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RATE OF CONVERGENCE OF THE NESTEROV ACCELERATED
GRADIENT METHOD IN THE SUBCRITICAL CASE a <3

HEDY ATrTOUCH"", ZAKI CHBANI? AND HASSAN RIAHI?

Abstract. In a Hilbert space setting H, given @ : H — R a convex continuously differentiable function,
and o a positive parameter, we consider the inertial dynamic system with Asymptotic Vanishing
Damping

(AVD),  i(t) + %:b(t) + V(x(t)) = 0.

Depending on the value of o with respect to 3, we give a complete picture of the convergence
properties as ¢ — +oo of the trajectories generated by (AVD)_, as well as iterations of the cor-
responding algorithms. Indeed, as shown by Su-Boyd-Candes, the case a = 3 corresponds to a
continuous version of the accelerated gradient method of Nesterov, with the rate of convergence
&(z(t)) — mind = O(t™2) for o > 3. Our main result concerns the subcritical case a < 3, where
we show that @(z(t)) — min® = O(t_%a). This overall picture shows a continuous variation of the
rate of convergence of the values ®(x(t)) — miny @ = O(t"P(*)) with respect to a > 0: the coefficient
p(a) increases linearly up to 2 when « goes from 0 to 3, then displays a plateau. Then we examine the
convergence of trajectories to optimal solutions. As a new result, in the one-dimensional framework, for
the critical value o = 3, we prove the convergence of the trajectories. In the second part of this paper,
we study the convergence properties of the associated forward-backward inertial algorithms. They aim
to solve structured convex minimization problems of the form min {© := @ + ¥}, with ¢ smooth and
¥ nonsmooth. The continuous dynamics serves as a guideline for this study. We obtain a similar rate
of convergence for the sequence of iterates (zi): for @ < 3 we have O(z;) — min©® = O(k™P) for all
p< 2 and for a >3 O(xx) —min© = o(k~?) . Finally, we show that the results are robust with
respect to external perturbations.
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1. INTRODUCTION

Throughout the paper, H is a real Hilbert space which is endowed with the scalar product (-, ), with ||z||? =
(x,x) for © € H. Let & : H — R be a convex differentiable function. In a first part, we consider the second-order
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differential equation
(AVD), &)+ %a’:(t) + VO (x(t)) = 0, (1.1)

where « is a positive parameter. Depending on whether « is greater or less than the critical value 3, we analyze
the convergence rate of the values @(x(t)) — miny P, as t — +oo. The novelty of our results comes mainly from
the study of the subcritical case o < 3 whose convergence rate was largely unknown. In a second part, we study
the corresponding inertial forward-backward algorithms in the case of structured minimization problems. The
analysis of the continuous dynamics will serve as a guideline for the study of these algorithms. Let us first recall
some historical facts, explaining the importance of these issues.

1.1. From the heavy ball with friction to fast optimization

The heavy ball with friction system, which involves a fixed positive damping coefficient ~
(t) +yx(t) + VP(x(t)) =0 (1.2)

was introduced, from an optimization perspective, by Polyak [31, 32]. Its convergence in the convex case was
first obtained by Alvarez in [1]. In recent years, several studies have been devoted to the study of the Inertial
Gradient System (IGS)., with a time-dependent positive damping coefficient ~(-)

(IGS), &) +~(t)a(t) + VP(x(t)) = 0. (1.3)

A particularly interesting situation is the case v(t) — 0 as t — 400, called asymptotic vanishing damping. As
pointed out by Su-Boyd-Candes in [35], the (IGS), system with () = ¢, that’s (AVD), given in (1.1), can be
seen as a continuous version of the accelerated gradient method of Nesterov (see [24, 25, 26]). Its adaptation to the
case of structured “smooth + nonsmooth convex optimization gives the Fast Iterative Shrinkage-Thresholding
Algorithm (FISTA) of Beck-Teboulle [12]. When « > 3, the rate of convergence of these methods is @(xy) —
miny @ = O (75 ), where k is the number of iterations. Convergence of the trajectories generated by (1.1), and
of the sequences generated by Nesterov’s method, has been an elusive question for decades. However, when
considering (1.1) with o > 3, it was shown by Attouch-Chbani-Peypouquet-Redont [5] and May [23], that each
trajectory converges weakly to an optimal solution, with the improved rate of convergence ®(z(t)) — miny ¢ =
o(t%). Corresponding results for the algorithmic case have been obtained by Chambolle-Dossal [16] and Attouch-
Peypouquet [6]. The case of a general time-dependent damping coefficient +(-) has been recently considered by
Attouch-Cabot in [2, 3]. The latter includes the corresponding forward-backward algorithms, and unifies previous
results. These results are of great importance because they are in some sense optimal: it is well known that, for
first-order methods, the rate of convergence % is the best one can expect in the worst case.

1.2. The subcritical case a < 3

Whereas the case a > 3 has been studied in depth, the case a < 3 has remained largely unknown. Our main
contribution is to show that in the subcritical case a < 3, we still have a property of rapid convergence for the
values, that now depends on «, namely

P(a(t)) —mind® = O <tl)

3

Of course, in the case @ = 3, from this formula, we recover the well-known convergence rate (’)(t%) of the
accelerated gradient method of Nesterov. This shows a continuous variation of the convergence rate for the
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values, when « varies along the positive real line. The following table gives a synthetic view, where « is the

coefficient of the damping parameter ¢ entering the definition of (AVD), (defined in (1.1)).

« a<3 a=3 a>3

B(z(t)) — miny & o( L) 0(3) o (%)

t

1.3. From continuous dynamics to algorithms

For applications, and in order to develop fast numerical splitting methods, it is important to consider “smooth
+ monsmooth” structured optimization problems of the form

min {@(z) + ¥(x): = € H}, (1.4)

where @ : H — R is a continuously differentiable convex function whose gradient is Lipschitz continuous, and
VU :H — RU{+oo} is a proper lower-semicontinuous convex function. We set © := & + ¥, which is the convex
lower-semicontinuous function to minimize. To handle such non-smooth optimization problems, we are naturally
led to extend (AVD),, and to consider the differential inclusion

(AVD),  &(t)+ %a’:(t) +VB(2(t)) + 0F(z(t)) > 0, (1.5)
where OV is the subdifferential of ¥. The time discretization of this system, implicit with respect to the nons-
mooth operator 0¥, and explicit with respect to the smooth operator V@, gives the Inertial Forward-Backward
algorithm

(IFB), yr =) + (1= §)(or — 21-1)

g1 = proxsw (yp — sVP(yr)).

The first above formula can be written in an equivalent way yr = xx + ax(xx — x—1), with the extrapolation
coefficient ap, = 1 — . This value of aj, comes naturally from the time discretization of the continuous dynamics.
Of course, other commonly used choices can also be considered as ay = H%, or the choice of Nesterov. As a
consequence of the general theory developed by Attouch-Cabot in [2, 3], they lead to similar convergence rates
in the case a > 3. It is likely that this is also the case when v < 3. This is a point that deserves to be deepened.
The study of the continuous dynamics will serve us as a guideline to analyze this algorithm. Indeed, we will
obtain convergence results for (IFB), which are very similar those of the continuous dynamics (AVD) , and
which are summarized in the following table.

O(zy) — miny O O(k%,) Vp < %O‘ O(k%) 0(1?12)
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Since we submitted the article, we have been informed that, simultaneously and independently, Apidopoulos-
Aujol-Dossal in [8] obtained similar results regarding the rate of convergence of the algorithm in the subcritical
case. When a < 3, in order not to have too complicated proof, we have only proved ©(z;) — miny © = O (kip)
for all p < 27(’ Indeed, in the above mentioned paper the authors prove the better result @(zy) — miny © =

@) (ﬁ) As a remarkable result, Aujol-Dossal in [10] completed this result by showing that, in the subcritical
3

case a < 3, this rate of convergence of the values is optimal (the best that is guarantied in the worst case).

1.4. Organization of the paper

In Section 2, based on new Lyapunov functions, we analyze in a unifying way the convergence rate of the
values for the trajectories of (AVD) . We also study the decay property of the velocity. The main novelty
concerns the subcritical case @ < 3. In Section 3, we study the convergence of the trajectories. In the one-
dimensional framework, we prove the convergence of trajectories in the critical case o = 3. We also analyze the
convergence rate in the case of a strong minimum. Then, in Section 4, based on the results for the continuous
dynamics, we study the convergence of the corresponding inertial forward-backward algorithms, and obtain very
similar results. Finally, in Section 5, we complete this study by showing that the results are robust with respect
to external perturbations.

2. CONVERGENCE RATES OF THE CONTINUOUS DYNAMICS

Throughout the paper (unless otherwise stated), we assume that @ : H — R is convex and differentiable, its
gradient V@ is Lipschitz continuous on bounded sets, and S := argmin® # .

We take for granted the existence and uniqueness of a global solution to the Cauchy problem associated
with (AVD), (defined in (1.1)). We point out that, given o > 0, for any zq € H, vy € H, the existence of a
unique global solution on [tg, +oo] for the Cauchy problem with initial condition x(t9) = zo and &(to) = vo is
guaranteed by the above hypothesis, see ([18], prop. 6.2.1) . Starting from ¢y > 0 comes from the singularity of
the damping coefficient (t) = ¢ at zero. Indeed, since we are only concerned about the asymptotic behaviour
of the trajectories, we do not really care about the origin of time. If one insists starting from ¢y = 0, then all
the results remain valid taking v(t) = £
Our main results concerning the continuous system are given in the following theorem.

Theorem 2.1. Let @ : H — R be a convex continuously differentiable function such that argmin® is nonempty.
Let x : [to; +00[— H be a classical global solution of (AVD),.

(i) Suppose o > 3. Then, we have the following result of rapid convergence of the values

B(a(1)) ~ min@ = O ( ! )

2
(ii) Suppose 0 < a < 3. Then the following rate of convergence of the values is verified

B (1)) —min® = O <1>

t73

Precisely

Q

ala+1)

3 dist?(z(to), argmin ).

N ) e o ) )
P(a(t) ~min® < o, with C =1y (@(x(to)) min @ + [é(to) | )+
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Proof. Fix z € argmin®, and consider the energy function Ef\’)g : [to, +oo[— RT

£0.(0) = £ [2(a(t)) ~ min#] + LA @(0) )+ 01+ D air) 22 (21)

that will serve as a Lyapunov function. In the definition of 55,5’ p is a positive real number, and A(-), £(-) are
positive functions. They will be appropriately chosen during the proof, so as to make 6() a nonincreasing

function. Let us first derivate each of the constitutive elements of £§(-). By means of the classical derivation
chain rule we obtain

%t% B(x(1)) fn}ritn@} — opt2r- (@(x(t)) fn%_i[nﬁp) 12 (VO (2(t)), £(1))
& ) — 212 = D wtr) — 2 + €00 (al) — 2. 50)
dt2||>\( )(@(t) = 2) + PE()]> = (MO (@(t) — 2) + Pa(t), NOE(t) + A1) (2(t) — 2) + ptP = E(t) + 173 (t))
= (A(®)(@(t)—2) + PP (t), (A(E) — (= p)t?~ D)i(t) + A1) (w(t) — 2)—tPVD(x)(t))
< (A()((t) — 2) + tPa(t), (A(E) — (o = )P~ )a(t) + AE) (2(t) — 2))
2 (V(a(t)), i(t)) — AP (2(x(t)) — min ),

To obtain the two last equations we have successively used (1.1) and the convexity of @(-). Adding the above
results, we obtain, after simplification,

FEL () <2 [2ptP~ — A(1))] (D(x(t)) — ming, P)

+ [60) +AW) = (a0 = PPN + A0 (@(t) - 2,8(1)
—ﬁﬁa—mﬁ*—xwuwwW+ﬁwaw+%ﬁHuw—aﬁ

Let us successively examine the differents terms entering the second member of (2.2):
Let us make the first two terms equal to zero by taking respectively
(Hy): \(t) =2ptr—!
(Fo): £(t) + tPA(t) — (o — p)tPTIA(t) + A(t)2 = 0.
Combining these two equations we obtain
E(t) = 2(a — dp + 1)pt2(P—1),
To ensure that Ef\’)g is nonnegative, we must impose £(-) > 0. This is equivalent to assuming that
(Hs) a>4p—1.

Recall that we want 5§’£(~) to be a nonincreasing function. Hence, we impose on the third term of the second
member of (2.2) to satisfy (o — p)t?P~! — A(¢) > 0. This is equivalent to assuming that

(Hy) o> 3p.
With the above choice of the parameters A(+),£(+), p, we obtain

d

TRt < BO(t) — 2|7, (2.2)
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where (t) = A(t)A(t) + % A straightforward calculation gives B(t) = —2p(1 — p)(a — 2p + 1)t?=3. We want
B(-) to be less than or equal to zero. Since o > 2p — 1 is implied by (Hy4) (or (H3)), we impose the supplementary
condition:

Let us put together the results above. By taking p = min(1, &, %), and A(+), &(-) given respectively by (Hy)
and (Ha), all the conditions (Hy) to (Hs) are verified. As a consequence, %Sf\"g(t) <0, and 8/{'75 is nonincreasing,.
Coming back to the definition of £5(-), taking account that £(-) is nonegative, we deduce that, for all ¢ > to

Ba() - mine < 250

: (2.3)

a a+l

A closer look at the formula p = min(1, §, “;=) shows that this expression can be simplified as p = min(1, §).

This leads us to distinguish the two cases:

e o > 3. Then p = min(1, §) = 1, which, from (2.3), gives item (i) of Theorem 2.1.

e a < 3. Then p = min(1, §) = §, which, from (2.3), gives item (ii). Let us make precise the value of the

constant that appears in the corresponding estimation

&(z(t)) —mind < ga . (2.4)
H t73
By definition (2.1) of €% (o) and elementary computation we obtain as value of the constant C
2a . . 2 ala+1) . 9 :
C=t) (@(x(to)) —min® + i (to)| ) + S dist® (a(to), argmin ), (2.5)
which completes the proof of Theorem 2.1. O

Remark 2.2. The proof of the Theorem 2.1 is based on the use of the Lyapunov function Sfﬁg, which, with
the specific choices of the parameters p = min(1, £), A(t) = 2pt?~1 | £(t) = 2(a — 4p + 1)pt>P~ 1) is written as
follows

. o 1 : a i a
& e(t) = 270D |9(a() ~ min ] + 5 |2min(1, )" OD w() — 2) 4D ()|
(0%

3 )t2(min(1,%)71) ||x(t) o ZH2

+(a — 4min(1, %) +1) min(1,

Using this Lyapunov function, we were able to provide a unified proof of the convergence results in the two
different cases @ < 3, and a > 3. Obviously, the complexity of this formula explains why historically these two
cases have been considered independently. In each of these cases, the formula simplifies significantly:

i) In the case a > 3, we have p =1, A\(t) = 2, £(t) = 2(av — 3), which gives
1
Exelt) =17 |D(a(t) — Hgn@] + 3 l2((t) = 2) + 2O + (a = 3)[=(®) — =]

This is precisely the Lyapunov function used in the proof of Theorem 2.14 in [5].
ii) In the case v < 3, we have p = &, A(t) = 2251 | £(t) = 22(a — 4 4+ 1)¢2(§ ), which gives

3 3
£ty = 1% [(e(t) —min®] + 212241 a(t) — 2) + 1702+ (o~ o+ DEED far) - 2>
2 H 23 3 3
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0 3 «
F1GURE 1. Rate of convergence of the values.

Note that it is rather difficult to postulate a priori these formulas: it was by an identification technique that
we could find the appropriate parameters.

Remark 2.3. Let us give a synthetic view of the rate of convergence of the values for the trajectories of (AVD) .
Given z(+) a global solution trajectory, we have

P(a(t)) —mind = O (@) with p(a) = min <230‘ 2) :

This formula and Figure 1 shows the two distinct regimes. On the interval ]0, 3] the exponent p(«) increases
linearly from zero to 2. Then, after « = 3 there is a plateau, the exponent p(«) remains constant equal to 2. Of
course, this is consistent with the Nesterov complexity bound [24, 25], which tells us that for first-order methods,
the rate of convergence 1712 is the best one can expect in the worst case. See Drori-Teboulle [17] and Kim-Fessler
[21] for a recent account on first-order methods that achieve best performance. In a recent paper [10], Aujol-
Dossal showed the optimality of the decay rate O (ﬁ) in the subcritical case a < 3, thus completing the

t 3
optimality of this curve.

Let us complement the pointwise estimates concerning @(x(t)) — min @ given in Theorem 2.1 by an integral
estimate.

Theorem 2.4. Let @ : H — R be a convex continuously differentiable function such that argmin® is nonempty.
Let x : [to; +oo[— H be a classical global solution of (AVD),. Then, for any p satisfying p <1 and p < §, the
following inequality is satisfied

o =1(p(g — min M
/to t (P(x(t)) d)dt < (- 3p)’

where A(t) = (a — p)tP~ and £(t) = (1 — p)(a — p)t>P=1). Thus,

(i) If o > 3, then, /+°° t(P(x(t)) — min @)dt < +o0.

to

—+oo
i) If a < 3, then for any p < 22 — 1, tP(D(x(t)) — min @)dt < +o0.
3
to

+oo

In particular for oo = 3, we have / tP(P(x(t)) — min P)dt < o0 for all p < 1.
to

Proof. Let us slightly modify the choices concerning the assumptions (Hy) to (Hs) that have been made in the

proof of Theorem 2.1. Still we want to maintain the property %Ef\’ 5(t) < 0. Let us assume

1. A(t) > 2ptr~t
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2. (a—p)tr~t —X(t) =0.

Clearly, these two conditions are equivalent to
At) = (o —p)tP~! with a > 3p.
On the other hand, condition (Hz) becomes
E(t) = ~#A(1) = (1~ p)(e — P
which gives
=—(1=p)(a—p)a—2p+1)t>

Altogether taking p < min(1, §) ensures that {(-) > 0, 3(:) <0, and

d _ :
&Ef,g(t) + [(o = 3p)t* 7] (P(2(t)) — min®) < 0.
Then we integrate, and use £} ((t) > 0, a — 3p > 0 to conclude. O

Let us supplement the asymptotic analysis by examining the rate of decay of the speed. First, we establish
integral estimates, and then we build on these results to obtain sharp pointwise estimates.

Theorem 2.5. (integral estimates of the speed) Let x : [to; +oo[— H be a solution of (AVD),. The following
integral estimates are satisfied:

1. If a > 3, then
+oo
/ Hl () |2dt < +oo.
to
2. If a < 3, then
+oo
/ Pl(0)||2dt < 400 for all p< a—2.
to

In particular for « = 3 we have

+o0
/ 7€) &(2))|?dt < +oo  for all € > 0.

to

Proof. (1) Let us keep the same choice of the parameters as that done in the proof of Theorem 2.1, that is
A(t) = 2ptP=h, £(t) = 2(v — 4p + 1)pt*®*~Y and p = min(1, §). As a consequence &3 (-) is nonincreasing, and
from (2.2) we have

Ce2 (0)+ 1 [(o—p)™" — MD)] 0] <0,
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for all ¢ > tg. Equivalently

d

S0+ (a = 3p)r i (0)* < 0. (2.6)

This inequality gives us information about the rate of decay of the energy function &£ ¢ only when a > 3p =
min(a, 3). Obviously, this later condition is equivalent to « > 3, which gives p = 1, and 2p— 1 = 1. By integrating
(2.6) on [tg,t] we obtain

€ (1) + (o —3) / slli(s)2ds < € (to).

to

Thus, in the case o > 3 we recover the well-known estimate (see for example [5, 6])

400
/ t||(¢)||2dt < +oo.

to

(2) Let us now assume a < 3. Let us slightly modify the choices concerning the hypotheses (H;) to (Hs) which
have been made in the proof of the Theorem 2.1. We always want to maintain the property %5575 (t) <0, and

&(-) > 0. Let us modify the condition (H;) as follows: take A(¢) = utP~!, with > 0 and

(i) u > 2p,
so as to have 7 [2ptP~" — A(t))] < 0. Then, condition (Hz) yields £(t) = ut**~?(av+ 1 —2p — ). Having £(+) > 0
gives

(i) p < a+1— 2p.
. (¢
We now have S(t) = A(t)A(t) + % = —u(1 —p)(a+1—2p)t?P=3. We want 3(-) to be less or equal than zero.
By (i) we already have o + 1 — 2p > u > 0. Thus we only need to impose the supplementary condition on p:
(i) p < 1.
With the above choices (i), (i%), (#i1) inequality (2.2) becomes

d _ .
TR+ [(a—p)t" = A@®)] [#®)]” < 0.
Since A(t) = utP~1, we have equivalently

d 1y
Enet) Fla—p—4y] 2P (t)]* < 0. (2.7)
Hence, assuming

(iv) a—p—p>0,
by integration of (2.7) we obtain

+oo
/‘ 201 () |2dt < +o0. (2.8)
to

Let us now examine for which values of p the conditions () to (iv) are compatible. Firstly, (i) and (i¢) give
2p < u < a+1—2p. To ensure that these inequalities are compatible leads us to make the hypothesis
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Take as a value of 1 the middle point of the non void interval [2p, a + 1 — 2p], that is

a+1
5

Then the condition a — p — pu > 0 become
(vi) p <5t
Putting together the conditions (i), (v), and (vi), we finally obtain the condition on p

1 a-1
0<p<min(1,a+a >

4 7 2

A close look at this formula shows that for 1 < a < 3 it is equivalent to 0 < p < %‘1 This gives 2p— 1 < o — 2,
which combined with (2.8) gives the result. O

Theorem 2.6 (Pointwise estimates of the speed). Let x : [to; +00[— H be a solution of (AVD),.

1. If a > 3, the trajectory satisfies

p ()] < oo and :'v(t)HO()'

>to

2. If a > 3, we have

8. If1<a<3, wehaveforallp<”‘771

el =0 (5):

Proof. (1) Let us keep the same choice of the different parameters as that done in the proof of Theorem 2.1,
that is A(t) = 2ptP~1, £(t) = 2(a—4p+ 1)pt>®~Y and p = min(1, £). As a consequence &} ¢(+) is nonincreasing,
and since £(-) is nonnegative, we deduce that, for all ¢ > ¢

0 e(to) > E5.(1) > 129t (at) — 2) + (1) (29)

After developing the above quadratic term, and neglecting the nonnegative term t?7||i(¢)||*> we obtain
2p° %P2 || (t) — 2|1 + 2pt?P ! (2 (t) — 2,8 (1)) < EF ((to).
Setting h(t) := ||z(t) — z||?, we have equivalently

: 1
2pt*P2h(t) + 2P h(t) < ];é’f’g(to).



SUBCRITICAL ACCELERATED GRADIENT 11

Then note that

%tQp_lh(t) = (2p — Dt?P72h(t) 4+ 2P~ h(t) < 2pt?P72h(t) + 2P 1R(t).

Combining the two above inequalities we obtain

d o, 1 1.p
! P7R(E) < 55/\,5(750)7

which by integration gives

2p—1
le(t) — 22 < 2 (o) — 2| + 2 ED (t)
= y2p—1 0 pt2p—17AE 0/

Hence for 2p —1 > 1, d.e., p > 1 the trajectory remains bounded. Since p = min(1, §), this is equivalent to
suppose « > 3, and p = 1. Returning to (2.9), and by the triangle inequality we immediately infer

@) < /265 ¢(to) + 2ll(t) = 2.

Hence

2E} ((to)

. 53 2

el < Y=+ Z sup Jlo(t) - 2]
t>to

with A = 2, £ = 2(a — 3). As a result, ||@(t)|| = O(3), which gives us item (1).

The next part of the proof is an adaptation to our framework of the technique developed by Attouch-
Peypouquet in [6]. It is based on the decay properties of the scaled energy function

I(t) := t**W(t),
where W is the global energy defined by
W(t) = P(a(t) ~ mind + ()]
By a direct application of the derivation chain rule, and using equation (AVD) ,, we have
W) = S e ).
Hence
D(t) = 2ptP =YW (t) + t2PW (1) = (p — )t Y| (2)]|? + 2pt2P 1 (P(2(t)) — min D).
Taking p < «, we obtain

I'(t) < 2pt*P~Y(®(x(t)) — min @). (2.10)
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Let us successively examine the case a > 3 and a < 3.

(2) Suppose « > 3. In that case we take p = 1, and hence
[(t) == t*W(t).
Since p = 1 < 3, the inequality (2.10) gives

I(t) < 2t(P(x(t)) — min @),
By Theorem 2.4 item i), we have

/ - H@(x(t)) — min @)dt < +oo.

to

1+
Hence, [T} € L(tg,+o0). Since I' is nonnegative, this implies that lim I'(#) exists. On the other hand,

L) = (W (1) = (@(a(t) ~ min®) + L ](0)]

By Theorem 2.5 item (1), we have t|i(t)||*> € L!(to, +00). Applying again Theorem 2.4 item i) we have
t(P(z(t)) — miny &) € L' (tg, +00). By combining these results, we deduce that +I'(t) € L*(to, +00). The func-
tion I" verifies $11°(t) € L'(to,+00) and lim I'(t) exists. Hence, lim I'(t) = 0. Equivalently lim ¢?||&(t)||* = 0,
which gives the claim.

3) Now suppose a < 3. In this case, we follow an argument similar to the one above but with a parameter
p < « which will be chosen during the proof in a convenient way. Let us return to (2.10). By Theorem 2.4, we
have t2P~1(®(x(t)) — miny @) € L' (tg, +00) for p < 1 and p < $. As a consequence, under these two conditions

1+
on p we have {F} € L(tg, +0o0). Since I is nonnegative, this implies that lim I'(¢) exists. On the other hand,

2p—1

2

() = 2N @(a(0) ~ min®) + (0]

Applying again Theorem 2.4, we have t*?~1($(x(t)) — miny @) € L* (g, +00) for p < 1 and p < &. Moreover, by
Theorem 2.5 item (2), we have t2?~1||(¢)||? € L' (ty, +00) for 2p — 1 < a — 2, that is p < 25L. Putting all these
conditions together we have obtained that for p < min(1, §, %5+, a), lim I'(¢) exists, and %F(t) € L (tg, +00).
Then observe that min(1, §, %’1, ) = ("?71 when o < 3. As a consequence, when o < 3 we have im I'(t) = 0
for all p < 251. Hence lim t?7[|(¢)[|> = 0 for all p < 252 which is the claim (it is equivalent to state the result

with O or small o). O

As a direct consequence of lim I'(t) = lim t2W (t) = 0, in the case o > 3 we recover the following result of
Attouch-Peypouquet [6].

Corollary 2.7. For o > 3, and for any solution trajectory x(-) of (AVD), we have

B (1)) ~min® = o <1>

t2

We can now complete the table giving a synthetic view of the rate of convergence for the values and the
speed of the solution trajectories of (AVD) .
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« a<3 a=3 a>3
P(a(t)) — miny, & (=) O () o ()

I, == [,7°t?(&(x(t)) — min )dt I,<+o0o VYp< - I, <+c00 Vp<l1 I < 40
(1) O(F) W< gt o) o(})

Jp = [0 P ()| 2dt Jy <400 VYp<a-2 |J,<400 Vp<1 Ji < 400

3. CONVERGENCE OF THE TRAJECTORIES

3.1. Weak convergence for a > 3

Let us recall the convergence result in the case @ > 3 obtained by Attouch-Chbani-Peypouquet-Redont
[5] and May [23] in the case a > 3. We give a brief demonstration of it, since it can be obtained as a direct
consequence of our previous results, and this enlights the situation in the case o < 3.

Theorem 3.1. Let @ : H — R be a convex continuously differentiable function such that argmin® is nonempty.
Let x : [to; +00[— H be a classical global solution of (AVD),, with o > 3. Then x(t) converges weakly, ast — +0o
to a point in argmin .

Proof. The proof is based on the Opial’s Lemma 6.1. By elementary calculus, convexity of @, and equation
(AVD),,, one can first establish that for any z € argmin®, the function h.(t) := %||z(t) — z||* satisfies

th, (t) + ah, (t) < t|(t)||% (3.1)

|2dt < +oc0o given in Theorem

By integrating the differential inequality (3.1), and using the estimate tjoo t)|&(t)
2.5 in the case a > 3, we infer

[hz} " e Ll (ty, +00). (3.2)

Since h, is nonegative, this implies the convergence of h,. The second item of the Opial’s lemma is a direct
consequence of the minimizing property of the trajectory, and of the convexity of &. O

3.2. Critical case

a=38. As we have already pointed out, the convergence of the trajectories of (AVD),_ in the case a = 3
remains a widely open question. In the one-dimensional setting, and in the case a = 3, as a main result, in this
section, we prove the convergence of (AVD)_ trajectories, without any restrictive assumption on the convex
potential @. This comes as a generalization of Cabot-Engler-Gadat ([15], Thm. 3.1), who obtained this result
under the additional hypothesis that @ is quadratically conditioned with respect to S = argmin®. We first
establish some preliminary results of independent interest, and that will be useful in proving the convergence
result in the one-dimensional framework.

Proposition 3.2. Let ‘H be a finite dimensional Hilbert space, and let @ : H — R be a convex continuously
differentiable function such that S = argmin® # (. Let x : [to; +00[— H be a solution of (AVD), with oo = 3.
Then,
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i) x is bounded and lim;_, ;o dist(z(t),S) = 0.
11) Moreover, if x(t) € S for t large enough, then x(t) converges to a point in S.
Proof. By Theorem 2.1

lim @(z(t)) = minP.

t—+oo

By Theorem 2.6, for a« > 3, and in particular for o = 3, we have

sup [l2(1)]] < +oc.
t>to

Then the result follows from a classical topological argument. If dist(x(¢),S) fails to converge to zero, this
implies the existence of a sequence t,, — +00 and € > 0 such that, for all n € N, dist(x(¢,),.S) > €. Since (x(¢,))
is bounded, and # is a finite-dimensional Hilbert space, after extracting a convergent subsequence x(t,,) — Z,
we obtain dist(z,S) > € and T € S (a consequence of x(t) minimizing), a clear contradiction.

Suppose moreover that x(t) € S for t > ¢;. Hence, V®(x(t)) = 0, which by (AVD), gives i(t) + $i(t) = 0.
Equivalently, £ (t*2(t)) = 0, which gives i(t) = &. Hence for o > 1, and in particular for o = 3, @ is integrable,
which implies the convergence of the trajectory. O

The following result is valid in a general Hilbert space, and for any a > 0. It plays a key role in the proof of
the convergence result.

Proposition 3.3. Let H be a Hilbert space, a« < 3, and x(-) be a trajectory of (AVD),. Suppose that for some
to > 1

z(t1) = z(t2) € S = argmin .
Then,
13 [a(t2)|] < 87 ()]
In particular, for a = 3,
tall(t2)|l < tall(t)]-
Proof. Set z = x(t1) = z(t2) € S = argmin®, take p = min(1, §), and consider the function &} , : [ty, +oo[— RT

£(t)

£ ¢(1) = % [@(a(t)) — min®] + SINO) () — 2) + a0 + 5

lo(t) — 2] (3-3)

which serves as a Lyapunov function in the proof of Theorem 2.1. It is nonincreasing, and hence & 5(tg) <
&Y ¢(t1). Because of z = z(t1) = z(t2) € S = argmin®, this is equivalent to

53 ()17

DN =

1op.
i) <

By p = min(1, §), we get the announced result. O

The idea of the demonstration of the following Theorem is due to P. Redont (personal communication).



SUBCRITICAL ACCELERATED GRADIENT 15

Theorem 3.4. Take H =R, and let & : R — R be a conver continuously differentiable function such that
S =argmin® # (0. Let x : [to; +oo[— H be a solution of (AVD), with o = 3. Then x(t) converges, ast — +00,
to a point in S.

Proof. Recall that, by Theorem 2.6, for o = 3, the trajectory is bounded, and minimizing. As a consequence,
when argmin@ is reduced to a singleton x*, it is the unique cluster point of the trajectory, which implies the
convergence of the trajectory to x*. Thus we consider the case where argmin® is an interval of positive length
(possibly infinite), let argmin® = [a, b]. We consider the case where a and b are finite. The argument works in
the same way when one of them, or both, is infinite. There are three possible cases:

e There exists T > tg such that z(¢) > b for all t > T. Then b is the unique cluster point of the trajectory,
which implies the convergence of the trajectory to b. Symetrically, if there exists T' > ¢y such that z(t) < q,
for all £ > T, then the trajectory converges to a.

e There exists T > to such that, for all ¢t > T, a < z(t) < b. Then, the convergence of the trajectory is a
consequence of Proposition 3.2 (i4).

e Let us now observe that each time the trajectory enters the interval [a, b] there are two possible cases. Either
it remains in the interval [a, b], then it converges, a direct consequence of the integration of tZ(t) + at(t) = 0
and « > 1, or it ultimely goes out of the interval [a, b]. Note that when the trajectory enters the point a,
it necessarily comes out in b. Otherwise if there is a loop around a, there would be two consecutive times
t1 (entering time) and ¢o (exit time) such that @(¢1) > 0 and %(t2) < 0, which by a continuity argument
would imply the existence of an intermediate time ¢ such that @(¢) = 0. This forces the trajectory to stop
definitively at time ¢, during the loop, a clear contradiction. If this scenario occurs a finite number of times,
then given the last time it occurs, we conclude with the previous arguments. So, it remains to consider
the case, which is the most delicate to analyze, where the trajectory passes in a and b an infinite number
of times. Indeed, we will see that this is impossible. The argument is based on the analysis of the decay
of the quantity ¢|%(¢)| during a loop. Let s, < t,, < u,, < v, be consecutives times such that z(s,) = a,
x(tn) = b, and a < z(t) < b for all t € [sp,ts], (un) = b, x(v,) = a and a < z(t) < b for all t € [uy, vy].
For t € [sp,t,] we have ti(t) + az(t) = 0. Equivalently

d . :
T (tz(t)) + (= 1)z(t) = 0. (3.4)

After integration of (3.4) on the interval [s,,t,], we obtain
tnt(tyn) — sp@(sn) = —(a— 1)(b — a).

Taking account of the sign of the derivative of = (positive at s,,, since the trajectory enters the interval
[$n, tn], positive at t,, since it leaves the interval), we have

[tn(tn)] = |sni(sn)| — (= 1)(b—a).
Symetrically,

[on(vn)| = [und(un)| = (= 1)(b - a).
By Proposition 3.3 we have

[wn @ (un)| < [tnZ(tn)]-
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Combining the above relations, we obtain
[vnd(vn)] < |$n@(sn)| — 2(a — 1) (b — a).

Therefore, each time the trajectory returns to a after passing b, the quantity t|(¢)| decreases by a
fixed positive quantity. This excludes the possibility of an infinite number of loops, and thus gives the
contradiction.

O

Remark 3.5. Based on the convexity assumption on @, and without any further geometrical assumption on @,
the convergence of the trajectories in the case a < 3 is still an open problem. The estimates we obtained in the
previous sections did not allow us to conclude. For example, let us consider the case « = 3. Then, by Theorem 2.5

o0
/ t17¢)2(2)||?dt < +o00  for all € > 0. (3.5)

to

Let us examine how to exploit this information in the integration of inequation (3.1). First, after multiplication
of (3.1) by t*~! and integration we obtain

. c 1 [t
ha(t) < o2 o | s@lis)Pds.
0

After division by t¢, we get

1. C 1

t
all s 2
R R CIE R

Integrating the above inequality, and using (3.5) with Fubini theorem gives, for all € > 0

[;hz] : € L' (ty, +00). (3.6)

Moreover, by Theorem 2.6 item (1), we know that the trajectory, and therefore h, is bounded and nonnegative.
It may be asked whether these properties are sufficient to conclude that h, converges, at least ergodically.
Unfortunately, the answer to this question is negative. Take for example

h(t) = 1+ sin(In(t)).

Then, 0 < h(t) < 2 and A(t) = w Hence \t%hz(t)\ < =, and (3.6) is satisfied. But h(t) fails to converges,
even ergodically. Indeed, a direct computation gives

! / sin(ln(s))dSN%(sin(ln(t)—cos(ln(t))

t—to Ji,

which clearly fails to converge as t goes to +00. Indeed, the proof of Theorem 3.1 uses precisely (3.6) for e = 0.

Thus, it is natural to make additional geometric assumptions on ¢ which guarantee the convergence of the
trajectories of (AVD) . Of particular interest is the strong convergence property which occurs for example in the
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presence of strong convexity. That is the situation we are now considering. For other cases of strong convergence
(solution set with non-empty interior, even functions) one can consult [2, 5].

3.3. Strong convergence

In this subsection, H is a general Hilbert space, and we assume that the convex function @ has a strong
minimum, i.e., there exist z* € H and p > 0 such that for every = € H,
* 1% * (12
P(z) 2 &(z7) + 5 lle — 27|, (3.7)
This implies clearly that argmin® = {z*}. Under this condition, we are able to show the strong convergence
of the trajectories to this unique minimum, and determine precisely the decay rate of the energy W along
the trajectories. Indeed, an interesting property that has been put recentenly to the fore in [2, 5, 35] is that
the convergence rates increase indefinitely with larger values of « for these functions. The following theorem
completes these results by examinating also the case o < 3 and gives a synthetic view of this situation. For
simplicity, we assume that the inequality (3.7) is satisfied for every x € H, but all that follows can be readily
extended to the case where this inequality is satisfied only in a neighborhood of x*.

An important instance for which (3.7) holds is the class of strongly convex functions. We recall that the
function @ : H — R is strongly convex, if there exists a positive constant p such that

p

P(y) = &(z) + (VO(x),y — 2) + Sllz — |
for all z,y € H. Of course if z* is a minimizer of @, then V&(z*) = 0 and we recover (3.7) from the above
inequality.

Theorem 3.6. Let & : H — R be a convex function which admits a strong minimum x* € H. Let x : [tg, +00[—
H be a solution trajectory of (AVD), with o > 0. Then xz(t) converges strongly, as t — 400, to the unique
element * € argmin®. Moreover

(i) D(a(t)) — ming @ = O (t%)
(if) o) - 2% = 0 (i),
(iid) @ (t)]| = O 3).

Proof. The case a > 3 has already been analyzed in the articles mentioned above, see for example ([5], Thm. 3.4.)
The case o < 3 is a direct consequence of Theorems 2.1 and 2.5, and of the property of strong minimum of z*.
Indeed, we have

la(t) - )2 < 2 (@(a(t) - 0(a")).

=

The first two items then follow from Theorem 2.1 and the above inequality. As a consequence x(t) converges
strongly to z*, and so is bounded. Hence, we can apply Theorem 2.5, which gives the third item. O

Remark 3.7. The formulas for the rate of decay are the same in the cases a < 3, and a > 3. It is not such
surprising, since the proof used in ([5], Thm. 3.4) in the case o > 3 is based on the following Lyapunov function

(0 = (P(@(al0) ~ mjn ) + 51N~ ) + 0] )

whose structure is quite similar to ours.
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Remark 3.8. A model example of strongly convex function is @(z) = %||z[|?, which is a positive definite

quadratic function. In this case, one can compute explicitely the solution trajectories of (1.1) with the help of
the Bessel functions. Indeed the solution of

(AVD), &)+ %:'c(t) +at)=0

with Cauchy data 2(0) = xg, #(0) =0 is given by

o Ja1 (1)
z(t) = 27 I (a ;_ 1) —2 1.

o —

to 7
In the above formula J az1 () is the first kind Bessel function of order ¢5*. For large t,

Jo(t) = \/%(cos (t—Z2-2)+0(})).

Hence

P(x(t)) — Ir}ritndi =0t ).

One can compare with the rate (’)(t_%“)7 which is valid for arbitrarily strongly convex functions. One can also
conclude from this example that, when 0 < o < 2, the parameter of the optimal rate of convergence (in the

worst case) is between %‘3‘ and «a. Indeed, Aujol-Dossal in [10] recently gave a complete answer to this question

by showing that, in the subcritical case o < 3, the convergence rate O(t~3%) is optimal (the best guaranteed

in the worst case).

Remark 3.9. The strong convexity property is a particular instance of the Kurdyka-Lojasiewicz property. It
would be interesting to examine the problem of convergence for convex functions satisfying this property. One
can consult Bégout-Bolte-Jendoubi [13] for a recent study of damped second-order gradient systems under this
geometric assumption.

4. INERTIAL FORWARD-BACKWARD ALGORITHMS

Our study aims at complementing in the subcritical case a < 3 the results on the rate of convergence of
the inertial forward-backward methods, and of the FISTA type algorithms. These splitting algorithms aim at
solving structured optimization problems

min {&(z) +¥(z): z € H} (4.1)

where @ : H — R is a continuously differentiable convex function whose gradient is Lipschitz continuous, and ¥ :
H — RU{+o0} is a proper lower-semicontinuous convex function. We set © := &+ ¥, which is the convex lower-
semicontinuous function to minimize. Based on the link between continuous dynamical systems and algorithms,
we are naturally led to extend the dynamics studied in the previous sections, and to consider the differential
inclusion

(AVD),  i(t)+ %:’v(t) + Vd(x(t) + 0W(x(t)) 3 0, (4.2)

where OV is the subdifferential of ¥ in the sense of convex analysis. A detailed study of this differential inclusion
goes far beyond the scope of the present article. See [4] for some results in the case of a fixed positive damping
parameter, and [7] for some recent results in the case of a vanishing damping coefficient. However, given the
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validity of the subdifferential inequality for convex functions, the (generalized) chain rule for derivatives over
curves (see [14]), most of the results presented in the previous sections can be transposed to this more general
context. Thus, the results obtained in the continuous case will only serve as guidelines for the study of the
associated algorithms that we present now.

As shown in [5, 35], the time discretization of this system, implicit with respect to the nonsmooth term O¥,
and explicit with respect to the smooth term V@, gives the the Inertial Forward-Backward algorithm

(IFB) yr = op + (1 — )z — 21-1)
* | zrr1 = proxse (yx — sVP(y)).

Note that other types of discretization give slightly different inertial forward-backward algorithms, see [22], an
interesting topic for further research. In the above formula, the parameter s enters as s = h2, where h is the step
size of the discretization, and prox,y : H — H is the classical proximal operator. Recall that, for any v > 0, for
any ¢ € H,

proxg o) = argunin ey {0(6) + 5l — ol | = (1 +200)" 0). (4.3

This last equality expresses that prox.y is the resolvent of index « of the maximal monotone operator 0¥. One
can consult [11, 28, 29, 30] for a recent account on the proximal-based splitting methods.

a) For a = 3, we recover the classical FISTA algorithm developed by Beck-Teboulle [12], based on the
acceleration method introduced by Nesterov [24] in the smooth case, and by Giiler [19] in the proximal setting.
The rate of convergence of this method is O(z)) — miny © = O (k—lz), where k is the number of iterations.
Convergence of the sequences generated by Nesterov’s accelerated gradient method and of FISTA, has been an
elusive question for decades.

b) For o > 3, it was shown by Chambolle-Dossal [16] that each sequence generated by (IFB)_, converges
weakly to an optimal solution, and Attouch-Peypouquet [6] obtained the improved rate of convergence ©(xy) —
miny © = o(7%).

¢) The case @ < 3 has remained largely unknown. Precisely, we will study this situation and show results
parallel to those obtained in the continuous framework in the previous sections.

We will systematically assume the following set of hypotheses

o7 is a real Hilbert space;

e & : H — R is convex, differentiable with L-Lipschitz continuous gradient;
o U :H — RU{+o0} is convex, proper and lower semicontinuous;

e O := & + V¥ has a nonempty set of minimizers: S = argmin© # (J;

e The parameter « is positive;

e The parameter s satisfies s €]0,1/L].

Our main result in the algorithmic framework is presented below.

Theorem 4.1. Let us make assumptions (H). Let (x1) be a sequence of iterates generated by algorithm (IFB),,.
Suppose 0 < a < 3. Then the following convergence result is verified: for all p < %, forallk >1

(& +0)(2x) — min(d + ) = O (klp)
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4.1. The inertial forward-backward algorithm: classical facts

Let us first rewrite (IFB),, in a more compact way. Let us define the operator G, : H — H by

Galy) = * (g~ proxan(y — sVP())

and set o = 1 — %. Thus, the algorithm can be written in an equivalent way as

(IFB) Yk = Tk + k(T — Tp—1)
Tit1 = Yk — SGs(Y)-
The following classical lemma plays a crucial role in the convergence analysis of the forward-backward algo-

rithms. It is known as the descent rule for the forward-backward methods, see ([12], Lem. 2.3) , ([16], Lem. 1).
Its validity relies essentially on the stepsize limitation s < %

Lemma 4.2. Assume hypothesis (H). Then

(i) Forallz,y e H
Oy — sG, () < O) + (Guly).y —2) = TG )] (4.4)
(i) The operator Gy is monotone, and the following equivalences hold true
z € argmin® <= G4(z) = 0.

4.2. Design of the Lyapunov function

Let us give a discrete version of the Lyapunov function

R ((t) = t°7 |O(a(t)) — min @} + %Ilk(t)(x(t) —z) +tPa(t)|* + ?Hx(t) —2|)?, (4.5)

that has been used in the continuous case (where now the function to minimize is ©). To that end, let us
reformulate Sf’g with the help of the energy function W (t) = ©(z(t)) — miny O + 3[|@(¢)||>, and the anchor

function h.(t) = 1||x(t) — z||%. After development of (4.5), we get

&)= 7 |O(a(t) = e + FH0)1] + 3A02a) = 217 + NP (a(0) - .5(0) + £ al0) - 512
Hence,

ER (1) = PPW(t) + MO A(t) + (A()* + £(1)) (). (4.6)

Let us introduce the global energy (potential + kinetic) at stage k € N*

. 1
Wy = @(xk) —min © + %ka - xk—1H27
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and the anchor function to the solution set (where z denotes an element of S),
1
hi = = ||z — 2|2
ei= 5llon 2
Thus, a natural candidate for the Lyapunov function in the discrete case would be

S = SPEPWy + 8"7 Mk (hyy — hi—1) + (A2 + €)1, (4.7)

where Ay and & are positive parameters that will be defined further. Let us verify that & is non-negative.
Indeed,

. _ k2P 1 p1
£ = PEP(O(an) — min ©) + 7 oy — w12 8 T NP (e — 2> = ens — #])

2
T R T
From

ok — 2|1* = [lzr—1 — 2> > 2{xp—1 — 2, T — Th—1)

and & > 0 we infer

1 _
Ex = S"k(O(xy) — min©) + 5 [sp_lkzpﬂxk |2+ 285 Nk (g, — 2, 2ho1 — 2) + A2 |zhot — zH?]

1 p—1
= sPk*(O(z) — min O) + §||)\k.(mk_1 —2)+s 2 kP(zp — 1)

As a result, the condition & > 0 ensures that & is non-negative, and minorized by sk (6O (z) — min ©). Thus,
if we can prove that & is bounded from above, we will get the desired result. In the continuous case, we have
proved that, with judicious choices of the parameters A(¢) and &(¢) the function 5;5 was non-increasing. The
discretization induces certain additional terms that we must show to be negligible, which makes the proof more
technical. Indeed, we will have to argue with the slightly modified function

gklzgk—li_
S

S (B)P |y, — g |2

which involves a lower order correction term.

Our first lemmas are based on the study carried out by Attouch-Cabot [3] in the case of a general coeflicient
ag. They analyze successively the rate of decay of the energy Wj and of the anchor functions hg. Then, based
on formula (4.7) we will put these results together.

4.3. Decay of the energy

Given a sequence of iterates () generated by algorithm (IFB)_, let us evaluate the decay of the energy
Wi, := O(zy) —min O + o[z — zp—1 ||
Proposition 4.3. Under hypothesis (H), let (x1) be a sequence generated by algorithm (IFB),. The energy
sequence (Wy,) satisfies for every k > 1,

1-— ai 9
Wig1 — Wi < — 25 lxx — .’L‘k_1|| . (4.8)
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As a consequence, the sequence (Wy) is nonincreasing.

Proof. By applying formula (4.4) with y = y; and « = x, we obtain
s
O(zk41) = Oyr — sGs(yr)) < Oar) + (Gsyr), Yo — 2x) — §|\Gs(yk)\|2' (4.9)

Reformulate the second member of (4.9) using the sequence (x). By definition of G and (IFB),_, we have
1
(Gs(yr)syn = 2k) = = —(Trt1 = Yo, Yo — T

1
= *g(IkH — Tk — Oék(ﬂﬂk - Ik—l),ak(zk - l’k—1)>

2
Qg «@
= = (@1 — o op — @) + ?’“ka — zpq]?

and

I?

1 1
1Gs(ye) I 2z — yll? = 57||$k+1 — xp — o (T — Tp—1)

1 o? 20,
= 57||$k+1 — x> + ?§||$k — x| - ?<$k+1 — Tk, Ty — Th—1)-

In view of (4.9), we obtain
o 2 1 2
O(zkt1) < Owr) + 35 llow — r—all” = oollones — 2l
which can be equivalently rewritten as (4.8). O

4.4. Anchor

As a fundamental tool, we will use the distance to equilibria to anchor the trajectory to the solution set
S = argmin®. To this end, given z € argmin®, recall that hj, = % |z — z||?. The next result can be found for
example in [3]. It plays a central role in our Lyapunov analysis of (IFB),.

Proposition 4.4. Under (H), we have

1 .
hgt1 — hg — ak(hk — hk—l) < 5(0&2 + Ozk)H.’L‘k - .%‘k_1||2 - S((“)(-ﬁk.ﬂ) — mln@). (4.10)
Proof. Observe that
lyr — 201> = [lzx + ar(er — xx-1) — 2|2

= ||z — 2||* + ozi”xk — g1 ||? + 200 () — 2,28 — TR_1)
= [lzx — 2% + ai e — 21|
tagller — 21 + arller — zp-a | = arflzr-1 — 2|
= [lzx = 21 + ar (o = 20* = lex-1 = 2[1%) + (o} + o) |k — zp-1 ]
= Q[hk + Ozk(hk — hk—l)] + (Oéi + ak)||xk — xk_1||2.
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Setting briefly Hy = hgy1 — hy — ag(hx — hr—1), we deduce that

1 1 1
Hy = §||37k+1 —z|* - §||Z/k — 2|+ 5(04% +ap) o — w1

1 1
= <37k+1 — Yks §(Ik+1 +yk) — z> + §(ai + ag)||zk — zp—1]?

1

2(042 + ag)||zk — zp-a ]

1
= (Tht1 = Yk, Yk — 2) + §||$lc+1 —ull” +
Using the equality zx1+1 = yr — sGs(yx), we obtain (4.10). Inequality (4.4) applied with y = y and x = z yields
s
O(zr41) = Olyr — 5Gs(yx)) < O(2) + (Golyr), v — 2) = S11Gs () 1*,

Since O(z) = min O, we infer that

2
s .
—s(Gs(yr), yx — 2) + 5“Gs(yk)||2 < —s(0(zg41) — minO),
which completes the proof of Proposition 4.4. O

4.5. Proof of Theorem 4.1

Proof. Let us evaluate from above ;1 — &, where & is given by (4.7). We have
Eriv1 — &k ZspAk—I-SpTilBk—FOk, (4.11)
where

Ap = (k+ 1)*Wy — KW,
Bi, = Xey1 (kK + 1P (ho1 — hi) — MekP (hy — hi—1)
Cr = (>‘£+1 + §k+1)hk - ()‘Z + gk)hkﬂ.

Let us examine successively each of the distinctive terms Ay, By, Ckx. We have
A = ((k+ 1% = k") Wiy + B2 (Wi — Wh). (4.12)

When p > 1 we have (k+1)% — k2’ < 2p(k+1)?~!, and when p < % we have (k+ 1)?? — k?P < 2pk?P~!. These

are equivalent quantities, which lead to similar computations. Thus, in the following we suppose that p > %

The analysis in the case p < % is quite similar. Hence we have (k +1)?? — k? < 2p(k +1)??~1. From Proposition
2

4.3 we have Wj1 — Wy, < — 152 ||z, — z5,_1||?. Putting these two results together, and by definition of Wi,

we infer

2
1—ag

%5 ka”{L‘k —{,C}C,1H2. (413)

. 1
Ak S 2p(/€ + 1)2p—1(6(1‘k+1) — mln@ + 278||xk+1 — £Ek||2) —
Let us now consider By,.

By = >\k+1(k + l)p(hk_H — hk) — Ozk(hk — hk_1)) + (ak)\k+1(k + l)p — )\kkp)(hk — hk—l)-
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From Proposition 4.4, and 0 < ay < 1, we infer
Bi, < Mey1 (b + 1P (lzi — 2p-1® — 8(O(2h41) — min©)) + (cx A1 (k + 1)P — Nek?) (hy, — hig—1). (4.14)
Let us finally consider Cj.
Cr = (Afg1 + &) (he — hi—1) + (Nipr + Errn) — OF + &) ier. (4.15)
Let us put together (4.13), (4.14), and (4.15). We obtain

2
1-of

pk2p o _ 2
55 S kP llek — pl]

1
Err1 — & < 2psP(k + 1)2p71(@(zk+1) — min© + %”Ik+1 — xk\|2) —
N1 (k+ 1)Ps"T (o — 251 |? — 5(O(2411) — min O))
15" (aphpsr (b + 1P — \ekP) (hys — hy_1)
(A1 + &hr1) (he — hi—1) + (AR gy + &rr1) — (AR + &) -1

Let us reorganize the above expression in a parallel way to the formula below obtained in the continuous case,
and that we recall below

%Eféa) < 2 [2ptP~! — A(1))] (@(x(t)) — miny ) + [g(t) + tPA(E) — (a — p)tP=IN(E) + A(£)2] h(t)
7 [(a =)t = A®] [2(0) 2 + [AOMD) + 2] a(t) - 21

We obtain

Epir — Er < (k+1)P [2psp(k F 1)l gt /\k+1] (O(24s1) — min O)

+ [)\iﬂ + & 45" (pdppa (k+ 1)P — )\k:kp)} (P — hg—1)

1

_ 70[2
+ |:/\k+1(k +1)Ps"T — 2Sk<9pk2p] ok =z ]* + Slp_p (k+ 1% g — o

+ (A1 + Errr) — ONF + &) hi—1. (4.16)

Let us analyze successively the four terms which enter the second member of (4.16):

1) Let us make the two first terms of the second member of (4.16) equal to zero by taking respectively

2
A = —o kP! (4.17)

S 2

and
p—1
Ehp1 = A1 — 8 7 (apdppr (B + 1P — AkP).
This last equality gives equivalently

St = —APir — 57 apdepr(k+1)P + 577 Ak?.
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By (4.17) we deduce that

Eht1 = —jl]zp(k +1)%2 S?{?p(l B %)(k: L1yl g 21; 201
= 2 [Fontk 4 12 - (1= D+ 12 w27 = 2Dy
Let us analyze the sign of D by making an asymptotic development.
Dy = =2p(k+ 1?72 = [(k+ 1) = k1] + Z(k 4+ 1)

= 72pk2p72(1 + %)21)—2 _ g2r-1 [(1 + %)Zpﬂ _ 1} + ak2p72(1 + %)21)71

_ opk2 |14 ka— 2, O(;)] g [2191;1 N O(;)] o {1 N ka— 1

~ (o —4p+ 1)E*P72
Hence, the condition & > 0 is satisfied for

p< « 1— 1'

+ of

It is the same as in the continuous case, except that now the inequality is assumed to be strict.

2) Let us now consider

] B )
Aig1(k +1)Ps"s —

Fk:

2s

p
+ S1-p
. ) L2
< | Apt(k + 1)ps% — Taks
s

b

+
sl-p

p—1 17 2
Mer1(k+1)Ps7 — el 8

PE2P o

PL.2P +

) B
=kt 1%t
(k+ 17! [|lzpsr — zall® = llzn — zr—1]?]

el CE I

[E |

2 — x|

[(k+ 1P [ wpgr — 2l = 27w — 21 [)?]

1

k

1—
T [ e e

)

25

(4.18)

where in the last inequality we have used k**~! < (k + 1)?~! for p > 1. By (4.17), and the definition of c, we

have

1— 2
2 Y gpp2e +

-1
Aeyr (b +1)Ps™T — 9

As a consequence, for p < § we have

p
sl-p

<

L1

2p

1—p

)
1 2«
2s k

1
e [3p — a] K*P~ 1.

[k + D2 g — 2l = B2 o — 2|7

(k+ 1P (k+1)Ps"

sPE?P + —Slp_p (k+1)%~1
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3) Let us finally consider

Gi = (Mg + &) — OF + &) = (Nir = A0 + (€1 — &)

Let us compute an equivalent of the discrete derivative A1 — Ap. We have

2
Nett = A = o (41771 =21
s 2
2 1\"!
= ok ((1+> —1>
sz k
2p(p—1). _
2D
S 2

Hence

Mew1 = Ap = g1 + M) M1 — Ap)
~ LP(PZ _ 1)]17:0*2 X 2 ?_ﬂ kPt

—-P

S 2 S 2

L8P —1) 0y s
sl-p

On the other hand, from &,11 = Slz—prk and Dy, ~ (a — 4p + 1)k*~2 (see (4.18)) we immediately infer
2p(2p — 2
g 2P

) -
Er+1 i (o —4dp 4+ 1)k*73,

Hence (when the equivalent is not zero!)
8p?(p—1 2p(2p — 2
G ~ p°(p )k2p—3 p(2p — 2)

sl—p sl—p
=4p(p—1)(a —2p + 1)k2p—3.

(v —dp + 1)k*~3

The same argument as in the continuous case leads us to assume 0 < p < 1. The condition a« —2p+1 > 0 is
already implied by the previous assumption p < O‘TH.

We have now all the ingredients to conclude. By taking p < min{1, §}, we have obtained that for k sufficiently
large

p
sl-p

(k+ 1% s = anl]? = S5k e — 2

Erp1 — & <

Equivalently & — 2 k*=Y |z — 21_1]]? is non-increasing, and hence is bounded from above. Returning to the

definition of &, this gives

. 1 p-1 A2
PR(Ok) — min ©) + L T ARk — 217 — k1 — 21%) Sy — 21+ Ly — 2l

p—1 k2P

2
+ 5 Tka—xk,lHZ [1—5} <C
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for some positive constant C. From the definition of \, = —2-kP~! and & ~ 22 (o — 4p + 1)k?P~2 (recall that
2

a —4p+1 > 0), we deduce that, for some € > 0, and k lafge enough
& > E/\%.

On the other hand, for k large enough

2p

P
2

2 1 _
||.’L‘k - .’L'k,1||2 |:1 — ]f:| 2 msp 1]{32p||$k — $k71||2.

Combining the above results, and using
ok — 21> = llze—1 — 21> > 2(zh—1 — 2,26 — TR—1),

we obtain

sP—1k2p

1 .
C > spk2p(9(xk) — H’lln@) + 5 17—5—6”‘%]6 — :Ck,1||2 + QSTlAkkp<:L'k — Tp—1,T)—1 — Z>
+(1+ )N |1 — z||2]

1

ms%lkp(xk — 1) + VI gz — 2)|%

= sPk*P(O(x;) — min O) + %H

This implies

. 1
O(xg) —min® = O (k2p> .

Hence, for a < 3, for all p < %a we have obtained

1

oten) - mino =0 (1)

Since p has been taken greater or equal than %, this corresponds to assume o > % When p < %, on the basis of
the inequality (k + 1)%P — k2P < 2pk?P~1, we are led to take

2p (k—1)%1 20
A = l;p( kﬁ ~ Sk (4.19)
S 2

which is an equivalent expression as in the case p < % Since the proof is based on asymptotic equivalences, it
works in a similar way, which completes the proof in the case a < %. O]

Remark 4.5. Our proof uses computation based on asymptotic equivalences. This makes the proof simpler,
but on the other hand we lose some information with respect to the continuous case. We have obtained the
order of convergence O (k%) for all p < %‘1 instead of %"‘ It might be tempting to pass to the limit as p — %O‘
on the inequality

Erp <Ehyp for k>ko
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where

Eup = SPEPWi+ "7 Moph? (i — hi1) + (O, + € p) b1 — (B)*~ ok — w1

sl-»p

and Agp = %é kP i = =gy — s%(akAk+1,p(k + 1) — A pkP). But this would not be a correct

S

argument: while ék,p is actually continuous with respect to p, it is possible that at the same time, in the above
inequality, the index kg tends to +oo! However, on the basis of the continuous results, it is probable that the
same order of convergence as in the continuous case is valid, that is to say %"‘ 1

4.6. Convergence of iterates. The critical case a = 3

In the case o > 3, as a major result, the weak convergence of the sequences generated by (IFB), was
obtained by Chambolle and Dossal [16], and completed by Attouch-Chbani-Peypouquet-Redont [5]. The case
« = 3 corresponds to the accelerated method of Nesterov, and Beck-Teboulle FISTA method. In this case, the
convergence of iterations is still an open problem. In line with the results obtained in the continuous case, we
give partial answers to this question. As a main result, we prove the convergence in the one-dimensional case.
We therefore consider (IFB), with o =3

(IFB), Yo =op + (1 — 2)(zp — zp-1)
Tp+1 = proXew (Y — sVO(yk)).-

In the case a = 3, the Lyapunov function takes the simpler form

Ek) :=s5(k+1)*(O(zx) — min O) + 2|z — z* + (z — z3—1)|% (4.20)

where 2* € S.In [5, 6, 16, 35] it is proved that the sequence (£(k)) is nonincreasing, and O(zy) —min© = O (k%)
From this we can deduce the following estimates of the sequence (), which are valid in a general Hilbert space.

Proposition 4.6. Let H a Hilbert space. Let (xy) be a sequence generated by algorithm (IFB)_, with o = 3.
Then

sup ||zx|| < +oo and sup k|jzi — xp_1| < +o0.
k k

Proof. Since (€(k)) is nonincreasing, it is bounded from above, which implies that, for some positive constant

C
k—

lax— %) + =L — )P < €. (4.21)

After developing the above quadratic expression , and neglecting the nonnegative term H%(mk —x5_1)||%, we
obtain

llzp — 2*[|? + (k — 1) (xp — xp_1, 28 — ) < C.

IIndeed, since the paper has been submitted, we learned that, using a different proof, the decay rate 22 has been obtained by

3
Apidopoulos-Aujol-Dossal in ([8], Cor. 3.2).
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Let us write this expression in a recursive form. Equivalently,
e — 2|2 + (k= 1) {(zp — 2*) — (zp_1 — %), 2 — 2*) < C.
Using the elementary convex inequality

lzk-1 = 2*[1* > flow — 2*[* + 2 ((2p-1 — ") = (w5 — 27), 25 — 2¥)

we infer
. k—1 N k—1 N
o — 2*||* + 5 llzk —2 1> - 5 lzh-1 — 2 I*<cC
Equivalently
k—1 . k—2 N " 1 «
g, — a*||* - k-1 —a*|* + lzx — 2*|° = Sllzg—r —2*|> < C.
2 2 2
Hence

kE—1 . . k—2 . .
( 5 ok — 2 ||* + [|ap — x ||2> - ( 5 et — 2*)? + |l2p1 — = ||2) <C.
Summing these inequalities, we infer

k-1
2

lzr, — &1 + llox — 2*||* < C + Ck,

which gives the announced result. Returning to (4.21), by using the triangle inequality we immediately deduce
that supy, k||zr — xp_1]] < +o00. O

Theorem 4.7. Take H = R. Let us make assumptions (H). Let (xy) be a sequence of iterates generated by
algorithm (IFB), with o = 3. Then (x1) converges, as k — +00, to a point in S = argmin©.

Proof. By Proposition 4.6, for a = 3, the sequence (z) is bounded, and minimizing (indeed, @(z}) — min © =
@ (%)) As a consequence, when argmin® is reduced to a singleton z*, it is the unique cluster point of the
the sequence (xy), which implies the convergence of (zy) to z*. Thus, we just need to consider the case where
S = [a, b] is an interval with positive length. Recall that the algorithm can be written in an equivalent way as

(aFm), V=t £k = a-)
Ty = Yk — SGs(Yr),

where the following equivalence holds true
z € argmin® < G4(z) = 0.

Note that yx — xx — 0, which implies that the sequences (zj) and (yx) have the same cluster points. As for the
continuous dynamic we have to consider the following cases:

e There exists K € N such that yy € [a,b] for all k > K. Then G4(yx) = 0, which gives

Tpp1 —xp = (1— %)(a:k — Tp—1).
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Solving this induction, we obtain 0 < xj411 — xf < k—c;, which implies that the sequence (z) converges.

e There exists K € N such that y, < a for all £k > K. As a consequence, a is the unique cluster point of the
sequence () that converges to this point. Symetrically, if y > b for all k > K, then b is the unique cluster
point of the sequence (zj) that converges to this point.

e It remains to study the case where a and b are cluster points of the sequence (yi), and consequently of
the sequence (xj). Note that xz; — 251 — 0. Therefore, in parallel to the continuous case, we can find four

SeqUENCes T, s Tk, Thy,s Thy,» With kn, < kn, < kn; < kp, such that, when “going from a to b” we have

L.z, —a, g, >a, T, 41— T, >0;
2. Tk, — b, Tk, < b, Thpy+1 — Thyy > 0;
3. x € [a,b] for all indices k such that k,, <k < k,,.

Symetrically when “going from b to o”

1. Th,, — b, Th,, < b, Thpg+1 = Thyy < 0;

2. Tk, = A Tk, > Tp,, 41— Tk, <0
3. z) € [a,b] for all indices k such that k,, <k < k,,.

As in the continuous case, let us analyze the decay of the quantity |k(zx+1 — 2x)| during a loop. When k,,, <
k < ky,,, we have xj11 = xp + (1 — %)(wk — x—1). Equivalently

(k+ D) (zpg1 — 2x) — k(rp — 2p—1) + 3(xp — Tp—1) — (@41 — x1) = 0.
Let us sum these equalities with k varying from k,, to k,, — 1. We obtain
kng (xk?

vy = Thpy—1) = Ky (Thep, — Tk, —1) + 3(Thy—1 — 2k, —1) — (¥, — T, ) = 0.

Taking account of zy, — a, xk,, — b, xx — 21 — 0, and of the sign of the above quantities, we deduce that,
when “going from a to b”,

ks (T, = Tk —1)| = |Kny (Th,, — Tk, —1)] ~ —2(b—a). (4.22)
Symetrically when “going from b to a”
kns (Th, = Ty )| = By (T, — Tk —1)[ ~ —2(b —a). (4.23)

Let us now exploit the decreasing property of

E(k) :=s(k+ 1)2 (O(zg) — min O) + 2|z — ™ + (z — xk_1)||2.

Take 2* =z, € S = [a,b]. Since ky,, > ky,, we have E(ky,,) < E(kn,). Equivalently,

2

ki, — 1 iy — 1

|‘Tk no ('fL‘kn‘g - xkng_1)| S | (xkng - xknz_l)"
2 2

— Xk

ng

Hence

[(Fng = D)@k, = rpy—1)] < Ry = D)(@h,, = Tr,,—1) ]+ 22k, — 2k, |-
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As a consequence

T, —1)] < |kny (T

n3 - n3g -

— Tk, —1] + 2|z . (4.24)

g (2 - Tk, 1) + |k, " g — Tk
2 3 3 3

no no

Let us now combine (4.22), (4.23), (4.24). Since x,, — b, Tk, — b, and zy — 1 — 0 , we obtain that during
a loop, when passing from 3, ~ a to zy, ~ a, the expression |k(zy — z1—1)| decreases by a fixed positive
quantity. Hence, after a finite number of steps this expression would become negative, a clear contradiction. [J

5. THE PERTURBED CASE

5.1. Continuous dynamics

We consider the equation
f@y+%¢ay+v¢@xw):g@) (5.1)

where, depending on the situation, the second member g : [tg, +oo[— H is a forcing term, or comes from the
approximation or computational errors in (1.1). We suppose that g is locally integrable to ensure existence and
uniqueness for the corresponding Cauchy problem. We will show that the results of the previous sections are
robust, i.e., there remain satisfied if the perturbation g is not too large asymptotically.

Theorem 5.1. Let argmin® # (), and let x : [to, +oo[— H be a solution of (5.1) with o > 0, and to > 0. Let
p =min(l, §) and suppose that ftjoo tPg(t)dt < 4o00. Then

ﬂum_mm@:o(1>

£2p

Proof. Take z € argmin @. Let us modify the energy function considering in (2.1) by introducing an additional
term taking account of the perturbation g. Let us first fix some T > to, and define for ¢ € [tg,T] (without
ambiguity we keep the same notations as in the previous sections)

£(t)

E¢(8) = £ [@(w(t)) — min @] + [A(#)(x(t) — 2) + 2 (1)|* + >~ |x(t) — 2]*

T
+/ (A(s)(x(s) = 2) + sPi(s), s g(s))ds. (5.2)
t
By derivation of £} (), one obtains

GE ) = 2pt?7 1 [B(x(t)) — min B] + 2 (V(x(t), i(t)) + (A(t)(x(t) = 2) + tPa(t), P (E(t) — g(t))

+ (tPA(t) + pt2P 1) [|2(2)]2.

Then note that the term () — g(¢) is exactly the same as in the unperturbed case. By a similar argument, by
taking p = min(1, §), we obtain & (¢) < 0.

As a consequence, the energy function £ .(-) is nonincreasing. In particular, for ¢ > to we have 3 (t) < £ (to),
which implies, by definition of £5(:)

t2P [@(z(t)) — min @] + |\ (t)(z(t) — 2) + tP&(t)||> < C +/ (A(s)(x(s) — 2z) + sPx(s), sPg(s))ds. (5.3)

to
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Applying Cauchy-Schwarz inequality we deduce that
t

IME) (@ () = 2) + tPE(O)* < C+ [ [A(s)(x(s) — 2) + s”i(s)[|s"g(s)l|ds.

to

Applying Lemma 6.2, we obtain
t
IAO@(t) - ) + 220 < VE +2 [ [7g(s)]ds.
to

By assumption ftjoo tPg(t)dt < 4+o00. Hence

Sup [A(®)((t) — 2) + P ()] < +o00.

Injecting this estimate into the equation (5.3) leads to

2 [B(2(t) — min @] < C + [fc =7 ||spg<s>||ds] | It las

to to
which immediately gives the claim. O

Remark 5.2. Because of the numerical importance of the subject, several recent articles have been devoted the
study of perturbed versions of the FISTA algorithm, with various formulation for the perturbations or errors: to
cite a few of them Aujol-Dossal [9], Schmidt-Le Roux-Bach [33], Solodov-Svaiter [34], Villa-Salzo-Baldassarres-
Verri [36]. Our results are among the first to address this question in the sub-critical cas & < 3. A more general
version of Theorem 5.1 is given in ([10], Thm. 2, page 15).

5.2. Algorithms

Let us consider the perturbed algorithm

e =2+ (1 — E)(xp — 1)
(IFB)a—pert _ y
Try1 = proxXew (yx — sVO(yr) — sgi)-

In view of the above results, and by adapting the proof of the unperturbed case, one can prove the following
result, whose detailed demonstration is left to the reader.

Theorem 5.3. Let us make assumptions (H). Let (x) be a sequence of iterates generated by perturbed algorithm

(IFB) Suppose that 0 < o < 3. Then, for any p < 22, and (gi,) such that 3 kP|gx|| < 400, we have

a,pert” 37

(& +0)(2x) — min(d + ) = O (/:p) .

6. APPENDIX
Lemma 6.1. (/27] ) Let S be a nonempty subset of H and let x : [to, +oo[— H. Assume that

(i) for every z € S, limy_, o ||2(t) — 2|| exists;
(ii) every weak sequential cluster point of x(t), as t — oo, belongs to S.

Then x(t) converges weakly as t — oo to a point in S.
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Lemma 6.2. Let m : [to; T] — [0;+o0[ be integrable, and let ¢ > 0. Suppose w : [to; T] — R is continuous and

for

(1]
2]

(3]
(4]

(5]

(6]

(7]

(8]

(9]
(10]
(11]
(12]
[13]
[14]
(15]
(16]
(17]
(18]
[19]
(20]
(21]
(22]
(23]
24]
(25]

[26]
27]

28]
(29]

%w(t)2 < %c2 + /tg m(s)w(s)ds

all t € [to;T). Then, Jw(t)] <c+ ftto m(s)ds for all t € [to; T).
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