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Abstract

Near partially elliptic rest points of generic families of vector fields or transformations, many types of normally hyperbolic
invariant compact manifolds can appear, diffeomorphic to intersections of quaktrici¢e this article: M. Chaperon et al., C. R.
Acad. Sci. Paris, Ser. | 342 (2006).
0 2006 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

D’autres variétés compactes invariantes apparaissant dans le couplage non linéaire d’ oscillateurs. Prés de points station-
naires partiellement elliptiques de familles génériques de champs de vecteurs ou de transformations apparaissent toutes sort
de variétés compactes invariantes normalement hyperboliques, difffomorphes a des intersections de qRadrigites.cet

article: M. Chaperon et al., C. R. Acad. Sci. Paris, Ser. | 342 (2006).
0 2006 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Hypothéses. Soit (1, x) — X, (x) € R™ une famille assez différentiable générique de champs de vecteurs & paramétre
u € R, définie au voisinage d’un point ¥ x R™ que I'on peut supposer étre 0, telle gXig(0) = 0 et que les valeurs
propres deD Xo(0) soient imaginaires pures, simples et différentes de 0, @'eti2n, etk > n. On fait I'hypothése
quek =n + n?.

Les valeurs propres de partie imaginai® étant notéesii, ..., i\,, On suppose que, pourd j < n, I'équation
Lj=21(pe—qe)re avec(p, q) € (N2 etd” pe + 3 gm < 4 n’aque les solutions évidentps =g; +1etp, =g
pourt # j.
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Un changementu, x) — (u, g,(x)) de coordonnées locales permet de supposerxgue) = 0, queR™ = C",
que L := DXo(0) est de la formelz = (ir1z1,...,iAyz,) €1 QUEX, = L + N, + R,, oU R, s’annule a l'ordre 4
en 0, N, est un champ polynomial (au sens réel) de degré 3C8ucommutant aL, donc invariant par I'action
naturelle deU(1)", et No = 0. Par conséquent, si 'on posg:= |z;|, la forme normalel + N, induit sur I'espace
desr = (r1,...,r,) un champ de vecteurs de la forig =" (a; + 3, b’j‘.r,f)rj;’Tj, ou les réels:;, b sont des
fonctions deu.

On fait I'hypothése que ces fonctions sont nulles en 0 ; la famille étant générique, un changement de coordonné
dans 'espace des parameétres permet donc de supposergus, (b];)lgkgn)lgjgn.

Théoreme0.1. Sous ces hypothéses, quels que soient I'entier ingpail et les entiers strictement positifs, .. ., n,
vérifiantny + - - - +n, = n, il existe un ouver2, de Rk adhérent & et tel que, pour tout € £2,,, le champX,, ait une
variété invariante attractive/, de codimensioR difféomorphe a la sous-variég@,, desC” formée deszs, ..., zx)
qui vérifient(1) ci-aprés, olp est une racine primitivg-ieme de l'unité ef] - || la norme euclidienne standard. La
sous-variétd/,, dépend continlment du parametre 2, et tend verqg0} quandu — 0.

Remarque 1. Pourg > 5 les O, ne sont pas difféfomorphes a des produits de sphéres comme dans [4] mais a des
sommes connexes de produits de deux spheres [5]. Comme dans [4] on peut aussi obtenir des produits attractifs
telles variétés.

Remarque 2. Comme dans [4], 'énoncé correspondant est vrai pour les familles de transformations, et la principale
difficulté est de «voir» led/, sur les formes normales, d'ou le nombre élevé de paramétres. Toutes ces variétés
invariantes naissent trés probablement déja dans des familles génériguesametres : c'est le cas des spheres
invariantes de [4] sk = 2.

Esquisse de la preuve
Elle repose sur le
Lemme 0.2. Avec les notations précédentes, on considére les valgLsgivantes du parametee:

(i) Tous lesz; sont égaux a un méme réeka, avece > 0.

(i) Pourl<¢,m<gq,tous Iesb’j? avecni+---+ng_1<j<ni+---+ngetni+---+nu_1<k<ni+---+ny
sont égaux a un méme regl ; sil'on posex; := |v; 2, la forme normale. + Ny, induit donc sur I'espace des
x = (x1,...,x,) le champ de vecteu®,, =23, (—ea + 3, cg”xm)xe%.

(i) La forme normalel + N, est tangente &/¢ On, etY,, estnul sur 'image de celle-Gi en d’autres termes,
Z,, est nul sur 'image de cette image, c'est-a-dire qu'’il exjsterr 1 < £ < ¢ un uniquec, € C tel que—ea +
Yo Cilxm=aQ, Xm — &) e P X+ Ce D P X

(iv) Lechampz,, estinvariant par permutation circulaire des coordonnées, ce qui se traduit par I'existerce Ge
tel quec, = plc pourl < ¢ <gq.

(v) Onaa <0ethe(c) <O.

Alors /e Qn est une variété invariante normalement hyperbolique attractive den,,.

Par conséquent, podrassez petit et, ¢ convenables, tous le$, avecu proche da:g ont une variété invariante
attractiveV, proche de/e Qn et dépendant continlment de

1. Introduction

In [4], the secondly-named author proved that many kinds of attracting invariant products of spheres appear i
a stable way for arbitrarily small perturbations (‘couplings’) of systems consistimglioear oscillators (or quasi-
periodic motions). We shall show that other intersections of quadrics, of the type studied in [5,1], can appear in the
same situation.
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Hypotheses. Let (4, x) — X, (x) € R™ be a generic smooth enough family of vector fields (resp. diffeomorphisms)
with parameter € R¥, defined in a neighbourhood of a pointRf x R” which we may assume to be 0, such that
Xo(0) = 0 and that the eigenvalues BfXo(0) are purely imaginary, simple and different from 0, hence- 2n and
k > n. We assumé = n + n?.

Denoting the eigenvalues with positive imaginary parthy i..,ix,, we make the following non-resonance hy-
pothesis: for K j < n, the equation

n
Aj= Z(Pe —qo)h
1

has no solutiorip, ¢) € (N")2 with 3~ p; + " g < 4 other than the obvious ongs =g; +1andp, =g forf # j.
By a local change of coordinates, x) — (u, g,(x)), we may assume that,(0) = 0, thatR™ = C", that

L := DXg(0) is of the formLz = (iA1z1,...,iA,z,) and thatX,, = L + N, + R,, whereR, vanishes at order 4

at 0,N, is a (real) polynomial vector field of degree 3 6f, commuting withZ. and therefore invariant by the natural

action ofU(1)", andNo = 0. Hence, setting; := |z;|, the normal formL + N,, induces in the space 6fy, ..., 7,)’s

a vector field of the form

Z aj —G—Zbkrk r]a

where the real numbets;, b* are functions ofi.
We make the hypothesis that these functions vanish at 0; the family being generic, we may perform a coordinate
change in parameter space and assumeutkata, (bl;)lgkgn)lgjgn.

Theorem 1.1. Under those hypotheses, for each choice of an odd intgger2 and positive integeray, ..., n,
satisfyingni + - - - + ny = n, there exists an open subsef of Rk adherent td) and such that, for eveny € 25, the
vector fieldX, has an attracting invariant manifol#f;, of codimensior3, diffeomorphic to the submanifold,, of C"
consisting of thosézs, . .., z,) which satisfy

2 2
|za]“+ - +zal°=1,
2 g—1 2 2 __ 0 (. . 1
,0||U]_|| +---4p ||Uq,1|| + ”vq” ) Vg 1= (Zj)n1+~~+n[,,1<]§n1+~~+ngv ( )

wherep is a primitiveg-th root of unity and| - | denotes the standard Euclidean norm. The submanifpldepends
continuously on the parametere 2, and tends tq0} whenu — 0.

Remark 1. By reduction to a center manifold, Theorem 1.1 implies a similar statement in dimensio®:, which
holds for families withk > n + n? parameters containing a generic family with- n2 parameters.

Remark 2. Forg > 5, the Qn’s are not diffeomorphic to products of spheres but to connected sums of products of
two spheres The simplest case is whes ¢ = 5, whereQ,, is the connected sum of five copies®f x S*. Eq. (1)
is a canonical form for a generic intersection of quadrics of the form

lza2+ - FlzlP =1 wallzallP 4+ allzal?=0

with u; € C [5]. As in [4], we can also get attractimyoductsof such manifolds.

The intersections of more such quadrics (i.e., of the above form butuwithC*, k > 1) have been studied in [1]
where it is shown that they can have a much more complicated topology. No generic canonical form is known in this
case, and one cannot expect one that is as symmetric &%)Es0 a different construction would be needed to realize
them as invariant manifolds.

Remark 3. As in [4], the corresponding statement is true for families of transformations and the main difficulty is to
‘see’ theV,,’s on normal forms, hence the high number of parameters. Most probably, all those invariant manifolds
arise already in generic families withparameters: this is the case for the invariant spheres in pAHP.
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2. ldea of the proof
The crucial step is the following lemma:

Lemma 2.1. Notation being as above, consider the following valigsf the parametern:

(i) Allthea;’s equal the same real numbetea, ¢ > 0.

(i) For1<e,m<q, aIItheb’;'swithn1+~~+ng,1 <j<ni+---+neandni+---+ny_1 <k <nit+---+ny,
equal the same real numbef ; therefore, setting; := ||v;|1, the normal formL + N,,, induces the vector field
Zyy=2) y(—ea+), c?xm)xg% on Ri.

(i) The normal formL + N,, is tangent to,/e On, on whose imag¢,, vanishes identicallyjin other words,
Z,, vanishes identically on the image of that imadger 1 < ¢ < g, there exists a unique, € C such that
—ea+ , clxm=a ], xm—&)+ce) 0" xm+Ced,, P X

(iv) The vector fieldZ,, is invariant by circular permutation of the coordinates, which means the existence Gf
such thaic, = plcfor 1< ¢ <q.

(v) We haver < 0andf(c) <O0.

Then,/e Oy is an attracting normally hyperbolic invariant manifold 6+ N,,,.

By standard normal hyperbolicity theory [2,3] (or Theorem 1.3 in [4]} i small enough and, ¢ convenient,
then, for every: close enough tag, the vector fieldX, admits an attracting invariant manifold close@ O, and
depending continuously an hence Theorem 1.1.

Proof of Lemma 2.1. We know thatZ,, vanishes on the simplexof R% defined by

Ax :=x1+---+x4=c¢,

Ax = pxi+-e 4 p" g1+ =0,
and that

! . 3

Zyy = 2;(a(Ax —&)+cptAx + EpZAx)xga—x[. (2)
What we wish to show is that, for evexye S, every eigenvalue of the endomorphisnR¥f/ 7 S induced by &, (x)
has a negative real part. Bg), for x € S,

x1(aA+cpA+cpA) xx 0 - 0 a pc oC A
: o . : : :
dzZ,,(x) =2 1 g =2 Y - 4
Xg—1(@A+cp? A+ c_,oq A) o 0 a pi~*c plc A
xg(@A+cA+cA) 0 - 0 x a c c

and, therefore, the equatiai¥,,,(x)v = 2iv implies

x1 0 ... 0 4 pe i
A 0 A A
A : : : Alv=r]l A v
A Lo e a pi7tc pi~ic A A

0 - 0 x a c c

It follows that the eigenvalues we are interested in, divided by 2, are the eigenvalues of

xx 0 -0 a pc oC axi pcx1 pCxX1

0

-1

A
= a -
A cXg-1 ,oq_lExq,1

SNESNEN

0 a pi7lc pi-1¢ axqg—1 p?

0O --- 0 X a c c axg cxgq Cxg
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ae 0 0
=| o ce c(p?x14--+p2 Vx_1+x0) |
0 c(p?x1+---+ '52(4—1)xq_1 + x4) ce
namelyae and the eigenvalues of
ce C(p2x1 4+ 4 P24 Vg1 + xy)
D=\ .7 5241 . ;
c(px1+---+p Xg—1+ Xq) ce

their real parts are all negative if and only if we have
a <0,

tr D(x) < 0 and deD(x) > 0; the second condition is equivalent to
Ne <0,

in which case the third is satisfied: indeed, Bet) = |c|?e?(1 — [e71(p%x1 + - -+ + p2@Dx,_1 + x,)|?) and, as
Ax =¢, we have that ™ (p2x1 + -+ - + p?@~Yx, 1 + x,) is a convex combination of the-th roots of unity, which
equals none of them singp?}1< <, = {p/}1<j<, aNdAx =0. O
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