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Abstract

In this paper, we study the problem of global existence of weak solutions for the quasi-stationary compressible Stokes equations
with an anisotropic viscous tensor. The key idea is a new identity that we obtain by comparing the limit of the equations of the
energies associated to a sequence of weak-solutions with the energy equation associated to the system verified by the limit of the
sequence of weak-solutions. In the context of stability of weak solutions, this allows us to construct a defect measure which is used
to prove compactness for the density and therefore allowing us to identify the pressure in the limiting model. By doing so we avoid
the use of the so-called effective flux. Using this new tool, we solve an open problem namely global existence of solutions a la
Leray for such a system without assuming any restriction on the anisotropy amplitude. This provides a flexible and natural method
to treat compressible quasilinear Stokes systems which are important for instance in biology, porous media, supra-conductivity or
other applications in the low Reynolds number regime.
© 2020 L’ Association Publications de I’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Presentation of the main result

As explained in [15], Chapter 8, there are various motivations for the study of the quasi-stationary Stokes problem.
On the one hand such a study may be used to try to understand how to construct solutions of the compressible Navier-
Stokes system which exhibit persistent oscillations. On the other hand this system naturally arises either when dealing

* Corresponding author.
E-mail addresses: didier.bresch@univ-smb.fr (D. Bresch), cburtea@math.univ-paris-diderot.fr (C. Burtea).

https://doi.org/10.1016/j.anihpc.2020.04.003
0294-1449/© 2020 L’ Association Publications de I’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.anihpc.2020.04.003&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.anihpc.2020.04.003
http://www.elsevier.com/locate/anihpc
mailto:didier.bresch@univ-smb.fr
mailto:cburtea@math.univ-paris-diderot.fr
https://doi.org/10.1016/j.anihpc.2020.04.003

1272 D. Bresch, C. Burtea /Ann. I. H. Poincaré — AN 37 (2020) 1271-1297

with flows in the low Reynolds number regime, which it typically the case in porous media or biology either as a
mean field model for the motion of vortices in a superconductor in the Ginzburg—Landau theory. There is a rather rich
literature regarding the mathematical study assuming isotropic diffusion: see for instance [5], [12], [13], [14], [17],
[18], or [21] for constant viscosity coefficients or [2] for density dependent viscosity coefficients. More complicated
versions of the quasi-stationary compressible Stokes system have been also analyzed in [6], [7], [11] and [10] in the
multi-fluid setting.

Global existence of weak solutions for general anisotropic viscosities for non-stationary compressible barotropic
Navier-Stokes equations or even quasi-stationary Stokes equations are open problems. Only recently a positive result
has been obtained by D. Bresch and P.-E. Jabin in [4] assuming some restrictions on the shear and bulk viscosities.
The result is not straightforward to prove because the anisotropy introduces non-locality effects in the compactness
characterization process. This explains in some sense the new method introduced by the authors in order to conclude
compactness: propagation of a non-local L?”-compactness module introducing appropriate time-evolving weights. In
our paper, we consider a very general form of the quasi-stationary compressible Stokes equations:

d;p 4 div (pu) =0,

. (1.1)
—divt +aVp? = f,
completed with an initial density distribution
Pli=0 = po > 0. (1.2)

Above, u stands for the fluid velocity field, p is the fluid density and t represents the viscous stress tensor which is
: I
given by

Tij(t, x, D(u)) = Ajji (t, x)[D )k, (1.3)
where D(u) = (Vu +'Vu) /2 is the strain tensor and
Aijia = Aiju(t,x) € WH(0, T) x T, (1.4)
are given coefficients. Also, a > 0 is a given constant. The classical isotropic case is obtained by choosing
Ajiii =+ 4,
Ajijj =Afori # j,
Ajjij = Aijji = 5 fori # j,
Ajjki = 0 otherwise.
The simplest example of anisotropic viscous stress tensor is obtained for

A1 = 1, A2 = 2, A3333 = U3,

: (1.5)
Ajjki = 0 otherwise,

case in which we have

divt = 0dy1u + 0pu + nozu = Ayu.

The aim of this paper is to present a new defect measure for the pressure which allows to control the oscillation of
an approximating sequence of solutions of system (1.1)—(1.2). Of course, the key point that allows to account for
anisotropy is that we are able to control this defect measure without using the effective flux. This provides a new
procedure to ensure nonlinear weak stability for the semi-stationary Stokes system. For the reader’s convenience we
will present a sketch of the proof in the next section in the case of the viscous tensor given by (1.5). In order to obtain
a satisfactory mathematical theory we need to further assume the following hypothesis on the stress tensor t:

' We use the convention of summation over repeated indices.
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e foralli, j, k,I, we impose A;jx = A;jix which allows us to write that
1
t(t,x, D)) :Vu = Er(t,x, D)) : D(u). (1.6)

e The application D(u) —> (¢, x, D(u)) : D(u) is weakly lower semi-continuous. 1.7)

e There exists ¢ > 0 such that

E=/r(t,x,D(u)):Vuzc/ |Vul?. (1.8)
T3 T3
e The application A : v — —div t (¢, x, D(v))

is a second order invertible elliptic operator
such that A~ Vdiv is a bounded operator from L 3 (TS) into L 3 <T3 ) for some
8 €(0,1/2). (1.9)

We are now in the position of announcing our main result:
6
Theorem 1.1. Let us assume f € wbl2,T; L5 (T3)) and let the initial data po satisfy

po >0, 0<M0=/p0<+oo, E0=/pgdx<+oo, /f(t)dx:O,
T3 T3 T3
where y > 1 and assume that the viscous stress tensor t given by (1.3) satisfies (1.6)—(1.9). Then there exists a global
weak solution (p, u) of the system (1.1) and (1.2) with

weak

peCU0, T LY (T>)NLY (0, T)xT?, ueL*0,T;H (T?) with fu =0.
T3

A similar result can be obtained for the case of a bounded domain with Dirichlet boundary condition: we have cho-
sen periodic boundary conditions to simplify the presentation. One of the most delicate points in proving Theorem 1.1
is the nonlinear weak stability of weak-solutions namely, given a sequence of solutions {(o?, u®)}, of (1.1) verifying
uniformly the energy estimates and therefore, at least on a subsequence, weakly converging to some (p, u), show that
(p,u) is also a solution for (1.1). Of course, the most difficult part is to identify the pressure term in the limit namely
to prove that lim,_, ¢ (p¢)Y = p¥. The case y = 1 being different, we choose to focus only on the case y > 1.

Remark 1.2. As explained in [15], one cannot expect that (1.1) to be well-posed when considering an arbitrary force
term in the momentum equation of the form pg with g € L7 This comes from the compatibility condition

/(pg+f)=0-
’]I‘S

Thus, if g is a vector with positive components this would imply that p = 0 for all times and this independently of the
initial data.

One limitation of our work seems to be the choice of the pressure function: we cannot consider more general convex
pressure laws other than p (p) = ap?, see Remark 1.5. Also, it seems difficult to adapt the method presented in this
paper to the non-stationary Navier-Stokes system for a compressible fluid. Note that actually only one result exists
for this system in the case of anisotropic diffusion, see [4]. Loosely speaking, the authors require that the “quantity of
anisotropy” that they allow in the system should be small compared to the total viscosity 2t + A. Observe that we do
not impose such a restriction for the quasi-stationary Stokes system. However we are able to treat a stationary system
that can be interpreted as an implicit discretization of the full Navier-Stokes system, see Section 4.

The rest of the paper is organized as follows:
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e Section 1.2 is dedicated to present the new defect measure associated to the pressure and to show how it is possible
to control it if this is the case initially. Our result uses in a crucial manner compactness properties of the velocity
field in L2((0, T) x T?). For the readers’ convenience, we recall the classical approach due to P.-L. Lions and
latter refined by E. Feireisl-A. Novotny-H. Petzeltova. In particular, we explain why the anisotropic case seems
to fall completely out of such strategy (see also [4] for further discussions).

The rest of the paper is devoted to the proof of Theorem 1.1. As it is accustomed when dealing with the existence
of weak solutions, the proof is divided into two parts.

e In Section 2 we investigate the stability of a sequence of finite-energy weak-solutions of the system (1.1). In
Section 2.1 we recall the basic nonlinear analysis tools that allow us to render rigorous the formal computations
presented in Section 1.2. In Section 2.2 we prove that finite energy-weak-solutions enjoy extra-integrability and
time regularity properties, with respect to the basic energy estimates, of course. More precisely it turns out that
p¥ € L} and that du € L' (0, T; L" (T?)) for some r € (1,3/2). In Section 2.3 we investigate the stability of
a sequence of finite energy weak-solutions {(p¢, u®)}, satisfying uniformly the energy estimates. It turns out that
comparing the limit of the energy associated to each solution (p®, u®) with the energy of the system verified by
(p,u) =lim (p?, u®) we obtain an identity that involves a defect measure associated to the pressure. The stability
result, interesting in itself is formalized in Theorem 2.10 and it can be adapted to construct solutions for the
system (1.1).

e In Section 3 we construct weak-solutions for the system (1.1). More precisely, we propose an approximate model
that depends on two parameters such that, at least formally, system (1.1) is obtained by a limit process by making
the parameters tend to zero. We show that we can construct solutions by a classical fixed-point argument for the
approximate system. Moreover, we show that the solutions verify uniform bounds with respect to the parameters
introduced such that we are able to pass to the limit in a sequence of solutions and show that the limiting object is
a solution of for the system (1.1) and thus achieving the proof of Theorem 1.1.

e Finally, in Section 4 we discuss some extents of our method of proof to other systems.

1.2. Formal approach to control the defect measure associated to the pressure in a simplified case

In the following lines we explain, in the case of the simple viscous stress tensor (1.5), why the classical approach to
control defect measures fails to apply in the anisotropic case. Next, we present a new identity which provides a flexible
method in order to treat Stokes-type systems. More precisely, let us consider {(p?, u®)}, a sequence of solutions for
the following system.

0; pf +div (p*uf) =0, (1.10)
—Aput + V() =1,

where
Ay = 1011 + (2022 + 13033,
with 1, ua, w3 > 0 which may be different. Assume
||u8||L2(o,T;H1(T3)) + ||ps||L2V((O,T)><’]I‘3) + ||,08||L00(0,T;LV(T3)) <C < +o0o,
where C does not depend on ¢ and assume that
{u®}, is compact in L>((0, T) x T?).
We denote (p, u) the weak limit and, using classical functional analysis arguments it is not hard to see that we have

0 p + div (pu) =0,

“: (1.11)
~Auu+V(E7) = f,

for some function p? € L?((0, T) x T?3). Of course, the main difficulty is to prove that p¥ = p? and therefore to be
able to characterize the possible defect measures.
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Remark 1.3. Throughout the paper we denote the weak limit of a sequence {a*} by a.

Classical approach to control defect measures. As mentioned in [4], the usual method for isotropic viscosities (namely
U1 = u2 = u3 = w) is based on the careful analysis of the defect measures

dft[p® — pl(2) = f ((plogp) (1) — (plog p) (1)) dx.
T3
More precisely, we can write the two equations
9;(plog p) + div(plog pu) + pdivu =0 (1.12)

and

9;(plog p) + div(plog pu) + pdivu = 0. (1.13)

Note that if p € L2((0,T) x T3) then using the uniform bound on u € L%0,T; HY(T3)), we have pdivu €
L'((0,T) x T?) and therefore the third quantity is well defined. At this level comes the so called effective flux
comes into play. More precisely, Lions [16] in 93 (see also D. Serre [22] for the 1d case) observes that the following
quantity

F® = p(p°) — pdivu®

enjoys the following compactness property:

T T
lim / / (p(0°) — pdivic)b(pf)g = / / B — udivi)b(pe. (1.14)
0 T3 0 T3

This is important as it allows us to express pdivu in terms of pdivu and an extra term which is signed. Subtracting the
two equations (1.12) and (1.13) and using the important property of the effective flux (1.14), one gets that

- o
9 (plogp — plogp) + div((plogp — plog p)u) = ;(p(p)p —p(P)p)
and using the monotonicity of the pressure, one may deduce that

dft[p® — p1(r) < dft[p® — p](0).

On the other hand, the strict convexity of the function s — s logs with s > 0 implies that dft[p® — p](¢) > 0. If initially
this quantity vanishes, it then vanishes at every time. The commutation of the weak convergence with a strictly convex
function yields compactness of {p®}, in L'((0, T') x T3).

Assuming anisotropic viscosities (1 = ua # 13, the effective flux property reads

- 1 - -
pdivu — pdivu = —[pA,pY — pAy,p?]
M“1

with some non-local anisotropic operator A, = (A — (43 — ul)af)_laf where A is the total Laplacian in terms of
(X, z) with variables X = (x, y) and z. Unfortunately, we are loosing the sign of the right-hand side. This explains
why the anisotropic case seems to fall completely out the theory developed by P.-L. Lions [15] and E. Feireisl, A.
Novotny and H. Petzeltova [9]. The first result in this direction has been obtained by D. Bresch and P.-E. Jabin in [4]
for the compressible Navier-Stokes equations where they develop a more systematic way to characterize compactness
in space for the density: it involves a non-local compactness criterion with the introduction of appropriate weights.
This allows them to obtain the existence of weak solutions assuming the viscosity coefficient w1, w2, (3 are close
enough.
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New approach to control defect measures in the Stokes regime. Our new approach is based on the careful analysis of
the defect measures

- 1y
dft[p® — pl(1) = / ((py)(t) - py(t)) dx.
T3
The main idea here is to write the equation related to the energy which will not use the effective flux expression but

is related to the viscous dissipation in the Stokes regime. More precisely, let us observe that the pressure verifies the
following equation:

3 (p°)" +div ((p°) u®) + (v — 1) (p°)” divu® =0,

which rewrites
3 (0°)” + vy div((p°)” uf) — (v = DufV (p*)” =0.

We observe that with the aid of the second equation of (1.10) we may write that
3 (p°)" +ydiv((p*)” uf) — (v — Duf Apu® = (y — Dut f,

which can be put under the following form

£2
o (%) + v div((p°)" u) = (v =D A, (|”2| )

=—(y = ) Vu® : Vyul + (y — Du® f, (1.15)

where we use the notation
S 3a 3
V= <M1 01, My 02, M“3 aS) .

Of course, we used that

(i)’
E)jju,-uizi)jj< ; )—(Bju,-)z

Assuming that
{u8}8>0 is compact in L>((0, T) x T?)
and passing to the limit in (1.15) we obtain that

e Jul?
007 +ydiv(p7u) = (y = D A | ==

=—Wy-DVu:Vou+(y -1 fu. (1.16)
In the following we will apply the same recipe to the limiting function (p, «). Indeed, from (1.11) one can deduce that
dp” +ydiv(pu)=( —Du-Vp”
=@ —Du-V(p" —p?) — (v — Du-Vp?
=—(—=Du-V("=p") =y = Du-(Auu+ f)
which rewrites
v v (o 57 — o Juf?
p” +ydiv(p’u)+(y —DuV(’ —p")—(y —DA, -
=—-DVuu:Vyu+(y —1fu. (1.17)
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Let us consider the difference between (1.16) and (1.17) in order to write that
3 (o7 = p¥) +ydiv((p? —p")u) = (v = DuV (p¥ = p")
=—( =1 (Vu:Vuu—Vuu:Vyuu),
which we put under the form
¥ (o7 — p”) +div ((p7 — p")u) + (v — 1) (p” — p?) divu (1.18)
=—(y =1 (Vuu:Vyuu—Vuu:Vyuu).
At this point we observe that owing to the convexity of the pressure function, we have that
oV > p? ae.
and

Vu:Vyu —Vuu:Vu >0, (1.19)

S 1_
in the sense of measures. By multiplying (1.18) with % (o7 = p7)7 " and using (1.19), we get that

o (p_V—pV)5+div ((W—;ﬂ)ﬂ)go. (1.20)

Integrating in time, we end up with
S 1 _ 1
sup /(py —p")7 (1) = / (b = p") =0
1€[0,T]
T3 T3
Therefore if we have compactness initially, we get compactness of the sequence {p;}.~0. Of course all the previous
formal calculations have to be justified because of the weak regularity of the functions involved: this will be the subject
of Subsection 2.3.

Remark 1.4. It is interesting to note that our new approach to characterize the defect measure of the pressure sequence
is related to the energy equation and strongly uses the energy dissipation. We speculate that it has a physical meaning
in some sense.

Remark 1.5. Even though our method allows us to treat very general viscous stress tensors, it does not seem to apply
to general monotone convex pressure laws p (o). If we let H (p) be the potential energy which is defined via

pH'(p) —H (p)=p(p),

then, we still have the identity

3 (H (p) = H (p)) +div ((H (p) — H (p)) u) + (p (0) = p (p)) divu
=—(t:Vu—1:Vu) <0,

but by multiplication with H -1 (H (p)— H (p)) or p~! (H (p)— H (,o)) the left-hand side cannot be written in
conservative form.

2. Nonlinear weak stability of sequences of global weak solutions
2.1. Classical functional analysis tools

This section is devoted to a quick recall of the main results from functional analysis that we need in order to justify
the computations done above. Let g € L9(0, T; L? (T3)) with p, g > 1, introduce a new function

. 1 x
8e = & * we(X) with We = g_da)(g) 2.1
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with @ a smooth, nonnegative, even function compactly supported in the unit ball centered at the origin and with
integral equal to 1. We recall the following classical analysis result

811_1)1}) lge — &llzaqo,7:r(T3) =0

Next let us recall the following commutator estimate which was obtained for the first time by DiPerna and Lions:

Proposition 2.1. Consider B € (1, 00) and (a, b) such thata € LP (0, T) x T3) and b, Vb € L ((0,T) x T?) where
1_ 1.1
ST 3 + > < 1. Then, we have

limr, (a,b) =0 in L° ((0, T) x T3> ,

where

re (@, b) = 3; (asb) — 9; ((ab),) . (2.2)

Whenever we have a regular solution for the transport equation

0;p + div (pu) =0, (2.3)
then, multiplying the former equation with b’ (p) gives
b (p) +div (b (p)u) + {pb’ (p) — b (p)}divu =0. (2.4)

The following proposition gives us a framework for justifying these computations when p is just a Lebesgue function.

Proposition 2.2. Consider 2 < 8 < 00 and Ao, A1 such that Ag < 1 and —1 < Ay < B/2 — 1. Also, consider p €
LB ((O, T) x 'JT3), 0 >0 ae and u,Vu € L? ((0, T) x T3) verifying the transport equation (2.3) in the sense of
distributions. Then, for any function b € C° ([0, 00)) N C' ((0, 00)) such that

b (t) <ct™ fort € (0, 1],

b/ ()| < ct™ fort>1.

Then, equation (2.4) holds in the sense of distributions.

The proof of the above results follows by adapting in a straightforward manner lemmas 6.7 and 6.9 from the book
of A. Novotny-I. Straskraba [19], pages 304-308.

2.2. Estimates for finite-energy weak solutions

Let us begin this section by recalling the basic a priori estimates for (regular) solutions for the system
9 p +div (pu) =0,
—divt + VoY = f, (2.5)
Plt=0 = 00,
with t;; = A;jp (¢, x) Dy () and

/u(t):/f(t):O.

T3 T3
We set the adiabatic constant a = 1 for the sake of simplicity in the computations that follow.
First, of course, we have the mass conservation identity:

/p(t)=fp|t=o=/po, (2.6)
T3 T3

’11‘3
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for all # > 0 which follows by integrating the first equation of (2.5). Next, by multiplying the velocity equation with u
and integrating in space and time we get that

t t
[eros [ [evus[ai+] [us @)
T3

T3 0 T3 0 T3
< [ A+t sy 1y g g 2.8)
T3 o
The coercivity hypothesis (1.9)
c/|Vu|2§/r:Vu,
T3 T3
with ¢ > 0, the zero mean value on u, the Korn inequality and Sobolev embedding allows us to conclude that
pel™® (0,T;L7’ <T3)), ueL*0,T; H' <T3)),
with
t t
[orws [ 1ok <co o+ [1r@R ). @9)
T3 0 T3 0

for all + > 0 where C (c) is a constant depending only on the coercivity constant appearing in (1.9).

Of course, the previous computations hold for regular solutions. It is to be expected however that any reason-
ably physical solution to (2.5) would verify the mass conservation and the energy inequality. Thus, we introduce the
following

Definition 2.3. A pair (p,u) € L (0,T; LY (T?)) x L? (0, T; H' (T?)) is called a finite energy weak-solution for
(2.5) if it is a solution in the sense of distributions for (2.5) which moreover verifies the mass conservation identity
(2.6) along with the energy inequality (2.7).

Of course, a finite energy weak-solution for (2.5) also verifies (2.9). It turns out that finite energy weak-solutions
verify some extra integrability properties. More precisely, we have

Proposition 2.4. Consider (p,u) € L™ (O, T;LY (T3)) x L2 (0, T:H! (T3)) a finite energy weak-solution for (2.5).
Then, we have that

v
107 [ 22(0.7yxT3) < C (¢, ¥) (/1 + max {1, [| Al 1}) (”/)OHZ,/(T3) + ||f||L2(0 T.Lg(w))) )

a

I tu”Ll(O,T;L%_’S(T3)) (2.10)
< Ce,y) (Vi+max {1, Al D (eoll?, s, + 111 '

= VY ) L®((0,T)x9) Polly T3y L20.7:08(TY)

Y
2
+C €IV (1+ 18 All 0. r)xT) (||po||Ly(T3) FICEAON s m))

where C (c, y) depends only on c and y and § € (0, 1/2) is the constant appearing in (1.9).

Proof of Proposition 2.4. The integrability assumptions on the weak solution (p,u) ensure that for all ¥ €
[L2 (O, T: H! (TS))]3 we have that

[fravwe] [roes] [ro

0 T3 0 T3 0 T3
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Take ¢ € L* ((0, T) x T?) and consider ¥ such that
Ay =V¢ with /w =0.
’]1‘3
We obtain that
divyy =¢ — / ¢,
’]I‘S

such that using v as a test function in weak formulation of the velocity equation and using that A(f,x) €
W20, T) x T3))3*3 along with the energy estimate (2.9), we get

[Joo=] fofor ] Jrosos ] [0

0 T3 0 T3 T3 0 T3 0 T3

v
< Cle,y) (VE+max (1 1Al oyt ) (||/O0|| L F I g m)) lpll,2.
and thus we get that
pyeLz((O, T)xT3), @.11)

verifies the uniform bound announced in the first relation of (2.10).
We prove now the estimate for the time derivative of d,u. We can recover time regularity for u by proceeding in
the following way. We write that
—Adu =div(d;A(t, x)D(u)) + 3, f — Vo, pY
=div(0;A(t,x)D(u)) + 0, f

+Vdiv | p"u — /pyu +@y -1V | p¥divu — f,o”divu ,
T3 T3
where the passage from the second line to the third is justified by Proposition 2.2 which of course, can be applied
owing to the fact that we recover (2.11). Above, the first two terms behave better and thus taking advantage of the
linearity of the operator —.A it is more convenient to separate d;u in two parts and estimate them separately. To this
end, consider ¢ with [33 ¢ =0, such that
—Ap=div(3; A(t, x) D(u)) + 0, f.
Multiplying by ¢ we get that

1 1

t t
c/f|V¢|2s—f/¢~A¢=—f/atA<r,x>D(u):V¢+//atf~¢

0 T3 0 T3 0 T3 0 T3
1 t C2 t t
C
s—//|8,A(r,x)D<u>|2+—/||a,f||2g +—//|V¢|2,
8c 8¢ L5(T3) 2
0 T3 0 0 T3

where C is the constant appearing in the Sobolev inequality and thus, we get that

t 1

c 2 1 2 c? t 2
5[/|V¢| sg—f/m,A(r,x)D(un +—/||a,f|| . 2.12)
c 8¢ L5 (T3)
0

0 T3 0 T3
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It remains to estimate d,u — ¢ which verifies

AQ@Qu—¢)=-Vdiv| p¥u — / p’ul—(—DV | p¥divu — / pY divu
T3 T3
We will use a periodic variant of the following result due to Stampacchia and for more general second order elliptic
equation to Boccardo-Gallouét that can be found for instance in [20], Proposition 5.1, page 77. Let ¢ be the solution
of
—Ay = f with Y1pe =0,

where f € L' () with  a smooth bounded domain then we have that

IVl <Csll fliLig (2.13)

for all r € [1, 3/2). The periodic version reads as follows: let ¢ a solution of

— Ay = f with f € L'(T?) and ff:O,
T3

then (2.13) is satisfied, see Theorem A.3 from the Appendix for a proof. As p? divu € L' ((0, T) x T?3), let us consider
Y the solution of

—AY (p,u)=p’divu —/py divu,
T3

which verifies that

IV (o M)HLI(O,T:L%%(T—‘)) <Cs |lo diV“||L'(o,T;L1(T3)) <Cs [lo ”LZ((O,T)XT3) divaell 220, 7)xT3) -

where 6 € (0, 1/2) is the constant appearing in (1.9). But then, we may write that
A@Qu — ¢) =—Vdiv (p”u) —(y—-DV (,oy divu)
=Vdiv(p’u) + (y — 1) VdivVy (o, u)
and using hypothesis (1.9) we get

1@ — ) < pyu—/pyu + 1YY (o0 -

LY(0,T;L27°(T3)) — LY(0,T;L27°(T3))

T3 L10.7:L2 (T?))
<"l 20,1y Ml 20,7 L5¢m3) + 107 [ L2073, 191V 2l 20, 7))
= pr ||L2((O,T)><T3) ||VMI|L2((O,T)><T3) . (214)

We get a uniform bound for u in L' (0, T; L3/?~(T?)) by combining estimates (2.12) and (2.14) in the following
manner

| el 3s =< 1@u — )l 3s + [l 3,

LY(0,T;L27°(T3)) LY(0,T;L27°(T3)) LY(0,T;L27°(T3))

<071 L20.1ym3) 1Vl 20,7y T3) + VNNl 20,715 (T3))

<|p” ||L2((0,T)><T3) IVl 2¢0.7yxT3) + VI IVSI L2007y xT?)

< C (c, ( t+max i1, ||All; ; ) 4 + 2

<Cey) (V1 {1 1Al o.ryxT)) (II,Oollep) S,
Y .

+C (e, )V (14 18 All e 0.1y ) <||/00||Ly(T3) + (A, atf)uLz(O’T;Lgm))) :
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which is exactly the estimate (2.10). Of course combining this information with the energy inequality (2.7) we obtain
a uniform bound for

ueL?0,T; H'(T3)nwhlo, T; L3?7%(T3)).

This ends the proof of Proposition 2.4. O

Remark 2.5. Also, for later purposes it is convenient to observe that we actually proved that if

—Au =div F, (2.15)

then hypothesis (1.9) made on the operator A implies that there exists some constant C such that

<CIFllpiT3), (2.16)

||Vu||L%,5(T3) <

for any u, F verifying (2.15).

Remark 2.6. The previous estimates are not available in the case of the full compressible Navier-Stokes system. For
instance we do not have control on the time derivative of the velocity and p” is not square integrable: we control
only 9;(pu) in LY, T; H-Y(T3)) allowing to get compactness on ,/pu in L2((0,T) x T?)) and we gain extra
integrability p?*% € L1((0,T) x T3) for0 <6 <2y /3 — 1.

2.3. Weak stability of solutions of (1.10)

The aim of this section is to provide the arguments that render rigorous the formal computations presented in
Section 1.2. Let us temporarily include an extra potential source term in the system:

0rp +div (pu) =0,

. (2.17)
—divt +Vp¥ =Vg+ f.

As we saw in Section 2.1 under certain integrability conditions one may conclude that p? verifies the following
equation:

9 p¥ + div (p”u) +(y—1p¥divu =0.

Of course, the result of Proposition 2.2 that allows us to write the above equation does not take in account the structure
of the system (2.17). In the following, we propose a more accurate result taking in consideration the equation of the
velocity.

Proposition 2.7. Consider f € L*(0, T’ Lg(T3)), gel? ((0, T) x T3) and (p, u) a finite energy weak-solution of
(2.17). Then, we obtain

ﬁ {8,,0]” + y div (pyu)} =div(t:u)—t:Vutu- f+div(ug) — gdivu, (2.18)

in the sense of distributions.

Remark 2.8. In order to prove Proposition 2.7 we do not require regularity on the time derivative of f as it is needed
in order to obtain the a priori estimates for d,u, see Proposition 2.4.

Remark 2.9. Proposition 2.7 is valid for all tensor fields T € L2 ((0, T) x T?).

Proof of 2.7. The proof uses the regularizing techniques introduced by Lions in [15], see also the book of A. Novotny
and I. Straskraba, [19]. Recall the notation introduced in (2.1) and (2.2) and let us write

a[pE +div(p8u) =Te (pvu)v
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which by multiplying with y (p)¥ ~! yields

3 (pe)? +div ((0)" u) + (¥ — 1) (pe)” divu =y rs (o, u) (pe)? "

Let us rewrite the above equation in the following manner:

3 (0e)” +div (o) u) + (v = D {(0e)” = (p)er} divae + (v — D(p?)er {divu — divuer}
Hy = D) divug = yre (p.u) (o)~
Next, we observe that owing to the second equation of (2.17) we get by convolution through a sequence of kernel
{wg}or that
(p")er divg = div ((p7 )ertter) = ugr - V(o )es
=div ((p”)g/us/) —uy -divty —uy - Vg —ug - fo
= div (07 )eruter) — div(Teruer) + Ter : Vit — div (uerger) + ger divuee — ug - fr

and thus, we may write that

7 10 (00)” +div ((00)" u) } + {(pe)” = (0")er Fdivau + (p7)er {divae — divue'}
+div ((,oy)g/ug/) —div(ty ug) + T : Vuy —div(ug ger) + g diviy — ugr - for
= L (p,u) (pe)”

Using the strong convergence properties of the convolution, Proposition 2.1 along with the fact that finite energy
weak-solutions also satisfy p € L% ((0, T) x T?) we get that

(pe)? — p¥ in L? ((0, T) x T3) for e — 0,

(pe) u— pYuin L' ((0, T) x T?3) fore — 0,

(p")e {divu —divuy} — 0in L! ((O, T) x T3) fore’ — 0

(p¥)e divug — p¥ divu in L1 ((0, T) x T3) for &’ — 0,

Ty iUy — Tiuand Ty : Vg — 7 :uin L ((0, T) XT3) fore’ — 0,
e for — uf in L' (0, T) x T?) fore’ — 0,

Ugrge —> ug in L ((O, T) x ']F3) for &’ — 0,

gerdivug — gdivuin L' ((0, T) x T?) for &’ — 0,

re (p,u) (p:)Y "' — 0in L1 ((0, T) x T?3) fore — 0.

Consequently, we get that
ﬁ {8”0” + y div (,oyu)} =div(tu) —7:Vu+ f-u+div(gu) — gdivu.

This ends the proof of Proposition 2.7. 0O
Next, we investigate the weak stability of a sequence of solutions of system (2.17). Our main result reads

Theorem 2.10. Consider a sequence of finite energy weak-solutions {(p%, u®)} for (2.17) with initial data { 06 }8>0 C

LY (T3), ie.
9 p® +div (p*u) =0,
—divt® + V(o) = f*, (2.19)
pft:() = ,08’

with
Tié} = Af]k[(t’ X)Dk[(us),

where
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pg — po in LY (']T3) ,
Af(t,x) = A(t,x) in WH°((0, T) x T?3), (2.20)
fE = fin L2(0, T; LE(T3))).

Then, there exists (p,u) € L% ((O, T) x TS) X [LZ(O, T:;H' (11‘3))]3 such that modulo a subsequence we have

0 — p weakly in L? ((0, T) x T3) ,
p® — pin L((0,T) x T3) with g <2y, (2.21)
u® — u weakly in L>(0, T; H'(T?3)), .
uf — win L2((0, T) x T3)),
where (p, u) verifies
orp +div (pu) =0,
—divt + Vp¥ =V, (2.22)
Plr=0 = PO,

with
Tij = Aijki(t, x) Dy ().
Proof of Theorem 2.10. The information on the initial data (2.20) along with Proposition 2.11 ensures that

”ps ”Lw(o,T;LV(T3))mL2V((0,T)x11‘3) + H“S ”LZ(O,T;HI(T3))r‘\W1v1(O,T;L3/2—5(Td)) =C (1 + ﬁ) ’

for all 7 > 0. The assumptions allow us to conclude that there exist three functions (,o, u, ,o_V) such that up to a
subsequence we have the following:

p¢ — p weakly in L? ((0,T) x T?),
(p¥)” — p¥ weakly in L? ((0, T) x T?),
Vu® — Vu weakly in L? ((0, T) x T3),
u® — u strongly in L? ((0, T) x T?).

(2.23)

Moreover, we may take the above subsequence such as

¢ :Vu* —~1:Vu inM((O, T) x T3) and

- (2.24)
7 : Vu < 1 : Vu in the sense of measures.

The last inequality follows from the weak lower semi-continuity of the viscous work: see hypothesis (1.7). All the
above information allows us to conclude that

9 p +div (pu) =0,

) _ (2.25)
—divt + Vp¥ = f,
with

Tij = Aijri (t, ) Dy ().

In order to finish the proof we still have to identify p¥ with p?. Let us observe that for any & > 0, (o?, u®) verifies the
hypothesis of Proposition 2.7 and thus we infer that

ﬁ {0:(0°) + y div ((p°)u®)} =div(z® :u®) — 7° : Vu® + fou’. (2.26)
Moreover, using the information of relation (2.23) we may pass to the limit in (2.26) such as to obtain

7 {007 +y div((p7u)} =div(z 1u) —T: Vi + fu. (2.27)
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Observing that we may put the system (2.25) under the form
0o +div (pu) =0,
—divt +Vp?Y =V (p” = p¥) + f,

with 7;; = A;j (¢, x) Dy (1) and using Proposition 2.7 we write that
ﬁ {007 + y div(p”u)} — div (u (p” — p7)) + (0¥ — p¥) divu
=div(t:u)—(y—=D7t:Vu+(y—-1f-u.

Next, we take the difference between (2.29) and (2.27) we get that
3 (p7 — p?) +div ((p7 — p")u) + (v — 1) (p7 — p”) divu
=—(@y—-D{r:Vu—1:Vu}.

We denote by

0"L 7 — p? ¢ T Vu —1: Vu,

and thus (2.30) rewrites as

30 +divOu) + (y — Dodivu=—(y — 1) ¢.

We regularize the above equation in order to obtain (again recall the notations introduced in (2.1) and (2.2))

00 +div (Oru) + (v — D (O divi)y =71y (0,u) — (v — D &y

1
We multiply with %(h + 6,1) 7! where £ is a fixed positive constant. We end up with
1 1 1 (1
o (h+6y)7 +div ((h +6.)r u) +(h+6)r l[(— — 1) O — h]divu
4
1 1 .
+1——)(h+6y) (Odivu)y
4

1 1_ 1 1_
=;m+%wlw@w—;m+%w‘w—wg

Let us integrate the above relation in order to get that

/m+%ﬁm
T3

T
=/m+%m%m+//{&mww5Vaaw—lm+%ﬂ‘w—ngl
J )Ly y

T T
ffm+%ﬁ@+//$m+@ﬁ”w@w—//&u
T3

0 T3 0 T3

with

Re=(h+6)7 " [(% - 1) (6 divu — (0 divu),) — hdivu]

1285

(2.28)

(2.29)

(2.30)

(2.31)

The last inequality is justified by combining the positiveness of the measure ¢ (which is obtained using the lower
semi-continuity assumption (1.7)) along with the fact that the convolution kernel is positive. We integrate the above

relation in time in order to recover that
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T

f (h+0,)7 (1)

0 T3

<T/(h+9) <0)+T/f—(h+e>y re (0.u) — // ..

0 T3 0 T3
with R, given by (2.31). Thanks to Proposition 2.1, we get that

ro (0,u) = 0in L' ((0, T) x 1r3) .

Thus observing that (h +6,)'/Y =1 < h'/¥~1 (because y > 1 and 6,» > 0), we have

T T
/f(h+es/>%—lr8/(e,u>sh%”//m/(e,un

0 T3 0 T3

and we conclude that
1 1 Lo,
IRl < |\ 1= = )h? " |rg (0, u)| +hY |divul.
14

Taking in account the last observations, by making ¢’ — 0 we get that
1 1 T

// oV —pY +h)r <T /(p_y—py +h)§=0+hw// | div ul.

0 T3 0 T3
Letting & go to zero and using the strong convergence at initial time shows that the term in the RHS of the above
equation is 0 and the conclusion is that

p7 =pY ae.on (0,T) x T?.
This ends the proof of Theorem 2.10. O

3. Construction of solutions

In this section, we propose a regularized system with diffusion and drag terms in the density equation for which
we prove global existence and uniqueness of strong solution on (0, T') using a fixed point procedure. Then passing to
the limit with respect to the regularization parameter provides a global solution of the quasi-stationary compressible
Stokes system with diffusion on the density and drag terms on the density. It remains to show that these extra terms
do not perturb the stability procedure, we explained in subsection 2.3, to prove Theorem 2.10.

3.1. The approximate system

Let us be more precise. For any fixed strictly positive parameter ¢, § we are able to construct a global solution of
the following regularized version of the original system:

dp +div(pws xu) =eAp — g —ep?’ T —gp3,

Au+vw5*py=fv (5875)
reg
Plt=0 = Py >
with ws the standard regularizing kernel see (2.1). The function pgeg is supposed to be regular enough as to ensure ex-

istence of solutions for the transport equation with regular velocity and initial data ,o(r)eg. The construction of solutions
for (S¢, §) is achieved by a classical fixed point argument.
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In a second time, we show that a sequence of solutions {(,05’5, u‘s"s)}g of (S¢, §) tends, when we let § go to zero, to
(pf, u®) which is a solution of the system
8 p +div (pu) =eAp — ep? —ep?rH —gp3,
Au+ VoY = f, (Se)
Pli=0 = 00,

which, moreover, verifies the following estimates, uniformly in & (we skip the e script in the inequalities below as to
ease the reading):

fowsef forssf e [ o
0 T3 0 T3 0 T3
/pV (1) + <D “/[|Vu|2
0 ’]1‘3
+8V// v 1+8y/f ”+€V//p”2 (3.1)
0T3 0Ts3
! r|? 2
+4el1 - ;] Vot =cen| [of+iri ,
LZ(OT L5(T%))
0T3 T3
oY 20, 7)< T
Y
<C(c,y) (Vi +max {1, | All z=(0.77xT% }) <||100||L2y(’]r3) + ||f||L2(0 T~Lg(11‘3))) ;

with ¢ defined by (1.9) and C (c, y) a constant depending only on ¢ and y.
Finally, we show that we can adapt the proof of Theorem 2.10 in order to pass to the limit ¢ — 0 and thus obtaining
a solution for the compressible Stokes system.

3.2. Construction of solutions for the regularized system (S;, §)
We consider T > 0 to be precise later and we denote by
L*0,T; H'(T*)=ue L?0,T; H(T?): /u(t) =0ae.1€(0,T)

’]I‘S
Consider

B:L*0,T: H(T?) — L%, T; H(T?3)),

defined as
dp +div(pws xv) =eAp — ep? —ep? T —gp,
AB) + Vs * p¥ = f, (3.2)
reg
Plr=0 = Py

Obviously if v € L2(0, T; H'(T?)) then ws * v € L2(0, T; C*®(T3)) such that the existence of a regular positive
solution for the first equation of system (3.2) follows by classical arguments. Also, B (v) is well-defined as an element
of L2(0, T; H'(T?)) and

T T T
/fA(t,x)D(B(v):D(B(v))://wg*py diVB(l))—I—//f-u,

0 T3 0 T3 0 T3
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which provides

IVB (U)||L2((0 )xT3) =C ”CUS *0 ” L2((0,T)xT3) +C ”f”L2(O,T;Lg(’]I‘3)) ) (3.3)

with C depending only on the dissipation operator. Let us integrate the equation defining p in order to see that

/ (f)+8/fp2y+£// 2V+1~|—8//,0 —f o,

0 T3 0 T3 0 T3

which, enables us to conclude, that
IVB @)l »<Ce,y) 1/ o S+ IAI? (34)
L?((0,T)xT3) = , . 0T LS T . .
T3

Thus, we conclude that for any T > 0, the operator B (trivially) maps E7 into itself where

. ~ 1
Er={veLiH"(T?): Vvl 201t < € (c. ¥) —/ o HIFIP
& L2(0,T; LS(T*))
T3

In the following, we aim at showing that B is a contraction on E7. The first observation that we make in towards this
direction is that using a maximum principle we get

Lol Lo (0.0yxT3) = 106" || oo 3, eXP /”divw‘s*v”Lm(T%
0

<[ 6™ || Loogrs, exp (~/?Ce,a) : 3.5)

Next, let us multiply the first equation of (3.2) with p and integrate in order to obtain that

t t t t
1
5/.,024-8//|V,0|2+<9//,02y+1+5f/p2y+2+5//p4=8/p2diV(w5*U)
T3 0 T3 0 T3 0 T3 0 T3 T3

and thus by Gronwall’s lemma we get that

t t
/7 vef [rostse ] [rrrvef [ [
0 T3 0

0 T3 0 T3 T3

t
1 ) )
= Ef(p(r)eg) exp /||dlv(w8*v)||Loo(’]I‘3)
T3 0
t
<2 [ (o5 e [ ocs [ 19012
-2 Po p 8 v L2(T?)
T3 0
1
2
e 2 1 2
= exp | 1Cs —/ + £l . (3.6)
2 / (/00 ) b € / L2(0,T; L8 (T3))
T3 T3

Let us consider vy, vp € E7 and let us consider
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. 2 2y+1
dpi +div(pws *v;) =eAp; —ep;” —ep;” " —ep?,

AB(v;) + Vs x p] =0,
reg
Pilt=0 = Py
with i € 1,2. Of course, p1 and p, verify the estimate (3.6). We denote by r = p; — p and w = v| — vp. We infer that

2y+1

2y+1
7 +p1_p2 -

3,r+div(rw5*v1)=eAr—8( + 0]
A(B(v1) — B (1)) + Vs x (o] —p3) =0,
ri=0=0

- pg) —div(p2Vs * w),

By multiplying the first equation with » we get that

re(t
f ()+8//IW|2+8/f Vo gl — 0 = - p§>r

0 T3 0 T3
5//r2diva)5*v1—i—//div(,oza)g*w)r
0 T3 0 T3
t 1 t t
23 2 2 € 2
s//r ||d1Vw5*v1||Loo(T3)+Z/llpzﬂLz(Ts) ||w5*5v||Lm(T3)+§//|Vr|
0 0 0 T3
//r IIdlvwa*vllle(w)+CaseXp(lC55fpo )/naanW) //|Vr|
0 T3 0 T3
. 3
S//rz ||d1VCU§*U[”Loo('][ﬁ)‘i‘ca’gexp (tC(S’g/. reg)/”VSU”LZ(]w) E/“/\|Vr|2 (37)
0 T3 0 T3

and thus using Gronwall’s lemma we get that

fr ® . f/|Vr|2+8// Y=y r+8// (i =27") ’+‘9/f<p%_

']I‘S 0 TS 0 ’]I‘? 3 3
% :
<Csqexp|tC o+ 117 / Vw ex // divws * v1 |70
<Cseexp | 1Cse / L0 sty VW2 pa exp Idiv s # v1 | oo (T3,
T3 0 0 T3
<C 2 _ 2
< Cseexp(Coct) [ IVWI2oqs) = Cseexp(Cset) [ 11V01 = VoallZa s - (3.8)
0
Finally, recalling that
A(B(v1) — B (1)) + Vs * (o] —p)) =0,
we infer that
1
”V (B (Ul) - B(”Z))”Lz(((),[)x'ﬂ‘3) <Crz2 ||/0%/ - 10%/ ||L°C(0,I;L2(T3)) . (39)

We use the intermediate value theorem and estimate (3.5) in order to assess that
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-1
ol = od| = v 1ot = palmax flonl g ery - 10202t ey |
<ylp1 — p2l ||y IIZ;(Ts) exp (x/?Ca,g) : (3.10)
which, in turn implies that
eg
lot = 03 | Lo 22¢T3y) = ¥ |29 ||L°°(T3)) exp (“/;C5v8> 7l zoo 0,6 22(T3)) -
This last estimate along with (3.8) gives us

1
IV (B (v1) — B(Uz))”LZ((o,t)xTS) <12Cscexp ((1 +1) C&,a) (Vv — VUZ||L2((o,t)><T3) .

We conclude that for a small 7* the operator has a fixed point u € Er+ which verifies (5., §). As the pair (p, u)
solution of the above system verifies by integration of the first equation

/p(r>+s/f 2V+g// 2)’+1+8//,0 —/ s

0 T3 0 T3 0 T3
using the second equation of (S,, §) we see that the last relation implies that

1
2

~ 1 re, 2
IVull 20,7+ SSCmV)—ng+HN
O e " 120,713 (%)

T3

with the same C (c, y) appearing in (3.4). Thus, we may re-iterate the fixed point argument. This implies that the
solution (p, u) of (S, 8) is global.

3.3. The limit§ — 0

We consider {(p‘s, u‘s)}g a sequence of solutions to

0,0° +div (pPws + u®) = £Ap° — £(p*)Y — £(p*)H! — e (p%)’,
Au? + Vs * (p°) = f, (. 8)
Pr=0 = Ws * 00.

The sequence verifies the following estimates uniformly in §:

/p‘s(t)Jrs/t/(p‘s +s// L // /wa*po<//)o,
[ @) 0+ )//W‘W

T3 0 T3

o [ e | [ e | [

0 T3 0 T3 0 T3 (3.11)

t
1 Y
+4e[1—;1//‘V(p5)5 <Cley) /p0+||f||

0 T3 T3
y -1 3: 8 -1 3:
L2(0.7)xT?) < ﬁfp + ”A div Au + HA d1vf‘
3

L2(0,T; LS(T*))

s+ (Y|

L2((0,T)xT?3) L2((0,T)xT?3)

1
2
<C(,o0) (\/Z-i-max{l, ||A||Loo((o,T)x11“3)}) <f’JI‘3 ,00 + ||f||2 ) .

L2(0,T; LS(’]I"))
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1291
Moreover, we have that
| t
5\2 512
5/(0) +8/f|Vp|
T3 0 T3
t t t t
2y +1 2y+2 4 2.
+8//(,05) v +£//(p‘3) Y +s/ (%) =y//(p5) div (ws * u®)
0 T3 0 T3 0 T3 0 T3
1
2
&
S—// y_// wg*dlvu
2 2¢e
0 T3 0 T3
and owing to the uniform bound on Vu® ensured by the estimates (3.11) we get that
2 1 2 2
2/ ) o] [rotee] [ e [ i ] [
0 T3 0 T3 0 T3 0 T3
C(y, 1Al =)
< SR for e . (3.12)
€ L2(0,T; LS(T*))
T3
Moreover, we have that
at,o‘S is bounded uniformly in w1 ((O, T) x L (T3)) +L! ((0, T) x T3) . (3.13)

The estimates (3.11), (3.12) and (3.13) are enough in order to pass to the limit when § — 0 such that we obtain the
existence of a solution of system

8 p +div (pu) =eAp — ep? —ep?rH —gp3,
Au+VpY = f,

Plt=0 = p0,

which verifies the following bounds

Jowsef freef [ ] fo= [

0 T3 0 T3 0 T3

/<r>+ )/f||2

0 T3
t

t t
+5y//p3”_1+syf/p3y+syf/py+2
0 T3 0 T3 0 T3

1
1 Y
wasti =21 [ [|vot| <cen | [+

L2(0,T; LS(T3))
0 T3 I3

"]I‘3

(3.14)

”py ||L2((O,T)><T3)

1

2
<C(y.0) (V1 +max {1, Al oo 0.7)xT%}) (f'jr3 oy + I f12 ) .

L2(0,T: Lt T3))
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3.4. Weak stability result for the perturbed system with diffusion and drag terms

In view of what was proved in the last section, let us consider a sequence {(p*, u®)}. of solutions of

0,0° +div (p°u’) = e Ap — & (0)% —£(p°)’,

Auf +V (p9) = f, (Se)
Plt=0 = PO,

verifies the following estimates uniformly in &

[oroef o] firtef [ [

which

0 T3 0 T3
/( £)” (t)—l—()/—l)// s Vut
0 T3
t
+syf/(p5)3y_l+sy//(ps)3y+sy// [ (3.15)
0 T3 0 T3 T3

r
+4s[1——/f\v [ =coa| [+
£200.7:L% (T3))
T3

0 T3
1

Y
1(o%) ||L2((0,T)><T3)
2
<C(y,0) (vt +max {1, |A] 3 ( Py +ILfI? ) :
( { 1)< ) | J13 P 20718 (T
In the following we show that it is possible to slightly modify the proof of Theorem 2.10 in order to show that the
limiting function (p, u) is a solution of the semi-stationary Stokes system. Indeed, let us observe that

y(h+w8/>k( ) 1Aw8r*( %)

)

A((h+0e 5 (0°)") =V (4w 5 (p°)) " Vo 5 (o°)
(0%))" )—(V—l)(h+we/*( ) Vo % (o) Vo (o)
( 5

((h—i—a)s*
D9 (w5 () F Y (4 005 (6))

A (7 + e (o)) -

(%)

Thus, in the sense of distributions, we get that

ST

_ 1
y (e (0°) " Bwe (o) o> A7) = 411= 1|V (o)

Also, we have that

(h + we * (09))7 ' wer * (09)*7 ST PO TN Ly
(o () ek (PP = ()W inL]

(ht () wrx (p) = (0 inLy,.

We may thus write the renormalized equation for (p®)? in two ways. Firstly, we have that
8(0") +div ((0)u®) + (v — 1) (p°)7 divu®

—eA (pé‘)y —4¢ [1 _ %] ’V(pé‘)% 2 _8(p5)3)/*1 _8(p£)3y _8(p8)y+2’
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which we will use to obtain uniform bounds for (9;u°),. . Secondly, we have that

3 (p°)Y +y div ((p°)"u®)
=y —-Ddiv’t) —(y =Dt :Vu® +u°f

2
—e ()7 =2 (09 — e (0%,

+eA (o) —4e[l - %] V(o)

which is used for the compactness argument.
Let us observe that the time derivative of u verifies
Adu® =div(d; A(t, x)D(u®)) + 9, f — Vo (p°)
=div(d;A(t, x) D(u®)) + 3, f
- Vdiv((ps)yug) —(y=-1HV ((pg)V div us) —eVA (ps)y

1 v 2
Fae[l — =]V ‘v (0)2 | +eV (p)7 " + 6V (09 +eV (p°) 2.
y

Also, we have that

ev (p°)" =2¢(p%)

such that we obtain

DR

L
3

S/I”v(ps)ywﬁmﬁfgj /(p8)3y HV(PS)%

L2(T3)
T3
t t
<C t%+8//(p8)3y+8//)V(p8)% ?
0 T3 0 T3

and we see that {V (p%)"}__ is uniformly bounded in L' (0, T; L3 (T3)). It remains to write that
Adu® = A + Ad§ + A,
with

Agt =div(d,A(t, x) D(u)),
Ags = =V {div((p*)"u®) + (v = 1) (0°)7 divu® +eA ()"},

2
Ags =V {48 (1= 11|V () F | +e(0) ! +ev (0 + e(pswz} '

Proceeding as in Proposition 2.11 we obtain an uniform bound for (3,u®),. in L} (L%_ (T3)). Taking in considera-
tion the renormalized equation for p, we conclude that

¥ (07 — p") +div((p” — p")u) + (v = 1) (07 — p")divu
=—(y—1){r:Vu—r:Vu}—v, (3.16)

where v is a positive measure i.e.

2
+ e e (o) 4 (07 2).

1 v
=1 (4 1—— ‘V £)2
Y eg% el y] (,0)

Arguing along the same lines as in Subsection 2.3 we obtain that p¥ = p?. This concludes the proof of the existence
part of Theorem 1.1.
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4. Applications to other systems

The objective of this paper is to give a proof a la Lions for the problem of existence of weak solutions for the
Quasi-Stationary Stokes system. In the presentation, we choose to keep the model as simple as possible in order to
avoid technical difficulties that would hinder the main idea to obtain compactness for the density: comparing the limit
of the energy associated to a sequence of weak-solutions with the energy associated to the system verified by the
limit. The objective of this section is to briefly discuss some further extensions of our work that require only slight
modifications of the arguments presented above in order to be formally proved.

First of all our results apply to any perturbation of system (1.1) in the form:

{ 3 p + div (pu) =0,

. 4.1)
—divt +aVpY + Lu=f,

where L : [L2 (T3)]3 — [L2 (T3)]3 is a linear bounded operator such that

/Lu -u>0, 0 (Lu) = Lou,
T3

for simplicity. Of course, one has to further suppose that L + A verifies (1.9) in order to be able to recover estimates
for the time derivative. An interesting choice that fits in this framework is

(Lu)' = 9; (i % (Du)ij — n * divus;;),
where k, n are some smooth convolution kernels which amounts in changing the stress tensor into

Tij = ‘Eilj?c + Ti;}onlac =Ajji [DW) ]y + K % (Du)ij —n * divu dij.

Of course, one has to assume appropriate conditions such as to ensure coercivity. Then existence of weak-solutions
for system (4.1) follows without any significant modifications. Nonlocal effects are important in micro-fluidics where
one is interested in fluids flowing within thin domains see for instance [8]. Another common choice for the operator
L, see [15], modeling the effect of an electromagnetic field on the fluid is

Lu=B x (B x u),

where B € L™ (T3) with B non-constant, case in which we can incorporate also a force term of the type pg.
Another situation where the weak-stability part of our result can be adapted without too much of an effort is given
by the following stationary system

ap +div(pu) = f,
Bou +div(pu @ u) —divt +aVp¥ =g,

where a, o, B > 0, f > 0 and t is as above. This later system can be viewed as an implicit time discretization of the
Navier-Stokes system. Obviously, one may add nonlocality into the model. Note however that our results do not apply
to the case @ = 8 = 0 corresponding to the stationary Navier-Stokes system. This will be the object of a forthcoming
paper [3].
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Appendix A. Fourier analysis on the torus and elliptic estimates

In the following lines we present some results from Fourier analysis in the periodic setting. The proofs are es-
sentially the same as those in the whole space presented in the book by H. Bahouri, J.-Y. Chemin, R. Danchin [1],
Chapter 2, pages 52-53. To simplify the presentation, assume that u € L' (Td ) We start by reminding the definition
and properties of Fourier coefficients of u:

iy = / exp (=2my - u(y)dy.
Tn
We recall the existence of two positive functions (x,¢) € D (Rd) such that Suppy C B (0, %), Suppp C
{x:2 < x| <%} with the property that
xm+ > ¢(2—fn) —1VneT
j=—1
Next, for any u € L! (Td), we introduce the jth-dyadic block operator defined as
p.eru x) = Z ¢ (2 J )ﬁn exp (27x - 1) .
neZd
This operator localizes u near its frequencies of magnitude 2/. Using the Poisson summation formula we see that
APy (x) = / 29 (27 x = ) u () dy
R4

where £ is the Fourier inverse of ¢. This last identity is useful to show that Aser maps all L? (T?) into L? (T?) with
norm independent of j and p. For all u € L' (Td) we have that

_ per
—/u—l— Z Aj u
Td Jj=-1

at least in the sense of distributions. We infer that for any u € L? (T4) with de u = 0 we have that

APET,
el repay = > | A7

jz-1

(A1)

Lr(Td) "
Next, let us recall the celebrated Bernstein lemma.

Lemma A.1. Consider any nonnegative integer k, a couple p,q € [1,00]*> with p < q and a function u € L' (Td).
Then, there exists a constant C such that the following inequalities hold true:

o (d_d
sup |6 APy < chrigiri(§-9) HAP‘”M : (A2)
|| =k 7 llLa(Td) LP(T9)
and
Cc—k=1pJk HAP“M < sup |92 AP < CckH1oik HAP“ . (A3)
J LP(T4) o=k J Lp(Td) — LP(T4)

The following proposition will be very useful in establishing estimates for the Poisson problem.

Proposition A.2. Consider m € R and a smooth function o : R4\{0} — R such that for all multi-index o with || <
2 4 21[d /2], there exists a constant Cy, such that:

vE e R0} @ [8%0 (§)] < Cy lEI™ 1.
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Then for any p € [1, co] we have that

Ho (D) Al;erv

<2/ AP
Lp(’]I‘d) J

LP(Td)

where

o (D) MY = Z o) (2‘~’n) o (n)iyexp(2rx -n).
neZd

Finally, we use the Littlewood-Paley apparatus in order to prove the following 3D estimate for the Poisson prob-
lem.

Theorem A.3. Consider f € L' (T3) such that ng f =0 and  solution to the Poisson problem

—AYy =,
fT3 =0

Then there exists a constant C such that for any p € [1, %) we have
IVYliLrersy = C I lprsy -

Proof. For any [ € 1, 3 let observe that the function o7 : R3\{0} — R defined as
i
&>

verifies the hypothesis of Proposition A.2. Next, we see that for any 1 € Z¢\{0} and any / = 1, 2, 3 we have that

o1 (§) =

Y () = i (n) = ﬂ%f(n) =01 () f ()

such that
AP @) =01 (D) AY f

Let p e[l, %). As, f dry = 0 using (A.1), Proposition A.2 and Bernstein’s inequality, we infer that

per _ per —j per
13 llercrs) < ‘;1 HAJ EW‘ Lr(T3) Z:l HUI (D)A4j f‘ Loy =7 ‘;1 HAJ f‘
J== JZz= J==

Lr(T3)

(3 o
S/;l 2J(2 1’) H AIJ)erf’ LI(T3) =< ||f||L1('E3) j;l 2](2 P>’

i(2-3
where, of course the fact that p € [1,3/2) ensures the convergence of the series ij_ | 2/ (2 p)_ With this remark
we conclude the proof of Theorem A.3. O

Remark A .4. In fact, a more careful analysis of the proof of Theorem A.3 yields the following refined estimate
199 ey S IVl ooy S 1150 _crs)

which is stronger than the classical result as the space of bounded measures is continuously included in B? oo(T 3).
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