Available online at www.sciencedirect.com

ScienceDirect

Check for
updates

ANNALES
DE LINSTITUT
HENRI
POINCARE

ANALYSE
NON LINEAIRE

ELSEVIER Ann. I. H. Poincaré — AN 37 (2020) 757-784

www.elsevier.com/locate/anihpc

Lipschitz regularity for viscous Hamilton-Jacobi equations with L?
terms

Marco Cirant **, Alessandro Goffi®

& Dipartimento di Scienze Matematiche Fisiche e Informatiche, Universita di Parma, Parco Area delle Scienze 53/a, 43124 Parma, Italy
Y Gran Sasso Science Institute, viale Francesco Crispi 7, 67100 L’Aquila, Italy

Received 3 December 2018; received in revised form 23 September 2019; accepted 16 January 2020
Available online 4 February 2020

Abstract

We provide Lipschitz regularity for solutions to viscous time-dependent Hamilton-Jacobi equations with right-hand side belong-
ing to Lebesgue spaces. Our approach is based on a duality method, and relies on the analysis of the regularity of the gradient of
solutions to a dual (Fokker-Planck) equation. Here, the regularizing effect is due to the non-degenerate diffusion and coercivity of
the Hamiltonian in the gradient variable.
© 2020 L’ Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

We study the regularization effect of viscous non-degenerate Hamilton-Jacobi (briefly HJ) equations

d
Oru(x,t) — Z ajj(x, dju(x,t) + H(x, Du(x, 1)) = f(x,t) in Q7 =T x (0,T), 0
i,j=1
u(x,0) =ug(x) inT9,
with unbounded right-hand side f, continuous initial datum u(, and superlinear Hamiltonian of the model form
H(x, p)=hx)|plY +bkx)-p, y>1, O<ho§h(x),h,beCl(Td). 2)

Our main aim is to show that continuous weak solutions that satisfy the integrability condition
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(see in particular Definition 2.1, (i)) become immediately Lipschitz continuous at positive times. Moreover, we prove
that such solutions exist and are unique.

Regularity of solutions to HJ equations has been the object of an extensive literature, and the study of Lipschitz
properties has received a particular focus motivated by problems in control theory. The interest has been recently
renewed in the study of Mean-Field Game systems, where HJ equations of the form (1) with unbounded terms f
naturally appear. In this setting, few results on Lipschitz regularity are available in the literature, mainly the works by
D. Gomes and collaborators [23,24]. We also mention some recent results by P. Cardaliaguet, A. Porretta, D. Tonon,
and P. Cardaliaguet L. Silvestre [12,13] on Sobolev and Holder regularity respectively.

Note that, depending on the growth of H with respect to the gradient variable, two main regimes are typically
identified. If H is sub-quadratic, i.e. | <y < 2, then the second order diffusion is the dominating term at small scales.
On the other hand, in the super-quadratic case y > 2 the diffusion term is considered “weaker”, and thus typically
regarded as a perturbation of a first-order HJ equation. This distinction can be observed heuristically via an L°° scaling
argument (see e.g. [13, Section 2.1]). A goal of this work is to combine the regularization effects of both the diffusion
and the coercivity of the Hamiltonian, and to give a unified treatment of sub- and super-quadratic cases.

We give here a very brief review of different techniques that are available to obtain Lipschitz regularity for HJ
equations with bounded (or more regular) f, with the understanding that the literature on this subject is too wide
to keep track of all the references. First, by means of a classical method by S.V. Bernstein [7], Lipschitz regularity
for general (sub-quadratic) quasi-linear problems goes back to standard literature [28,37]. See also [17] for specific
results on HJ equations. For sub-quadratic problems, we also mention some techniques based on Sobolev embeddings
and interpolation [1,25], see also [26]. Then, the so-called Ishii-Lions method [27], has been extensively developed
in the realm of HJ equations, see e.g. [4,5,34,20]; this method has been coupled successfully with the Bernstein idea
[2,19,30]. Though some of these mentioned results cover the full super-linear regime (if not the sub-quadratic one
only), we emphasize that at least continuity of f is always required.

Our analysis is based on a duality approach, rather than on viscosity methods. The study of linear equations through
their duals (adjoint) is a classical idea, which has been explored recently in the nonlinear framework of HJ equations
by L.C. Evans [21]. As already mentioned at the beginning of this introduction, its application to Lipschitz regularity
for viscous HJ equations appearing in Mean-Field Game systems has been then investigated in [23,24]. In these works
some restrictions on the growth of H, i.e. y < 3 in [24], or on the space dimension d [23] are imposed. Here, we
obtain results for all y > 1 and d € N, by using extensively maximal regularity results in the analysis of the dual
equation. We also emphasize that previous works explore a priori regularity of smooth solutions u, while here we deal
with least possible weak solutions to (1).

We are now ready to state our main results. Assume that d > 2, and A = (a;;) : O7 — Sym(Rd ), where Sym(]Rd)
is the set of symmetric d x d real matrices, a;; € C(0, T’; W22°(T4)) and

for some A >0, A% <a;j(x,0)&E; <A7VE[* forall £ € R? and all (x,1) € Q7. (A)

Here and in the sequel the summation over repeated indices is understood. We perform our analysis on the flat torus
T4 =R9/Z4, to avoid boundary phenomena. The treatment of problems on the whole R¢ should require a modest
review of the methods developed here. A local analysis on bounded domains is on the other hand much more delicate
(possible boundary blow-up of Du is expected [35]), and will be matter of future work.

We suppose that H (x, p) is CHT4 x RY), and

there exist constants ¥ > 1 and Cy > 0 such that
Cy'lpl” —=Cr <H(x, p) <Cr(pl” + 1),
DyH(x,p)-p—H(x, p) = Cy'lpl” = Ch , (H)
|IDxH(x, p)l < Cu(lpl” +1),
Cy'lpl"™" = C < IDpH(x, p)l < Cylpl” ™" +Ci .
forevery x € T?, p € R?. Moreover, we suppose without loss of generality that H > 0 (if not, one may compensate by
adding a positive constant to f). Note that our model Hamiltonian (2) satisfies (H); we mention that the assumptions

on b in (2) could be relaxed, but this is beyond the scopes of this paper. Moreover, an explicit dependance with respect
to the time variable ¢ could be easily added to H provided that it respects the growth properties stated in (H).
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The first result concerns the regularizing effect of the equation, namely Lipschitz regularity of weak solutions u for
positive times. If the initial datum is assumed to be Lipschitz, then such regularity can be extended uniformly up to
t =0.Below ¥’ =y /(y — 1) is the conjugate exponent of .

Theorem 1.1. Suppose that

® a;;cCO,T; W2°(T9)) and satisfies (A),
e He Cl(Td X Rd), it is convex in the second variable, and satisfies (H),

e feLiI(Qr), for someq >d+2andq> )‘f,tzl

a) Let u be a local weak solution to (1) (in the sense of Definition 2.1) with P = Q in (13), i.e.

DyH(-, Du) € LT(T”Z x (t1,T)) forsome ?>d+2 and forall t; >0.
Then, u(-,7) € Whoo(T49) for all T € (0, T). In particular, for all t; € (0, T) there exists a positive constant C
depending on 11, A, ||lallcw2y, CH, ”“HC@T)’ I fllzacory 4> d, T such that

lu(, T llwreo(ray < Ci forall telt,T]. (3)

b) If, in addition, ugy € WLoo(T9), and u is a global weak solution, then there exists a positive constant Co
depending on A, ||la|lcw2ooy, Ch, uollwrcoray, 1fLacopy 4> d T such that

”M(, T)”WI,OO(']I‘d) < C2 fOV all te [0, T] (4)
Moreover, the same conclusions hold if u is a weak solution to (1) with P # Q in (13) whenever a;j(x,t) = A;j on

Ot for some A;j € Sym(]Rd) satisfying (A).

Note that if y < 2 (i.e. the sub-quadratic/quadratic regime), then f is required to be in LY(Qr) forsome g > d + 2,
while in the super-quadratic case y > 2 conditions on f are more strict.

We are then able to show the existence and uniqueness of weak solutions.

Theorem 1.2. Suppose that the assumptions on a, f, H of Theorem 1.1 are in force. If ug € C(T?), then there exists
a unique local weak solution to (1). If ug € Wl*OO(Td), then such a solution is a global weak solution.

Finally, if we assume in addition that u is a classical solution to (1), we have the following a priori regularity
results. Note that, with respect to the previous Theorem 1.1, Lipschitz bounds will depend on weaker information on
the data a, f.

Theorem 1.3. Suppose that

e a;j € C([0, T1; C'(TY)) and satisfies (A),
e H e C*HT? x R?) and satisfies (H),

e f€C(0,T;CH(TY)),

e up e Cl(TY.

Let

&)

d+2
q>min{d+2 + }

20y =1
Then, there exists a positive constant C3 depending on q, d, T, A, Cpy, luollwi.cocTa), ”f”Lq(QT), lallco,7:whoo(Tdy)
such that every classical solution to (1) satisfies

lu(, D llwroorday < C3 forall t©€l0,T]. (6)
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Note that (5) reads

:d+2 ifl<y<3,

9>\ d+2 .

In particular, we obtain “maximal regularity” whenever y < 3, that is a control on d,u, d;ju and H(Du) in L? with
respect to the L4 norm of f for any ¢ > d + 2. The results obtained for y > 3 are also new, and constitute a first
step in the achievement of a parabolic counterpart of a remarkable result by P.-L. Lions [31, Theorem III.1] in the

stationary case, that states Lipschitz (and therefore maximal) regularity of solutions to viscous HJ equations for all
y>land felL?, p>d.

It is worth remarking that our results apply also to the so-called Kardar-Parisi-Zhang equations

d
orv(x,t) — Z aij(x,)0;v(x,1) =G(x, Dv(x, 1)) — f(x,1) inQr =T % (0,7),
i,j=1

whenever G satisfies (H). In other words, the sign in front of H (and of f) does not matter here. Indeed, it is sufficient
to observe that u(x, r) = —v(x, t) solves (1) with H (x, p) = G(x, —p).

In the next Section 2.1 we briefly describe our methods, and comment on crucial hypotheses that appear in Theo-
rems 1.1, 1.3 and in the Definition 2.1 of weak solutions to (1). In the rest of Section 2 we present some preliminary
facts and results on the adjoint equation. Sections 3 and 5 will be devoted mainly to the proofs of Theorems 1.1 and
1.3 respectively, on Lipschitz regularity of solutions. In Section 4 we will prove the main existence and uniqueness
result.
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2. Heuristics, functional spaces, weak solutions and basic properties
2.1. Heuristic derivation of Lipschitz estimates

We begin with a heuristic description of the adjoint method that will be made rigorous in the sequel, and compare
with related works [23,24]. Let us assume that « is a smooth solution of the viscous HJ equation

oru(x,t) — Au(x,t) + H(Du(x,t)) = f(x,t) @)

with u(-,0) € C1(T9). Let f be C! in the space variable. We differentiate the equation to study the regularity of Du,
namely, for any direction & € R4 with |&] =1, we consider v = dgu. Then, v solves the linearized equation

v —Av+D,H(Du) -Dv=20:f . (8
For any 7 € (0, T), xo € T¢, we then look at the adjoint equation with singular final datum

—3p— Ap —div(D,H(Du)p) =0 inT? x (0,7),

p(T) =8y, on T . ©)

By duality between (8) and (9) we immediately get

deu(xo. 7) = (v(1). (1)) = // 3gfp+/vp(0)=— / fasp+/3§up(0)-

T4x%(0,7) Td T4x%(0,7) Td
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Thanks to integration by parts in the previous formula, we realize that our representation of d¢ 1 (xg, T) roughly depends
on || fllraor) and ||D,o||Lq/(QT), so, the more we know on the integrability of Dp, the less we can assume on the
integrability of the datum f. The difficulty here is that p depends on Du itself through the divergence term in (9), and
has a final datum that is a Dirac measure. Note that solutions to heat equations with measure data have gradients in
L‘f/(QT) just for ¢’ < (d +2)/(d + 1) = (d + 2)'. Therefore, since we do not expect the additional divergence term
to improve such regularity, we will always have to require by duality f to be in L4 with ¢ > d + 2 (which is optimal,
see Remark 3.13).
The transport (divergence) term in (9) is handled by exploiting a crucial information on the quantity

// |D,H(Duw)|" pdxdt, (10)

that is obtained using a sort of duality between (1) and (9), and has a very precise meaning in terms of optimality
in stochastic control problems (see, e.g. [26] for further discussions). Such a quantity is actually a weighted LV/(,O)
norm of the drift b = — D, H (Du) that appears in the divergence term, and turns out to be enough to derive bounds for
Dol 4 1) This crucial result is stated in Proposition 2.5 and exploits a delicate combination of maximal parabolic
regularity, interpolation and embeddings of parabolic spaces. We emphasize that this key step regarding regularity of
the Fokker-Planck equation is carried out in a completely different way with respect to related papers [23,24]. In these
works, the techniques used to produce estimates on Dp are expendable under the assumption that b is at least L?(p),
thus limiting the working range of . Here, we have results on the full superlinear range y > 1.

In the next sections we make precise all the above formal computations, for more general equations of the form
(1). In the first part of the paper we aim at obtaining Lipschitz regularity of weak solutions to (1), in a sense specified
below (see Definition 2.1). The main issues in this program are the following:

e To exploit duality between (1) and (9) in a weak framework, one has to understand the right weak setting for
both equations. We realize here that a suitable weak notion guaranteeing Lipschitz regularity for u is basically the
usual energy one for both equations (i.e. u, p € ’H;), on any interval (¢, T), t; > 0. This relies strongly on the
additional assumption D, H (Du) € L2((t;, T); L?), which can be considered as a requirement for the adjoint
equation (9) rather than for the given HJ equation (1), but one should always keep in mind the subtle interplay
between equations in duality. Of course this forces the final datum p(t) to be in L2, and therefore introduces
an additional approximation step from L? to L' in our scheme. Note that energy estimates on p are allowed to
deteriorate as 1 — 0O: this is to accommodate the lack of global regularity on [0, T'] for u, that assumes in general
the initial datum in the C? sense only.

One may argue that, for y very large, |Du|"~! &~ D,H(Du) € L%((0,T); L”) is very close to Du € L. We
stress in Section 3.5 that to perform this (seemingly) small step, one cannot avoid in general this assumption on
Du, and therefore our requirements on weak solutions are optimal to guarantee Lipschitz regularity.

e A weak solution u is not a priori a.e. differentiable, and f € L9, so no differentiation procedure of (1) is justified.
This is circumvented by considering difference quotients of u in the x-variable, which are handled via a method
that is again based on the optimality of —D,H (Du) in stochastic optimal control problems (though here PDE
methods will be involved only). In this step, convexity of H (x, -) plays an important role.

We stress that the study of regularity, rather than the proof of a priori estimates of smooth solutions to (1), is a
key difference with respect to related works [23,24] mentioned previously. We take this different viewpoint in the
final Section 5: assuming regularity of the solution, we can improve in some directions the previous procedure. First,
it is possible to enhance (10) by absorbing part of the gradient term in the left hand side of the Lipschitz estimate.
Second, rather than studying the equation for dsu, we consider the equation for | Du|?, following the classical idea
of S.V. Bernstein. This yields a similar “linearized” equation, with additional information on D?u coming from strict
ellipticity of the operator. This allows us to prove a priori regularity of smooth solutions u to (1) that depend on
weaker integrability properties of f and regularity of a;; with respect to x.

We finally mention that in a work by A. Porretta [33], the role of the integrability condition f f |b|7/pdxdt < o0
in Fokker-Planck equations is explored deeply. Such a condition is indeed proven to guarantee well-posedness of the
equation in terms of distributional solutions, provided that ' > 2, i.e. in the sub-quadratic case, thus showing that the
Aronson-Serrin condition on the drift b € L((¢1, T); L?) is not strictly needed. In the work it is also established a
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kind of duality between Fokker-Planck and HJ equations, in a setting that is much weaker (solutions are unbounded
in Wzl’O(QT)) than the one used here (local boundedness in WZI’O(QT)). While the former setting allows for minimal
integrability of f and very general existence and uniqueness results to coupled HJ / Fokker-Planck equations, the
latter is proven here to produce many additional regularity properties of solutions (in the full range y > 1).

2.2. Functional spaces

Since we are working in the periodic setting, let us recall that L?(T?) is the space of all measurable and periodic

functions on R¢ belonging to Ll’;C(Rd), with norm || - |, = || - l[r((0,1)y- For positive integers &, WkP(T9) is the

space of those functions with (distributional) derivatives in L” (T%) up to order k.

For any time interval (71, 72) C R, let Qy, 4, := T x (t1,12). We will also use the notation 0, = T x (0, 12).
For any p > 1 and Q = Oy, 1,, we denote by W,%’I(Q) the space of functions « such that 9; Dfu € LP(Q) for all
multi-indices 8 and r such that |8| + 2r < 2, endowed with the norm

1

p

|B14+2r <2

lull 2t oy = 107 DPu|Pdxdt
Wy (@)
0

The space W,*(Q) is defined similarly, and is endowed with the norm

lull o) = lellrioy + D [1DEu] 0, -
[Bl=1

We define the space ’H},(Q) as the space of functions u € W;’O(Q) with d;u € (W ;,’O(Q))/ , equipped with the norm

lullzagor = Iullypo g + 19l 1

o))

Denoting by C([t1, 2]; X), C*([t1, 12]; X) and L9((t1, 12); X) the usual spaces of continuous, Holder and Lebesgue
functions respectively with values in a Banach space X, we have the following isomorphisms: W2]’0(Q) o~
L2((11,12); Wh*(T9)), and

HI(Q) = {u € L*((t1,12); W'(T), du € (L*((11, 12); WHA(T9)))'}
~{u e L*((t, n); WHH(TY), dpu € L*((h, 12); (WHA(T9)))},

and the latter is known to be continuously embedded into C([t1, t2]; L2(T9)) (see, e.g., [18, Theorem XVIIL.2.1]).
Sometimes, we will use the compact notation C(X) and L9(X).

Finally, let P(T¢) be the space of Borel probability measures on T¢, endowed with the Kantorovich-Rubinstein
distance (which metricizes the weak-* convergence of measures).
2.3. Weak solutions to viscous HJ equations

We will require in the sequel u to be a weak (energy) solution in the following sense.

Definition 2.1. We say that

i) uis alocal weak solution to (1) if forall0 <s < T

ueM(T?x (s,T)NC(Qr), H(, Du)eL'(s,T; L°(T?)) for some o > 1, (11)

and D, H (-, Du) € Ls, T; L*(T%)) (12)
d 1 1

forsomedﬁ’l’foo,andeQfoosuchthatﬁ+a§E, (13)

andforall0<s <1 <T,¢p€ H;(Td X (s,T))NL®(s, T; L"/(Td))
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T

/(B,u(t),gﬁ(t))dt—i— // diudj(aijo) + H(x, Du)pdxdt = / fodxdt (14)
s Tdx(s,7) Tdx(s,7)
(here, (-, -) denotes the duality pairing between (W -2(T%)) and W1.2(T%)).

ii) u is a global weak solution if (11)-(12)-(13) hold for all 0 <s < T, that is, on all Q7 (and therefore, (14) is also
satisfied up to s = 0).

Remark 2.2. Under the growth assumptions (H) on the Hamiltonian, one can easily verify the following implications:
if DpH(x, Du) satisfies (12)-(13) for some ? = Q > d + 2, then (11) holds for sure whenever y > d+2 Or, if

d+1
D, H (x, Du) satisfies (12)-(13) for Q = oo and some 2 > d, then (11) always holds if y > %.
2.4. Well-posedness and regularity of the adjoint equation

This section is devoted to the analysis of the following Fokker-Planck equation

=0 p(x. 1) = Y ) Bijlaij (x, 1)p(x, 1) + div(b(x,1) p(x,1)) =0 in Oy , 15)
p(x,T) = pr(x) inT?.

Note that when the vector field b(x,t) = —D, H(x, Du(x,t)), then (15) becomes the adjoint equation of the lin-
earization of (1).

Here, T € (0, T], Q; := T x (0, t) and Qs.r = T4 x (s, 7). For b € Ls, t; LE(T?)) for all s > 0, and for
some P > d, Q > 2 satisfying (13), a (weak) solution p € ’Hé(QM) is such that p(t) = p, in the L?-sense, and

—/<atp(r>,<p(r>>dr+//a,-(a,»,-maﬂp—bp-mdxdr:o (16)
s Qs,r

forall s >0and ¢ € ’H%(Q”).
Throughout this section we will assume that

pr € L(TY, pr>0 ae., and /pr(x)dx =1. 17)
Td
Note that p € C((0, t]; L2(T%)), so p € C((0, t]; L' (T?)), and

/p(x,t)dx:l for all € (0, T]. (18)
T4
This can be easily verified using ¢ = 1 as a test function in (16) and integrating by parts.

Proposition 2.3. Let (A) be in force, b € LR(s, t; L*(T%)) for all s > 0 and for some P > d, Q > 2 satisfying (13),
and p; be as in (17). Then, there exists a weak solution p to (15). Moreover, p € L®(s, t; L (T4)) forall 1 < ¢’ < oo
and s > 0, and p is a.e. non-negative on Q-.

Proof. Existence and regularity of weak solutions to linear equations in divergence form with b € L2(s, r; L*(T9))
is a classical matter that can be found in e.g. [3,28]. Though well known references do not treat directly the periodic
setting (but typically the Cauchy-Dirichlet problem), the adaptation of energy methods to T is straightforward, and
can be checked for example following the lines of [8,9]. For additional details we refer to [22]. O

The previous proposition states the well-posedness of the adjoint Fokker-Planck equation for fixed p; € L°°, and
that o (s) remains “almost” in L*° for a.e. s. Still, regularity of o may deteriorate as s — 0, since the Aronson-Serrin
condition on the drift b is not assumed here up to s = 0 (see, e.g. [8, Theorem 4.1]). The main goal is now to derive
(weaker) estimates on p on the whole O+, that are stable for any p, satisfying merely || o, |1 = 1; one may have in mind
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that p; is an item of a sequence approaching a Dirac delta. These estimates will be unrelated to the Aronson-Serrin
condition, and will be achieved using just some information on the integrability of the vector field b with respect to
the solution p itself, that is a typical datum in the analysis of Hamilton-Jacobi equations.

The following proposition is a modification of [ 16, Proposition 2.4], and is a kind of parabolic regularity result. The
method used here has been inspired by [32], where however estimates are obtained locally in time, and thus are not
affected by the regularity of final datum p,. Similar results for the Sobolev regularity of solutions to Fokker-Planck
equations with terminal trace belonging to L' appeared also in [33, Proposition 3.10] in the sub-quadratic case y < 2,
and are compatible with ours.

Proposition 2.4. Let p be a (non-negative) weak solution to (15) and

Then, there exists C > 0, depending on X, ||a||C(W1.aO), q',d, T such that

”p”’}-[l/(Qr) = C(”bp“Lq’(Qr) + ”:OHLq’(Qr) + ”:OrHLl(']I‘d))' (19)
q
Note that C here does not depend on t € (0, T'].

Proof. We assume that the coefficients ag;;, b; and p, are smooth, and therefore p is smooth as well on Q. The
general case Da € L®(Q.), b locally in LE(L? (T9Y), pr € L™ follows by an approximation argument.
Fixk=1,...,d. For § > 0, let ¥ = s be the classical solution to

atw(-xvt)_Zi,jal‘j(-xvt)aijw(-xat):(8+|8k10(-xat)|2)q/7728k10(x7t) in Q‘L’ ) (20)
Y(x,00=0 on T4 .

Since ¢’ <2, 8 > 0 serves as a regularizing perturbation. By standard parabolic regularity (see Lemma A.1), we have
(for a positive constant not depending on t < T')

9=
1Vl 0, = € H(s +10c01) T dkp

’_ 1
<C ol =Clalll, - @1
Li(on p L9(04) Plia o

Set ¢(x,t) = ¥ (x, t). Then, ¢ is a classical solution to

/_n )
I — Y jaijoije = Ok [(5 + |3k/0|2)qTak,0:| + 22 (@ij)diy  in Qr
0(x,00=0 on T4 .

(22)

Using ¢ as a test function for the equation satisfied by p,

//P(aﬂp —ajjdij9 —b- Dp)dxdt = /,Or(x)fﬂ()ﬁ T)dx ,
O T4
and using the equation in (22) satisfied by ¢ we get, after integration by parts

g2
//(8 +10kpl*) T |3kpl? — d(aij)d;; ¥ p + bp - Do dxdt = —/m(x)sooc, T)dx.
Qr ’]I‘d
Applying Holder’s inequality,

a2
// @ +18kp*) T 13kpl? dxdt < || Dalloo 1V lly21 o, 101l Ly g,

O

6ol (o) IP¢lILacon) + ol reray o Do
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Since g > d + 2, by [28, Lemma I1.3.3] (see also [15,16]), the parabolic space qu’l (Q+) is continuously embedded
into C ([0, t]; C1(T?)), therefore ||¢(-, T)[loo < ¥ (-, Dllcierey < C||w||W2,1(Q ) (to be sure that C does not explode
q T

as T — 0, one has to exploit that ¥ (0) = 0, and argue as in the proof of Proposition A.2). Hence, since ¢ = oy,

g2
// @+ 13kp?) T 1Bkpl? dxdt < C(lpl o g,y + 180N Lo g,y + ol Licra) ¥ 210, -
O
By (21), letting 6 — 0,

/ 1
// kol dxdt = CUpllLy g, + 16210 g, + IPel Limapleell -

T

Summarizing, we conclude

||D,0||Lq’(QT) = C(”p”L’//(Qr) + ”b'o”L‘I/(Q,) + ”pt”Ll(’]I‘d)) . (23)
By Poincaré-Wirtinger inequality, together with the fact that de o(x,t)dx =1 for all ¢ € [0, 7], we obtain

o150 .y = CUDN, o+ TlPelTrepay)

yielding, together with (23)
121100, = CUPNL ooy + 10N g,y + el Licre):

Finally, for any smooth test function ¢ (which may not vanish at the terminal time ), again by Holder’s inequality

T

/(8z,0(t),</>(t)>dt 5/ 10j(aijp)dipl + [bpl | Dyl dxdt

O

< [(”a”LOO(Qz) + ”Da”L“(Q,)) ”'OHqu}O(Qz) + ”bp”L‘/(Q,)]”D(p”Lq(Qr)‘
Thus,
”afp”(Wl-q(Qt))’ = C(”IOHL:/(QT) + ”b'o”L‘I/(Qr) + ”:OTHLl(’]I‘d)) - o

Proposition 2.5. Let p be the (non-negative) weak solution to (15) and

L d+2

Then, there exists C > 0, depending on A, ||a||c(W1.oc), T,q',d such that

b 00 = | [[ 0l ptxdnr 1 4)
q
O
where
d+2
r’:l—l—%. (25)

Proof. Inequality (19), (17) and the generalized Holder’s inequality yield

l/r/pl/r

“p”'Hl,(Qf) < C(||bp ”Lq/(Qr) + ”p”Lq,(QT) +1)
q

1/r

/ 1
<c|| [ erodsr | iolig, + el +1]. @6
O



766 M. Cirant, A. Goffi/ Ann. I. H. Poincaré — AN 37 (2020) 757-784

for p > ¢’ satisfying
1 1 1

- = +—. (27)
q r rp

Then, by Young’s inequality, for all ¢ > 0

1 ,
Il o0 =€ [ 5 [ 17 pdxdr +elplirion + 10, +1 - 28)
q
O«

Since [[pllz1(g,) = T, by interpolation between L'(Q,) and L?(Q-) we have ”p”L‘I'(Qr) <l ||p||lL/pr(Qr), and again
by Young’s inequality

~[1 /
ol o) =C | - // b pdxdt + el pllLrny +1 | - (29)
q
O
One can verify that (25) and (27) yield
1 1 1

p q d+2

Indeed, by (27) we have

1 r r 1 r—1
pd 74 q

and one concludes immediately by using (25) on the right-hand side of the above equality. The continuous embedding

of ’H;,(Qf) in L?(Q7) stated in Proposition A.2 then implies

lollzroo < Cilllpliag, o) +7)-
q

Hence, the term ¢||p||Lr(p,) can be absorbed by the left hand side of (29) by choosing & = (25 C1)~!, thus providing
the assertion. 0O

3. Lipschitz regularity

This section is devoted to the proof of Lipschitz regularity of u, stated in Theorem 1.1. We will assume that the
assumptions of Theorem 1.1 are in force: a;; € C(0, T’; W22 (T4)) and satisfies (A), H € C (T4 x R?), it is convex
in the second variable, and satisfies (H) and ug € C(T?). Moreover, f € L9(Q7) for some ¢ > d + 2. At a certain
stage we will require g > dizl also.

The result will be obtained using regularity properties of the adjoint variable p, i.e. the solution to

d
—op(x,1) — Z 0ij(aij(x,t)p(x,1)) —div (D,,H(x, Du(x, t))p(x,t)) =0 inQ;, (30)
ij=1
p(x,T) = pr(x) on T4,

for t € (0, T), pr € C®(T?), p; > 0 with || p; 1 (Te) = 1. Recall that u is a weak solution to the viscous Hamilton-
Jacobi equation (1). By the integrability assumptions on D, H, the adjoint state p € ’H%(Q s.r) forall s > 0 is, for any
pr, well-defined, non-negative and bounded in L*>(s, t; Lo (T9)) forallo’ > 1, by a straightforward application of
Proposition 2.3.

In what follows, we establish bounds on p on the whole Q- that are independent on the choice of t and p; >0
satisfying || oz | 1 (Te) = 1.

Before we start, recall that the Lagrangian L : T x R - R, L(x,v) = supp{p -v — H(x, p)}, namely the
Legendre transform of H in the p-variable, is well defined by the superlinear character of H(x, -). Moreover, by
convexity of H (x, -),
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H(x,p)= sup{v-p—L(x,v)}
veR4

and
H(x,p)=v-p—L(x,v) ifandonlyif v=D,H(x, p). a3
The following properties of L are standard (see, e.g. [10]): for some Cy, > 0,
CL' W = €L Lx,v) = Copl”’ (LD
IDyL(x, )| < CoL(bl” +1), (L2)

forall v e RY.
3.1. Estimates on the adjoint variable p

Let us point out first that from now on we will denote by C, C1, ... positive constants that may depend on the data
(e.g. A, Cy, ||l/l()||c(']rd), ...), but do not depend on 7, p;.
We first start with a duality identity involving u, p.

Lemma 3.1. Let u be a local weak solution to (1). Assume that p is a weak solution to (30). Then, for all s € (0, )

/u(x,r),or(x)dx=/u(x,s),0(x,s)dx+//L(x,DpH(x,Du))pdxdt+//fpdxdt. (32)
Td Td Qs.r Q.v,r

Moreover, if u is a global weak solution, the previous identity holds up to s = 0.

Proof. Using —p € Hé(Qw) N L*®(s, t; L",(Td)) as a test function in the weak formulation of problem (1), u €
’Hé(QM) as a test function for the corresponding adjoint equation (30) and summing both expressions, one obtains

—/(8tu(t),p(t))dt—/(atp(t),u(t))dt +//(D,,H(x,Du)-Du—H(x,Du))pdxdt+//fpdxdrzo.
s s Qs,'r Qs,r

The desired equality follows after integrating by parts in time and using property (31) of L. Note that since H (x, Du) €
L(s, T; L°(T%)), then L(x, D,H(Du)) € Li(s, T; L°(T%)) by (L1) and (H), so all the terms in (32) make sense.
The same argument can be used with s = 0 in the case that u is a global weak solution. O

We are now ready to prove a crucial estimate on the integrability of D,H with respect to p, that depends in
particular on the sup norm ||u || @) Note that this estimate is obtained on the whole parabolic cylinder Q.

Proposition 3.2. Let u be a local weak solution to (1) and p be a weak solution to (30). Then, there exist positive
constants C (depending on 1., |lallc w1y, lull e,y Co. I flLaoy) 4.d. T) such that

//|DPH(x, Du(x, )| p(x,t)dxdt < C. (33)
0.

Remark 3.3. Note that as a straightforward consequence of (33), one has

//|Du(x,t)|ﬂ,0(x,t)dxdt§Cﬁ forall1 <B <y. (34)
0+

Indeed, by (H), for |Du(x,t)|Y p(x,t)dxdt < C, which yields (34) for = y. For 8 < y it is sufficient to use
Young’s inequality and (18).
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Proof. Rearrange the representation formula (32) to get, for s € (0, 1),

//L(x,DPH(x,Du)),odxdtz/u(x,t)p,(x)dx—/u(x,s)p(x,s)dx—//f,odxdt. 35)
Q.Y‘T Td Td QS.'[

Fix some 7 such that (d +2)/y’ <n <d+2 (< q). Use now bounds on the Lagrangian (L1), and Holder’s inequality
to obtain

;! // Dy H (x, D)l pdxdt < // L(x, DpH (x, Du))pdxdt <2lull g, + 1.0, ollol g,

5.7 5T

(36)
Let now g be such that
1 1 1
nT g d+2

By Proposition A.2, H é,(Q s,7) 18 continuously embedded in L",(Q s.7)- Moreover, choosing 1 > (d +2)/2 guarantees
q' < (d+2)/(d + 1), so by inequality (24) (with g replaced by g),

”p”Ln’(Q”)fc(”p”’;ﬂ/(Q”)‘i‘l)fCl /|DpH(X,Du)|r/)0(x,t)dth+1 ) 37
. (s,

5, T

where r’ =1+ d%z' Plugging this inequality into (36), we obtain

_l//|DpH(X,DM)|y/Pdde§2||M||C@T)+C1||f||L'7(QS,,) / |DyH (x, Du)|” p(x, 1) dxdt + 1
QS,‘[ s, T

Finally, the right hand side can be absorbed in the left hand side whenever ' < v’ by Young’s inequality: this is
assured by

d+2 d+2 ,
rr=14+4——= <y
q n

One then gets (33) by taking the limit s — O (constants here remain bounded for s € (0, 7)). O

Integrability of D, H with respect to p provides finally LY regularity of Dp. From now on, we will suppose that
g>d+2andq > d+2

Corollary 3.4. Let u be a local weak solution to (1) and p be a weak solution to (30). Let g be such that
d+2

y' =1

Then, there exists a positive constant C such that

g>d+2 and q>

”p”%l (07) <C,

where C depends in particular on 1, ||a|lc(wi.~), CH, ”““C@T)’ I fllzaco,y q-d, T (but not on t, pr).

Proof. Since ¢’ < Zﬁ, (24) applies (with g = @), yielding

ol g,y <C /|D,,H(x,Du(x,t))|’/p(x,t)dxdt+1 ,
q
O-
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with
r’:l+d——f2< .
q

If ' = y’, use Proposition 3.2 to conclude. Otherwise, if r’ < y’, use Young’s inequality first to control
[J'|DpH (x, Du(x,1))|" pdxdt with [[|D,H(x, Du)|¥ pdxdt +7. O

Remark 3.5. It is worth noting that in the sub-quadratic regime y < 2, the information b € LV/(,o) is strong enough
to guarantee || Dp || L4 (07) for all ¢’ < (d +2)/(d + 1), that is expected for distributional solutions to heat equations

with L! data (see e.g. [33]). We can then regard the div() term in (9) as perturbation of a heat equation. On the other
hand, in the super-quadratic case y > 2, we are just able to prove the weaker regularity || Dol ,/ ) forq’ < q}/,, with
q)’/ < (d+2)/(d+ 1), where actually q; — 1 as y — 00. As expected, in the super-quadratic case the Hamiltonian
term in (1) may overcome the regularizing effect of Laplacian.

Finally, if one thinks p(¢) as a flow of probability measures, then p enjoys also some Holder regularity in time.

Corollary 3.6. Let u be a local weak solution to (1) and p be a weak solution to (30). Then, there exists a positive
constant C such that

1,1
di(o@), p() < Clt =127 V1,1 €0, 7],
where C depends in particular on 1, |lal|¢cw1.~), CH, ||u||C@T), I fllzaco,) d. T (but not on <, pr).

Proof. Since p solves the Fokker-Planck equation (30) with drift D, H (x, Du(x, t)), given the L! bound (33) on
|DpH(, Du)|7’,p, the result is a straightforward application of [11, Lemma 4.1]. O

3.2. Further bounds for global weak solutions

If u is a global weak solution, i.e. an energy solution up to initial time, it is possible to control its sup norm in terms
of [luoll¢(T«)- This will be done in the next proposition.

Proposition 3.7. There exists C > 0 (depending on A, ||allcw1.y, T, d) such that any global weak solution u to (1)
satisfies

luC, Ol <C forallt €[0,T]. (38)

Proof. First, we prove a bound from above for u:
u(x,7) < lluolicrey + ClfllLaco.) (39)
for all T € (0, T) and x € T¢. Consider indeed the (strong) non-negative solution of the following backward problem

—0rp(x, 1) — 3 5 9ij(aij(x, Hu(x, 1)) =0 on Q¢ ,
w(x, 1) = pr(x) onT? |

with u; € COO(T”’), ur > 0and || p, ”Ll(Td) = 1. Note that p is a solution of a Fokker-Planck equation of the form
(15) with drift b = 0. Then, since ¢’ < (d + 2)/(d + 1), by Proposition 2.5 there exists a positive constant C (not
depending on 7, u) such that ||z |4 0 = C.

q/ T

Use p as a test function in the weak formulation of the Hamilton-Jacobi equation (1) to get

/u(x,r)uf(x)dx=/uo(x),u(x,O)dx+//fudxdt—//H(x,Du),udxdt.
Td O O

’ﬂ"d
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Applying Holder’s inequality to the second term of the right-hand side of the above inequality and the fact that
Il ray =1forall 7 € [0, 7], we get

T

/u(x,O)M(x,O)dx +//f/wlxdt <lluollc(ray + Cll flizaco.) -
Td 0 Td
By the assumption H (x, p) > 0, we then conclude

/M(x, D) pr (X)dx < |luollc(ray + CllfLaco,) -
Td
Finally, by passing to the supremum over pr > 0, [zl 114y = 1, one deduces the estimate (39) by duality.

To prove the bound from below of u, one can argue exactly as in the proof of Proposition 3.2, starting from the
representation formula (35) with s = 0. Using the additional upper bound (39),

// |DpH(x, DuCx, ) p(x, 1) dxdt < 2luollcera, + Cllflzacon + 1 flLroollol o -
O

This provides as before a control on for |DpH (x, Du))|V,pdxdt and thus on ||p||L,7/(QT), which depends on
lluollc(ray instead of the full sup norm |[|u ”C@r)' Going back to (32),

/u(x,r),of(x)dxz/u(x,O),o(x,O)—CL //p(x,t)dxdt+//f,0dxdt.
Td O O

Td
Since [[ fp can be bounded (from below) by Holder’s inequality,
/u(x, T)pc(x)dx = —[lu(-, 0)|l¢(ray — CLTt — C.

Td

Since p; can be arbitrarily chosen so that || pr || 1Ty = 1, we have the desired result. O
3.3. Proof of Theorem 1.1
The following theorem contains the core argument of Lipschitz regularity.

Theorem 3.8. Let u be a local weak solution to (1). Suppose first that (13) holds with P = Q.

Let n € CP((0, T]) be a smooth function satisfying 0 < n(t) <1 for all t. Then, (nu)(-, ) € W1Loo(T4) for all
T € [0, T], and there exists C > 0 depending on A, ||al|c 1., | D%all~0,) Ch, lullcayy WllLaory a-4.T
such that

@ Du-, Tl ooy < C<||Da||L°°(QT)||77Du||L(d+2)(J/—1)(QI) + sup [n'(1)] + 1)
0,7)

forall Tt €[0,T].
Without requiring P = Q in (13), but assuming in addition that Da =0 on Qr, we have the same assertion, and
in particular

NOIDuC, Dl ray = C((sup ()] +1)
0.7)
forall Tt €[0,T].

Proof. Step 1. Since H is convex and superlinear we can write for a.e. (x,#) € Or

H(x, Du(x,t)) = sup {v- Du(x,t) — L(x, v)}.
veRd



M. Cirant, A. Goffi/ Ann. I. H. Poincaré — AN 37 (2020) 757-784 771

Hence we get, for0 <s < 7,

/(Btu(t), o(t))dt + // diu(x,1)dj(aij(x,Ne(x, 1) +[E(x,1) - Du(x,t) — L(x, B(x, 1)) ]pdxdt
s QS.'[

5/ fx, He(x,t)dxdt (40)
Os.t

for all test functions ¢ € Hé(Q”) N L*(s, t; L"/(Td)) and measurable & : Q51 — R4 such that L(-, E(-, ")) €
L'(s,t; L°(T%) and E- Du € L' (s, ; L? (T%)). Note that the previous inequality becomes an equality if E(x,t) =

D, H(x, Du(x,t)) in Qg .
We fix p; asin (17). Set
w(x, 1) =n(u(x, ).

Use now (40) with E(x, 1) = D, H (x, Du(x, 1)) and ¢ = njp € H1(Q7) N L>(s, 75 L7 (T%)) for all 1 < o’ < o0,
where p is the adjoint variable (i.e. the weak solution to (30)) to find

T

/(8,w(t),,o(l))dl+//aiwaj(aijp)+DpH(x,Du)~pr—L(x,DpH(x,Du))npdxdt

s QS\T
:/ fnpdxdt+//un/pdxdt. 41)
QS,T QS,T

Then, use w € 'Hi(QT) as a test function in the weak formulation of the equation satisfied by p to get

T

- /(8,,0(t), w(t))dt + // dj(aijp)ojw + DpH (x, Du)p - Dwdxdt =0. 42)
s Q.)',T

We now fix s small so that n(s) = 0. We then obtain, subtracting the previous equality to (41), and integrating by parts

in time

/ w(x, 7)pr (X)dx = // n(0) f (e, ) e, )dxdi

Td Qs,‘(
+//n(t)L(x,D,,H(x,Du(x,t)))p(x,t)dxdt+//n/(t)u(x,t),o(x,t)dxdt. 43)
QS,T QS,T

For h > 0 and £ € RY, |£| = 1, define p(x, 1) := p(x — h&, ). After a change of variables in (30), it can be seen
that p satisfies, using w as a test function,

T

- / 8P (), w(t))dr

N

—I—//aj(a,-j(x—hé,t),@(x,t))a,-w—l—DpH(x—hS,Du(x—hé,t)),ﬁ(x,t)~Dw(x,t)dxdt=0. (44)
Os.c

As before, plugging E(x, 1) = D, H(x — h&, Du(x — h§, 1)) and ¢ = np in (40) yields



772 M. Cirant, A. Goffi/ Ann. I. H. Poincaré — AN 37 (2020) 757-784

T

/ Bw(r), p0))di+

N

// ;wdj(aijp) + DpH(x —h&, Du(x —h&, 1)) - Dwp — L(x, D, H(x — h&, Du(x — h&,1)))npdxdt

Qs,r
5/ fn,édxdt+//un/,5dxdt.

QS \T QS, T
Hence, subtracting (44) to the previous inequality,

/w(x,r),éf(x)dxf//8j<(aij(x—hé,t)—aij(x,t))ﬁ(x,t))(‘iiwdxdt

Td QS,T
+//L(x,D[,H(x—hS,Du(x—h%‘,t)))n,édxdt+/ fr),ﬁdxdt+//un/,6dxdt,
Qs,r Qs,'[ Qx,r

which, after the change of variables x — x + h&, becomes

/w(x—i—hé,t)pf(x)dxg//Bj((a,-j(x—hé,t)—a,-j(x,t))p(x,t))a,-wdxdt
Td QS,T

+ // n(t)L(x + h&, D, H(x, Du(x,1))p(x, ) dxdt
Qx,r

+ / fnodxdt + // un'pdxdr. (45)
Qs,‘( Qs,r
Taking the difference between (45) and (43) we obtain

/(w(x 4+ h&, ) —wx, 7))o (x)dx < // 8j((aij(x —h&, 1) —a;j(x, t)),o(x, t))a,-wdxdt
Td Qs,t

+ // n(t)(L(x +h&, DpH(x, Du(x,1))) — L(x, DpH (x, Du(x, t))))p(x, t)dxdt

QS.T (46)
+ // 1) f(x, ) (p(x —hé, 1) — p(x, 1)) dxdt

QS,'[
+ // n' @®u(x, t)(p(x —h& 1) — plx, t)) dxd:t.

Qs,r

Step 2. We now estimate all the right hand side terms of (46). We stress that constants C, Cy, ... are not going to
depend on t, p;, h, .

Regarding the first term, assuming that ¢ = Q holds in (13), we have by the growth assumptions (H) on D, H

that nDu € LU+2¥=D(Q ). Note that this fact will be used in the next chain of inequalities only. By Young’s and
Holder’s inequality

// Bj((a,-j(x —h&, 1) —a;j(x, t))p(x, t))f)iwdxdt =

5T
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//(Bja,-j(x—hé,t)—8ja,-j(x,t)),08iwdxdt+/ (aij(x—hé,t)—a,-j(x,t))ajpa,-wdxdt
5, T Q.r,'r

< D%l (g, , Ih] // |Dulp dxdt + | Dall g, ) |A] // nDul | Dp| dxd

s, T 5T

= Clh / |Dul” pdxdt + 7 + || Dall Lo, InDull La+20-1(g, H 1 PPl pcws26-ny (g, )
Qs,r

= Cill (IDallz=(g, o Dl wsno-ng, ) +1), 47

where in the last inequality we used (34) and Corollary 3.4 (withg = (d +2)(y — 1) =(d +2)/(y’ — 1)).
Next, using first the mean value theorem (that yields a function ¢ : T Td), then property (L2) of DyL and
(33),

//r;(t)(L(x+h§,DpH(x,Du(x,t)))—L(x,D,,H(x,Du(x,t))))p(x,t)dxdt
§|h|//|DXL(§(x),D,,H(x,Du(x,t)))|p(x,t)dxdt
QS.T
§CL|h|//(|D[,H(x,Du(x,t))|7’/+1),0(x,t)dxdt§C|h|.
Q:,r

Denote by th(x, t) = |h|’1 (p(x + h&,t) — p(x,t)). Then, for the term involving f we use again Corollary 3.4,
with g = ¢, and control the LY norm of difference quotient D" p via Dp (as in, e.g. [38, Theorem 2.1.6]), to get

// () f(x, 0)(p(x —h§, 1) — p(x, 1)) dxdr

< |h| // | fGe.OIID" p(x. )| dxdt < || fllLaco, o I DNl g, ., < ClhI.
Qx,r
Finally, by boundedness of u stated in (38) and again Corollary 3.4

// 0 (Oute, 1) (p(x — he, 1) — p(x, D)) dxde| < 11 sup 17’ O)]) lull Lo, 0 I Dl 1o, )
0,7) '

< Clh| sup |n'(1)].
©.7)

Plugging all the estimates in (46) we obtain

/(w(x +hE, 1) —wx, 1) pr (x)dx < C|h|(||Da||Loc(Qr) InDullp@+20-1 0,y + sup In' ()| + 1). (48)
Td 0.7)
Step 3. Since (48) holds for all smooth p; > 0 with ||pr |1 T4y = 1, we get

Ol +hg, 0 = u(x, O = Cll (11 Dallzg,) InDull =g, + Sup '] +1)
0,7)
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forall x € TY, Ee R4, h > 0. Thus, u(-, 7) is Lipschitz continuous, and
NOIDuC, Dl ey < C(I1DallL(go nDull ywso-1g, + sup [/ ©)] +1).
©,7)

Since C does not depend on 7 € (0, T'), we have proved the theorem.

Finally, for the special case Da =0 on Q7, one may follow the very same lines, with the difference that there is
no need to control the term appearing in (47) (which is identically zero). Therefore, there is no need to keep track of
InDull L@+20-1(p,)> and therefore the theorem is proven without assuming the constraint 2 = Q in (13). O

The following lemma shows that || Dul| v (o) can be bounded by a constant depending on the data only.

Lemma 3.9. Let u be a local weak solution. Then, there exists a constant C depending on Cy, ||u ”C@T)’ I f ”Lq(QT)’
IDallr<0,), q,d, T such that

I1DullLror) = C.

Proof. Plugging ¢ =1 as a test function in the weak formulation of (1) we obtain, for s > 0,

/u(x,T)dx—/u(x,s)dx+//aiuaj(a,-j)—i—H(x,Du)dxdt:/ fdxdt
Td Td Q.Y,T QJ,T

Hence, using (H), and Young’s inequality we get

CH/ |Dul” dxdt < |lu(-, T)|lc(Tay + llu(, S)||C(']I‘d)+ / |Du|” dxdt
QVT QsT
+CT||Daij||{oo(QS,T)+/ |fl9dxdt +T +Cy,'T.
Qs,T

Therefore, we conclude by passing to the limits — 0. O
We are now ready to prove the main theorem on Lipschitz regularity stated in the introduction.

Proof of Theorem 1.1. For #; € (0, T'), let n = n(¢) be a non negative smooth function on [0, T'] satisfying n(¢) < 1
for all ¢, n(¢) =1 on [#, T] and vanishing on [0, #; /2]. Then, Theorem 3.8 yields u(-, 1) € Wl’oo(Td) for all T €
(0, T), and the existence of C > 0 (depending on the data and 7, so #; itself) such that

N[ Du(-, T)|| oo(ay < C(I|Dall Loy InDull pasne-1g,) + 1)

forall T € [0, T]. If (d +2)(y — 1) <y, we immediately conclude (3) using Lemma 3.9. Otherwise, by interpolation
of LU+t2r=D (0. between LY (Q,) and L>®(Q,) we get

()| Du(, Dll ooty < <||Da||Loo<Qf>||nDu||Loo<f;3” Y InDu ||Z’;55V> v +1>

that implies (3) after passing to the supremum with respect to 7 € (0, T), and again using Lemma 3.9 to control
InDullLr(,)-

To prove the global in time bound (4) one may follow the same lines, using n = 1 on [0, T'] instead. Being the
solution global, s = 0 can indeed be chosen throughout the proof of Theorem 3.8, and norms ||u|| c(oy) can be replaced

by ||u0||C(Td) in view of Proposition 3.7. Note that an additional term de (u(x+h,0) —u(x,0)p(x,0)dx pops up
in (46): this can be easily bounded by || Duo|| 00 (4.

Finally, if a;j(x,t) = A;j on Qr for some A;; satisfying (A), then Da =0 on Qr, and we obtain the same
conclusion, exploiting the fact that Theorem 3.8 does not require anymore ? = Q. O
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3.4. Beyond Lipschitz regularity

Once Lipschitz regularity is established, one can deduce further properties of weak solutions. Indeed, the viscous
HIJ equation (1) can be treated in terms of regularity as a linear equation, being the H (x, Du) term (locally in time)
bounded in L*°. Thus, the classical Calderén-Zygmund parabolic theory applies, and the so-called maximal regularity
for u follows, i.e.: d;u, 0;ju, H(x, Du) € L9.

Corollary 3.10. Under the assumptions of Theorem 1.1, any local weak solution u of (1) is a strong solution belonging
to qu’l(Td x (t1,T)) forall t; € (0, T), namely it solves (1) almost everywhere in Qr.

Proof. For any t; > 0, Theorem 1.1 yields H(x, Du(x,t)) € Loo(Td X (t1/2,T)). Therefore, since f € L4 (Td X
(t1/2,T)) and g > d + 2, there exists a weak (energy) solution v to the linear equation

d
a0 — Y aij(x, Ddv(x. 1) = —H(x, Du(x,0)+ f(x.1) € LY(T! x (11/2.T)), (49)
i,j=1

that satisfies v(r;/2) = u(r;/2) in the L?-sense, and enjoys the additional strong regularity property qu ’I(Td X
(t1, T)). This can be proven using, e.g., local estimates in [28, Theorem IV.10.1]. Since weak solutions to (49) are
unique, u coincides a.e. with v on T4 % (t1, T), and we obtain the assertion. [

3.5. Some remarks on the exponents P, Q, q

In the following remarks, we stress the importance of the condition D, H € L(L?(T4)) with P, Q satisfying

d 1 - 1
2P + Q2
Not only it guarantees Lipschitz regularity of u, but is also related to uniqueness of solutions in the distributional sense.
In the following examples it is indeed possible to observe multiplicity of solutions; among them, there is one that is
a local weak, Lipschitz continuous solution, while the other(s) are not, showing therefore that Lipschitz regularity for
positive times stated in Theorem 1.1 fails in general without extra integrability properties of D, H (x, Du).
We will also comment on the condition f € LY(Q7), q >d + 2.

(50)

Remark 3.11. We consider first the super-quadratic regime y > 2. For Q = oo, (50) reads
D,H(x,Du) e L*(L*(T9)  forsome P >d.
Let a;j =é;; and H(x, p) =|p|”, y > 2. For ¢, @ > 0, we consider the (time-independent) function

ur(x, 1) =cy(x)|x|*  on Qr,

where v is a smooth function having support on B1,2(0) and is identically one in By/4(0). Note that v has the role of
a localizing term only, so that u (x, 7) is a representative on [—1/2, 1/2]¢ of a periodic function on R¥. If we let

1
y—2 d+a—2)rT
=, C=——-
y—1 o
then u; solves, for some f| € LOO(Td) (that vanishes on By/4(0))

du — Au(x, 1) + |Du(x, )" = fi(x)

(€29)
u(x,0) =cyr (x)]x|*,

in the sense that it satisfies all the requirements in Definition 2.1, except the Aronson-Serrin condition (12)-(13). More
precisely,
(y — DIDu” "' =|D,H(x, Du)| € L*(0, T; L*(T%)) ifand only if ? <d.

Moreover, uj (-, T) is clearly not Lipschitz continuous for any t € [0, T'].
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Note that u(x,0) € C(T¢) and f; € L®(Q7), so by Theorem 1.2 there exists a unique solution to (51) in the sense
of Definition 2.1. Thus, (51) admits two distinct strong solutions, but only the one satisfying fully the Definition 2.1,
in particular the crucial integrability condition on D, H (x, Du), enjoys Lipschitz regularity.

Remark 3.12. In the sub-quadratic regime 1 +2/(d +2) <y < 2, fora;; = §;; and H(x, p) = |p|”, we can produce
an energy solution to (1) such that D, H (x, Du) € L0, T; LE(T?)) if and only if

d 1 1
T 377
that is not Lipschitz continuous, and not even bounded in L uniformly on Q7. It then satisfies all requirements
of Definition 2.1 except the Aronson-Serrin condition (12)-(13) and the continuity up to ¢t = O: the initial datum is
assumed in the L?-sense only.
The construction of such a u is based on the existence, for k > 0 small, of U € C2(0, 00) N C[0, 00) to the Cauchy
problem

U"(y) + (% + %) U'(M+U@+IUMIY=0 for0<y<oo
U'0)=0
U(0) = ap,

for some «p > 0, that satisfies for some positive ¢

UM+ U WM+ U =sce™  asy— oo

The existence of such a U is proven in [6, Section 3], see in particular Theorem 3.5, Proposition 3.11, Proposition
3.14 and Remark 3.8 (see also [29]). As in our Remark 3.11, we need a smooth localization term v having support
on (—1/2,1/2) and identically one in [—1/4, 1/4]. Let then

2—-y
wr(x, ) =—t""U(x| 7 Ay (lx)), o=——"—.
2(0y =D
We have that u5 is a classical solution to

where u>(0) = 0 in the L?-sense (since y > 1 +2/(d + 2)). Moreover,

d—1 I Wy BN
-1 +— U'(lx|t=75) + kU (x| £779) [ ¥ (Ix])

fx,r)y=—t"" { [U”(|x| V2 4 (

|0l g + e P el |

—1
+2t1/zu’<|x|z‘”2>1/f’<|x|>+rU(|x|f‘/2)w”<|x|)+d—|zU(|x|f”2>w’<|x|> :

|x

Note that f,(x, t) is identically zero on |x| < 1/4 and |x| > 1/2; otherwise, it is bounded in L°°, since |U (|x| 12+
U (|x| =12 + U (x|t~ < ce=t "4, Therefore, one should expect the existence of a weak solution to the
HJ equation (52) with zero initial datum that is Lipschitz continuous on the whole Q7 (by Theorem 1.2), but such a
solution cannot be u», since u»(t) becomes unbounded as r — 0.

Remark 3.13. To have Lipschitz bounds for solutions to (1), one cannot avoid in general the condition

feLi(Qr) forsome q>d-+2. (53)

This constraint is actually imposed by the linear (heat) part of (1). Consider indeed a;; = §;; and H (x, p) = |p|”,
y>1.For T >0, let x € Cgo(]Rd), I'(x,t) be fundamental solution of the heat equation in R4, fa(x, 1) :=

x(x /T =)[VT —t log(T —t)]~! and u3 be the function
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uz(x, 1) := / Oy, T(x =y, t —s)dyds  on Qr
R4 x(0,1)
Clearly, u3 is a classical solution to

Ou(x,t) — Au(x,t) + |Du(x, )|’ = fz(x,t) + |Dus(x, )"
u(x,0) =0,

f3eLi(Qr)forallg <d+2and|Dus|” € L*(0, T; LA(T%)) forall B < co. In turn, we have that || Du3 (-, ) ||eo —
oo as t — T. Note that this example can be recast into the periodic setting by multiplying u3 by a cut-off function 1,
as in the previous remarks.

Therefore, with respect to integrability requirements on f, Theorem 1.3 is optimal, at least when y < 3, namely
whend + 2 > %. We do not know whether (53) is enough also when y > 3.

4. Existence and uniqueness of solutions
This section is devoted to the proof of existence and uniqueness of solutions to the HJ equation (1).

Proof of Theorem 1.2. Existence. We start with a sequence of classical solutions u, to regularized problems

d
Orttn (x, 1) — Z a;j(x, 1)d;jun (x, 1) + H(x, Duy(x,1)) = fo(x,t) in Qr =T x (0, T),
ij=1
un(x,0) =uy0(x) inT9,

where f;,, u, o are smooth functions converging to f, ug in L4(Q7),C (T4 ) respectively. The existence of solutions
to the regularized equations can be proven using standard methods, as detailed in [22] (see also [15]).

The global bound on “”n”C@T) depending on |[lugl|¢c(Tay (see Proposition 3.7) and the local in time Lipschitz
estimate (3) hold, namely, for any fixed #; > 0,

||Dun(, t)”Loo(’]I‘d) S Cll for all t e [t] , T]

Hence, since f; is equibounded in LY(Q7), u, is equibounded in qu’l(Q,I,T) by standard maximal parabolic regu-
larity (e.g. [28, Theorem IV.10.1]). Then, weak limits d;u, D%y exist (up to subsequences), and are in LY locally in
time. Moreover, since g > d + 2, parabolic embeddings of qu’l (see e.g. [15,28,22]) guarantee that u,, and Du,, are
equibounded and equicontinuous in [#1, T'] for all #; > 0. Therefore, Ascoli theorem and a further diagonalization ar-
gument imply that, again up to subsequences, u, converges uniformly on [#1, T'] for all #; > O to some limit u#, and the
same convergence holds for Du,. Note that the desired limit equation is locally satisfied in the strong sense, namely
a.e.on Q7.

To prove that u is a local weak solution, it just remains to show that it is continuous up to ¢ = 0. This is a delicate
step since the control on Du deteriorates as t — 0. We start with the L.s.c. inequality

ug(xp) <liminfu(x,1t) Vxo.
X— X0

t—0

_ Ll
The following fact will be crucial: for all (%,7) € Q, there exists p = pz ; € C2"7 ([0, ], P(T4)) N HCII/(QZ) such
that p; 7(f) = 85 and

WD) = / 1o ()5 (0, dx) + / Fx. )ps x. )dxdi — CLF, (54)
T4 05

1,1 _ _

and p; 7 is bounded in C2"v (0,71, P(TH) N H;,(Q;) uniformly in (x, ¢). Indeed, let u, be as in the previous part
of the proof, and p, be the corresponding adjoint variable solving (15), where p, (%) is any sequence converging to 8z
in the sense of measures. By duality (see Lemma 3.1) we get
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/un(x, Dpon(x,t) = /u,,,o(x),on(x,O)dx + /(L(x, Dy H(x, Duy))ppdxdt + f,,,o,,) dxdt.
Td T4 Qf

1.1 _
Moreover, p, is bounded in C2"7 ([0, 7], P(T4)) N H;,(Q,—) by means of Corollaries 3.4 and 3.6, and these bounds do

not depend on p,, (f) nor on (%, 7). By (L1), L > —C. Moreover, u, o(-) and u, (-, f) converge uniformly in T¢, p, (¢)
converges in the sense of measures, f,, converges strongly to f in L?(Q;) while p, enjoys the same convergence in the
weak L9 sense, eventually up to subsequences (actually it could be made strong convergence by compact embeddings
of parabolic spaces). Hence we obtain (54) by passing to the limit n — oo.

Fix now xo € T9, and let (Xm, ) be any sequence such that (X, f,,) — (x0, 0). By adding ug(xp) to both sides of
(54), rearranging the terms and using Holder’s inequality, we have

uo(x0) < u(Xpm, tn) + ”f”LfI(’]I‘dx(O,[m)) ”p,\?,,,,t_m ”Lq/(de(O,t_m)) +Crtm + / ”O(X)(axo = Pxp. iy (0))(dx)
T4

On one hand, || fllz4(Tex(0,7,)) = 0 as tm — 0, while ||pz, 7 Il is equibounded. On the other hand, as x,, — xo,

Im

/ 1000 (Buy — i 5, (0)) () =0 (x0) — o () + / w0(0) (05,7, o) — 5 2, (0)) (@) = 0,
Td T4
1 1
by continuity of ¢, and the fact that dy (pz,, 7, (tm), px,, i, (0)) < Clt,] 2"v — 0 implies the convergence of P, i (tm)

to pz, 7, (0) in the weak sense of measures. We then get the claimed lower semicontinuity of u on Or.
The reverse inequality

uog(xp) > limsupu(x,t) Vxo
X—>X0
t—0

can be obtained following analogous lines: instead of testing the approximating equation for u, by solutions p, to the
adjoint Fokker-Planck equation, it is sufficient to use

=0, n (. 1) = Y 0ij(aij(x, Opn(x,0)) =0 on Q7
i,j

i.e. a solution of a Fokker-Planck equation of the form (15) with drift b = 0, such that u,(z) converges to 83 in the
sense of measures. By duality with u,, and H > —Cpy, it holds

/ e G, Dyt (6, )l < / 1o () (x, O)dx + / Futindidt + Cuf,
T4 T4 O;

and by taking limits

Wi < / w00z 70, dx) + / fudxdt + Caf,
Td O

so it is possible to proceed as before.

Uniqueness. Consider two solutions u, uy of the HJ equation, and take their difference w :=u; — us on ET. Let
T € (0, T]. By convexity of H(x,-), w solves

T

/<a,w<r>,¢<r)>dr+ // 0w 9 (aij ) + DpH (x, Duz) - Dw g dxdt <0
s Tdx(s,7)

for all s € (0, ), and w(-, 0) = 0. Let now p be adjoint variable with respect to u5, namely p be the weak solution to
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d
—orp(x,1) — Z 0ij(aij(x,t)p(x,1)) —div (D,,H(x, Du»(x, t))p(x,t)) =0 inQ;,
ij=1
px, )= p(x) onTY ,

(35)

for some non-negative and smooth probability density p,. Then, by duality we get

[t opwix = [we s

Td Td
Since w € C(Q7), it is uniformly continuous on Qy, so w(-,#) — w(-,0) = 0 uniformly in T¢. Moreover,
Jrawx,s)p(x, 9)dx = [pa[w(x,s) — w(x,0)]p(x,s)dx. Thus, by Holder’s inequality and [|o(s)|l,1(ra) = 1,
Jpa w(s)p(s) — 0, yielding

/w(x, 7)pr(x)dx =0
T4

for arbitrary p;. As p, varies, u1(t) < ua(t) follows, and by exchanging the role of u; and u» and varying t, we
eventually obtain u| = u5.

Additional regularity. When u € W', using global Lipschitz bounds (4) one can bring Lipschitz (and further)
regularity of u,, to the limit solution u on the whole time interval [0, T]. O

Remark 4.1. Note that the uniqueness proof works in the sub-quadratic case y < 2 if one requires ug € L>(T%)

and u; (s) A ug in L only. This follows by the fact that p in (55) can be proven (as in Proposition 3.2) to satisfy
ffOT |D,H (x, Dup)|” p < 0co. When y’ > 2, then p € C([0, T1, L' (T%)) by [33, Theorem 3.6]. Strong convergence of
p(s)in L' and weak-* convergence of u(s) —u>(s) is then enough to have fT a w(sy)p(s,) — 0 along some sequence
sp — 0. We believe that existence and Lipschitz regularity of solutions could be addressed in this weaker framework,
but this is a bit beyond the scopes of this paper. Nevertheless, these considerations are in line with the principle that
in the super-quadratic case y > 2, the HJ equation “sees points” [13], and thus requires ug to be continuous in order
to be well-posed, while for y <2 it may be enough to have information a.e. at initial time.

5. A priori estimates: Bernstein’s and the adjoint methods

This section is devoted to the proof of Theorem 1.3, and complements regularity results of the previous section.
Here, u is a classical solution to (1). This will allow to perform the Bernstein’s method, namely to analyse the equation
satisfied by | Du|?. The adjoint of such an equation is basically (30). As before we will exploit the interplay between
the equation itself and its adjoint.

We will assume that a;; € C([0, T1; CH(T?)) and satisfies (A), H € C*(T? x R?) and satisfies (H), f €
C([0,T1; C(T9)), ug € C'(T?) and

d+2 }
20 -D )

As before, for any fixed t € (0, T), p; € C*®(T?), p; > 0 with | p; lL1(rey =1, let p be the (classical) solution to
(30). Note that Proposition 3.7, Lemma 3.1 and Proposition 3.2 apply. We start with a revised version of Corollary 3.4.

q>min{d+2

Corollary 5.1. Let u and p be (classical) solutions to (1) and (30) respectively. Let q be such that
d+2
>—
2/ = 1)

Then, there exist constants C > 0 and 0 < § < 1 such that

q

lollag gy < C(IDUl[Lp, + 1)
q

where C depends in particular on 1, |lallcw1.~), Ch, lluollccray, | fllzacos) 4.4, T (but not on T, pr).
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A straightforward consequence of the corollary is that
d+2

2 —h+1 (56)

ol 7 ., < C(IDull2p,, + 1),  forall j>

Indeed, since ¢’ < g—ﬁ, Proposition A.2 gives the result.

Proof. Since ¢’ < Z—ﬁ, (24) applies (with g = g), yielding by (H)

ol o) =C // |D,H (x, Du)|r/pdxdt +1
q
O

< / |Du|Y V" pdxdt + 1
O-

<Ci “Du“};OS(Qr)/ |Du| Y=V pdxdr 41 |

T

with 7' =14+ (d + 2)(}‘1. Note that § > 0 can be chosen small so that (y — 1)r’ — 1 + § < y. One then uses the
estimate (34) on ([ |Du|” p (and Proposition 3.7) to conclude. O

We are now ready to prove our main a priori Lipschitz regularity result.

Proof of Theorem 1.3. Step 1. Set z(x, ) := M on Qr. Straightforward computations yield
0iz=Du-Doju, 0;jz=D0ju-Dou~+ Du-Ddju, 0;z=Du-D(0u),
which give
d d
Tr(AD?*2) =) ADdgu - Ddju + Du - D{Tr(AD*u)} — > duTr(9 AD*u) . (57)
k=1 k=1
Then, differentiating the HJ equation (1) with respect to x;, multiplying the resulting equation by u,,, and summing
fork=1,...,d, one finds
Du - D(8;u) — Du - D{Tr(AD*u)} + D,H -Dz+ D H -Du=Df-Du.
Therefore, by plugging (57) into the previous equality we obtain the following equation satisfied by z

d d
8z —Tr(AD%z) + ZADaku -Ddu+ DyH - Dz = Z uTr(xAD*u) — DyH - Du+ Df - Du . (58)
k=1 k=1
Using the uniform ellipticity condition (A) we estimate the third term on the left-hand side by

d
Z ADu - Ddgu > ATr((D*u)?).
k=1
Multiply (58) by the adjoint variable p and integrate by parts in space-time to get

/z(x,r)p,(x)dx+x//Tr((Dzu)2)pdxdz5 /z(x,O),o(x,O)dxdt+
QT

T4 T4

//|DxH||Du|pdxdt+//DfoDu,odxdt+//BkuTr(BkADzu)pdxdt. (59)
O O O
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Step 2. We proceed by estimating the four terms on the right hand side of (59). First,

/ (x,0)p(x,0)dxdr < —IIDu( O)IILOC(W) (60)
Td
Second, thanks to (H), Proposition 3.2 and Young’s inequality,

1
//|DXH||Du|ps||Du||Lw<Q,) CH/ |Dul? pdxdt + Cyr | < Cot Ll Dulli o, (©1)

We then consider [[ Df - Dup. Integrating by parts,

//Df-Dupdxdt = //fdiv(Dup)dxdt < //fDu-Dpdxdt + //fTr(Dzu)pdxdt =1+ I.
O+ O« Oz 0+

The term /] can be controlled by means of Holder’s and Young’s inequalities, and the control on lollg stated in
q/

Corollary 5.1:
I < 1Dl ool FllLicon 1 Poll L .y < Cll DUl oo I f o (1Dull} o, + 1)
1 2
<C3+ B”DMHLOO(Q’). (62)

We apply to I also Holder’s and Young’s inequalities to get, for a p > 1 to be chosen,
A
2 2 2,32
b= // Podxdi+5 // (DX pdvdt = 511 s g 1007 0, + 5[] TH@Pwpdsar
O«

Let us focus on the first term of the right-hand side of the above inequality: it can be bounded by (56) and || || La (o)
whenever there exists p such that

2(d +2
@+2 o
20/~ D +1

Such a p indeed exists, since g > min {d +2, 2()/, 1) } Therefore,

1 2 A 2 \2
h=Cy+ - IDulixg, + 5 //Tr((D w)?)p dxdt. (63)

T

For the last term || f Uy, Tr(Ay, D?u)p, Cauchy-Schwartz and Young’s inequalities yield

A
//ukar(Akazu),o dxdt < C||Da||§o//|Du|2pdxdt+ E//Tr((Dzu)z)p dxdt
We distinguish two cases: if y > 2, we have by (34) (with 8 = 2) that for |Du|?p < C. Otherwise, if 1 <y <2,

//|Du| p < 1Dul?y, )/ |Dul? pdxdt = ClIDulZ ..
In both cases we end up with

1 A
ﬂakuTr(akADzu)p dxdt < C4+ g”Du”ix(Q,) + 3 ﬂTr((Dzu)2)p dxdt. (64)

T QT
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Step 3. Plugging (60), (61), (62), (63) and (64) into (59) we get

1 1 3
> / |Du(x, ) pr (x) dx = /z(x, T)pr(x)dx < EIIDu(-,O)IIioc(w) +C+ gIIDMII%OO(Qf)‘
Td Td
Since this inequality holds for all smooth p; > 0 with || o || 1 (T4) = 1, we obtain
1 2 1 2 3 2
SIDUC O sy = 3 1DUC O s gay + € + 1 DullF g,

and we conclude by passing to the supremum with respectto t € (0, 7). O
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Appendix A. Some auxiliary results

LemmaA.l. Let p > 1, f € LP(Qr), and suppose that a;; € C(Qr) satisfies (A). Then, there exists a unique solution
inWr'(Qr) to

du(x, 1) = 2 aij (e, Dju(x,t) = f(x,1) in O,
u(x,0)=0 inT? .

Moreover, there exists a constant C (depending on A, p, and the modulus of continuity of a on Q) such that

ez g,y < CUFILrcon - (65)

Proof. This is a classical maximal L? regularity statement for uniformly elliptic equations with continuous coeffi-
cients, that can be deduced from results contained in [28]; see [14] for additional details. One can also rely on abstract
results on maximal regularity for parabolic equations in [36]. O

The following continuous embedding result of (1, (Qr) into L?(Qr) is rather known and can be found for example
in [16]. However, we need its stability as 7 — O: this requires an additional control on the trace at some time (e.g.
t =0). We provide a proof here for the reader’s convenience.

Proposition A2. If1 <o < (d+2)/(d + 1), then H(IT(QT) is continuously embedded into LP(Q7) for
1 1 1

p o d+2
Moreover, if u € 'H},(QT) and u(-,0) € LY(T?), we have

lullprory < C( lullggt o + ||M(O)||L1(Td)) ) (66)
where the constant C depends on d, p, o, T, but remains bounded for bounded values of T.

Proof. Let f € LP,(QT) and ¢ be the solution to

—0p(x, 1) — Agp(x,1) = f(x,1) inQr,
(p(-va):O lan .

By Lemma A.1, ¢ satisfies

||§0||W2;1(QT) = C”f”Lp’(QT) . (67)
P
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Note that C here may depend on T, but it is the same for all T <1 (if T < 1, it is sufficient to extend trivially f on
T4 x (T, 1) and use (65) on T x (0, 1)). Note that (d +2)/2 < p’ < d + 2. Therefore, by the embedding results in
[28, Lemma I1.3.3],

I9llcien = Clellyzig,,y — Iolyiog, < Clelyzig,, (68)

Note that a straightforward application of [28, Lemma I1.3.3] yields bounded constants in (68) as 7 — 0, plus an

additional term on the right-hand sides of the form C; T el LY (01)} this term can be removed using the fact that

¢(T) =0, that guarantees ||<p||Lp/(QT) < T||8,<p||Lp/(QT) < T||<p||Wz,1(QT). Note also that here we can identify norms
p/

on T with norms on = (0, l)d.
Therefore, integrating by parts in time and using (67) and (68),

//ufdxdt = //u(—B,gﬂ—A(p)dxdt
or or

§/|<p(x,0)u(x,0)|dx+ //8,u(pdxdl +//|D¢||Du|dxdt
Td Oor or

= C<|I<0(0)||Loo(1rd)IIM(O)IILI(W) + ”3f””(w;;°(QT))’”‘/’"W;;O(QT) + ”Du”L"(QT)”D(p”La’(QT)>

= C(IO sy + 10l 199,y + 11700 ) 1 0

yielding the desired result. O
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