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Abstract

We consider an elliptic equation in a cone, endowed with (possibly inhomogeneous) Neumann conditions. The operator and the
forcing terms can also allow non-Lipschitz singularities at the vertex of the cone.

In this setting, we provide unique continuation results, both in terms of interior and boundary points.

The proof relies on a suitable Almgren-type frequency formula with remainders. As a byproduct, we obtain classification results
for blow-up limits.
© 2020 L’ Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

In this article we consider an elliptic equation with Neumann boundary condition. The domain taken into consid-
eration is a cone, and the equation and the boundary condition can be inhomogeneous and be singular at the origin.

The main results that we provide are of unique continuation type. Roughly speaking, we will show that if a solution
vanishes at any order at the vertex of the cone, then the solution must necessarily vanish in a neighborhood of the
vertex (and then everywhere, up to suitable assumptions).
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The notion of vanishing can be framed both with respect to the convergence of points coming from the interior
of the domain and, under the appropriate assumptions, with respect to the convergence of points coming from the
boundary.

From these results, we also obtain classification results for the blow-up limits. The method of proof will rely on the
special geometric structure of the cone, which is a set invariant under dilations and in which the normal on the side of
the cone is perpendicular to the radial direction. The main analytic tool in use will be an appropriate type of frequency
function. Differently from the classical case in [5], the choice of the frequency function in our case has to comprise
additional quantities and reminders to deal with the forcing terms and possibly compensate for the singular behaviors
near the vertex.

The mathematical setting in which we work is the following. We let 2 € R”, with n > 2, be a cone with vertex at
the origin (namely, we assume that x € Q if and only if tx € 2 for all # > 0). We consider the spherical cap

E:{ﬁ—':er}CS”_l (1.1)
X

and we assume that ¥ has C? boundary in S"~!.
We also take into account a positive function A € w11 (Q) such that

c<AX) <

| =

for some ¢ > 0 and a.e. x € Q2. (1.2)

For every r > 0 we denote B, = {x € R" : |x| < r}. We deal with weak solutions of the following partial differen-
tial equation in a neighbourhood of the vertex of the cone (to fix the notations we consider 2 N By) with possibly
inhomogeneous Neumann datum:

Ax)Vu(x)-v(x)= f(x,u(x)), foreveryx e BjNIQ, (1.3)

{div (A(x) Vu(x)) =g(x,ulx)), for every x € Q N By,
where v(x) denotes the exterior unit normal of Q at x € 92, f € C'(Q\{0})) xR),and g : Q2 xR - R is a
Carathéodory function. .

We say that a function u € H'(B; N Q) is a weak solution to (1.3) if, for all ¢ € CX(B1NQ),

/ A(x)Vu(x) - Vo(x)dx = — / g, u(x))px)dx + / fx,u(x))e(x) djé’}”_l. (1.4)

BI1NQ B1NQ B1No2

As a technical observation, we point out that the integrals at the right hand side of the above identity are finite under
the assumptions of Theorem 1.1 below in view of the Poincaré-type Inequality and the Trace Inequality proved in
Corollary 2.3 and Lemma 2.5 respectively.

The use of Almgren-type frequency functions to study unique continuation properties of elliptic partial differential
equations dates back to the pioneering contribution of Garofalo and Lin [9] and relies essentially on the possibility
of deducing from the boundedness of the frequency quotient a doubling-type condition. Unique continuation from
boundary points was investigated via Almgren-type monotonicity arguments in [1,2,8,11,16]. As far as elliptic equa-
tions with Neumann-type boundary conditions are concerned, we mention that in [15] boundary unique continuation
theorems and doubling properties near the boundary were established under zero Neumann boundary conditions. The
main novelty of the present paper is a strong unique continuation result for solutions whose restriction to the boundary
vanishes at any order at the vertex under non-homogeneous Neumann boundary conditions, while in [15, Theorem
1.7] unique continuation from the boundary was proved for solutions vanishing on positive surface measure subsets
of the boundary and satisfying a zero Neumann condition on such set. The achievement of such a result requires a
combination of the monotonicity argument with a blow-up analysis for scaled solutions, in the spirit of [7,6].
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We now introduce the notation needed to define the frequency function for our setting. For r > 0, we define

D(r) :=r*>" / AX) | Vux) > dx —r>™" f F O, u(x)) u(x)dsA" !

B.NQ B,N3Q
+r7" / g, u() ux)dx
pns (1.5)
and H(r) :=r'™" f Ax)u?(x)dA"!
dB,NQ
= f A(ry) u(ry) d%”y"_l.
z
We also introduce the “Almgren frequency function” in our framework, given by
D
K () =20 (1.6)
H(r)

With this setting, the pivotal result that we obtain is an appropriate monotonicity formula with reminders, which
we state as follows:

Theorem 1.1. Suppose that (1.2) holds and

IVA(x) - x| < &r Ax), fora.e. x € B, N2, with 1i\I‘I(1)8r =0, (1.7)
r
CA
VA< = (|x), forae xeB N, (1.8)
X
| F(x, D) < CA@)|xP e, fora.e.x € QN By and any t € R, (1.9)
Ve fx, )| <CAX) |xI°72 1],  forae x €QNBjandanyt €R, (1.10)
and |g(x,1)| < CA®)|x|*2 ], fora.e.x € BiNQand any t € R, (1.11)
for some C > 0and § > 0.
Let also
t
F(x,1) :=/f(x,r)dr. (1.12)
0
Let
ue H(QNB)NL®QNB)) (1.13)

be a solution of (1.3) in the sense of (1.4), such that

uz#0in Q2N B, (1.14)
forallr € (0, 1).
Then the following holds true.

(1) There exists ro > 0 such that

H(r)>0 and AN (r)+1>0 forallre(0,ry); (1.15)

in particular the function A defined in (1.6) is well defined on (0, rp).
(ii) There exist r1 € (0, rg) and C1 > O such that

N'(r) = —=Cy max{r®, e, }r ' Q4+ A (r) forallr € (0,r). (1.16)
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(iii) If also
ris e L0, ), (1.17)
r
then the limit

= lim A4 1.18
14 rl\rfé (r) (1.18)
exists, is finite and y = 0.

We observe that the assumptions of Theorem 1.1 are very general and do not necessarily require the weight A
to be Lipschitz continuous or the source terms f and g to be bounded. In particular, estimate (1.16) requires
assumptions (1.7) and (1.8) which could be satisfied even by unbounded potentials, as for example A(x) =
log |x|(cos(x,/|x]) — 2). On the other hand, to prove that .4 is bounded and has finite limit as » — 0" assump-
tion (1.17) is also needed; we observe that (1.17) forces the boundedness of A but could be satisfied by non-Lipschitz
continuous weights, like A(x) =1+ |x|‘S with § positive and small, for example.

The functions f and g can be singular as well, in accordance with (1.9) and (1.11). To allow all these possible
singularities, it is crucial that the “frequency function” also takes into account the special behaviors of A, f and g, as
in (1.5). Moreover, the special geometry of the cone €2 will turn out to be the cornerstone for our main estimates to
hold, thus providing an interesting interplay between analytic and geometric properties of the problem.

We also observe that condition (1.14) is quite natural, since it requires that the solution is nontrivial in any neigh-
borhood of the vertex of the cone. Furthermore, under the additional assumption that A is locally Lipschitz continuous,
assumption (1.14) is satisfied by all nontrivial solutions, in light of the classical unique continuation principle in [10],
see also [12] (similarly, if A satisfies a Muckenhoupt-type assumption, then (1.14) is a consequence of the unique
continuation principle in [16], see also [9]).

From Theorem 1.1 and a “doubling property” method one obtains a number of results of unique continuation type.

In this spirit, we first provide a unique continuation result from the vertex of the cone with respect to interior points:

Theorem 1.2. Let u be a solution of (1.3), under assumptions (1.2), (1.7), (1.8), (1.9), (1.10), (1.11), (1.13) and (1.17).
Assume also that u vanishes at the origin at any order with respect to interior points, namely that for every k € N

Q5x 50 % = (1.19)
Then there exists r > O such that

u=0in Q2N B,. (1.20)
If, in addition, A is locally Lipschitz continuous, then

u=0in QN By. (1.21)

An interesting consequence of our Theorem 1.1 deals with blow-up limits. Namely, for each A > 0, we define

u(Ax)

up(x) := . (1.22)
VHQ)
We consider the Laplace-Beltrami operator %5, := —Ag.—1 on the spherical cap ¥ under null Neumann boundary

conditions. By classical spectral theory, the spectrum of the operator % is discrete and consists in a nondecreasing
diverging sequence of eigenvalues 0 = A1 (X) < A2(X) < -+ < Ax(X) < - -+ with finite multiplicity.

In the following theorem we describe the limit profiles of the blowed-up family (1.22) in terms of the eigenvalues
and the eigenfunctions of .%s..

Theorem 1.3. Let u be a solution of (1.3), under assumptions (1.2), (1.7), (1.8), (1.9), (1.10), (1.11), (1.13) and (1.17).
Assume that (1.14) holds true,

|fi(x, )| < Clx|°"', forae x e QN Biandanyt € R, (1.23)
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and that

lim A(x) = 1. (1.24)
x—0

Then, up to a subsequence, as A \, 0, we have that u; converges strongly in H'(Q N By) to a function ii which is
positively homogeneous and can be written in the form

i(x) = x| ¥ (;—|> (1.25)

where

e 2+A (£)>0
Y="-"7 2 kol =

for some ko € N\ {0} and v is an eigenfunction of the operator £, associated to the eigenvalue Ly, (X) such that

/wZ(x)d%nfl _ 1L (1.26)
z

From Theorem 1.3, one can also obtain a unique continuation result from the vertex of the cone with respect to
boundary points:

Theorem 1.4. Let u be a solution of (1.3), under assumptions (1.2), (1.7), (1.8), (1.9), (1.10), (1.11), (1.13), (1.17),
(1.23) and (1.24).
Assume also that u vanishes at the origin at any order with respect to boundary points, namely that for every k € N

im w = (1.27)
aQax—0 |x|k
Then there exists r > 0 such that
u=0in Q2N B,. (1.28)
If, in addition, A is locally Lipschitz continuous, then
u=0inQ. (1.29)

We stress that while (1.19) is assumed for interior points, we have that hypothesis (1.27) focuses on boundary
points.

The rest of the article is organized as follows. Section 2 presents a number of ancillary results, to be exploited in
the proofs of the main theorems. In particular, we will collect there some observations on the geometry of the cone
and suitable functional inequalities.

The proof of Theorem 1.1 is presented in Section 3 and will serve as a pivotal result for the main theorems of this
paper. Namely, Theorem 1.2 will be proved in Section 4, Theorem 1.3 will be proved in Section 5, and Theorem 1.4
will be proved in Section 6.

2. Toolbox
This section collects ancillary results used in the main proofs.
2.1. Cone structure

We recall here an elementary property of the cones:
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Lemma 2.1. Let Q2 C R” be a cone with respect to the origin. Then

v(x)-x=0 for any x € Q2 \ {0}. 2.1

Proof. Fixed xg € 02 \ {0}, we have that there exists o > 0 such that 2 N B, (xp) coincides with the sublevel sets

of some nondegenerate function ®q : B (xp) — R, with v(x) = ‘gigg ;I' By the cone structure of €2, we thereby see
that, for any 7 close to 1,
0= DPy(xp) = Po(rx0),
and so
d
0= —®g(txg)| = VPg(xp)-xo=|VD(x0)|v(xo) - x0.

dt =1
This proves that v(xg) - xo = 0 and establishes (2.1). O

2.2. A Poincaré-type Inequality

In this subsection, we provide some results concerning suitable weighted Poincaré-type Inequalities which will
play an important role in some of the technical estimates needed to prove the main results.

Lemma 2.2. Let i € (—o0o, n). Let @ C R”" be a cone with respect to the origin such that the spherical cap ¥ defined
in (1.1) is smooth. Let A € £°°(2) satisfy (1.8). For everyr >0 and u € C*°(Q N B,)

AW Vu@)?
|x |42

— 2
/(%A(x)—i—VA(x)-x)u(x)de ! / A(x)uz(x)d%’l_l+nEM/ dx.

| x|# ri=l
QNB, 3B,NQ QNB,

Proof. Let u € C*° (2N B,). Since

X n_
div(| Au?— ) = Au +ulVA- —— +2AuVu -
( W) e x | * s

by the Divergence Theorem and (2.1) we deduce that
0 / AR

NG
QNB,
- / |:d1v <A(x)u2(x)| Iﬂ) —u’VA(x) - W —2Ax) u(x)Vu(x) - o I“ }
QNB,
. 2 .
= 1_1 / A u(x)ds#m" — de_z / de
ri | [# | [#
9B-NQ QNB, QNB;
1 ) - (VA®X) - x)u?(x) n—u A)u?(x)
< o / AX)u”(x)dzs"—" — N dx + 5 / N dx
3B,NQ QNB, QNB,
2 A)|Vu(x)]?
- / xpz
QNB,

and hence the conclusion follows. O

Corollary 2.3. Let i € (—oo,n). Let Q2 C R" be a cone with respect to the origin such that the spherical cap ¥
defined in (1.1) is smooth. Let c € (O, "E“) and A € £°°(Q) satisfy (1.8) and (1.7). Then there exists r,, > 0 such that

oreveryr € (0,r,) andu € C*°(22N B,)
%
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dx.

=
/N

2 2
C/ A(X)u (x)d 11 / AR dA + 2 / A(X)|Vu(x)|

xl e n—u 2
QNB, 3B,NQ QNB,

Proof. Exploiting (1.7), we observe that
%A(X) + VA®x) x> %A(X) —&r A(x) =2 cA(x),
as long as r is small enough, and hence the desired result follows by Lemma 2.2. O
For 1 < 2 the previous corollary yields the following result.

Corollary 2.4. Let < 2. Let 2 C R" be a cone with respect to the origin such that the spherical cap ¥ defined in
(1.1) is smooth. Let ¢ € (0, "52) and A € £°(R) satisfy (1.8) and (1.7). Then there exists r,, > 0 such that, for every
re0,ry) andu € H'(QN By), ulx|~*/* € LX(Q N B,) and

A(x)u? 1 2t

C/ @ L f AGuP(ydn + = fA(x)|Vu(x>l2dx-
[ rect s

QNB, 3B,NQ QNB,

Proof. The inequality for u € C*°(2 N B,) follows easily from Corollary 2.3 and the fact that, since 2 — p > 0,
|x|>~* < r>* in Q N B,. The conclusion follows by density and the Fatou’s Lemma. O

2.3. Trace Inequalities
Now we present a result of trace-type which will be exploited in the proofs of the main theorems.

Lemma 2.5. Let y € (—oo,n — 1). Let Q2 C R" be a cone with respect to the origin such that the spherical cap X
defined in (1.1) is smooth. Let A € £°°(Q) satisfy (1.2). For every r > 0 and u € C*°(2N B,) we have that

/' AQx) u*(x) A< C / [A(x)IVu(X)IZ+A(X)u2(X)]dx’

| x[¥ x|y =1 x|y +1
AQNB, QNB,

for some C > 0 independent of r. Furthermore, if y < 1, then every function u € H (Q N B,) has a trace belonging
to L>(3Q2N B,; |x|7Y/?) and

A 2
dm=t<c | iy / AG) Va2 dx + / AW |
|x|)’+1

/‘ A u?(x)

x”
9QNB, QNB, QNB,

Proof. We let u € C*®°(Q2N B,). Also, forall p € (0,r) and 6 € £, we define u® () := u(p). By Fubini’s Theorem
and the Sobolev Trace Theorem on manifolds we have that
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2
/ u (X) d%n—l Z/p—y / uzd%n—2 dp

x|
0QNB, 0 dQNIB,
r
= f pvinT? f u(p0)do | do
0 )

,
= [ | [P @k ds | ao
0 )

r

<c [prm2{ [ (mu@F + u” @) a0 | do.
0 )
where Vy denotes the tangential gradient along X, so that, if x = p#6,

|Vou'” (0)| = p < p|Vux)|.

Vu(x) — (Vu(x) x)&

Hence, in view of (1.2), we find that

,
A(x) u? C
/ Md%n—l < _ /p—V+n—2 /<p2|vu(p0)|2+u2(p9)) d@ d/O
|x|Y c
QN By 0 %
C
== [ w77 (xPIVe@ R + w20 d
c
QNB,
C
<5 | T (HPAIVH P + A ) ) d,
QNB,

which yields the inequality for functions in C*°(Q N B,). If y < 1, then |x|'=” <r'~7 in QN B,, then the conclusion
follows by density and Fatou’s Lemma. O

3. Proof of Theorem 1.1

We first observe that, by elliptic regularity theory (see e.g. Theorem 8.13 in [14], [3,4] or [13]) we have that, under
the assumptions of Theorem 1.1,

ue H* QN (B, \ By)), forall0<8§<r<1. (3.1)

We denote by v both the exterior normal at 9€2 and the exterior normal at d B,, since no confusion can arise. Testing
the equation in (1.3) against the solution itself, we see that

/gu: / div(AVu) u

B,NQ B,NQ
= / (div(AuVu)—A|Vu|2>
B,NQ
= / AuVu -v+ / AuVl/t~1)—/A|Vu|2
IB.NQ B.NoQ BNQ

_ / AV v+ / fu— / AlVul?.

3B.NQ B,NOS BN
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Hence, recalling (1.5),

AuVu -v=r""2D(r). (3.2)
9B,NQ

Using again (1.3), we also observe that
. A 2
div A(Vu-x)Vu—EIVul x| —NVu-x)g

1
= (Vu - x)div(AVu) — (Vu - x)g + AVu - V(Vu - x) — Ediv(A|Vu|2x)

- 1
> (A0 0y 0jux)) - Ea,-(A(a,-u)zxi))
ij=1
n (3.3)
> (Adudjux;+ A®; )25~~—18‘A(8~ )2xi — Adjud> ‘—lA(8~ )?

i O; ;U X j iu)”0ij i U)X ju 0;;u x; 3 ju

i,j=1

n
1 1
> (A@wsy = 50 A@0% — 5 AG0)?)
pa 2 2
i,j=1
2-n)A 1
= %WW —5IVuPVA-x.

On the other hand, from (1.5) we know that

D'(r)=Q2—n)yr'™" / AlVul> 472" / AlVul?

B.NQ IB.NQ

—Q2=n)r' / fu—r*" / fu (3.4)
B,No 0B,NIR

+Q=—n)yr'™" f gu—+r>" / gu,
B,NQ 9B,NQ

and (recalling that 2 is a cone, hence 2/r = 2 for each r > 0)

H'(r) :/VA(ry) yut(ry)d A +2/A(Vy)u(ry)vbt(ry) SLEG

> > (3.5)
=rl" / VA -vu?+2r17" / AuVu -v.
3B,NQ dB,NQ
Thus, comparing (3.2) with (3.5) we conclude that
H (r)—r'™" / VA-vu>=2r1"" / AuVu'v=2D(r),
dB,NQ 9B,NQ '
and therefore
rH'(r) r? " 5
D(r)= 7~ VA-vu“. (3.6)
9B,NQ

From (3.1) it follows that, forall 0 <8 <r < 1, A(Vu - x)Vu — 5|Vul>x € WI1(Q N (B, \ Bs) so that
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/ div (A(w - X)Vu — %|Vu|2x) = / r <A(w )’ — §|W|2>

QN(B,\Bs) 3B,NQ
_ / 8(A(Vu-v)2—é|Vu|2)+ / (fw-x—gwmzx-v). 3.7)
3BsNQ 2 (B,\Bs)N9Q
Since
1
/ / [Vul? | dr = / [Vu|? < 400,
0 QNOB, QNB;

there exists a decreasing sequence {§,} C (0, 1) such that lim,,_, o, 6, =0 and
Sn / IVul>? — 0 asn— +oo.

QN3 Bs,

Choosing § =6, in (3.7) and letting n — oo we then obtain

. A 2
/ div A(Vu-x)Vu—E|Vu|x

QNB,

A
= / r<A(Vu-v)2—E|Vu|2)+ / (fvu.x—§|vu|2x.u).
9B-NQ B,NOQ

Therefore, taking into account (3.3),

Q—nyrl / AlVul?

B.NQ

1-n Lo - Ao
=2r 5|Vu| VA - x+div A(Vu-x)Vu—5|Vu| x)—NVu-x)g

BNQ
=l f (|Vu|2VA -x —2(Vu -x)g) + / <2r_nA(V“ x)% - "2_HA|VM|2)
B0 9B,N%
+rin / <2f Vu-x — AlVul|*x - V)‘
B,N3Q

We thereby substitute this identity into (3.4) and we conclude that

D'(r)y =r'" / <|Vu|2VA-x—2(Vu~x)g)+2F_n / A(Vu - x)?
B.NQ dB,NQ2
4 plen [ (2fVu~x—A|Vu|2x~v)
B,N3Q

—Q2=nyr' / fu—r>" / fu

B,NIQ 34BN
+@2—n)rl / gu+r2_” / gu.
BN dB,NQ
From this and (3.6), we find that
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D'(r)H(r) — H'(r)D(r)

=H(@) |r'™" / <|Vu|2VA~x—2(Vu-x)g)+2r_” / AV - x)>

B,NQ 3B,NQ
4plon / (2fw x — A|Vulx - v)
BN

—Q-nyrt™ / fu—r>" / fu (3.8)

BN 3B,NIQ
+Q2—nyr'" / gqu+r¥" / gu

B,NQ 9B,NQ

2 2—
— r(H’Z(r)) + rTH @) / VA-vu?.
9B,NQ

On the other hand, recalling (3.5), we see that

/ 2 2—n gy’
_r(Hz(r)) +r H'(r) / VA v

3B,NQ
2

r

plon / VA-vu?+2rtn / AuVu -v

3B,NQ 3B,NQ

2—n
—i—r /Vonuz pl=n / VA-vu?+2rt " / AuVu -v

2
9B,NQ 3B.NQ 3B.NQ
2
r3 2n
=-— / VA-vu?| =273 2 / VA -vu? / AuVu -v
9B.NQ 9B,NQ 9B.NQ

—p32n / AuVu -v
dB,NQ

r3—2n
+

VA -vu? P32 VA -vu? / AuVu - v

2
aB,msz aB,msz 9 BN

2

= 372 / VA-vu?
d BN

AuVu -v | =232 / AuVu -v
3Brﬂ§2 JdB,NQ

Hence, substituting this identity into (3.8), we conclude that



796 S. Dipierro et al. / Ann. 1. H. Poincaré — AN 37 (2020) 785-815

D'(rH(r) — H'(r)D(r)

=H(r) | r'™" / (IVuPVA - x = 2(Vu - x)g) +2r7" f A(Vit - x)2

B,NQ 3B,NQ
Syl / <2f Vie-x — A|[Vul?x - v)
B,N3Q
—Q—nyr'™" / fu—r*" / fu (3.9)
BN 3B,NIQ
+Q2—nyr' " / gqu+r¥" / gu
B,NQ 3B,NQ
2
— 37 / VA -vu? / AuVu -v | —273720 / AuVu - v
9B, NQ 9B, N 9 B,NQ
Moreover, from the Cauchy-Schwarz Inequality, we know that
/ AuVu - x < / Au? / A(Vu -x)2.
3B, NQ 3B,NQ 3B,NQ
Consequently, using again (1.5), we also observe that
2
2r "H(r) f A(Vu -x)> =231 f AuViu v
3B,NQ dB,NQ
2
=2pl72n / Au? f A(Vu-x)* | - f AuVu - x
9B, NQ dB,NQ 9B, NQ
> 0.
Plugging this information into (3.9), we thus obtain that
D'(r)H(r) — H'(r)D(r)
>H@E) | r f <|Vu|2VA X —2(Vu ~x)g)
B,NQ
+rl—n / <2fVu~x—A|VM|2X'U> (3.10)
B,N3
—Q2—nyr'™ / fu—r>" / fu
B,N3Q 3B,NIQ

+Q2 —n)r'" / gu+r2_" / gu

BN 3B, NQ
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— 3 / VA-vu? / AuVu -v

9 B,NQ 0B,NQ
Then, from (3.10) and (2.1), we obtain that
D'(r)H(r) — H'(r)D(r)

>HGE) | P / <|Vu|2VA-x—2(Vu~x)g)

B,NQ
+2r1n / fVu-x—Q2—nyr'™ / fu—r>" / fu
B,NQ B,NAQ 3B,NIK
+Q2—n)yr' / gu+r>" / gu
B.NQ 3B,NQ
— 3 / VA - vu? / AuVu -v
9B,NQ dB,NQ

Now, we define

E(r):=r*" / AlVul®.
B.NQ
By (1.9), we have that

/fugc / Alx P u)

. NIQ BN
On the other hand, by Lemma 2.5 (used here with y :=1 — §), we see that

A 2
/A|x|5—1|u|2<c/ AU+ 2L
|x|276

j:Matile] QNB,
Hence, in view of Corollary 2.4 (used here with u :=2 — §), (1.5) and (3.12)

c
/ Al <cr? / AlVul> + f Au?
r

BN QNB, 3B,NQ
< Cr" 2P (H(r) + E(n)).
Therefore, in light of (3.13)

/ fu| <Cr"?(H@) + E(r)).
. N0Q
Also, by (1.11) and Corollary 2.4 (used here with u :=2 — §),

/|g||u|<c / Al P2 JuP?

BN BN

c
<crd f AlVul + 1= / Au? <Cr" P (H) + E ().
r

QNB, 3B, NQ

797

@3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Consequently, by (3.15) and (3.16)

E(r)=D(r) <|D(r) — E(r)| <r*7" / fu— / gu| <Cr’(H(r)+ E(),
MO B,NQ

and therefore, for any r € (0, 1) sufficiently small,

E(r)

2

Estimate (3.17) implies statement (i) with r9 > 0 so small as to satisfy condition (3.17) and C rg < 1. Indeed, let us
argue by contradiction and assume that there exists 7 € (0, rg) such that H(r) = 0. By (1.5) this would imply that
u =0 on N dB; and hence, in view of (3.2), D(r) = 0. Then (3.17) yields that E(r) = 0 and hence u is constant in

QN B;. Therefore u =0 in 2 N By, which is in contradiction with (1.14).
Furthermore, for all » € (0, rp), (3.17) implies that

<A =CrEr) <CrPH(@r) + D). (3.17)

o< EW
2

< H(r)+ D(r), (3.18)

and hence A4 (r) +1 > 0.
Moreover, from the Sobolev Trace Theorem on manifolds applied on the spherical cap d B, N 92 =rd X, we have
that, recalling (1.2),

21 , P 2
Alul” < - lul” = lu(ro)|
C Cc
I

dB,NI dB,NIQ

<cr [ (w260) + 19w o)1)

<Ccrn? (uz(rQ) + 2r|u(r9)||Vu(r0)|>

M\ M\

3.19
<Cr"?H(r) +2Cr"! /u2(r9) / |Vu(ro)|? G-19)
) )
<Cr"2H(r) + Cr 3 JH(r) | 2 / AlVul|?
QNI B,
<Clr / AlVul> +r"2H(r)
BN
for some C > 0 independent of r (varying from line to line). Now, we recall (1.9) and we observe that
/ ful<C / AlxP N =cr ! / Alul*. (3.20)
B,No 0B, NI dB,NIN
In addition, from (1.11),
/ gqul<C / Alx* ) =cré? / Alul>=Cr"P3HG). (3.21)
B,NQ BN BN

From (3.4), (3.20) and (3.21), we obtain that
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-2
rn / AVul? =D'(r) + “==D(r) + 1" / fu—r*r" / gu
r

dB,NQ 0B,NIQ 0B, N2

—2
gD’(r)Jr—"r D(r)+C | FHn / Alul® + 5V H (r)
dB,NI

Then from (3.19) it follows that

-2
p2n / AlVul> < D'(r) + D) + Cr T H () + O / A|Vul?,
r
B, N 0B, N

from which it follows that

2-n 2 / n—72 5—1
, AVuP<c (D) + =Dy + cr¥'HG) ), (3.22)
r
IB.NQ

for some C > 0 and for all r > 0 sufficiently small.
Plugging (3.22) into (3.19) we conclude that

Al <Cr"2H@r)+Cr'=3 JH(r) | r2-n / AlVul?
9B, NIQ QNIB, (3.23)

<CHHE) + O A HE D) + 52D6) + CriTH ()

as long as r is sufficiently small. It is now our goal to use the previously obtained information in order to estimate the
right hand side of (3.11). To this end, we first observe that, from (1.7),

P32 / VA -vu? / AuVu -v

dB,NQ dB,NQ
2-2 2
<gr / Au / AuVu -v
dB,NQ 9B,NQ

=g r' " H(r) / AuVu -v

BN
<egr' " H@r) / Alul? / A|Vul|?
9B-NQ 9B-NQ

l—n

:g,rT(H(r))% / A|Vul%.

3B,NQ
This and (3.22) lead to
P32 / VA-vu? / AuViu - v
dB,NQ 9B NQ (3.24)

3
2

<Ceprt (HM)? /D) + 2D() + Crmt H ).



800 S. Dipierro et al. / Ann. 1. H. Poincaré — AN 37 (2020) 785-815

Furthermore, by (1.7) and (1.11),

oln /(|vu|2VA'x—2(Vu'x)g>

N2

<crln / (gr AlVul? + A x|~ Vul |M|)
BNQ

<cr'™ | e, / AlVu)® + /A|Vu|2 /A|x|2(8—1>|u|2

BN B.NQ BN

=cr'™ e 2E() + "7 VEG) / Alx 26Dy 2

B.NQ

Consequently, exploiting Corollary 2.4 with p :=2(1 — §),

Aln / <|VM|ZVA -x —2(Vu -x)g)

N2

<Cr'™ | e 2EG) + " T VEG) |21 / Alul? +r2 / AlVul?

dB,NQ BN

<C(LEO+rVENVHOTED).

Now, plugging the latter inequality, (3.15), (3.16), (3.21) and (3.24) into (3.11), we conclude that

D'(r)H(r) — H'(r)D(r)

> H(r)|:— c (87 EG) + P \VENVHE) + E(r))

+2r!n / fVu-x—Cr’ Y (H@r) + Er)) — / fu

BN dB,NIQ

—Cr Y HE) + E@) - Cr‘SIH(r)i|

— Ce,rt (H()? /D) + 522D(r) + Cr- H(r)

> H(r)|:— C (gr—’ Er)+r " "WVErJVH) + E(r)) —Cr Y HE) + EM)

+2rtn / fVu-x—r>" / fu:|
dB,NI

B,NIS

— Co,r (H®)? /D) + 22D(r) + Cr H ),

for some C > 0.

(3.25)
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Now, recalling (3.20) and (3.23), we notice that

/ ful < (mPHE) + =3 H D) + 2D () + Cri-TH ().
B,NIQ
This and (3.25) give that

D'(rH(r) — H'(r)D(r)

> H() [ —C (LEO+r"VEOVHD TE®) = Cr = (He) + E()

+2r!n / fvu.x_cr“H(r)—Cr‘S%\/%\/D/(r)Jr"r;zD(r)JFCr“H(r)]

B,NIQ

— Ce,rd (HM)E D)+ 522D(r) + Cri- H () (3.26)

> H(r) [ —c (er—’ EG) +rVEC VHG) + E(r)) — CH Y H@) + E()

+2rtn / fVu -x:|

B,NI

1 3
_Cmax{rfs’g,}r_i (H(r))2\/D/(r)—i—"r;zD(r)—}—Cr‘s—lH(r).

Now, we denote by 0, := 17 - V and we observe that d, is the “radial” component of the tangential gradient along 9<2,
since €2 is a cone. Hence, since, by (1.12),

u(x) u(x)
V(F(x,u(x))):V /f(x,t)dr = f Vifx,t)dt + f(x,u(x))Vu(x),
0 0
we obtain that
u(x)
|x|8*(F(x,u(x))): / Vef,t)-xdt+ f(x,u(x))Vu(x) - x.
0

As a consequence, by (1.10),
u(x)|
FOuG)Vux) - x < |x]8.(F(x,u(x))) +C / A) |x* T rdr

) (3.27)
< x| 0 (F (e, u(x))) + € A) [x 1P~ fu(x) .
Moreover, integrating by parts along 92,
/ x| 04 (F(x,u(x))| < C / |F(x,u(x)|+C / x| |F(x, u(x)|. (3.28)

Netle} B,NOQ 9(B,NOK)
In addition, by (1.9) and (1.12), we know that
Il

F(x,0)] < C AGe) [xP! /rdr <CAW XP P

(=)
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This and (3.28) lead to

/ x] 8. (F(x, u(x)))| < C / A@) xPHu) P + € / Ax) [x]? Ju(x) .

NI BN 3B,NIQ

Hence, recalling (3.27),

/ fGu@)Vux) x| < / x| 0, (F (x, u(x))) |+ C / AG) [P uo)?

NI NI B,NI
<C / A@) [xP " u)* + € f Ax) [x]? Ju(x) 2,
B,NA 9B, NI

up to renaming C > 0.
Therefore, recalling (3.14) and (3.23),

f fx,u(x)Vu(x) - x

N0

<Cr R (HE) +EM) + Cr =3 JH( D (1) + 522D (r) + Cr- H ().
Then, we insert this information into (3.26) and we conclude that

D'(r)H(r) — H'(r)D(r)

> H(r) [ e (87’ E() +rVEOVHO + E®) = Cr (HE) + E0)

—Cr Y H ) + E0) - 0 HEW D) + 22 D() + C,a_lH(r)]

— Cmax(r?, &) rF (H(r)? \/D’(r) +22D(r) + Cri='H(r)

> H(r) [ e (87’ E() +rVEOVHO + E@) = Cri7 (HE) + E(r)):|

1 3
_CmaX{r‘S’g,}r_f (H(r))2\/D’(r)+"r;2D(r)+Cr5—1H(r).

Accordingly, by (1.6),

, . d (D) _DOH) —H'©)Dr)
A= <H<r)> - H2(r)

e E(r) s—1 | E@) E(r) 5—1 E(r)
>_C(7H<r)+r \/H(r>\/1+H<r)>_6r <1+H(r))

1\/D’(r) n—2D(r)

-C 8 e dr 2 Cri-l.
max{r°, .} r o " H(r)+ r

From this inequality and (3.17) we find that
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N2 =C (L A+ X )+ VTF T OV2FH D) = Cr7 @+ N (1)

+ Cré-1

—Cmax{ra,a,}r—%\/D’(r) n—2D(r)
H(r) r H(r)

_c¥ —c ! — !
> Cr(l+JV(r)) Crom 1+ A (r)—Cr (3.29)

+ Cré-l

-C max{r‘3 £ }r_% D) , n=2D()
o H(r) r H(@r)

> —C max{r®, &, }r ! [(2+ N () + \/r Z((rr)) +n— 2)% n Cr5:| .

Let
A={re(,ry): D' (r)Hr)<DF)H'(r)}.
In view of (3.6), (1.15), and (1.7), for r € A we can estimate D’(r) as follows:

D(H'(r) _ 2 D*(r)

D'(r) < =
H(r) r H(r)

+rT () + 1) f VA-vu?—rl" / VA-vu?
dB,NQ2 BN

D*(r)

H(r)

L2020
r H(r)
It follows that, for all r € A,

F N+ 1>gr—’H(r)+ j—’mr) =§ +(</V<r>+2>i—’H(r>.

\/r D) -2 4 er < o) T eV D+ D+ = DA () 1 CP
H(r) H(r)

<CAN(r)+2).
Combining the previous estimate with (3.29) we obtain that, for all r € A sufficiently small
N'(r) = —C max{r’, e, r L2 + N (). (3.30)

For r ¢ A estimate (3.30) is trivial, since the left hand side of (3.30) is nonnegative outside A whereas the right hand
side is nonpositive because of (1.15). Estimate (1.16) and statement (ii) are thereby proved.

To prove statement (iii), let 4 (r) := max{r’, &,}r ~!. By assumption (1.17), we have that 4 € L'(0, r1). Then, from
(1.16) it follows that

((2—}-«/‘/(7))676‘1 frlh(s)d5>/=efC1 frlh(s)dx(JV/(V)+C1h(r)(2+JV(V))> >0

1
hence the function w(r) := (2 4+ A (r))e~ Jy hs)ds jg nondecreasing in (0, rq).
Moreover w > 0 in view of (1.15). Therefore w admits a finite limit as » — 0% and then also .4 has a finite limit
y asr — 0. Since estimate (3.17) implies that .4 (r) > —Cr%in (0, rp), we conclude that y > 0.

4. Proof of Theorem 1.2

We start by proving (1.20). To this end, we argue for a contradiction and we suppose that (1.20) is violated. Then,
we have that (1.14) is satisfied and hence all the hypotheses of Theorem 1.1 are fulfilled. In particular, by the fact that
the limit in (1.18) is finite and .4 is continuous in (0, ro), we find that .4 is bounded, i.e. for all r € (0, rg),

N () <C, @.1)

for some C > 0.
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Moreover, by (3.6),

/ 1-n
2D(r) _ H'(r) T / VA vl
rH(r) H(r) H(r)

3B,NQ

As a consequence, recalling (1.8),

H'(r) 2D(r)  r'™"

= VA-vu?
H(r) rH(@r) H(r)
0B, N
2N 1—n
= ") + d / VA -vu?
r H(r)
3B,NQ
1—n
< 2N (r) LC r A
r rH(r)
0B, N
2N C
_20) €
r r

<§(ﬂ(r)+1),

for some C > 0 independent of r (varying from line to line). This and (4.1) yield that

H@Fr) C
<—, (4.2)
H(@) r
up to renaming C > 0 and therefore, if r € (0, r9/2),
M _ exp (log H(2r) — og H ()
o) =exp (log r og H(r
2r ,
_ H'(p)
H
J H) 4.3)
Zrd
< exp C/—'O
0

r

=C,

up to renaming C line after line. More in general, integration of (4.2) over the interval (7, » R) yields that for every
R > 1 there exists Cg > 0 (depending on R but independent of ») such that

H(Rr)<CrH(r) forallr € (0,ro/R). (4.4)

The inequality in (4.3) provides a pivotal “doubling property” in our setting. From this, we obtain that

/ A u*(x)dA" " < C / A u?(x)dA" !,
9B, NS 9B,NQ

up to renaming C.
Integrating the latter inequality in r, we find that

/ A(x)u*(x)dx < Co / A(x)u*(x)dx,
B,NQ BN

for some Cp > 0 independent of r, which gives that
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f A u2(0) dx < CY / A () dx, (4.5)

B,NQ B,/zmﬂﬂ

forallm € N and r € (0, rp).
Now we fix k € N such that 2% > 2Cy. In light of (1.19) we can write that

k
lu ()] < [x]%,

as long as x € Q and |x| is sufficiently small. Hence, we can exploit (4.5) for m sufficiently large and conclude that

/ Ax)u*(x)dx < Cy' / Ax) x| dx
BryNs2 Bro/zmﬁﬂ

2k

ro \ 2k r
<cn (2_m> / A(x)dx < 2%, 1AL ()
Bro/zmﬂﬂ

Then, sending m — +o00, we conclude that

A(x) uz(x) dx =0,

B,y N2

and therefore, by (1.2), it follows that ¥ must vanish necessarily in B,, N Q2. This proves (1.20), against our initial
contradictory assumption.

Having established (1.20), we can now complete the proof of Theorem 1.2, since, if A is Lipschitz, we can
use (1.20) and the classical unique continuation principle in [10] and obtain (1.21), as desired.

5. Proof of Theorem 1.3

By (1.3) and (1.22), we see that, if x € 2 and X is sufficiently small,

. A
0 :le(A()»x) Vuk(x)) — Wg(kx,\/H(k)ux(x)) .1)
=div (Ay(x) Vur (x)) — g (x, up(x)),
where
Ap(x) :=A(Ax)
)\2
and an(x,t):= \/mg()\x,\/H()\)t).

Similarly, we see that, if x € 9€2,

A
=T (A(Ax)Vu(Ax) v () —f(kx,u(kx)))
— A (1) Vi (6) - v(x) ﬁ F O VHGR 43 () ©2)
= A, () Vu, (x) - v(x) — fa(x, up(x)),
where
A
fHx,t) = —— fx,vH) ).

VH(O)
Now, in the notation of (1.5), we write Dy 4, r,, and Hy 4 to emphasize their dependences. In the same way, in the

notation of (1.6), we write .4}, 4, r,,. For short, we drop the indexes when they refer to the original configuration
in (1.3) and we write
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DA = Dux,AA,fx,gw H)L = I{M)”A)L and ’/‘6» - uk A, fr 8 (53)

We remark that

Hy(r)=r'"" / A () ud(x)ydsa!
BN
1-n

r

“HO

/ AGx) u*(x)dA" !
B, N2

D
T HGO)

[ aveman
0B;,NY
_HOw)
COHG)

In addition,

Dy(r)y=r*"" f A5 (X) |Vup (x) [P dx — r¥" / F. ey un (0)) up (x) d A

BNQ B,N9Q
2" / 2.0, uy (X)) up (x) dx
B,NQ
Sl PR A Ax, u(hx) u(hx) d AL
= HO / G0 [l H(x) / F O 1) u(hx)
ByNG2 B,NOQ
)\’27.2711
B,NQ
O ) O -
H® / AW IVu(y)*dy - H(/\) / fOu)u(y)d]
BN By, NIQ
A 2—n
S [ soaonumay
B;,NY
_ D(w)
T HO'
and therefore
_D@r)
VAGES How) =N (). 5

This and (1.18) give that, for all r > 0,
lim A5 (r) =
A{% W)=y

for some finite y > 0.
Now we claim that, for all R > 0 and A € (0, r9/R),
lunll g1 @npg) < Cro (5.5)

for some Cr > 0 (eventually depending on R). To this end, we exploit (3.12), (3.18), (4.4), and (4.1) to see that, for
all A € (0,79/R),
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/AA(X)IVMA(X)Izdx: /A(Ax)|Vu(/\x)|2dx

H()
QNBRr QNBg
A AR H(\R) + DR
= / AG) IVu(y)Pdy = -2 ECR) g gu2 HORI + DGR (5.6)
H(}) H(}) H()
QNBRy.
_, HO.R)
=2R"2 1+ .4 (AR)) < Cg,
HOY (I+ A4 (AR)) <Cg
for some Cg > 0 depending on R.
Moreover, using again (4.4), we observe that
1
A () ui(x)dA" " = ) / AGx) u*(x) d.A" !
3BrNQ 3BrNQ
Al H(R)\) SR
— A u*(y)d" ! = R < Cr,
HOY / M u(y)diz,; HOY R
3BRr.NQ

up to renaming Cg. Hence, recalling Corollary 2.4 (used here with u := 0, r := R, and on the function u; and with
weight A, ) and (5.6),

/ Ay () ui(x)dx < Cp / A ui () dA " + f A () Vur ()] dx
QNBR dBRrNQ QNBRr
< Cr,

up to renaming Cg. This inequality and (5.6), combined with (1.2), give (5.5), as desired.

Now, from (5.5) and a diagonal process, we deduce that, along a subsequence, u; converges a.e. in 2, strongly
in L2(Q2 N Bg) and weakly in H'(2N Bg) forall R > 0, as A \y 0. Consistently with the notation in Theorem 1.3,
we denote by i this limit; we observe that it € (g.o H' (2N Bg).

As a particular case of (5.7) with R = 1 we have that

(5.8)

A ui(x)dA " =1
dB1NQ
which, in view of the compactness of the trace embedding H LQnNB) > L2QNIB), implies that
i (x)dA " = }i{% f A ui(x)dA " =1. (5.9)

aB1NQ aB1NQ

Hence @ # 0.
We observe that, by (1.1 l) for every x € By,

g3 (x, w3 ()| = W |gux, VHO) up (x))]

5.10
<CA° AG) 162 s (0)] 10
<CA P2 lun )L,
up to renaming C line after line.
Moreover, by (1.9),
A
| £ (e, un ()] = ——= | f (Ax, v H(}) u;.(x))
"o | | (5.11)

<CAAQX) X s (x)|
< CA P ua (o).
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Now we claim that, for all R > 0,

ii{% f g (x, up () up(x)dx =0
QNBg

and lim / fA(X,u)L(X))MA(X)d%n_IZO,
ANO
dQNBR

Indeed, using (5.10), Corollary 2.4 (used here with A :=1,r := R, and i :=2 — §), and (1.2), we see that

(5.12)

/ 10 1, () 3. (¥) dx | < C AP / P22 () dx
NBg QNBgR

<CrAl / u%(x)dj‘fjc”_l+/ Vs, (x) > dx
dBRrNQ QNBR

<cot | [ mwideda s [ awvnet

IBRNQ QNBg

From this, (5.7) and (5.6), we deduce that

/ €., up (X)) up (x) dx| < CrA%,
NB1

up to renaming Cg > 0.
This proves the first claim in (5.12), and we now prove the second. For this, using (5.11), and then Lemma 2.5
(with A:=1,r:=Rand y := 1 — §) we find that

/f)t(x,u;h(x))u)\(x)dg%’;"_l<CA5 / X2 2 (x)dot !

QNBR dQNBR

2
<Cpi? Vi o + L2 gy
|x|2—6

QNBr

Hence, using Corollary 2.4 as before, we obtain that

/ 6 1, (0) (6 A | < Cr A2,
QNBRr

which implies the second claim in (5.12). This completes the proof of (5.12).
Now we claim that

Ai=0 ing,
o 5.13
M_0 onaq. (>-13)
Jdv

To this end, we exploit (5.1) and (5.2) and, given ¢ € C3°(R"), we write that
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0= [ aiv (4200 Vs g o) dx = [ gt s o) ot dx

Q Q
_ / A1) @)Vt (x) - v(x) d A
02
- / A (0) Vit (x) - Vo) dx — / (6, 1, (¥)) @ (x) dx

Q Q

Z/fx(x,ux(x))go(x)djf;"*l
Q2

- / Ax(x) Vuy(x) - Vo(x)dx — /gx(x, . (x)) p(x)dx.
Q Q
Hence, in light of (1.24), (5.10) and (5.11),

/Vft(x)ngo(x)dx :}1\1{‘1}) /A;L(x)Vu)L(x)~V(p(x)dx
Q Q

= lim / Fuleo () 9 () d A — / 06, 143,(¥)) @ (x) dx
Q Q

<ctimad | [P i@ lewlda "+ [ wllewlds
02 Q

<c;i<%x5 / 7 (0P d A + / o) P!

IQNBR 3QNBR

+ / 11572 |, () 1> dx + f 11572 | (x)|* dx

QNBr QNBR

<C limA |1+ / x5 up (o) P d ot + / x1°72 Jus (o)) P dx |,

ANO
dQNBR QNBg

where C’, R > 0 may also depend on ¢. Consequently, using Corollary 2.4 and Lemma 2.5 as before, we obtain

Vii(x) - Vo(x)dx| < C' lim A?,
/ u(x)-Vo(x)dx &1})
Q

up to renaming C’ > 0, that is

/ Vii(x) - Vo(x)dx =0.
Q

Since this identity holds true for all ¢ € C3°(R"), we have completed the proof of (5.13).

We now show that

u;, converges strongly to i in H1(Q N By), as 1 \ 0.

809

(5.14)
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for some C > 0. To accomplish this, we will exploit elliptic regularity theory, see e.g. Theorem 8.13 in [14] (with
the notation in Example 6.2 on page 314 in [14] for the definition of the norms) or [3,4] and Theorem 5.1 in [13],
considering a set £21 with smooth boundary and such that ¥ C €1 C Q2N (B> \ By,2). In this way, by (5.1) and (5.2),

luall g2y < € (1 + lunll 2 + 182G udll L2 @n(sy\By o)) F 112 C M;\)||H1/2((39)m(32\31/2))>~ (5.15)
Moreover, in light of (5.8) and (5.10),

”gk('aMA)"%Z(QQ(BZ\B]/Z)) = / |gk(x7uk(x))|2dx
QN(B2\B1/2)

<c? / 202 iy () 2 dix
Qﬁ(Bz\B]/z) (516)

<Cca® / | (x) > dx
QNB;

< CA2.

Similarly, recalling (5.11) and (5.8),

2 _ 2
”f)"(.’M)\)”LZ(QQ(BZ\BI/Z)) - / |f)t('xs u)»(x))| dx
QN(B2\B1,2)

<CA® / 1 2C= Dy (x) > dx

QN(B2\B1/2)

< / () P dx
QNB;
< C A%,

Furthermore, from (1.10), (1.23), and (5.5) it follows that

2
||V(f)\.(7 uk)) ”L2(Qm(32\31/2))

= / ‘\/% (wxf (kx, \/H()\)ux(x)) + 1 (xx, \/H()\)uk(x)) \/H(A)Vuk(x))

QN(B2\B1/2)

2
dx

<o / (ur (P + Vi (0) ) dx
QNB,

Therefore
I1f5.Co w1 @B\ By o)) < A8
which, in view of the continuous trace embedding HY QN (B \ B12)) = HY2(Q N (B2 \ B1,2)), yields

||f)»(', “k)”HVZ(‘dQﬂ(Bz\Bl/z)) < C)La
up to renaming C. From this, (5.8), (5.16) and (5.15), we conclude that
lusll g2,y < Cs

again up to renaming C > 0. Thus, using the trace embedding,
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sl g3z sy < Cs
up to renaming C > 0, and consequently, up to a subsequence, we obtain that
u;, converges to i in H!(%).
Now we notice that, exploiting (5.1) and (5.2),
0= / div (A1) Vit () s () dx / 83 (v, 43 (1)) 3 () dx
QNBy QNB;

= [ Awnwvnw vwde

3(QNB))

- f A,00) [Vip (0P dx — f 9.6 105,(6)) 13, (x) dx

QNB; QNB;
=/AA(X)MA(X)VMA(X)'V(x)d«%’}"*]+ / fA(JC,M;\(X))MA()C)d%’}"*1
¥ 9QNB,

- / A5 Vi ()P dx — / (6. 13, (X)) 16,(x) dx.

QNBy QNBy

Using this, (1.24), (5.12) and (5.17), we conclude that

lim / |Vu;\(x)|2 dx
ANO
QNBy

= lim / Ay (%) |V, (x) > dx
A0
QNB

=1@)/Ax(x)ux(xwux(x)~V(x)d%’;"*]+ / Fulx, w () up (x) d A
)

3QNB,

- / an(x, uy (x)) u; (x)dx

QNB;

= lim / A5 (%) uy () Vg (x) - v(x) d A" !
ANO
z

:fﬁ(x)VlZ(x) v(x)d A"
)

Hence, recalling (5.13),

lim / [Vu, (x)|>dx = f IZ(x)VzZ(x)m(x)djf;”_]
A0

QNB 9(2NBy)
- / div(ﬁ(x)Vﬂ(x))dx
QNB;
= / [Vii(x)|*dx.

QNB;

811

(5.17)
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Since the weak convergence and the convergence of the norm imply the strong convergence in L>(2N By), we thereby
conclude that Vi, converges to Vi strongly in L2(Q2N By, R™), and this gives (5.14), as desired.
From (5.14) and (5.12), recalling (5.13) and the notation in (5.3), we conclude that

%%M(V) = A5.1,00().
As a consequence, exploiting (5.4),

Ni1,000) =y. (5.18)
From this, we conclude that

u is positively homogeneous of degree y, (5.19)

and hence we can write i as in (1.25).
For completeness, we give a self-contained proof of (5.19) by arguing as follows. By (5.18), we know
that A7, , ,(r) =0, and therefore, by (1.6),

D;’I’O’O(r) Hy 1 (r) — H,é,l(”)Dﬂ,l,O,O(r) =0 forallr > 0.

Hence, exploiting (3.9) in this setting, and recalling (2.1), we see that

2
0=r""H;(r) f (Vi - x)> =772 / uvVi - v
3B,NQ 0B-NQ
2
_ 3 f 72 / (Vi -v)? — / uVii-v for all r > 0.
9B,NQ  3B,NQ J BN

By the Cauchy-Schwarz Inequality, the latter term is nonnegative, and consequently we find that & is proportional
to Vi - v. Accordingly, we have that i is a positively homogeneous function, of some degree y’.
Then, using (5.18) once again

B ou _ - _
y / ii(x) 2= (x) d A l=yy / W) dA" =y y Hy (1)
BN BN

=y'Di100) =y f |Vii(x)|* dx.
BINQ

(5.20)

On the other hand, by (5.13),

di di

/ ﬁ(x)a—“(x)d%';"*‘z / ﬁ(x)a—“(x)d%;”*‘z / Vi (x) 2 dx.
V V

IBNQ 3(BNRQ) BINQ

Plugging this information into (5.20), we thereby conclude that

v / Vii(x)|>dx =y’ f Vii(x) | dx,
B1NQ B1NQ
and then y’ = y. This completes the proof of (5.19) (and thus of (1.25)).
We also remark that, by (1.25) and (5.13), using the notation p := |x| and ¥ := x/|x|,
0=Aii(x)=y(y — Dp’ 2y @) + (n— Dyp" Y @) + p" A1y (P),

and therefore ¥ is an eigenfunction of te operator .%%; the Neumann boundary condition of ¥ also follows from the
one of & in (5.13).
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Furthermore, by (5.9) and (1.25)

1= / i (x)dA"!

dB1NQ

- L)

IBINQ
= / ) dA,
dBINQ2

which gives (1.26). The proof of Theorem 1.3 is thereby complete.
6. Proof of Theorem 1.4

First, we prove (1.28). We argue by contradiction, supposing that (1.28) does not hold, and therefore (1.14) is
satisfied. Hence, we are in the position of using Theorem 1.3, and we let &z and ¥ as in (1.25). We note that, by (5.13)
and elliptic regularity theory, we have that i is smooth on € \ {0}.

We observe that the trace of # on By N 92 (which belongs to L2(Bl N 9€2) by trace embeddings) cannot vanish
identically, i.e.

ii#£0 on BN, (6.1)

otherwise & would be a harmonic function with homogeneous Dirichlet and Neumann conditions on By N 92, and
then necessarily & would vanish identically in B; N  (otherwise its trivial extension would violate classical unique
continuation principles), in contradiction with (1.26).

From assumption (1.27) it follows that, for all k € N

A %u(r) = 0 in L2(B; N3R). (6.2)
Since, in view of (1.22),

Ho) 1 a0 2,000

Ak lusll 223 nag)

and, by Theorem 1.3, u; — # in L3(B1NQ) along a subsequence, from (6.1) and (6.2) we conclude that

. JHD)
lim =0,
ANO AR
for all k € N. Consequently, for all k € N, there exists Ag(k) € (0, rg/2) such that, for all A € (0, Ag(k)],
VH(A
)\k( L<, (6.3)

On the other hand, by (4.3),

HQ™) < C"H(L)

for all m € N and A € (0,27 rg), for a suitable C > 0 independent of A and m. This and (6.3) give that, for all k,
m € N and for all A € (0, min{\g(k), 27"rp}),

H(2"x) < C™a2k,

As a consequence, recalling (1.5) and integrating,
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2y,
1 1 )
om / At dx =50 f A (x)dA" | dp
Bym; N2 0 aBme
A A
Z/ / AW ) dA! d’Z/Q’”r)”‘lH(zmr)dr
0 |9Bym,NQ 0
A
<oamin=hem f gtk g, 20T DCm A
h n+ 2k ’
0

for all k, m € N and for all A € (0, min{Ag(k), 27 "ro}).
We choose m; € N such that
i 2X
0 —_—
g2 70

i 21
O —_—
22 70

so that A < 274rq for all A < 3. Then we find that

<my <1+ , (6.4)

pman iy, )Ln+2k
n+ 2k

3

/ A(x) u?(x)dx <
Bzm)tﬂﬂ

for all k£ € N and for all A € (0, Ao(k)].
Hence, since, by (6.4), we know that 21 € [%2, ro],

2 _ 2.
Q2" C)l+|logz o | 2k 2" C) 2logy 75 5 n+2k An+2k—0

[ Ax)u?(x)dx < < =« ,
n+2k n+ 2k n+2k

Bry NQ
2

for some suitable 6, > 0 depending only on n, C,ry (but independent of k), for all k € N and for all A €
(0, min{Ao(k), ro/4}).
Accordingly, choosing k € N sufficiently large such that n + 2k — 6 > 0 and sending A \ 0, we conclude that

/ A(x) uz(x) dx =0.

Bry NQ
2

This gives that (1.28) holds true, in contradiction with our initial hypothesis.
This completes the proof of (1.28). Finally, the proof of (1.29) is identical to the proof of (1.21), hence the proof
of Theorem 1.4 is complete.
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