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A NOVEL ONLINE GAIT OPTIMIZATION APPROACH FOR BIPED ROBOTS
WITH POINT-FEET

MAJID ANJIDANI', M.R. JAHED MOTLAGH!, M. FATHY! AND M. NILI AHMADABADI?

Abstract. Designing a stable walking gait for biped robots with point-feet is stated as a constrained
nonlinear optimization problem which is normally solved by an offline numerical optimization method.
On the result of an unknown modeling error or environment change, the designed gait may be ineffective
and an online gait improvement is impossible after the optimization. In this paper, we apply Generalized
Path Integral Stochastic Optimal Control to closed-loop model of planar biped robots with point-feet
which leads to an online Reinforcement Learning algorithm to design the walking gait. We study the
ability of the proposed method to adapt the controller of RABBIT, which is a planar biped robot with
point-feet, for stable walking. The simulation results show that the method, starting a dynamically
unstable initial gait, quickly compensates the modeling error and reaches to a walking with exponential
stability and desired features in a new situation which was impossible by the past methods.
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1. INTRODUCTION

There are many different sociological and commercial motivations such as, the appeal to replace humans in
hazardous situations [1], rehabilitate the motion in the disabled [2, 3], and operate in human-like ways [4] to
research on walking biped robots.

Biped robots are examples of underactuated robots [5]. In general, underactuation introduces non-integrable
constraints either at the kinematic or dynamic level [5]. For this reason, and because the number of generalized
coordinates is larger than the available number of inputs, planning for an underactuated system is a challenging
problem [5-8].

The control algorithms of the biped robots fall into two groups: time-dependent and time-invariant algo-
rithms [9]. The most popular algorithms are time-dependent as shown in Figure la and involve the track-
ing of precomputed trajectories [9], e.g. the trajectories which are generated by Central Pattern Generators
(CPGs) [10,11], or generated by a length-varying inverted pendulum [12,13]. They are usually characterized by
a heavy reliance on heuristics or on principles such as the zero moment point (ZMP) criterion [14-16] that do
not guarantee the stability in dynamic locomotion [9,17]; as a result, only slow motions may be achieved [9].
Dynamic motions, such as balancing, running or fast walking, are excluded with these approaches [18].
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FIGURE 1. (a) Block diagram of a time-dependent controller: the controller I" forces the error
e = y—1yq to zero so that output y tracks the desired trajectory y,4(t). The dashed line indicates
that the trajectories yq(t) may be modified on the basis of the robot’s state. It is challenging
to design the trajectories in such a way that the resulting nonlinear, time-varying, closed-loop
system is stable [9]. (b) Block diagram of a time-invariant controller: the controller I" forces
the signal e = g, — gb,des(cq) to zero so that the body coordinates g tracks gy qes(cg) where ¢
is a constant row vector|[9].

In contrast, there have been only a few time-invariant control schemes proposed as shown in Figure 1b, in
which generally the idea is imposing a set of constraints by feedback controller [19-30] instead of tracking of
precomputed trajectories. Hybrid zero dynamics (HZD) is a low-dimensional submodel of the closed-loop hybrid
robot model that leads to fast offline algorithms for designing the holonomic constraints to reach a stable dynamic
locomotion [9]. Designing the holonomic constraints will be stated as a constrained nonlinear optimization
problem which may be solved with many of the numerical optimization tools currently available [9,28-30].
However, we show that finding an acceptable initial gait with respect to the environment for the optimization is
rather hard. Also, there are unknown modeling errors which are ignored in the submodel during the optimization
process. Therefore the designed gait for the real robot may be not as well as possible and the robot is incapable
to learn for improvement after the optimization process. Regarding to the difficulty of finding an initial gait
and the need for gait improvement after the optimization, we think of an alternative online approach, which is
also applicable to the real robot, to simplify designing a stable walking gait with arbitrary features in a certain
environment.

Reinforcement Learning (RL) methods are another alternative which can be used to adjust the walking
gait parameters. Most of the RL methods suffer a problem of un-scalability to high-dimensional robots such
as humanoid robots [31]. However, Path Integral Policy Improvement (PI?) [31-33] is an online model-free
RL algorithm based on reward-weighted averaging methods [34], with interesting features like having an ar-
bitrary state-dependent cost function part, exploration noise as the only open algorithmic tuning parameters,
numerically robust performance in high-dimensional learning problems and better performance than gradient-
based methods [31]. PI? has been compared with the other efficient methods [31], e.g. REINFORCE [35, 36],
GPOMDP [37], PG [38], ENAC [39] and PoWER [40] in multiple examples and the results show that PI? sur-
passes all of them [31]. PI? algorithm is resulted from applying Generalized Path Integral Stochastic Optimal
Control (GPISOC) to Dynamic Movement Primitive (DMP) [41] equations to adjust trajectory parameters.
However, PI? with the precomputed joint trajectories, which are generated by DMPs, is not a good choice for
the case of the stable walking with point-feet as mentioned above. In contrast, Hybrid Zero Dynamic (HZD)
controller [9], by designing closed-loop joint trajectories via the virtual constraints, has a proof of stability which
is an interesting feature for walking with point-feet [9]. In this paper, we apply GPISOC to the closed-loop model
of the planar biped robots with point-feet to adjust the walking gait parameters. The result is a new online
algorithm which we call it PI2-WG. The simulation results show that using PI2-WG, the robot is able to learn
how to walk with desired speed/gesture and with exponential stability in a new environment e.g. a certain slope
surface with desired friction in the presence of a certain external force and modeling error.

In Section 2, GPISOC is introduced. In Section 3, the walking gait and the time-invariant controller are
described. In Section 4, the closed-loop model of the robot is approximated such that GPISOC can be applied
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to it. In Section 5, the new algorithm is presented through applying GPISOC to the closed-loop model. Related
works, simulation results and conclusions are respectively mentioned in Sections 6-8.

2. GPISOC AND POLICY PARAMETERIZATION

For self-sufficiency and simplifying derivation of our learning method, we present this section with two parts.
In the first part, GPISOC [31] is introduced. In the second part, it is shown that GPISOC can be also applied
to the parameterized dynamics equations of the bipedal robots with point-feet.

2.1. Generalized path integral stochastic optimal control

GPISOC is a method for computing the optimal controls of a dynamical system of the following class:
By = f(ze, 1) + G(x)(ur +€¢) = fr + Ge(ug + &)

where 2; € R! is the time dependent system state and [ denotes the state dimension. f; € R! denotes the passive
dynamics and Gy = G(x¢) € R!*P ig the transition control matrix. u; € RP is the control vector where p is the
number of actuated joint. It is assumed that £, € RP is a mean-zero Gaussian noise with variance X, = AR™!
and a positive semi-definite weight matrix R which is usually chosen to be diagonal and invertible [31].

Essentially the stochastic system is partitioned into the controlled equations, in which xib) € R’ is directly

(1) ¢ R s not directly actuated part

actuated part of the state, and the uncontrolled equations®, in which x
of the state, as follows:

i‘gll) t(ll)

i‘gb) t(l2)

Oll Xp

(e + £2) (2.1)
Gilz) t t

where the passive dynamics term f; is partitioned as f; = [ t(ll); t(lz)] with ft(ll) € R4 and ft(b) € R2* The

transition control matrix is partitioned as Gy = [0y, xp; GEIQ)] with G§’2> € Rizxp,

Trajectories of the dynamical system are sampled over a uniform subdivision of time {tg,1,...,tx} and 6t
denotes the sampling time. Such a sampled trajectory is denoted by 7=(z,, z; ., Zty). In GPISOC, the
cost of the trajectory T € x; is defined as [31]:

i+17 "

(I2) _ (l2) 2

Ttj T ()
5t L

N-1 1Nfl
C(r) = by + D Qudt+ 5>
Jj=t

j=i

N-1
A
ot+— 1 H;. ) ...,N—-1 2.2
o +2 Jz_: Og” tJHﬂ (S {07 ) } ( )
tj =t

where x; denotes the space of all trajectories, starting at time ¢; in state x;, and generated by the noisy controls
(e, +€tpsevs Uty )+ Ety_y) Pty = O(24y) is the final cost at time ty. Qr;, = Q(zy,,1t;) is a state-dependent
arbitrary cost function, which is defined by cost function designer, involving the most of informations used
by optimization process. Hy, = GgiQ)R’ngiz)T and ||.|| denotes determinant. \ is a positive coefficient®. For

notational simplicity, we write vT Av as |v\124 for a vector v and a positive semi-definite weight matrix A.
The optimal controls of GPISOC in every time step are computed as [31]:

up, = / P(r)up(r)dr®® ie{0,...,N -1} (2.3)
TEX

3The notations .(1) and .(2) respectively indicate belonging to the uncontrolled and controlled equations.
4In this paper, semicolons are used to form matrices in line as in MATLAB. In other words, a new row is started by a semicolon.
5) is a user design parameter, as R, ¢t, and Qtj.
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where dT(l2):(dm§i2)7 e ,d:vgj)). The trajectory weight P(7) is defined as [31]:
exp(=C(7)/)

P(r) = ) 0,...,N—-1 24
= T ewcmnar (S0 N 24
and the local control uy,(7) is computed as [31]:
—1
ur(r) = R—lcgfzﬂ“(GS”R*G,E?”) (Ggﬁ%i - bti) . ief0,...,N—1} (2.5)

where b;, = AHy,P;, and jth component of the vector @, is defined as follows [31]:

1 OH;,
¢ti7j = §trace <Hti1 <6 (lt21)>> , 1€ {O, .. .,N — 1}
2

tig

Note that only the controlled equations play a role in the optimal controls of GPISOC. GPISOC can also used
to compute the optimal parameter vectors in parameterized dynamics equations. In Section 2.2, the GPISOC
formalism for computing the optimal parameter vectors of DMP equations is presented.

2.2. Policy parameterization and GPISOC

Here, the outline of applying GPISOC to DMP equations is introduced [31]. Consider the following robotic
system with rigid body dynamics:

i=D(q)"  (-W(g,q) — G(q)) + D(q) ' (2.6)

where D € R™ " is inertia matrix and n is the number of degrees of freedom of the system. Coriolis and
centripetal forces are denoted by W € R™*". Vector G € R™ denotes the gravity and elastic forces. Vector [g; ¢,
including the joint angles and angular velocities, denotes the robot state.

One approach for policy parameterization is using the following control structure [31]:

u =Kp(qa—q)+ Kp(4a—q) (2.7)

it —any n O1xp

da a (Bz(goal — qq) — qa) g7 ()
The desired trajectory, (qd,dq), is generated by DMP equations (2.8) regardless of the robot dynamics (2.6),
and tracked by PD controller (2.7) with positive definite gain matrices Kp and Kp. In fact, DMPs code a
learnable point attractor for movement from g, to goal, where 6 determines the shape of the attractor [31]. a,
and [, are positive constants. The basis functions of the transition vector g§l2)(nt) are defined by a piecewise
linear function approximator with Gaussian weighting kernels [31] in which 7; monotonically converges to zero
by the first-order linear dynamics 7, = —an;. 7 = 1 would indicate the start of the time evolution and 7, close
to zero means that goal has essentially been achieved. To compute the optimal parameter vectors of GPISOC,
equations (2.8) should be reformulated to the form (2.1) as follows:

- (1) (l1)
& f Oty xp
.El) _ t(l) [ (;M 0+ <) (2.9)
Ty fi? Y
where ¢; is assumed a mean-zero Gaussian noise with variance Y. = o¢2[ in the evaluations of [31] and

02 is decreased from 0.1 to near zero®. Since 6 is time-invariant along a sample trajectory, we use “per-
turbed /unperturbed equations” instead of “controlled/uncontrolled equations”. The perturbed equations’

6Assuming R = (¢2/A)I leads to Y. = 021 according to X = AR~1. X is eliminated from X. by the assumption.
"If 0 is noiseless, there is no perturbed equation.
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of (2.9) are:
i = [ 4 g0 + <), (210)

Remark 2.1. Only the perturbed equations, which can be formulated in the form (2.10), play a role in the
optimal parameter vectors of GPISOC.

The trajectory cost (2.2) for equations (2.10) is formulated as [31]:

N—1 N-—1
1
C(r) = duyy + Z Qi + 5 Z (0+e0,)" MERM, (0 +24,) (2.11)
J=1 Jj=t

where M;, = R‘lggz)gg?)T/(gg?)TR_lgg_z)). The optimal parameter vectors of GPISOC according to (2.3)
are [31]:

exp(=C(7)/A)
fTqu‘, exp(—C(71)/\)dr(2)

where x; denotes the space of all trajectories started from state z;, and generated by (6 +&¢,,...,0 +e¢5_,)-
The local parameter vector 6, (7) with an initial guess of 6 is formulated as follows according to (2.5) [31]:

(2.12)

i

0,5':/ P(r)0,(r)dr")  where P(r) =
TEX:

On(T) = My, (0 + ¢4,). (2.13)

Therefore, § can be iteratively updated by computing a weighted averaging of 6,, at every time steps as fol-
lows [31,43], that it is called PI? algorithm:

S (V=)o |
S (N =)

The integrations in (2.12) can be approximated by the following summations over K sample trajectories 7p=1, . K
which are generated by applying different noises to 6 [31]:

gnew) — glold) 4 59 50 = , 00, :/ P(T)Mtigtid’r(l2)' (2.14)
TEXi

K
O, ~ ) P(1)00(1k) where P(1y)~ exp(=C(mk) /)
; 1;::1 (7%)0L (%) (Tk) S exp(—Clry)/)

where —C'(73;)/\ is implemented as follows [31]:

—Cl) _ 4, C(7) — minj—y . x C(75)
A max;—1,.. x C(7j) —minj—1 . x C(7)

where this procedure eliminates A and leaves the variance X, as the only open algorithmic parameter for P1? [31].
Another approach which is used in this paper, is directly parameterizing the dynamics equations (2.6) by the
following control policy such that the perturbed equations takes the form of (2.10):

In this case, if the control policy (2.15) is selected such that the parameter 6 represents the trajectory
parameters, GPISOC can similarly apply to the perturbed equations to adjust the trajectory. In the next
section, it is shown that the control effort of feedback controller is in the form of (2.15); therefore the major
problem is formulating the closed-loop model in the GPISOC consistent form.
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3. WALKING GAIT AND FEEDBACK CONTROLLER

The parameterized equations that generate the walking gait are introduced in this section. Consider the
following hybrid dynamics model of a planar point-feet biped robot [9]:

{ D(Q)q + W(Qa q) + g(Q) = [u; O] - Ffr(qa q) + J(Q)TFemta tgﬂmpact

(3.1)
la":q"] = Alg™347]), t€Timpact
where F fr(q7 ¢) denotes viscous and Coulomb friction torques. Vector Feyt = [Fy; Fy] denotes the external force
which is exerted on the highest point of the robot during walking and F, and F,, are its horizontal and vertical
components, e.g. see Figure A.la in Appendix A. J(g) € R™*? is Jacobian matrix of the highest point® and
n is the number of degrees of freedom of the robot. ¢ = [gs; ¢n] Where g, = [q1;. . .;¢n—1] contains n — 1 body
coordinates and ¢, provides the orientation of the robot with respect to inertial frame. ¢, is a cyclic coordinate
meaning that the matrix D(q) is independent of g, i.e. D(q) = D(g) [9]. v = [u1;...;un_1] € R®~D. During
a walking step, the role of the leg which is on the ground is stance and the role of the other is swing. Timpact is
a set of all impact times (i.e. the time in which the swing leg impacts the ground). The generalized coordinates
before and after impact moment are denoted by ¢~ and gT. At this moment, the role of the two legs exchanges

and the function A : R?® — R2" maps the robot state just before impact = = [¢7;¢ ™| to just after impact
ot = [¢T;¢"]; therefore a new step is started. The state space form of (3.1) is:
x:f(x)—i—h(x)u, tg Timpact q Onx(n—l)
N - where f= . ) ) - and h= .
et = A7),  t€ Timpact D™ Haq)(=W(a,d)=G(a)=Frr(q,4)+J " Fear) D~'(q)B

and z = [¢;¢] and B = [I(,_1)x(n-1); 01x(n—1)]- The theories of this paper are related to this class of biped
robots. As a simulation test-bed, we model a point-feet biped robot with 5 degrees of freedom, named RABBIT
which is described in Appendix A. Figure 2a shows the trajectory of the RABBIT’s swing leg end during a step
of walking. Figure 2b shows the attitude of the stance leg during the step. The walking gait, gn des(2), contains
a set of smooth Bezier functions [9] that can be formulated as:

b.des(2) = G(5(2))O

where z = cq is a scalar in which ¢ € R'*" is a constant row vector and should be determined such that z has a

monotonic change between 2zt = ¢¢™ and 2~ = ¢q~ along a step of normal walking [9]. s(z) = (z —21)/(22 — 21)
where if 20 = 2z~ and 27 = 2z as in [9] then we have 0 < s(z) < 1. Throughout this paper, 23 = —2.9835 and
25 = —3.3556, which denote the values of 2t and 2z~ in a successful normal walking on the flat surface”. In the

remaining part of this paper, s is used instead of s(z) for notational compactness. G(s(z)) and © are defined
as:

00
O ‘ ’
92 9d

G(s) = , O= , Og=

T :
where Bezier basis vector g(s) € R+ is equal to:
B I 2 ¢ ) L
g(S)— (175),...7m,...,8

8J(q)T is a matrix that maps Feg: to the joint torques [9].
91n Section 6, we describe why we use fixed z; and z2 in all scenarios contrary to [9].
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FIGURE 2. (a) A step of normal walking on the flat surface. (b) Stance leg location during
the step. Note that a dotted line connects the hip joint to the foot of the stance leg and «
denotes the angle between the dotted line and the surface in clockwise direction. We expect
that |22 — 21| > 7/3 & 1 happens during fast running contrary to normal walking. Also, it can
be realized that z has a monotonic behavior during a step of normal walking.

and O includes the gait parameters that adjust the virtual constraints, i.e. ¢, — gp des(2) = 0, which should be
imposed by feedback controller. In other words, the components of © are the parameter vectors of closed-loop
joint trajectories (04, 1 < d < m — 1). Vector 8, is the parameter of the dth joint trajectory with L + 1
components (7', 0 <m < L) where L + 1 denote the number of Bezier basis in g(s). Bezier function for the
trajectory of dth joint is:

)

The constant vector c is generally selected such that z = cq denotes the weighted sum of all joint angles excluding
joint angles of swing leg, e.g. ¢ = [—1,0,—0.5,0, —1] in Figure 2 [9]. Among these joint angles only the angle of
the joint between the torso and the femur of the stance leg observably changes along a step in normal walking.
Hence, it is also clear that in a normal and smooth walking, Z is small while the swing leg joints can take larger
angular accelerations. Two useful features of normal walking for our discussion are:

L Il .
T E : —m
= L — L 1 — .
9(s)" 0 = b m! (L —m (1 —s)

(i) Except in a short time interval after impact, Z has a small value.
(ii) |22 — 21| < 1. The value of (2~ — 27) in a step of walking is illustrated in Figure 2.

In the next section, Theorem 4.3 shows the importance of Z ~ 0; therefore in Section 7.1, we have designed
the cost function such that a non-zero value for Z increases the cost. The second feature is used in the proof of
Theorem 4.1.

Remark 3.1. The joint trajectories via virtual constraints in the feedback controller are closed-loop which
leads to an intelligent change of the trajectories in the face of perturbations, e.g. faster/slower change in z
from 27 to 2~ leads to faster/slower movement of the swing leg and consequently walking. It is clear that if an
external force in opposite direction of movement leads to abnormal change in z from z~ to z*, the robot starts
walking backward [30].

The feedback linearization control rule is:

u=—(LyLye) ' (Kpe+ Kpé + Lie) (3.2)
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G(s(z))o

'y

e=g,-G(s(z))®

v

u=—(L,L; ey (Kpe+Kj é+£,|:r e) —» )g 2

Fi1GURE 3. The closed-loop hybrid model of the point-feet biped robot: the controller is time-
invariant.

which is calculated from the second derivative of e, i.e. é = L?e—i— (LnLye)u [9]. e = qp — g des and € = Gp — G, des

in which gp des(2) = 2/(22 — 21)0G(s)/0sO. Ly, Ly and L? are Lie derivatives. LjLye is decoupling matrix

which should be invertible along walking. The following closed-loop hybrid model of the robot, which is result

of applying the control effort (3.2) to the model (3.1), is illustrated Figure 3:
i=fe .’13,9 y t € Timpa

{ f ( ) ¢ pact (33)

T =A (xi)a te T’impact

where f° denotes the model of the bipedal robot in closed loop with the controller. There are some criteria to
check the existence and exponential stability of a periodic walking motion using HZD, which is the reduced-
order of the closed-loop hybrid model [9]. Since the criteria are satisfied by a range of values for ©, an offline
optimization method is usually used to design a good © for HZD [9]. Experiments conducted on a bipedal
test-bed named RABBIT!? yielded stable!! walking over a wide range of speeds by this method [9].

However, if we need a robot that is able to adapt to current situation itself, we should equip the robot to an
online method which interacts with the full-ordered system. In this paper, we are going to propose an online
method to design © during walking by the full-order closed-loop hybrid model on an arbitrary slope surface in
presence of an arbitrary external force and modeling error. With the proposed method, the online optimization
process can be continued on the real robot, with the designed @ in the simulation.

4. PREPARING FOR APPLYING GPISOC

To prepare for applying GPISOC to the closed-loop system, we present this section with two part. In the
first part, the closed-loop system is approximated by assumption Z ~ 0. In the second part, it is shown that the
state space form of the approximated system is consistent with GPISOC formalism.

4.1. The effects of 2 = 0

Here, we state two important results of the assumption Z ~ 0. Theorem 4.1 formulates the closed-loop model
into a form which is consistent with GPISOC formalism and Theorem 4.3 shows that Z ~ 0 guarantees the
invertibility of decoupling matrix.

10Note that we have considered the same assumptions about the robot and its environment as in [9].

1A combination of dynamical and mechanical stabilities results in the stability in bipedal walking. Dynamical stability means
the existence of a stable periodic orbit for walking. Mechanical stability means the satisfaction of two force conditions in the contact
point of the robot legs with the ground. The first is FV > 0 which means the robot is exerting force to the ground (F¥ = 0 means
the robot may fly). The second is |FT| < uFN which means the robot does not slip. FT and FV are tangential and normal forces
in the contact point, respectively.
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Theorem 4.1 (Approximation of the closed-loop equations into GPISOC consistent form). Providing % ~ 0,
the closed-loop model (3.3) takes the following form:

Gp = —Kpay — Kpdy + G (2,2) 6

i -1 .. 1 (4.1)
Gn = =Dyy DyyGp — Doy §29
where G(z, 2) is independent of the model parameters as follows:
9(z, )" 0
0 9(z,2)"
32, )= Kpg(s)+ Kp—2—2906) 2 D9(s)
9\% 2)=RPg D=2 0s (20—21)2 052
Proof. The first row of the hybrid model (3.1) is expanded as:
D11Gy + D12Gn + 1 = u
) ) (4.3)
Da1Gp + D22 + §22 =0

where 2, and (2, are the components of the partitioned matrix £2(q,§)=W(q,q)+G(q)+Ft-(q,¢)—J" Fens.
Matrices D11, D12, Do and Das are the components of the partitioned inertia matrix D(q). Because the inertia

matrix D is positive definite, D1; and Dy are both positive definite and hence invertible [9]. Inserting (3.2)

into (4.3) and substitution ¢, in the first row from the second row cause to the following closed-loop equations'?:

€= —er — KDé,
. P 1 (4.4)
Gn = —Dyy DyyGp — Dy §22

where the first row in (4.4) is expanded as:

22 0%G(s) Z  0G(s)

(29—21)% 0s? 20—z Os

G = 6 = —Kp(a, — G(s)0) — Kp (qb __2 96 @)

20 —2z1 Os

where 22 /(23 — 21)%20%G(s) /05 + 2/(22 — 21)0G(5)/0s is a diagonal matrix in which the diagonal components
are the vector IT =1 + 2/(z2 — 21)0g(s)/0s where T = 22 /(2 — 21)20%g(s) /s>

Remark 4.2. Providing # ~ 0, the term 2/ (22 — 2z1) G(s)/ds can be ignored in the expression 2/(zp —
21)20%G(s)/0s% + /(22 — 21)0G(s)/0s because of the following reasons:

(i) Since |z2 — 21] < 1 (see the previous section), 1/(23—21)? increases the contribution of 7" in IT.

(i) The components of 1/(z2 — 21)20%g(s)/0s* and 1/(z2 — 21)dg(s)/ds are bounded in s € [0,1]. The ab-
solute values of a component of 1/(29—21)20g(s)/0s? are more than its corresponding component of
1/(29—21)0g(s)/0s except in the vicinity of the zeros of 92¢(s)/0s?. It also increases the contribution of
Y in II, except in the vicinity of the zeros (see Appendix B for more detail about derivatives and zeros
of g(s)).

(iii) In the normal walking, 2 monotonically changes from 2 to z~. It means that the sign of # does not change.
Also, with regard to Z = 0, 2 is slow varying i.e. almost constant. Note that the aim of this paper is stable
and high-speed walking; therefore Z cannot be near zero which leads to stop or very slow walking.

125 — _Kpe— Kpé is also resulted from inserting the control rule in € = Lfce + (LpLye)u.
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With (i)—(iii) and Z & 0, it is clear that:

2
0 . ¢ £ 979(s)
{ s is near to zeros of =57 (4.5)

T, otherwise
hence the curves of IT and 7" are almost matched each other and the term Z/(z2 — 21)0G(s)/ds can be ignored.

Ignoring term Z/(ze — 21)0G(s)/0s according to Remark 4.2 and factorizing © in the remaining terms leads
to (4.1). O

Lemma 4.3 (Invertibility of Ly Lye). LyLye is invertible provided that % ~ 0.
Proof. See Appendix C. (]

4.2. State space form of the approximated closed-loop system

Here, we show that if one or all of the joint parameters considered noisy, the approximated model (4.1) is
consistent with GPISOC formalism. One noisy joint parameter is used for the case that each joint parameter
adjusted independently (joint by joint optimization). All of the joint parameters are considered noisy for the
case that all joint parameters adjusted simultaneously.

Reformulating (4.1) in the state space form can be done by considering « = [z1; z2; . .. ; 2,] = [g; ¢] as follows:

L1 = Tpy1

i’n = T2n

. _ 1 1 ~ NT

Ini1 = —Kpr1 — Kpxpi1 + §(2,2)" 61

Tntd = —K%xd — K%l‘n+d + Q(Z, Z)T(gd

Top—1 = —K;ﬁ_lﬂin—1—Kg_1I2n—1+§(Z, 2)T9n—1
jj2n = _D2_21D21[j7n+1; jjn+2; S ijn—l] - D2_21 92

where K¢ and K¢ denote the dth diagonal component of Kp and Kp respectively. Therefore providing all
component of @ considered noisy, the perturbed equations are:

Tyl —Kbxy — Khwpi
= : +G(z,2)(0+€) (4.6)
Fon_1 ~Kp e, K wa,
where ¢, = [e14;€2,4;-.-;6n—1,t) and €4, denotes the exploration noise vector of dth joint parameter 64 which

is drawn from a mean-zero multivariate Gaussian distribution with variance Xy .. Suppose all components of @
excluding 64 are considered noiseless. Then, the only perturbed equation is:

Gntd = —Kprg — Khapia + (2, 2)7 (0a + €a,)- (4.7)
GPISOC can be applied to (4.6) and (4.7) which are in form (2.10). In the next section, first GPISOC is applied
to (4.7) for the case of one noisy parameter vector. The result is useful for applying GPISOC to (4.6), in which
all parameter vectors are considered noisy. Applying GPISOC to (4.6) leads to a new algorithm which is able

to improve the initial controller (which is parameterized by an initial ©) until became an optimal controller
(parameterized by the designed ©).
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5. AppLYING GPISOC TO (4.6) AND (4.7)

In this section, the new algorithm is presented through applying GPISOC to the approximated closed-loop
model. First, we apply GPISOC to (4.7). In (4.7), t(l2) and (xib) —xx?))/& are:

J+1

x(lz) (l2)

l: tiv1 Lty .
9 = K~ Krona, 20—
Above substitutions in the trajectory cost (2.2) result in:
N-1 LNl 5 \ V-1
Od(T) = ¢tN + Z Qtjét + 5 Z ‘§£(0d+€d,tj) H;i 5t+§ Z IOg Hd,tj
J=1 J=1 i) j=t

where g, denotes the value of §(z,2) at time ¢;. Hyy; :gg R;l gt; is a scalar. The following theorem shows that

=1

the term A/2 Zévfl log Hy,¢; can be easily ignored by the cost function designer.

Theorem 5.1 (Removing an ignorable term). Assuming Ry = (U,Qi/A)I(L+1)><(L+1); the term
A/2 Z;V:_ll log Hai; can be ignored with defining large Qq; and small A by the cost function designer.

Proof. See Appendix D. a

Remark 5.2 (Validity of PI?-like updating). By ignoring \/2 Zjvz_ll log Hy ¢, according to Theorem 5.1, the
trajectory cost is:

N-1 Nt 9
Ca(7) % Guy + D Qu0t+ 5 D |af (Oa+ear)| ., ot.
j=i j=i ditj
The time step dt has a scaling role; hence it is removed without loss of generality [31]. Therefore we have:
N-1 1Nt 9 N-1 (Nl .
Cd(T) X ¢tN + Z Qt]» + 5 Z gg: (Qd + Ed,tj) Hd_i = ¢tN+ZQt]-+§ Z (gd"‘f‘:d,tj) gt].del]gg (9d+5d,tj)
= J=r " J=t j=i
N-1 N-1 s aT
1 gtjgtj
= iyt Z Qi +5 Z (Oatea, )Tﬁ(@frfd,tj)
J=i 2 J=i gthd gt;
With substituting Mg, = Ry "1, 3/ /(G Ry " gi,), we have:
N-1 1Nl
Cy(T) = ey + Z Qtj + 5 Z (0d+€d,tj)TM§:tj Rde,tj (odJFGd,tj) (5.1)
j=i j=i

where (5.1) is in the form of (2.11) which means that a PI*-like updating can be used to design walking gait.
The optimal parameter vectors are defined according to (2.12) as:

Oat, = / Pd(T)ed’L(T)dT(h) = Pd<7')Md,ti (64 + Ed’ti)dT(lQ)
TEX TEX:
where the weight P;(7) is also defined as (2.12). Since the trajectory cost (5.1) is similar to (2.11), 04 1(7) is

computed as (2.13), i.e. 0q.1(7) = May, (04 + €a4;), and 9((1"61”) can be iteratively computed as PI? algorithm
in (2.14) for the case of one noisy joint parameter.
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The main equations of the algorithm for updating dth parameter vector, which is derived from applying GPISOC
to (4.7), can be summarized as follows:

N-1 N-1
1
Cu(T) = ey + E Qtj + 5 E (64 + Md,tjgd,tj)TRd(ed + Md,tjgd,t,-)7
j=i j=i

exp (=Ca(7)/A)
fTEXi €xp (*Cd(T)/A)dT(b) ’

SN N = 0)604,] N
Zivzgl(N . Z) 9 59d,t.: - Pd(T)Md,tisd,tidT (52)

where My, is only applied to e4, (not 64) in Cy(7) as described in [31]. Exploration noise £4, is the only open
algorithmic parameter of the algorithm. The integrations in (5.2) can be approximated by the summations over
K sample trajectories 7x—1,... xk as mentioned in Section 2.

With the above algorithm, n — 1 separate learning processes for adjusting n—1 joint parameter vectors should
be done. Simultaneously applying the noise to all joint parameters can solve this problem that is studied in the
next theorem.

Pd(T) =

eénew) _ 9((10ld) + 50(1’ 50— |:

Theorem 5.3 (Simultaneous iterative updating possibility). Applying GPISOC to (4.6) leads to simultaneously
iterative updating of each parameter vector as (5.2) but using the following shared trajectory cost:

N-—1 N—1n—1
1
C(T) = pep + Z Qtj + B} Z ;(9d+Md,tj€d,tj)TRd(ed-l-Md,t]-Ed,tj). (5.3)
j=i j=i d=

Proof. We know that Xy . = )\Rgl and X, = AR™!; hence the matrices X, R~', and Hy, are:

Dhe 0 Rt 0
T = , R'=
0 St 0 R
9E Ry g, 0 [ Hi 0
Hy, =G, RG] = -
0 G g L0 Hayg,

where G’tj denotes the value of G(z, 2) at time t;. Hence, C(7) for (4.6) is computed as:

N-1 N-1 2

C(r) = dey + Z Qq; 0t + %Z
j=i =i

glz) B §12)
i+1 i c
JT*ftj

N-1

A
15t+§z log || Hy, |
H j=i

where log | Hy, || = log (151 Has,) = Yoi4— log Hay,. Hence \/2 50 log || Hy, | =5"0—1 (A/25°0C, log Hay,)
which can be ignored according to Theorem 5.1 by the cost function designer. Therefore we have:

N-1 L N1 ge) ) ?
~ 2 , - 24 Ttiva Tt ge
C(T) ~ (th-i‘ p Qtj6t+2 p 5t ftj H716t
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where 0t has a scaling role and can be removed. Also, according to (4.6), (l2) and (:vgli)l (IZ))/ét are:

7K1 l'l*Kll' +1 .
P () _ () | T

(l2) _ . Tt~y _
¢ : ’ ot
—K} w1~ K} g T2n-1
Therefore we have:
(N1
C(r )o<¢tN+ZQt +3 Z ‘Gt Q—i-et) ¢tN+ZQt 52 (0+e,) GLH Gy (O+e,)
Jj=t
N-1 (N-1
T
= bunt D Quty ) (O+e,) MIRM,, (6+c,)
j=t j=i
where M, is defined as:
Mg, 0
My, =R Gl H, G, = N
0 Mn—l,tj

Therefore, expanding the third term in C(7) results in:

N-1 N—-1n-1

1 1

5 > (O +e,) MIRM, (6 +¢,) =5 (0a +ca,)" M, RaMay, (0 + €as,)-
j=i Jj=i d=1

Note that Mg ;; should be only applied to 4,¢; (not ) as described in [31]; therefore C(7) takes the form (5.3).
Also, since the trajectory cost C(7) is similar to (2.11), the optimal parameter vectors according to (2.12) and
(2.13) are:

Oy, = P(T)My, (6 +&,)dr®), i=0,...,N —1. (5.4)
TEX:

Expanding (5.4) leads to:
Oar, = / P(T)May,(0a +cas,)dr"® d=1,....n—1. 0
TEXi

The pseudo-code of the proposed algorithm which is called PI>~-WG is given in Table 1. During the learning
with PI2-WG, the robot uses the feedback controller to walk. PI>-WG only needs to know the value of transition
matrix g(cq, ¢¢) along all rollouts in which g and ¢ are specified by the robot sensors.

Remark 5.4. During the learning, when the cost of the current noiseless rollout is the lowest until now,
updating the initial state xy with an intermediate state in the rollout can promote the results; hence we use
this technique in our algorithm. Without the technique, the gait is designed with respect to a constant initial
state; consequently considering a good initial state will be a problem.

Remark 5.5. The simulated robot may be incapable to walk even one successful step with initial @ in the test
phase. When the algorithm reaches to a stable walking gait, a continuous rollout capturing can be alternatively
used instead of the capturing rollouts starting from xg. In other words, a new rollout started after each impact
which leads to overlapped rollouts. With this approach the algorithm is also applicable to the real robot and
faster updating is attained.
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TABLE 1. Pseudo-code of PI2-WG for planar point-feet biped robot.

Given:
Transition matrix g; according to (4.2),
Arbitrary cost function part Q: and final cost ¢, (defined by cost function designer),
Variance matrices X4, of mean-zero noises €44, d=1,...,n—1,
Initial values of the trajectory parameter vectors 64, d=1,...,n—1,
Start state o (i.e. Initial state of the robot),
Repeat until convergence of noiseless trajectory cost
Create K rollout from current zo by stochastic 84 + €4,
Ford=1,....n—1,j=0,...,N—1,and k=1,...,K do:
| Hae; k= 9t 6 Ry e 0
| Mdytjyk = (Rglgtj,kgtj;,k)/(gtj;,kRglgtj,k)
Fori=0,...,N —1do:
| Fork=1,...,K do:
N—1n—1

| | Clti) = depy,i + Z;\;l Qtj,k+% Z > (9d+Md,zj,kEd,tj,k)TRd(GdJer,tj,kEd,zj,k)

j=i d=1
| | P(re) = exp (=C(7) /A)/ X252, exp (=C(75) /)
| Ford=1,...,n—1do:
| | 004, = Sry P (7k) Mas, kEart,
Ford=1,...,n—1do:
| 800 = [ (N=)80as, | / 000 (N =)
| 04 =04+ 0604
Create one noiseless rollout to check the convergence of noiseless trajectory cost.

6. RELATED WORKS

In this section, we discuss related work in the area of designing dynamically stable walking gait with desired
features for biped robots with point-feet. In the area of planar biped robot with point-feet which is the robot
type of this paper, Westervelt et al. [9,28] show that if @ in (3.3) is selected so that the 1-DOF hybrid zero
dynamics admits an exponentially stable orbit, then an exponentially stable walking motion can be achieved.
Minimization of the cost J(©) through the reduced-order HZD to reach a gait with desired features must be
done fast, but it is rather hard from the following views:

(iii)

Walking with initial © should have dynamical stability, because the cost J(O) is computed over a single
step of walking on the periodic orbit. Finding such initial gait is difficult especially when a robot with high
DOF and large number of Bezier basis is considered, i.e. when n and L are large numbers.

A valid initial © for the optimization may be invalid by a little change in the slope of learning surface.
Since the robot state just before impact defined as ¢~ = [0F;...;0L_1;q.], ¢, is tuned so that the swing
and stance legs are both in contact with the surface in state ¢~ that is illustrated in Figure 4. Therefore
q,, (and consequently z7) is determined with respect to the slope of the surface. Therefore the slope of the
surface affects on the gait G(s(2))© in which s(z) = (z—27)/(z~—2"). It means that for each ¢ and O,
G(s(2))O has different values on different slopes. Therefore we expect that a valid initial gait on a special
slope is invalid for the other slopes. We usually should find a new initial @ for optimization on a different
slope which is hard according to (i).

Minimization of the torques requires the computation of the torques via the full-dynamic model [27]. Also,
the computation of the reaction forces at the end of swing leg just after impact is done wvia the impact
map of the full-dynamic model. In fact, we cannot claim that the optimization is purely done on the
reduced-order HZD and it includes the computations which are costly in calculation time.
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qn

Ch '
q= GL: .

n—

qn L
FIGURE 4. Tuning g,, for different slopes with the same [0¥;...;0L_,]. It seems that G(s(2))©
is an invalid gait for the slope in the right of the figure.

There is also an extension of Westervelt method for 3D biped robots with point-feet in which cost minimization
can be similarly done while preserving dynamical stability [29].

In the recent year in the area of biped robots with point-feet, some research are done by Akbari Hamed
et al. [44,45] that their objective are only stabilization of periodic orbit!® by enforcing eigenvalues of Poincare
map Jacobian in the unit circle via solving a LMI/BMI optimization problem [44,45]. In other words, some extra
inequality constraints are required to reach the desired features'®. But, these constraints cannot be expressed
in the format of BMIs and LMIs [44]. So it is assumed that these constraints are somehow satisfied [44]. Hence,
the method cannot guarantee mechanical stability especially in a slope surface with high degrees.

In the case of planar biped robots with point feet, it is clear that checking exponential stability via the
reduced-order HZD is easier and faster than Akbari Hamed method. In the next section, we show how the
cost of PI2-WG is increased by unsatisfaction of exponential stability conditions which are defined via the
reduced-order HZD'®.

Note that we are going to design the cost function of PI2-WG so that an initial walking gait without dynamical
stability'® can be enough for the learning. Also, we realize that the initial walking gait can be used in a lot
of different scenarios by replacing z+ and 2z~ with fixed 2z; and 25 in s(z) = (2 — 2¥)/(z~ — z1), which leads
to easier gait design'” for planar biped robot with point-feet. Without the replacement, slope change leads to
change of z* and 2z~ according to (ii) and consequently change in s(z). Therefore the walking gesture, i.e.
G(s(2))0, is also changed with modification of z* and 2z~ which usually leads to invalidity of G(s(z))© for
the new slope. But using fixed z; and z5 in s(z), the slope change does not change the walking gesture and
consequently there are more chances of the gait validity for the new slope.

7. RESuLT

In this section, the performance of PI>-WG is examined on the simulated model of RABBIT [9] and compared
with the Westervelt method.

7.1. Cost function definition

PI2-WG is evaluated in three different learning scenarios starting from initial © and with/without a mod-
eling error (See Appendix A for more detail about initial @ and modeling errors ME1-ME3). The first

137 e. only dynamical stability is considered and mechanical stability is ignored to formulate in the optimization problem.
14E.g. feasibility of positions, velocities, torques and ground reaction forces (i.e. mechanical stability) in case of bipedal walking.
151y our future works on 3D biped robots with point-feet, we will use Akbari Hamed method to reward stability conditions.
16geveral steps of walking without mechanical stability are enough for the proposed method. See Remark A.2 for more detail.
I7\With this approach, [09;...;6%_,] and [03;...;6]

+_1] should be also participated in optimization contrary to Westervelt
method.
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Foor 40,00 Fx: —30.00

Fyr—=100.00 Fy: —100.00
Fer 0,00 Far 0,00 .
Fy: 0.00 Fy: 0.00 E; R
(a) (b) (©) (d) (e)

FIGURE 5. A snapshot of the walking gesture in the different scenarios: (a) on the flat (b) on
the flat in the presence of the external force [40 N; =100 N] (¢) on the flat in the presence of
the external force [-30 N; —100 N] (d) on a slope of 18 degrees (e) on a slope of —18 degrees.

learning scenario is designing the walking gait for the flat regarding the following viewpoints of measuring
performance:

(i) Mechanical stability.

(ii) Existence and exponential stability of a periodic orbit.
(iii) Normal walking conditions.

(iv) Desired walking speed.

(v) Acceptable amounts of applied torque.

The second scenario is the same as the first scenario, but an external force is exerted on the torso of the robot.
The third learning scenario is designing the walking gait for a slope surface with the same points of view.
Figure 5 incudes the walking snapshots of the different learning scenarios. The numbers above the torso of the
robot denote the horizontal and vertical components of the external force which is exerted on the torso. The
yellow and green links of the robot respectively denote the tibia in the stance and swing legs.

In the case of the point-feet biped robot, applying large noises to @ may cause to fail walking because
the decoupling matrix may be not invertible or mechanical instability occurs. Hence, only small noises are
acceptable. The variance matrices of the exploration noises are assumed according to Theorem 5.1 as follows:

Zae =03l +1)x(r+1), d=1,...,n—1 (7.1)

where the initial 02 is determined based on the components of initial 64, which is defined in (A.1), as:

2 m : m
05 <08 max 07, . — min 67 . |.
d,init 0<m<L d,init 0<m<L d,init

Therefore, we assume the following values for o3:
o3 =p, 07 =2p, 03=3p, 05=5p

where p is initialized as mentioned in Table 2. 1500 updates are done for each scenario. The value of p has been
uniformly decreased from p;,+ to 0.0001 along the early 1000 updates and after that p = 0.0001. Since constant
exploration noise along a rollout (i.e. Vi,eq, k1 = €d,10.k) leads to a faster convergence [43], we use it in this
paper. We generate 10 rollouts per update (K = 10). The sampling time 0t = ¢; — t;_1 is set to 0.01s. Each
rollout captures 3 seconds of walking, i.e. N = 3/t = 300.
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TABLE 2. Initial value of p and desired speed.

Scenario Pinit Vdes (/)
Flat (without exerting external force) 0.002 0.8
Force —30, ~100 (on the flat) 0.02 0.8
Force 40, —100 (on the flat) 0.005 1.4
Slope —18 (without exerting external force)  0.02 0.8
Slope 18 (without exerting external force)  0.005 0.5

Remark 7.1. We know that 03 < 07 < 03 < 07 with the following reasons:

(i) In cq, the coefficients of the joint angles of the swing leg, i.e. g2 and ¢4, are zero according to ¢ =
[-1,0,-0.5,0,—1], i.e. g2 and g4 do not play a role in determining the gait G(s(cq)); therefore g; and
g4 can take more noise. It means 0%, 0% < 03,07.

(ii) Among the joint angles of the stance leg, only ¢; observably changes along a step in normal walking.
Therefore the hip joint q; can take more noise than the knee joint g3, i.e. 05 < o3.

(iii) The knee of the swing leg has the lowest limitation for movement during walking; therefore g4 can take
more noise, i.e. 03 < 03.

With above information, we choose 03 = p, 0% =2p, 03 =3p, o7 = 5p to simplify decreasing amount of
the noise during learning by decreasing p.

Regarding the mentioned performance viewpoints 1-4, the arbitrary cost function part Q;, t €
{to,...,tn—1}, and the final cost ¢, are defined as:
Qt = T't,stance + Tt,impact + Tt knee + T't,torque +2Z

2
¢tN - A(SpeedlastStcp - vdes)

where the final cost ¢, is proportional to square difference between the speed of the last step in a rollout and
the desired speed vqes Which is set as mentioned in Table 2. The coefficient A is set as:

5000000,  speedjygsisiep < Vdes
50000, otherwise
and speed,,gsiep 10 @ rollout is computed as follows:

last step length [P2(@t10stmpact )|

last Step time tlastlmpact - tlastButOneImpact

SpeedlastStcp =

where py = (ph;p3) denotes the position of the swing leg end in the coordinate frame which is placed in the
stance leg end. Note that p, is a function of the robot configuration g. The last step in a rollout is the step
which ends with the last impact. The last impact moment is fiastimpact and the last but one impact moment is
tastButOnelmpact- |-| denotes the Euclidean distance from the origin.

Note 7.2. The coefficients in the cost function can be specialized with regard to the importance of the desired
features. However, we use the same coefficient values in all the scenarios in order to simplify reporting.

Q: contains five parts which are defined by the cost function designer. The first part of Q¢, i.e. 7¢ stance, measures
the mechanical stability of the stance leg at time ¢ as follows:

1500 (/J/l - Mdes) 5 1951 > Hdes
Tt,stance — .
0, otherwise
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where py = |F{,|/(F{; + €) in which F{'; and F}; are the tangential and normal components of the forces
exerted at the contact of the stance leg with the ground at time ¢ respectively and ¢ = 0.0000000001. Therefore,
1 denotes the minimum required friction coefficient of the ground contact point which insures the stance leg
not to slip. pges = 0.7 for learning on a slope surface and is set to 0.5 for the other scenarios. The second part of
Q1 18 Tt impact = Tt impact T Trimpact T Toimpace 11 Which 7}, measures the mechanical stability of the swing
leg at impact as:

1 15000(/”‘2_/1‘(185)7 M2>Mdes and teﬂmpact
T, =
bimpact 0, otherwise
where pip = |Fy,|/(Fy; 4 €) in which Fj; and F3), are the tangential and normal components of the forces

exerted at the contact of the swing leg end with the ground at impact, respectively. In other words, po denotes
the minimum required friction coefficient of the ground at impact which insures the swing leg not to slip. Since
during the learning, an unrealistic and very large fiction coefficient is considered for the surface, mechanical
instability only happens when the normal force F'V is zero. A very large cost (and consequently small updating
weight) is a result of the occurrence of FY = 0 in a rollout that it is due to the term y = FT /(FN +¢) in
the cost function. It means that the proposed algorithm is able to quickly save the robot from the mechanical
instability, provided that it is possible. Note that if 4 > 200, we consider p = 200 to reach a smoother learning
curve.

The second part of 74 impact, @-€- rf,impact, increases the cost providing that the robot cannot lift its stance
leg after impact without interaction:

) 1500000|pY —0.01|, pN¥<0 and t€Timpact
"impact = 0, otherwise
where pYY denotes the normal component of the post-impact swing-leg velocity which should be positive, other-
wise the robot cannot lift its stance leg without interaction [9].

r?,impact increases the cost if walking is not exponentially stable. Expressing hybrid zero dynamics of (3.3)
in coordinate (£1;&2) where & = z, & = %72, and v = D(q)q, Poincare map (i.e. impact map A : (&§7;&5) —
(€57:€5)) of the hybrid zero dynamics is defined as [9,28]:

g =2+
+ _ £2 —
52 - 5zero§2 .
2

Therefore, computing d2,,., will help us to check if the following criteria of existence and exponential stability
of periodic orbit are satisfied or not (NBEC4-NBEC5 constraints in [28] or NEC4-NECS5 in [9]):

(NEC4) Existence criterion: CR < 0.

(NEC5) Exponential stability criterion: 0 < §2,,, < 1.
where OR = V,er0(27 )02,/ (1—02,, ) FVMAX in which V,e0(2) denotes the potential energy of the hybrid zero

ToAX zero) Zero 3 5 3 3
dynamlcs and Vzero = MaX,+ <<z VZCYO(Z) [9728] Therefore 7nt,impact = rt,NEC4 +rt,NEC5 +rt,FixedPoint where

3 3 3 .
Ty NEC4s T NECs: A T} pieapoine defined as:

5 100CR, CR>0 and t€Timpact 3 10062,.,, 02,.,>1 and t€Timpact
Tt NEC4 =

» Tt NECs =

0, otherwise 0, otherwise

T?,Fixedl:‘oint = 100[Vzero(27) _V;;%Vious (7)), t € Timpact

where rf”FixedPOim penalizes the initial state which is not already on a periodic orbit (V,ero(z7) should be a
constant on a periodic orbit). The third part of Q IS 7t knee = Tt kneel T Tt kneez il Which 7 knee1 and 7y knee2
are defined as:

. )
0, otherwise

—100000g3, g3 <0 —100000¢q4, ¢q4 <O
Tt kneel = Tt knee2 = .
0, otherwise.
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It means that we do not allow a gait in which the knee joints have negative angles. In other words, these two
parts avoid abnormal walking.

The forth part of @, i.e. Tt torque, 1S considered to decrease the pick torques of motors. It insures that the
torques will be in the valid range [-150 Nm, 150 Nm] and it is defined as:

n—1

¢ torque = 100 Z saty
d=1

where saty is defined as follows:

{ |ua| — pickdes, |ual > pickaes

satg =

0, otherwise

where u4 denotes the applied torque to the dth joint. Note that there is no torque limitation during the learning
and saturation is activated after learning. We consider pickges = 60 for the first scenario and pickges = 140 for
the other scenarios.

The fifth part of Q; is added to avoid generating the walking gaits in which the decoupling matrix is not
invertible. We find that choosing a small coefficient for Z leads to a better performance, but Z ~ 0 may not be
satisfied. Therefore, we also think of the case that the robot fails walking, when the decoupling matrix is not
invertible or the robot is going to fall down, which is discovered by checking the hip height of the robot, or
walking backward. In these cases the remaining immediate costs in the current rollout fill with 1500000 which
lead to a large cost and the rollout is terminated.

Since the noise is small, we have discovered that ignoring 1/2 Z;V:_Zl 3;11 (Oa+Mayca, )TRd(0d+Md7tj €d,t;)
in C(1) does not have a sensible effect on the results, i.e. it acts like a constant that is added to the cost of the
rollouts which are participated in an update (see the sample run in Fig. 6). Therefore, we can ignore this part to
reduce the complexity of PI2-WG. Figure 6 also illustrates that the variation of the term Zg;ll A Z;V;ll log Hy
is trivial in proportion to the value of the other terms in the trajectory cost. Therefore, this term can be ignored
without a sensible effect on the performance that verifies Theorem 5.1.

Remark 7.3. With above simplification, PI>~WG is similar to the simplified version of PI? in [43] (We also
extend the simplified version of PI? to adjust the gait and observe that it is also applicable with about the same
performance).

7.2. Evaluations and discussion

Figure 5 illustrates the snapshots of walking attitudes with the gaits which are designed by PI2-WG on the
different scenarios. The robot cannot walk even one successful step with the initial @ according to Remark A.2
in Appendix A, but after learning, it is able to walk with exponential stability. Table 3 illustrates the features
of the gaits which are designed by PI2-WG on the different scenarios.

The statistics of the designed gaits, which are mentioned in Table 4, show that all of the designed gaits satisfy
the criteria NEC4-NECS5. In other words, the results show that using PI>-WG, the robot is able to learn how to
walk with exponential stability in the new situations even in the presence of large modeling error in designing
the feedback controller.

Remark 7.4. The ability of compensating large modeling errors is an interesting feature for continuing the
learning with the real robot which was impossible by the offline optimization on the reduced-order system.

The rows 1-6 of Table 3 show that the robot can walk on a flat surface with the static friction 0.6 in the
presence of the external force ([-30 N; —100 N] or [40 N; —100 N]) and modeling errors ME1-ME2, which are
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FIGURE 6. The value of 23;11 A Z;\;l log Hy+; during a sample run of PI2-WG on a slope of
~18 degrees is reported (with p = 0.02 and A = 0.1).

TABLE 3. The features of some example designed gaits for the robot.

Gait Learned environment Hreq”  |speed|,gisiep — Vdes| (m/s) Zf\:)l "1 satq (Nm)
Gl  Flat 0.4854 0.0003 0
G2  Flat with ME1 0.5892 0.0009 41
G3  Force [-30 N;-100 N] 0.4021 0.0019 0
G4  Force [-30 N;-100 N] with ME2  0.4175 0.0142 0
G5  Force [40 N;-100 N] 0.4993 0.0168 0
G6  Force [40 N;-100 N] with ME2 0.4139 0.0759 0
G7  Slope —18 0.6758 0.1619 0
G8  Slope —18 with ME3 0.6725 0.0174 0
G9  Slope 18 0.3946 0.0022 0
G10  Slope 18 with ME3 0.6456 0.0045 0

®lreq: Required friction coefficient of the ground, i.e. fireq = max(maXduring rollout ({1), MaXduring rollout (1£2))-

defined in Table A.2 in Appendix A. The rows 7-10 of the table show that the robot can walk on a slope of —18
(or 18) degrees with the static friction 0.7 even in presence of the modeling error ME3!8.

Figure 7 includes the average learning curve which is extracted from averaging 10 runs of PI2>-WG for designing
G3/G4, which are learned in presence of external force [-30 N; —100 N] with/without a modeling error. The
curve is drawn versus the number of the updates which are iteratively done by PI>-WG. The phase portrait in
Figure 8 is drawn for 100 steps of walking with G3 and G4. The red circles in the figure denote the initial states
of the robot. Figure 9 denotes the applied torques of motors during walking with G3 and G4. The figure shows
that the motor torques are in the valid range [-150 Nm, 150 Nm].

Note that the figures of the average learning curves, phase portraits, and motor torques are only shown for
G3 and G4 in this paper, but the reader can generate the figures for the other gaits by our executable program
which can be downloaded from www.RoboRL.1ir.

18yye realize that finding an exponentially stable walking gait is possible even for a slope of 30 degrees but with a different initial
gait.
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TABLE 4. Example gait statistics for the robot. The statistics shows that all the designed gaits
are exponentially stable.

Gait  Vsero(27) yMAX 820 CR  Pick torque v®
(kgm®/s)*  (kgm®/s)* (Nm) (m/s)
GW? 142 182 0.741 —224 64 0.800
G1 -78 71.9 0.82 283 59.3 0.80
G2 -79.3 69.5 0.815 —280 60.99 0.80
G3 ~117.4 2.20 0.89 —948 122 0.80
G4 ~141 2.6 0.86 864 119.9 0.81
G5 -381 122.2 0.41 143 133 1.42
G6 —3.7e+2 115.8 0.42 152 131 1.48
G7 ~8.2e+2 1.0e+2 0.24 159 108.4 0.97
G8 -9.6e+2 1.6e+2 020 80 131 0.82
G9 -15.2 12.5 0.88 —99 125.5 0.50
G10 -23 16 0.81 82 93 0.50

Cost
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FIGURE 7. Average learning curve for learning left: G3, right: G4.
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F1GURE 8. The phase portraits for 100 steps

of walking by left: G3, right: G4.
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7: Average walking speed. ® GW: the gait which is designed by Westervelt method for the flat and reported from [9].
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FIGURE 9. Applied torques during walking in the time interval [3s, 4s] by left: G3, right: G4.

Since Westervelt et al. [9] have reported the results of their method only for the flat, we only draw a comparison
in the flat scenario. The first row of Table 4 includes the statistics of the designed gait for the flat by Westervelt
method [9] in which 7 basis functions have been used for the walking gait, i.e. L = 6. The aim of optimization was
decrement of the actuator torques while some constraints, e.g. vges = 0.8m/s, are satisfied. After optimization,
the pick torque of actuators was 64 Nm [9]'°.

The second row of Table 4 includes the statistics of the designed gait by PI>~-WG on the flat scenario. The
results show that the gait which is generated by PI2-WG is as good as (or better than) the gait which is
generated by Westervelt method. The point is that PI2-WG in all the scenarios starts with the dynamically
unstable initial gait (A.1), which is not valid for Westervelt method even in the flat scenario.

In this paper, we used a walking gait with 4 basis function for all the scenarios except the flat scenario. For
the flat scenario, the initial gait (A.1) is converted to a gait with 7 basis functions.

The results stated in this paper can be regenerated by the executable program. A lot of other examples can
be examined by adjusting the parameters of the algorithm and RABBIT. It can be simply done by editing the
text files in the program folder.

8. CONCLUSION

PI? is a RL algorithm with interesting features for optimizing the trajectory parameters in DMP equations.
In this paper, PI? is extended for optimizing the walking gait in the closed-loop dynamics equations of the
robot, called PI2-WG. PI>-WG inherits the interesting features from PI2. It has an arbitrary state-dependent
cost function part, the exploration noises are the only open algorithmic tuning parameters, it has numerically
robust performance in high-dimensional learning problems and it is a simple algorithm for implementation.

Using PI2-WG, the robot is able to learn how to walk with desired speed and exponential stability in a
certain environment e.g. a certain slope surface with desired friction in the presence of a certain external force
and modeling error.

There are at least three motivations for using PI>-WG. First, selecting an initial gait for PI>-WG is easier than
the past methods. Second, the selected initial gait is also valid for learning on many other situations contrary to
the past methods. Third, the learning can be continued with the real robot to compensate unknown modeling
errors. Using the dynamically unstable initial gait, the robot cannot walk even a step in the test phase and its
walking cost in the learning phase is very large according to the cost function definition. After some iterative
updates of the parameters which last only several seconds on an ordinary personal computer, the algorithm

19Note that in [28] a better result than [9] is reported. The reason is ignoring viscous and Coulomb joint friction in [28].
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achieves a gait with much lower cost, which means arbitrary feasible walking features can be found by designing
a proper cost function.

We discover that there exists a tradeoff between satisfaction of the desired features and amount of robustness.
The focus of this paper is on satisfaction of the desired features in a new environment. In the future works, we
are going to show that how PI>~-WG can be extended to design an exponential stable gait which is robust to
modeling errors or perturbations, e.g. external forces or uneven terrains.

Also, we are going to extend PI>-WG for 3D biped robots with point feet to design a gait with desired features
in which the exponential convergence to a periodic orbit is checked by Akbari Hamed method instead of the
mentioned HZD method.

APPENDIX A. RABBIT ROBOT AND ITS PARAMETERS

RABBIT is a point-feet robot with planar motions and 5 degrees of freedom (n = 5) [9]. Figure A.1 illustrates
the robot and its model parameters. The two legs have the same properties. Table A.1 includes the value of
the model parameters for RABBIT. For more information about modeling RABBIT and computation of the
ground reaction forces, Fil, FN, F] and FJ¥ see [9]. MATLAB code for generating the equations of motion for
RABBIT is available at hitp://web.ececs.umich.edu/~grizzle/biped_book_web/.

RABBIT starts walking with the initial state zo = [qo; §o] in early rollouts of the learning, where ¢o and o
are set as follows (the unit of the components of ¢ is radian and ¢o is radian/s):

qo = [3.2741; 3.4364; 0.1701; 0.6643; —0.012],
Go = [—1.5344;2.0201; —0.2029; 0.0244; 0]

AL

F1GURE A.1. (a) Generalized coordinates of RABBIT (b) z with ¢ = [-1,0,—0.5,0, —1] (c) link
length and center of mass position [9].

TABLE A.1. Parameters for RABBIT which is illustrated in Figure A.1.

Model parameter Value

Link mass (kg) Mr =12, My =6.8, My = 3.2
Link inertia (kgm?) Ir = 1.33, Iy = 0.47, I; = 0.2
Link length (m) lr =0.63,ly =04, 1; =04

Mass center (m) pM =0.24, p}” =0.11, pM = 0.24
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TABLE A.2. Errors in model parameters for HZD controller.

No. Mr Ir Ir ¥ My I Iy py M, I, Iy pM
ME1I 04 04 001 01 -04 04 001 01 -04 04 001 -01
ME2 04 -04 001 -01 04 -04 001 01 -04 -04 0.01 -01
ME3 -04 04 001 01 -04 04 -001 01 04 -04 001 0.1

The row vector c is set to ¢ = [~1;0; —0.5;0; —1]T. As it is mentioned, ¢ = [gs; ¢n] Where ¢,, denotes the angle
between the torso of the robot and the vertical line and it is a cyclic coordinate. Fixed zo = —3.556 and
z1 = —2.9835 are considered during the learning and test phase. The initial © is defined as (the unit of the
numbers is radian):

01 3.47 2.934 0.1962 0.1258
02 3.204 3.606 0.1712 1.147
o= . 0= . Gy= = 0,= . (A1)
: 3.399 3.62 0.153 0.3627
0., 2.947 3.445 0.115 0.2013

This initial @ is used in all the scenarios except the flat scenario. In the flat scenario, each 6; is converted to
a vector with 7 components using function approximation.

Remark A.1. In this paper, all components of each 6; participate in optimization contrary to [9]. The number
of Bezier basis functions is 4 in all the scenarios except in the flat scenario which is 7 as in [9].

Remark A.2. In the test phase that the torque and friction limitation are considered, even one successful step
is impossible by the initial gait (A.1). In the learning phase,

(i) the saturation of £150 Nm [9] is deactivated;
(ii) an unrealistic and very large fiction coefficient is considered for the surface;
(iii) walking is not failed with happening py < 0.

Therefore, the robot is usually able to walk at least one successful step with the initial © in the learning phase
of all the learning scenarios. The PD gains of the feedback controller are set as follows:

Kp =500(_1)x(n-1), Kb =50l _1)x(n-1)-

The time step of applying the feedback controller to robot is §t = 0.01%C. The joint friction is modeled by the
viscous and Coulomb friction terms as in [9] and compensated by the controller:

Ffr(Qa Q) =F,q+ Fss.gn(d)

where F, = diag(16.5,16.5,5.48,5.48,0) and Fs = diag(15,15,8.84,8.84,0). Three modeling errors are men-
tioned in Table A.2. They are going to be applied to the model parameters in the controller design to specify
the effects of the modeling errors on the performance of the proposed algorithm. The numbers in the cells
denote amounts of the error in the model parameters, e.g., 0.4 and —0.4 mean a 40% increase and decrease in
the nominal parameter value, respectively.

Remark A.3. The different modeling errors are considered to show that PI>-WG can compensate a large
modeling error.

20Note that we use a smaller time resolution at impact. At impact, we use dt = 0.001 in the learning phase and §¢ = 0.0001 in
the test phase.
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APPENDIX B. DERIVATIVES OF G(S) AND THEIR ZEROS

The components of the first and second derivatives of g(s) are:

—L(1—s)"? |
L(1—s)"2(1 = Ls)
99 _ | gy s
ds = m!((L_—Sr)n)! (m — Ls)
LsL—Q(L:— 1 — Ls)
i L SLfl l
I L(L—1)(1— s)¥72 |
L(L—1)(1—s)"3(Ls —2)
EEZD () — sy (L(L — 1)s2 — 4(L—1)s + 2)
82 fem—2 L—m—2
G = | B (1) o (L-1)s+m(m1))
HED 6t (L(L-1)(1-5)°~4(L-1)(1-5)+2)
L(L - 1)s"3 (L (1fs) 2)
I L(L —1)s™~ |

25

we know that the components of g(s) do not have any zero between 0 and 1. All the zeros are placed at 0 and
1 and the total order of the zeros is L.

However the mth component of dg/ds have a zero which is positioned at s = m/L (m € {0, ...,
other zeros are placed at 0 and 1. The total order of the zeros in each component of dg/0s is L —

30 0~ —— 30
20 Ve 20
. m=0 200 ;7 m=1 1wl m=
10 N 1071y _
-60
1] 0.5 1 ] 0.5 1 1] 0.5 1
s s s
5™ e 30 I 0 =
Y m=3 / 20 m= I 2 m=5
0 N 10 / \
\ == -40 \
N ~ 60 \
0 0.5 1 ] 0.5 1 0 0.5 1
s s s
30 .
- /
20 m=6
10 e #*g(s) dg(s)
) _ s s
1] 0.5 1

FIGURE B.1. Curves for components of dg/ds and §%g/ds* with L = 6.

L}) and the

1.
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The mth component of 92g/ds* have two zeros as follows:

(m + m((;@)

L

S =

and the other zeros are placed at 0 and 1. The total order of the zeros in each component of 9?g/9s? is L — 2.
The components of g(s), dg/ds, and §%g/ds* are bounded in s € [0,1]. From the coefficients of the compo-
nents, it is clear that a component of %2g/ds? has a wider range than its corresponding component of dg/ds.
For an example, we plot the components of dg/ds and 92g/ds* in Figure B.1 for L = 6 which is used in this
paper.
APPENDIX C. PROOF OF THEOREM 4.3
The equations (4.3) can be reformulated as:
iy = —D1y' Di2dn — D17 1 + Diju
Gn = —D33' Dariiy — D3y (20
Substitution ¢, in the first row by the second row leads to:
Go = D1y D2(Dyy Da1y + D3y $22) — D1y 21 + Dy
Moving all the terms containing g to the left results in:
(I-Dyi' D12Dyy' Doy )iy=D1' D12Dgy 22— D7 21+ Dt u.
The above equation can be reformulated as:
io = (D)~ (D12Dy5' 25— 01) + (D12 ¥) ™ (C.1)

where W = (I — D! D12Dy,' Day). The second derivative of e = g, — G(s(2))© which is used for computing
LyLyse and Lfce is:
22 9%G(s) Z  0G(s)

(29—21)? 0s? 20—z Os

é= iy — o.
Providing % = 0, the term Z/(zo — 21)0G(s)/0s can be ignored according to Remark 4.2, hence we have:

22 0%G(s)

(z9—21)%? 08>

O.

€=qp —
Substituting G, by (C.1) leads to:

22 0%G(s)

[EESnrhry O + (D11 W) N (D12D3 25 — 1) + (D11 %) M.

E=—

Consequently, L7e and Ly Lge expressed as:

22 9%°G(s)

i P —
e (29—21)% Os?

9+(D11W)_1<D12D;2192—91), Lthe = (D11W)_1.

Hence (L Lyse)~! is D11 and the controller effort u is:

22 0%G(s)
(20—21)% 0s?

u=—(Dp¥) (er + Kpé + 9> — D12Dyy 25 + 0.
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FIGURE D.1. Left: the figure illustrates that —37/2 < z < —7 /2. Note that we need a negative
angle for z regarding to the negative components of ¢, hence we subtract the angle from —2x.
Right: 3D plot for LGH (s, z4ot) which is drawn by Maple 17. Very large and unrealistic interval
s, € [—4,5] and z4,t € [—1000,1000] are considered to show the logarithmic behavior of the
function.

APPENDIX D. PROOF OF THEOREM 5.1

First we must remember that:
log Hyy, = log(ggRglgtj)

where §(z, 2)=Kpg(s(2))+Kp = agais((zz)))—k (2;11)2 828!1((182)) and Rq = (03/A)I(L+1)x(r+1)- To find the upper-
bound and lower-bound value of log Hg,;, we assume that s(z) and 2 are two independent variables (renamed
to s, and zge¢) and then calculate max(log Hg;) and min(log Hg ;) respectively. In other words, we define the
following function:

LGH(Szy zdot) = log(ﬁ(sm Zdot)T'ﬂ(Sza Zdot))

where 9(s., zgot ) =K pg(s,)+K p 2t 99(sz) 4 Zdor  D9(s:) 21 Considering 21 = —2.9835, 2o = —3.3556, s(z) =

zo—z1 Os. (z2—21)2 0s2
(z — z1)/(22 — z1) and Figure D.1(Left), we have —3.7966 < s(z) < 4.6463. Therefore, we consider a very large
and unrealistic interval s,€[—4,5] and z4,:€[—1000, 1000] for LGH (s, z40t) to compute the upper-bound and
lower-bound of log Hy ¢, as:

A A
LB + log <02> < logHg:, <UB +log <02)
d d

where UB = LGH(—4,—-1000)=LGH (5,1000) and LB = 10.1786. LB is equal to min LGH (s,, z4ot) which is
computed by Maple 17 using the following commands:

> with(Optimization)
> Minimize(LGH)

and UB is equal to max LGH (s,, z4ot). Figure D.1(Right) illustrates the 3D plot of LGH (s, z4ot) which is
drawn by Maple 17. The values of LB and UB do not have much difference and they are small numbers (It is
the effect of log). The bounds for %log Hg,; is determined as:

A A A 5 _ A A A A 9
§LB+ 5log)\f §logad < §long7tj < §UB+ §log)\f §log0d.

2110g(19(327 Zdot)TRglﬁ(Szv Zdat)) = IOg(()‘/og),&(SZ: Zdot)Tﬂ(szv Zdot)) = IOg(ﬁ(sz» Zdot)Tﬁ(sza Zdot)) + lOg(A/Ufi) We do not
ignore log(\/c2) and use it in the remaining part of the proof.



28 M. ANJIDANI ET AL.

Since according to L’Hopital’s rule limy_,o+ Alog A = lim_, o+ lolg/(/{\) = limy_ o+ —11/7;2 = 0, with a trivial value

for A\ we have:

A

A
§LB S §long,tj < UB

| >

and the bounds for A= 23;11 (A2 Zj\:l log Hy,¢; ), which is defined in Theorem 5.3, can be similarly computed

as follows:

(n—1)(N — i)%LB <A< (n—1)(N - i)%UB.

The small values of LB and UB allows the cost function designer to easily ignore A by defining large @ and
small A (in Fig. 6, we have compared the value of A with the other parts of the cost function that confirms this
issue).
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