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OPTIMAL CONTROL OF TIME-DISCRETE TWO-PHASE FLOW
DRIVEN BY A DIFFUSE-INTERFACE MODEL*

HARALD GARCKE!, MICHAEL HINZE? AND CHRISTIAN KAHLE?**

Abstract. We propose a general control framework for two-phase flows with variable densities in the
diffuse interface formulation, where the distribution of the fluid components is described by a phase
field. The flow is governed by the diffuse interface model proposed in Abels et al. [M8AS 22 (2012)
1150013]. On the basis of the stable time discretization proposed in Garcke et al. [Appl. Numer. Math.
99 (2016) 151] we derive necessary optimality conditions for the time-discrete and the fully discrete
optimal control problem. We present numerical examples with distributed and boundary controls, and
also consider the case, where the initial value of the phase field serves as control variable.
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1. INTRODUCTION

In this paper we study a general discrete framework for control of two-phase fluids governed by the ther-
modynamically consistent diffuse interface model proposed in [2]. For the discretization we use the approach
of [22], where the authors propose a time discretization scheme, that preserves this important property in the
time discrete setting and, using a post-processing step, also in the fully discrete setting including adaptive mesh
discretization. As control actions we consider distributed control, Dirichlet boundary control, and control with
the initial condition of the phase field.

For the practical implementation we adapt the adaptive treatment developed in [22] to the optimal control
setting. On the discrete level, special emphasis has to be taken for the control with the initial value of the
phase field, since the distribution of its phases is an outcome of the optimization procedure and thus a-priori
unknown. In this case we combine the variational discretization from [37] with error estimation techniques to
find a good mesh for the numerical representation of the a-priori unknown phase distribution.
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Let us comment on related literature on time discretizations and control of (two-phase) fluids. For investiga-
tions of further time discretizations we refer to [6, 22, 26, 27, 28, 30, 36]. Concerning optimal control and feedback
control of fluids there is a wide range of literature available. Here we only mention [12, 13, 21, 29, 38, 40].

Let us further comment on available literature for control of Cahn—Hilliard multiphase flow systems. In [32]
distributed optimal control of the Cahn—Hilliard system with a non smooth double obstacle potential is proposed,
and in [33] this work is extended to time-discrete two-phase flow given by a Cahn—Hilliard Navier—Stokes system
with equal densities. Both works aim at existence of optimal controls and first order optimality conditions. In
[36] the authors consider time discrete optimal control of multiphase flows based on the diffuse interface model
of [2]. This work aims at establishing existence of solutions and stationarity conditions for control problems
with free energies governed by the double obstacle potential, which is achieved through an appropriate limiting
process of control problems with smooth relaxed free energies. In [35] a goal oriented adaptive concept for
the numerical realization is proposed. The focus of the present work is different in that we consider numerical
analysis of the fully discrete problem, propose a tailored numerical adaptive concept for the control problem,
and present numerical examples which clearly show the potential of our approach.

We also mention the work of [10], where optimal control for a binary fluid, that is described by its density
distribution, is proposed.

Let us finally comment on feedback control approaches for multiphase flows. Model predictive control is
applied to the model from [2] in [39, 43, 44].

The paper is organized as follows. In Section 2 we state the model for the two-phase system and summarize
assumptions that we require for the data. In Section 3 we state the time discretization scheme proposed in [22]
and summarize properties of the scheme which we need in the present paper. We formulate the time discrete
optimization problem in Section 3. In Section 4 we consider the optimal control problem in the fully discrete
setting and present numerical examples in Section 6.

2. THE GOVERNING EQUATIONS

The two-phase flow is modeled by the diffuse interface model proposed in [2].

poww+ ((pv+j)-V)v—div(2nDv) + V7

-uVo-pK—-f=0 VreQ, Vtel, (2.1)
—div(v) =0 VeeQ, Vtel, (2.2)
Op+v-Vo-bApn=0 VeeQ, Vtel, (2.3)
—aeA<p+gW’(<p)—,u=O Ve e, Vtel, (2.4)
€
v(0,2) = vo(x) Ve, (2.5)
@(0733) = (po(l‘) Va e Q: (26)
v(t,x) =g Vaed, Vtel, (2.7)
Vu(t,z) v =Ve(t,z) va=0 Ve e, Vtel. (2.8)

Here ¢ denotes the phase field, p the chemical potential, v the velocity field and 7 the pressure. Furthermore
J=-2520vp is a diffuse flux for .

In addition Q ¢ R™, n € {2,3}, denotes an open, convex and polygonal (n = 2) or polyhedral (n = 3) bounded
domain. In particular it has Lipschitz boundary. Convexity of the domain is needed as we use H?-regularity
results for Poisson’s equation with L? right hand sides which hold in polygonal or polyhedral domains if the
domain is convex.

Its outer unit normal is denoted as vq, and I = (0,7T] with 0 < T < oo is a time interval.
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The free energy density is denoted by W and is assumed to be of double-well type with exactly two minima
at £1. For W we use a splitting W = W, + W_, where W, is convex and W_ is concave.

The density is denoted by p = p(p), fulfilling p(-1) = p; and p(1) = p2, where p1, p2 denote the densities of
the involved fluids. The viscosity is denoted by n = n(y), fulfilling n(-1) = n; and n(1) = 72, with individual
fluid viscosities 71,72. The constant mobility is denoted by b, but this work can be generalized to general
non-degenerate mobilites. The gravitational force is denoted by K. By Dv = %(Vv + (Vv)t) we denote the
symmetrized gradient. The scaled surface tension is denoted by ¢ > 0 and the interfacial width is proportional
to € > 0 which is fixed throughout this work. We further have a volume force f and boundary data g, as well as
an initial phase field g and a solenoidal initial velocity field vy.

Concerning results on existence of solutions for (2.1)—(2.8) under different assumptions on W and b we refer
to [3, 4, 25].

2.1. Assumptions

For the data of our problem we assume:

(A1) W:R - R is twice continuously differentiable and is of double-well type, i.e. it has exactly two minima
at +1 with values W (£1) = 0.

(A2) W[ and W’ are Frechét differentiable as operators from H'(Q) to (H'(Q))*. Furthermore
(W!'(€)dp,d¢) > 0 holds for all &,6p € H(Q).

(A3) W and its derivatives are polynomially bounded, i.e. there exists a C' > 0 such that [W(z)| < C(1 + |z|?),
W(z)| < C(1+|z]77Y), W/ (z)| < C(1+|z]7Y), W] (z)| < C(1+]|x|972), and W (z)| < C(1 +|x|97?) holds
for some g€ [2,4] if n=3 and g €[2,00) if n = 2.

(A4) There exists @, < -1 and @} > 1, such that p(p) = p(pa) for ¢ < @q, and p(@) = p(pp) for ¢ > . For ¢, <
© < p the function p(p) is affine linear, i.e. p(p) = % (p2—p1)p + (p1 + p2)), and we define p; := w.
Further, n(¢) =n(@a) for ¢ < @4, and n(¢) = n(ws) for ¢ > vp. For ¢, < ¢ < @p the function n(y) is affine
linear, i.e. n(¢) = 5 ((n2 =m)p + (m +12))-

We define p > p >0, 77 > 1> 0 fulfilling
* p2p(p)2p>0,

e 21n(p)2n>0,

see Remark 2.2.

(A5) The mean value of ¢ is zero, i.e. there holds ﬁ Jo, ¢ da = 0. This can be achieved by choosing the values
indicating the pure phases accordingly and considering a shifted system if required. In this case the values
+1 change to some other appropriate values.

Remark 2.1. The Assumptions (A1)—(A3) are for example fulfilled by the polynomial free energy density

W (e) = 1 (1-¢7)".

e~

Another free energy density fulfilling these assumptions is the relaxed double-obstacle free energy density given
by

AMy) :==max(0,y — 1) + min(0,y + 1),
1+2s++4s+1

g 2T
5= 5 (1-€) + SN,
W) = 5 (1-(€)) + SR+, (29)
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where s > 0, and as s denotes a penalisation parameter from Moreau—Yosida regularization s is chosen very large
in practice. The energy density W* can be understood as a relaxation of the double-obstacle free energy density

W (e) = {;(1-#) if || < 1,
) else,
which is proposed in [15, 49] to model phase separation. We note that here we use a cubic penalisiation to obtain
the required regularity from (A1) and that £ is chosen such that W* takes its minima at +1 and 9§ is such that
W#(£1) = 0. Let us note that the larger s, the better W*° reflects W,
In the numerical examples of this work we use the free energy density W = W?. For this choice the splitting
into convex and concave part reads

1
W.(9) = 53 M€,
1
W.(p) = 5(1-(60)%) +6.
Furthermore we have

Wi(p) = seAEp)INEp). W () = 252 M(Ew)|-

Remark 2.2. For the weak formulation of (2.1)—(2.8) we later require affine linearity of p on the image of ¢.
The affine linearity of 7 is assumed for simplicity. Note that in view of Assumption (A4), this essentially implies
a bound on ¢, namely ¢ € (¢4, ©p) as stated in Assumption (A4).

Using W* as free energy density we argue, that for s sufficiently large (see [22], Rem. 6) |¢| < 1+ 6 holds,
with @ sufficiently small, and in [45] it is shown for the Cahn—Hilliard equation without transport, that for the
energy (2.9) in fact [¢]p=(q) < 1 +Cs™/? holds.

In a general setting one might use a nonlinear dependence between ¢ and p, see e.g. [1], or choose a cut-off
procedure as proposed in [25, 28].

Anyway, since we later require linearity of p on the image of ¢ we state Assumption (A4) and note that this
assumption is fulfilled in our numerical examples in Section 6.

2.2. Notation

We use the conventional notation for Sobolev and Hilbert spaces, see e.g. [5]. With LP(Q2), 1 < p < oo, we
denote the space of measurable functions on €2, whose modulus to the power p is Lebesgue-integrable. L*°(Q2)
denotes the space of measurable functions on €2, which are essentially bounded. For p = 2 we denote by L?({2) the
space of square integrable functions on © with inner product (-,-) and norm | - |. By W*?P(Q), k> 1,1 <p< oo,
we denote the Sobolev space of functions admitting weak derivatives up to order k in LP(Q2). If p = 2 we write
HF(Q).

For f e H'(Q)" we introduce the continuous trace operator v : H(Q)" - Hz ()" as vf := flaq. Vice
versa, for g € Hz(9Q)" with g-vg = 0 there exists § ¢ H(Q)", (div(7),q) = 0¥q € L2()) with 73 = g and
1] &2 2y < CHgHH%(aQ)n, where C is independent of g, (see [24] I. Sect. 2 Lem. 2.2). We call ~ the extension
operator.

The subspace H} (2)™ ¢ H'(2)™ denotes the set of functions with vanishing boundary trace. We further set

Ly (Q) = {v e L*(Q) [ (v,1) = 0},
and with

H, () = {v e H'(Q)" | (div(v),q) = 0¥g € L*(Q)}
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we denote the space of all weakly solenoidal H' () vector fields, i.e. we include the solenoidality condition
in the distributional sense. We stress that there is no correspondence between the subscript o and the scaled
surface tension. We denote both terms using o since these are standard notations. We further introduce

Hy () = Hy ()" n H,(Q).

For ue LI(Q)", ¢>2ifn=2, ¢>3ifn=3, and ov,we H'(Q)" we introduce the trilinear form

a(u,v,w):%fQ((wV)v)w dx—%fQ((u-V)w)vdx. (2.10)

Note that there holds a(u,v,w) = —a(u,w,v), and especially a(u,v,v) = 0. We have the following stability
estimate by Holder inequalities and Sobolev embedding

la(u, v, w)| < Cllul Laaylv]mr @) lwlar@)-

For a square summable series of functions ( fm)%:l e VM where (V,|-|v) is a normed vector space, we

introduce the notation |(f™)M_, (2 = M, | fml?..
Finally for v e L?(Q)", 0 € H'(Q), ¢ € L?>(2) we introduce the total energy E(v, ¢, )

1 1
B(v.p.0) =5 [ p(@hl*de+o [ SveP+W(e)dr, (2.11)

where the first integral is the kinetic energy and the second integral represents the Ginzburg—Landau energy of
the phase field.

3. THE TIME-DISCRETE SETTING

In [22] existence of time discrete weak solutions for (2.1)—(2.4) is shown for the case of g =0 and f =0. In
this section we formulate a time discrete optimization problem for (2.1)-(2.4), where we use g, f, and g as
controls, and show existence of solutions together with first order optimality conditions.

Let 0=ty <ty <-<tm_1 <tm <tms1 <+ <tp =T denote an equidistant subdivision of the interval I = [0, 7]
with 7,41 — Trn = 7 and sub intervals Iy = {0}, I, = (tm-1,tm], m=1,..., M. From here onwards the superscript
m denotes the corresponding variables at time instance t,,, e.g. ™ = ¢(t,,). For functions f € L?(0,7,V) we
introduce ™ := fI f(t)dt € V. Note that this can be seen as a discontinuous Galerkin approximation using
piecewise constant values.

We now introduce the optimal control problem under consideration. For this purpose we interpret ¢q, f, and
g as sought control that we intend to choose, such that the corresponding phase field o™ is close to a desired
phase field ¢4 in the mean square sense. If g4 is the measurement of a real world system, then finding ¢ such
that the corresponding phase field ¢ is close to ¢4 resembles an inverse problem.

We denote by w € U the control, where

U=UrxUy xUp =K x L*(0,T;R*) x L*(0, T; R"")
is the space of controls, where

K= {ve H'(Q)] fﬂvdx 0, o] <1} c HY(Q) " L™(Q)
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denotes the space of admissible initial phase fields.
By

B:U - H'(Q) n L™() x L2(0, T; LA(Q)") x L2(0, T; (H'/2(90))")

we denote the linear and bounded control operator, which consists of three components, i.e. B =By, By, Bg],
where Br(ur,uy,up) = Bruy := uy, which is the initial phase field for the system, By (ur,uy,up) = Byuy with
Byuy (t,z) = ¥ fi(z)ul,(t) where f; € L*(Q)™ are given functions, which is a volume force acting on the fluid
inside Q, and Bp(ur,uv,up) = Bpug, with Bpugp(t,x) = X%, gi(x)u’s(t) where g; € H/2(9Q)™ denote given
functions, and this is a boundary force acting on the fluid as Dirichlet boundary data. To obtain a solenoidal
velocity field, Bgup has to fulfill the compatibility condition |, 90 BBup -vads =0, and in the following for
simplicity we assume g;-vq =0,1=1,...,up, point wise.

Given a triple (ay,ay,ap) of non negative values with ay + ay + ap = 1 we introduce an inner product for
u=(ur,uy,up) €U and v = (vr,vy,vg) € U by

(w,v)u = ar(Vur, Vur) p2) + av (uy,vv ) 20,5k ) + @B(UB, VB) 12(0,1:R ™) (3.1)

and the norm |u|? = (u,u)y.

We use the convention, that ., =0, x € {I,V, B}, means, that we do not apply this kind of control. If a; =0
we use ¢ as given data, if ap = 0, we assume no-slip boundary data for v. For notational convenience, in the
following we assume o, # 0 for all x € {I,V, B}.

We stress, that we do not discretize the control in time, although the state equation is time discrete. Thus
we follow the concept of variational discretization [37]. Anyway, the control is discretized implicitly in time by
the adjoint equation that we will derive later. We also note, that in view of the state equation, this allows us to
dynamically adapt the time step size 7 to the flow condition without changing the control space.

Following [22] we propose the following time discrete counterpart of (2.1)—(2.8):

Let u e U and vy € Hy(2) n L= () be given.

Initialization for m =1:

Set ¥ = u; and v° = vg.

Find ¢! € HY(Q) n L=(Q), p' e WH3(Q), v' € H, (), with v(v') = Bguk, such that for all w e Hp (),
¢ ¢ HY(Q), and ¥ e H'(Q) it holds

1 1
fv/‘(f(pl+p0)v1—povo)wdx+a(plvo+j1,v1,w)+[2771Dv1:Dwdx
TJa\2 Q
1y, 0 0 1 _

_fQ,u Vo w+p Kwda:—(Bvuv,w)H_l(Q),Hé(Q) =0, (3.2)
1 1_.0 0 0 1
f[(ap - )Wdym—f(v -V )lI/d:c+fqu -V¥dz =0, (3.3)
T JO Q Q
JE[QVQDI~V€Z5dx—fﬂ,ul@dx-t-ng(Wi@pl)-t-W_’(gaO))@dx:O, (3.4)

€

where j! := —psbvpul.

Two-step scheme for m > 1:
Given ™2 e H'(Q) n L=(Q), ™1 e HY(Q) n L>(Q), p™ L e W3(Q), v™ ! e H, (),
find v™ € Hy(Q), v(v™) = Bpuly, o™ € H(Q)n L= (Q), u™ e W3(Q) such that for all w € Hy ,(Q), ¥ € H* (),



OPTIMAL CONTROL OF TIME-DISCRETE TWO-PHASE FLOW DRIVEN BY A DIFFUSE-INTERFACE MODEL 7

and @ € H'(Q2) it holds

1 m—1 + m—2
- / (ppvm - pm_zvm_l) wdz + f 20" Du™ : Dwdx +a(p™ o™+ i 0™ w)
Q Q

T 2
_ fQ LV w4 p " K da - (Bvu"’},w)H_l(Q)’H&(Q) =0, (3.5)
@m _ gpm—l
f 7de+f(vm-v<pm_l)de+f bvu™ - v¥ dzx =0, (3.6)
Q T Q Q
UeLV@m~V¢dx— [Qm@dm g fQ(W;(w) LW (" Y)Bd = 0, (3.7)
€
where j™7! = —psbvu™ 1. We further use the abbreviations p™ := p(¢™) and ™ := n(p™).

We note that in (3.5)—(3.7) the only nonlinearity arises from W and thus only the equation (3.7) is nonlinear.
A similar argumentation holds for (3.2)—(3.4). The regularity Vu™ ! € L3(Q) is required for the trilinear form
a(--,+), see (2.10).

Remark 3.1. We note that (3.5
an initialization as proposed in (
used as proposed in [46].
Another variant might be to require initial data on time instance t_; for the phase field and at ¢y for the
velocity field. Equations (3.6)—(3.7) can than be solved for ¢” and p° to obtain initial values, see [36].
Since we are later also interested in control of the initial value ¢ we propose the initialization scheme
(3.2)—(3.4) here.

)—(3.7) is a two-step scheme for the phase field variable ¢, and thus we need
3.2)-

2)—(3.4). Here, as in [22] the sequential coupling of (3.3)—(3.4) and (3.2) is

Remark 3.2. For the rest of this paper we discuss optimal control of the time discrete system (3.2)—(3.7) for
a fixed parameter 7. We neither discuss the dependence of our results with respect to the limit 7 — 0, nor with
respect to the limit € — 0. In the subsequent analysis constants depend critically on € as e.g. powers of ¢! result
from estimates involving Young’s inequality.

We refer to [25] for investigations related to the case 7 — 0, and to [18, 20] for investigations considering the
case € — 0 for the Allen—-Cahn system.

Theorem 3.3. Let v° € H,(Q) n L®(Q)" and ue U be given data.
Then there exists a unique solution (v, @b, ut) to (3.2)(3.4), and it holds

HU1HH1(Q)” + H<P1HH2(Q) + HMI HH?(Q)

(3.8)

< C1(v0)C2 (HUIHHl(Q), | Bvuy |22y | Beug HH%(amn)

and o', b can be found by Newton’s method. The constants Cy, Co depend polynomially on its arguments, on
the system parameter and especially e 1.

Proof. The existence of (o', u') e H'(Q) x H'(Q) follows from [34]. There the corresponding system with-
out the transport term v°Vu; is analyzed. This term is a given volume force, that can be incorporated in a
straightforward manner. From this we directly obtain the stability inequality

Il oy + 11 ) < CL™)Co(lur| g (ay)-

Since |[W! ()| < C(1+|¢|?]), ¢ <3 we have W/ () € L*(Q) and by L? regularity theory we have @' € H?(1Q2)
and

le 20y < CUpt ) e s w7 (@))-
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We further have v°Vu; € L?(Q) and thus we have u! € H2(Q) and the stability inequality

| 20y < C1(v0)Co(Jur | (ay, €' i 0))-

Convergence of Newton’s method directly follows from [34]. Note that the only nonlinearity W, is monotone.
With 0%, ! ur, and p! given data, (3.2) defines a coercive and continuous bilinear form on H, and thus
existence and stability of a solution follows from Lax—Milgram’s theorem. This uses the antisymmetry of the
trilinear form a and Korn’s inequality. The non-homogeneous Dirichlet data are incorporated by extension.
Note that (3.2) is linear with respect to v', and also compare the proof of Theorem 3.4. O]

Theorem 3.4. Let v™ ! e H,(Q), o™ 2 e H(Q)nL®(Q), o™ e HY(Q) nL=(Q), and p™ ' e WH3(Q), be
given data. Then there exists a unique solution (v™,™, ™) to (3.5)—(3.7).

It further holds ©™ € H*(Q) and if additionally @™ ' € WH3(Q) we have u™ € H*(Q) and the stability
inequality

[o™ [ 1y + ™ [ m200) + 10" | 22(0)

<C (H’U7n_1 ”Hl Q)m

o™ Hlwrs ey | Bvudt | L2 yn

‘BBUTEHH%(aﬂ)n) ?

holds. The constant C depends polynomially on its arguments, on the system parameter and especially ¢ *.
Locally the unique solution can be found by Newton’s method.

Proof. In [22] the existence for v(Bpu}) = 0 and Byuf} = 0 is shown using a Galerkin approach. The additional
volume force is incorporated in a straightforward manner. The boundary data Bgul is introduced by investi-
gating a shifted system, i.e. by considering v™ = vy* + Bpuly, where vj" has zero Dirichlet data. Note that due

to the linearity of (3.5) with respect to v™ the terms involving m are independent of the solution on the
current time instance, and also appear as volume force.

To derive the stability estimate, we proceed as follows. We define e := m, i.e. a solenoidal extension of
Bpu into , and use w = v™ - e as test function in (3.5), ¥ = u™ as test function in (3.6), and & = 771 (™ -
©™ 1) as test function in (3.7), and add the resulting equations. Using the properties of W/ and W’ we obtain
(compare [22], Thm. 7)

1
E(vm,wm7<pm—1) + 5 /{;pm—2|vm _,Um71|2 dSC+2T/§;7]m71|D’Um|2 dz

g€ _
w7 [ v Rde+ Z|vem - v

m—1 m—2
< E(Um—17<pm—17<pm—2) + f (P +p Um _pm—ZUm—l)edx

Q 2

+7'a(,om_1vm‘1 +JmLgm, e)+2r /;) ™' Dv™ : Dedx

-7 f p"ve™ tedr + (P K, 0™ - e) + T(Byuly, o™ - e)r2(qyn- (3.9)
Q

Note that for e = 0, i.e. v™|sq = 0, this result is shown in [22], Theorem 7. For the left hand side of the inequality
(3.9) we have using (A4) and (A5)

]' m o€ m m m m— m m— m
Solo I+ I sy < BQ™ &), 2mID P <2 [ D P,

2(1+C2
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where C, denotes the constant from Poincaré’s inequality. Thus for the left hand side we have by Korn’s
inequality, i.e. HvH%l(Q)n < C(|v|? + || Dv|?), the lower bound

C (o™ 1y + 1™ 7 () + IVH™]?).

Next we observe since e|spq = g and g-vg = 0 that for any 3 € R it holds

mlgq :—fd' m-1 g f o™ ds = 0 3.10
fQﬁVgo edzx o iv(Be)p T+ 896 v s=0, ( )

and thus [, p" V™ tedr = [, (1™ - [o ™) V™ tedx holds.
For the right hand side we have

E@™ o™ o™ ) <C (o™ P+ IVe™ P+ 1+ o™ ey ) »

m—1 m—2
14 +p m m-2, m— m m—
o E e <0+ 1o ) e

Ta(p
2 [Q 7™ Dy™ : Deda < C|vo™ || Vel

r [ v teda < Clu = [ pm dal o 9" el

< CIva™ o™ Lo lel axcayn-
(P K 0™ =€) < DKo 2y

T(Byvuy, ™ =€)z < [ Bvuy||[o™] + [ Byuy|]e].

L g0 e) < Ol o 4 T ey [ sy el oy

The bound for [v™|g1(ayn, |¢™ a1y and [Vu™| now follows from a3 scaled Young’s inequality and
compensating the terms involving p™ and v on the left hand side.

To bound |p™] it is sufficient to bound [, u™ dz and to use Poincaré’s inequality. The required bound is
obtained by testing (3.7) with @ = 1, using (A3) and the already shown bound on ¢™.

The local convergence of Newton’s method is shown in [22].

The regularity ™, u™ € H?(Q) follow as in the proof of Theorem 3.3, but now using Vo™ ' € L3(Q) and
v™ e H, — L%(Q).

O

Let us next introduce the optimization problem under investigation. For this we first rewrite (3.2)—(3.7) in a
compact and abstract form and introduce

Y =H ()M x (H' () n L=(2))" x w3 (@)™,
Yo i=Ho o ()M x (H'(2) n L= (2))" x WH3(@)™,
y =", " 1" €Y,

Z = (Ho o ()M <« H' ()M x H'()M)

*
)

e:YoxU — Z,
e(yo,u) = 0. (3.11)
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The operator e is defined as follows

(5 e0s ) 5= 77 (5007 + 0000+ Bl) - 00,01 + o + ', + B, 1)
+ (20" D(v} + Bpuk,), DoY) - (u' vy + p°K, o)
- (Byuy, ")
+7H (" —un, @) + (0OVur, @) + (bt vt)
+oe(Ve', vi') - (ut, it)
+oe " (Wi(p") + W (ur),i")

M —_
a1, m— m m =L (e s 1), ™
+Z[Tl(§(p L+ o™ ) (vg + Bpug) — o™ (v + Bpug ), 0 )
m=2

+a(p" (ot + Bpunl) + 77 o + Bpum, o)

+ (20" D(vg" + Bpulf), Di™) = (" v+ p" T K, 5™

- (Byuy, ™)

T ™ = @™ ™) + ((vf! + Bpug) Vg™ @™ + (bVp™, V™)
+oe(Ve™, Va™) = (" i)

+oe (WL (™) + W/ (™), ﬂm)]

with o := (v§", 0™, 1™ )iy € Yo, and § = ((0™)701, (8™ )piers (™) mi=1)))) € Z*. Here again p™ = p(p™),
n™ = n(p™) and especially p° := p(us), n° = n(ur).
Now the time-discrete optimization problem under investigation is given as

1
. m\M _ M 2
min J (" )m-1,0) = 5le™ =~ ealliz (o)
(6%
e

5 (a;]{l§|Vu1|2+e_1Wu(u1)dx

savluy Ba sy + anlusl3ao e

s.t. e(y,u) = 0.

Here ¢4 € L?(€) is a given desired phase field, and « > 0 is a weight for the control cost. For the control cost
of the initial value we use the well-known Ginzburg-Landau energy (2.11) of the phase field u; with interfacial
thickness €. Here we use the double obstacle free energy density W,, = W given in Remark 2.1. In our numerical
examples it is advantageous to use this non-smooth free energy density instead of the smoother one used in the
Cahn-Hilliard /Navier—Stokes system for the simulation.

Theorem 3.5. Let v° € H,(Q)n L®(Q), ueU be given.
Then there exists a unique solution to the equation e(y,u) =0, i.e. there exist (v™, ™, u™YM_ €Y such that
(0™, ™, u™) is the unique solution to (3.2)—(3.7) for m=1,..., M. Moreover there holds

H(Um)%[:lqu(Q)n + H(<Pm)7]\r/{:1 HHZ(Q) + H(Nm)%ﬂ”m(ﬂ)

< C1 (o) o (Jur s OB MLy | (BBUB) a3 . )
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Further e(y,u) is Fréchet-differentiable with respect to y, and ey (y,u) € L(Yy, Z) has a bounded inverse. Thus
Newton’s method can be applied for finding the unique solution of (3.11) for given u.

Proof. The existence and stability of the solution for each time instance follows directly from
Theorems 3.3 and 3.4.

The equation e(y,u) = 0 is of block diagonal form with nonlinear entries on the diagonal. Thus solving
(3.11) reduces to solving each time instance with given data from the previous time instance. As argued in
Theorems 3.3 and 3.4 these nonlinear equations can be solved by Newton’s method. Applying this argument
for all time instances we obtain that e, (y,u) € £(Yp, Z) has a bounded inverse. O

Lemma 3.6. The functional J(yo,u) is continuously differentiable with respect to yo and w.

Based on Theorem 3.5 we introduce the reduced functional J(u) == J(yo(u),u) and state the following
theorem.

Theorem 3.7 (Existence of an optimal control). There exists at least one solution to P, i.e. at least one optimal
control.

Proof. Since J is bounded from below, there exists a minimizing sequence wu; with J (w) - J* and
J* = inf, J(u).

Since J is radially unbounded, there exists V' c U, bounded, convex and closed such that w; ¢ V' and thus
there exists a weakly convergent subsequence, in the following again denoted by (u;). Since closed convex sets
are weakly closed, u; -~ u,. € V holds. Let y; = (v;, 1, i) denote the unique solution of (3.2)—(3.7) for u;. Then
Y1 = yx €Y, with y, = yu(us), and (u, yx) solves (3.2)—(3.7). This can be shown as in [22], Theorem 6.

It remains to show, that J(u.) = J*. To begin with we note that y; - y. holds, which implies ¢} — M
in H(Q) and oM — ¢ in L?(Q2) by Rellich’s theorem. This gives convergence for the first addend in (P).
Concerning the second addend we note that again Rellich’s theorem gives uj, — uz, € K in L?(), and thus
pointwise a.e. This gives Wy, (ur,) - Wy, ((ur).) pointwise a.e. The claim now follows from the weak lower
semicontinuity of norms, which implies that

J(u,) < liminf J(u) = J*
holds. Thus u, is an optimal control. O

We next derive first order optimality conditions in the abstract setting. We introduce an adjoint state p € Z*
and the Lagrangian as

L(yapv U) = ‘](y?u) - (p7e(y7u)>Z*,Z :

By Lagrangian calculus we then obtain the following first order optimality conditions.

Theorem 3.8 (First order optimality conditions in abstract setting). Let ue U, y €Y be an optimal solution
to P. Then there exists an adjoint state p € Z* and the triple (u,y,p) fulfills the following first order optimality
conditions:

e(y,u)=0¢ Z, (3.12)
(ey(y,u)) p=Jy(y,u) € Yy, (3.13)
(Ju(y,u) + (eu(y,u) ' pyw —u)y. ;=0 YweU. (3.14)

Proof. From Theorem 3.5 and Lemma 3.6 we have that e and J fulfill the assumptions of [41], Corollary 1.3,
which in turn asserts the claim. [
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To state the first order optimality system we introduce Lagrange multiplier p € Z*, p =
(pvm,p:f,pl’f)%:l € Hé‘f{, x HY(Q)M x H*(Q)M and define the Lagrangian

L:U x (Ho o)™ x (H'(Q) n L= Q)M x W3 Q)M x (Hy )™ x H* ()M x H* ()M - R

as

m m m m m m 1
L(u,vo PPy 7p¢7plt):: §HQ0M_SOCIHQLQ(Q)
Q 9 9 ) 5 1
+ 7\ luv22(0,riru0y + @BlUB 120,700y + 1 fQ §|VUI| + gWu(UI)dﬂf

M m-—1 m—2
1 + = _ - S e
- Z [ (pp(vg” + Bpuly) - p™ (ot 1y BBug‘l),pT)
m=2LT 2

+a(p™ (ot + Bpunt) + 57 (v + Bpuln), ph)

+(20™" ' D(vg" + Bpuy), Dp)') = (0" ve™ o)) = (0" K, ) - (BVW,PT)]

Mz

1 _ = -
[ =™ )+ (0 + Bra) ™ ) + (0™ ) |
.

m=2

|
Mz

[oewem iy - gy + 2 (W) W )|

2

N

P1+PO1’_“1’ 0.0 1 1,0, -1 (.1 1 1
(v’ + Bpuy) - p v°,p, | +a(p v’ + 57, (v + Bpug),p,)

+(2' D(v' + Bauk). Dpl) - (' Vur.p}) - (2*K.p}) - (Brub.p}) |

1

1
- =" —ur,p) + (WOvur,pl) + (bvpu', Vpi,)]
L T

[ o
- |oe(ve', vp)) - (', ph) + - (Wie") + Wi(ﬂz),pi)] :

Here again p™ := p(¢™), 0™ = n(¢™) and especially p° := p(u1), 7° := n(uy). In the following we write
o™ o= oyt + B]_:;’_\J’g@.

The optimality system is now given by (DL(z),Z — x) > 0, where x abbreviates all arguments of L and &
denotes an admissible direction. For all components of x except uy it even holds (DL(x),Z) = 0 since there no

further constraints apply, while U7 is a convex subset of H'(Q)n L= ().

3.1. Derivative with respect to the velocity

The derivative with respect to vj" for m =2,..., M into a direction v € Hy ,, is given by

m—1 m—2
P tp
(——5—

(Dun L. 0™, ), 5) = _i( :

,pit) - (pm‘lﬁ,p’f”))

m+1
v

—a(p™ (v + Bpulh) + 5L 6, p™)

-2 D3, Dpyt) - (5™, pl) = 0. (3.15)

—a(p™ v, vt + Bpuptl,p
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For m =1 we get

- 1 - s —
(D L(...,v..),0) = ;(po’u,p?)) —a(p*v, v} + BBu2B,p12))

1 i — _
—;((p1 +p°)0,py) —al(p' (vg + Bpu%) + j',9,py) - (20" D3, Dp,) = 0. (3.16)

Note that for notational convenience here we introduce artificial variables UM ophtt }f *1 and set them to
M+1 — o M+1 _ 0 M+1 =0
Yo =Dy Up .

Remark 3.9. Note that we derive the adjoint system in the solenoidal setting. Introducing a variable 7 for
the pressure in the primal equation leads to an additional adjoint variable p, for the adjoint pressure and to an
additional term (-divd,py).

3.2. Derivative with respect to the chemical potential

The derivative with respect to the chemical potential for m =2,..., M in a direction ji € W3(Q) is

(D#"”L("'vﬂma"')ma):_a(j;n’l”,[l’a apv +1)+(Mvcpm 1’pv ) (bvlu’avP )+(N’ap,u) 0. (317)

For m =1 the equations is

(DulL(' . 'Mul? .. )7:&) = _a’(j;l/,:avv27p12)) - a(j;ﬂ7vl7p11)) + (ﬂvulapi)
(b7, VPL) + (L) = 0. (3.13)

Here for m = 1,..., M we abbreviate j,'it = —psbV i, and for notational convenience we introduce artificial

variables vM*1 = vév“l +B uM”, pM+1 and set them to v+t = pM+l =,

The above also contains the boundary condition
Vpy va=0 m=1,..., M,

in weak form, which for smooth pi} follows from integration by parts.

3.3. Derivative with respect to the phase field
The derivative with respect to the phase field ™ in a direction ¢ € H*(Q) n L*=(Q) is for m =2,..., M

1 m+1pm+1 m+2pm+2 1 1 9
m ~ m ~ ~ 1, m m ~
(Dpm L(-..,¢™,...), @) = dmm (¢ —sod,so)—( . 5 . ,¢)+T(p Tl g)
—a(p'@u™, "™ P = (20'@Du™ !, Dpth)
+(um“w,pv Y+ (P eK,ph)
((so,pg,) (@.p0"1)) - (W™ Vg, pith)

—UG(V%VPH)—;(Wf(sﬁm)@,pﬂl)—*(W"(@m)% n) =0, (3.19)
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where d,,)s denotes the Kronecker delta. For m =1 we get

. 1. p - -
(D L(...,¢",...),9) = _;(5%1,2],3) —a(p'gvt, v, p2) - a(p @’ 0", py)
—(2n'¢Dv?, Dp2) - (20 $Dv*, Dpl) - (*V@p) - (03K, p2)
1, _ N o -
+=(2,0) = (V9@ pp) - (W ()3, pp)

1 00 1, - o -
——("Fohph) - ;(cp,pig) - 0e(V3,Vp,) - ;(Wi'(sal)cp,p,ﬂ) =0.  (3.20)

2
ere for notational convenience we introduce artificial variables v™*! = o u M2 =y u
Here for notational troduce artificial variables v™*1 = oM+ 4 Bpall+1 M+2 = yM+2 | B2,
pM+L pM+2and set them to zero.

The above also contains the boundary condition
Vo, va=0 m=1,...,M,

in weak form, which for smooth pj;" follows from integration by parts.

3.4. Derivative with respect to the control

Finally we calculate the derivative with respect to the control for the three parts of the control space.
For a test direction w € Uy we have

(Duy L(u, .. .),w) = aay fl(uv, W) Ruo dt + TT]L‘Zi[:l(BVwm,pZ")Lz(Q) =0,
and thus the optimality condition is
arayuy + Bypy' =0eR*™ m=1,....M (3.21)
Here By,p;" is defined as
Bypy = ((fr,p0" ) 20y )1

Concerning the derivative with respect to up we have for a test function w € U

P —
(DypL(u,...),w) = aap f(uB,w)Ruh dt - 771 ( 5 BBwl,pqu)
I
_a(plvo +jlaBBw17p};) - 2(771DBBU}1,D;D,£)
M B m—1 + m—2 ” - m
- Z |:T ' (p2pBme7pv )_ (p ZBmeilapv )
m=2
+a(p™ 0™+ i Bguw™, p)t) + a(p™ T Bpw™ 1 u™, plt)

+ 2" DBy, Dp™) + (BBw_mV¢m’1,p$)] - 0. (3.22)
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For smooth solutions we use the derivative with respect the velocity, the no-flux boundary condition for v™
as well as for 4" and integration by parts to observe

(DuBL(u,...),w) = aap [[(UB’U})R% dt
M
- Z f Qnm_leT-VQBmeds—f 20 Dpl - vo Bpw ds
m=2 o0 o0

and thus the optimality condition in a strong formulation is

aopTuf - (20" D) - va, g ) gizo0), w200y )y =0 €R™  ¥Ym=2,... M,

aapTup - (20" Dpy - va,¢') g-12 (a0, 12 00) = 0 € R™. (3.23)

The derivative with respect to the initial condition u; in a direction w —uy € Uy is

(Du, L(u,...),w —ur)y: v, = %Oq (e(VuI,V(w—ul))-F(l/;ZW;(UI)(w—ul)dz)

1 1

5 (p'(w—up)v*,pl) + - (¢ (w=ur)v',p2)
1 1

“5r (p'(w - ul)vl,pql)) + - (p'(w - uj)vo,pi)

+(1'V(w = ur),py) + (p'(w—ur) K, py)
1 o
+;((w - u1)7p30) - (°v(w - uI),p;) - ;(W_"(uj)(w - u1)7pi) >0. (3.24)
We note that u; € H'(Q) n L= () and thus that there exists no gradient representation for D,,, L. This is
reflected later in our numerical approach.

Remark 3.10. From (3.21) we see, that in fact uy has a discrete structure with respect to time, namely it is
piecewise constant over time intervals, as the adjoint variable p, is. The same holds for up.

4. THE FULLY DISCRETE SETTING

We next use finite elements to discretize the optimal control problem P in space. For this we use finite
elements on locally adapted meshes. At time instance ¢,,, m =1,..., M we use a quasi-uniform, triangulation
of Q with NT,, triangles denoted by 7, = {Tl}l]\:’fm fulfilling Q = UZIT’" T;.

On 7, we define the following finite element spaces:

Vo, ={v € C(Twn) |07 € PHT) VT € Ty},
V2 ={veC(Tm)"|vlr € PX(T)" VT € Trn},

where P!(S) denotes the space of polynomials up to order [ defined on S. We note that by construction
Ve Whe(T,,) and V2 c W (7,,)" holds. We introduce the discrete analog to the space H, ({2):

Hy = {v e V2 | (dive,q) = 0Vq e V) n L2(Q)},
and

HO,o,m = {U € Ho,m | fY(rU) = 0}
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We further introduce a linear H'-stable projection operator P™ : H'(Q) — V! satisfying

|P" 0| 1r ) < Clv] ey, and [VP™v|Lr ) < C|VV|Lr (),
for ve H'(Q) with r € [1,2] and pe [1,6] if n =3, and p € [1,00) if n =2 and
1P = v (a) >0

for h - 0 for ve H 2(Q) Typically examples are the Clément operator or, by restricting the preimage to
C(Q) n HY(Q), the Lagrangian interpolation operator.
We further introduce

anﬁb ={v|ga|ve an, faQ v|oq - vq ds =0}

and define II™ for m = 1,..., M as the L*(82) projection onto the trace space V7, , of V. This projection is used

to incorporate the boundary data and fulfills [II™g - g 1250y — 0 for all g € H'2(0Q) with Jo0 9 vads=0.
Using these spaces we state the discrete counterpart of (3.2)—(3.7):
Let ue U and vg € H, n L (Q)™ be given.

Initialization for m =1:
Set <p2 :=uy, v9 := vg. Find U}L €eH,q, ’Y(U}IL) = I[I'(Bguk), <p}L eVi, u,ll € V} such that for all w e Hy , 1, ¥ € V],
@ e V! it holds:

1
T (i(pi + o)y = oo, w) +ap v’ + i, v )

+(2np Dy, Dw) = (u, Ve + phg,w) = (Byuy,w) =0, (4.1)
1
;(soi — P ) + (bVpy,, V) + (0" V), W) = 0, (4.2)
g
oe(Vey, VO) + ;(Wi(wi) + W/ (P')), @) - (up, @) =0, (4.3)

where j! := —pgbV,u}L.

Two-step scheme for m > 1:

Given o 2e V!l  orlepl umleyl omleH, .1, find v e Hypn, y(0™) = H™(BguR), ¢ e V1|
¥Yh m-2> Ph m=1> Hp m-1> Up : h ms Y\Up B): Ph € Vm

i € Y} such that for all w € Hy o, ¥ € V), ® €V}, it holds:

m-2, m-—1 m—-1_m-1 -m—1

Sl - -
(G e = e ) ae e g )

+(2n7 " Do, Dw) = (up Ve + ppt g, w) = (Byult, w) =0, (4.4)
1 m m m— m m m—
;(%Oh - P" oy 1» )+ (bVuy', V) + (v, Ve 17 ¥) =0, (4.5)
m 2 m m m— m
oe(Vyy', V) + ;(Wi(wh )+ WP, ®) = (', @) =0, (4.6)

where jzl_l = —pgbV/ﬂ;f—l.
We require bounds with respect to W'?()-norms for the solution of (4.1)—(4.6) and prepare these with the
following lemmas.
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Lemma 4.1. For all 1 <p< oo there exists a continuous function C(p), such that

Vu,Vn
[Vulirioy <C) sup LV
neacy.q=o | VN Laca)
(n,1)=0
where + + % = 1. Further, from the generalized Poincaré inequality, [7], Theorem 8.16, we obtain
Inlwray < ClVnlLa) and thus
Vu,Vn
[Vulirey <C)  sup e
neLd(2),n+0 ||77HW1=‘1(Q)
(n,1)=0
Proof. The proof follows as in [11], Lemma 1.1 and uses LP-stability for u shown in [23], Theorem 1.2. O
Lemma 4.2. For ve W1P(Q) let Qnv e V) be defined by
(VQuv, V) = (Vo, Vw) Ywe V!, (4.7)

fQthd:czvadsc. (4.8)

Let 1 <p<oo. Then it holds

[Qnvlwre ) < C(P)[vlwrr(o)- (4.9)

Proof. The proof follows the lines of [16], Chapter 8. Combining it with the techniques provided in [11] and [48]
allows also the treatment of Neumann boundary data. O

Lemma 4.3. Let uj, € V!, c WH9(Q). Then it holds

IVun|rro) <C(p) sup M,
npeVy np#0 ”nh HWl,q(Q)
(n,1)=0

where % +==1.

1
q
Proof. Directly follows by combining Lemma 4.1, the definition of Qv in (4.8) and the stability estimate (4.9),
compare [48], Theorem 2.3. O

Theorem 4.4. Let vg € H'(Q)" n L=(Q)", u € U be given. Then there exist unique vi € Hy 1,
y(vi) = ITY(Bpuk), i € Vi and uj, € Vi solving (4.1)~(4.3). It further holds

lnlwraoy + lenlwra@) + [onlm@) < CL(")Callurlm @), | Bvuylza@ys  1Bsukl s p0,.):
where the constants Cy, Co depend polynomially on their arguments and the system parameter, including e,

but are independent of h.

Proof. For (4.2)—(4.3) the existence of a unique solution follows similar as in [34] by considering a suitable
minimization problem. The additional term v’V can be incorporated in a straightforward manner. Also the
stability in H' is proven in [34].
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To obtain the estimates of higher regularity we use Lemma 4.3. It holds (4.2)

Clunlwray < IVenlrz) + sl e @)
<pplrs@y+C  sup (Y, Von)

v eVl (vy,,1)=0

[onll ;3 =1
wl 2 ()

+ | vl o))

< CHN}lHHl(Q) +Csup (H@;ll - Pl@%”m@) thHL2(Q) + HUOV<P2HL2(Q)n lvn ||L2(Q))

< Cluplaiy + Clen = Prop iz + Clv°Ven | 2oy

< C(lunl ) + lenlm @) + lenlm @) + 100l L=y lenl a1 )) (4.10)

1
< Cliak i oy + Csup (|2 (6 - Plfon)

which, together with the already known bound for ||u},| 1 (o) states the bound on pj, in W3(Q). Note the
continuous embedding W2 () = L2(Q) used for vy.
For go,ll we argue similarly and estimate

CH‘P}Iz lw1.a() < ||<P}LHL4(Q) +C sup (V%lw Vop)

4
1,4
vpeW 3 (9),(vy,,1)=0

1,4 =1

]
wE ()

ag
W) + WP o))
<Clghlla ey + Clunl L2y + Csup [(1+[@h] 9, on]) + (L+ [P op|*, Junl) ]
<Cleplm )+ Clunlrze)

+C (11 +lenl 2 + 11+ PRI L2 ) sup [vnl 22 (o)
<Clenlm) + Clunlrzy + C (1+ leplmi@)y + €0 mio) -

< Cled e +csup(|<u,£,vh>|+

We note the continuous embeddings W13 (Q) - L2(Q) and H' () - LS(Q).
The existence of a unique solution for (4.1) and stability for v} then follows from Lax—Milgram’s theorem as
in Theorem 3.3 and considering a shifted system. O

Theorem 4.5. For allm=2,...,M, let uelU, o™ 2eV! , o™ teVl | umteVl omleH, . | be
given. Then there exist unique v}"* € Hy p, y(vi*) = ™ (Bpu'y), o) €V, and i € V), solving (4.4)—(4.6).
It further holds

ler Twrscey + leh' Twray + v [z @)

< C(thmfl (FTEROLE ™! lwray, lenlwraca),

Boug s oy )

HBvu(}l HLz(Q)n,
where C depends polynomially on its arguments and the system parameters, including € *, but is independent
of h.

Proof. In [22] the existence of unique solutions to (4.4)—(4.6) together with bounds in H'(£2) on the solution is
shown for the case Byul} =0, Bgulj =0, using [51], Lemma II 1.4. The volume force Byu{} is given data that
enters the proof in a straightforward manner. The boundary data Bpuly can be incorporated by investigating
a shifted system as in Theorem 3.4.
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The estimates of higher regularity follow as in Theorem 4.4. There the bound for u}b relies on L*°(Q) regularity
of 1%, that is not available here. Instead in (4.10) we can use a L°(£2) bound for v}" that directly follows from
the H'(£2) bound by Sobolov embedding, together with the L3(Q2) bound for v~ O

Theorem 4.6. Let v° € H1(Q)" n L>(Q), ue U be given. Then there exist sequences (v™)M_| € (H, )M,

m=1
(™M (™M e (WVIOM_, | such that (v™, ™, ™) is the unique solution to (4.1)~(4.6) for m=1,..., M.
Moreover there holds
|0 e ey + 1 Ymer lwacey + 1 (@R e lwra ey
< Ci (%) 0y (Huf 1) 1Byt ) 22y [ (Buf %:1“},%(39)”)-

Here the constants C1,Co depend polynomially on their arguments and the system parameter, including e™* but
are independent of h.

Proof. The existence of the solution for each time instance follows directly from Theorems 4.4 and 4.5. The
stability estimate follows from iteratively applying the stability estimates from Theorem 4.4. O
Remark 4.7. The bounds with respect to higher norms are required in Section 5 for the limit process h — 0.

To derive first order necessary optimality conditions we argue as in the case of the time discrete optimization
problem and show that Newton’s method can be used for solving the primal equation (4.1)—(4.6) on each time
instance.

Theorem 4.8. Newton’s method can be used for finding the unique solution to (4.1)—(4.6) on each time instance.

Proof. For m =1 this is shown in [34]. For m > 1 we abbreviate equation (4.4)—(4.6) by

F((U?awzﬁbvﬂzn)a (w,@,@)) =0,

with a nonlinear operator F': H, ,, x V,ln X V,ln = (Ho,o,m % V,ln X V,ln)*. Then F' is Fréchet differentiable, since
all terms are linear beside the term W, which is Frechét differentiable by (A2). The derivative in a direction
(0v,8p,81) € Hy g x V1 x V1 is given by

m

o m 1 m—1 + m—2
<G(vh yPh s Hp )(57)’65076:“)’ (wu¢>w)> = ; (p2p

+ (n™t Ddv, Dw) - (5pve™ ™, w)

6v,w) +a(p™ o™ 4 i Su,w)

1
+ — (00, W) + (BVop, V) + Gy @)

o 4 m
+0e(Vop,VP) + ;(W+ (), @) — (O, D).

The existence of a solution (dv,d¢p,du) can be shown following [22], Theorem 2, using Brouwer’s fixpoint
theorem. The boundedness of (év,dp,du) follows from the same proof. O
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We next introduce the fully discrete analog to problem (P).

I;lelgvl J((ﬁﬂh )%:17“) :§H90£4 - SDdH%ﬁ(Q)

+ay|uy| %2(O,T;R“v) +agplup H2L2(0,T;Rnb))

s.t. (4.1)-(4.6).

We stress, that we do not discretize the control for the initial value. However for a practical implementation we
need a discrete description for uy. This will be discussed after deriving the optimality conditions, see Section 6.

Theorem 4.9 (Existence of an optimal discrete control). There exists at least one optimal control to Py,.

Proof. The claim follows from standard arguments, compare Theorem 3.7. O

We next state the fully discrete counterpart of the first order optimality conditions from Section 3.

For this we introduce adjoint variables (p’, T e(Hoom)M,, (pw WM e (WM and (plzh)rz‘{{=1 e (Ym)M_
For convenience in the following we often erte vp =g, + BBuB

By the same Lagrangian calculus as in Section 3 we obtain the following fully discrete optimality system.

4.1. Derivative with respect to the velocity

The derivative with respect to vy", for m=2,..., M into a direction v € V2, is given by
L pnt+ o0 1 1
(DU}TL( .- 7/UiT7,n7 . )7’[}) = _; ((Qﬁvp::?h) - (PZT_ 1~)7p::?; ))
— a0, o ) - e e G T

- (thm_leaDpv,h) - (0Vey~ 7p(p,h) =0.
For m =1 we get
B 1 - 1 N _
(Do Lo vps ), 0) = == (i + )0, o) + = (070, 95) = 0oy 0, 07,27 1)
- a(p}lﬂjg + ]}lu ’Eapql;,h) - (2"7}11D775 Dp’llj,h) =0.

Note that for notational convenience here we introduce artificial variables v, , goM“7 and set them to

M+1 - M+1 _
Uy = Py =0

4.2. Derivative with respect to the chemical potential

The derivative with respect to the chemical potential for m =2,..., M in a direction ji € V} is

(Dyn L(... 1) = —a(ui vt i) + (Ve pi)
_(bv:u7 vP(p,h) + (uvpu7h) =0. (411)
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For m =1 the equations is

(DulL(' : 'Hulv o )’ﬂ) = _a(jula7vﬁvp12),h) - a(.j};ﬂa”}lupqu,h) + (ﬂvulap};,h)

~(0V 1, Vg ) + (s pyi ) = 0. (4.12)
Here for m =1,..., M we abbreviate j,'fi = —psbVji and for notational convenience we introduce artificial
variables v/ ™1 and pM*!, and set them to v} *! = pjvvfh“ =0.

4.3. Derivative with respect to the phase field
The derivative with respect to the phase field " in a direction @ € V}, is for m=2,..., M

1 m+1pm+1 m+2pm+2 1
(Do Lot 0 9) =Gt =0 9) - (TSI ) L (g, o)
—a(p'@upt, vt Pyt = (20 @Dy, Dpiit)
+(un Vg Py + (0" B9, D)

1, . ~
== ((@.pn) = (P2, p050)) = (o v, !

~0e(VP,Vpiy) - *(W"(w’” G.0n) — *(W_"(Pm”w’;T)P"”l 2ot = 0.

w,h
(4.13)
Here §,,0s denotes the Kronecker delta of m and M. For m =1 we get
(D: L 1 ~_1PI~22 /1~ 1 2 2 r~0 .1 1
o LGy ns ), 0) = = (50,0 ) = alp' @iy, i Py ) = alp' @7, v, Py, )
~(20'¢Dvj, Dp} ) = (20/Dviy, Doy, 1) = (i Véps 1) = (039,07 1)
1 . - o -
+—(P*,p5) - (viw,pfo w) =~ (WP P*3,pji )
L o' o} W (oG, pt _ 414
-5 pv n)~ (%pg; )~ Ue(Vgo,VpM )~ ( L (pn)@pun) =0 (4.14)
Here for notational convenience we introduce artificial variables UM oM *2, pi”,;r 1 and pﬂ/[,:r 2 and set them to

Zero.

Remark 4.10. We note that the projection operator P™ enters (4.13)—(4.14) acting on the test function @.

4.4. Derivative with respect to the control

Finally we calculate the derivative with respect to the control for the three parts of the control space.
For a test direction w € Uy we have

M
(Duy L(u,...),w) = aay /I(uv,w)Ruv dt + Z (Bvw™, pyn) 2@y = 0,

m=1

and thus the optimality condition is

atayuy + Bypy, =0eR*™ m=1,..., M. (4.15)
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Here By,p;" is defined as
By = ((fi, Pon) L2 @) )iy

Concerning the derivative with respect to up we have for a test function w e Up

(o m— 4
(DupL(u,...),w) = aap fl(uB,w)Rub dt -7~ TBBwl,pv7h
_a(pfllv0+j}1L,BBw17p3;,h) _Q(H}LDBBw17Dp11),h)

M B m—1+ m-—2 ~
-3 | (A ) - (o)
m=2

2

m—-1, m-1 -m—-1 B m ,m m—1 -1 ,,m .m
+a(pp v+ gn T Bpw™, pyty) +alpy T Bpw™ vyt pr'y)

+ 205 DBw™, D) + (Bramep ™ i) |

~aap fI (g, w)ges dt + Fy(w) = 0. (4.16)

Here F,(w) abbreviates the action of the discrete normal derivative of p, 5, see e.g. [41].
The derivative with respect to the initial condition u; in any direction w —uy € Uy is

(DuzL(U7~--)7’LU—UI)U;,U, :%al(e(VuI,V(w—uj))+€1/S;W;(u1)(w—u1)dx)

1 1
o (P'(w - UI)U}prg,h) + . (P'(w - w)vi,pi,h)

1 1
“ 5 (o' (w- uI)v}L,p}),h) = (p'(w- uI)’UO,pqu’h)

+ (¥ (w =ur), py ) + (0 (w = ur) K, py, )

# (=), k) — (V=) ) - SOV @) (w - ur), ) 20,

(4.17)
and this inequality holds for all w € Uy.

Remark 4.11. We use the finite element space Vi for the representation of ;.

5. THE LIMIT h — 0

We next investigate the limit h — 0 for problem Pj. Let u*,¢* denote a solution to P and
up,p denote a solution to Pj. Since wup,pp is a minimizer for J in the discrete setting, we have
J(un,on) < J(Pou*, Pop*) < CJ(u*,¢*) = Cj, where P, denotes any H!-stable projection onto the discrete
spaces. Thus

1 o € -
Sl =l + 5 (ar [ SIvurnf+ € Wa(urn) do

+av ||UB7h||2L2(0,T;Ruv) +ap HuVﬁH%?(O,T;R“b)) <Cj. (5.1)

Note that the mean value of uy 5, is fixed and thus by Poincaré’s inequality we have |ur | g1 (o) < C(1+[Vur ).
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Thus from (5.1) we obtain the following bounds uniform in h:

lwrnllmr ) + lus nllLzo,rreey + luvn | L2o,rre) < C.

Using Theorem 4.6 we further get the bounds

H(U}T)%ﬂHHl(Q)” +] (NT)%:lHle3(Q) + H(S";zn)%ﬂ”Wl:‘l(Q) <C.

Using Lax—Milgram’s theorem and the above bounds we further obtain bounds

M M M
I (pvmﬁ)m:l”Hl(Q)” +] (pgl,h)mzlﬂHl(ﬂ) +] (Pfﬁh)mﬂHHl(Q) <C

for the adjoint variables.
Now there exist u} € H'(Q), uj, € L*(0,T;R*), uj € L2(0,T;R"*) such that

* * *
Ur,p —~ Uy, Uy,p — Uy, UBHK —UR-

There further exist (v™*)M_, e (HL(Q)")M, (™ YM_ e Wh4(Q)M | and (u™*)M_ e W3(Q)M such that

And there further exist (p™*)M_ e HY(Q)M, (p7*)M_| e HL(Q)M, and (pff’*)n]‘f:l e HY(Q)M such that

m= ©
m M, * moo . Myx mo Tk —
pv,h_\pv ’ p(p,h pr I pp,,h py, Vm = 17"'7M'

Now let us proceed to the limit in the fully discrete optimality system. To this end we will especially show
the following strong convergence results

e =™ in HY(Q),
pi = p™ in WH(Q),
m

vt =™ in He (),

urp —ur in Hl(Q)7

form=1,...,M.

5.1. The limit h - 0 in the primal equation

The convergence of (4.6) to (3.7) and of (4.3) to (3.4) follows directly from the proposed weak convergences
together with the strong convergence ¢}* — ¢"™ in L* obtained by compact Sobolev embedding. To obtain
strong convergence in H'(§) we argue as in the proof of Theorem 4.4.

Let B: H'(Q)x H*(Q2) » R denote the coercive bilinear form B(u,v) = oe(Vu, Vo) + (u,v) and let Q" € Vi
denote the projection of ' onto V{ with respect to B fulfilling [Qrp" - ¢" | 1 (q) — 0 for h — 0, since ' € H*(Q).

Then it holds

lon = e ) < lek = Que' lm @) + 1Qne" = @' (),
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and

Clen = Qne' 30y < Bloh = Qne's oh — Qne') = Bl — ¢ ), — Qnep')
<|(uh =ty = @ueD + o — 0 L2y loh — Qe L2 (e
+ ZIWL(eh) = W1 0k = Queh)l + ZIW(PR) =W (). )~ Q)|
<lwh = 1t lL2ylon = QuetlLzy + lon — @' 2 leh — @ne' 2o
+ %HWKSO}J =W sy loh — Quetll sz (q)

o
o W (P o) = W () | Lsrs oy loh — @ue | s -
Using the Sobolev embedding H'(Q) = L*(Q), p < 6 and dividing by [¢}, - Qn¢" | #1(q) we obtain

Clon - Que'lmcoy <lih = 1tz + leh - ¢ lr2a)
ag ag
+ ;HWi(@i) Wi Loy + ;HW_'(le?L) W (") po3 )

The first two terms on the right converge to zero by the compact embedding H*(Q) < L?(Q). Since [W. (¢1)|?/® <
C(1+|pi?)%3 € L(Q) c L1(Q), by using Assumption (A3), the third term converges by Lebesgue’s generalized
convergence theorem [7], Theorem 3.25. The same argument holds for the last term, where we additionally use
the stability of P! with respect to L°(€2). The same arguments apply for the case m > 1.

The convergence of equation (4.5) to (3.6) and (4.2) to (3.3) is shown using the strong convergence vy* — v™
in L3(2) together with weak convergence V"' — V™ ! in L?(Q) yielding weak convergence of the transport
term v" V"t in LS5 For m=1 V) converges weakly in L?(€2). Further, strong convergence u* — p™ in
H'(Q) follows as above.

To show strong convergence in W3 it is thus sufficient to show strong convergence for Vu; — vu! in L3(12).

We define Qv € Vi by

(V(Qnv-v),Vwy) =0 Ywy €V,
(thal) = (’U,l),

satisfying ”th”WI’%(Q) <Clv| Lemma 4.2.

wh 3 (Q)’°
We adapt the idea from Theorem 4.4 and proceed

ClVuy-Vu'lps@y < sup  (V(pp—p'), Vo) =sup [(V(uy - 1'), VQuv) + (V(pp, — '), V(v = Qo)) ]

1.3
vew 1 2 (Q),(v,1)=0
vl ;8 =1
wbh3 ()

<sup [(V(uh = '), VQuv) + (V! , V(Qrv - v))]
-1 1 1 -1 10 0 0 0 0 0

< Csup[|T7 (¢}, =", Qo) + [T H (P = 07, Quo) | + |(v° Vi, = 0V e", Quv)
+|T_1((p1 - (Ponh/U - U)' + |(UOV9007th - U)|:|

<Cllen - ez + 1P eh =l 220y + 0" = €%l 220) sup |Qnrv = v] 2(a)
+[v°Ve° | L2 () sup [@nv = v] 12 (0] + Csup | (0" V@R, @) — ")

<Cllen -9z + 1P on = €l 2o
+lo' = @l 20y sup |Qnv = vl L2y + 10OV L2 () sup [Qrv = v] £2(0) ]

+CJ0° | oy loh = ©° | L2 (-
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Note that we used integration by parts to deal with the transport term. From the Hoélder and Sobolev inequalities
it follows

|Qnv = v[Z2(q) < 1Qnv -2 3 (o 1Qnv = vlz3(0)-

The last term is bounded due to the fact, that |v]

[Qnv = vl 3 o) < Chlvl g g
of Vup in L3(2). If m > 1 we can use the strong convergence "' — o™ ! in H'(Q) > L%(Q) together with
lvptllLs(oy < C to treat the transport term.

Next we consider the convergence of (4.4) to (3.5) and (4.1) to (3.2). Here the convergence (ny 'Dv":
Dw) = (n™ ' Dv™ : Dw) follows from the strong convergence @7~ — o™ ! in L=(Q) (by compact embedding
Wh4(Q) > L=(2)) and the weak convergence Dvj" —~ Dv™ in L*(2). The convergence of the trilinear form is
obtained by using the just shown strong convergence Vu;* — Vu™ in L3(Q) together with the weak convergence
of v = v™ in L5(9).

Let us finally show strong convergence v;* — v™ in HY(Q)" form=1,...,M Let B: Hyo1xHyo1 =R
denote the coercive bilinear form B(u,v) = 2(nj Du : Dv) + (u,v). The coercivity of B follows from Korn’s
inequality. Let wy, € H, 1 denote the Ritz projection of v! in H, with boundary values (v} ) = II(Bpuk). Then
wp, —v' = 0 in HY(Q)". Since v; —v' in HY(Q)" we find wy, — v} = 0 in H*(Q)", and wy, — v}, € Hy 1. We
thus may estimate

widy S 1 and Qn s stable in Wh3(Q). Since

we obtain [|Qnv —v|z2¢q) = 0 for h — 0 and thus the strong convergence

i =0 e < lon = wnl @y + lwn =0 a1y
Now we proceed with

Clog, = wlFrqyn < B(vy, = wn, vy, = wn) = B(vy, vy, = wp) = B(wp, vy, = wp,)
< (BVU%/,hvvflL _wh) + (:ullzv@?zavi _wh) + (pggavl}b —’U)h)
Ph + P
—G(th +]hvvhvvh wp) =T ( h2 L 1 PhU Uh wh)

+ (v, v —wn) = 2(ny Dwy = D(vy, = w)) = (wh, v = wh)

< [ Bvuypll 2o v = wal 20 + HM}LV@?LHL%(Q) lvh = wh L3 @)

+ Hp(})LQHL?(Q)" Jvp - whHL2(Q)
|@(f0hv + s Ups Uy — W)
- H*(Ph + )y, - PhUOHLZ(Q) [vh = wn lz2(0)
+ [vp, = w2 (ay + 1200 Dwn = D(vy, = w))|-
Now |(n; Dwy. : D(v}, —wp))| = 0 for h — 0 since ) Dwy, - n* Do in L?(Q) and D(v} —wy) — 0 in L?(Q2), and

thus beside the trilinear form all terms directly vanish for A — 0.
For the trilinear form we use the antisymmetry a(-, v}b — Wp, v,lI —wp,) =0 and proceed

|a(pnv® + i v v = wh)| = | pivo +ji,wh,vi —wp)|

vj, - in )V (vp, = wp ), wp)| -
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We note the strong convergence phv +] - plo® + 51 in L3(Q) and for the first term we additionally use the
strong convergence of Vwy, - Vol in LQ(Q) and the weak convergence v%b —wyp, =0 in L%() to observe that the
first term tends to zero. For the second term we proceed vice versa and use the strong convergence wy — v in
L*(2) and the weak convergence V(vi —wy) — 0 in L?() to observe that also the second term tends to zero
for h — 0.

For m > 1 we use pj*™' - p
pm—lvm—l +jm—l in LS(Q)

m-—1 m1m1+

in L*(£2) to again obtain the strong convergence pj I

5.2. The limit h - 0 in the dual equation

The convergence of (4.11) and (4.11) to (3.15) and (3.16), i.e. the adjoint Navier—Stokes equation, is shown
as in the primal equation using the strong convergence of ¢J" in L*(2) and )" in W3(Q) to show convergence
of the trilinear form and of the diffusion term.

The convergence of (4.11) and (4.12) to (3.17) and (3.18) uses strong convergence of pvmﬁl in L*(Q) and of
v in L5(Q), where the additional regularity for vy, is required.

The convergence of (4.13) and (4.14) to (3.19) and (3.20) also follows directly using the above shown strong
convergence of the primal variables. Especially for the term (7’ <pDvm+1 me+1) we need the strong convergence
ot s ™t in H(Q).

5.3. The limit h —» 0 in the derivative w.r.t. the control

The convergence of (4.15) to (3.21) is shown using the strong convergence pj;, in L3(Q).

The convergence of (4.16) to (3.22) is shown using the various strong convergence results.

Finally we show the convergence of (4.17) to (3.24). Since J(un,¢n) = J(u*,¢*), we observe convergence
IVurnlzz) = [ Vu) | L2(q). Together with Poincaré’s inequality and the weak convergence uy , —uj in H'(Q)
we observe strong convergence ur., - u} in H'(Q). The convergence (4.17) to (3.24) now readily follows.

6. NUMERICAL EXAMPLES

In this section we show numerical results for the optimal control problem P;. The implementation is done
in C++ using the finite element toolbox FEniCS [47] together with the PETSc linear algebra backend [9] and
the linear solver MUMPS [8]. For the adaptation of the spatial meshes the toolbox ALBERTA [50] is used. The
minimization problem is solved by steepest descent method. If the initial phase field is not used as control, we
use the GNU scientific library [31], if the initial value is used as control we use a self written implementation
using the H'! regularity of the control ;.

Let us next define some data, that is used throughout all examples. We use p(p) = 22524 + 21222 and
n(e) = B5te+ %, where p1, p2 and 71,72 depend on the actual example. For the free energy we always use
(2.9), w1th s = led4, and the mobility is set to b= ¢/500.

6.1. The adaptive concept

For the construction of the spatially adapted meshes we use the error indicators that are constructed in [22]
for the primal equation and use the series of meshes that we construct for the primal equation also for the dual
equation. This means that we use classical residual based error estimation to obtain suitable error indicators. We
note that following [17] the cell-wise residuals for the Cahn-Hilliard equation can be subsumed to the edge-wise
error indicators. We further note that from our numerical tests we obtain that the cell-wise residuals of the
momentum equation is much smaller than the edge-wise indicators, while it turns out to be very expensive to
evaluate. Thus we neglect this term. The final error indicator is the cell-wise sum of the jumps of the normal
derivatives of the phase field variable, the chemical potential and the velocity field over the cell boundary. The
final adaptation scheme for the primal equation is a Dorfler marking scheme based on this indicator, see e.g.
[19, 22].
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For the Dorfler marking we set the largest cell volume to Viax = 0.0003, while the smallest cell volume is set

to Vinin = % (%)2 which results in 8 triangles across the interface of thickness O(me).

Concerning the temporal resolution, we stress that we did not discretize the control uy and upg with respect
to time, i.e. we use the variational discretization approach from [37]. Thus we can adapt the time step size
during the optimization to fulfill a CFL-condition without changing the actual control space. Thus we start
with a given large time step size 7 and reduce this steps size whenever the CFL-condition maxy %T(‘;) <1lis
violated for any m =1,..., M by halven 7.

6.2. A rising bubble

In this example investigate the pure boundary control ay = ay = 0. Here we use uy = gy as given data that
we represent on a adapted mesh using the proposed adaptive concept.

We investigate the example of a rising bubble, compare [44] and use the parameters from the benchmark
paper [42], i.e. p1 = 1000, p2 = 100, 1y = 10, ny = 1. The surface tension is 24.5 which due to our choice of free
energy corresponds to o = 15.5972. The gravitational constant is g = (0,-0.981)" and the computational domain
is 2 =(0,1) x (0,1.5). The time interval is I = [0,1.0] and we start with a step size T = be — 3, that is refined to
7 = 2.5e — 3 throughout the optimization.

The initial phase field is given by

o) - {sm<<|x —Mi|-n)fe) if [l Ml - rlfe <2, o)

sign(||x — M| - ) else,

with M; = (0.5,0.75)" and r = 0.25. The desired phase field is given by the same expression but with
M; = (0.5,0.5)". Thus we aim to move a bubble to the bottom without changing its shape.
Concerning the ansatz functions for the operator B we introduce the vector field

cos((7r/2)||§_1(x —m)H)2 if c=iand |[€71(z-m)| <1,
0 else.

(f[mvﬁ,d(:v))z':{

This describes an approximation to the Gaussian bell with local support. The center is given by m and the
diagonal matrix £ describes the width of the bell in unit directions. We identify a scalar value for £ with &1,
where I denotes the identity matrix. The parameter ¢ is the number of the component in which the vector field
f is non-zero. On the left and right boundary of €2 we provide 10 equidistantly distributed ansatz functions
flmi, &, ci](x). Here & = 1.5/10 and &; = 1.0/10 if m; is located on bottom or top. We always choose ¢; such
that the ansatz function is tangential to 2.

We set a = 1e-10 and € = 0.04 and stop the optimization as soon as |V.J(u) |y is decreased by a factor of 0.1.

In Figure 1 we present the initial phase field (g, the desired phse field ¢, and the control areas together with
the zero-level lines of ¢y and ¢g.

The steepest descent method is able to reduce |V.J|y from 6e-2 to 4.6e-2 in 67 iterations and stagnates due
to no further decrease in |VJ|y. Mean while the functional J is reduced from 0.509 to 0.033. In Figure 2 we
show the evolution of ¢ for the optimal control together with the magnitude of the velocity field.

In Figure 3 we show the evolution of the control action over time. We observe a rapid decay of the control
strength at the end of the time horizon, while the first peak corresponds to a strong control at the side walls in
the region above the bubble, that is rather inactive after this initial stage.
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e e

FIGURE 1. The initial phase field ¢ (left), the desired phase field ¢4 (middle) and the control
areas together with the zero-level lines of pg and ¢4 (right) for the rising bubble example.
Note that each of the control areas contains 10 controls of the type f[m,¢&,c](x) that point
tangential to 02 with overlapping support.

FIGURE 2. The evolution of the optimally controlled phase field and velocity field at times
t =0.25,0.5,0.75,1.0 (left to right) when control is only applied to the side walls and not at the
bottom and the top part of the boundary. The pictures show the magnitude of the velocity field
on the left and the phase field on the right. For ¢ = 0.1 we additionally indicate the zero-level
line of g4 by a black line. Note that the velocity field coincides with Bgup on the boundary.

6.3. Reconstruction of the initial value

Finally we investigate an example of finding an initial phase field, such that after a given amount of time
without further control action a desired phase field is achieved. Here we apply only initial value control, i.e.
ay = ap =0, and we use no-slip boundary conditions for the velocity field.

Let us turn to the representation of w;. We initialize u; with a constant value u;y = —0.8 and use a
homogeneously refined initial mesh for its representation. We use this mesh for 7.
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FIGURE 3. The evolution of the optimal control action over time, i.e. |u(t)| for the rising
bubble example.

FIGURE 4. The optimal control u; (left) and the resulting distribution at the end of the time
interval (right), where the bubble is shown in gray. The black line indicates the zero level line
of the desired shape.

After each step of the minimization algorithm we use the jumps accross edges in normal direction of Vuy
to construct a new grid for the representation of u; and interpolate the current control to the new grid. The
marking is evaluated based on a Dorfler approach.

The parameter for this example are given as p; = 1000, po =1, 17 = 10, 175 = 0.1, o = 1.245 and g = -0.981.
These are the parameters of the second benchmark from [42], where o was rescaled due to our specific choice of
energy. We note that due to the large ratio in density, the bubble undergoes strong deformation during rising.
The optimization horizon again is I = [0,1.5], and Q = (0,1)2. We set a = 0.2 and solve the optimization problem
for € = 0.02.

We initialize the optimization with u; = —0.8 and use a circle around M = (0.5,0.6) with radius
r = 0.1763040551 as defined in (6.1) as desired shape. These values are used such that [, ¢q—urdz =0 is
fulfilled.

The optimization problem is solved using the VMPT method, proposed in [14]. It is an extension of the
projected gradient method to the Banach space setting. In our situation this is H'(Q) n L*(1).

We stop the allover algorithm as soon as [(D.J,, (+),v)| < 1le-3, where v denotes the current normalized search
direction. In our example this is reached after 31 iterations, where J is reduced from 3.8e—1 to 1.9e-1, and
especially [@® - g is reduced from 0.43 to 0.16.
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In Figure 4 we show the initial shape at the end of the optimization process, on the left and the corresponding
shape at the end of the optimization time interval together with the zero level line of the desired shape on the
right.

Remark 6.1. In first tests we used an energy for W, that fulfills Assumptions (A1)-(A5) and the method of
steepest descent to solve the resulting optimization problem. There we only got very slow convergence of the
algorithm and the resulting optimal u; had much broader interfaces. So it seems that it is recommended to use
the non-smooth free energy as we propose here.
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