refer to [11].

Now, from (A.7), we further deduce

- - ~ nin, Npt1 nin, N(n)n,41
—y")-DFE(n) =1 1 —1 1 .
(2" =y") - DF(n) = log wiw,N(n)? 08 wrr1N(n) i) W1Wy 08 W1

From the above identity, the modified Onsager matrix can be read off and is given by

Z’CT (nlm ()nm) (@ —y") @ (" —y").

WiWy Wr41

Then, we obtain the modified Becker—-Déring equation as the gradient flow of the modified free energy (A.6)

i = —K(n)DF(n) = — Z % (Ziz _ Nojnri ) (" —y")

Wr41

=— Z(a,.nln,. — b i Nn)nppq1) (" —y") Z Jo(x" —y")

The explicit form of the equation is given for any | =1,2,... by

f=J_1 —J; with Jy:=— Z J. and jr(n) = a,n1ny — brpa N(n)n,41.

r=1

APPENDIX B. PROOF OF LEMMA 4.1

7)

The function x — 1og<1 + ﬁ) is positive, continuous and monotone decreasing to 0. Therefore, we can define

l l
. q q
=1 E 1 14— ) -/ 1 1
liglo = Og( + zsj’Y> /2 Og( + ZSJ:’Y>

Proof of Lemma 4.1. We calculate using the definition (1.5) of @,

log(l"‘ - 1Ql = Zlog(

the Euler number
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Moreover, we get from the Euler-MacLaurin formula the estimate

! l
q q q q
Ci — 1 1+— -/ 1 14+ — <1 1+ ) < —.
(D15 ) - [ 5 || <ee(1e ) <

The following bound

1 2 1 2
(L) <tog1+-—L )<L (L) +
zsx? 2\ zgxY 2sX zsxV 2\ zgxY

implies the estimate

l
) I log<1 + stm) dz
- 2
f2l(zsqr7 - %(z:i’*) > dlL’

hereby, we use the convention that ZKT*I = log! for kK = 0. Now, we can combine all the estimates to obtain

—1<037),

1 1
a -1 _ q _ q
log(1%2L7'Qy) = ]Zzglog (1 + zsj“Y) /2 log (1 + sty) dx

l q

s fQIOg(1+zsﬂ>dx » o 1/ g 2 N,
l q 1 q 2 d 2 257

f2 Zzex¥ 5(253:7) x

zexV 2
q 1 'S 1-2
—(F-—L L _pn)1+00

(o sa " ) o)

3 X q21—'y q221—2’y
which concludes the proof by setting Fy = (=)~ 22(1=3y) C. O
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