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Abstract

Given a Banach space E with a supremum-type norm induced by a collection of operators, we prove that E is a dual space and
provide an atomic decomposition of its predual. We apply this result, and some results obtained previously by one of the authors, to
the function space B introduced recently by Bourgain, Brezis, and Mironescu. This yields an atomic decomposition of the predual
B, the biduality result that B} = B, and B} = B, and a formula for the distance from an element f € B to Bj.
© 2020 L’ Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Suppose that a Banach space E is defined and normed by the fact that x € E if and only if sup; ., || Lx|ly < oo,
where L is a collection of operators L: X — Y, X and Y Banach spaces. Spaces of this kind include the space of
bounded mean oscillation (BMO), Holder spaces, the space of bounded variation (BV), Marcinkiewicz spaces, and
various spaces of holomorphic functions of weighted or Mobius invariant type.

Most of these spaces are known to have a predual E, whose elements can be defined in terms of a decomposition
into designated “atoms”. See for instance [4,6] for two recent examples related to what will be our main application.
While the general line of argument to obtain such atomic decompositions has appeared frequently and repeatedly, the
main purpose of this note is to provide a completely functional analytic proof, independent of any special structure
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of L. In particular, our approach can be used to recover some of the results from [4,6], as well as many other examples
of atomic decompositions in the literature.

Another typical result, in the cases where it is possible to define a sufficiently rich “vanishing” subspace Ey C E,
is the “two stars theorem”. Namely, that E;j = E,. Furthermore, the distance from an element f € E to Ej is usually
given by an appropriate limit of the defining functionals. The pair (BMO(T ), VMO(T)) provides a familiar example.
These phenomena were formalized by one of the authors in [13,14], and they were proven to hold in a fairly general
context (without giving any description of E,). See also [5] for a survey.

Our second purpose is to demonstrate the application of these results to the new function space B introduced by
Bourgain, Brezis, and Mironescu [3]. Recent work related to this space can also be found in [1,2,7-9]. For d > 1,
f € L0, 1)%), and a cube Q, C (0, 1) with sides of length & and parallel to the co-ordinate axes, let fo. denote
the average of f on Q.. Define the norm (modulo constants)

Ifllg:= sup [fle, (1)
O<e<l
where
Fle=etsp 3 o /!f(x) fo.ld
Te Q.eFe €

Here F. denotes a collection of mutually disjoint e-cubes Q. C (0, 1)d such that the cardinality |F¢| < e!=¢ and the
supremum is taken over all such collections. The space B is then defined as

B={feL'(0, )% : || fllz < oo}.

When d = 1, B =BMO. For d > 2, the B-norm is strictly weaker than the BMO-norm. In fact, both BMO and BV
are continuously contained in B (see [3]).
The separable vanishing subspace By consists of those f € B such that

E!LH%) [fle=0.

VMO and W! are continuously contained in By.
For the space B, our result yields the following.

Theorem 1. 5 has an (isometric) predual B,. Every ¢ € By is of the form
o
9= Angn, )

where (A) € 2L and each atom gn Is associated with an € = &, and a collection of disjoint e-cubes F. such that
|Fel <&'= and

e suppg, C UF,,
o lenlxo, <& g for every Qs € F,
° st gndx =0 for every Q. € Fe.

The action of f € B on ¢ is given by

=34 | enis

n=1 ©.1)d

and is independent of the choice of representation of ¢. Furthermore,

1 o o
5“"2 Ml < llglls, < infi;w,
n= n=

where the infimum is taken over all representations of ¢.
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Remark. As expected, the result shows that B, is continuously contained in the atomic Hardy space H'((0, 1)%). In
particular, the convergence of the series (2) can be understood in H 1 and thus in L!.

As mentioned before, we will also show the following biduality and distance result. The meaning of the duality
relations will be made more precise in Section 3. Let UC C By denote the space of uniformly continuous functions on
(0, 1) (modulo constants). Note that UC is dense in By, by the remark after Lemma 7.

Theorem 2. We have that By = B, and By* = B = B, isometrically via the L2((0, )%)-pairing. For any f € B it
holds that

dist(f, Bo) = dist(f, UC) = mln If—zglis= 11m [f]e- 3)

Remark. The result of [14] implies that By is an M-ideal in B. Thus, by M-structure theory [11], the minimizer of
(3) exists but is never unique, unless f € By.

Remark. If the constraint on the cardinality, |F;| < ¢1=4 is removed from the definition of B, we find the familiar
space BV of functions of bounded variation on (0, l)d. Indeed, it can easily be shown that f € BV if and only if

sup ¢ sup Z

O<e<l Ge 0.€G
& &

R A

where the supremum now runs over all families G, of pairwise disjoint e-cubes contained in (0, 1)¢. Actually, this is
a particular case of [7, Corollary 4.2], see also [9,4]. Moreover, the above quantity is equivalent to the total variation
|DF((0, 1)?). In this case, the corresponding “vanishing subspace” is trivial:

lim ¢4~! sup Z

e—0
8 QF g(“

_ dx =
|Q€|/|f() fo| dx =

if and only if f is constant.
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2. Atomic decompositions

We will suppose that X is reflexive, while letting ¥ be any Banach space. In this section, let (L,);2 ; be a given
sequence of bounded operators L, : X — Y, and define

={xe X :sup||Lyx|ly <oo}.
n
We suppose that this defines a Banach space E under the norm
lxlle =sup||Lnxlly,

n

and that E is continuously contained in X. We will not attempt to give a general condition under which these two
hypotheses hold. We also suppose that E is dense in X in the X-norm, for otherwise we may replace X by the closure
of E in X.

We thus have an isometric embedding

V:E— (), Vxn)=L,x.
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The dual of E can therefore be represented as
E*~ba(N,Y*)/VE™,

where ba(N, Y*) denotes the space of finitely additive Y*-valued set functions on N of bounded variation [12],
and VE* is its subspace of elements annihilating V E. Note that £'(Y*) is naturally understood as the subspace of
ba(N, Y*) consisting of the countably additive measures.

Theorem 3. E has an isometric predual E,
E.=0'(Y")/P,
where P =V E+ N ¢Y(Y*). That is, every x € E corresponds to a functional on £ (Y*)/ P given by

o0

(i)=Y yiLax) =Y Liyr(x), (et (r™), €

n=1 n=1

and conversely every bounded functional on £'(Y*)/ P is given by a unique x € E according to (4). The norm of x as
a functional is equal to its norm as an element of E.

Proof. Through the canonical embedding ¢: ¥ — Y**, we may instead consider the embedding
W: E— 0", Wxm) =u(Vx®)).

Note that £2°(Y**) = ¢! (Y*)* [12]. To see that E is a dual space we simply have to verify that W E is weak-star closed
in £>°(Y**). By the Krein-Smulian theorem, it is enough to check that W E N D is weak-star closed, where D is the
closed unit ball with center 0 in £%° (Y™**).

Suppose therefore that (x,) is a net in the unit ball of E such that (L,xy) — (y*) weak-star, where (y;*) €
£°(Y**). Since E is continuously contained in X and X is reflexive, there is a subnet (x,/) such that x,, — x weakly
in X, for some x € X. For every fixed n, L,,: X — Y is continuous, and thus L, x,, — L,x weakly in Y. Since closed
balls of Y are weakly closed, we conclude that x belongs to the unit ball of E. Of course, for every fixed n we also
know by hypothesis that L, x,» — y* weak-star in Y**. Then, for every y* € Y*,

Yo (") =lmy*(Lyxe) = y* (Lnx).
o

Hence (y*) = (L,x), demonstrating that W E N D is weak-star closed.
We have shown that E >~ W E is a dual space, with predual given by

(WE), =¢'(Y*/*WE =¢"(Y*)/P. O

Remark. If Y is a dual space with predual Y, a similar argument shows that

E,=¢'(Y,)/ VE.

To understand Theorem 3, note that finite sums e, = Y _ L¥y* belong both to E, and X, = X*, and the action of
elements x € E on e, is identical,

x((7)) = ex(x).

Clearly, such finite sums are dense in E,. In fact, by restricting the action of x* € X* from X to E, all of X* is
continuously contained (and thus dense) in E,.

Theorem 4. X* is continuously contained in E.. Thus, for any x* € X* there is a sequence (y;) € 2N (Y*) such that
e rey < Cllx* [l x+ and
(e.¢]
x*(x) = ZL;’;y:(x), xeE.
n=1

Here C > 0 is an absolute constant. In particular, if X is separable, then E, is separable.
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Proof. Note first that it is clear that every x* € X™* induces an element x* € E*, since E is continuously contained in
X, and the implied map is injective. To see that in fact x* € E,, we need to verify that x* is weak-star continuous on
E. That is, we need to verify that E Nker x* is weak-star closed in E. By the Krein-Smulian theorem, it is sufficient to
consider D1 N E Nkerx*, where D is the closed unit ball with center O in E. Let (x,) be a net in this intersection such
that x, — x weak-star in E. Since E is continuously contained in X, there is a subnet (x,/) such that x,» — xo weakly
in X for some xo € X. By the same argument as in the proof of Theorem 3, we then have that xo € D1 N E N kerx*.
Furthermore, for every n and y* € Y*, we find that

y*(Lpxo) =1im y*(Lpxo) = y* (Lpx).
o

Hence L, xo = L,x for every n, and thus xo = x (by the assumption that the norm of E is indeed a norm). O
3. Biduality and distance formulas

In this section we will recall the framework and results of [13,14], imposing additional structure on E. We now
suppose that X is separable, in addition to being reflexive. Y is still an arbitrary Banach space. We assume that E
is normed by a collection £ of operators L: X — Y, equipped with a topology that is o-compact, locally compact,
Hausdorff, and such that £ > L — Lx € Y is continuous for every fixed x € X. To reconcile this framework with that
of Section 2, we additionally assume that the topology is separable.

Let

E={xeX :sup|Lx|y < oo},
Lel

and
Eoy={xeE: lim |Lx|y=0}
L3L—00

Here L — oo is understood in the usual sense of escaping all compacts. As before, we assume that E is a Banach
space under the norm ||x| g =sup; <. [|Lx|y, and that E is continuously contained and dense in X.
Additionally, we have to assume an approximation property.

(AP) For every x € E there is a sequence (x,) C Eq such that ||x,||g < |lx| g and x,, — x in X.

Since closed balls of Ey may be viewed as bounded convex subsets of X, an equivalent reformulation of (AP) is
obtained by replacing the strong convergence of x,, — x by weak convergence in X.

The following theorem was proven in [13,14] by considering the natural embedding of E into the space Cy(L, Y)
of bounded continuous Y -valued functions on £, and the corresponding embedding of Ey into the space Co(L, Y) of
such functions vanishing at co. We refer the interested reader to [10] for the notion of an M-ideal. Let ¢: Eg — E(’)‘*
denote the canonical embedding.

Theorem 5 ([13,14]). Suppose that (AP) holds. Then

o Ej* >~ E isometrically via the X-X*-pairing. More precisely, let I1: Eo — X denote the inclusion operator,
and let U = I'**. Then U(E§*) = E and, considered as an operator U: Ej* — E, U is the unique isometric
isomorphism such that Uix = x for all x € Ey.

o Egisan M-ideal in E.

e Forevery x € E it holds that

min [|x —xollg = lim |[Lx]|y.
xp€Ey L—o0

The uniqueness of U has not been explicitly stated before, but follows as in [15, Theorem 2].
Choosing a dense sequence of operators (L,) in £, we have by continuity that

Ixlle =sup || Lnxlly,
n
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allowing us to apply the results of Section 2. Theorems 3 and 4 yield an isometric isomorphism J: E — E} such
that Jx(x*) = x*(x) for x* € X* C Ex and x € E. Since Ey is an M-ideal in Ej*, E is a strongly unique predual,
implying that the isometry JU : Ej* — EJ must arise as the adjoint JU = K* of an isometric isomorphism K : E, —
Ej. Note, for x* € X* C E, and x € Ey, that

Kx*(x) = JUix(x*) = x*(x).

Theorem 6. Suppose that (AP) holds. Then the identity map, K (x*) = x*, x* € X*, extends to an isometric isomor-
phism K : E, — Ej.

Less formally, we might simply say that E; = E, and that E}} = E, isometrically via the X-X*-pairing.
4. The Bourgain-Brezis—Mironescu space

We restrict the discussion to d > 2. If d = 1, then B = BMO and the results are already known. If d > 2, [3, Theo-
rem 2] states that BB is continuously contained in the Marcinkiewicz space L4/td=1).00 (modulo constants). Therefore,
as our choice of separable reflexive space containing 13, we may take X = L ((0, 14)/C, where 1 < p <d/(d —1).
Let Y = L'((0, D)?).

As before, let F, denote a collection of disjoint open &-cubes such that |F;| < el=4 Thus F, = (Qela)) [T
where Q. (a;) C (0, )¢ is an e-cube centered at a; j € (0, 14, and m < &'~4. To each such collection F, associate
the operator Lz, : L” /C — L' given by

| F|
Z X0:ap) ([ = foe@))-

L
7= |Q€

Since the cubes are d1s101nt, we then have that

| Fel

|Q£Z / |f = fo.@)ldx,

=19, a))

ILE, fllgr=e

and thus that

B={feL?/C: sup sup|Lr, fllp1 <oo}.
0<e<l
To place ourselves in the framework of Section 3, we have to construct an appropriate topology on the set of
collections F;. Each collection is uniquely determined by ¢ and the centers ay, .. ., a,, of the cubes (0, D4 > Q, (aj) €
Fe. We thus write F, = F(e,ay,...,ay). Foreachm € N, let

Em:{]:&‘:]:(eaala-"vam) : |]:8|:m}7

with the topology induced by the parametrization (¢, ay, ..., an) € (0, 1] x (0, 1)"4_ Consider the map 7w, Ly —
o, AC) given by 7, (F¢) = . Since the cubes Q(a;) are open, the map 7, is proper. That is, nnjl([S,
m~1/@=D7) is compact for every 0 < § < m~ /=D By the dominated convergence theorem, the map L,, > F;
Lr fe L' is continuous for every fixed f € L? and m.

We endow the full collection £ = {F,} with the disjoint union topology,

oo
L=]]ztn
m=1

By the corresponding properties of L,,, £ is o-compact, locally compact, Hausdorff, separable, and £ > F; —
Lr fe L' is continuous for every f € L”. Furthermore, the map

o0
T = ]_[nm:£—>(0,1], 7 (Fe) =¢,

m=1



L. D’Onofrio et al. / Ann. 1. H. Poincaré — AN 37 (2020) 653-661 659

is proper, since 7, is proper, and for every § > 0 there is an N such that (s, 1) C ]_[msN L. Thatis, 7~ ([, 1])
is compact for every 0 < ¢ < 1, and, by continuity, for every compact set IC C L there is an ¢ > 0 such that L C
7! ([&, 1]). For a continuous function F: £ — R, we therefore have that

lim F(Fe) = 11msupF(.7-")

L3F;—00

Hence the Bourgain—Brezis—Mironescu space B and its vanishing counterpart By form an instance of the pair (E, Ep),
as described in Section 3,

Bo={feB: limsup| Lz, fll;1 =0}
e—0 7.
Before applying our results, we must prove that (AP) holds.

Lemma 7. For every f € B, there is a sequence (f,) C Bo such that || fullg, <l fllg and fu — fin L, 1 < p <
d/d-1).

Proof. For0 <9 < %,set#:(ﬁ,...,ﬂ) e RY, and let

g(x)= f((1 =20)x+9), xe(0, 7.

Note that g(x) is actually defined for all points x € (-9, 1 + 9)4. Choose a function Y e Ce (Rd) such that ¢ > 0,
suppy C (—1, 1)4, and [ (y)dy=1.Fix 9 andlet p(y) = ¢y (y) = ® =44 (y/9). Throughout the proof, integration
with respect to y will be understood to be taken over suppp C (=1, 9). Let

h(x) =hy(x) =@ * g(x) =/<p(y)g(x —y)dy.

For cubes Q. C (0, 1), we use the notation

1
= - dx
IQEIQ/M fo.l

1
—y)dy)d
|Q£|Q/(f<p(y)g(z y) y) Z

=fs0(y) (sx—y)—go.—y) dy,

M(f, Qe)

Note that

h(x)—hg, =h(x) —

and thus
M(h, Q.) < / 0(y) M(g. Qe — y) dy. )

Furthermore,

1
Mg, Qs—y)=—"— - dv| d
(8- Qe =0 = 1505 )] / fay = IQ( 9| / Fv) dv) du
Qe(yvﬁ) Qe(y 1)

=M(f, Qe (y, 7))

where Q. (y,9) ={(1 —=20)x + ¥ :x € Q. — y}. Note that Q. (y, ) C (O 1)4 is an (1 — 219)e-cube, for every y.
Now consider a collection F; of disjoint e-cubes such that |F,| < e!=¢. For each y € supp ¢,

Fe(,0) ={0:(y,¥) : Qs € Fe}

forms a collection of disjoint (1 — 2:%)e-cubes, with
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|Fe(y, 0)| = |Fel < (1 =20) ) 74,
Hence by (5),

e YT M, Q) <

1
S T /<p(y) (1=20e)"" > M(f, Q:(y.9))dy
QceF; )

Fe(y,0) (6)

1
< .
< ooyt 11
Therefore
1
hps ——— .
18 = =355 1118
To conclude, choose a sequence (¢,) such that ¥,, — 0, and let
fo=(0=20,)"""hy,.
Then (f,) C Bo, Il fullB, < I flB, and f, — fin LP. O

Remark. Note that if f € By, then the sequence ( f;,) constructed in the proof of Lemma 7 converges to f in 3. Hence
the space UC of uniformly continuous functions on (0, 1)¢ is dense in By.
Indeed, the inequality (6) shows that

[fals <[fla—20)e, O<e<1l.

Since f € By, there is for every ¢ > 0 an &, € (0, 1) such that for 0 < & < &, we have that

[fle <o.

Thus, for such ¢,

[f - fn]s < [f]s + [fn]g < 20.

On the other hand, for any family F, of disjoint e-cubes we have the trivial estimate

e YT M(f = fun Q) <267 = FullLi0.1)0)-

QceFe
Hence
lim sup [f — fule =0,
eg<e<l

since f, — f in L1((0, 1)?). It follows that f, — f in B, since o was arbitrary.

To prove Theorem 1, choose a dense sequence (F; ) C L. Then Theorem 3 yields that for every ¢ € B, and § > 0,
there is a sequence (y;) € 1L ((0, 1)?)) such that Doyl < llelip, + 8 and

o o
k * *
n=1 n=1

Then A, = 2|y}~ and g, = Lrn Vi /Qllyill L) satisfy the desired properties, ¢ =Y, A,gn, and

o

> 1l <2lglls, +28.

n=1
Conversely, suppose that we are given a functional ¢ =}, 1, g, of the form in the theorem. Let 7 denote the
collection of cubes associated with g,. If necessary we may complete (F ) to a dense sequence. Theorem 3 then
shows that ¢ is weak-star continuous on 13, and it is immediate that
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o0
lolls, <D IAal-
n=1

Remark. As Theorem 3 shows, one obtains an isometric description of B, by considering atoms of the form g, =
L zr y,, normalized by the fact that || yillpe = 1.

Theorem 2 follows directly from Theorems 5 and 6.
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