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Abstract

In this paper we study the bilinear-control problem for the linear and non-linear Schrédinger equation with harmonic potential.
By the means of different examples, we show how space-time smoothing effects (Strichartz estimates, Kato smoothing effect)
enjoyed by the linear flow, can help to prove obstructions to controllability.
© 2020 L’ Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction and results
1.1. Introduction

In this paper, for d > 1, we consider the bi-linear control problem for the quantum harmonic oscillator

iy +Hy =u)K @)y —o|Y*y,  (1,x) e R xRY,

(1.1)
¥ (0, x) = Yo(x),
where
d 2
H=-A 2 - - 4+ x?
+ Ix| ;( asz.+xj)

is the harmonic oscillator, K : R — R is a given real valued potential and where the control u belongs to L, .(R;R)

for some r > 1. In the sequel, we will either study the case o = 0 and we will refer to this equation as the bi-linear
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Schrodinger equation, or the case o = 1 (respectively ¢ = —1) which corresponds to the non-linear Schrodinger
equation with a cubic defocusing (respectively focusing) non-linearity. We call the linear operator ¢ — K the
control operator, while the (possibly non-linear) map v — i Hyr + io |y |> is usually called the drift.

For a given source ¥, the attainable set from g with controls in Lj, .(R; R) is the set of 1 ¢ for which there exist
atime T > 0 and a control u in L" ([0, T']; R) such that the solution v of (1.1) at time T satisfies ¥ (T, -) = ¥ r(-). A
system is controllable in a given space X if the attainable set from any point of X contains X.

A celebrated result [1, Theorem 3.6] (see also [29] for the case of the Schrodinger equation and [8] for a gen-
eralization to the case of L! controls) states that for bi-linear equations posed in a Banach space with linear drift
and bounded control operator, the attainable set (from any source) with L;OC(]R, R) controls, » > 1, is contained in a
countable union of compact sets. In an infinite dimensional Banach space, a countable union of compact sets is mea-
ger in Baire sense. Hence, this result represents a deep topological obstruction to controllability of bi-linear control
systems. Notice that this negative result does not prohibit controllability in smaller spaces, endowed with stronger
norms, where the control operator is not continuous anymore.

Energy estimates have provided various obstructions to controllability of conservative equations via a bilinear term,
see [7] for bilinear Schrodinger with possibly unbounded control operators and [12] for non-linear wave equations
with L Z]OC controls and bounded control operators. Here using more refined inequalities, as the Kato smoothing effect
and Strichartz estimates, we are able to tackle the case of the (non-linear) Schrodinger equation involving possibly
non-linear drifts and unbounded control operators.

Concerning the study of the well-posedness of Schrodinger equations with potentials, we refer to [15,21,10].

For (local) exact controllability results for NLS on a finite length interval we refer to [2,5,4,6]. For both the case
of the bi-linear and non-linear Schrédinger equations, to get positive exact controllability results, the main difficulty
is the choice of the ambient space. This space has to be chosen such that the equation is well-posed and the control
operator is not bounded. In [2,5,4] the fact that the control operator is not continuous is a consequence that the
Schrodinger equation is studied on a finite length interval with well chosen boundary conditions. Here instead, we
study the equation on R¢ and therefore take advantage of dispersive effects.

For approximate controllability results for the bi-linear Schrédinger equation see [11,19].

On the other hand, in the particular case K (x) = x (which does not fall in the scope of our analysis), with an
explicit change of variable, one can show that the attainable set is a finite dimensional manifold [20]. Notice that this
result also holds for the non-linear equation, see [17, Section 2.3]. In [22], the authors obtained non-controllability
results for the bi-linear Schrodinger equation on domains.

In this note, we concentrate on control terms taking the form u(#) K (x)¥, where K is a potential given once for
all, and ¢ — u(z) takes real values. The extension of the results we give here to control terms with the more general
form u(¢, x)v, see for instance [25], is beyond the scope of this work.

We refer to [26] for negative controllability results for non-linear Schrédinger equations with additive controls.
Another approach, based on Kolmogorov e-entropy, has been used in [27] to obtain comparable non-controllability
results for the Euler equation with an additive forcing term.

We refer to the introduction of [5] for more references on control problems and concerning results on the optimal
control problem of the non-linear Schrodinger equation, see [16] and [13,14].

For an overview of results concerning the control of (1.1), see [17]. For an overview of controllability results of
bi-linear control systems, we refer to [18].

In the sequel, we will need the harmonic Sobolev spaces, in other words, the Sobolev spaces based on the domain
of the harmonic oscillator. For s > 0, p > 1 we define

WP = WP (RY) = { f e LP(RY), HY/* f € LP(RY)},
H =H R =W

The natural norms are denoted by || f|lyys.» and up to equivalence of norms (see e.g. [30, Lemma 2.4]), for 1 < p <
+o00, we have

I £ lwse = 1HS fllee = 1(=A)2 Fllee + 1) Fllze, (1.2)

with the notation (x) = (1 + |x|*)!/2.
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1.2. A smoothing property for the bi-linear equation

Consider the equation
i+ Hy =u()K (), (t,x) e R x RY,
¥ (0, x) = Yo (x) € H*(RY),

in any dimension d > 1 and regularity k > 0. Assume that K € W (R9). Then for all integer k > 0, the control
operator

HYRY) —  HKRY)
Y — K,

(1.3)

(1.4)

is continuous (see (2.12) for the proof), and therefore the general result of Ball-Marsden-Slemrod [1, Theorem 3.6]
applies to (1.3). This result shows that, for fixed initial condition ¥o € H*(R?), the attainable set of (1.3)

U U ol

teR uel! (R),

loc
r>1

is a countable union of compact subsets of #*(R?).
Our next results (Theorem 1.1 and Corollary 1.2) give a more precise description of the attainable set of (1.3),
under the assumption u € leoc (R).

Theorem 1.1. Let d > 1 and k > 0 be an even integer. Let u € L%OC(R; R) and K € WH]"’O(R"”,R). Let g €

HY(R?), then the equation (1.3) admits a unique global solution v € C(R; H*(R?)).
Moreover for all B < 1/2, there exists o > 0 such that

y(t) — "y e ¥ (R; HHP(RD)), (1.5)
and forall T > 0,

1 (@) — " Yol ca (1. 77 206+8 Ry < C(T. k. 1ol age ways Nuell 2 7.77)- (1.6)

The proof of (1.6) relies on the Kato smoothing effect for the linear Schrodinger equation. It can be stated like this:
for all B < 1/2 there exists C > 0 such that for all ¢ € LZ(R?)

”( )% e (pHL2([—27T,271]><R‘1) = Cllell 2 way- (L.7)
X

We refer to [23, Théoréme 15] for the proof of (1.7). This inequality shows that the solution of the linear Schrodinger
flow enjoys a gain of 1/2 derivative locally in space.

It is likely that the statement of Theorem 1.1 holds for any k € N, but at the price of more technicalities, there-
fore in this paper we only consider the case k € 2N, which allows to work with differential operators instead of
pseudo-differential operators.

The result also holds for perturbations of H, namely, when H is replaced with H + W, where W is in the Schwartz
class S(R?; R). In the argument one has to replace u K with ukK — W.

The smoothing property stated in Theorem 1.1 leads to the following obstruction to controllability of equation

(1.3).

Corollary 1.2. Under the assumptions of Theorem 1.1, forall B < 1/2, T > 0, and M > 0, the set
U o -

te[-T,T]

Nl 2 g 7 yim) <M

is a compact of H*B(RY). As a consequence, the set



608 T. Chambrion, L. Thomann / Ann. I. H. Poincaré — AN 37 (2020) 605-626

U U {v® -y}

1eR yeL? (R)

is a countable union of compact subsets of H¥P(R?).

Remark 1.3. With similar techniques, we can handle the Klein-Gordon equation (even in the non-linear case)

Y — AY +my =u@)BX)Y — ¥, (1, x) eR x M,
¥(0,.) =o€ H' (M), (1.8)
3 (0,.) =y € L*(M),

where M is a boundaryless compact manifold of dimension 1 or 2, with m > 0 and where the potential B is assumed
to be regular enough. In this case, the result of [1] applies, but one can additionally prove a gain of regularity, similar
to Theorem 1.1. Actually, the mild solution to (1.8) reads

t

V(1) = So(H) o + S1(1) Y1 + f S1(t = 5)(u($) B)Y (s) — ¥ (s))ds

0
where
So() = cos(tv/=A+m) and Sl<r>=%.

In this context, the smoothing is realised by the gain of derivative induced by S;. For non-controllability results
for (1.8), with L! controls, we refer to [12, Section 3]. Finally, notice that Beauchard [3] has proven a positive con-
trollability result for the 1D bilinear wave equation with Neumann boundary conditions (this corresponds to potential
with a jump after symmetrization).

1.3. Strichartz estimates and obstructions to the controllability of the non-linear equation

The Strichartz estimates are crucial tools in the study of the well-posedness of non-linear Schrédinger equation at
low regularity. Let us recall them: a couple (g, r) € [2, +00]? is called admissible if
2 d d
—+-=5 and (d,q,r)#(2,2,+00).
qg r 2

Then, if (g, r) is an admissible couple, for all 7 > 0O there exists Ct > 0 so that for all Yy € H* (R?) we have

itH
lle'” VollLa—7.17.Wsr Rey) < Crl[Vo0ll2s Re),. (1.9)

We will also need the inhomogeneous version of the Strichartz inequalities: for all T > 0, there exists Cz > 0 so that
for any admissible couples (g1, r1) and (g2, 72) and function F € L2 ([T, T]; W*2(R%)),

t

i(t—7)H
” /el t F(T)dTHqu([—T,T],WSvrI (]Rd)) =< CT”F”Lqé([—T,T],WX’ré(]Rd))7 (110)
0

where ¢} and r}, are the Hélder conjugates of ¢ and r>. We refer to [24, Proposition 10] for a proof.

1.3.1. The linear and non-linear Schrodinger equation in dimension d = 1
To begin with, we consider the bi-linear Schrédinger equation

iy +HYy =uKx)y,  (x)eR xR,
¥ (0, x) =Yo(x) € H'(R),

where K € H*(R; R), for some s > 0. Then we are able to prove

(1.11)
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Theorem 1.4.

(i) Let K € L*(R;R), u € L%OC(R; R), and Yo € L*(R; C). There exists a unique global solution to equation (1.11)
in the class

loc

¥ € C(R; LA(R)) N L}, (R; L(R)).
This solution satisfies

IOl 2® = Vol 2@y ViR,
and forall T >0

1Vl s qer. 2@y < C (T, 1ol 2wy lull 2 1.77))- (1.12)
Moreover, the attainable set

U U ol

teR yer? (R;R)

is a countable union of compact subsets of L*(R).
(ii) More generally, lets >0, K e H*(R; R), u € leoc (R; R) and vrg € H*(R; C). Then there exists a unique global
solution to equation (1.11) in the class
¥ € C(R; H* (R)) N L}, (R; WH™(R)).

This solution satisfies

VOl 2wy = Yol 2wy, VIER,
and forall T >0

||1/f||L°°([—T,T];HS(]R)) + ||W||L4([7T,T];Ws,oo(]1{)) < C(T, ||¢0||HS(]R), ||M||L2([7T,T|))-
Moreover, the attainable set and the attainable set

U U o)

teR yel? (R;R)

is a countable union of compact subsets of H*(R).

This result shows that there are more obstacles than the continuity of the control operator

HR) — H'(R)

v o Ky (1.13)

for controllability (since the map (1.13) is not continuous in general for a given K € H*(R) when 0 <s < 1/2). In the
proof, we will crucially use the space-time Strichartz estimates to control K ¢ (by showing that K € leoC (IR; HE (]R))
when ¥ € H*(R) and K € H*(R)) and to prove the compactness result.

Notice that for s > 1/2, the result of Theorem 1.4 is a direct consequence of [1, Theorem 3.6], because in this case,
the map (1.13) is continuous (see the discussion at the beginning of Section 1.2). Similarly, when K € WL (R),
then one has the strong result of Theorem 1.1. The result of Theorem 1.4 is relevant when the potential has limited
regularity, namely K € H*(R),0<s <1/2.

The previous approach also holds for the non-linear problem. Namely, consider the cubic equation

iy + Hy =u()K ()Y — o |y, (t,x) eR x R,
¥ (0, x) = Yo(x) € H*(R),

where 0 = %1 and K € H*(R) for some s > 0. Then we have

(1.14)
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Theorem 1.5.Let s >0, K € H*(R; R), u € leoc(R? R) and g € H*(R; C). Then there exists a unique global
solution to equation (1.14) in the class

¥ € C(R; 7' (R)) N L},

loc

(R; W™ (R)).

This solution satisfies

v ODll2wy = 1Yol 2Rr), ViER,
andforall T >0

IV Il oo, 712 Ry + 1V 1 47, 7vs o)y < C (T 10l ys lull 27, 7)- (1.15)
Moreover, the attainable set

U U {vol

teR yel? (R;R)

is a countable union of compact subsets of H*(R).

This result is relevant in the sense that it shows that the non-linear term does not help to control the equation.
All the results of this section also hold for perturbations of H, namely, when H is replaced with H + W, where W
is in the Schwartz class S (Rd; R). The term W1 can be treated as a perturbation of the non-linear term.

1.3.2. The non-linear Schrodinger equation in dimension d =3

In order to get similar results to Theorem 1.5 in higher dimension, one needs to impose more regularity on the
initial condition and more regularity on the potential. This in turn will allow us to consider a larger set of controls,
namely u € U,» 1L, .(R) instead of u € leoc(R), as assumed in Theorem 1.5.

In this paragraph, we fix d = 3 and we study the defocusing non-linear problem

iy +HYy =u)K@) Y —|¥1*y,  (tx) eR xR,
¥ (0, x) = Yo(x) € H' (RY).

To begin with, thanks to (1.9) and (1.10) we are able to state a global well-posedness result adapted to our control
problem.

(1.16)

Proposition 1.6. Let u € L}oc (R; R).

(i) Let K € WER(R3:R). For v € HI(R?) the equation (1.16) admits a unique global solution ¥ €
C(R; HY(R?)). This defines a global flow ¥ (t) = ®* (1) (Yp).
(ii) Moreover, this solution \ satisfies the bound
||W||L00([_T,T];H1(R3)) = C(||1/f0||H1(R3))(1 + ||u||L1([_T,T];]R)), (1.17)
Jor some C = C(||[Yollyy1r3))- Furthermore, the following bound holds true

IV 27,7 wre®3y) < C(T 1ol sy 1l =7, 71 R))- (1.18)

(iii) Let k > 1 be an integer and assume that K € W5 (R3; R). Then for yry € H*(R3) the equation (1.16) admits
a unique global solution € C(R; H*(R3)) which satisfies the bounds

||W||L°0([7T,T];’Hk(]R3)) <C(T,k, ||1//0||7-[k(]R3), ”””L'([—T,T];R))» (1.19)

and

||1/f||L2([—T,T];Wk-6(1R3)) = C(T: ||1/f0||Hk(R3), ||M||L1([_T,T];R))- (1.20)
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The proof relies on a fixed point argument in Strichartz spaces which are well-adapted to control the non-linear
term in (1.16). Notice that from (1.18), we deduce that, for almost all € R,

¥ (t) e WHOR?). (1.21)

This is a smoothing effect for the solution, but can not be interpreted as an obstruction to controllability of the
equation (1.16), since the set of times such that (1.21) holds true depends on the control u.
‘We now state our result concerning the lack of controllability of (1.16)

Theorem 1.7. Let K € WH®°(R3: R) and o € H'(R3). Denote by  the solution of equation (1.16) defined in
Proposition 1.6. Then the attainable set

U U {vol

teR ueL,’M(]R;]R),

r>1

is a countable union of compact subsets of H'(R3).

We are able to prove similar results in dimensions d = 1 and d = 2, but we do not detail them, since the proofs are
similar. The same result also holds for the bi-linear Schrodinger equation, but it is not relevant to state it here, since it
is a direct application of [1, Theorem 3.6] (see the discussion at the beginning of Section 1.2).

Again, the results of this section also hold for perturbations of H, namely, when H is replaced with H + W, where
W is in the Schwartz class S(R?; R). The term W1 can be treated as a perturbation of the non-linear term, and the
corresponding energy functional is still coercive, which is needed in our argument.

Remark 1.8. Let £ > 1 be an integer. As a consequence of Proposition 1.6 (iii) we may similarly prove that for
K € WK (R3) and v € HF(R?), the attainable set

U U o)

teR uel! (R),

loc
r>1

is a countable union of compact subsets of HKE(R3).

Remark 1.9. It is worth noticing that the different results developed in this paper (excepted Corollary 1.2) also hold
for the Schrodinger equation, in the case where H is replaced with A = Z?:] 8%/,, in other words for equations of the
form

0y + AV =u®)K )Y + oy > (1.22)

In the argument, it is enough to observe that the inequalities (1.7), (1.9) and (1.10) hold true for the operator A
(instead of H) and the usual Sobolev spaces H*(R¢), W*?(R?) (instead of H*(R4), W*P(R?)). In this setting, the
conclusion of Corollary 1.2 is that the attainable set is meagre in the sense of Baire (the compactness is lost because
the embedding H*2 (R?) c H'(R?) is not compact, s; < s2).

One should be able to adapt the approach developed in [17, Section 2.2] (in particular [17, Lemma 1]) to the
equation (1.22). However, the argument of [17, Section 2.2] does not apply to (1.16), because it heavily relies on the
space translation invariance of the problem.

1.4. Notations

In this paper ¢, C > 0 denote constants the value of which may change from line to line. These constants will
always be universal, or uniformly bounded. For x € R4, we write (x) = (1 + |x|?)!/2. We will sometimes use the
notations L[T7 =LP([0,T)]) and L[TJX =LP(0,T]; X) for T > 0.
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2. Proof of the results concerning the bi-linear equation and the Kato smoothing effect
2.1. Proof of Theorem 1.1
To begin with, we observe that it is enough to work with non-negative times, by reversibility of the Schrodinger

equation. Therefore in the sequel we assume 7 > 0.

Local existence: We consider the map

I3

D) (1) = ey —i / u(s)e! COH (K yryds, 2.1)
0

and we will show that it is a contraction in the space
Bir.R= {||$||L;OH1< <R},
with R > 0 and T > 0 to be fixed. From the fact that ¢!¥ is unitary in ¥ and thanks to the Leibniz rule we deduce

that

t
[P (D3 < 1Yol + / ()| K ()| 5ds
0

t

< Iollz + | K [y / ()| ()] 3 eds. (2.2)
0
Therefore we have

T
D) Loopge < 1Yol +C(/ lu()1ds) I K llyyeos 1V 1l oopgs-
0

We now choose R = 2|yl and we fix T > 0 such that chT lu(s)|ds < ||K||;\ikm/2. As a consequence,  maps
By T R into itself. With similar estimates we can show that @ is a contraction in Bi 7 g, namely

T
@) = @)l Loepen = C(/ lu()Ids) I K llyyeos W1 — Yall Lseqe
0

< 1 = all g

~N NI =

Global existence: Assume that
with ®(¢¥) = ¢ we deduce

* > 0 is the maximal time of existence of the problem (1.3). From the bound (2.2),

1
1 Ol < 1ol + €| K | oo / ()| ()| s
0
Therefore, by the Gronwall lemma, we get that for all r < T*
IOl < Wollzgee T too s 1,
The previous bound combined with the local existence theory implies that 7* = +o00. There exists a unique global

solution ¥ € C(R; H¥(R?)) to (1.3).

Proof of the smoothing effect. In order to prove (1.5), we use the Kato smoothing effect (1.7). Let ¢ be the solution
to (1.3) and set ¥ (f) = ¥ (t) — /" H 4. Then 1 solves
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t t
Y1 (t) = —i f u(s)e' TIH (K S yoyds — i / u(s)e"IH (K (s))ds.
0 0
Therefore

itH
Y1l Loopgers < uKe' Vol agees + Nu Kbl 3
itH
< IIMIILZTIIKe” Yoll 2 agers + Nl 2 1KY L2 9406
e We write k =2 with j > 1. Firstly we show that
itH

IKe'" Yoll 2 3pis = Cr
using the Leibniz rule:

1K e M ollgien = I1H (Ke™ o) 1346

<C > xR KBE " o) g
ji.j2. j3€N?

L+l + 13 1=2)
731#2j

HIK e yollggs + I KH (" o)l
where 3¢ stands for derivatives in x of order |¢|. Each term in the sum is bounded by
X782 K 97 (e o) g < 7192 K07 (" o) [l
< K i teo 1Yol i5+1
< IK llyzi+t.o0 10l 242
thus
Ji1gh2 g gtz (pitH 1/2
[x’1972 K973 (e Iﬁo)llLZTHﬂ <CT"’/~.
Similarly, we have || K e# g[8 < 1K [0 [ ¥0ll 941, thus
IK e ol 2905 < CTV2.

To control the contribution of the last term in (2.5), we write

1K H (" yo)llags = 1K ™ (H Y0)llgs

< |[(HP2, K1 (H o) 2 + 1K HP 2™ (HIyo) | 2.

We use the commutator estimate [23, Lemma 18] to get the bound

L2, K1 (HIy0) | ;2 < Cllvoligg -
By the smoothing effect (1.7),

K HP2e ™ (H o)l 2 2 < Cr.
hence by (2.8), (2.9) and (2.10)

1K H @ o)l 2945 < Cr-

613

(2.3)

2.4)

(2.5)

(2.6)

2.7)

2.8)

2.9)

(2.10)

@2.11)

Hence, from (2.6), (2.7), and (2.11) we deduce (2.4). In the case k = j = 0, the estimate (2.4) is deduced

from (2.8)=(2.11).

e We now show that || K v ”L%Hk*ﬂ < CT'2 ||y ||L;on+5. By the fractional Leibniz rule (A.1), we have, for all

p>2
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IKY1llqprs < CIK Lol llggrs + CIK yyirsr V1l La s (2.12)

with ¢ =2p/(p — 2). For p > 2 large enough (hence ¢ > 2 small enough), by the Sobolev inequalities, ||{1] s <
C|l¥1 |34+ which controls the first term in (2.12). To treat the second, we claim that || K [[yyx+s.» < C|IK [[yyk+1.00, for
p > 2 large enough. Actually, we observe that the decay |K | < C(x)*~! implies that K € L” (R¢) for r > 2 large
enough. Then one uses the interpolation inequality

1-6
1K ypa-osrmo@ay < 1K Iyt o 1K, gy, 060 <1,

withs =k + 1,0 such that (1 —6)s =k + B and r =0p.
As a conclusion, with (2.3) we infer

1/2
191l gepmes < Cr+ CT 2 1lul 2 191l gepgere.

which implies, for 7 > 0 small enough and which only depends on « and K, that ||| LEHH = 2Ct. We are able
to iterate this argument to obtain that

¥y € C(R; HEHP(RY)), (2.13)
with the bound
IVl Lgeppers < C(T ks IYpollgges el z2)- (2.14)

Notice that the previous estimate implies

Y1 € L* ([T, TT; HF P (RY)). (2.15)

Let us now show that for all 7 > 0, 3,y € L2H*~2, which in turn will imply that

oy € L*([-T, T, H* 2 (RY)). (2.16)
From the equation (1.3), we get forall -7 <t <T

10, (D llggr—2 = N (O llggr + [ @OK Tyyrsroo 1Y @) [l
thus

1801l 29002 < CT Y21 Nl gepgr + Null 2 1K llypiersoo 11l 5o 2.17)

hence the result.
By the interpolation Lemma A.4 in the appendix, applied to (2.15) and (2.16), there exist ¢ > 0 and « > 0 such
that

Y1 € C¥([=T, TI; HHP* (RY)). (2.18)

Finally we interpolate (2.13) and (2.18), and thus, for all B/ < B, there exists o’ > 0 such that | € C“/([—T, TI;
Hr+F (]Rd)). The bound (1.6) follows from (2.14), (2.17), by the interpolation argument.

2.2. Proof of Corollary 1.2

Fix o € H*(R?). Let (#5)n>1 be such that |ju, ||L2T < K and consider ¥, the solution of (1.3) associated to u,,

and let (#,),>1 C [T, T]. Set W, (¢,) = ¥ (ty) — e”"Hwo. Up to a subsequence, we can assume that t,, — ¢ for some
€[-T,T]. Let B < B’ < 1/2, then by (1.6),

Wy ”C%’H"*’f" =C.

By the compact embedding C"‘([—T, T, "Hk+/3/(]Rd)) C C([—T, T, ’Hk“'ﬁ(Rd)), there exists W € C([—T, T,
HE+P (Rd)) such that ¥, — W, up to a subsequence. Next
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[Wn (tn) = WD lpgees < [1Wn(tn) — W) ll3gks + W () — V(@) ll3g0+5

= sup  [[Wu(r) = W(O)llgge+s + 1 W (E) — WO [l 34045 -
te[-T,T]

The first term in the previous line tends to 0 since ¥,, — W, and the second as well, since ¥ € C ([—T, TI; Hr+B (Rd )).
3. The Schrodinger equation in dimension d =1

We prove Theorem 1.4 and Theorem 1.5 at the same time, namely we consider the equation
iy + Hy =u()K ()¢ —o [y >y, (r,x) eR xR,
¥ (0,x) =o(x) € H'(R),

witho =0oro =1.

3.1

Local existence: Let g € H* (R). We consider the map

t t

D) (1) = ey —i / u()e TR (K yydT +io f O 1y 12y dr,
0 0

and we will show that it is a contraction in some Banach space. Let us define the Strichartz space X3 by the norm
IV llx; = ¥ liLgeaes + 11l L4 yys.00, and define the space

By 1R = {||¢||XST <R},

with R > 0 and T > 0 to be fixed.
By the Strichartz estimates (1.9) and (1.10) we get

T T
190l = cllvolze +e [ [P |eds + ¢ [ @K v ]ppde
0 0

< cllvollzes + WP | gy +ellul 2 [Kv | 20
o By the generalised Leibniz rule (A.1),

19 P [y <l 1 Zoo Il
thus by the Holder inequality

A P T Ry L P A L P e (32)

Since [¥/ll13 100 = 1¥]lx5 = R, we get Hllﬁlzl/fHLers <cT'?R%.
e Let us now prove that there exists k¥ > 0 such that

1KYl 294 < cTIK 3 19 llx;.- (3.3)
In the case s = 0 we simply write [ K[| ;2 12 < [ K21V 112 o < T1/2||K||L2||w||xg. Assume now s > 0. By (A.1),

IKY ll7es < cllK i3 ¥l 4+ clIK e ¥ [Iwsa

for all 2 < p,g < oo such that 1/p + 1/g = 1/2. Then, by Soboleyv, if p > 2 is small enough, | K|/ r < c||K||3#s-
Finally using that || ”LZTWS-‘I <cl|y¥ ||X.rT, we obtain (3.3).
Putting the previous estimates together we have

12 Ixy. < cllvollzes + TR + T  ull 3 1K [l R.

We now choose R = 2c¢||yg||%s. Then for T > 0 small enough, ® maps Bs 7 r into itself. With similar estimates we
can show that @ is a contraction in B r g, namely
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10@1) — W)llxy < [eT2R? + T Null 2 1K I3 ] — Yllx.

As a conclusion there exists a unique fixed point to @, which is a local solution to (3.1).

Proof of the bound (1.15) for s = 0. Before we turn to the proof of the global existence, we prove this particular case
of (1.15). The case g = 0 is trivial, therefore in the sequel we assume ¥y % 0. Assume that one can solve (3.1) on
[0,T*),and let T < T*. Clearly, || (¢)||;2 = |[¥oll ;2 forall0 <z < T.Let0 <ty < T and 8 > O such that to+8 < T.
We have forall 0 <t <§

to+t to+t
it +10) = & H i) + i / HOHOH (14 Pyydr o / u(2)e OHOH (K g,
to 0]

which implies, by the Strichartz estimates (1.9) and (1.10)

2
||¢||L4([t0,;0+3];L00) <clly ||L;°L2 + C||‘/f||L%oL2 ||¢||L4/3([t0,;0+3];L00) +cllKlL2 ||W||L<;°L2 ||U||L4/3([;0,;0+3])
2/3 2 1/4
< cllWllpgrs + 8PN I 21V Lt g g bor ooy + €T A IK N 21 Do g2l 2
< clloll 2 + e8> 1ol 22 1 1l Lt g4 s1:0) + T VHIK N 2 1ol 2 llull .-

We pick 8 = 8(T) > 0 such that ¢8§2/3 ||1p0||i2 = 1/2 (using here that v % 0), thus the previous estimate gives

IVl L 19, 10-+1: 10y = 2ol L2 (X4 Hlull 2).-

We write this estimate for 7o =0, §, ..., jé with j € N such that jé < T < (j + 1)8. We sum up and we obtain

19l L4 oo < C(T. 1ol 2. luell 2)- (3.4)

Global existence: Thanks to (3.2) and (3.4), the time of existence given in the local theory only depends on |||l ;2
and ||u|| L2 thus the local argument can be iterated. As a conclusion, the problem (3.1) is globally well-posed and one

has the bound

1V Nl oo -1 1990 Ry + IV s, miwsco )y < C(T 1ol ) Il z2q—1,77))-
The compactness argument: Let u, — u weakly in L%([0, TT; R). Notice in particular that | u, || L2 < C(T) for
some C(T) > 0. We have
! t
vy =€y —i / u(@e' Ky (@)dt +io / O (ly Py,
0 0
and

t t
Yn(t) ="y —i / un (D) TR (K, (1))dT +io / e TOH |y Py d.
0 0
We set z, = ¥ — ¥, then z,, satisfies

o= LG ) + N Y, (3.5)
with
t t
LOp ) = —i / (u(0) = un (@) (K y)d — i / n (D) OH (K ( — y))d
0 0

and
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t 1

N yn) =ic / O (Y =) (Y + Y )dT +io / (G =Py
0 0
Let us prove that z;, —> 0 in L*°([0, T']; H*(R)). To begin with, we state an analogous result to [1, Lemma 3.7].

Lemma 3.1. Denote by

t
€n = H / (un(T) - ”(T))ei(tir)H(Kw(T))dtHL;OHS(R)'
0

Then €, —> 0, when n —> +00, which completes the proof.

Proof. We proceed by contradiction. Assume that there exists € > 0, a subsequence of u,, (still denoted by u,) and a
sequence t, —> t € [0, T'] such that

H / (1n(0) = @) O Ky ende| = (3.6)

Let us decompose

H/(un(r)—u(r))e"“"*f)H(Ktﬁ(t))dt”H‘Y(R) <6l 48248,

with
In
st = [ (untor =) e — 0y e

0
t

=] [ o) uene = ko]

In

Hs (R) ’

HS(R)

t

2= [ funo) = u)e O ey o

0

Hs(R)

and we will show that each of the previous terms tends to 0. This will give a contradiction to (3.6).
Up to a subsequence, we can assume that for all n > 1, #,, <t or t, > t. We only consider the first case, since the
second is similar. By the Minkowski inequality and the unitarity of ¢!*#

i(th—1)H _ i(t—7)H
(e SN K@), - d

(eit,, ”H)(Kl//( ))HH . dt

Then by Cauchy-Schwarz

(eith ltH)

80 = Jun —ul 2 R
TE

Now, using (1.15), observe that
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”KwnLZT’Hs(R) = ||K||HS(R) IWIIL%WW(R) < 0Q. 3.7

Hence Lemma 3.2 below (with d = 1 and ¢ = 2) applies to conclude, with the previous lines, that §) — 0 when
n — +0o0.

By the Minkowski inequality, the unitarity of e!*#

and the Holder inequality

t
52 = [ Jua(®) = w [ K0y
In

< |lu,, — ul|, a3 K 4475
< llun “Lr/e[t,,,t]” w”LT’H R)
1/4
<1t =t lun =l 2 1K e @1V 1l 4 ooy

where we used that |W”L‘;W&°O(R) < 00 by (1.15). Then, 8,% —> 0 when n —> 4-o00.

Let us now prove that 83 —> 0 when n — 400. We set v(r) = ei(’_T)H(Klp(f)). Then by (3.7), v €
L2([0, T]: H* (R)). We expand v on a Hilbertian basis (hx)g>0 of L?(R) (the Hermite functions for instance),

+00
v(T,x) =Y ax(t)h(x),
k=0
400
so that we have [[v(z, (|3, = > 2k + 1) | (1) *.
k=0

Let n > 0, then there exists M > 0 large enough such that the function g(z, x) = Z,’(W:O o (t)hy(x) satisfies ||Jv —
8ll 20,713 Ry) < 1/(4p) Where p = sup, - llun —u] 2.
We have

1 t

M
[ @ = u@)g@ar =3 [ (0a(0) - u()aoyar,

0 k=09
thus

t

M
| / (0 (D) = u() (DT |30 ) = D2k + 1)’
k=0

0

t
/ (un (1) — u(t))ak(r)dr)z —o,
0

by the weak convergence of (u,,). Finally, from the previous line, we deduce that for n large enough,

t

t
8- O/ (10 = u)o@de| < s =l + | [ @) = u@)gcorae|

HIR) H:(R)
0

=

|

In other words, 82 —> Owhenn — +o00. O
We state a convergence result (slightly more general than what we need here)

Lemma 3.2.Let d > 1, 2 < g < 00 and s > 0. Assume that F € L1([0, T]; H*(R?)) and t, —> t. Then, when
n — +09,

” (eiz,,H _ eitH)F(r, X) ”Lze[o.r]HS(Rd) —> 0.
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Proof. By unitarity of ¢/7# | we can assume that r = 0. Then, up to replacing F by H*/?>F it is enough to prove the

result for s = 0. We expand F on the Hilbertian basis (/)= of LZ(Rd) given by the Hermite functions: F(t,x) =

+00
Zak(r)hk(x). Thus

k=0
T
1F 170 20y = f Z o (1)) Par <. (3.8)
0 k=0
We can write
. +Oo .
IE (e x) =) (el HF (),
k=0

which gives

+00
[ = 1) F 0| aggey = Y1 = 1P ()P,
k=0

and we conclude with the Lebesgue convergence theorem thanks to the bound

(e = 1)F e, 0| g <2<Z|ak(t)| ) e LI([0, TY),
by 3.8). O

By Lemma A.2

1 t
IN G Yn) (Ol ®) < / I = ) (W + V) ¥ s ) d T +/ I = ¥Vl ) dT
0 0

= C/ l1zn ||’HS(]R)(||W”'ZHS(R)QW&OO(R) + 1V ”’ZHS(]R)QWS,OO(R))dT- (3.9
0

To simplify the exposition, we write J*(R) = H*(R) N W**°(R) in the next lines. Thus, by (3.5), (3.9), and the
inhomogeneous Strichartz estimate (1.10) (with g and r to be fixed later), forall 0 <7 < T

len@ g @) < €n +clunKan| gy g ¢ / 1z 1205 @) (19 135 ) + 1 135 ) )T
t
0

Then by the Gronwall lemma, for all 0 <t < T and (1.15)

l2n @ llge @) < (en + cflun K za] e o (Vs gy +IV s ) 7

LY Wsr' (R)
<Ci(T)(e, +clu,Kz / , . 3.10
< Ci( )( n ” nfAZn |L;1 Ws.r (R)) ( )
Now we claim that
” Kzp ||W5=’/(R) = c”K”fHV(R) ”Zl’l ”’HY(R% (3.11)

if r is large enough.
If s = 0 we choose r = co and we clearly have “Kzn ”LI(R) < IKl2wylznllL2®)-
If s > 0, by (A.1) we have

| K zn ||Ws,rf(R) <clKllms@llznllLa@®) + cllznllzs @) 1K | La(®R)
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with ¢ > 2 such that 1/2+ 1/g = 1/r’. Now, if r < oo is large enough, then g > 2 is close to 2, and by the Sobolev
inequality || K'[|LaR) < cl|K ll3s ) and l|znllLa®) < cllzn ll3s®), hence (3.11).
We come back to (3.10) and by (3.11) we get

t
’ / 1/q'
lzn @) = 1D e+ 1K Ty ([ 10O 120 @1 ydr) ),
0

for some 1 < g’ < 2. Then there exists C(T") > 0 such that

t
q’ q’ q' ! q’
||Zn(f)||H.V(R> < Cz(T)<€n + ||K||H.V(R)f lun (D7 |20 (D)l .Y(R)df),
0

and by the Gronwall lemma we get, forall 0 <t <T

q t q'
12w ()13 @) < C3(T)ene ™ DNE s Jo lin (@)1 dx

which in turn implies

C3(DIKIY T un ()4 d
lznllzgre®) < C3(Dene™PIE o o keI dr < 0,7y,

and this latter term tends to 0, which concludes the proof.
We now prove the last statement of Theorem 1.5 (the proof of Theorem 1.4 is similar). For fixed ¥/ € H*(R) we
set

krv=) U  {vol

1I<T lull 2.1y <M

Let ¥ (tj,u;) C K7 ,m. By the reflexivity of L*(0,T), up to a subsequence, tj —> t and u; — u weakly in
L2([0, T1; R). Then by the previous proof, ¥ (¢, u;) — ¥ (t,u) in H*(R). As aresult K7 5 is compact in H*(R)
and finally we can write

U U {rol=U U kru
reR ueL,zm,(]R;]R) TeN MeN

as a union of compact sets.
4. The non-linear Schrodinger equation in dimension d =3
4.1. Proof of Proposition 1.6

We first prove (7).

Local existence: We consider the map

t t

D) (1) = e My +i / I (g 2y yds — i / u(s)e' H (K s, 4.1
0 0

and we will show that it is a contraction in some Banach space. Namely, we define the Strichartz norm || || X, =
Wl zgeq01 + W1l 216 and the space

Br.g= {llWllXIT <R},
with R > 0 and T > O to be fixed.
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By the Strichartz estimates (1.9), (1.10) and the Leibniz rule

T T
Il < cllvollzg +c/ |||w|2w||wds+c/|u(s)|||Kw||H1ds
0 0
T
< clvollz + [ V] poopp 1V172 +c(/ (1) | K | yproe [ oo30- (4.2)
0

We now show that there exists ¥ > 0 such that ||1p||i2 Lo = T* ||1/f||2T. Let 0 < € < 1/2, then the couple (gc,7c) =
T

(1352 =) is admissible and by the Sobolev inequality [|1/||z < C||¥[lyy1.r. Then by the Holder inequality,
1122 1o < TNV ey < T MW

for some « > 0. Thus
T

19Gly = cllboll + T8 + R( [ Ws)1ds) K |y
0

We now choose R = 4c|[¥o|l41. Then we fix T1 = c1R~Y/* with ¢; > 0 small enough such that chl/ZR2 <1/4

and we fix T> > 0 such that chTz lu(s)lds < ||K ||;\§1m/4. Therefore, for T = min (71, T2), ® maps Br g into itself.
With similar estimates we can show that @ is a contraction in Br g, namely

T
o) = @W2)llyy < [cT*R? +¢( / u()1ds) | K[| yyr00 ] 191 = Y2l
0

Energy bound: We define

_ 1 1
E(z)=/(wHw+|w|2+5|x/f|4)dx=/(|W|2+|x|2|w|2+|1/f|2+5|w|4)dx.
R3 R3
Then, using that v =—i(Hy + |1ﬁ|2E) +iu() K@)y, we get

E'(t) = 29%/ V(¥ + Hy + [y1*y)dx
R3

= —2u(t)Jm / Ky Hydx
R3

zzu(t)Jm/EVK - Virdx.
R}

Now we use the assumption VK € L>(R?) to get

E'(t) < Clu®lllyll 2 1V¥ 2 < Clu@)| 1Yol 2 B2 @),
which, by integration, implies
t
E@®) < (E'2(0) +2ClIYoll 2 / ju(s)lds)?. (4.3)
0
Notice that thanks to the Sobolev inequality, ||| 4r3) < Cll¥[l941R3). therefore E(0) < C(l|¥ollyy1wr3))-
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Global existence: Assume that one can solve (1.16) on [0, T*). By (4.3), there is a time 7}* > O such that
c(Tl*)’((R*)2 <1/4 with R* = 4C||1/I||L;o*7_[1. Then we fix T; > 0 with

T*
T*+-%

c< / |u(s)|ds)”K”W]m§1/4.

-

As a consequence, with the arguments of the local theory step, we are able to solve the equation (1.16), with an initial
condition at t = T* — min(T", 7;) /2, on the time interval [T* — min(7}", T;")/2, T* + min(T}", T;")/2]. This shows
that the maximal solution is global in time.

Proof of (ii). Let 0 <t < T and § > 0 such that 7 4+ § < T'. By the Gagliardo-Nirenberg and Sobolev inequalities
on R3,

1 1 1 1
Wil < I 61V e < ClY Dl 1Y 6
then by the Holder inequality

V172 ez sy ooy < €821 N Looqgt 1Vl L2 e, o i 6)- (4.4)
We have forall 0 <t <§

T+t T+t
Y+ ="y (r)+i / e TH=IH (g 2y ds — i / u(s)e! THTIH (K yds,

which implies, using the same arguments as in (4.2), that

Il L2z, es1.016) =
T+6

< el lligor + ¥ | g 191220 a1y + SIE i [ ] oo / Ju(s)lds)
T

T

2
< el + 82| [ Loeqp 1V 2qge e rspwrs) + el Il g / Ju(s)lds,
0

where we used (4.4). We pick 8§ = §(T') > 0 such that ¢5'/2 || v ”iwﬂl = %, thus the previous estimate gives
T

T
Il 2z, rs1. 016y < 2¢ WMl Loeqqn (1 +/IM(S)|dS)- (4.5)
0

We write this estimate for t =0, 6, ..., j§ with j € N such that j§ < T < (j + 1)§. We sum up and combine with
(1.17), which gives

T
Il 216 = c(T, ||WO||’HH[|M(S)|CZS)»
0

which in turn implies (1.18), thanks to (4.6).

Proof of (iii). Let k > 1, and let ¥y € HX(R3) and K € WK°(R3). Local existence in this case is proven as in
the case k = 1, thanks to a fixed point argument using the Strichartz norms ||1,0||X/; = ||W||L<;°Hk + Iy ||L2ka.6~ The
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globalisation part is obtained as previously, since the local time of existence only depends on the energy norm and on
u.
Let us check the bound (1.19). Let T > 0. Since ¥ is a fixed point in (4.1), we get forall t < T

t t
1 (Ol < cllvollgp +cf |||w|2wl|ﬂkds+c/ ()| K| s
0 0

t
< cllvollog +c/(|yw<s)|\im K Iyt )19 () s,
0

where in the previous line we used the Moser estimate (A.2) to bound the non-linear term. Therefore, by the Gronwall
lemma, we get

1 Ollgge = ellrollpgeC o VO s
T
< Il 13 e [ 0G5, (4.6)
0
By the Sobolev inequality, from (1.18) we deduce

T
11 220,71 Lo ®3y) < CIY 20, 71 w6 ®3y) < C(T 1ol / |u(s)lds),
0

which in turn, by (4.6), implies (1.19).
The estimate (1.20) can be obtained with similar arguments as for the special case k = 1. We do not write the
details.

4.2. Proof of Theorem 1.7

We adopt the strategy of Ball-Marsden-Slemrod [1] combined with some non-linear estimates. Let u,, — u weakly
in L1([0, T1; R) and fix L > 0 such that [ |u,(s)lds < L, J;| |u(s)|ds < L. By definition of ¢ we have
' t
Y0y ="My —i / u(s)e' (K yyds + i / I (y Pyyds,
0 0
and we define ¥,
t t
V() ="My —i / n(8)e' I (K ry)ds + i f I (1 P )ds.
0 0
Let us prove that || — ¥, ||L(;cH1 —> 0. Set z, = ¥ — Y, then z,, satisfies

Zn =L, V) + N, )
with
t t
LG, ) =—i / (u(s) — un(s))e' O (K y)ds — i / un ()’ I (K (Y — y))ds
0 0
and

t t
N, P) = —i / I (Y — ) (Y + Y)W )ds —i / I (GG — Yy ds.
0 0
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Since K € W12 (R3), the map ¥ —> K is continuous from HY(R3) to H1(R3) and [1, Lemma 3.7] applies. Thus,
when n — 400

'
€= sup | / (u(s) — un(s))ei(’fs)H(Klp)ds ”7—[1(]R3) — 0.
tel0,7T] 0

By Lemma A 3,

t t
N @ ) Ollag @) < f I = Y)W + Y g syds + / I = V)V gy s ds
0 0

t
< / znlla1 ) (1¥ 516 + 11516 )ds.
0

Therefore

t t

20 ll3g1 ®3) < €n + C / 4 ()12 (5) 1301 3y ds + € / 120 ()01 s (19 116 + 19l 3y16) ()ds,
0 0

and by the Gronwall lemma

t
122 () 31 ®3) < €nexp (C / a()1ds + CIV 1206+ ClYnl2pp00):
0

Finally, by (1.18),

znll oot = e C(T, 1Yol L),

which implies the result.
The end of the proof of Theorem 1.7 relies on the same arguments as in Theorem 1.4.
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Appendix A. Some Sobolev estimates

In this section we gather some useful estimates in Sobolev spaces. To begin with, we have the following generalised
Leibniz rule

Lemma A.1. Let d > 1 and s > 0, then the following estimates hold

If gllwsamay < CllfliLa (Rd)||g||wx,q; R + C”g”LqZ(Rd)”f”Wx,qé(Rd)’ (A.D)
with1 <q <00, 1 <q1, g2 <00 and 1 <q}, g5 < 00 so that

1 1 1 1 1

9 @ 94 @ 9

For the proof with the usual Sobolev spaces, we refer to [28, Proposition 1.1, p. 105]. The result in our context
follows by using (1.2). Observe that in this result we must have ¢{, g5 < oo and g # 1, co which induces some
technicalities in this paper.
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A particular case of the previous inequality is the Moser estimate: ford > 1 and k € N

||fg||7-[k(]Rd) = C(||f||L00(Rd)||g||Hk(Rd) + ||g||Lm(Rd)||f||Hk(Rd))- (A2)

The following lemma will be useful

Lemma A.2. Let s > 0. There exists ¢ > 0 such that for all ¢ € H*(R), x1 € H*(R) N WS®(R) and x2 € H'(R) N
WS’OO(R)

loxixzllaes ®y < cll@lizes @)l X117 ®ynwsoo®) | X2 145 ®yns.oo (R) -

Proof. The case s = 0 is directly obtained by writing [l¢x1 X2l 2®) < cl@llL2@) I X11ILoo®) I X2l Loo (R)-
Now we assume that s > 0. By (A.1) we have

lexix2llzs®) < cll@llys®)llxixalle®) +cllellLe@)llxixallwsa®)

for all 2 < p,q < oo such that 1/p + 1/g = 1/2. Then, by the Sobolev inequalities, if p > 2 is small enough,
llellr < clliglizs. Next, by (A.1) again,

lx1x2llwsa®) < cllxillza @yl x|l +cllxallLa ®yllx1ll

W.s,qi ®) Ws,q/l ®) s

with 1/g1 + 1/q] = 1/q. We are able to conclude by observing that
Ixllza vy I1x ”Wx,q; ® = X l3s Ry + X .o Ry = X s RynWws-o Ry O
In the same spirit we state the following result
Lemma A.3. There exists ¢ > 0 such that for all ¢ € H'(R?), x1 € WIOR3) and x» e WHO(R3)
loxix2llzg @) < cllellag @yl Iwsgs e lwiogs)-

Proof. From the Leibniz rule and the Holder inequality we deduce that

lexixzllgg w3y < IxixeVellzws) + llexiVxalirzws) + lex2Vxillpzwsy + 1Hx)exixall w3
< Ixillzellxallize (1Yl 2 + 1)@l z2) + el s (IxillLs V2l s + Ix2ll L6V xill s)-
Then by the Sobolev inequalities, || x ||z ®3) < Cllx o3y and @l o3y < Cll@llzg1r3), which allows to con-
clude. O

We recall the following interpolation lemma taken from [9, Lemma 3.3].

Lemma A4, Let T > 0 and p € [1,+0o0]. Let —00 < 03 < 01 < 400 and assume that ¥ € LP([—T, T, 7—["1) and
oy € LP([—T, T, 7—[‘72). Then foralle > o1/p —o2/p, ¥ € L°°([—T, T, 7—[‘71*6) and

1-1/p 1/p
1Yl Loopgor— = CIIWIIL;T;H(,l IWIIW;,pHF,z.

Moreover, there exists n > 0 and 6 € [0, 1] so that for all t1,t, € [T, T]

1W/01) = W @) llggo -3¢ < Clir = "IV 0, IV,

Lpqgson
T"LL2
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