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Abstract

We establish the existence of solutions of the Cauchy problem for a higher-order semilinear parabolic equation by introducing
a new majorizing kernel. We also study necessary conditions on the initial data for the existence of local-in-time solutions and
identify the strongest singularity of the initial data for the solvability of the Cauchy problem.
© 2020 L’ Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Consider the Cauchy problem for a higher-order nonlinear parabolic equation

Ot + (—A)"u = |ul|?, xeRYN, >0,

1.1
u(x,0) =pu(x) >0, x eRV, b
where m =2,3,..., p > 1 and p is a nonnegative measurable function in RY ora nonnegative Radon measure in
RY. Problem (1.1) is one of the simplest evolution problems for higher-order nonlinear parabolic equations. In this
paper we establish the existence of solutions of problem (1.1) by introducing a new majorizing kernel to the higher
order parabolic equation

du+(—A)"u=0 in RY x(0,00). (1.2)
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We also study necessary conditions on the initial data for the existence of local-in-time solutions of (1.1). Furthermore,
we find a nonnegative smooth function f in RV \ {0} with the following properties:

(1) There exists A* > 0 such that problem (1.1) possesses no local-in-time solutions if w has a stronger singularity at
0 than A* f, that is, u(x) > A* f(x) in a neighborhood of the origin 0;
(ii) Problem (1.1) possesses a local-in-time solution with u = A f for some A > 0.

Then we call the singularity of f at x = O the strongest singularity of the initial data for the solvability of prob-
lem (1.1).
Before considering problem (1.1), we recall some results on the Cauchy problem for a semilinear parabolic equation

oru — Au=uPl, xeRY, >0,

1.3
u(x,0)=p(x) >0, xeRY, (1.3)

where p > 1. The necessary conditions for the existence of local-in-time solutions of problem (1.3) were studied in
the papers [3] and [16], which ensure the following result. See [16, Theorem 1.1].

Theorem 1.1. Let u be a nonnegative solution of problem (1.3) in RN x [0, T) for some T > 0, where p > 1 and i is
a nonnegative Radon measure in RY. Then there exists ¢ = c¢(N, p) > 0 such that

2
sup w(B(x,0)) <co™ 7T forallo e (0,T?]. (1.4)
x€RN
In particular, in the case of p = p1 :=1+2/N, there exists ¢’ = ¢’ (N) > 0 such that

1

T2\ |
sup w(B(x,0)) < c/|:log<e + 7>:|

xeRV

N[z

forall o € (0, T%].

We remark that, if 1 < p < pq, then problem (1.4) is equivalent to

2 N_
sup w(B(x, TY?) <eT 2777, (1.5)

xeRV

By Theorem 1.1 we have:

(a) There exists c; = ¢{(N, p) > 0 such that, if x is a nonnegative measurable function in RV satisfying

N
1\1 27!
M(X)ZCllxlN[log<e+m)] it p=p,

2

w(x) =cplx| »T it p>pi,

in a neighborhood of the origin, then problem (1.3) possesses no local-in-time solutions.

Sufficient conditions for the existence of solutions of problem (1.3) have been studied in many papers since the
pioneering work due to [28]. See e.g. [1,2,6,12,16,19,23-26,29] and references therein. Among others, by [16, Corol-
lary 1.2] and [25, Theorem 3] we have:

(b) Let 1 < p < pj1. Then there exists ¢ = c2(N, p) > 0 such that, if

y__1_
2

p—1

sup pw(B(x,T?)) < T

xeRVN

for some T > 0, then problem (1.3) possesses a solution in R x [0, T).
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(c) Let p > p1. Then there exists ¢c3 = ¢c3(N, p) > 0 such that, if

1\ 27!
0 < 1(x) < cslx] N[log(e+ﬂ>} +es if p=p1.

2
0<u(x) <c3lx| 7T 4¢3 it p>pi,

in RV then problem (1.3) possesses a local-in-time solution.

By assertions (a) and (c) we can identify the strongest singularity of the initial data for the existence of solutions of
(1.3) with p > p;. Assertions (b) and (c) are proved by the construction of suitable supersolutions of (1.3) and the
order-preserving property and the semigroup property of the heat operator are crucial in the proofs.

The operator 9; + (—A)™ is not order-preserving and the study of the solvability of problem (1.1) is more delicate
than that of problem (1.3). Indeed, the fundamental solution G,,, = G, (x, t) of (1.2) changes its sign for ¢ > 0. In the
study of higher-order parabolic equations it is crucial to find a suitable majorizing kernel associated with 9; + (—A)™.
Galaktionov and Pohozaev [14] found a majorizing kernel of the form

Gon(x,1) 1= Dt~ %1 exp (—dnb%> with 7=y, 1) =1 x|, (1.6)

where D and d are positive constants (see Section 2.1), and proved the existence of global-in-time solutions of (1.1)
for any sufficiently small initial data in L' N L in the case of p > p,, := 1 +2m/N. They also proved nonexistence
of global-in-time solutions of (1.1) provided that 1 < p < p,, and 1(x) > 0 (3 0) in RY. Subsequently, the existence
and the asymptotic behavior of global-in-time solutions with bounded initial data have been studied in several papers
under suitable assumptions on the decay of the initial data at the space infinity. See e.g. [14,19,20]. (See also [10,13].)
On the other hand, it does not seem enough to study sufficient conditions for the existence of local-in-time solutions
of problem (1.1) with singular initial data, although the results in [8] are available. As far as we know, there are no
results related to the identification of the strongest singularity of the initial data for the existence of solutions of (1.1).
One of the difficulties is that the integral operator associated with G,, does not have the semigroup property. Indeed,
we can not apply the arguments in [16,25,28] with the majorizing kernel G,, to problem (1.1).
In this paper, by use of the fundamental solution of

du+ (—A)2u=0 in R x (0,00), (1.7)
where 0 < 6 < 2, we introduce a new majorizing kernel K = K (x, t) satisfying

|Gm(x, )] = C1K (x,1),

/K(x—y,t—s)K(y,s)dy§C2K(x,t), (1.8)

RN

for all x € RY and 0 < s < t. Here C; and C, are positive constants. Applying the arguments in [16,27] with an
integral operator associated with K, we establish the existence of solutions of problem (1.1). Furthermore, we modify
the arguments in [7,18] to study necessary conditions on the initial data for the existence of local-in-time solutions of
(1.1). Then we can identify the strongest singularity of the initial data for the existence of local-in-time solutions of
problem (1.1).
We formulate a definition of solutions of problem (1.1).

Definition 1.1.Let N > 1, m =2,3,..., p > 1 and u be a nonnegative Radon measure in RN Letu e L{;C (RN x
[0, T')). Then we say that u is a solution of (1.1) in RY x [0, T) if u satisfies

/go(x O)du(x)—i—// —udrp +u(— A)m dxdt = //|u|pgodxdt (1.9)

RN 0 RN 0 RV

forall ¢ € C°(RN x [0, T)).
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We state our main results of this paper. The first theorem concerns necessary conditions for the solvability of
problem (1.1) and it corresponds to Theorem 1.1.

Theorem 1.2. Let N > 1, m =2,3,... and p > 1. Let u be a solution of (1.1) in RY x [0, T) for some T > 0, where
W is a nonnegative Radon measure in RN, Then there exists y =y (N, m, p) > 0 such that

2m
sup u(B(x,0)) < )/crN*Pfl forall o € (0, Tﬁ]. (1.10)

xeRV

In particular, if p= p :=1+42m/N, then there exists y' =y’ (N, m) such that

1 N
T2n \ ] 2
sup M(B(x,o))fy'[log<e+ - >i| forall o e(O,Tﬁ]. (1.11)

xeRN o

Similarly to (1.5),if 1 < p < py,, then (1.10) is equivalent to

N 1
sup w(B(x, Tﬁ)) <yT2 »p-T,

xeRV

As a corollary of Theorem 1.2, we have:

Corollary 1.1. Let N > 1, m =2,3,... and p > py. Then there exists y; = y1(N,m, p) > 0 such that, if  is a
nonnegative measurable function in R satisfying

N
T
/L(x)ZmIXI_N[log <e+—>} i p=pm.

|x|

2m

w(x) = yrlx| 7T if P> Ppm,

in a neighborhood of the origin, then problem (1.1) possesses no local-in-time solutions.

Corollary 1.1 corresponds to assertion (a). Next we state results on sufficient conditions for the existence of solu-
tions of problem (1.1).

Theorem 1.3. Let N > 1, m=2,3,... and 1 < p < pp. Let u be a nonnegative Radon measure in RN, Then there
exists y» = y2(N,m, p) > 0 such that, if

N 1
sup p(B(x, T)) <y, T 7T (1.12)

xeRV

for some T > 0, then problem (1.1) possesses a solution in RY x [0, 7).

Theorem 1.4. Let N > 1, m =2,3, ... and p > py,. Then there exists y3 = y3(N,m, p) > 0 such that, if
N 1\ ! :
0=<ulx) <yslx| [10g<6+m>} +y3 if p=pm (1.13)

_2m ,
0<pu®) <pylx| 7T +y; if D> DPm, (1.14)

in RN, then problem (1.1) possesses a local-in-time solution. Furthermore, there exists ys = ya(N,m, p) > 0 such
that, if p > pm and

2m
0<u) <ylx|"7 T in RV, (1.15)

then problem (1.1) possesses a global-in-time solution.

Theorems 1.3 and 1.4 correspond to assertions (b) and (c), respectively. Theorem 1.4 is a direct consequence of
Theorems 5.2 and 5.3. (See also Remarks 5.1 and 5.2.) Furthermore, as a corollary of Theorems 1.2 and 1.3, we have:
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Corollary 1.2. Let § be the Dirac measure in RN . Then problem (1.1) possesses a local-in-time solution with jn = D8
for some D > 0 ifand only if 1 < p < py.

The rest of this paper is organized as follows. In Section 2 we collect preliminary results on the operator d; + (—A)™
(m=2,3,...) and its associated semigroup. We also formulate the definition of solutions of an integral equation
associated with problem (1.1) and prove some properties of the solutions. In Section 3 we modify the arguments in
[7,18] to prove Theorem 1.2. In Section 4 we collect preliminary results on the operator 9; + (=A)P/2(0<6 <2)and
its associated semigroup. Furthermore, we introduce a majorizing kernel K = K (x, t) associated with d; + (—A)™
and prove inequality (1.8). In Section 5 we establish the existence of solutions of problem (1.1).

2. Preliminaries

This section is divided into two subsections. In Section 2.1 we recall some preliminary results on the operators
0+ (—A)" (m=2,3,...). In Section 2.2 we introduce an integral equation associated with problem (1.1) and prove
some properties of the solutions.

We introduce some notation. For any 1 < 7 < 0o, we denote by || - ||, the usual norm of L” := L"(R"). For any x €
R"Y and R > 0, we set B(x, R) :={y e RV : |x — y| < R}. For any multi-index o = (a1, ..., an) € M := (NU {0}V,
we write

loe| := o, dy = o v
P ox; -+ 0xy
By the letter C we denote generic positive constants and they may have different values also within the same line.

2.1. Fundamental solutions to 9; + (—A)" (im=2,3,...)

Let G, =Gy (x,t) (m=2,3,...) be the fundamental solution of parabolic equation (1.2). Then G, is represented
by
N . 2m
Gp(x,1)=Q2n)" 2 /elee*"f‘ dE. (2.1)
RN

The function G, (-, t) changes its sign for any # > 0. Let G, be as in (1.6). Then, under a suitable choice of D and d,
it follows that

|Gm(x,0)] < Gm(x,1), xeRY, t>0. (2.2)
(See [14, Proposition 2.1].) Furthermore, G, satisfies
G, 1) =179 Gy (1™ x, 1), 2.3)
G (0,1) >0, (2.4)
o _ Ntle] 1 2m . _L
10%Gp (x, 1) < Cqt™ 2 exp (—ca nzm) with 5=¢"2 x|, (2.5)

forall x e RV, > 0 and « € M, where C,, is a positive constant. Properties (2.3) and (2.4) immediately follow from
(2.1). For property (2.5), see e.g. [8, Section 3] and [10]. Moreover, for any ¢ > 0,

/Gm (x,t)dx =1, (2.6)
RN
and it follows that
Gu(x,t)= / Gn(x —y,t—5)Gpu(y,s)dy forallx e RV, 0<s <t. 2.7)
RN

(See e.g. [14, Section 2].)
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We define an integral operator associated with G,,. For any (signed) Radon measure p in RY, we set

[Sm (O p](x) = / Gm(x =y, 0)du(y), xeRY, 1>0. (2.8)
RN

Similarly, for any measurable function ¢ in R, we set

[Sm(D@](x) := /Gm(x —y.0¢(dy, xeRY 1>0. (2.9)
RN
Since G, changes its sign, the integral operator S, (¢) is not order-preserving.
Let j =0, 1,2,.... The Young inequality together with property (2.5) implies that
o _N (1,l),L
0% S @®)pllg < Ct " \7 4/ 2Dl >0, (2.10)

for all ¢ € L? and « € M with || = j, where 1 < p < g < oo and C,, is a positive constant independent of p and g.
(See also [8, Section 2].) Furthermore, it follows from properties (2.5) and (2.6) that

lim [[Sy(1)¢ — Pllc =0 (2.11)
t—+0
for any ¢ € C.(RY). (See e.g. [15, Section 4.2.3].) The convergence rate depends on the modulus of continuity of ¢.

2.2. Integral equation associated with problem (1.1)

We consider the following integral equation associated with problem (1.1)

t
u(x,r)= / Gu(x —y,0)du(y) + / / Gm(x —y,t —s)u(y,s)|”dyds. D
RV 0 RV
We formulate a definition of solutions of (I) as follows.

Definition 2.1. Let N > 1,m =2,3,..., p > 1 and u be a nonnegative Radon measure in RY. Let u be a continuous
function in RY x (0, T') for some T > 0 and set

up(x,t):= / |G (x —y,D)|du(y),
RN

; 2.12)
(x. 1) :=//|Gm<x—y,r—s>||u(y,s>|”dyds.

0 RN
We say that u is a solution of integral equation (I) in RV x [0, T) if

sup lu1(Dlloo + sup [luz(t)lcc <00 forall e (0,7) (2.13)

t<t<T t<t<T

and u satisfies integral equation (I) for all (x, ) € RY x (0, T).
In the rest of this subsection we show that the solution of integral equation (I) is a solution of (1.1).
Proposition 2.1. Let u be a solution of integral equation (I) in RN x [0, T) for some T > 0.
(a) Forany t € (0, T), u, defined by u;(x,t) :=u(x,t + 1) is a solution of integral equation (1) in RY x[0,T — 1)

with the initial data u(t). '
(b) Letx e M and i € {0, 1} be such that || +4i <2m. Then 9;9%u € BCRYN x [t,T)) forallt € (0, T).
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(¢) u satisfies
du+ (—A)"u=ul’ forall (x,1) eRY x (0,T) (2.14)

in the classical sense.
Furthermore, u is a solution of problem (1.1) in RN x [0, T).

Proof of assertions (a), (b) and (c). Let u be a solution of integral equation (I) in RN x [0, T') for some T > 0. By
(1.6), (2.2) and (2.13) we see that

/IGm(X—y,t—f)l[/IGm(y—Z,f)IdM(Z)]dy<OO,
RN RV

T
/IGm(x—y,t—f)l[//IGm(y—Z,I—S)IM(Z,S)I”dZdS}dy<C>0,
RN 0 RN

for all x € RN and 0 < © < t. It follows from the Fubini theorem with property (2.7) that

/Gm(x =y, t—Du(y,r)dy

RN
=/Gm<x—y,t—r)
RN
x[/Gm(y—z,r)d,u(z)+//Gm(y—z,r—s)|u(z,s)|pdzds]dy
RV 0 RN
=/(/Gm(x—y,t—r)Gm(y—z,r)dy)du(z)
RY RV
—I—//(/Gm(x—y,t—‘L')Gm(y_Z,‘L’—S)dy)lu(z,s)|pdzds
0 RN RN

T
= / Gm(x —z,1)du(z) +//Gm(x —z,t =9)|u(z,$)|" dzds
RN 0 RN
for all x € RY and 0 < 7 < t. This together with Definition 2.1 implies that

sup |lu(®)|lco <00 forallT e (0,7), (2.15)
t<t<T
u(x,t)=/Gm(x—y,t—r)u(y,f)dy

RN

t
+//Gm(x —y,t —s)|u(y,s)|Pdyds forallxe RY and0 <7t < T,
T RN
and assertion (a) holds. By (2.15) we apply similar arguments in regularity theorems for second order parabolic equa-
tions (see e.g. [11, Chapter 1]) to integral equation (I), and obtain assertions (b) and (c). See also [21, Section 2]. O

It remains to prove that u is a solution of problem (1.1). For this aim, we modify the arguments in [16] to prepare
the following two lemmas.
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Lemma 2.1. Let u be a solution of integral equation (I) in RN x [0, T) for some T > 0. Then

tgrilo / Gp(ix,t)du(x) =0, (2.16)
RN\B(O,R)
t

tgnﬁo/ / GmOx,t —8)|u(x,s)|Pdxds =0, (2.17)
0 RN\B(0,R)

forall R > 0and A > 0.

Proof. By (2.4) we find R, > 0 and c, > 0 such that

inf G, (x,1)>ce>0.
xeB(0,Ry)

Then it follows from property (2.3) that
Gm(x —y, 1) >t %mc, forallx —ye B0, Rut).
This together with (2.12) and (2.13) implies that
0 Il 2 M T = [ 1= 3 Tl du)
B(x,T % Ry)

1
> ¢, T~ 2 u(B(x, RyT2™)),

T2€
00 > ||ﬁz<T€>||oozﬁ2<x,Te)z/ / (Gnlx — y. T — )lu(y. $)IP dy ds
O B, Ro(Te—5)20)
TZe
zc*/(TE —s)fﬁ / lu(y,s)|P dyds
0 e
B(x,Ry(Te—s)2m)
T2€
_N
> cy€ 2m lu(y, )| dyds,

0 B(x,eﬁ R,)
forallx e RV, where T, :=T —¢, The =T —2c¢ and 0 < € < T/2.Since x € RY is arbitrary, we deduce that

sup u(B(x, R)) < oo,
xeRV
Tre

(2.18)
sup/ / lu(y, s)|Pdyds < oo,

xeRV
0 B(x,R)

forall R >0and 0 <e < T/2.(See [22, Lemma 2.1].)

Let 0 < R < oo and set R := min{R/2, 1/2}. By the Besicovitch covering lemma (see e.g. [9, Section 1.5.2]) we
can find an integer n, depending only on N and a set {x¢ ;}k=1,... n,,ieN C RY \ B(0, R) such that

BGri, R)NB(y;, R)=0 if i#],

ne oo 2.1
RY\ BO, R) c | J|JBGwi. R) c RV \ B(0, R/2). 19
k=1i=1
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Then we have

/ Em()\)c,t)d,u(x)iiz / Gp(Ohx, t)dp(x)

k=1 i=1——
RV\B(0,R) R TETN D)

ny 00
<) uBi, R))  sup  Gu(hx,i1) (2.20)
k=1i=1 XEB(xg,i,R')

< sup u(BG, 1) )" sup  Guix,1).

xeRV k=1 i=1x€B(x;.R)

Lete > 0besuchthat2(1 —€) > 1+¢€.Fork=1,...,n, and i € N, since x¢; ¢ B(0, R) and R’ < R/2, we have

1+e€

|k,
> ,
1—¢

R/

R
> _—>2
=
which implies that |x ;| — R’ > €(|xg ;| + R’). Then it holds that
Iyl = [xk,il = R" = €(|xx,il + R") = €lz]

forall y,z € B(x¢,i, R'),k=1,...,n, and i € N. Therefore we observe from (1.6) that

— — 1 —
sup G, (Ax,t) < inf G,(ex,t) < ——— / Gn(hez, t)dz
B B R |BO, R)] "

B(xk,i,R")

forallk=1,...,n,and i € N, where | B(0, R')| is the volume of B(0, R’). This together with (1.6) and (2.19) implies
that

ng 00
sup  Gm(Ax,t) <Cn RN / Gp(hez, 1) dz

—1i=1 x€BG i, R)
k=1 i=1x€B(xt,i,R") RN\B(0,R/2)

< Cn*R/*N / exp (—d(xey)%) dy—0

[yI=R/(2t1/2m)

2.21)

as t — +0. Combining (2.20) and (2.21), we obtain relation (2.16).
Since

GmOx,t —s) < C(t —s)~ 9 exp (—C*‘n(xx, ‘— s)zr%)
<Cexp (—(2C)—1n(xx, r— s)zi—'fl)

<Cexp (—(ZC)_ln()»x, t)bi—'fl) =Gy (ox, 1)

for all x e RN \ B(0, R) and 0 < 5 < t, we have
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t

/ / Guix,t —)|u(x,s)|Pdxds

0 RN\B(0,R)

Ny OO t
SZZ/ / G (hx,t —s)|u(x,s)|? dxds

k=1i=1
=00 By R)

, (2.22)
ny OO
< ZZ sup  Gp(ix, t)/ / lu(x, $)|P dxds
k=1 i=1x€B(xy,i,R") R
B(xg,i,R')
T/2 n oo
< sup / / uCx, )| dxds Y > sup  Gu(hx,1)
xeRY 0 g k=1 i=1x€B(xi,R")
forall 0 <t < T/2. Similarly to (2.21), we observe that
Ny o
sup  Gp(Ax,t) < Cn*R’_N / Gu(kez,t)dz — 0 (2.23)
k=1i=1x€B(xi,R") RV\B(O.R/2)
as t - +0. Combining (2.22) and (2.23), we see that
t
limo/ / GpOx,t —s)|u(x,s)|Pdxds =0,
t—+
0 RN\B(0,R)
which implies relation (2.17). Thus Lemma 2.1 follows. 0O
Lemma 2.2. Let u be a solution of integral equation (I) in RN x [0, T) for some T > 0. Then
tgrjrl()/ /(P(x, NGp(x =y, 0)du(y)dx = /<P(y, 0)du(y), (2.24)
RN RN RY
t
limo/// Gu(x —y, t —s)px,Du(y,s)|Pdydsdx =0, (2.25)
r—+
RV 0 RV

forall g € CXRN x [0, T)).

Proof. Let ¢ € CSO(RN x [0, T)). Then we can take R > 0 and € € (0, T') such that suppe C B(0, R) x [0, T — €].
Set

O(x,t:1):=[Sm®e()](x) = / Gn(x —y,e(y,t)dy, x€ RN, t>0, Te(0,T).
RN

By (2.10) we have

19 : Dlloo < Clle@ oo < Cllgll e @y x0.7) (2.26)

forallr > 0 and 7 € (0, T). On the other hand, it follows from the Fubini theorem that
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/(P(x, NGm(x =y, 1)du(y)dx

RNRN

=//<p(x,t)Gm(x—y,t)dxdu(y)=//w(x,t)Gm(y—x,t)dxdu(y) (2.27)
RN RN RN RN

=/4>(y,t:t)du(y)=/w(y,O)du(yH [Py, t:0) — (¥, 0)]du(y).
RN RN RN

Since |x — y| > |x|/2 for x e RNV \ B(0,2R) and y € B(0, R), by (2.2) we can find A > 0 such that
[P(x,1:7)| < ll@ll L ®N x0,1) / |Gm(x —y,0)|dy
< Cll@ll LoV x (0,7 G (x, 1)

for all x e RV \ B(0,2R),t > 0 and 7 € (0, T). Furthermore, by the uniform continuity of ¢ in B(0,2R) x [0, T — €]
and (2.11) we observe that

sup | P(x,1:1) —@(x,0)]

x€B(0,2R) (2.29)
< sup |D(x,t:1)—ex, )|+ sup e, t)—ex,0]—0 '
x€B(0,2R) x€B(0,2R)
as t — +0. Therefore, by (2.16), (2.26) and (2.29) we have
‘/[<b<y,r:t)—¢<y,0)]du<y)’
RN
= [ 00— 0oldum [ 100unlde
B(0,2R) RN\ B(0,2R)) (2.30)
< sup |®(x,7:1)—9(x,0)|u(BO,2R))
x€B(0,2R)
+ Cllell Lo ®N x(0,7)) / Gu(Ay, ) du(y) =0
RV\B(0,2R)

as t — +0. Combining (2.27) and (2.30), we have relation (2.24). Furthermore, by (2.17), (2.18), (2.26) and (2.28)
we have

t
///Gm(x—y,t—s)go(x,t)|u(y,s)|pdydsdx

RN 0 RV

t
= //CD(y,t—s:t)Iu(y,s)lpdyds
0 RN
t
§C||<P||L00(RN><(0,T))/ / lu(y,s)|” dyds

0 B(0,2R)
t

+C||¢||L°°(RN><(0,T))/ / Gu(ry,t —9)|u(y,s)|’ dyds — 0
0 RN¥\B(0,2R)
as t — +0. This implies (2.25). Thus Lemma 2.2 follows. O
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Now we are ready to complete the proof of Proposition 2.1.

Proof of Proposition 2.1. Let u be a solution of integral equation (I) in RN x [0, T) for some T > 0. By (2.18) we
see that u € Lﬁ)c(RN x (0, T)). Thus it suffices to prove that u satisfies relation (1.9).

Let ¢ € C®(RY x [0, T)) be such that suppe C B(0, R) x [0,T — €] for some R > 0 and € € (0, T). Then it
follows from Definition 2.1 and Lemma 2.2 that

/u(x, He(x,t)dx

RN
= x, )G (x —vy,t)d dx
//w( )Gm(x —y, t)du(y) 231)
RN RN
///(p(x DG (x —y, t —s)|u(y,s)|Pdydsdx — /(p(x 0)du(x)
RV 0 RN
as t — +0. On the other hand, by (2.14) we see that
T T
— /(p(x, Du(x,t)dx + / / [—u8,<p + u(—A)m(p] dxdt = / / lu|? o dx dt.
RN T RN T RN
Letting T — 40, by (2.18) and (2.31) we have
/go(x 0)du(x)+// —udip +u(— A)m dxdt = //|u|p¢dxdt
RN 0 RN 0 RN
This means that u is a solution of problem (1.1) in RY x [0, T). Thus Proposition 2.1 follows. 0O
3. Proof of Theorem 1.2
In this section we modify the arguments in [18] (see also [7]) to prove Theorem 1.2.
Proof of Theorem 1.2. Let u be a solution of problem (1.1) in RY x [0, T) for some T > 0. Set
1 1
ur (e, 0) =T u(Tox, Tr),  pur(x):=T7T u(Tox). 3.1)

Then u7 is a solution of problem (1.1) in RY x [0, 1) with the initial data . Due to similar transformation (3.1), it
suffices to consider the case of T =1 for the proof of Theorem 1.2.
Let

fls)=e 5 if s>0,  f(s)=0 if s<O.
Set

f(2—ys)
fR=5)+fGs=1)
Then n € C*°([0, o0)) and
o =fQ=)f =D = fQ—s5)f(s—1)
n(s)= 5

[fC=s)+ f(s—D]

ns)=1 on [0,1], nis)=0 on [2,00).

n(s) =

<0 on [0,00),

Set
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n*(s)=0 on [0,1), n*(s)=mn(s) on [l,00).
Since p > 1, for any k € N, we find C > 0 such that
‘ 1
In® ()| < Crn*(s)?  forall s > 1. (3.2)

This follows from the fact that | f®)(s)| < f(s)!/? for all sufficiently small s > 0.
Let u be a solution of problem (1.1) in RV x [0, 1). Let xo € RY and 0 < r,, < 1/3 be such that

[L(B (xo, (r*/3)ﬁ>) > 0.
For any R € (0, 1], we set

Ix —xo|2" + ¢
Yrx, 1) = ’7(3f>,

By (3.2), for any k € N, we have

2m
— t
3 |x — xo|“" + )

Yr(x. 1) = n*( R

1 1
9YRCe. Dl < CRTWE(L P, [VEyR(e)] < COR™ I Y5 (x.1)7, (3.3)
for all x € RN and 0 < ¢ < 1. Indeed, since n’ =0forall s € (0, 1)U (2, 00), we observe from (3.2) that
/<3 |x — x0|2m +1

R

which implies (3.3) with k = 1. Repeating this argument, we see that inequality (3.3) holds.
It follows from (3.3) that

R

/wR<x,0>du+//|u<x,z>|"w<x,r)dxdr
RN

0 RN

C _
Vedrr(x, 0] < — | —xol™ !y

1
)\ <CCIR Ty h(x,1)7,

R
=//M(X,l)(—az+(—A)m)1/fR(x,t)dxdt

0 RN
R (3.4)
SCR*I//|u(x,t)|¢;(x,z)%dxdt
0 RN
R *117 R P
<CR™! //X{w;(x,,bo}dxdt //|u(x,t)|p1p,’§(x,t)dxdt
0 RN 0 RN

for all 0 < R < 1. On the other hand, it follows that

R 1
Ao+l
//X{x//;(x,t)>0}dxdt=R2m //X{,/,;ﬂ(x’t)>0}dxdt.

0 RN 0 RN
This together with (3.4) implies that
R
mpg + / / lu(x, )|Pyr(x,t)dxdt
0 RN

(3.5)
R

l(N(p—l),l)
<CRr\ //|u(x,t)|1’w;§(x,r)dxdt

0 RN
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forall 0 < R <1, where

mpg = ,u(B(xo, (R/3)ﬁ)).
Let € be a sufficiently small positive constant. For any 0 <r < R <1, set
R R
2(r) = // lu(x, )Py} (x, t)dxdt, Z(R):= /z(r) min{r~!, e} dr. (3.6)
0 RN 0

Since n* is decreasing on [1, co) and supp n* C [1, 2], for any (x,7) € R¥ x (0, 1) with 3(|x — xol*" +1) > R, we
have

R R
2m
- t
/Iﬂr*(X, t)min{r_l, E_l}dr :/n*(SW)r—l dr
r
0 0
o0
= / n*(s)s~ds a7
3(lx—xo|*"+1)/R
2

2m
— Z‘
= (35— U XO' ks /s—ldsfcw;s(x,r).

1
Since w;‘e(x, t)=0if 3(jx — x0|2’” 4+ 1) < R, by (3.6) and (3.7) we obtain

R R
//|u(x,t)|p1/fR(x,t)dxdtZ//|u(x,t)|p1ﬁ;§(x,t)dxdt

0 RN ORN

//|u(x NG /I/f (e, Hymin{r~!, e Wdr | dxdt (3.8)

ORN

= // / lu(x, O)|Py* (e, Hymin{r ', e Wdxdrdr =C7'Z(R).
0 RN
Therefore we deduce from (3.5), (3.6) and (3.8) that

N(p—1)

mg—+C~ Z(R)<CR"( 2 ’>(max{R,e}Z’(R))%. (3.9

Since mp > m, > m,, > 0 for r > r,, it follows from (3.9) that

N(p—1)

[m,, + Z(R)I P Z'(R) = R 5 ) (max(r. ey
for all R € [ry, 1]. Therefore we have
Z(1) 1
/ m,, +s177ds > c—l/ -(* - )(max{R, eD~'dR (3.10)
Z(r) r
forall » € [ry, 1). Since
Z()
/ my, + 5177 ds < ﬁ(zm by P < Lt
Z(r)
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by (3.10) we obtain
: | Np=1)
—(Mp=D
Ltz 0 [ gt
r

for all r € [r4, 1]. Letting € — 40, we see that

1

1 _ N(p=1)
—m P > ! /R”fT dR
p—1

r

for all r € [ry, 1). This implies that

1 p—1
0 _NGp=D
u(B(x0. /3 )) = mp, < C /R 5 R

' 3.11)
3 n—1
- N(p=1) l N _ 1

< C /R_ 2n dR < Cr2m  p-1
/

for all r € [ry, 1/3). Set o = (r/3)1/?" = (r,,/3)/?™ € (0,97 1/™). Since xo € RY is arbitrary, we deduce from (3.11)
that

2m
sup M(B(x,cr))fCaN*ﬁ forall0 <o <9~ 1/m, (3.12)

xeRN
On the other hand, for any A > 1, we find C;, > 0 such that
sup u(B(x,An)) < C; sup w(B(x,n)) (3.13)
xeRN xeRN

for all n > 0 (see e.g. [22, Lemma 2.1]). Here C, is independent of 5. This together with (3.12) implies inequal-
ity (1.10).
It remains to prove inequality (1.11). Let p = p,,. By (3.11) we have

1 p—1

1 _Np=D N r-as
/L(B()co, (r*/S)Zm)) <C /R 5 aR < Cllogr| ™ §C‘log§‘
r
for all r € [ry, 1/3). Then, similarly to (3.12), we have
r _N 1 _N
sup u(B(x,0))<C logg‘ o 5C[log<e+ —)] " forall0 <o <971/m,
o

xeRN

This together with (3.13) implies inequality (1.11). Thus Theorem 1.2 follows. O
4. Majorizing kernel

Let 0 <6 < 2. Let Gy = Gyg(x,t) be the fundamental solution of parabolic equation (1.7), that is,

Golx.1) = (27)" 2 /eix-sefusw g,
RN

Then Gg = Gg(x, ) is a positive, smooth and radially symmetric function in R x (0, o) and satisfies the following
properties (see [4,5]):
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Go(x,1) =179 Go(t™7x, 1), @.1)
_ N+tlel 1 N—f—
(92 Ge)(x, 1) < Cat ™7 (14177 |x]) "V 0714, 4.2)
Golx.1)= Cr™o (14177 1x]) 7, 43)
forallx e RV, ¢t > 0 and « € M, where Cy, is a positive constant. Furthermore, it follows that
Go(x,t) = /Gg(x —y,t—5)Gg(y,s)dy forallx e RV, 0<s <t. 4.4)

RN
Similarly to (2.8) and (2.9), for any (signed) Radon measure u in RY and measurable function ¢ in RY, we set
SOl = [ Gotx = .0 du(). 10910 i= [ Gotx = .00 dy.

RV RV

Then, for any j =0, 1,2, ..., by the Young inequality and (4.2) we find C; > 0 such that

S

o 5 G-
197 So(pllg < Cjr 7772 7]l

forallt>0,¢e L9, 1<p<gqg<o0and aeM with |¢|] = j. See e.g. [19, Section 2]. Moreover, we recall the

following lemma on the decay of || Sg(#) it ]lco (see [16, Lemma 2.1]).

Lemma 4.1. Let i be a nonnegative Radon measure in RY and 0 < 0 < 2. Then there exists C = C(N, 0) > 0 such
that

16D tllos < C1™% sup w(B(x,17)) forall t > 0.

xeRN
Define
2L N
K(x.1):=Gy (x,ﬂm), xeRY, >0 (4.5)
Similarly to (2.8) and (2.9), we define an integral operator Sk (¢) by
[Sk (Ourl(x) = / K(x =y, 0)du(y), [Sk@®)¢l(x):= / K(x—y,nD¢(y)dy,
RYN 2

for (signed) Radon measure p and measurable function ¢ in RV . The aim of this section is to prove the following
theorem, which is one of the main ingredients of this paper.

Theorem 4.1. Let N > 1, m =2,3... and 0 € (0,2). Let G,,, and K be as in (1.2) and (4.5), respectively. Then
K =K (x,1) > 0in RN x (0, 00) and the following properties hold.

(a) Forany j=0,1,2,..., there exist d; > 0 and d} > 0 such that

L _N
107G (x, )| <djt” 2 K (x, 1) <djt™ 2"

forall x e RN, t >0 and o € M with |o| = j.
(b) There exists d”" > 0 such that

ISk () tlloo <d"t™ 0 sup u(B(x,t7)), t>0,

xeRV

for all nonnegative Radon measure  in RV .



K. Ishige et al. / Ann. I. H. Poincaré — AN 37 (2020) 1185-1209 1201

(c) There exists dy > 0 such that

/K(x —y,t —5)K(y,s)dy <d,K(x,t)
RN
forallx eRN andt > s > 0.

Proof. The positivity of K follows from the positivity of Gy (see Section 2.2). Let j =0, 1,2, ... and @ € M with
la| = j. By (2.5) we find ¢; > 0 such that

109Gy (x, 1)] <t~ 3~ 37 exp (—c;lnzi’—f]) with 5=¢"2 |x| (4.6)
for all (x,7) € RN x (0, 00). On the other hand, it follows from (4.2) and (4.3) that

A+ D™ <Gor, D=1+ xP™V? in RY
for some C| > 0. Then we find Cy > 0 such that

exp (—c;1|x|zf+fn) <C)Gp(x,1) in RV, 4.7)
Let 7 := %/ By (4.1), (4.6) and (4.7) we obtain

_N_J _ L
109G (x. 1) < ¢;Cat ™3~ %7 Gy (z Ty, 1)
;) N _ _1
:c]l‘ 2m 2mG9 (‘[ Gx’1>

, _N_Jj N , o ,
=c;r ZmT9G9()C,T)=Cjt Gy (x,t2m =c;t 2m K (x,t)

for all (x,7) € RN x (0, 00), where c;. = ¢; (. This together with (4.1) implies assertion (a). On the other hand, by
Lemma 4.1 and (4.5) we have

N
4

ISk (Dplloc = Hsg(r%)uuoo <C(i)”

sup <B(x, (t%ﬁ)

xeRV

—C1™ % sup u(B(x,17))

xeRN

for all # > 0 and nonnegative Radon measure x in RV . This implies assertion (b).
We prove assertion (c). For any 0 < s < 1, set

6 6
W5 =t —5)2m 52,
It follows from 6/2m € (0, 1) that
130 < g = (t —s)%0 + 5% < 2%, (4.8)
Then, by (4.4) we have
0 0
/K(x =yt =5)K(y,s)dy= / Go(x —y,(t —5)2n)Gg(y,s2)dy
RN RN (49)
_N _1 N _1
= G@(xva)[,s) :a)[’sﬂ G9 (w[,se-xv 1> S timGG (a)[’sex, 1)

for all x € RY and 0 < s < 7. Furthermore, we observe from (4.2), (4.3) and (4.8) that

— 1 —N-0 1 1 —N-6
Ge <a)m x,1> §C<1+a)m" |x|) 5c<1+2—§;—m|x|)

—N-6
5c(1+fﬁ|x|) <CGy (fﬁx,l).

D=

(4.10)
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Combining (4.9) and (4.10), we obtain
/ K —y,t—$)K(y,s)dy < Ct~ Gg (z*ﬁx, 1) —CGy (x, t%) — CK(x,1)
RN

forall x e RY and 0 < s < 7. This implies assertion (c). Thus Theorem 4.1 follows. O
5. Sufficient conditions on the solvability

In this section, by use of the majorizing kernel K we establish the existence of solutions of problem (1.1).
5.1. Existence of solutions of integral equation (1)

We modify the argument in [27, Theorem 2.3] to obtain sufficient conditions on the existence of solutions of
integral equation (I) (see Section 2.2). Let T > 0 and

X::{feC(RNx(O,T)): sup [ F(®)lleo <00 forallt € (0,T)

t<t<T
Let K be as in Theorem 4.1. Let U € X be such that
dU(x, 1) > /K(x —y,t=)U(y,s)dy>0, xeRY 0<s<r<T, (5.1)
RN

where d, is as in Theorem 4.1. Let W be a positive continuous function in (0, co) and set V = W (U). Assume that

Ut W(U (s))P
D.:= su © H / H (Wis) < 0. (5.2)
0<t<T v @) U(s) 00
Define
. |f(x, 1)l
Xy :={feX:|lIflll<oc} with [[|f[||:= sup sup
O<t<T xeRN V()C t)
Then the set Xy is a Banach space equipped with the norm ||| - ||| (see [27, Section 2]). Note that

|f G DI <IfINIV(x,1) forallx eRY, 1€ (0, T).
We apply the fixed point theorem in Xy to prove the existence of solutions of integral equation (I).
Theorem 5.1. Let T >0, m =2,3, ..., p > 1. Assume relations (5.1) and (5.2). Let § > 0 and M > 0 be such that

8 +dod  DsMP < M, pdod D, MP~! < 1, (5.3)

where dy and dy are as in Theorem 4.1. Assume that ug(t) := S;, (1) € X and |||uo||| < 8. Then there exists a unique
solution u € Xy with |||u|| < M of integral equation (1) in RN x [0, T).

Proof. Set
By :={ue Xy : ||lulll < M}.

For any u € By, we define
t
Fu(t) :=uo(t) + N (1), N@) = /Sm(t — ) |u(s)|? ds.
0

Then
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t
|Fu@®)| <8V @)+ IN@®I, IN(t)ISdoM”/SK(t—S)V(S)’”ds, (5.4)
0
forall t € (0, T). Since

Vi = SIED g < H A )
Ulx,1) U e
Ux,1) U@

Ve < ey WO < [ Ve

forall (x,7) e RY x (0, 7), by (5.1) we have

' t
/SK(I—S)V(s)pdsf/H\IJ(U—(S))p Sk —s)U(s)ds
0

[e.¢]

U(s)

WU (s))"
a.u 5.5
<d.U®) / H ol (5.5)
<d, | =0 H Vi) / H YW s <a.pvy
W(U(1)) U)o
for all 0 <t < T. It follows from (5.3), (5.4) and (5.5) that
| Ful|| <8 +dodDMP <M forallu € By, (5.6)

which means that F is a mapping from By, to itself. On the other hand, for any u1, u2 € By, by (5.3) and (5.5) we
find v € (0, 1) such that

Fuur () — Fuuo (o)
t
SdO/SK(t—S)||M1|p —lual?|ds

0
t

Spdo/sw—s)max{|u1(s>|1’*1, )17V (s)
0

1 (s) — uz(s)| ds
V(s)

< pdoMP | [Ju, —uz|||/SK(r—s)V<s>Pds

< pdods DM~V (0) |1 — uz|ll < vV () |llug — ualll.
This implies that

| Fuy — Fuzlll < vlllug — uz||l. (5.7

This means that F is a contraction mapping on Bys. Therefore, by (5.6) and (5.7) we apply the Banach fixed point
theorem to find u, € Bys uniquely such that Fu, = u, in Xy. This implies that u, € C (RN x (0, T)) and u, satisfies

t
u*<x,r)=uo<x,r>+/Sm<r—s)|u*(s)|"ds
0

for all (x, ) € RY x (0, T). Furthermore, by (5.4) and (5.5) we have
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sup luo()lloo =8 sup V(1) < o0,

t<t<T t<t<T
' (5.8)
sup /Sm(t — ) |ux()|Pds| <dodiMPD, sup V(t) < o0,
t<t<T t<t<T

o]

for all 7 € (0, T). Therefore we see that u, is a solution of integral equation (I) in RN x (0, 7). Thus Theorem 5.1
follows. 0O

5.2. Sufficient conditions for solvability

We obtain sufficient conditions for the existence of solutions of problem (1.1) by combining Theorem 5.1 and the
arguments in [16], [25] and [28]. (See also [17].) We prove Theorem 1.3.

Proof of Theorem 1.3. By similar transformation (3.1) and Proposition 2.1 it suffices to show the existence of solu-
tions of integral equation (I) in RV x [0, 1).

We assume relation (1.12) with 7 = 1 and show the existence of solutions of integral equation (I) in R x [0, 1).
Let K be as in Theorem 4.1, that is,

0 .
K(x,t) =Gy (x,tﬁ) with 0<6 <?2.
Set U(x,t) :=2do[Sk (t)u](x) and ug(x, t) := [S;, (t)u]1(x). Then it follows from assertion (c) of Theorem 4.1 that
[ K@ =yi-9UGdy =2 [ [ K=yt -9KG - 25 dyduca
R¥N RN RV

<2dpd, / K(x—2z,0)du(z) =dU(x,1)

RN

(5.9

forall x e RN and 0 < s < 1, that is, U satisfies inequality (5.1). Furthermore, it follows from assertion (a) of Theo-
rem 4.1 with j =0 that

1
ol =do [ KGx=y.0din) = 300 in RY x 0.1, (5.10)
RN
On the other hand, it follows from assertion (b) of Theorem 4.1 and (1.12) that
IUM)loo < C1™ 30 sup w(BGx,171)) < Ct™ 31 sup w(B(x, 1)) < Cyt 5.11)
xeRVN xeRVN

forall0 <f < 1.Since 1 < p <1+2m/N, by (5.11) we find ¢, > 0 such that

1 1
JIwens s <yt [sErDas <epr (5.12)
0 0
We apply Theorem 5.1 with
1
W(s) =s, V=U, T=1, 8:5 and M=1
Then, by (5.10) we have
Il |||<1 (5.13)
uolll = 7 .

Furthermore, by (5.2) and (5.12) we see that
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0<t<l1

t 1
D.= sup /llU(S)llgo_lds=/|IU(S)||go_ldSSC*V’FI- (5.14)
0 0

Then, by (5.13) and (5.14), taking a sufficiently small y > 0 satisfying
max(2, ple.dodiy? ™! <1,

we find a function u € By; C Xy such that

t

M(t)=5m(t)u+/5m(t—S)IM(S)IpdS
0

for all € (0, 1). Furthermore, by (5.8) and (5.11) we see that inequality (2.13) also holds with 7" = 1. Therefore u is
a solution of integral equation (I). Thus Theorem 1.3 follows. O

Remark 5.1. The argument in the proof of Theorem 1.3 is applicable to the case when p is a signed Radon measure
in RY. Indeed, the same conclusion as in Theorem 1.3 holds if x is a signed Radon measure satisfying

1

1 N
sup |u|(B(x,T2m)) <y,T2m r-l

xeRN

for some T > 0, instead of (1.12). Here |u| is the total variation of .

Similarly to Remark 5.1, we consider problem (1.1) without the nonnegativity of the initial data and obtain suffi-
cient conditions for the existence of solutions of problem (1.1).

Theorem 5.2. Let N > 1, m=2,3,... and 1 <a < p. Then there exists y = y (N, m, p,a) > 0 such that, if i is a
measurable function in RN satisfying

1

a

2m
sup w)[¥dy | <yo 7T, O0<o<Tw, (5.15)

xeRV
B(x,0)

for some T > 0, then problem (1.1) possesses a solution in RN x [0, T).

Proof. Similarly to the proof of Theorem 1.3, it suffices to show the existence of solution of integral equation (I) in
RY x [0, 1). We apply Theorem 5.1 with

T=1, uoe.t):=Su@®p, Ule,1):i=Qdo)*Skul*, W(s):=s7,

1 (5.16)
V(x, ) 1= 2do (Sk (1) ]*)
Similarly to (5.9), by (5.16) we see that U satisfies inequality (5.1). Furthermore, by (5.15) we have
2am
sup / [u(x)|“dx < Cy“aN_PTl forall o € (0, 1).
xeRN
B(x,0)
This together with assertion (b) of Theorem 4.1 implies that
N 1
U)o < Ct™ 2 sup |u|*(B(x,t2m))
N
reR (5.17)

N—2am o

forall 0 < < 1. By (5.17) we obtain
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t
/ WU (s)r
U(s)
0
U el _e=l
H 0 H =U@llS <Cy* T,
YU ) |l o

for all 0 < ¢ < 1. This implies that

t
o a—1

t
P~ —a —
ds:/nU(s)nog dsscw—a/s—% ds < Cyr—ei,
o
0 0

D, = sup

O<t<l1

ds <CyP~l. (5.18)

]

U H /"W<U<s>>f’
T MY e

On the other hand, it follows from assertion (a) of Theorem 4.1 with j = 0 and the Jensen inequality that

|Sm ()| = doSk ()] < do (SK(I)IMIO‘)é

%V(t) (5.19)

for all 0 < ¢ < 1. Similarly to the proof of Theorem 1.3, by (5.18) and (5.19), taking a sufficiently small y > 0 and
applying Theorem 5.1 with (5.16), § = 1/2 and M = 1, we see that integral equation (I) possesses a solution in
RY x [0, 1). Thus Theorem 5.2 follows. O

Theorem 5.3. Let N > 1, m=2,3,..., p=pm and > 0. For s > 0, set

B —-N DN
D(s) :=s[log(e +5)]", p(s):=s log| e + " .
Then there exists y =y (N, m, B) > 0 such that, if i is a measurable function in RN satisfying

lwDdy | <yp(eT™2), 0<o<T¥7, (5.20)

1
sup d! ][ (T 1

x€RN
B(x,0)
for some T > 0, then problem (1.1) possesses a solution in RN x [0, T).
Proof. Similarly to the proof of Theorem 1.3, it suffices to show the existence of solutions of integral equation (I) in

RY x [0,1). Let 0 < ¥ < I and assume relation (5.20). Let L > e and set ®; (s) := s[log(L + $)]P for s > 0. Then,
taking a sufficiently large L > e if necessary, we have:

(a) ®; is convex in (0, 00);

-1
(b) the function (0,00) > s +> s = [log(L + $)17#P is monotone increasing.
Define a positive function ¥y = Wy (s) in (0, 00) by W (s) := CIDZl (s). Then

C 1oL (s) < B(s) < CDL(s),
. - . (5.21)
C~'sllog(L + )17 < Wi(s) < Cs[log(L + )17,

for all s > 0. We apply Theorem 5.1 with
T=1, uglx,t):=SuOp, U, 1):=SgkO@L(u), W(s):=d;' (),
V(x, 1) =, (Sk (L))

It follows from (5.20) and (5.21) that

(5.22)

sup CIDZ1 ][ P (uMDdy | <Cyp(o) forall0<o < 1. (5.23)

eRV
. B(x,0)
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Applying assertion (b) of Theorem 4.1 with (5.23), we see that

U0l = ISk )@ (tDllow < C1~ 30 sup / QL(u(y)Ddy

N
B(x’tl/Zm)

_N / 1\N 1
<Ct™m (ﬂm) PL(Cyp(r2m))
1 1
< Cyp(tz)[log(L + Cyp(t2))]

N
—5atB

=:y§(0)

t
< Cyp()llog(L + Cp3)1F < Cyr~5 |log 3

for all 0 < ¢ < 1. Here the last inequality in (5.24) follows from
1 1 N N N N
p(70)llog(L + Cp(t 7)1 = 0 (13| logr| 37| log* ) = 0 (13| logr|~3+*F)
as t - +0. Since p = p,, =1 + 2m/N, it follows from property (b), (5.21) and (5.24) that

_ WGy
Ux, t)

—CcUG,DE UR D [log(L+U(x )PP
<Cem)' T (Vé(t)) [log(L +yEO) PP

< Cy T e log(L + £(1)] P

¢ |~ 2 (P=D+B(=D—Bp bl
logi =Cy 721t

<CU(x,)P log(L + U(x,1))]7#P

—1-8

t
log —

Scy%t_fl\;(p_l) 2

for all (x, ) € RY x (0, 1). Similarly, we have

U(x,t)

_Uxn P ,
= U, (U, 0) < Cllog(L+ U(x,1)1” < Cllog(L + y&(1))]

B
<Cllog(L +&())f <C ‘

t
log —
0g 5

for all (x, ) € RY x (0, 1). By (5.25) and (5.26) we obtain

D. = su U) H /H Wy (U(s))?
T v W UG) s
=1 t 'B —1 S 717,3 —1
<Cy 7 sup 3 |log= s ‘log—‘ <Cy S
O<r<l1 2 0 2

On the other hand, it follows from Theorem 4.1 and the Jensen inequality that

luo(t)] = |Sm (el < doSk ()|t < do® " (Sk (HPL(l)) =doV (¢)

1207

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

for all 0 < ¢ < 1. Similarly to the proof of Theorem 1.3, by (5.27) and (5.28), taking a sufficiently small y > 0 and
applying Theorem 5.1 with (5.22), § = dp and M = 2dy, we see that integral equation (I) possesses a solution in

N %[0, 1). Thus Theorem 5.3 follows. O

Proof of Theorem 1.4. The proof is similar to those of [16] and [17]. Let p > p,, and assume relation (1.14). Then

we find @ € (1, p) such that 2ma < N(p — 1) and obtain
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1 1
o _ 2ma _2m_
sup luMI*dy | <v3 [yl »Tdy | +y3<Cyz0 7 T+y3
N
R o) B(©,0)

for all o > 0. Taking a sufficiently small y3 > 0 if necessary, we apply Theorem 5.2 to obtain Theorem 1.4 with
P > pm. Similarly, under (1.15), problem (1.1) possesses a global-in-times solution.
Next we let p = p,,, and assume relation (1.13). Let 0 < 8 < N/2m. Then

sup ][ S(u(y)Ddy = ][¢(|u(y)|)dy

xeRN
B(x,0) B(0,0)

_ _N _ _N_ N
<Cp ][ Iy llog |yl|~ 2 P dy < Cyzo N2 P
B(0,0)

for all sufficiently small o > 0. This implies that

-1 _N-N
sup @ ][q)(lu(y)l)dy <Cyzo 2

xeRN
B(x,0)

for all sufficiently small o > 0. Therefore, taking a sufficiently small y3 > 0 if necessary, we see that inequality (5.20)
holds with 7' = 1. Therefore we apply Theorem 5.3 to obtain Theorem 1.4 with p = p,,. Thus Theorem 1.4 fol-
lows. O

Remark 5.2. Let p > 1. Consider the Cauchy problem

o+ (=A)"u = Fp(u), xeRN >0, )
u(x,0) =pu(x) =0, xeRY,
where m =2, 3, .... Here F), is a continuous function in R satisfying
[Ep@)] <lul”,  |Fp) = Fp@) < Cp(lul”™" + |~ Hlu —vl,

for all u, v € R, where CF is a positive constant. Then, applying the same arguments in Section 5, we can show that
the same conclusions as in Theorems 1.3, 5.2 and 5.3 and the same statement as in Remark 5.1 hold for problem (P),
in particular, in the case of F,(u) = lu|P~ .
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