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Abstract

This Note deals with the controllability of Stokes and Navier—Stokes systems with distributed controls with support in
possibly small subdomains. We first present a new global Carleman inequality for the solutions to Stokes-like systems that
leads to the null controllability at any tin® > 0. Then, we present a local result concerning exact controllability to trajectories
of the Navier—Stokes systerfo citethisarticle: E. Ferndndez-Cara et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Remarques sur la controdlabilité exacte des systemes de Stokes et Navier—Stokes. Cette Note concerne la controlabilité
des systémes de Stokes et Navier—Stokes avec contrbles distribués pour lesquels les supports sont éventuellement petits.
présente d'abord une nouvelle inégalité globale de Carleman pour les solutions d'un probléme de type Stokes. On en déduit
contrélabilité exacte a zéro en tout temps- 0. Ensuite, on présente un résultat local de contrélabilité exacte sur les trajectoires
pour le systéme de Navier—Stok®sur citer cet article: E. Fernandez-Cara et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

On se donne un domaine borné et regulizc RY avecN =2 ou N = 3, un (petit) sous-ensemble ouvert
non videw C £2 et un nombre réel’ > 0. Dans la suite, on utilisera la notation suivan@ = 2 x (0,7), X =
082 x (0, T) etn la normale unitaire extérieuresa.

Cette Note concerne quelques aspects de la contrblabilité exacte du systéeme de Navier—Stokes (2) et du systér
linéaire de type Stoke®), ouy = y(x, t) est donné. On présentera des améliorations des résultats de [6].
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Comme il est désormais bien connu, il convient d’analyser I'observabilité du systeme (4), qui peut étre regardé
comme l'adjoint de (3).
On aura besoin des espaces suivants

H={zeL?2)": V-z=0dans®2, z-n=0sur2},
V ={ze H}(2)": V.z=0dans}.
Le premier résultat principal de cette Note est une nouvelle inégalité globale de Carleman qui doit étre vérifiée par

les solutions de (4) :

Théoréme 0.1. Si la fonctiony satisfait (5), on peut trouver des constantes positives. et C qui dépendent
seulement d& etw telles que, pour chaquee L2(Q)" et® e H, la solution associée d@) vérifie

/ / e 2 (&) @il +1891%) + 522 |V |? + 52965 p|?) dr dr
Q

<c(1+7?) <s15/2A20// g0 250 £15/2) 512y 4 163,40 // o BoirkBra 216,12 4 dt) (1)

wx(0,T)

- _ 3 =12 - _
pouri > AL+ [[5lleo + &7 15,112, ) ets > 5(T* +T9).

Dans (1), on a utilisé les poids donnés dans (6). L'inégalité (1) conduit, & I'aide d’'un argument désormais
classique, al'observabilité des solutions de (4) et, par conséquent, a la contrdlabilité exacte a zéro d¢ (3)Gour
Le deuxiéme résultat principal est consacré a la contrélabililité exacte locale sur les trajectoires de (2) :

Théoreme0.2. On suppose qué, p) est une solution du probléeme de Navier—Stakegt que la conditiorf5) est
vérifiée. Il existes > Otel que pour chaque donnée initia}€ e L2V ~2(2)N N H satisfaisant| y° — y°| , av—2 < &,
on peut trouver des controlese L2(w x (0, T))N et des états associés, p) tels que I'on ait(2) et

y(x,T)=y(x,T) danss2.

Les démonstrations détaillées de ces théorémes seront données dans un travail a paraitre.

1. Introduction and main results

Let 2 c R be a bounded regular domain, with= 2 or N = 3. Assume thab C £2 is a nonempty (small)
open subsetantd > 0is given. In the sequel, we will use the following notatigh= 2 x (0, T'), X =32 x (0, T)
andn the outward unit normal t&2; C will stand for a generic positive constant that may depenf2andw.

In this Note, we will be concerned with some controllability properties of the Navier—Stokes system

yi—Ay+(y-V)y+Vp=vl, inQ,
V.y=0 in Q,
y=0 onx,
y(x,0)=»%x) in 2

(2)



E. Fernandez-Cara et al. / C. R. Acad. Sci. Paris, Ser. | 338 (2004) 375-380 377

and the similar linear Stokes-like problem
vi—Ay+V-(®y+y®y)+Vp=f+vl, ingQ,

V-y=0 in Q,

_ (3)
y=0 onx,
y(x,0) = y%(x) in 2,

wherey = y(x, t) is given and satisfies adequate regularity assumptions. In (3), the swrdtahds for the usual
tensor product iR .

Our results below improve the results of [6]. As usual, it will be convenient to analyze the observability
properties of the following system, which can be viewed as the adjoint of (3):

—¢r—Ap—(Dp)y+Vm =g inQ,

V-p=0 in Q,

(4)
=0 onx,
@(x,T)=¢Ox) in 2.

Here,Dy = Vg + Vg'. We will need some function spaces:
H:{zeLz(.Q)N: V.z=0in$2, z-n:OOﬂB.Q},
V=|zeH}2)V: V.z=0in2}.

Furthermore, the following hypotheses ovewill be needed in order to have suitable Carleman estimates for the
solutions to (4):

()

yeL®(QV, 5 eL?0,T;L7(2))" <0>6/5 IfN:3>.

o>1 ifN=2

Ouir first main result is a new global Carleman estimate for the solutions to (4). Several weight functions will be
needed:

&5/HmInloc _ grmln®lloo+n°(x) & mln°lloo+1°(x))
a(x,t) = , Ex, )= —F—-——F,
2T — )4 R 2T — ) (6)
a@) =mina(x,1), o™ (1) = maxa(x, 1), () =maxé(x,t).
xesf? xX€R XER

Here,m > 4 is a fixed real number ang e C?(£2) is a function satisfying
°>0 in2, n°=0 ond2, |vy’]>0 In2\w,

wherew’ € w is a nonempty open set. The existence of such a fungfias proved in [3].

Theorem 1.1. Let us assume th#b) holds. There exist positive constafits. andC, only depending o2 andw
such that, for everg € L?(Q)N and¢® € H, the associated solution (@) satisfies

/ / e 2((s6) M (lgr? + |A¢1?) + sA%|Vo|? + 532%3|p|%) dx dr
0
<C(1+7?) <s15/2A20// g dsi250" £15/2) g 2y fp 4 1640 // gBsa6sa” £16) 2 dt) 7

wx(0,T)

for anyi > A(1+ | 7llo + € 71715 + 1517 2,,.,) @nd anys > 5(T* + T°).
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This Carleman inequality provides, in a classical way, an observability inequality for the solutions to (4), i.e.,

}|<p(-,0)||i2(9) <C // o2 dx dr ®)

wx(0,T)

for a positive constant'. It is now classical to prove that the inequality (8) implies the null controllability of (3)
for f =0.

The second main result in this Note concerns the local exact controllability to the trajectories of (2). It is the
following:

Theorem 1.2. Let (¥, p) be a solution to the Navier—Stokes problem
y—Ay+(y-V)y+Vp=0 inQ,

V.-y=0 in Q,
vy Q 9
y=0 onxy,
¥(x,0 = 7°(x) in £,

satisfying(5). There exists > 0 such that, for any initial state® € L?¥=2(£2)N N H satisfying||57° — y°||; 2v-2
< &, we can find controls € L%(w x (0, T))N and associated statés, p) such that one hag) and

yx, T)=y(x,T) in$.

In the following sections, we will indicate the main ideas of the proofs of Theorems 1.1 and 1.2. The detailed
proofs will be given in a forthcoming paper.

2. A new Carleman inequality

We will use the notatiord (s, A; ¢) to denote the left-hand side of (7). Lete L?(Q)N and¢® € H be given
and let(¢, ) be the associated solution ¢4). We can first apply to each componentg@the usual Carleman
inequality for the heat equation with right-hand side.f( Q). After some arrangements, we get

1(s, 2 ¢) < (// e 2%(|g|? + |V |?) dx dr + 532 // e 23| dxdt) (10)

o' x(0,T)

forall A > C(1+ [|7]leo) ands > C(T7 + T8). For the proof of (10), see [5] and [3]; for the explicit valuesiof
ands, see for instance [2].

In view of the main result in [7] and following the ideas of [6], we can estimate the pressure gradient in (10)
and deduce that

I1(s,A; )

<3A4 // e 223012 dx df + 5222 // e 22| dxdt+s// e 2% |g)? dxdt) (11)

' x(0,T) w1%(0,T)

foranyx > C(1+ ||7]leo) and anys > C(T* + T?8), wherew; is an open set such that € w1 € w. The rest of
the proof is oriented towards the absorption of the local pressure tettrlinLet us remark that we have only
used the assumptione L>°(Q)" until this moment, while more regularity ghwill be needed to perform a local
estimate of the pressure.
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We can assume that the pressure has been chosen with zero meaaiilen,

// e 227 2dvdr < C // e 24E2 |y 12 dx dr

w1x(0,T) w1x(0,T)

and, using the equation satisfied pyands, we see that the task is to obtain local estimates@fandg;.

For the estimate oA ¢, we can use classical arguments for the heat equation; obserwe-that fulfills a heat
equation where the pressure is absent. On the other hand, integrating by parts in time and using well known a prior
estimates for the Stokes system (see [4]), we can find a local estimaténaferms of local integrals op andVe
andI (s, 1; ¢). More precisely, withy = s1%/2 = 2a+52"£152 gand), an open set satisfying; € w, € w, for any
smalle > 0 we obtain

22 // e 2452 120y
w1%x(0,T)
. 20 2 2 2
< SI(S, )"7 (P) + Cé‘)‘ (1+ T)(”qg”LZ(LZ) + ||‘I§0||L2(L2(w2)) + ||‘]V§0||L2(L2(w2)))

for & = C(L+ [|llo + €CTI7I% 4 ”yf”iz(uw)' Let us remark that proving such a local estimate requires many

technical computations and led us to assume L2(L?).
The local estimates akp andy, lead to the desired Carleman inequality (7).

3. Local null controllability for the Navier—Stokes system

The proof of Theorem 1.2 follows the ideas in [6]. Thus, we deduce in a first step a null controllability result for
(3) with suitable right-hand sid¢.
More precisely, letus sdty =y, — Ay+ V- (y ® y+ y ® y) and let us introduce the spacgg, with
Ep={(y.v): P00 =15/ ehB-36"p-8)1, € 12(0)2,
e 2y My e L3O, T; V)N L™(0, T; H),
3p: € () YLy + Vp —vl,) € L2(0, T; H1(2)?))
and
Eg= {2 p 154, ebf=30"5-8y1, ¢ 12(0)3, &F'/2(*) Y4y € L20. T: V)N L™(0.T: H),
712,414y ¢ L4(O, T L12(9)3),
3p: € (y)V2(Ly + Vp —vl,) € L2(0, T; W L8(2)3)],
where the new weight functiors g*, etc. are given by
&5/HmInloe _ ghtmln®lloo+n°(x)
()
@ mlnPlloc+n°(x))
£@)*
Here, we have introduced

T2/4 for0<t <T/2,
t(T—t) forT/2<t<T.
We then have:

Blx.1)= , B(t)=migﬂ(x,t), ﬂ*(t)=m6;_2xﬂ(x,t),

yx, 1) = .y =maxy(x,t), y*@)=miny(x,1).
xes xeNR

110 :{
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Proposition 3.1. Assume thaj satisfieg5) and

o yYWeH, ey V2feL?20,T: HY2))if N=2,
e Ve L42)3nH, et (y")V2reL?0,T; W L6(2)% if N=3.

Then, there exists a contral € L%(w x (0, 7))V such that, ify is the associated solution t8), we have
(y,v) € En.

Notice that this is actually a null controllability result for (3). Indeed)if v) € E, we have in particular that
y(x,T)=01In .

The rest of the proof of Theorem 1.2 relies on an appropiaerse mapping theorerviore precisely, we use
the following result (see [1]):

Proposition 3.2. Let E, F be two Banach spaces and ldt E — F satisfyA € C1(E; F). Assume thatg € E,
A(eog) = ho and A’ (eg) : E — F is an epimorphism. Then, there exigts 0 such that, for everyt € F satisfying
Ilh — hollF < 8, there exists a solution of the equation

A(e)=h, e€kE.

Let us consider the mapping: E — F, given by
Ay, v)=(Ly+(y-V)y+Vp—vly,y(-,0) V(y,v)€E,
whereE = Ey and
B L2(e? (v Y2 HY(2)?) x H if N=2,
L2(eP (y) Y2 w=8(2)3) x (L*2)3NH) if N=3.

From the definition of£y, one can easily check that is well defined and satisfied € C1(E; F). Furthermore,
the identity

Im(A'(0,0)) = F

is equivalent to the result stated in Proposition 3.1. Therefore, we can apply Propositionf3véttoeg = (0, 0)
andhg = (0, 0). This ends the proof of Theorem 1.2.
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