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AN ISOPERIMETRIC PROBLEM WITH A COULOMBIC
REPULSION AND ATTRACTIVE TERM

DOMENICO ANGELO LLA MANNA®

Abstract. We study an energy given by the sum of the perimeter of a set, a Coulomb repulsion term
of the set with itself and an attraction term of the set to a point charge. We prove that there exists
an optimal radius 7o such that if » < rg the ball B, is a local minimizer with respect to any other set
with same measure. The global minimality of balls is also addressed.
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1. INTRODUCTION

In this paper we study the minimizers under the volume constraint |E| = m of the functional
I(E)=P(E)+V(E)— KR(E), (1.1)

where

1
V(E)—/E/Eﬁimnddxdy

is a Coulombic repulsive potential of the set with itself and

R(E) = /E m%dx (1.2)

is a repulsive term of the set with a point charge. Here P(FE) stands for the standard Euclidean perimeter in
the De Giorgi sense and K > 0. In the three dimensional case this functional has been studied by Lu and Otto
in [14]. In that paper they prove that if m is sufficiently large then the constrained minimum problem has no
solutions. They also show that there exists a critical value m, such that if m < m. the ball centered at the
origin is the unique global minimizer. This result is obtained using a quantitative version of the isoperimetric
inequality with a Coulombic term proved by Julin in [11].

Keywords and phrases: Isoperimetric inequality, Coulombic potential.
Universitd degli Studi di Napoli Federico II, Dipartimento di Matematica ed Applicazioni Renato Caccioppoli, Naples, Italy.

* Corresponding author: domenicolamanna@hotmail.it

Article published by EDP Sciences © EDP Sciences, SMAI 2019


https://doi.org/10.1051/cocv/2018008
https://www.esaim-cocv.org
mailto:domenicolamanna@hotmail.it
http://www.edpsciences.org

2 D.A. LA MANNA

In case K = 0 functional (1.1) reduces to the Thomas-Fermi-Dirac-von Weizsicker model and it has been
studied for n = 2,3 in [7, 13, 16] and in any dimension in [6, 11, 12]. In particular, the latter paper shows that
there exists a critical mass mg such that if m < mg balls are local minimizers. Moreover, in [6] it is also proved
that there exists a critical value 0 < m; < mg such that if the volume is smaller than m;, balls are the unique
global minimizers.

In this paper we extend the above mentioned results of [6, 14] to the case K > 0 and n > 3. Precisely, we
prove that there exists a critical radius rg > 0 such that if r < ry the ball B, centered at the origin is a local
minimizer of the constrained minimum problem and that this property fails when r > r¢. As in [6], we show
also the global minimality of balls B, when r < rq, for some 0 < r; < ro. Note that both critical radii r; and rg
tend to infinity as K — oo and an argument provided in the last section, see Lemma 6.3, shows that the ratio
ro/r1 stays bounded independently of K.

Note that our result extends the ones obtained by Kniipfer and Muratov in [12] for K = 0 where again it
is proved that balls are the unique minimizers for small radii while no minimizers exists for large masses. The
question whether r} = r¢ or ri < ro, where 7} is the optimal radius for the global minimality, is still open and
seams to be a difficult problem.

The paper is organized as follows. After a short section where we fix the notation and give some preliminary
results, in Section 3 we provide a Fuglede type estimate for the functional I, see Theorem 3.1. Precisely, we
prove that if 7 < ry the ball B, is a local minimizer with respect to small C'! variations.

In Section 4, after calculating the second variation of I, we show that the radius rg provided by Theorem 3.1
is indeed optimal since balls of radius r > r( are not local minimizers. Note that while the formula of the second
variation of V' can be obtained by more or less standard arguments, see for instance [6], the calculations leading
to the second variation of the attractive term turn out to be more delicate due to the presence of a singularity
in the integrand in (1.2).

In Section 5 we pass from the local minimality of the ball B, with respect to small C' variations to the
full local minimality result. As usual in this framework, we follow a strategy first devised by Cicalese and
Leonardi in [5], see also [1], based on the regularity theory for quasi minimizers of the perimeter. However, in
our setting this approach turns out to be more complicated. Indeed, the main difficulty comes from the fact
that, differently from most cases studied in the literature, see [1, 3, 4, 5, 6, 10], our functional is not translation
invariant. Overcoming this difficulty requires a delicate estimate of the behavior of the repulsive term R on sets
which are C! close to a ball centered at the origin.

2. NOTATION AND PRELIMINARY RESULTS

In the following we shall denote by B,.(x) the ball in R™ of radius r centered at z. If the center is the origin
we shall simply write B,., while the unit ball centered at 0 will be denoted by B. By w,, we denote the Lebesgue
measure of the unit ball in R"™.

We recall some basic definitions of the theory of sets of finite perimeter. If F is any measurable subset of R™
and 2 C R"” is an open set, the perimeter of E in {2 is defined by setting

P(E; 2) = sup {/ divedz : ¢ € C(2;R™), ||¢]lo < 1}.
E

The perimeter of E in R™ is denoted by P(E). We say that E has locally finite perimeter if P(E;2) < oo for
all bounded open sets (2. It is well known, see Chapter 3 in [2], that E is a set of locally finite perimeter if and
only its characteristic function X, has distributional derivative D), which is a vector-valued measure in R"
with values in R". Thus, from the above definition we have immediately that P(E;{2) = |Dx [({2) for every
open set (2.
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From Besicovitch derivation theorem we have that for [Dy ,[-a.e. x € R™ there exists

DX (B (7))

AI—I’%W and |vg(x)| =1. (2.1)

vg(x) = —

The set 9*F where (2.1) holds is called the reduced boundary of E, while the vector v¥(z) is the generalized
exterior normal at x. For all the properties of sets of finite perimeter used herein we refer to the book [2].

A set E C R” is said to be nearly spherical if there exist a ball B, and a Lipschitz function u : S*~! —
(=1/2,1/2) such that

E={y=rz(l4+u(zx)): x € B}, (2.2)

where here and in the following we have tacitly assumed that the function u, originally defined only on the unit
sphere, is extended to R™ \ {0} by setting u(z) = u( Iw\)
For any measurable set E C R™ we define the potential energy V(E) and the repulsive term R(FE) as follows

1 1
E://idxd,RE:/idx
)=y g ety BE)= | s

We are interested in minimizing the nonlocal energy given by
I(E)=P(E)+V(E)— KR(E), (2.3)

where K is a positive constant that will be fixed throughout the paper.

Note that in order to avoid trivial statements, we shall assume throughout that the dimension of the ambient
space R™ is greater than or equal to 3, unless specified otherwise.

It is easily checked that if F is defined as in (2.2) then its measure and perimeter are given, respectively, by
the following formulas

Bl = [ @u)de="" [ @t
B Sn—l
P(E) ="} /S (4 w(@))™ 1+ % A", (2.4)

where D,u stands for the tangential gradient of u on S"~! and H" !(-) stands for the Hausdorff (n — 1)-
dimensional measure.
Similarly, V(E) and R(E) can be also represented as

£)= [, [ o= [ syt e

14u(x) 1+u(y) pn—lo.n—l
= pnt2 dHrt dH,~ 1/ dp/ —do
§n—1 sn—1 0 0

(Ip = ol? + pole —y[?) >
R(E) [ (1+u(z))? oo L w2 dHr-!
= _/B e 2/SH(H (z))2dH™ L.
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For any integer k > 0, let us denote by yx;, ¢ = 1,...,G(n, k), the spherical harmonics of order k, i.e., the
restrictions to S"~! of the homogeneous harmonic polynomials of degree k, normalized so that ||ys ;|| 21y =1,
forallk > 0andi € {1,...,G(n,k)}. The functions ys ; are eigenfunctions of the Laplace-Beltrami operator on
S*~! and for all k and i

—Agn—1Yk,i = MYk, i -
where Ay, = k(k +n — 2). Moreover if u € L?(S"~!) we have
G(n,k)

ak,iYk,i, where aj; :z/ u(x)yk,i(x)d’}-l"_l.
k=0 i=1 i

Therefore, for a function u € H!(S*™1) we have that

o G(n,k) o G(n,k)
Hu||L2(S" 1 —Z Z akm | D~ UHLz(Sn 1) —Z Z )\kam (2.5)
k=0 i=1 k=1 i=1

If s € (—1,1) and u € L*(S"~ 1), we set

. )|2 n—1 n—1
2 gn —/S /S y ‘xiw HQS dHE M

Also these seminorms can be represented using the Fourier coefficients of v and suitable sequences of eigenvalues.
In particular, see formulas (7.12) and (7.5) in [6], we have

o G(n,
lu(z) — u(y)[* u(y)? 1 1
1, 8n-1 d,H"™ d?‘[” , 2.6
Pyom = [ L T S s 20
where the eigenvalues py are given, for an integer £ > 0, by the following expressions

(r(g?) I'(k+ "22))

473
n

r(32)

r%) I'(k+7%) 21)

f =

It is easily checked that the above sequence is bounded and strictly increasing. Moreover, see Proposition 7.5
in (0],

V(B) 2n
=2 2)——= = 2.8
H1 (n+ )PB)’ P2 = 5 (2.8)
Finally, we recall the following useful estimate, proved in Appendix C in [6],
A — A )\ - A
PS> 22700 > 2 (2.9)

PE — M1 HQ*M

Let us now define a function P : [0,00) — R setting for » > 0

P(r) = inf{/\k AL =3 _ + K(”_Q)} (2.10)
k22 e — M1 HEe — 1
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Lemma 2.1. The function P defined in (2.10) is continuous. Moreover there exists ro > 0 such that

P(re) =0, (2.11)
P(r) >0 for0<r <rg and P(r) <0 forr > rg.
Proof. Observe that from (2.8) and (2.7)
2(n—2)V(B) 2(n—2)P(B)
— = < — < —2 > 2. .
P(B) S Pk = S - , Vk>2 (2.12)

From this inequality we have that (A — A1)/(ur — 1) — 00 as k — oo, hence for any interval a > 0 there exists
ko > 2 such that

P(r)= inf {/\k —M L QL 7K(n —2)

= }, for all r € [0, al.
2<k<ka | bk — M1 HE — 1

This proves that P is continuous. Observe also that from (2.8), (2.9) and the second inequality in (2.12)

(n+1)P(B) , .5 ,, Kn
P02 5 v T apm)

hence P > 0 in a right neighborhood of the origin. Note also that P(r) — —oo as r — +oc.
Let us now set for any integer k£ > 2 and any r > 0

- K(n—2
MM s e K(—2)

Py(r) := .
M — M1 M — p1

(2.13)

It is easily checked that Py has exactly one zero ry > 0 and that Py(r) < 0 for r > 7. Therefore, denoting by
ro > 0 the first zero of P and by kg > 2 an integer such that P(rg) = Py, (ro) = 0, we have that P(r) < Py, (r) <0
for all » > ry. Hence, the proof follows. O

3. NEARLY SPHERICAL SETS
In this section we prove the local minimality of balls B, with r < ¢ with respect to small variations in C*.

Theorem 3.1. Let o € (0,r0/2), where rq is defined as in (2.11). There exist two positive constants €y and cy,
depending only on n and o, with the following property. If E is a nearly spherical set as in (2.2), with |E| = B,
and barycenter at the origin, v € (0,70 — o) and ||u|lw1. @ n-1) < €0, then

I(E) = I(By) > collull2(gn1y- (3.1)

Proof. We are going to prove (3.1) by an argument similar to the one introduced by Fuglede in [8]. To this end,
it is convenient to rephrase the assumption replacing F by the set

E,:{y=r(1+tu(z)): z € B},

with u € Wl’oo(Snfl), ||UHW1,OO(S7L71) < 1/2,

|E:| = | By, / xdxr =0,
Ey
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t € (0,2e), where the constant eg < 1/2 will be determined at the end of the proof. Thus, our assertion (3.1)
becomes

I(Et) - I(Br) > COt2Hu||%2(Sn—l)7 (32)
for a suitable constant ¢y > 0 depending only on n and o¢. In order to prove this inequality we estimate the

differences between various quantities appearing in the definition (2.3) of I. We start by the perimeter term. In
this case, see for instance the proof of Theorem 3.1 in [9], we have, provided g is sufficiently small,

_ 2
PELPED S ([ pakaw —o-n) [ aw) ol 6
STL—l Sﬂ—l

for some constant C(n) depending only on n. The difference between the two potential terms is estimated in
(5.20) in [6] as follows

V(E) - V(B,) _ t° V(B), 2 2 3 2 2
- 1 a > - ey a— 2 1 - 2 1 . .
e 2 5 (2 Dl — W ) - CON(lulfs + (w2 ) (3.4)
Let us now estimate the remaining difference.
w = 1/ (1 +tu(x)® —1) dH" ' = 1/ 2tu + t?u® dH" !
r 2 §n—1 2 §n—1
n—1 t2 2 n—1
=t udH + = w dH" . (3.5)
S§n—1 2 S§n—1

Using now the assumption |E;| = |B,|, from (2.4), after expanding (1 + ¢tu)"™ we obtain

-1 n
n / tudH" " + % / Put dH" T 4 (Z)t’f / uFdH" ! = 0. (3.6)
Sn—1 Sn—1 L—3 Sn—1

Inserting in (3.5) the expression of the integral of u on S"~! obtained from this identity, and recalling that
lu] <1/2 and 0 <t < 2g9 < 1, we get

R(E) ;R(B» S / u2dH" ™ = () ul| 12
S§n—1

Collecting this inequality, (3.3) and (3.4), we have

2 2 P(B) :
27,2 n—
BRI D s, e (s + ).

We now write all the norms in the previous inequality in terms of the Fourier coefficients a;, ; of u. To this end,
observe that from (3.6), using the fact that |u| < 1/2 and 0 < ¢t < 1, we have in particular that

laol < C(n)t||ullZ:. (3-8)
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From the condition that the barycenter of E} is at the origin we have

/ (1 +u(x)"dH" =0
S‘n.fl
Therefore, arguing as in the proof of (3.6) we get

sup aq ] < C(n)t||u\|%2 (3.9)

i=1,...,n
Finally, recalling that the eigenvalues py are all bounded, from (2.6) we get that
< C(n)lullz2-

Using this inequality, recalling (2.5), (2.6) and that Ay =n —1 and py = 2(n + 2)V(B)/P(B), see (2.8), from
the estimate (3.7) we get

12,2 o G(k,n)

1(E) - 1(B) > -~ 52 O (k=2 (i — )™ + K (n = 2)) i, = Cn)t Jul 12
k=2 i=1
1202 & O Me—M s . Kn—2
> D (k= o) (SE==2rm 8 L Kn=2) )>ai’i—0(n)t3||u||%2.

Pt pk = pk =

From this estimate, using (3.8), (3.9) and recalling that Lemma 2.1, we readily obtain

(n—2)V(B)t2r% ; (n+1)P(B) , _, 5
I(Ey) —1I(B) > e —C(n)t
(B) ~1(B) 2 =5 (Q(n_z)V(B)r );2 Z el
o0 G(kn )
> e(mo)? Y Y af ;= C)llulfa > en, o) ulf: = Cln, o)t ulfay,
k=2 i=1

for some suitable constants ¢(n, o), C(n, o) depending only on n and o.
From the inequality above, taking ¢, hence ¢¢, sufficiently small we get (3.2). This proves the theorem. [

Observe that (see [8, 9]) there exists a constant C'(n) depending only on n such that if E is a nearly spherical
set as in (2.2) then

[EAB,|

Cn) = l[ull2gn-1) < C(n)| EAB,|.

In view of the above inequalities we may rewrite the previous theorem in the following equivalent way.

Theorem 3.2. Let o € (0,79/2), where rg is as in (2.11). There exist two positive constants €g and ¢, depending
only on n and o, such that if E is a nearly spherical set satisfying the assumptions of Theorem 3.1, then

I(E) — I(B,) > ¢;|EAB,|*. (3.10)



8 D.A. LA MANNA

4. SECOND VARIATION

In this section we will calculate the second variation of the functional I(E). The resulting formula will be used
to show that a ball B, with r > 0 is never a local minimizer for the functional I with respect to L! variations.

First, we fix some notation. Given a vector field X € C?(R",R"), the associated flow is defined as the solution
of the Cauchy problem

)
5 8@ t) = X(@(x,1)) (4.1)

&(z,0) = x.

In the following we shall always write @; to denote the map @(-,t). Note that for any given X there exists § > 0
such that for ¢ € [—4, 0], the map &; is a diffeomorphism coinciding with the identity map outside a compact
set.

If E C R™ is measurable, we set F; := §,(F). Denoting by J&; the n-dimensional jacobian of D®;, the first
and second derivatives J&, are given by

0 . 0? . .
5J¢t|t:0 = leX, wjét‘t:[) = le((leX)X) (42)

From this formula we have in particular that if E is a sufficiently smooth open set then

d n—1 d2 : n—1
il = [ X vpan ,dya|éawwmmwwi.

OE;

If the flow is volume preserving, i.e., |E| = |E| for all t € [—§, ¢], then in particular we have that for all t € [, {]

X -vg, dH" ! =0, / (X -vg,)divX dH" ! =0. (4.3)
OFE; OE,

Finally, given a sufficiently smooth bounded open E and a vector field X we recall that the first variation of
the perimeter of EE at X is defined by setting

SP(E)[X] = L P(3,(E))

&t =0’

where @, is the flow associated with X. The second variation of the perimeter of E at X is defined by

*P(E)[X] := %P(@t(E))‘t:O.

The first and second variations of the functionals R, V' and I are defined accordingly.

If £ is a C? open set we denote by Hpp its scalar mean curvature of OF, i.e., the sum of the principal
curvatures of 9E. We denote by Byg the second fundamental form of OF and recall that the square |Byg|? of
its euclidean norm is equal to the sum of the squares of the principal curvatures of JF.

As we shall see below, the second variation of V' involves some nonlocal variants of Hpr and |Bgyg|?. To this
end, if /' is a bounded open set of class C2, we set for every z € OF

* XEc(y)_XE(y)
H = T e ¢ (T
aE(x) - |.’L' — y|n_2 Yy
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The quantity H}y plays the role of Hyg, while the analogue of |Byg|? is defined by setting for z € OE

c%Ec@;:14E|”¥flyﬁTf) dHr (4.4)

We start by calculating the first and second variation of R.

Lemma 4.1. Let E C R" be a bounded open set of class C%. Assume that X € C?(R™;R"™). Then

X~I/E

SR(E)[X] = /M B dH™ L. (4.5)
Moreover, if 0 & OF,
5%%EMX}_14E(CX;$2f“X(nincgﬁfﬁfpaﬂ>dH”1. (4.6)

Proof. Given X € C2(R™;R"), let @, be the associated flow defined as in (4.1). Let § > 0 be such that the map
&, is a diffeomorphism for all ¢ € [—4,d]. As above, we set F; = @;(F) and denote by d; and 0y the first and
second partial derivatives with respect to t, respectively.

In order to prove the formulas (4.5) and (4.6) we regularize R by setting for € > 0

1
R.(F) = —dax.
().meufx

Since Py s(x) = P5(P:(x)), changing variable, we have

d d d Jb,
- E)) = — FE - _J¥s
dtRa( t) dSRE( t+s)|S:0 ds (/E‘, |@S|n72 e dI) |S:0
95 JDs ‘@8‘71—4@55 0P,
- e dr—(n—-2 - J P, d :
(@t@A”Q+e‘Z (n Xét(@yh2+@2j 7)oz

Therefore, recalling the first identity in (4.2), we have

d divX (X - z)|x|n4 / X vg 1
S R.AE,) = Sy ) it L R i A [
ai e (B /E (|x|n2+e =D v o) 7 oy e

From this formula it follows that the functions R.(t) converge uniformly in [—§, d], together with their first
derivatives, as ¢ — 0. Thus, (4.5) follows immediately letting € — 0.
Let us differentiate R(F;) once again. Arguing as before we have

dz a2 Dy J P, || 4D, - 0,8,
— R(E;) = — R (Eiq4s = 5578 9(p—2
dt2 ( t) ds2 a( t+ )‘3:0 </Ef |q‘55|n—2 +e (n ) (|q-5s|n +€)2

0? 1
- (/Et ds? ( |Dg |2 + 5>J@S dx) ls=0

= Ji(t) + Ja(t). (4.7)

0y J D, dx) lo—o
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Recalling the identities (4.2), we have

div(XdivX n=4(X . 2)divX
m:/ de_m_g)/ 2" (X - 2)divX
g, |r|"24e g, (lz|"24+¢)?

. n74 . .
:/ div( XdivX >dx - 2)/ |z|"*(X - z)divX
E} Ey

o2+ (R
(X -vg,)divX 4 |z|" (X - 2)divX
= / —|I|’ﬂ*2 + - dH” — (n — 2) / (|:I:|’ﬂ*2 + 5)2 5 (4.8)
OE, Ey

where the last equality follows from the divergence theorem. Differentiating twice 1/(|®;|"~2 + ¢) with respect
to t, we have, using again the divergence theorem,

n—4 2 n—4 _ n—6 . 2 n—4 . 2
UMY Nl RNl & 6 RS Ul S PP g el )
n—2 B (lz["=2 +€)? B (z|"72+¢)?
(| IX (X ) / |z|"~4divX (X - z)
= aw( B ATy d
/Et ”( (R L A P e u=
n—4 . . n—4 3 .
L[ IO [ )
OB, (Jz["=2 +¢) B (lz["2+¢)

Then, from this last equality, (4.7) and (4.8), we have

d? (X -vg,)divX . / lz|" (X - vg)(X - ) 1
— R(E;) = ——t dH" " —(n—-2 dH" .
de? (Ev) /aEt |z|"=2 4+ ¢ (n=2) OE, (Jz|"=2 +¢)?

As before the validity of (4.6) follows by observing that since 0 ¢ JF also the second derivatives of R.(Ey)
converge uniformly in a neighborhood of the origin as ¢ — 0. O

Let us now recall the first and second variation formulas for P and V. To this end, we shall denote by div.
the tangential divergence and by X, the tangential component of the vector field X. For a proof of the next
lemma we refer to Section 6 in [6].

Lemma 4.2. Let E C R" be a bounded open set of class C? and X € C2(R™;R"™). Then

SP(E)[X] = - Hop(X -vg)dH" ™,
82P(E)[X] :/ (ID+(X - vE)]? — |Bop>(X -ve)?) dH" ' + | Hop(divX(X - vg) — div. (X - vp)X,).
OFE oFE
(4.9)
Moreover,

SV(E)[X] = - H}p(X -vg)dH ™,

2 _ |XVE(I)7XVE(y)|2 n—1 n—1

SV(E)[X] = /BE /aE P dHE " dH])

+/ CgE(X-yE)QdH"*W/ H}p(divX (X - vg) — dive (X - ve) X, ))dH" L. (4.10)
oF oF
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Definition 4.3. We say that a set of locally finite perimeter E C R™ is a constrained, strict L*-local minimizer
for the functional I if there exists § > 0 such that whenever F' is a set of locally finite perimeter such that
|F| = |E| and 0 < |[EAF| <6, then

I(F) > I(E).

Using (4.5), (4.9) and (4.10), it is easily checked that if £ is a C?, bounded constrained local minimizer for I,
there exists A € R such that

K
—— =X ondkE. (4.11)

Hop + Hip —

oE OF |.’I,‘|n_
Conversely, any C? bounded open set satisfying (4.11) will be called a constrained critical set for the functional I.
Note that any ball B, centered at the origin trivially satisfies (4.11), hence it is a constrained critical set for I.
Moreover, if 0 € OF and the flow associated with X is volume preserving, then, setting ¢ := X - vp,, we have,
recalling (4.3),

1B = rB)l0 = [ (1Dop - "5t Yot EEZD [ g
aB,
_ l¢(x) = W) 1, n1 2 2 12/m—1
/{)BT /BBT AR N I (4.12)

Given a function ¢ € H*(9B,) with /. 2B, ¢ = 0, it is always possible to construct a sequence of vector fields
X; € C2°(R™;R™), such that div X; = 0 in a ball Bg with R > r and such that X; -vg — ¢ in H*(9B,), see for
instance Corollary 3.4 in [1]. Since the flows associated with the vector fields X; are all volume preserving, from
this approximation result and (4.12) it follows immediately that for any function ¢ € H*(dB,) with |, 0B, ¢=0

0*1(B,)[¢] = 0. (4.13)

Next result shows that for r sufficiently large the ball B, is a never a constrained local minimizer for I.
Theorem 4.4. Let rg > 0 be as in (2.11). If r > ro the ball B, is not a constrained local minimizer of 1.

Proof. Fix r > 0. From lemma 2.1 it follows that there exists k£ > 2 such that

- Kn-2
/\k Al ,rn—3 — 4 (n )

<0. (4.14)
Mk — M1 e — H1

For every z € OB, set ¢(z) := yx(x/r), where y; is the restriction to S"~! of a homogeneous harmonic poly-

nomials of degree k, normalized so that |[yx|[z2(s»-1) = 1. Recalling that || D yk| z2(sn-1) = A, from (4.13) we

have

S dH T O (4.15)

82I(Br)[¢]:()\k—/\1)7“n_3+K(n—2)—/aB /aB Wd

On the other hand from (2.6) we have

_ 2
/ / Mdﬂn’l = pr" AR = per”™. (4.16)
0B, JOB,. |.1? - y| sn—1
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From the definition (4.4), using again (2.6) and recalling that the first order normalized spherical harmonic are
the functions x;/+/w,, we have

x—y\ -1 -1 _ n—1 n—1
C2, = — | dHD L AHD / / dH Ay
s /swl/swll‘— ylrr o Y sw1Sn1|fU— |"2

2
12( Snlv n !

Therefore, from the equality above, (4.15), (4.16) and (4.14) we get that

O*1(B)[¢] = Ak — M) % + K (n —2) — (g — pn)r™ < 0.
Hence, the result follows. O

5. L'-LOCAL MINIMALITY

In this section we show the main result of the paper, i.e., the strict L'-local minimality of balls centered at
the origin with radius smaller than the radius r¢ defined in (2.11). This result will be proved using Theorem 3.1,
following a strategy first introduced in this framework in [5] and later on improved in [1]. Our result goes as
follows.

Theorem 5.1. Let n > 3, o € (0,19/2), where ry is defined as in (2.11). There exist §,~, depending only on
n, K,o, such that if E C R™ is a measurable set such that |EAB,| < 6 and |E| = |B;|, then

I(E) > I(B,) + 7| EAB,|*.

Before giving the proof, we recall some key definitions and results from the regularity theory for sets of finite
perimeter.

Definition 5.2. Let n > 2, A,r > 0. We say that a set E C R™ of locally finite perimeter is a (A, r)-almost
minimizer of the perimeter if for every ball B,(x) with ¢ < r and any set F' such that EAF CC B,(x), then

P(E; B,(x)) < P(F; B,(z)) + A[EAF].

Next result is an important application of the regularity estimates for almost minimizers of the perimeter.
For a proof, we refer to Theorem 26.6 in [15] and to [17]. To this end, we recall that a sequence of measurable
sets B C R™ is said to converge in measure in an open set {2 to a measurable set E C R™ if

lim [(ExAE) N 2] =0,

that is if the characteristic functions X E, converge to X in L1(£2).

Theorem 5.3. Let n > 2 and let Ep, C R™ be a sequence of equibounded (A,r)-almost minimizers converging
in measure to an open set E of class C?. There exists hg such that, for h > hg, OEy, is of class CY3 and

OF, = {z + Yp(z)ve(z): x € IE}.

Moreover, ¥y, — 0 in CH* for all o € (0, %)

We start with a simple lemma on the potential energy V.
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Lemma 5.4. Let F, E C R"be measurable sets and |F| < co. Then
n 2
V(E) - V(E) < P F Bl (5.1)

Proof. Denote by r the radius of a ball with the same measure of F'. Note that for every measurable set G with

G| = |B|
1 1
/ﬁdwﬁ/ Tz -
c || B, ||

Thus we have

V(F)—V(E)§2/ dx/%dyz?/ dx/ %dz
F\E Flz—yl F\E o—F |2]

1
§2|F\E\/ ———dz = |F\ Elnw,r’.
B,

x|™

Hence, (5.1) follows. O

Let us now state another simple lemma which will be useful to treat the perimeter term and the attraction
term in the energy. In all the remaining part of this section we shall always assume n > 3.

Lemma 5.5. Let o € (0,r9/2), where ¢ is defined as in (2.11). There exists Ay, depending on n, K, o, such
that if A > Ag and r € [0,70], the ball B, is the unique minimizer of the functional

P(E) = KR(E) + A|[E| — | B,||

among all sets of finite measure.

Proof. Recall that for every set E of finite measure, we have
P(B,,) — KR(B,,) < P(E)— KR(F),

where B, is the ball with the same volume of E. Therefore, to prove the lemma it is enough to show that if A
is sufficiently large, then the function

Kno?
2

flo) = mg"™! = 5=+ Alg" ="
has a unique minimum in [0,00) at ¢ = 7. Indeed if 0 < p < r

f'(0) =n(n—1)" > — Kng — Ang"~" <0,
provided A > (n — 1)/rg. Similarly, if o > r

F(0) =n(n—1)0""2 — Kng+ Ang" "' >0,

provided A > K/o™~2. Then the conclusion follows from the two previous estimates choosing A > max{(n —
1)/ro, Ko™ 2}. O
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Lemma 5.6. There exists C; > 0, depending only on n, such that, if n € (0,1) and E C R™ is a measurable
set such that |E \ B,| < n for some r > 0, then we can find r < rgp <r-+ Cinw such that

E\ B,
P(ENB,,) < P(B) - E\ Brel (5.2)
Cinw
Proof. For any ¢ > 0 we set u(p) := |E \ B,|. By the area formula u'(9) = —H" (0B, N E) for L'-a.e. p > 0.
We set

oy 2t (5.3)

(nwn )=

If u(r + Cynw) = 0 then (5.2) trivially holds with rg = r 4 Cyy.
If u(r + Cln%) > 0 we argue by contradiction assuming that for every r < o <r + Cm%

—ou/(0) - P(E\ B,) = P(EN B,) — P(E) > - &

0177%
Using the isoperimetric inequality we have that for all o € (r,r + Clr]%)
ue) _ 1 1ocyn=t u(o)
—u'(0) > =(nw,)"|E\ B,| » — = —(nwy)rulp) = — )
(©)> s B BT — 8 = S tuio) T —
Since u(p) < |E'\ By| < n, recalling the definition (5.3) of Cy, we get
—u/(0) > gu(g) o, forallr < p <1+ Cinr.
1
Integrating this inequality in (r, r+ Cm%) we obtain
u(r)% —u(r+ Cm%)% > 77%,
which contradicts the assumption n > |E'\ B,|. Hence the result follows. O

The following lemma will be used in the proof of Theorem 5.1.

2-n
Lemma 5.7. Let o € (0,79/2), where rqg is defined as in (2.11), and let Ay > 2nw,™ 13, Ay > Ag, with Ay as
in Lemma 5.5. There exists g > 0 such that if 0 < e <eg and r € 0,79 — 0|, then the minimum problem

min {I(E) + M1||EAB,| —e| + || E| — |B,|| : |E| < oo}

as at least a solution F' C Bg, with R = ro + C1, where Cy is the constant in Lemma 5.6.

Proof. Given a set of finite perimeter and finite measure F, we define for € > 0
J.(E) = I(E) + A | BAB,| —¢| + As||E| - B, ||

Let E; be a minimizing sequence for J, such that

1
JE(Eh) S inf JE + E
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From this inequality, recalling Lemmas 5.4 and 5.5, we have,

1 1
Je(Ep) < I(By) + Aje + 7S I(Ey) 4+ V(B,) = V(Ep) + Aie + Ao |EpR| — | By || + 7

2

2-mn 1
< I(Ep) + nwn™ 1% By \ Ey| + Ave + Ao |Ep| — Byl + -

2—n

Therefore, from this inequality, recalling that A; > 2nw,™ 73, we have
Aq 1
AlHEhABT‘ — €| S 7‘37« \ Eh| + /115 + E,
hence

2
< —_—
[ErAB,| < e+ 370

Assume now that e < gy < 1/5, with €g to be chosen. Set 7 := 5¢¢. For h so large that 4¢ +2/(hA;) < n, denote
by rp :=rg, € [r,r+ C’ln%] the radius provided by Lemma 5.6. Thus, recalling (5.2), we estimate for h large

Ey\ By,
Je(EnNB,,) < (P(Eh) - |g\77|) +V(Ew) — KR(En) + KR(Ey \ By,) + A1||ExAB,| — ¢
1nn
+ M|[(En N By, ) AB:| — [ERAB, || + Aol |[Ep| — | By || + A2l Ep \ B, |

K 1
SJE(Eh)J'_(rn,Q +A1 +A2_ CT}l)|Eh\Brh| SJE(Eh)7
h 1 n

provided we choose 7, hence ¢, sufficiently small. Thus also Ej N B,, is a minimizing sequence for J.. Since
for h large the sets £ N B,, C Br are equibounded and have equibounded perimeters, a standard argument
shows that up to a not relabelled subsequence theyconverge in measure to a set £ C Br who is an absolute
minimizer for J.. O]

In order to make the presentation clearer we split the proof of Theorem 5.1 in several lemmas. We will argue
by contradiction.

Let 79 be defined as in (2.11). Given o € (0,79/2), we assume that there exists a sequence Ej, of sets such
that |Ey| = |By, |, with 7, € [0, 79 — o] and

lim |EvAB,| =0, I(Ey) <I(B,,)+Co|ELAB,,|?, forall heN, (5.4)

for some Cy > 0 to be fixed later.

The idea of the proof is to replace the sets Ej with a sequence of sets still satisfying (5.4), possibly with a
larger constant, and converging in C* to a ball B, with 0 < r < 7. This convergence will then contradict the
quantitative estimate (3.10), provided Cy is sufficiently small.

To this end we consider the functionals

J.

€h

(B) := I(E) + Mi[|[EAB;, | — ep| + Ao||E| — | By, ], (5:5)

where ey, := |ERAB,., |, and Aj, Ag satisfy the assumptions of Lemma 5.7. Thanks to this lemma we may conclude
that for h sufficiently large the functional J., has an absolute minimizer F} contained in Bg, where R is the
radius provided by the lemma.

Next lemma shows that the above minimizers F}, converge in measure to a ball.
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Lemma 5.8. Let the sets Fy be defined as above. Then, up to a subsequence, they converge in measure to a
ball B, with r € [o,r9 — 0.

Proof. Recall that for h large the sets F}, are equibounded. Moreover, still assuming h sufficiently large,
Iz, (Fh) < Je, (Brh) = I(Brh) + Mep, <C,

for some C' > 0 independent of h. Thus, the F}, have equibounded perimeters. Therefore, up to a not relabeled
subsequence, we may assume that they converge in measure to a set F., C Bg and that rp, — r € [o,79 — 0]. It
is easily checked that F, is a minimizer of the functional

J(E) = I(E) + M|EAB;| + Aso| |[E| — |B,||.
Let us now show that F, = B,. To this end we estimate, using Lemmas 5.5 and 5.4,

J(Foo) = P(Foo) + V(Foo) = KR(Foo) + M|Foo ABy | + A||Fo| — | Br||

(
P(B,)+V(Fyx) — KR(B,) + A |Fs o AB,|

>
=J(Br) + V(Fs) = V(Br) + M| Fc AB, |
> (BT)—nwn r0|B \ Fo| + A1 |FAB,|.
2—n
Then the conclusion follows by recalling that A; > 2nw,™ 72. O

The next lemma provides a density estimate for Fj,. We give only a sketch of the proof since it follows quite
closely a standard argument in the regularity theory of sets of finite perimeter.

Lemma 5.9. There exist po > 0 and 9o > 0 such that if F, C Br is a minimizer of J., and 0 < o < gg then
for ally € 0*F},

Fun By _
Bolw)| =17 (5:6)

Proof. From the minimality of F}, we have that J;, (F),) < J¢, (Fn, UB,(y)) for all ¢ € (0,1). From this inequality
we get that for L'-a.e. o € (0,1)

P(Fi; By(y)) < H" 1 (0B,(y) N Fi) + V(B,(y) \ Fi) — V(Fy) + KR(Fy) — KR(By(y) U Fy)
+ Mi[[(Bo(y) U Fn)ABy, | = [FRABy, || + Az|[ Bo(y) U Fu| — | Ful
< H"H0B,(y) \ Fi) + C|By(y) \ Fal,

where the constant C' depends only on n,rg, A; and As. Starting from this estimate, the conclusion then follows
arguing exactly as in Theorem 16.14 in [15]. O

Lemma 5.10. Let o € (0,79/2), A1, Ay and €, be as above and let Fy, C Bg be a minimizer of the functional J,
defined in (5.5). There exist A,7 > 0 and a not relabelled subsequence Fy, such that every Fy, is a (A,T)-almost
minimizer of the perimeter.

Proof. Observe that by Lemma 5.8 it follows that, passing possibly to a subsequence, we may assume that Fj,
converge in measure to a ball B, with r € [, rg — o]. We set g := min{c/2, 99}, where g is the radius provided
by Lemma 5.9. We claim that there exists hg such that

|B,\ Fy| =0, for all h > hy. (5.7)
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Indeed, if the above claim were not true we could find a subsequence F},, such that | Bz \ Fj, | > 0 for all k. Since
F}, converges in measure to B, and r > 2g, we may also assume that |B; N Fj,, | > 0 for all k. Therefore, by
the relative isoperimetric inequality we get that P(Fj,; Bs) > 0. Hence, for all k there exists y, € 0*F}, N Bp.
Passing possibly to another to a subsequence, we may assume that yx — y € Bj. By applying the estimate (5.6)
we the get

|Bs(y)| = 1iin|Fhk N Ba(yk)| < (1 - 190)11]?1|B§(yk)\ = (1 —=10)|Bg(y)|-

This contradiction proves (5.7).
Let us now set 7 = g/3. Let E C R™ such that EAF), C B,(y), with o <7 and h > hg. If |y| < 27/3, then,
since By(y) N Fy, = By(y) by (5.7), we have P(Fj; B,(y) = 0, hence, trivially

P(Fp; Bo(y)) < P(E; B,(y))-
If instead |y| > 27/3, we are going to show that
P(Fh; Bo(y)) < P(E; Bo(y)) + A|[EAF],
for some A > 0 that will be chosen below. From the minimality of Fj, we get, recalling (5.1),

P(Fy; Bo(y)) < P(E; Bo(y)) + V(E) — V(Fy) — KR(E) + KR(Fj)
+ Mi||[FRAB;| — |[ERABy| + Ao Fy|| — |E]|

n 2
< P(E:By(y) + - |E[*|E\ Fy|

1
FoAE |7

Since |E| < |Fy| + |Br| < C(n, o) and F,AE C R" \ By/3 from the above estimate we easily get that
P(Fy; Bo(y)) < P(E; Bo(y)) + C(n,ro, A1, A2)| P AE| + C(n)7* " K|F, AE|,

for some positive constants C'(n) and C(n,rq, A1, A2). From this inequality the conclusion immediately follows
by taking A sufficiently large. O

We are ready now to prove Theorem 5.1.

Proof of Theorem 5.1. Step 1. Given o € (0,r/2), we argue by contradiction, assuming that there exists a

sequence of sets of finite perimeter E}, satisfying (5.4). Then, we take A7 > anzTn r3 and Ay > max{2/y,44;}
and consider a sequence F}, of minimizers of the functionals (5.5), where ¢j, = |E,AB,., |. Thanks to Lemmas 5.7
and 5.8 we may assume, passing possibly to a subsequence, that F, C Bpr for all h and that they converge in
measure to the ball B, for some r € [0,79 — 0]. Then by Lemma 5.10 we may also assume that the F}, are all
(A,7)-almost minimizers of the perimeter for some A,7 > 0. Therefore, Theorem 5.3 yields that the sequence
Fy, converges in C1 to B,. In particular, denoting by 7, the radius of the ball such that |F,| = | B, |, we may
assume that 7, € [0/2,79 — /2] for all h and that there exists a sequence v, € C1(S"~!) converging in C! to
0 such that for all h

Fp ={y=rpe(1+¢p(x)): © € B}. (5.8)
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By the minimality of the F}, recalling Lemmas 5.5 and 5.4 we have
I(Fy) + A lIFadBy, | = n| + Ao\ Fil = By, || < 1(En) < I(By,) + Col EoAB, |
I(Fy) + V(Br,) = V(Fy) + Aol|[F| = |Br, || + Coeh,
2—n
< I(Fp) +nwn™ 15| By, \ Fal + Aol Fn| — By, || + Coej,

IN

A A
1(Fa) + By, ARy + 22| Fal = By, || + o, (59)

where the last inequality follows from the choice of A; and As. From the above inequality we then get easily
that

002

A 3
—||Fpn| = |Br, || < =|Br, AF] —cj.
et gl Pl = 1B || < 5B, ARy + S0

Note that in particular we have that for h large e, < 2|B,, AF,|. Therefore, passing possible to another
subsequence if needed, we may assume without loss of generality that for all h

Ao
+ —||F}| — | B,
€h 2 11” |l —|Br,

< 2|By, AFy| < 2|FyABy, | +2|[By, | — |Br, || = 2 [FRAB5, | + 2[|[Fu| — By, ||-
Recalling that we have chosen As > 44; from the above inequality we have that for all h
ep < 2|FhABrh|. (5.10)

Thus, using the second inequality in (5.9) we have that for all h

I(Fy) + Mi|[FRABy,

— €h| + Ao||Fr| — |Br, || < I(B,,) + C’oei < I(Bg,) + C(n,o0)|rn, — ru| + C’osi,

for a positive constant C(n, o) independent of h. Note however that there exists another constant c¢(n, o) still
depending only on n and o, such that

c(n,o)[rn = rn| < |[Fal = |Br,||-
Therefore, choosing Ay > C'(n,0)/c(n,o), and Ay accordingly, we have, recalling (5.10),
I(Fy) < I(By,) + 4Co| FABy, |, (5.11)

Let us now denote by x; the barycenter of F} and observe that

/ rdx
Fp

We set G, := Fj, — xp,. Since xj is converging to 0, from (5.8) we deduce that there exists a sequence ¢ €
C(S"1) converging in C* to 0 such that for all h

1
<
|BF}L ‘ FhABFh

1
|zp] = =— |x] dz — 0 as h — oo.

|B7~“h‘

Gr ={y =7hx(1 4+ pp(z)) : x € B}. (5.12)
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Step 2. We now estimate R(Fp,) — R(Gp). To this end we use Lemma 4.1 (note that 0 € G},), observing that
Fp, = ¢1(G},), where the flow is given by ®;(z) := x + tzp,. Thus, recalling (4.5) and (4.6) we have

R(Fy) — R(Gn) = / R
oG, |l 2

where G}, 4, = Gp, + tpxy, for some t;, € (0,1). Observe now that

‘/ (xh vy, )(@n - ) dH”‘l—/ (zn - va, ) (xn - x) dn-1
G, oG,

|z[" [

Ty - (.’L‘-f—th.’lﬁh) Tp T 1 3
= : — dH" <C .
[ o @) (U - ) awe | < Ol
Therefore, from (5.13) we have
. _9 . .
R(Fy) — R(Gy) :/ R A / (@ ”Gh)n(xh ) 441 4 of|an?). (5.14)
ac, |zl 2 Joac, ||

Recalling (5.12), we have that at the point y = 7,2 (1 + ¢p(x)) with z € S,

z(1+ ¢n(z)) — Drpn(®) .
V(L + ¢n(x))? + [Dron ()2

vay, (Z) =

Thus, denoting by div, the tangential divergence on the sphere and using the divergence theorem, we get

Th - VG, n— ~ n—
/ S = Th/ zp - (2(1 4 @n(x)) = Drpp(x)) dH" 1
OGH |x| Sn—1

= Fh/ (l‘h : CL')(ph dHn_l — ';:h/ diVT(LChQOh) dHn_l
Sn—1 Sn—1

=—(n— 2)%/ (zh - x)pp dH" L.
Sn—1

Since G}, has barycenter at the origin, arguing as in the proof of (3.9) we have that for h large

/ Tp - VGh dHn—l
3]

G "2

= (n — 2)?},,

T - / zp(x) dH" !
asn—1

< C(n)‘xh|||@h”%2(§n—1)~ (5.15)

Let us now estimate the second integral on the right hand side of (5.14). To this end we estimate

(zh - va, ) (Th - ) n—1 _ (xh “(@(1+on) — Drsﬁh))(xh 9 n—1
/agh e = T+ on(2) I

> [ (on @1+ o) = Drgn)) (o - ) aH ™ = Clo)lanf?lonlr ooy
Snfl

> / ) |xh -l‘|2dHn_1 - C’(n)|xh|2||gahHH1(gnf1) = wn|xh|2 — C(n)lmh‘2||(thH1(Snfl).
S§n—
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From this estimate and from (5.15) we finally obtain, recalling (5.14), that for h large

n—2
R(Fy,) = R(Gy) < C(n)|aalllenll7zgn-1) — Twnlmhl2 + C(n)|zn)lonllarnr)

n—2

< Cn)lanlllonlizgn-1) = —5—wnlzal”

Therefore, for h large, we have

K(n-2)

I(Gp) = I(Fp) + KR(Fp) = KR(Gp) < I(Fy) + C(n) K|zl onllF2gn-1) — 3

wWnlzn]?.

Therefore, using (5.11), from the above inequality we have for h large, recalling that x; — 0,

K(n-2)

I(Gh) < I(By,) + 4Co| FnABy, |* + C(n) K |zal [ @n |72 -1y = ——F—wnlzal’
_ 2 2 2 _Kn=-2) 2
< I(By,) + 8Co(|GhABR, |” + [GhAFL") + C(n) K |zalllnll 72 gn-1) 5 Wnlznl
K(n—2
< I(By,) + 9Co|GrABs, |? + 8Co|GLAF,|? — %wnmﬁ
< I(Bg,) +9Co|GhA Bz, |2,
where the last inequality follows by observing that
K(n—-2)

8Co|GLAF,|? — wnlzp|? < C(n)8Cqh|zn|? —

K(n—-2
% wn|:1:h|2 <0,

3

provided Cj is sufficiently small. In conclusion we have shown that for h large
I(Gh) < I(B;h) + 900|GhAB;h |2
and this inequality contradicts (3.10) if we assume also Cy < ¢1/9. O

6. GLOBAL MINIMALITY

In this last section we prove the existence of a critical radius r; < rg such that if » < r{, the ball centered
at the origin with radius r is the unique global minimizer of I among all sets of prescribed measure. We start
with a simple lemma.

Lemma 6.1. Let n > 3. There exists a constant C(n) > 0 such that if E C R™ is a Borel set with |E| = |B,|
then

R(B,) - R(E)

EAB,|\?
r2 | |) : (6.1)

rn

> C(n) (

Proof. Since both quantities in (6.1) are scaling invariant we may assume r = 1. Thus, let E be a Borel set
with |E| = |B| with |[EAB| > 0 and let us decompose it as E = (ENB)U(E\ B). Let 0 < p < 1 < r such that
|Bo| = |B\ E|, |By \ B] = |E\ B| and set

E*:= B, U(B,, \ B).
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Clearly, we have that
|[EAB| = |E*AB|, R(E*)> R(E).

At this point we can easily evaluate the left handside of (6.1)

R(B) — R(E) > R(B) — R(E*) = ”“;n (2= (% +12)).

Since r™ = 2 — ", from the inequality above we have
nwy, 2
R(B) = R(E) > (2= ¢* = (2= ¢")") := f(o).

The conclusion then follows by observing that

Before stating the main result of this section, let us define

1

K n

ro=|—1 .
! 2wy,

21

(6.2)

Theorem 6.2. Letn > 3. If r < r1, where r1 is defined as in (6.2), the ball centered at the origin is the only

gobal minimizer of I among all sets E C R™ with prescribed volume |E| = |B,.|. Moreover,
I(E) — I(B,) > ¢|EAB,|?,

for some positive constant ¢ depending only on n and r.

Proof. We start by observing that

V(Br)—V(E):/Br /B dedy—/};/Ededy
_ 2/n /n XB,,»(JC)T;(B,,»(y) - xe()) dady

_ y|n72

[ ) =) ) sl oy,

|z —y["—2

set for all x € R"

u(z) = / (s, (y) = xB(y))

|z —y|n—2
Then

—Au = c,(xB, — XE),
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for some constant ¢(n) > 0. Therefore, integrating by parts,

[ [ (. () = Xp ) 03, () = X)) g g [ wwautay=c, [ 1pupar 69

|z —y[n—2

Combining (6.3), (6.5) and the fact that u is superharmonic in B,, we get

V(B,) — V(E) <2 / u(y)dy < 2|B,lu(0) = 2|B,| (R(B,) — R(E))

r

Thus using the isoperimetric inequality, the above lemma and that » < r; we can conclude that
I(B) — I(B,) > P(E) - P(B,) + (K — 2|B,|) (R(B,) — R(E)) > c(n,r)(K — 2|B,|)| EAB, "
O

From definitions (2.11) and (6.2) it is clear that both r¢ and 71 tend to co as K — oo. However the ratio
ro/r1 stays bounded.

Lemma 6.3. Letn > 3. Then

. To
limsup — < (
K—+o0o T'1

Proof. Let P; be defined as in (2.13) and denote by 9 > r( the unique zero of P,. From the second equation in
(2.8), we have that

PQ(T) = a(n)r”f?’ —r" 4+ M’
1251

where, using the first equation in (2.8), a, = (n + 1)P(B)/[2(n — 2)V(B)]. Recalling the first equation in (2.8),
(2.12) and the definition (6.2) of r; we have at once that

K(n+2) n nw2 \ =
——— = =q,r{, where n:( ") > 1.
L1 TnT1 Y V(B)
Fix now £ > 0. Then
n,.n an(l _|_€)n—3 n
Py(vn (14 €)r1) = oy — 3 —(1+e)"+1) <0,
1

provided 71, hence K, is large enough. Therefore we may conclude that for K sufficiently large
ro <1y < (14 ¢)ry.
Hence, the result follows. O

To conclude, we just want to say that we do not expect that r; is the optimal radius for the global minimality.
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