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THE COST OF CONTROLLING STRONGLY DEGENERATE
PARABOLIC EQUATIONS*

P. CANNARSA* P. MARTINEZ? AND J. VANCOSTENOBLE?

Abstract. We consider the typical one-dimensional strongly degenerate parabolic operator Pu =
ur — (x%uz)e with 0 < < £ and « € (0, 2), controlled either by a boundary control acting at = £, or
by a locally distributed control. Our main goal is to study the dependence of the so-called controllability
cost needed to drive an initial condition to rest with respect to the degeneracy parameter a. We
prove that the control cost blows up with an explicit exponential rate, as ec/((27°‘>2T), when a — 27
and/or T — 0. Our analysis builds on earlier results and methods (based on functional analysis and
complex analysis techniques) developed by several authors such as Fattorini-Russel, Seidman, Giiichal,
Tenenbaum-Tucsnak and Lissy for the classical heat equation. In particular, we use the moment method
and related constructions of suitable biorthogonal families, as well as new fine properties of the Bessel
functions J,, of large order v (obtained by ordinary differential equations techniques).
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1. INTRODUCTION

1.1. Presentation of the problem and of the main results

The aim of this paper is to study the null controllability cost for the typical 1D degenerate parabolic operator

Pu=wu — (2%Uz) s (z € (0,1), t>0) (1.1)
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under the action of a boundary control H:

up — (x%Uy )y = 0, z € (0,1), t >0,
(z%uy)(0,t) =0, t>0, (1.2)
u(l,t) = H(t), t>0,
u(z,0) = up(z), x € (0,1),
and under the action of a locally distributed control h:
Ut — (maul’)l’ = h(xat)X[a,b] (iL’) T e (07 1); t >0,
®u,)(0,t) =0, t>0,

(2%uz)(0,1) > (1.3)

u(1,t) =0, t>0,

u(z,0) = ugp(z), xz € (0,1).

In [9], we established the following property:

given « > 1, T >0, 0 < a < b < 1, then, for any uy € L?(0,1), problem (1.3) admits a control
h € L?((a,b) x (0,T)) that drives the solution to 0 in time T" > 0 if and only if o < 2.

In the same way,

given o > 1, T > 0, then, for any ug € L?(0,1), problem (1.2) admits a control H € L?(0,T) that
drives the solution to 0 in time T > 0 if and only if a < 2.

The aim of this paper is to understand the behavior of the cost of control as:

— a — 27 (since o = 2 is the threshold for null controllability) ,
— and/or T'— 0T, an issue related to the so-called “fast control problem”.

It is well-known that the cost of control blows up when T' — 07 (at least for nondegenerate parabolic equations,
as we will recall in the following), and it is expected to blow up when o — 27. In this work we will prove
precise upper and lower bounds for this blow-up: denoting by u(® the solution of (1.3) for any given h €
L?((a,b) x (0,T)), we prove that the null controllability costs, defined as

Cotr—pa(e, T) == sup  inf{||H || 0,1y, u(T) = 0},

HU0HL2(0,1):1

and

Cetr—ioc(,T) := sup  inf{|[hlr2(0,1)x (0.1, u" (T) = 0},

lluo HL2(0,1)=1

blow up

—asa— 27,
— and/or as T — 07,

at a precise speed: there exist positive constants C, C’ such that

’

k1 (Ingl 4Inld) c
e @B TR T eT-0? < Cup_pa(e, T) < €T
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and, in a similar way,

’
7%(27:)4/3 (In 325 +In ) <

€ eTe-o? < Cctrfloc(a; T) <eTe-o?,

(See precise statements in Thms. 2.5-2.11.)

1.2. Relation to literature

This question of the cost of null controllability when some parameter comes into play has been studied for
several equations and in several situations:

the “fast control problem”, that is, the cost of null controllability with respect to time T as T'— 0T, has
been investigated for the heat operator

Pu=u; — Au (1.4)

(with a boundary or localized control) and the Schrodinger equation by several authors, see, in particular,
the works by Seidman et al. [45, 46], Giiichal [25], Miller [37-40], Tenenbaum and Tucsnak [48, 49], Erve-
doza and Zuazua [16], and the more recent papers by Lissy [34] (for dispersive equations) and Benabdallah
et al. [4] (for parabolic systems);

the “vanishing viscosity limit”, that is the cost of null controllability of a heat operator with the addition
of a transport term when the diffusion coefficient goes to zero:

P.ou=u; — eugs + Muy, (1.5)

(again with a boundary or localized control) has been investigated by Coron and Guerrero [15], Guerrero
and Lebeau [23], Glass [21], Glass and Guerrero [22], and Lissy [35];

the null controllability of the semilinear heat equation, studied in Fernandez-Cara and Zuazua [20], where
the cost is investigated in a preliminary step with respect to the L> bound of the potential term;

the 1D degenerate parabolic equation, controlled by a boundary control acting at the degeneracy point
(and o« — 17, 1 being the threshold value of well-posedness in this case, see [11]).

1.3. Description of the method and connection with the literature

For the proof of our results we follow the classical strategy which consists in:

the spectral analysis of the associated stationary operator (see Prop. 2.13) in order to determine the
eigenvalues and eigenfunctions of our problem by typical ODE techniques,

the use of the moment method, that was developed in the seminal papers by Fattorini and Russell [17, 18],
to give, at least formally, a sequence of relations satisfied by the desired control,

the construction and the properties of suitable biorthogonal families which are the main tool (at this point
we will use two extensions of the results of Seidman-Avdonin-Ivanov [46] and Giiichal [25], that we proved
in [11] and [12]),

the construction of suitable controls, mainly based on the behavior of the eigenfunctions of the spectral
problem in the control region.

Hence a starting point is the study of the spectral problem. In the context of degenerate parabolic equations,

it is classical that the eigenfunctions of the problem are expressed in terms of Bessel functions of order v, =

a—1
2—a?

and the eigenvalues in terms of the zeros of these Bessel functions, see Kamke [28]. This was a crucial observation
in the work by Gueye [24], where the null controllability of the degenerate heat equation for « € [0,1) was
addressed for the first time when the control acts at the degeneracy point, and in [11] where we obtained
optimal bounds for the cost of control for such a problem. For strongly degenerate parabolic equations, an
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additional source of difficulty is that the order of the useful Bessel functions blows up as « — 27. To cope with
such difficulties several classical results from Watson [50], Qu-Wong [43] and Landau [32] will be needed.

It turns out that there is a common phenomenon in the classical fast control problem ((1.4) when 7' — 07),
the vanishing viscosity problem ((1.5) when € — 07%), and the null controllability of the degenerate parabolic
equation (1.1) when the degeneracy parameter approaches its critical value: the eigenvalues concentrate when
parameters go to their critical values. Such a concentration phenomenon can be observed:

— for the vanishing viscosity problem, in [15];

— for degenerate parabolic equations, once the eigenvalues have been computed, in Lemma 5.1;

— for the classical heat equation and the fast control problem, once time has been renormalized to a fixed
value, see Remark 5.2.

This common feature is the key point in understanding the behavior of the control in every context. Indeed,

the construction of suitable biorthogonal families is strongly related to gap properties: the gap Ap41 — Ay — 0

when the degeneracy parameter goes to its critical limit, and the speed at which it goes to zero govern the

upper and lower estimates for the associated biorthogonal families (since the norm of such biorthogonal families

involve large products of the inverse of such differences), hence for the null controllability cost. (See also Ammar

Khodja et al. [2], where a condensation of the eigenvalues can imply a positive minimal time of controllability.)
In the context of degenerate parabolic equations, in order to obtain optimal bounds,

— we refine classical results providing sharp gap estimates for the zeros of Bessel functions of large order,
see Lemma 5.3,

— we will combine these gap estimates with some recent results [11, 12] that complete classical results of
Fattorini-Russel [18], obtaining explicit and precise (upper and lower) estimates for biorthogonal families,
even in short time, under some gap conditions, namely:

V?’L 2 17 Ymin S V >\n+1 -V >\n S Ymax
anN*, ’Y:;ﬁng \/>‘"+1_ V)‘ng’yzlax

these gap conditions are a little more general than the asymptotic development of the eigenvalues used in
Tenenbaum-Tucsnak [48] and Lissy [34, 35]:

A = rn? + O(n),

but, which is more important, they allow us to obtain precise estimates for the biorthogonal family when
some parameter comes into play, as it happens here or in 2D problems (see, e.g., [3, 19]); (the proof
of the general results obtained in [11, 12] concerning biorthogonal families is based on some complex
and hilbertian analysis techniques developped by Seidman-Avdonin-Ivanov [46], Giiichal [25] and the
adjonction of some well-chosen parameter, inspired from Tenenbaum-Tucsnak [48]);

— we complete the analysis of the asymptotic behavior of Bessel functions of large order, see Proposition
2.15; this issue is related to the so-called “transition zone” (see Watson [50] and Krasikov [30]) and recent
results of Privat-Trélat-Zuazua [42] p. 957, even though we prove Proposition 2.15 directly by estimating
the norm of the solution of a second-order differential equation depending on a large parameter.

1.4. Plan of the paper
The plan of the paper is the following.

— In Section 2, we state our main results concerning the null controllability costs (Thms. 2.5-2.11) and the
spectral properties of the problem (see Props. 2.13 and 2.15).

— In Section 3, we recall the main properties of Bessel functions, and prove Propositions 2.13 and 2.2.

— In Section 4, we establish useful identities by the moment method.
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— In Section 5, we prove Theorem 2.5; the proof is based on a recent result [12] based on hilbertian techniques
developed by Giiichal [25], the concentration of the eigenvalues (Lem. 5.1) and a precised form of a classical
property concerning the gap of the zeros of the Bessel function of large parameter (Lem. 5.3).

— In section 6 we prove Theorem 2.7; the proof is based on the construction of some suitable biorthogonal
family, based on [11] and inspired by the construction of Seidman et al [46].

— In Section 7, we prove Theorem 2.11, which is a direct consequence of the biorthogonal family constructed
in Section 6, assuming Proposition 2.15.

— In Section 8, we prove Theorem 2.9; the proof is based on energy methods and uses Theorem 2.5.

— In Section 9, we study the eigenfunctions in the control region, proving Proposition 2.15; the proof is
based on ODE techniques.

2. THE COST OF NULL CONTROLLABILITY: MAIN RESULTS

2.1. The controllability problems

We study the cost of null controllability of a degenerate parabolic equation, using either a boundary control
acting at the non degeneracy point or a locally distributed control. More precisely, we fix £ >0, « > 1, T > 0,
and for any uy € L?(0,£), we wish to find a control H such that the solution of

up — (x%Uy )y = 0, xz € (0,0), t >0,

(x%uy)(0,t) =0, t>0, (2.1)
u(l,t) = H(t), t>0,

u(z,0) = uo(z), z € (0,1),

also satisfies u(-,T") = 0.
Similarly, given 0 < a < b < £ and for any uy € L?(0,¢), we wish to find a control h such that the solution of

ur — (2%Ug )z = M2, 1) X[a,5)(7) x €(0,0), t >0,

(z%u;)(0,t) = 0, t>0, (2.2)
u(l,t) =0, t>0,

u(z,0) = uo(x), x € (0,4),

also satisfies u(-,T) = 0.
In space dimension 1, these two problems are very close. From [9], we know that such controls exist if and only
if o €1,2).

2.2. Functional setting and well-posedness
2.2.1. Functional setting and well-posedness for a locally distributed control

For 1 < a < 2, we consider the following spaces :

HL(0,0) := {u € L*(0,£) | wu locally absolutely continuous in (0, €], 2%/?u, € L*(0,£)},

Hy 0(0,6) == {u € Ha(0,0) | u(f) =0},
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and
H2(0,0) == {u € H:(0,0) | 2%u, € H'(0,0)}.
Then, the operator A : D(A) C L?(0,¢) — L?(0,¢) will be defined by

Yu € D(A), Au:= (x%uy),,
D(A) :=={ue€ H\,(0,0) | 2%u, € H'(0,£)} = H2(0,£) N H} ,(0,4),
= {u € L*(0,¢) | ulocally absolutely continuous in (0, ],
z%u € HY(0,0), 2%u, € HY(0,¢) and (2%u,)(0) = 0}.

Notice that, if w € D(A), then u satisfies the Neumann boundary condition (2%u,;)(0) =0 at = 0 and the
Dirichlet boundary condition u(¢) = 0 at « = ¢.
Then the following results hold, (see, e.g., [6] and [8]).

Proposition 2.1. A: D(A) C L*(0,¢) — L?(0,¢) is a self-adjoint negative operator with dense domain.

Hence, A is the infinitesimal generator of an analytic semigroup of contractions e*4 on L2(0,¢). Given a
source term h in L?((0,¢) x (0,7T)) and an initial condition vy € L?(0,¢), consider the problem

v — (%) = h(x,t),
(z%v,)(0,¢) =0,
v(£,t) =0,

v(z,0) = vo(x).

(2.3)

The function v € C°([0,T]; L*(0,¢)) N L*(0,T; H,, ((0,¢)) given by the variation of constant formula
¢
v(-,t) = ety —|—/ e=94n (., s)ds
0

is called the mild solution of (2.3). We say that a function
v € C°([0, T1; Hy o0, €)) N H'(0, 75 L2(0,6)) N L*(0, T; D(A))

is a strict solution of (2.3) if v satisfies v; — (x%v,), = h(x,t) almost everywhere in (0, ¢) x (0,7), and the initial
and boundary conditions for all ¢ € [0,T] and all = € [0, £].

Proposition 2.2. If vy € H}, 4(0,£), then the mild solution of (2.3) is the unique strict solution of (2.3).

The proof of Proposition 2.2 follows from classical results, see Section 3.4.

2.2.2. Functional setting and well-posedness for a boundary control

To define the solution of the boundary value problem (2.1), we transform it into a problem with homogeneous
boundary conditions and a source term (depending on the control h): formally, if u is a solution of (2.1), then
the function v defined by

x2—o¢

v(x,t) =u(z,t) — WH(t) (2.4)
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satisfies the auxiliary problem

v — (3%0,)y = — S H' () + 222 H (1),
(z%v,)(0,t) =0,

2.5
v(l,t) =0, (2:5)
v(w,0) = ug(x) — L= H(0).
Reciprocally, given H € H*(0,T), consider the solution v of
v — (2%0,)y = — 5 H'(t) + 222 H (1),
(z%v,)(0,t) = 0, (2.6)
v(£,t) =0,
v(x,0) = vo(x).
Then the function u defined by
x2—o¢
u(z,t) = v(x,t) + o H(t) (2.7)
satisfies
up — (x%Uuy )y = 0,
(z%uz)(0,1) =0, 28)

U(f, t) - H(t)v
u(z,0) = vo(x) + L H(0).
This motivates the following definition of what is the solution of the boundary value problem (2.1):

Definition 2.3. a) We say that v € C([0,7]; L?(0,¢)) N L?(0,T; HL(0,¢)) is the mild solution of (2.1) if v
defined by (2.4) is the mild solution of (2.5).
b) We say that

u € C([0,T]; H:(0,£)) N H*(0,T; L*(0,£)) N L*(0,T; H2(0, £))

is the strict solution of (2.1) if v defined by (2.4) is the strict solution of (2.5).
Then we immediately obtain

Proposition 2.4. a) Given ug € L*(0,¢), H € H*(0,T), problem (2.1) admits a unique mild solution.
b) Givenug € H) 4(0,£), H € H'(0,T) such that uo(€) = H(0), problem (2.1) admits a unique strict solution.

The proof of Proposition 2.4 follows immediately, noting that

H(x,t):= ——
satisfies

H e C([0,T); H:(0,¢)) n HY(0,T; L*(0,£)) N L*(0, T; H2(0,£)).
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2.3. Null controllability results for the boundary control

Consider

Cctr—bd(av Ta e) = sup inf{HH”Hl(O,T)a u(H) (T) = 0}7 (29)

”'U'OHL2(O,£):1
where 1) is the solution of problem (2.1). Then we prove the following estimates:

2.3.1. Lower bound of the null controllability cost

Theorem 2.5. There exists a constant Cy, > 0 independent of o € [1,2), of £ >0 and of T > 0 such that

52_(1 _.2_T C 2z _ 1 1 +21_a/2 In el_a/2+lni
Cotr-salet, T,8) 2 Cu—me™™ Pome Tt o o me M, u10)
—

Remark 2.6. This proves that the cost blows up when 7" — 0%, or a — 27, or £ — 400, and at least
exponentially fast. When / is fixed and T < Tp, this simplifies into

_Cy 1 1yl 4l
Cctrfbd(a;T, g) 2 CueT(Q_a)z e Cu (2_a)4/3( - T).

2.8.2. Upper bound of the null controllability cost
Theorem 2.7. There exists a constant Cy, > 0 independent of o € [1,2), of £ >0 and of T > 0 such that

Ou T c 02—

1 R S
Cotrpa(, T, f) < ——=2 o~ T oa (o T@ar? | 2.11
tr—bd ) (2—a)T? ( )

Remark 2.8. This proves that the cost blows up exactly exponentially fast as T — 0%, or a« — 27, or £ — +00.
When / is fixed and T < Ty, this simplifies into

Cu _Cu
Cctr—bd(aa Ta E) < —————eT(-)?,
2—a)T
2.4. Null controllability results for the locally distributed control
Consider

Cctr—loc(av T7 E) = sup inf{||h||LZ((a,b)><((O,T))a u(h) (T) = O}a (212)

HUO H L2(0,0) =1
where u is the solution of problem (2.2). For this problem, we are mainly interested in the dependence with
respect to the degeneracy (o — 27) and to time (fast controls, when 7' — 0), see Remarks 2.10 and 2.12. And

we prove the following estimates:

2.4.1. Lower bound of the null controllability cost
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Theorem 2.9. Given ¢ > 0, and 0 < a < b < {, there exists a constant C = C~'(a,b7 £) > 0 independent of
a € [1,2) and of T > 0 such that

C Ll o (ngi+lnt)-LT
Cctrfloc(aaTyg) CeT(e- a)Ze C (2—a)d/3 2— T/7 ¢

~ 1. (2.13)

Remark 2.10. Theorem 2.9 improves a previous result of the same kind: Proposition 16.7 from [10], where we
proved an estimate of the form

O(T, 0)

Cctr—loc(aa T7 Z) Z
2—«

as o — 27. Here Theorem 2.9 proves that the cost blows up (exponentially fast) when 7" — 0T, or @ — 27:
when T — 0 and/or @ — 27, this simplifies into

CCt’I“*lOC(av T7 é) C T(2— D‘)z e C (2- ‘1)4/3 (In 2 a o T)
Note that in the proof of Theorem 2.9 we obtain an explicit expression of C' (a,b, ).

2.4.2. Upper bound of the null controllability cost

Theorem 2.11. There exists a constant Cy, = C,, > 0 independent of a € [1,2), of T > 0 and of 0 < a < b < £,
and 5 = 3 (a,b,£) > 0 such that

Cy e 2o 1 1
Cctr—loc(aaTv E) S 7* T(-a)?e” C" 22 « max{ \/*< )’ él—a/? }

= (2.14)

Remark 2.12. This proves that the cost blows up exactly exponentially fast as T — 0T, or a — 27, or
{ — +00. When / is fixed and T < Ty, this simplifies into

[ —
Cotr—toc(a, T, 0) < Ce” " TE=a)7

2.5. The eigenvalue problem

The knowledge of the eigenvalues and associated eigenfunctions of the degenerate diffusion operator u —
—(x*u'), i.e. the solutions (\, @) of

— (29 (2)) = \®(2) z € (0,0),
(z*®'(x))(0) = 0, (2.15)
() =0

will be essential for our purposes.

2.5.1. Figenvalues and eigenfunctions

It is well-known that Bessel functions play an important role in this problem, see, e.g., Kamke [28]. For
€[1,2), let

a—1 2—«
Vo 1= , Ko i=
2—«
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Given v > 0, we denote by J, the Bessel function of first kind and of order v (see Sect. 3.2) and denote
Jua < Ju2 <+ <jun <... the sequence of positive zeros of J,. Then we have the following:

Proposition 2.13. The eigenvalues \ for problem (2.15) are given by

Vn > 1, Aan = LO2K250 (2.16)

)

and the corresponding normalized (in L*(0,()) eigenfunctions takes the form

V2K _ . T
B — o (1-a)/2 Z)ka ) 2.1
an (@) v (jya,n)‘x Jve (]Vu)n(é) ), z € (0,0) (2.17)

Moreover the family (®o.n)n>1 forms an orthonormal basis of L*(0,£).
Remark 2.14. Gueye [24] proved Proposition 2.13 in the case a € [0,1) and when ¢ = 1. The case a € [1,2)
and ¢ # 1 is very similar.
2.5.2. The eigenfunctions in the control region
We will prove the following property:

Proposition 2.15. Given 0 < a < b < ¢, there exists v§ = v} (a,b, ) > 0 such that
b
Va € [1,2),Vm > 1, / Do (2)?dr > 75(2 — ). (2.18)

It is classical in the nondegenerate case (Lagnese [31]) that

b
inf / P2, > 0;

m

but, in our purpose of estimating the cost of null controllability, it is necessary to have a lower bound of f: @im
with respect to the degeneracy parameter o when o — 27, and the dependence is given in Proposition 2.15.
This does not come easily, since @, is solution of a second-order differential equation depending on a large
parameter. We will overcome this difficulty with ODE techniques.

3. PROOF OF PROPOSITIONS 2.13 AND 2.2

In this section, we study the spectral problem (2.15) and the properties of the eigenvalues and eigenfunctions,
and as a first application we deduce the well-posedness result stated in Proposition 2.2.

Let us study the spectral problem. First, one can observe that if A is an eigenvalue, then A > 0: indeed,
multiplying (2.15) by ® and integrating by parts, then

14 4
/\/ @2:/ P2,
0 0

which implies first A > 0, and next that ® =0 if A = 0.

3.1. The link with the Bessel’s equation

There is a change a variables that allows one to transform the eigenvalue problem (2.15) into a differential
Bessel’s equation (see in particular Sect. 2.162, Eq. (Ia), p. 440 of [28], and Gueye [24]): assume that ® is a
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solution of (2.15) associated to the eigenvalue \; then one easily checks that the function ¥ defined by
l-a 2 2—a
O(r) = a2 \11(27\5;5 : ) (3.1)
-«

is solution of the following boundary problem:

v () £y () + (57~ (55)°) W) =0,y € (0,525 VAL,
2—a)y==¥'(y) — (- 1y2=TV(y) > 0as y — 0, (3.2)
@(ﬁﬁﬁ%‘) —0.

<
MQ

3.2. Bessel’s equation and Bessel’s functions of order v

For reader convenience, we recall here the definitions concerning Bessel’s equation and functions together with
some useful properties of these functions and of their zeros. Throughout this section, we assume that v € R,..

3.2.1. Bessel’s equation and Bessel’s functions of order v

The Bessel’s functions of order v are the solutions of the following differential equation (see Sect. 3.1, Eq.
(1), p. 38 of [50] or Eq. (5.1.1), p. 98 of [33]):

v (y) +y ¥ (y) + (y° - ) U(y) =0, y € (0,+00). (3.3)
The above equation is called Bessel’s equation for functions of order v. Of course the fundamental theory of

ordinary differential equations says that the solutions of (3.3) generate a vector space S, of dimension 2. In the
following we recall what can be chosen as a basis of S,,.

3.2.2. Fundamental solutions of Bessel’s equation when v ¢ N

Assume that v ¢ N. When looking for solutions of (3.3) of the form of series of ascending powers of y, one
can construct two series that are solutions:

mzz:o m! T((wlr):wr 1) (%)Hzm and ngo ml F(Eylimm+ 5 (%)_””m’

where I' is the Gamma function (see Sect. 3.1, p. 40 of [50]). The first of the two series converges for all values
of y and defines the so-called Bessel function of order v and of the first kind which is denoted by J,,:

°© —1)m 2m—+v ©
Toy) =D — r( ) ( )= Z ch g,y >0, (3.4)
m=0

(m+v+1) rt

(see Sect. 3.1, (8), p. 40 of [50] or Eq. (5.3.2), p. 102 of [33]). The second series converges for all positive values
of y and is evidently J_,:

Tov) =2 o ré@l_)my 1) (g)mw =D amy™" " y>0. (3.5)

When v ¢ N, the two functions J, and J_, are linearly independent and therefore the pair (J,,J_,) forms
a fundamental system of solutions of (3.3), (see Sect. 3.12, Eq. (2), p. 43 of [50]).
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3.2.3. Fundamental solutions of Bessel’s equation when v =n € N

Assume that v = n € N. When looking for solutions of (3.3) of the form of series of ascending powers of y,
one sees that J,, and J_,, are still solutions of (3.3), where .J,, is still given by (3.4) and J_,, is given by (3.5);
when v =n € N, J_,, can be written

—1)m —n+2m
Tonly) = Z m! F((m —) n+1) (g) ’ (3.6)

m>n

However now J_,(y) = (—1)"J,(y), hence J,, and J_,, are linearly dependent, (see Sect. 3.12, p. 43 of [50] or
Eq. (5.4.10), p. 105 of [33]). The determination of a fundamental system of solutions in this case requires further
investigation. In this purpose, one introduces the Bessel’s functions of order v and of the second kind: among
the several definitions of Bessel’s functions of second order, we recall here the definition by Weber. The Bessel’s
functions of order v and of second kind are denoted by Y, and defined by (see Sect. 3.54, Eq. (1)-(2), p. 64 of
[50] or Eq. (5.4.5)—(5.4.6), p. 104 of [33]):

weN, () =2 CO;(;&) .

Vn € N, Y, (y) :=lim, ., Y, (y).

)

For any v € Ry, the two functions J, and Y, always are linearly independent, see Section 3.63, Eq. (1), p. 76
of [50]. In particular, in the case v = n € N, the pair (J,,Y;,) forms a fundamental system of solutions of the
Bessel’s equation for functions of order n.

In the case v = n € N, it will be useful to expand Y,, under the form of a series of ascending powers. This
can be done using Hankel’s formula, see Section 3.52, Eq. (3), p. 62 of [50] or Eq. (5.5.3), p. 107 of [33]:

n—1
2 y 1 (n—m—1)! fy\2m-n
VneN*,  Yo(y) = —Ju(y)] (7) -2 (7)
ne () = —Ja(y)log (5 ) — — 2 5
- l 00 (_1)m (y)n-&-Qm Fl(m+ 1) N I"(m—i—n—f— 1) (3 7)
m = ml(n+m)! \2 'm+1) Tm+n+1)]" 7

where 1% is the logarithmic derivative of the Gamma function, and satisfies % = —~ (here v denotes Euler’s
constant) and

I"(m+1) 1 1

———~=14-+4...— —« forall .

T+ 1) +2—|— — = fora m e N

In the case n = 0, the first sum in (3.7) should be set equal to zero.

3.2.4. Zeros of Bessel functions of order v of the first kind

The function .J, has an infinite number of real zeros which are simple with the possible exception of x = 0
(Sect. 15.21, p. 478-479 applied to C,, = J,, of [50] or Sect. 5.13, Thm. 2, p. 127 of [33]). We denote by (jun)n>1
the strictly increasing sequence of the positive zeros of J,,:

0<jui<go2<-< jon<...
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and we recall that
Jun — +00 as n — +oo.

We will also often use the following bounds on the zeros, proved in Lorch and Muldoon [36]:

1 v 1 v 1
>7a >17 ( *_7)< .Vn< ( 7_7)' .
VV_2Vn_ 7Tn+4 3 <, _7Tn+2 1 (3.8)
Note also that ([36]):
1 v 1 1% 1
Z > —— =) <. < - —=. .
e, 5l vn>1, 7r(n+ 5 4) < Jum < w(n+ 1 8) (3.9)

We will also use the following asymptotic development of the first zero j, 1 of J, with respect to v (Sect.
15.81, p. 516 of [50]) when v — +oc:

Jua = v +1,85575701/3 + 0(1),
and a similar develoment for j, 2, extracted from [43] where it is proved that

3 21/3
< Juk <V-— &1/1/3 + —a?

575 500k 175 (3.10)

which is valid for all v > 0, all k£ > 1, and where aj, is the k-th negative zero of the Airy function.

3.3. Proof of Proposition (2.13)

As noted before, A = 0 is not an admissible eigenvalue for problem (2.15), hence A > 0. So, using (3.1), we
can transform problem (2.15) into problem (3.2). In the following, because of the difference in the construction
of a fundamental system of solutions of (3.3), we treat the following cases separately: v, € N, v, =n € N* and
Vo = 0.

3.8.1. Case v, ¢ N.

Let us assume that v, € N. Then we have
q) - C+ (I)+ + C,(I),

where @ and ®_ are defined by

o 2 . o 2 o
D, (z) = a:lTJya(m\[\x%), O (1) := J;lTJ_Va(m )\mQT).
Using the series expansion of J,, and J_,_, one obtains
o0 o0
Oy (x) =D & 2T B (2) =) G et (3.11)

m=0 m=0
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Vo,

where the coefficients ¢, and ¢ are defined by

e o i=cf (Lﬁmewa, Cooom = c;()(’m(zi\f/\)zmiya. (3.12)

VoM Va,m\ 9 _ —«
We deduce that

Oy (z) ~0 &) o0 2P0 (2) ~ (2— @) a2,

D_(z) ~ élfmoxl_“, 22" (x) ~o (1 — oz)é;mox_“/Q,

hence &, € H1(0,¢), while ®_ ¢ H}(0,¢). Therefore, ® = C, &, +C_®_ € H.(0,¢) implies that C_ = 0 and
® = C, . Moreover, 2*®’ () — 0 as © — 0, hence the boundary condition in 0 is automatically satisfied.
Finally, the boundary condition ®(¢) = 0 implies that there is some C; and some m € N, m > 1 such that

A=k252 072 and  @(x) = Cra 2y (Gonm(S)5).

@ ,m

In the same way, any ®(z) := Co'z" Jvo (Gua,m (7)) is solution of (2.15), and the family (®,(z) =
7 Jve (Jvan(%)F))n forms an orthogonal family of L*(0,¢), which is complete since the family is composed
by the eigenfunctions of the operator T:

To: L2(0,0) = L2(0,0), [ Ta(f) = us

where uy € D(A) is the solution of the problem —Au; = f, which is self-adjoint and compact (Appendix in
[1]). Finally, it remains to norm this orthogonal family:

0 1

- N x K —Q —Q N K

[ ey de =0 [0 ) dy
0 0

£2—a

1
= / szﬂ (Joy.mz)dz =
0

Ka

21 o _ 7, Gvem))?

o ']I/ '1/ n - )
it )] T

Ka 2

which gives us that the family given by (2.17) forms an orthonormal basis of L?(0,¢). This ends the proof of
Proposition 2.13 when « € [1,2) is such that v, ¢ N.

3.3.2. Case vy = ny € N*.

Let us assume that v, = n, € N*. In this case, we have recalled in Section 3.2.3 that a fundamental system
of the differential equation (3.3) is given by J,_  and Y, . This gives us that ® is a linear combination of ®
and @, _, where

O, _(z):= x%‘f“ymm(%ﬁx%). (3.13)
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As we have done above, we now study if &, _ € H(0,¢). First we need its decomposition in series: it follows
from (3.7) that

Na—1 “+o00

2 1 2-a N
_“ - = ~ (1—a)+(2—a)m (2—a)m
O, _(z)= 7T<I>+(3:) log <2 — a\[\az z > + mX::O GmT + mz::obmx , (3.14)
where
2m—ng,
o o La—m-1) 2
m m! 2Kq
and

2mna ’ /
;o1 (1) (ﬁ) {F(m—l—l)_‘_l"(m-i-na—&-l)}

" ml(ne +m)! \ 264 T(m+1)  T(m+ne+1)

We study the three functions that appear in the formula of ®, _. First

2 1 —a
q)+7_71($) = ;‘p_A'_(IL') log (H\/XI%)

satisfies

2Kq 2K
1t 25/ a~t —l1ta/2
Dy 1(z) ~o 0 Cp., 0108z, x®/ (I)Jr,—,l(ff) ~o T Cngo, 0T e/ )

hence @, _ ; € HL(0,/) since o > 1. Next

Nag—1
Dy _o(x) = Z (1) H 2z
m=0
satisfies

O o(2) ~o dor' T, @R y(x) ~o (1 - @)aga T,

hence @, _ o ¢ HL(0,¢), since ag # 0. Finally,

—+oo
Oy 3(x) = Z by 2mem
m=0

satisfies
Oy s(@) ~obo, PP g(x) ~o (2 - )bt T/,
hence &4 _ 5 € HL(0,0). Thus @, _ =@, _ 1+ D, o+ P, 53¢ H(0,4),and if ®=C, P, +Cy P, _ €

H}(0,¢) then necessarily Cy _ =0, and ® = C;®,. Then we are in the same position as in the previous case
and the conclusion is the same.
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3.3.3. Case vq, =0 (hence o =1).

In this case, the first sum in the decomposition of Yj is equal to zero, hence we have @, _ =&, _ 1 + P, _ 3.
Moreover,

2K 2K
~ 2 1~ -1/2
- 1(@) ~o —=E Ina, 2?9, i (2) ~o ——C 0T 2,

hence ®, _ 1 ¢ H!(0,£). On the contrary ®, _ 3 € H(0,¢), which implies that, once again, ®, _ = &, _; +
®, 3¢ HL(0,¢), and the conclusion is the same. O

3.4. Proof of Proposition (2.2)

Since {®, ,,,n > 1} is an orthonormal basis of L?(0, ¢), it suffices to observe that
HJ) 0(0,6) = {u € L*(0,0) Z am (U, an)iap < 00}(= D((—4)'?)). (3.15)

Indeed, since A generates an analytic semigroup of negative type on X = L?(0,¢), the conclusion follows from
the variation of constant formula

t
u(t) = eug —|—/ e An(., s) ds
0

and well-known maximal regularity results which ensure that both maps
t
tettuy  and ¢ .—>/ e=An (. 5)ds
0

belong to H(0,T; X) N L*(0,T; D(A))NC°([0,T]; D((—A)'/?)) whenever ug € D((—A)Y/?) and h € L*(0,T; X)
(see, e.g., [5]). Finally, in order to check (3.15), it suffices to observe that for any u € D(A), given by

oo

Z Uu, (ban L2(0, Z)(I)oz ny

n=1

we have that

oo

¢
/a(x)uidx— (Au,u)r200,0) = Z anuq)anLg(”) O
0

4. PRELIMINARIES: THE MOMENT METHOD

We follow the strategy initiated by Fattorini and Russell [17, 18]. The precise estimates given in Theorems
2.5-2.11 are based on identities given by the moment method. We separate the boundary case from the locally
distributed case.
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4.1. The boundary control problem (2.1)
4.1.1. The moment problem satisfied by a control H € L*(0,T)

In this part, we analyze the problem with formal computations. First, we expand the initial condition ug €
L?(0,¢): there exists (1), ,,)n>1 € £*(N*) such that

z) = Z Ng,nq)a,n(f)

n>1

Next we expand the solution u of (2.1):

=Y Ban)®an(z), w€(0,6), >0

n>1
with

> Bam(t)? < +oo.

n>1
Therefore, the controllability condition u(-,T) = 0 becomes
Vn > 1, Ban(T)=0.

On the other hand, we observe that wg, ,(2,t) := ®4 ,(x)e=»=T) is solution of the adjoint problem:

(wa,n)t + (xa(wa’n)m)m =0 S (0,6), t> 0,
(xa(wa,n)r)(ovt) =0, (41)
wa,n(& t) =0 t>0.

Multiplying (2.1) by wa,, and (4.1) by u, we obtain

T
0:/0 /0 wa,n(“t_(x uz)w)+u((wa,n)t+(x (wa,n)x)x)
_ ¢ T T « Zdt T « Zdt
—/0 [Wa,nulp da:—/o [Wa,nT%uz]g +/0 [uz®(Wa,n)z)o
-/ [ PeTde g [l )
— [ w00t~ [ e 0@ T [t e )
= Ban(T) —ernTpl |+ /0 H(t)err =T (209, ) (2 = ¢)dt.

It follows that, if the control H drives the solution to 0 at time 7', then
T
ra | H(p)e e T0ds = e Nen Tyl
0

where we have set

Tan = (@@ )(z=1). (4.2)

a,n
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Hence, the controllability condition (-, T) = 0 implies that
T
Yz ren [ H@S = i, (4.3)
0

4.1.2. The moment problem satisfied by a control H € H'(0,T)

Moreover, since we want a solution of the moment problem that belongs to H!(0, T), it will be more interesting
to see what its derivative has to satisfy. Integrating by parts, we have

T 1 T
/ H(t)e)\a,'n,t dt = [ H(t)(i)\“’"t}g _/ 7H/(t)e)“’*"t dt.
0 >\a,n 0 )\a,n
Hence the derivative H' has to satisfy
r T T
e / H'(t)ere ! dt = i), — 12" [H(T)e> T — H(0)]. (4.4)
a,n JO a,n

We will provide a solution of this problem that satisfies H(0) =0 = H(T).

4.1.8. A formal solution to the moment problem, using a biorthogonal family

Assume that there is a family (o7 ,,)m>1 of functions ot ,, € L*(0,T), which is biorthogonal to the family
(erent),~1, which means that:

1lifm=mn,

T
VYm,n > 1, / ol L ()erentdt =6, = _
0 ’ 0 if m # n.

Then, at least formally, the function

0
&,

=

H(t):= ) ~“"of,.(1)

a,m
m=1 ’

<

satisfies the moment problem (4.3). To enter into our functional setting, we would need to verify that this
gives a function belonging to H'(0,T), then at least to L?(0,T). For this, we will need suitable bounds on
HUim”LQ(o,T)y first with respect to m (to ensure the convergence of the series that defines H), then with respect
to «, to measure the null controllability cost.

Since our functional setting demands the control to belong to H'(0,T), we are going to repeat the same
arguments, but with the moment problem (4.4): set

and assume that we are able to construct a family (0], )m>0 of functions o} ,, € L?(0,T), which is biorthogonal
to the family (e*en?t), >, which means that:

lifm=mn,

T
vmvn > 0’ / O—(ng(t)e/\amt dt = 5mn = .
0 o 0 if m # n.
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Then consider
> )\a,mﬂ' m t
K(t)=—Y —“2mgt (1), and H(t) ;:/ K(r)dr.
0

Then at least formally K solves the following moment problem

T

Aa

T
Vn>1 - ’n/ K(t)eka’"t dt:ugm;
m J0O

moreover, if K € L?(0,T), then H € H'(0,T), clearly H = K, and H(0) = 0, and moreover H(T) = 0 thanks
to the additional property that the family (o} ,,)m>1 is orthogonal to =0t = 1; hence H will be in H(0,T)

)
a,m
and will satisfy the moment problem (4.4). It remains to check that all this makes sense, in particular that

K € L*(0,T). Clearly, we will need suitable L? bounds on the biorthogonal sequence (o} ,,)m>1, that will come
2

from the study of the eigenvalues A, and from the behavior of the real sequence (7 ,,)m-

4.2. The locally distributed control problem (2.2)
4.2.1. The moment problem satisfied by a control h € L*((a,b) x (0,T))
First we expand the initial condition ug € L*(0,¢): there exists (1, ,,)n>1 € £2(N*) such that

uo(z) = Z 19 1 @ (), x € (0,0).

n>1

Next we expand the solution u of (2.2):

w@,t) =3 Ban()@am(x), € (0,0, t€(0,T), with Y Ban(t)’ < +oo.

n>1 n>1

Once again multiplying (2.2) by wa (7, t) := @4, (2)eren =T which is solution of the adjoint problem (4.1),
one gets:

/OT /Oé h(z,t)X(a,b) (2)Wa,n (2, 1) dz dt = /OT /OZ We o (2, ) (ug — (%) 2

— /Oé[waynu]g — /OT /oe(wa,n)tu - /OT[wa,n(faUx)]g

T pL
+ / (wa,n)a:xaua:
0 0
4 4 T
:/ (I)amu(T) — e_Aa’nT/ (I)oz7nu0 _/ [wam(a:o‘uw)]é
0 0 0
T T 4
+/ [xa(wa,n)xu]é _/ / ((wa,n)t + (xo‘(wa,n)l.)l)u
0 0 0
4

4
:/ fI)a,nu(T)fef)‘a*"T/ D, nuo.
0 0
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Hence, if h drives the solution u to 0 in time 7', we obtain the following moment problem:

T L
Vn > 1, / / h(z7t)X[a,b] (x)(I)(X,n(x)e)‘av"tdgjdt = _IUJ(()x,n (47)
0 0

4.2.2. A formal solution to the moment problem, using a biorthogonal family

Assume for a moment that there exists a family (o} ,,)m>1 in L?(0,T) that satisfies (4.5). Then let us define

=Dl mOdml qf)‘”g(x). (4.8)
m>1

Let us prove that, formally, & is solution of the moment problem (4.7):

Tt t 2 : (I)oz Pa.m(z) Aa,nt
h(l‘, t)X[a,b] (,’E)q)a’ ( Aein dzdt = :uoz m a m q)a’n(m)e crtdtde
0 0

m>1 f (I)
T
j/ > uayn————ﬁlgfﬂﬁfz j/ ot ) d
a 3 f P2 o
- Z _M?X,mfsmn fa ¢aam J/‘)‘I)a,n(x)d]}

b
2
m>1 fa a,m

_ 0
- _/’['a,n'

Hence, formally, h defined by (4.8) solves the moment problem. It remains to check that all this makes sense,
in particular that h € L2((0,¢) x (0,T)). Clearly, we will need suitable L? bounds on the biorthogonal sequence
(O’+ )m>1, that will come from the study of the eigenvalues A, ,, and from the behavior of the real sequence

f ®2 ,.)m (given in Prop. 2.15).

5. PROOF OF THEOREM 2.5

In this section, we are going to work on the moment problem (4.3) given by the moment method to obtain the
desired lower bound on the null controllability cost for (2.1). The proof will use in particular ideas of Giiichal
[25].

5.1. The contribution of the eigenfunctions to the blow-up of the null controllability cost

Assume that H € H'(0,T) drives the solution u of (2.1) to 0 in time 7. Then H satisfies (4.3). Let us
compute the coefficient that appears:

a a \4 2H 1—o) .
Iram| = |(z (p,an)(x ==t mf( Jvam | o Uvan)l

_ EafnawL(lfa)/Zfl\/i,iu jl/a,n — /2 ¢(20-3)/2 Ki/z o
— VB2 S (5.1)

This implies that the null controllability cost blows up, at least at a rational rate: indeed, we deduce from (4.3)
that

\ug,nI

b
‘Ta.,n|

vn>1, |Hlrzo,r) leX " 20,1 >
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hence

|1 e
V2 pla=1)/2 VFa /Aa,n e2anl _ 1"

Fix ugp = ®4,1. Then any control that drives ®,; to 0 in time 7" satisfies

vn>1, |H|g20m1) =

1
H > :
1 ll20m) 2 (D)2 JroJePanT —1

This implies a first bound from below for the null controllability cost:

1
fla—=1)/2 VFa [e2XanT — 1

Cctrfbd Z

In particular, just looking the behavior with respect to a € [1,2), we see that there exists Cr, independent of
a € [1,2) such that

Crye
A /2 _

Cctrfbd 2

Q .

This gives a first estimate of blow-up (that we will improve in the following).

5.2. A connection between null controllability and the existence of biorthogonal
sequences

We notice the following fact: fix m > 1 and consider the initial condition ug = @4 m; let Hy m be a control
that drives the solution of (2.1) to 0 in time 7T’; then the sequence (7a.m Hea m)m>1 i biorthogonal to (eant),>1
in L2(0,7). Indeed, H, , satisfies (4.3):

T
V=1, ran / He ()t dt = O = Gy,
0

hence

T )
) 1 ifm=n,
Vn > 1, / (ra,mHam(t)>e>‘“="tdt = ra,mﬂ - { hm=n
0

a,n

hence
T
Ym,n > 1, / (ra’mHawm(t))eA“v"t dt = b6,
0

which means that the sequence (rq mHa,m)m>1 is biorthogonal to (e>‘a""t)n21 in L2(0,7).

In the literature, there exists several bounds from below for the biorthogonal families, we refer in particular
to Giiichal [25] and Hansen [26]. In the following we will use two extensions of the one of Giiichal [25], obtained
n [11] and in [12].
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5.3. The concentration of the eigenvalues
The following observation is fundamental in the understanding of the blow-up of the null controllability cost:
Lemma 5.1. The etgenvalues concentrate when o« — 27 :
vn>1, Adantt —Aan —0 asa—27.
Before proving Lemma 5.1, let us explain why this property if clearly important in the understanding of the
blow-up of the null controllability cost: as noted before, if null controllability holds, and if H, ., is a control that
drives the solution of (2.1) with ug = @, to 0 in time T, then (r4.mHa m)m>1 is biorthogonal to (e*ent), ~;

in L?(0,T); now, if additionnally some eigenvalues concentrate, for example Ay 2 — Ao,1 — 0 as o — 27, then
Ta,1Hq,1 will have to satisfy

T T
/ (Ta,lHaJ(t))e)‘avlt dt=1, and / (ra,lHa’l(t))e)‘“‘"t dt =0,
0 0

hence
T
/ (roz,lHa,l(t)> (eAa’lt - 6/\a’2t) dt = 1;
0

but this will only be possible if ||rq,1 Ha 1| is sufficiently large, since |le*e1? — ere2t|| 5o ) will be small. We
will come back on this later.
Proof of Lemma 5.1. We note that

Aayntl — Aan = Hi(jfa,nﬂ - jga,n) = Ki(jva,n+1 - jlla,n)(jua,n-i-l +j’/o<777/)'

Tt is classical ([29], p. 135) that

—ifv e|o, %], the sequence (jy.n+1 — ju,n)n is nondecreasing and converges to ,
—ifv> %, the sequence (jy.n+1 — Ju.n)n 1S nonincreasing and converges to 7.

Then, when v, > 1 (i.e. when a € [3,2)), the sequence (ji,, n+1 — jva,n)n iS NONincreasing, hence
Aatt = Aan S Ko (jva2 = Jrait) Gramtt + dvan);

and using (3.8),

. . Vo 1 Vo 1
Aot = Aan < Ko (g 2 *Jva,l)<7f(” +1+ 5 1) +m(n+ 5 Z)>'

Using (3.10), we obtain

1/3 _ 1/3
) . a2 1/3 3 52 a1 /3 _ 41— 042 q/3 3 52
Jva2 = Juad = (Va T 91/37a 20%,/;/3) - (Va o 21/3”@ - 91/3 Va 20%}/;/3-

Hence there is some C' independent of a € [3,2) such that

jua,Q - jua,l < CVé/ga (52)
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and
1/3,.2 2/3 , ,5/3
Aanil — Aam < CVY3RE(n +vy) < O +£53n). O

Remark 5.2. A similar concentration phenomenon can be pointed out in the fast control problem for the
classical heat equation

U — Ugy = N2, 1) X[a,5)(T) e (0,1), 0<t<T,
u(0,t) =0 = u(1,t), 0<t<T, (5.3)
u(z,0) = up(x), xz € (0,1), ’
u(z,T) =0, z € (0,1).

Indeed, as is well-known, the eigenvalues of the stationary operator associated with (5.3) are )\, = 72n? for

all n > 0. On the other hand, if we are interested in studying the behaviour of the above system for controls
yielding u(-,T) = 0 as T'— 07, then it might be useful to normalize the time, hence to look at the normalized
solution

v(z, ) = u(z,7T).

This function v is solution of the problem

—Tge = Th(z, 7T)X[ap) () ze(0,1), 0<7T<1,
v(O,T):O—v(l T), 0<T<l,
v(x,0) = ug(x), x € (0,1),
v(z,1) = z € (0,1).

Clearly, the eigenvalues of the stationary operator associated with this last problem are given by the sequence
{T'7?n?},,>1, which concentrates as T — 0.
5.4. An additionnal property of the eigenvalues

As we recalled, it is classical ([29], p. 135) that

—ifv e|o, %], the sequence (Jy.n+1 — ju,n)n is nondecreasing and converges to ,
—ifv> %, the sequence (Jy.n+1 — Ju.n)n 1S nonincreasing and converges to 7.

Hence there exists a rank N, such that
v > Nl/ — ju,i+1 _jV,i < 2.

However, the asymptotic development (3.10) tells us that

. . a; — az
Jv,2 — Jv,l Yrv—oo WU1/3~ (54)

Hence this rank N, probably satisfies N, — 400 as v — oco. In the following, we estimate this N, (using the
classical theory of Sturm concerning second order differential equations); we will need this estimate later.

Lemma 5.3. Given v > %, then

Vn>v, junt1 — Jun < 2. (5.5)
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Proof of Lemma 5.3. We follow and use the proofs of Section 7.3 in [29]: first we note that
yo(x) ==z, ()
satisfies the second-order differential equation
Yo () + o (2)yy (2) =0,

with

Of course, y, and J,, have the same positive zeros. We are going to use the following classical property of Sturm
type (see Prop. 7.6 in [29]): assume that

— f,g: ]a,b] = R are continuous and satisfy
Vo € la,b], f(z) <g(x),
— u, v are functions of class C? satisfying
Vz € [a,b], v+ fu=0, v"+gv=0,

— a,b are two consecutive zeros of u,

then v has at least one zero in (a, b).
We recall that, in a classical way (][29]), this implies that J,, has an infinite number of positive zeros: indeed:

Ve >v, hy(z)>-—

hence choosing

k>1, a:=2kvr, b:=2(k+1)vm,
1 .
f(@) =12 u(z) =smg

we can apply the Sturm property, and we derive that y, (hence J,) has at least one zero on (2kvm,2(k + 1)vr).
From (3.8) we also have

1 1
Vk>v, jurp>nv+ Z(U — 5)) =17,

and then we can apply the Sturm property with

k>y7 a::ju,kn b::jy7k+L7
hV('YV)

@) = ho(w)s (@) i=sin( Vi ()@ = jun)),
9(@) = hy(2), o(x) =y (o).
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and we deduce that y, has at least one zero inside (j, k, juk +

——ZL—), hence
\/ hV('YV) )
ju,kJrl < jl/,k: +
Hence

hy ()

. . T
Yk >v, Juk+l — Juk < 7

B ™
hzx('YV) \/1_ VQ;%

~

It can be easily checked that

1
Vv > —, T <2m:
2 p2_1
1——4
72
indeed, if v > %, then
(-rdy 13 i mEiodeioy
7 4 4 4v? ’
and
1
392 —4(? - =

1 1..\2 1
7= 3(7r(y + 10— 5))) 4 -
and the discriminant of this quantity is negative, hence the quantity remains positive. This implies (5.5).
1
Vo € [Oa §]

5.5. A lower bound of the norm of any sequence biorthogonal to (e*=~t),, when

If v, € [0, ;L the gap (Ju, .n+1 — Jua,n)n is nondecreasing and converges to m, hence

Vn > 1,
hence

Jvamn+1 — Jvam ST,

Vn Z 17 V >\a,n+1 VY )\a,n = Z%_lﬁoz(jl/u‘,n+1 _jl/u, ) S Z%_l"iaﬂ—a
hence

Vn Z 17 vV )\a,n—i-l —V )\a,n S Ymax
Let us apply the following extension of Giiichal [25]:

with Yax = 31 o
Theorem 5.4. ([11], Thm. 2.5) Assume that

Vn > 0, An > 0,

O

25
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and that there is some 0 < Ymin < Ymaz Such that

Yn >0, Ymin < \/T—&-l - \/E < Ymaz- (56)

Then there exists ¢, > 0 independent of T, and m such that: any family (o},)m>0 which is biorthogonal to the
family (e*?),>0 in L2(0,T) satisfies:

1
HU'rJrrz H%Q(O,T) 2 672>\MT€2%2"‘“'T b(T7 Ymax m), (57)
with
2 1 1
b(T, Ymax, m) = “ 2m . 5.8
( 77 * m) C(m’ ’Yma:c; )‘0)2 T(27$nazT) (4’}/%1axT + 1)2 ( )
and

2/
C (11, Ymas Ao) = m! e <m + [2*/%] + 1) . (5.9)

er ax

Using Theorem 5.4 with ymax = £% ~ 1k, 7, one obtains that any family (o}}),,>1 which is biorthogonal to the
family (eent),>; in L?(0,T) satisfies a lower bound with the classical dominant exponential factor of the type
c/T =
e

2—a

B B ¢

12 Cor T, Culos 1PN T N2OR a2 1
lomllz20.r) 2 €™ e s o =) pEl a3
a + THZ : (m 4 1)2 4 2elf 2

2 12
Rg T

This will immediately give an exponential blow-up of the cost as T — 07, as explained in Section 5.7, but the
interesting behavior is when o« — 27, and we study it in the following.

5.6. A lower bound of the norm of any sequence biorthogonal to (e*=~!),, when v, > %

This is the interesting case, where a — 27. In this case, the gap (ju, n+1 — Jv.,n)n i nonincreasing and
converges to 7, hence

vn Z 17 s S jua,n-&-l - jua,n S jva,Q - ,jl/mla

hence

n Z 17 V >\OZ,7L+1 -V )\a,n S Ymax with Ymax = Egilfia(jya@ - jya,1)§
but this time, we already noted that j,_ 2 — j, 1 behaves as val? (see (5.4)), hence
“1,2/3,

a
Ymax = C(XK 2

with some uniformly bounded c,.
On the other hand, we proved in Lemma 5.3 that

vn Z Vq + 1, jua,n+1 _,jua,n S 27T7
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hence
V> Ne, VAantt — Vdan < Yhaxs  With No = [v,] + 1, and ~7,, = 2702 "k,
Note that
%fax 2070‘1/3_)00 as o — 27.
Tmax 27K

In that context, when there is a “bad” global gap Ymax, and a “good” (much smaller) asymptotic gap ¥, it
is interesting to use the following extension of Theorem 5.4:

Theorem 5.5. ([12], Thm. 2.2) Assume that
Yn>1, X, >0,

and that there are 0 < Ymin < Viaz < Ymaz Such that

Yn>1, Ymin < V >\n+1 -V A < Vmaz (510)

and

Yn > Ne, Vg1 — VA <o (5.11)

Then any family (o;)m>1 which is biorthogonal to the family (e !),>1 in L?(0,T) satisfies:

m

2
||0-1:I"’_L ||%2(0,T) 2 e_2>‘mT eT(’YKlax)z b* (T7 ’yma)ﬁ ’y:‘;]ax7 N*7 )\17 m)27 (512)

where b* is rational in T (and explictly given in Lem. 4.4 of [12]).

Applying Theorem 5.5, we obtain that any family (o;};)>1 which is biorthogonal to the family (e*en?), >4
in L%(0,T) satisfies

2
||U7—tl||%2(0,T) Z €_2>‘a,mT e47r2~iTZ°‘*2 b* (T7 'YmaXa 71?13,}(7 N*) )‘Ot,17 m)2
with an explicit value of b* (see Lem. 4.4 in [12]): when m < N,, we have

1+ T)‘l (T (’YItlax)Q)K*+K;+2
VT (1 + (T (yax)?)) VoIS

b*(T, P)/maxa’y;lax7N*) A1,Tn) = C* (513)

where

2\/x + (N* + m)')/max

*
ﬂ)/max

K. =] ] — N« +2,

K. = [122(N, —m)] - N, +2,

*
’ym ax
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C* — 1 CU(’Yrtlax)%N*il)
(N, + K, + K. 13  CcHCcO
where
221
O+) = (JmaxyN.—1 (N +m + 3] +1)! ’
Firax (m+ [2A1) 4 1)) (PRt e ) 4 1)) (2 [2422] 4 1)
and

(0) _ Dmax\n, -1 _(m =D (N —m)!
LA ey vy e

o
Ymax

These expressions seem be a little frightening, but we are looking for the behavior as a — 27, and this is not
difficult to study: one immediately sees that

K.+ K. =407y, + ¢l 3m,

* 2(Ni.—1) _ —cvglnvea—c'vyInt
(f}/max) =e€ ’

1 > e—C(yg/S-l—él*”/zua+ué/3m)(lnua+(1—%)lné-i—lnm)
(N, + K, + K, +3)] = ’

and finally

1 1
> —c(Va+m)(Inva+Inm)
cHoE = ° (m— 1)’
hence we obtain that

1

C* > e—C(Vi/3+Z17a/2Va+Vi/3m)(111l/a-‘r(l—%)lnf-‘rlnm) )
(m—1)!

This gives that

b* > e—C(ui/S-i-Zl*D‘/Ql/a+Vi/3m)(ln I/a+(1—%) In /41In m+I1In %) 1 \4 1+ T

(m—-1! T °

hence
+112 2
||0m||L2(0,T) Z Q(T’ a,m) 5
with
2—«a
b(T a m) — e*)\a,mTeC“ ZTH?X 1 1+ TefC(Vi/SﬁLEl_”/zVa+ui/3m)(ln Va+(17%)ln€+lnm+ln %) (5 14)
O\4, &, . . .

(m-D! VT

This will give the expected blow-up of the cost, as o — 2~ and/or as T — 0.
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5.7. The exponential blow-up of the cost

In the previous subsection, we obtained a bound from below for any biorthogonal sequence. But we already
noted that if ug = ¢a,m, and if H, ,, is any control that drives ug to rest in time T', then (7o mHa,m)m>1 1S
biorthogonal to (e**?),,>1 in L?(0,T). Hence

||T(x,mHa,m||L2 (0,T) > Q(T, «, m):

where b(T, o, ) is given in (5.14). By definition of the cost, we obtain that

vYm Z 1a Cctrfbd Z 7b(Ta «, m)7

[7aml

which gives the expected exponential blow-up of the cost: choosing m = 1, and using the fact that |ry1| =
1/2/@1)\&71%0‘_1)/2 and that A\, 1 = fﬁajl,mlE(O‘_Q)/Q > %KQVQE(Q_Q)/Q, we obtain that there exists some C,,
independent of all the other parameters such that

£2—a

Kall

2z _ _
Cetr—ba = Cu e AT Cr T = O/ 40 v vt In 1=/ n )

EQ_O‘

Kol

2—o
e—7r2 ﬂ%ecu TrZ e—C(ui/3+€17Q/2u(,)(ln Va+In£1=2/241n %)

= Cy

)

|

and this is (2.5) and concludes the proof of Theorem 2.5. O

6. PROOF OF THEOREM 2.7
We will use the following result (Thm. 2.4 in [11]):

Theorem 6.1. (Existence of a suitable biorthogonal family and upper bounds) Assume that
Vn=>0, A, >0,
and that there is some Ypmin > 0 such that

vn Z 0; V )\n+1 -V )\n 2 Ymin- (61)
Then there exists a family (o) m>0 which is biorthogonal to the family (e*t),>¢ in L?(0,T):
T
Ym,n > 0, / ol (et dt = 5. (6.2)
0
Moreover, it satisfies: there is some universal constant C,, independent of T, Vmin and m such that, for all

m > 0, we have

Vim
_ Cy
||0-74T_L||2L2(0,T) < Cue 2)\mT€ “min B(T7 rymin)7 (63)

with

Cy
1 1 T L
(F+mizy)em? 0T <k (6.4)
Cu%%qin Zf Tz 21 '

 Ymin

B(T7 ’Ymin) =
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Note that (6.3) and (6.4) imply that there is some universal constant C,, independent of T', v and m such

that, for all m > 0, we have

VAm Cu
_ Cy X—=
||07:||%2(07T) < Cue QAMTe Tmin ew?“i"T B*(Ta ’Ymin)a

with

C 1
B*(T, Ymin) = — max T'ysﬂm7 — 1.

Now, as we have already noted, the eigenvalues of the problem satisfy

A—— A e . , 03 Yo (Jun 2 — 7 if v, € [0,
Vn 2 17 >\a,n+1 - )\a,n =/2 1/104(]ymn+1 _]ymn) Z { a(jVDUQ juihl) “ [ 2]’

027 g if vy > 5

Define artificially

Then

V )\a,l Y )\a,O = E%_lﬁ;a]’ua,l-

Then consider

Co = {min{jya,2 _jz/a,lvjua,l} if Vo € [07 %]7
a

min{~, j,, 1} if vo > %
and

c:= inf c,.
a€l0,2)

It is clear from (3.8) and (3.9) that ¢ > 0, and by construction we have

n > 0; \/m Y >\a,n > “Ymin with Ymin ‘= E%_lﬁag

(6.5)

(6.6)

Then, applying Theorem 6.1 with ~ynin = £2 'kec, we obtain that there exists a family (Uz{,m)mzo

biorthogonal to (e*=:nt),,5¢ in L?(0,T), and such that

— Cy Y= _
HU;mH%Q(O,T) < Cue 2)\Q1MT6 Tmin B(T, 'Vmin) = Cue QAQ’MTeCUJUa'mB(Ta ’Ymin)~

Then define

¢
7’ma;m(t), and  H(t) ::/ K(7)dr,
0

and let us check that H is an admissible control that drives the solution of (2.1) to 0 in time T

(6.7)
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— first we check that K € L%(0,T): using (5.1) and (6.3), we have

[e'e] 0 [e%e) [e%e} 2
[Ac,m ey, m| 1/2 Ao 1/2
Z %MHU;"IHL%O’T) < (Z |'ug‘vm|2) (Z |7ﬁa m|2 ”U;mHzL?(O,T))
m=1 m=1 1 &M

m=1 |’ra7m|

which is finite (we will come back on this in the following); this implies that H € H'(0,T), and of course
H(0) =0, and also H(T') = 0 using (6.2) with n = 0;
— next, we check that H satisfies the moment problem (4.4):

¥n > 1, dentap 4 SO H(T)NT — H(0)] = Aot dt = g0

AOt’fL

— finally we check that the solution of (2.1) satisfies w(7T") = 0: multiplying the first equation of (2.1) by
Wo n(,1) 1= D p(2)ern=T) and integrating by parts, we obtain that

¢
Vn > 1, / u(z, T)Po,n(z)dz =0,
0

hence w(T') = 0.

Hence H is an admissible control, and therefore

Coros | H ||z 0,1) 1K 22 0,1)
T ol T Nuollzeo,e
hence
e 1/2
Cetr—ba < C(Z a mlg ” o mHLZ(O T)) :
m=
Since Ti,m = 2/1(1(0‘_1)\a,m, we have
|)\o¢7m|2 _ Kajz%a,m
I70.m|? 20 7
hence
C < 1/2
Cctr—bd < % V Ea (Z Jza,mna(im”%%O,T))
Vam 1/2
C, Yoem
\[ VHia (Z Jva,m€” AT T i B(T, ’Ymin))
Vam\ 1/2
- 7\/5\/ B(Tv ’Ymin) (Z jgmm672)\u’mT60u Tmin )
¢ m=1
But
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hence

s 1/2
Cctr bd > < \[\/K/a \/B 77m1n Tonin (Z erum Aa,m )
m=

cn 2, X ) 2 1/2
(3 32 e hen ) (63
=1

\/*'\/7 V 77m1n 2L2 TN

It remains to estimate the last sum. We distinguish the cases v, < % and v, > %
Take Y > 0. When v, < 3, using (3.9) we see that

1

1
3 _ 2 Voo — 5 2 Ya—35 42
Jga e IvamY <2 (m T2)26 Yo (m+—52)

When m > 1, we have

hence

. _ 2 o202 _y2
2 me JoemY < 7T2m26 Yrem /26 Yn /16'

The function V : z — w222~ Y7 #*/2 attains its maximum at Ty = ,/%, is increasing on [0, zy |, decreasing

on [zy,+00), and its maximum is W' If zy <1, then

Z m2m2e Y™ m /2 = Z Vim)=V({1)+ Z Vim+1)
m=1

m=1

oo m-+1 oo
<V()+ Z/ V(z)dz = V(1) +/1 V(x)daz.

If zy > 1, then

oo 00 [zy]—1 00
Z r2m2e-Ymim3/2 _ Z V(m) Z V(m) + V([zy]) + V(zy] + 1) Z
m=1 m=0 m=0 [Iy]+2

[IY]*l m—+1 0
< > / V(z)de + V([zy]) + V([zy] +1) Z /
m=0 m ] m—

<V([zy]) + V(zy] + 1)+ /000 V(z)de < e —1—/0 V(z)dz

Hence in any case,

00 o 3/2 0
2 —Yn?m?/2 4 / 2.2 —Yfr"‘z"‘/zd _ 4 2 / 2 —s2d 6.9
E T m“e _eY—i—O Tex‘e x 6Y+7TY3/20 s“e s, (6.9)
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and
o0
, 4 23/2  o© > 2
) —j2 Y 2 —s -Y~n°/16
Ty m€ Tvem’ < (——1—7/ s‘e ds)e .
mz::1 o ey wYd2 fy

hence there exists some C, such that, when v, < %,

o0
. 1
VY > 07 Z jga,meijza*my S Weicuy. (610)

m=1

When v, > %, we proceed in the same way, using (3.8): we see that

-

2
Vo — %)26_‘”2 (m+ Va?)

. _ 2
Jo m€ Iram¥ < x? (m + =5

But

hence

Hence, using (6.9), we obtain

2
> . 1oy _yg2(te—2 4 93/2 oo
b a2 () ) (2
Zj”“’me - * 2 ¢ 6Y+7TY3/2 0 °e °)

m=1

hence there exists some C, such that, when v, > %,

S 2
VY >0, S g2 e damY < ﬁe—%”ﬁy. (6.11)
u

m=1

And then, there is some C,, independent of « € [1,2) of T > 0 and of £ > 0 such that

0o 2 (miT) 1 Cu(wiT)
.9 “Iva,m\ E—a T k2 \ -«
E jl’a, (& S ﬁe <« . (612)
m=1 C, k2 ( ol )

UV \ f2—a

That allows us to complete the estimate from above of the null controllability cost: we deduce from (6.8), (6.12),
(6.4) that
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22—

1 Cl L Cu _T
Cotr_pqd < Cl ———¢ “"4T e~ 2 Z-a
ctr—bd = Ly IiaT£
which is (2.11). This completes the proof of Theorem 2.7. O

7. PROOF OF THEOREM 2.11

In Section 4.2, we constructed, at least formally, a control that drives the initial condition ug to 0 in time 7.
This control is given by (4.8), and depends of a suitable biorthogonal family Ua m satisfying (4.5), and of the
norm of the eigenfunctions in the control region. Theorem 6.1 (in fact (6.5) and (6.6)) gives the existence and
bounds for a biorthogonal family (o ,,)m>1 satisfying (4.5). Proposition 2.15 gives an estimate of the norm
of the eigenfunctions in the control region (and will be proved in Sect. 9). Here we use these results to prove
Theorem 2.11: using Theorem 6.1 and Proposition 2.15, we have

1 c. 22 1
ok mll7z0.m 7 < CuB* (T, ymin)e T et ————
( (ve2- )
CuB*(Ta ’Ymin)ecu[:ga;; _r242
T P2 a)?

2 P
b
2
5 ®20)
T
e Falva1z=a |

Hence, there is some C,, independent of T'> 0, £ > 0, o € [1,2), m > 1 such that

1 CuB*(T, Ymin) Culys _ 1 _x
||U;r,m||%2(o,T) 7 > u* 2 _ m"; AT e Cuw,
(fb B2 ) 6122 — )
a Toa,m

Of course, if (15, ,,,)m € ¢*(N), then the series

1
D lumlPlod mlize

s ,m||L2 0,T) b 2
m=1 (S ®2..)

is convergent. Hence the control given by the formula (4.8) is in L2((0,¢) x (0,T)), and

1
||h||%2((0,£)><(0,T)) = Z |ug,m|2”0;m|%2(0,T)(

o N2
m2>1 fb @7 )
> a To,m
CuB (T min) o o 5 0 2
CICED .

m>1

Hence

C'u-B}k T; min Cuﬁ
Cctr loc = ( i )6 o
76172 — a)?

This gives (2.14) (with another constant C,). In particular, note that the dependence in the control region
appears only in . O
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8. PROOF OF THEOREM 2.9

Given uy € L?(0,/), assume that h € L?((a,b) x (0,T)) is a control that drives the solution of (2.2) to 0 in
time T'. Denote

H(t) := u(a,t)
Then the function u satisfies
up — (%) =0 z € (0,a), t >0,
(x%ugz)(0,t) =0, t>0, (8.1)
u(a,t) = H(t) t>0, '
U(JI,O) = Uo(l'), US (O7a)

and
u(z,T)=0, z¢€/(0,a),

hence H is a boundary control that drives the solution of (8.1) to 0 in time 7. Let us choose m > 1 and

V2Ka — . T\Kq
wo(a) = § 7 G G ()7, w € (0,0),
0, z € (a,l),

in such a way that the initial condition of (8.1) is exactly an eigenfunction of the associated Sturm-Liouville
problem. Then we know from Section 5.7 that
|ro¢,m| ||u(a7 ) ||L2(0,T) = ||ra,mHm||L2(0,T) > b(Tv «, m)a (82)

where b is defined in (5.14), but where a replaces £ in the expressions of r, ., and b(T, o, m).
On the other hand, energy methods tell us that the control h and the initial condition dominate the solution
of (2.2): indeed, first we have

4
vy Z a, 7U(y,t) = / ux(xvt) d.Z‘,
Y

hence

14

u(y, t)? = (/y e (@, 1) dz>2 < (/j w2 (z, 1) d:z:) (/;xa dx),

hence

¥/
Yy ela ), ulyt)?<Claa,l) / 2 () da
0
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with

% f S 1527
Clava = § T €2
In - fa=1

Then, multiplying the first equation of (2.2) by u, we have

T V4 T 4 1 4 T 4
/ / UhX(a,b) = / / w(uy — (2%g)y) = —5/ ug +/ / xaui,
o Jo o Jo 0 o Jo

hence
T 1 T b
/ /xauiif/ ung/ /uh
o Jo 2 Jo 0 Ja
1 14 T b 4 1/2
< 7/ ug—i—/ / (C(a,a,@)/ xaui(x,t)dx> |h
2 Jo 0 Ja 0
1 4 1 T L b—a)l ¢ T rb
< 7/ u3+7/ / U3 (z, t) dxdt—l—M/ / h(z,t)? dz dt.
2Jo 2Jo Jo 2 0 Ja

We obtain that

T ¢ T b
/ / rvu? < / ud + (b — a)C(a, a,f)/ / h(x,t)? d dt,
o Jo 0 0 Ja

hence

T T ¢ T b
/ u(a, t)?dt < C’(a,a,@)/ / ru2 < C’(oz,a,é)/ ud + (b — a)C’(a,a,f)2/ / h(z,t)? dz dt.
0 o Jo 0 0 Ja

The initial condition ug that we have chosen has an L?-norm equal to 1, hence

T b , 1 T ), 1
/0 /a h(zx,t)*decdt > (b—a)C(a,a7€)2/0 u(a, t)* dt —(b—a)C(a,a,ﬂ)’

and the lower bound (8.2) of [|u(a,-)||z2(o,r) implies that

Tt ) 1 b(T,0,m)? 1
A /a h(zx,t)*decdt > b= a)Cla,a i) b= aClea )

2
ra,m

As we did in subsection 5.7, choosing m = 1, this implies that

1—a/2

1—a/2

T pb 2(2—a) 2—a
1 a o2 T . _a _ 2 1 a In @
/ / h(w,t)2d:vdt2 |:C e 27 5 62C'LT(2*0‘)26 CU((2—Q)4/3+ ) (In 45—
0 a

(b—a)Cla,a,0)2L"" ko Ta
1

B (b—a)C(a,a,b)

+In

T)
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Then the null controllability cost for (2.2) blows up at least exponentially fast when o — 27, as stated in

37
Theorem 2.9. One can note that the bound from below is very poor when ¢ is large. But this is due to the
method: indeed, we concentrate the initial condition on the zone at the left of the control region.

O
9. THE EIGENFUNCTIONS IN THE CONTROL REGION (PROPOSITION 2.15)
The goal of this section is to prove Proposition 2.15, that was be useful to prove Theorem 2.11.

9.1. The reduction to an ordinary differential equation question
Using Proposition 2.13, we note that

2Kq

b b
/@a,m(x)zdx:/

11—« - Tikay2
v, voam 7)) " d
EQRalJl//Q(jVQ)m)‘QI Ja(] [eX) (g) ) Z
2K

; byka
_ /]I/mvm(é) (E(L
£2KQ|J1//Q(]VQ,m)‘2 j

11—« ¢ 1 1 _
(%) j )W”) Too W) 7y dy
va,m(%)ra Vo ,m Jva,m VX
9% 62701 jua,m(%)ﬂa 1—a 1
= 1—0+1 / Y re tRa 1JV04 (y)2 dy
Iiaé2'€°‘]1/27m e |J1//a (jVa:m)|2 Fram ()"
9 /jua,m(?)m
Bl L G J;

yJu. (y)* dy,
va,m(§)re
where we used the change of variables

. X
Y = Jraml(

/1
f)naa ng(juf,m)l/ﬁaa dr =
Now introduce the function

Kua,m(y) = \/g L= (y)

T} Gvasm)
With the help of K, ,, we have

b
2
/ CI)a)m(Jc)2 dz =

Jra.m(3) )
- Ko an(y)* dy. (9.1)
]Vavm jva,mr(%)m“
Moreover, it is well known that K,_ ,, is solution of the second order ordinary differential equation
Kzlxlmm + hy, (y)Kumm =0,
where
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(We already recalled this in the proof of Lem. 5.3.) Hence in fact K, ,, solves the Cauchy problem

Krlzla,m + hy,, (y)Kvmm =0,
Kva,m(jua,m) =0, (9.2)

Kllja,m(jl/mm) = V jl/oum7

and we want to estimate it on the zone [j,, . (7)", jymm(%)’“&]. Let us normalize the localization of the Cauchy

conditions and the localization of the integration interval, using a suitable change of variables: consider

-1

VIva,m

L, m(z)= Ky, m(Jvem — Zjvg.m)- (9.3)

Then L, ., solves the Cauchy problem

L',,’mm +kyym(z)Lyym =0, with Kk, m(z)= jgmm — ﬁ,
LVa,m(O) =0, (94)
L;/a,m(o) = jl/a,m7
and
b 1—(g)ra
/ By (2)? da = 2 / Lo, m(2)? dz. (9.5)

(e

Once again, the term we are interested in is the norm of the solution of a Cauchy problem, but now with Cauchy
conditions at the point 0, and we have to estimate its norm on some fixed interval (that does not contain 0).
To do this, we are going to study the Cauchy problem (9.4).

9.2. The study of the Cauchy problem: a uniform bound on L, _ .,

We begin by the following observation: when o — 27, then

- (%)Ra L1 (e _ _(%111%)(2 —a)+0((2 - a)?),
hence

1—(=) ~kaln- asa—27,
and in the same way

1—(

1
)P~ Roln—  asa— 27
a

IS

hence the integration interval shrinks to 0, and its length satisfies

Lo (G = (1= ) mham . asa— o,
l l a
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In particular, there exists some 0 < 7. (a, b, £) < v*(a,b,£) and y(a,b,£) > 0 such that, for all o € [1,2),
b a N
Yela, b, ) ke <1 — (Z)M <1- (Z)M <" (a,b,£)Kq, (9.6)
a K b K
(1= () = (= () 2 2(a.b. O 0.7

Let us prove the following uniform bound:

Lemma 9.1. There exists C,, independent of o € [1,2) and of m > 1 such that
Va e [1,2[,Vm > 1,z € [0,1 - (%)KQ], Ly, m(2)| < Cl. (9.8)

Proof of Lemma 9.1. To obtain an integral equation satisfied by L,_ ,, we write the Cauchy problem (9.4)
under the form

L;’/avm + jgameV“’m - (1(12)2 L’ja,ma
Ly,m(0) =0, (9.9)
Ly (0) = Gue,m-

Since the solution of the Cauchy problem

Y74 w?Y = g(2),

Y (0) =0,
Y'(0) =w
is
. 1 [ .
Y (z) = sin(wz) + - / g(s)sin(w(z — s)) ds,
0
we deduce that L, ,, satisfies
1 z 1/2 1
Lua,m<z) = sin(j,,mmz) + = / < 42 Lua,m(s) Sin(jumm('z - S)) ds. (9'10)
Jva.m Jo (1 - 3)

Hence

Lyp(2)] < 14— /Z'”i‘iw ()l
e P R IRl

and the classical Gronwall inequality gives that

Iv2
=z

a—ilfz L 4s W2 -%!
L (2)] < € 6 70745 = oo =,
. s

But then, since we know from (3.10) that j,_ m > Vs, we have

lva—411-(§)"e

Vae[1,2[,Vm21,Vze[O,l—(%)“a], Ly, m(z)] <e "= O
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Using (9.6), we see that this is uniformly bounded with respect to «, hence we obtain (9.8). O

9.3. The L? norm of L, ., for fixed values of v,
The integral expression (9.10) and the uniform bound (9.8) allow us to prove the following

Lemma 9.2. There exists 7 = 7(a, b, ) such that

1 (%)% ] -
Va € 1,2),Ym > 1, / Ly, m(2)?dz > Zykq — - 7 (9.11)
1—(2)ra 2= Jva,m
Proof of Lemma 9.2. From (9.10) we have
1-(5)~e 1-(5)~e
/ Ly, m(2)?dz = / sin®(j,, mz)dz
1—(§)re 1—(§)re
()% gz o2 1 2
+/ ( / &AL, m(s)sin(y, m(z—s ds) dz
e G [ g em @ sntim(z =)

=(re 1 2 2 _i o
—|—/ 2s1n(jymmz)< - / a S)gLva,m(S) sin(jy, .m(z —s)) ds) dz.
1 o U—

—(%)Na Va,m

Of course

1=(g)" 1 z 2 _ 1 ,
o« 4 e
/1 ( /0 (1 — 8)2 Lua,m(s) bln(]ua,m(z — S)) d5> dz >0,
and

1-(3)"e 1=(9)" 1 _ cos(2
/ sin®(ji, mz) dz = / 1= 08(2jva.m?) dz
1=(h)me 1—(4)me 2

1 a b 1 SiHQjV mZ1—(2)re
— _ 1 _ (Z\Fa) 1 _ (_\EFa ) _ =2} £

3 (1= Gy == @) = 5= T
> 1 !
=2 T %,

And using (9.8) and (9.6), we have

1-(g)re L 21
[ sl (o [ L ()5, (e — ) ds) 4
1 0

—(L)ra Jva,m (1 - 3)

o e pzpe 1 2 1) (3
< - / (/ o g‘cuds) dz:QCuM/ *_de
Jva,m 1—(4)ra 0 (1 - S) Jva.m 1—(%)ra 1—=z

2Cu ‘Vc% - i

2 ()
=8 o 2l
C, |v2-1 a, . b, a .. b
= (A= == @) (= Q)+ A=)
Cu ‘Vi - i‘

< 29* (V" — )R-

—
~le

)5 Gy m
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Hence
1-(§)"e ! ) o oprol
/ Lu(,,m(Z)z dz Z S VRa — . ~ Ta - | Ot 2 27*(7* - ’7*)”(21
17(%)%4 2— zjua,m (Z)KQ Jva,m

Hence there exists 7 = 7(a, b, £) such that

1=(g)e 1 -
1

—(%)ra 2= jya,m.
This implies (9.11) . O

9.4. A first consequence for the eigenfunctions on the control region

The consequence of (9.11) is immediate: combining (9.5) and (9.11), we obtain

b __

2

/ (I)a}m(l')QdZEZ’Wia— . v , (9.12)
a - ]Vavm

hence we find again what is well-known at least in the nondegenerate case ([31]):

b
lim i (7)? dz > 0,

m— o0 a

hence the sequence of positive terms ( f: (I)i,m)mzl is bounded from below by a positive constant. But this

constant may depend on «. At least, we obtain the following uniform result: given @* € [1,2), there exists
m* > 1 such that

b
1
Va € [1,a@*],Ym > m*, / Dy () dx > CRLE
a
Hence, since ®,, ,, depends continuously on the parameter «, we obtain that, given @* € [1,2), the sequences

(f: ‘I%,m)mZI are bounded from below by a positive constant, uniformly with respect to « € [1,@*]:

b
va© €[1,2),3y" > 0,Va € [1,@"],Ym > 1, / o m(z)?de > v Kge. (9.13)
a

This is not sufficient to conclude, since we want a lower estimate valid for all a € [1,2), but this is a first step,
and we will use this partial result later.

9.5. Another integral equation for L, _,, when v, is large

Now, we would like to obtain bounds from below when v, is large. In this case, we have to integrate L7 .

in an interval close to 0. So, since we are interested in looking what happens near 0, it is more interesting to
write
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. 1 1.2z — 22
= (-2 ) 02—

Then we can write the Cauchy problem (9.4) under the form

LY+ (32 = V2 3 L = (2 = 1)

L, m(0)=0,
Li,mm(()) = jua,m~

Since the solution of the Cauchy problem

Y 4+ w?Y = g(2),
Y(0) =0,
Y/(0) = p

is

1
Y(z)= L gnwz + =
w w

we obtain a new integral equation satisfied by L, ,: denote

. 1
Wraim =\ T m = Va +

then we have

jyam . ? 2 1 25782
Ll/ == ’ v, - 7 )T 5
() = 22 sinan, )+ —— 02— DA
Hence
1—(§)"e ) =) 5
/ L, m(2) dz:/ ( = sin(wy, m?)
1-(4)ra 1-(§)ra \Wram
1 o, 1,255
el AR e
.2 1_(%)1‘&&
= J’;"’m/ sin?(w,,, mz)dz
wua,m 1—(%)"@
1 1—(%)" z 1 95— g2
v (e pas
Woe,m 17(%)’“01 0 4 (1_8)
Jugan [1T
—1—22“”7’/ sin(wy, . m#)
onum 1_(%)KQ
# 1, 25— s?
2 .
- Ll/ m v,
([ 02— P E e e () sintes,

Z)(l — 2)2

2z—2>
(1—2)2 Lua,ma

(9.14)

[ ate)sinate - 5)as,

Ve,m(8) sin(wy, m(z — s)) ds.

2
Ly, m(s)sin(wy, m(z —9)) ds) dz

2
Ly (8) sin(Wy, m(z — )) ds) dz

m(z—s)) ds) dz. (9.15)
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We are going to study the behavior of the first and third term of the right hand side of (9.15), the second one
being nonnegative.

9.6. The L? norm of L, . for large values of v,
9.6.1. The first term of (9.15)
We study

1-(g)"e
/ sinw,, mzdz. (9.16)
1

~(4)=e

It appears that we need to distinguish the cases w,,, mkq small and wy, ke nOt small: indeed,

(%) L fevem=(3)5]
/ sin?(w,,, mz)dz = / sin? z dz,
1 w

_(%)N” Wy ,m Va,m[l_(%)ﬁa]

and we derive from the elementary convexity inequalities:
Ve >0,YVu e [0,1], (I1—-eMu<l—e " < pu, (9.17)

that

~ first, using (9.17) with u = ko and p = In £, we have
A\ —Kalnt ¢
L= (= —e"a] <In—ka, (9.18)

— next, using (9.17) with u = Kk, and g =In %, we have

[1— (%)Hu] =[l—eFemi]>(1—e M)k, = (1 — 7). (9.19)
and (9.18)-(9.19) give that
b b a Y4
- < —(2)Fa] < —(2)re] < (In = )
(1 e)wl/a,m“a > onum[l (E) ] < wl/a,mu (5) ] <(In a)wvmm"ia

Hence the bounds of the integral appearing in (9.16) are both small or both non small, depending on the value
of Wy, mKa-
We prove the following

Lemma 9.3. There exists ng = no(a,b,€) > 0, and v0 = yo(a,b,£) > 0 both independent of o € [1,2) and of
m > 1 such that

- ’Lf Wummﬁa S Mo, then

1—(&)ra
" sin?(wy,, mz)dz > 2 3
Ve M Z YoWy ,m Fa- (920)
1
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— if Wy, ,mKa = Mo, then

1-(4)%e
/ sin2(wummz) dz > Yka- (9.21)
1

~(§)re

Remark 9.4. A similar property of the function sinus appears in Haraux [27] (Lem. 1.3.2) and [41] (Thm.
1). In our case, we have to bound from below the integrals of z ~— sin®(w,,, ,,2) with respect to the size of the
integration zone (and this size is small, of the order x,,), and the coefficients w,, ., that appear are non integer
and possibly small.

Proof of Lemma 9.3. It comes from the following observations:

— First,

B
4
0<A<B<® — / sin?zdz > — A%(B - A). (9.22)
e

A

0ol

Indeed, if 0 < A < B < 7, then

2
Vx € [A,B], sinz> —x,
™

hence

B 4
/ sin? z da > —2A2(B —A).
A s
— On the other hand, consider 1, A and B such that

0<m<A<B, and B-—A2>2n.

Then, first the function

s+m
S / sin? z dx
S

is continuous, 27-periodic, and positive, hence is bounded from below by a positive constant, denoted ;.
Next, there exists one and only one integer k£ such that

km < B—A< (k+ 1),

then
B A+km k-1 A+(i+1)m
/ sin z dz 2/ sin? zdx = Z/ sin? zdz
A A =0 A+jm
k—1
B-A B-A B-A "
> =k > -1)= + -1)>—(B-A4A
Y1 7 >l m ) =7( 2 2 ) 2771( )

<.
I
o
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Hence

B
(0<771§A<B, and B—A22771) — / sin%cde%(B—A) with v1 = y1(m1).
A 1
(9.23)

Now we are in position to conclude the proof of Lemma 9.3. This is based on the observation that we are in one
of the two situations studied previously: using (9.6), we see that there is some 79 such that

b
Crpmbia S0 = 0 <y mll = ()] <wimll - (%

™
Ka <7
< 2

in this case, (9.22) gives that

e m[1=(2)"0] 4 b N2 “ b
-2 > _ (2\Ra _ (Z\Ra] __ _ (2 \Fa
/w sin® x dz > 3 (wumm[l (() ]) (wumm[l (f) | — wyym(l (E) })

Va,m[lf(%)ﬁa]

hence, thanks to (9.6) and (9.7), there exists some 7(a, b, £) > 0 such that

Wua,m/[lf(%)na]
Wy mbka <Ny~ = sin? z dx > ~(a,b,?) wgm
Wua,mu_(%)KQ]

3

(o %)

mHk

which gives (9.20).
Now if wy, mka > No: then, thanks to (9.6) and (9.7), there is some 71 = 11 (a, b, £) such that

b a
< Wramll = (5] < @ mll = (5],
and
1 (&) 1= (O] 22
Wyo,m|d — 1 _Wua,m[ - 7 }_ m-.

Then (9.23) gives that there exists y1 = 71 (a, b, £) such that

oo ml1=($)70] b
2 > it _ g Kal _ _ ()R«
/ sin? pdz > T (wy mll = (5)%] = @yl = (3)]),

wua,mu*(%)na] m
hence, once again with (9.7), we obtain that

wvamn[l_(%)na]

Wy, ,mBa > o - / sin
Wig,mll=(5)"a]

2 rzdx > lwua,m’)’ﬁa:
2m -

which gives (9.21). O
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9.6.2. The third term of (9.15)
We study

=) ? 1, 25— s?

M; = / sin(wy,, m?z) (/ (V2 — 7)72L,,mm(s) sin(wy, m(z —$)) ds) dz,
1-(%)sa 0 47 (1—s)

and we prove the following

Lemma 9.5. Choose 1ng = ng(a,b,£) > 0 given in Lemma 9.3. Then there exists vy, = v,(a,b,¢) > 0 independent
of a € [1,2) and of m > 1 such that

= if Wy, ,mKa < Mo, then

| Ms| < Ywva,mhas (9.24)
— if Wy, mKa > Mo, then
|M3| < 7ok, (9.25)
hence in any case
|Ms| < Yt (9.26)

Proof of Lemma 9.5. First we prove (9.24). Assume that w,_ mka < 7o. Then, since we have proved in Lemma
9.1 that L, , is uniformly bounded in [0,1 — (%)"~], we have

a\Ka

1=(3) z 1,]2s
| M| §/ | sin wy, mz|</ |V§—*7‘ ve.m(8)|] sinwy, m(z—s)\ds) dz
1— by\re s 4 (1_ )2 s s
(%) 0

1-(4)e
§/ Wy, mz |1/ —C, ds)
1—(%)”@ )
—(£)"

a

b
< 7/ < _7/ _ (ka3 _gna__ina
< Wy mlV = 1CL /1(% 2 ds < wy i — 10U = (Y (L= (D) = 1= (™)

1" 2 4 " —2 " 2
< Cuwrmlva — 1|Ka < CuWr, by Ko = Oy, mba,

which is (9.24) (which implies (9.26)).
Now we prove (9.25). Assume that w,,_ ke > Mo. Then, once again using the fact that L,_ ., is uniformly
bounded in [0,1 — (%)"~] (Lem. 9.1), we have

=) 1 2
|M3|§/ ) |s1nwymmz| / |1/ |s S)|| Vs (s)||sinw,,mm(z—s)|ds)dz
1— (L)~
—(g)"

S/ / |2 —f|C’sds dz < Cl|w2 —f|[ ] )::
1—(%)ra ( ) 1-(3)

S i\(lf(%)“a)?((lf<%>“a>717<§>“a)) < Ol = 'k,

ey

which is (9.25). O
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9.6.3. The L? norm of L, m for large values of v,
We prove the following

47

Lemma 9.6. Choose ng = no(a,b,f) > 0 and vo = yo(a,b,£) > 0 given in Lemma 9.3. Then there exists @ €

[1,2) such that

1—(§)"e 2 KD
Vo € [@,2),Vm > 1, / Lyym(2)?dz 2 %%
1_(%)»{a 2 1 + wua ’mK’a

Proof of Lemma 9.6. We start from (9.15), that gives

1= ()" 2 pe(gyre
/ Ly, m(2)?dz > % / sin?(w,,, mz) dz
1_(%)RD‘ wl’(um 1_(%)'{0‘

yra

1,25 — 52

. 1 ( .
Jva,m . 9 .
202 Va,mm o 471 N2tvam Wy m — d dz.
2 /1()~a sin(w,, z)(/o (v 4)(1 S)QLM () sin(wy, m(z — 5)) s) 5

First we prove (9.27) when w,, mka < 1o. Using (9.20) and (9.24) in (9.28), we have

1—(g)re :

( ) L d > JVa m 2 3 2]Va’m / 2

Va,m( ) Z 5 N0Wy, m Ko — 2 YoWra,mbEq
1—(%)“0 Va,m Va,m

! ]Vu)m 2
Wy, ,m

]

27,
- ’YOJV(,(,m a 27 0 )

]va,mwva,m’ia

- ]l/a,m a(’yo -

Now remember that (3.10) ([43]) says that

. ar 1/3
jV,kZV_WV/7

where a7 < 0. Hence
. 1/3
Iva,m — o > _WVO‘/
and

jl/a,m + Vo > 21/047

therefore

) 1 _ 2a1 JA/3

Since jy,.m = Va, this implies that

2a1 )1/2 5/3,

jua,mwl/a,mﬁa 2 (_21/3 o

(9.27)

(9.28)
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That last quantity goes to infinity when oo — 27, hence there exists ag € [1,2) such that

1=(g)" Yo
Vo € (o, 2),Ym > 1, / Ly, m(2)?dz > 252 3
1

T S g amter

which implies (9.27) when w,_ m&a < 7o.
Next we prove (9.27) when wy_ mkq > 1. Using (9.21) and (9.25) in (9.28), we have

1—(g)re -2 . 2 ’
L D@ e 2 gy — e, = Tt (g ),
1

(5)ra Ve, l%mm “ gu,m Jva,m
Hence, once again, there exists a; € [1,2) such that
1=(g)"
Vo € [a1,2),¥m > 1, / Ly, m(2)2dz >7°J”37’”
_(bYra ’ 2 w
1 (f) Vo ,M
Finally, since
1 a
infla, 11> %
inf{a, 3 = 75
we obtain that
1=(g)"
/ Lme(Z)de Z lnf{ﬁjg m’i?w/yojuag,im}
1—(§)e " 2 %a,m
70 .2 o 2 3 1
= f{1 T —
2]y maln{ wuam(gl}— ua,m al"‘wgamlii’
which is (9.27). O
9.7. Proof of Proposition 2.15
We deduce from (9.5) and (9.27) that, for o > @,
b 2 3 2 2 2 2 2 _ 1y,.2
2 Jva,mfa _ Jve,mPa _ Yoo mPa + (Va B Z)Ha
2t [ e dr 2w e e S

Since voka — 3 as o — 27, there exists a* € [@,2) such that (V2 —

$)k% > § for all a € [@*,2). Then, for all
a € [@*,2), we have

2 2 2 1 2 2 2 1
wua,mﬂa + (Va - Z)Ka wl/ m"{a + 8 > 1
2 2 2 2 — :
I+ wy ke T 14wy ke T8

Hence

b
Va € [@",2),¥m > 1, / D (7)? d > %/@a. (9.29)
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But we already proved in (9.13) that (ff ®2 . )m>1 is uniformly bounded from below when « € [1,@*]. Hence
(9.13) and (9.29) give (2.18) and the proof of Proposition 2.15 is completed. O
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