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Abstract

Inspired by recent work on minimizers and gradient flows of constrained interaction energies, we prove that these energies arise
as the slow diffusion limit of well-known aggregation-diffusion energies. We show that minimizers of aggregation-diffusion en-
ergies converge to a minimizer of the constrained interaction energy and gradient flows converge to a gradient flow. Our results
apply to a range of interaction potentials, including singular attractive and repulsive-attractive power-law potentials. In the process
of obtaining the slow diffusion limit, we also extend the well-posedness theory for aggregation-diffusion equations and Wasser-
stein gradient flows to admit a wide range of nonconvex interaction potentials. We conclude by applying our results to develop a
numerical method for constrained interaction energies, which we use to investigate open questions on set valued minimizers.
© 2019 L’ Association Publications de 1’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Nonlocal interactions arise throughout the natural world, from collective dynamics in biological swarms to vor-
tex motion in superconductors and gravitational interactions among stars. In each case, agents experience pairwise
attractive or repulsive forces, and these pairwise interactions are often coupled with additional repulsive effects, such
as diffusion or a height constraint, which penalize accumulations. The simplest mathematical model for nonlocal
interactions and diffusion is the aggregation-diffusion equation,

dp—V-(VK xp)p)=Ap™, K:R?'-R, m>1,
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where the interaction potential K governs the pairwise interactions and the diffusion exponent m > 1 controls the
strength at which diffusion is felt at different heights of the density p. Likewise, nonlocal interactions coupled with a
height constraint can be heuristically modeled by the constrained aggregation equation

hp—V-(VKxp)p)=0 ifp<1,
o <1 always,

where, again, K : R? — R is the interaction potential. We note that this equation is merely a heuristic partial differ-
ential equation, as we do not specify the sense in which the height constraint p < 1 is enforced. We provide a rigorous
formulation below.

Both the aggregation-diffusion equation and constrained aggregation equation have gradient flow structures with
respect to the 2-Wasserstein metric. The aggregation-diffusion equation is formally the gradient flow of the sum of an
interaction energy and Rényi entropy

1 1
; // K(x =) pep()dxdy + —— f p)"dx  if pe L"(RY),

+00 otherwise,

Em(0) = (1.1)

and the constrained aggregation equation can be rigorously posed as the gradient flow of the constrained interaction
energy

1
3 /f Kx—y) p@p)dxdy  if pe L®R?) and plloc <1,

400 otherwise.

Exo(p) = (1.2)

Over the past fifteen years, there has been significant work on aggregation-diffusion equations, analyzing dynamics
of solutions, asymptotic behavior, and minimizers of the energy E,, [8,9,12,17,19,22,26,28,29,31,34,37,49,70,71].
The vast majority of the literature has considered one of two choices of interaction potential: either purely attractive
power-laws or repulsive-attractive power-laws,

K@)=Ix[?/p or K@) =Ix|"/g—Ix|"/p for 2—d=p<q=2, ¢>0, (1.3)

with the convention that |x|°/0 = log(|x|). For the purely attractive case, the literature has largely studied the com-
petition between the attraction parameter p and the diffusion exponent m, along with the effects this competition has
on properties such as global existence of solutions or finite time blowup; see [10,14-16,18,19,23,24,32,67]. For the
repulsive-attractive case, the requirement p < g ensures that the nonlocal interactions are repulsive at short length
scales and attractive at long length scales. This competition between short-range and long-range effects leads to rich
pattern formation in both the steady states of solutions and the minimizers of the corresponding energy E,,; see [6,7,
13,33,35,40,43,45,65].

More recently, several works have also considered the constrained aggregation equation and minimizers of the
constrained interaction energy Eo,. Minimizers of E, are directly related to a shape optimization problem introduced
by Burchard, Choksi, and the second author [20]: given a repulsive-attractive power-law interaction potential K, as in
equation (1.3),

1
minimize E(RQ) = 3 // K(x —y)dxdy oversets QC R? of volume M. (1.4)
QQ

Competition between the attraction parameter g and the repulsion parameter p in the definition of K determines ex-
istence, nonexistence, and qualitative properties of minimizers, providing a counterpoint to the well-studied nonlocal
isoperimetric problem. (See [41] for a survey.) Burchard, Choksi, and the second author showed that the shape opti-
mization problem admits a solution if and only if the constrained interaction energy Eo, admits a set valued minimizer,
i.e., a minimizer p that is a characteristic function of a set 2, p = xq. Furthermore, they proved that for attraction
q = 2 and repulsion —d < p < 0, there are critical values of the mass M| < M, so that set valued minimizers with
mass M exist for M > M3 and do not exist for M < M. Subsequently, Frank and Lieb extended this result to ¢ > 0
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and p =2 —d and proved that there are also critical values of the mass that separate the liguid and solid phases of min-
imizers of Eno: if M < M{‘, then minimizers of E, satisfy |{p = 1}| =0 (liquid), and if M > Mik, then |[{p=1}|=M
(solid) [46]. On one hand, it is known that

MYy <My < M, < M5, (L5)

and for Newtonian repulsion and quadratic attraction (p =2 — d, g =2, d > 2), all four values equal 1. On the other
hand, Lopes provided an explicit example for which M} < M3 [55]. In general, it remains unknown for which values
of p and g strict inequality holds in any of the three inequalities in (1.5), as well as how the values of the critical
masses depend on p and q.

Concurrently with this work on minimizers of the constrained interaction energy E,, Kim, Yao, and the first author
studied gradient flows of E,, which formally solve the constrained aggregation equation [44]. This work was inspired
by the vast literature on height constrained problems, which arise in both models of crowd motion and tumor growth
(see, e.g., [38,39,48,56,57,59,61]). In the case of a purely attractive Newtonian interaction potential (equation (1.3)
with p =2 —d), they characterized gradient flows of E, with set valued initial data in terms of a Hele-Shaw type free
boundary problem. A key element of their proof was that, formally, gradient flows of E,, converge to gradient flows
of Ex, as m — +o00. Indeed, Alexander, Kim, and Yao had proved the analogous results for drift diffusion equations
in previous work [1]. However, in the case of aggregation diffusion equations, rigorous analysis of this limit was not
considered, due to the lack of convexity of the interaction potential K .

The objective of the present work is to prove that, indeed, minimizers and gradient flows of E,, do converge to
minimizers and gradient flows E; in the slow diffusion limit as m — +o00. We consider measures with a fixed mass
M > 0, and without loss of generality, we rescale so that M = 1. For a general class of interaction potentials K,
including both attractive and repulsive-attractive power-law potentials (1.3), we prove that minimizers of E,, converge
to a minimizer of E, (up to a subsequence and translations) and gradient flows of E,, converge to a gradient flow of
E~ (up to a subsequence) in the weak-* topology of probability measures. The latter result extends the famous Mesa
Problem for the porous medium equation to include a singular nonlocal interaction term (see e.g. [21]).

In the process of proving these results, we also rigorously prove the equivalence between solutions of aggregation-
diffusion equations and gradient flows of the energies E,. Likewise, we extend the well-posedness theory for
aggregation-diffusion equations to include singular repulsive-attractive power-law potentials, thereby filling a gap
in the existing theory. Finally, we succeed in characterizing the minimal subdifferential of E, along the gradient flow,
a key quantity in the study of gradient flows, which was identified formally in previous works on constrained energies
[56,57]. We believe that one of our main contributions is the extension of the theory of Wasserstein gradient flows to
energies, such as E,, and E, that satisfy neither the classical A-convexity assumption of Ambrosio, Gigli, and Savaré
[2] nor the more recent w-convexity assumption [3,4,27,29,42].

Finally, we apply these theoretical results to develop a numerical method for gradient flows and minimizers of
the constrained interaction energy Eo,. We use Carrillo, Patacchini, and the first author’s blob method for diffusion
(see [35]) to simulate gradient flows and minimizers of E,, for m large, thereby approximating the corresponding
gradient flows and minimizers of E,. While there exist other numerical methods for constrained problems—such as
Liu, Wang, and Zhou’s method for purely attractive Newtonian interactions [53] and several Eulerian methods based
on the JKO scheme [25,38,47,62]—our particle method is unique in its ability to resolve the nonlocal interaction
term for a range of interaction potentials K. As the primary goal of the present work is theoretical analysis of the
slow diffusion limit, we restrict our numerical study to one dimension, though our method naturally extends to all
dimensions d > 1.

We conclude with several numerical simulations that shed light on open questions for minimizers of the constrained
interaction energy. These numerical results indicate that the critical values of the mass Mj and M, that separate
nonexistence and existence of set valued minimizers of Ey, are in fact equal, and we explore how M| = M, depends
on the attraction and repulsion parameters ¢ and p. We also observe that, for p = 1, the critical masses M; and
M3 that separate the liquid and solid phases are in general not equal, except for ¢ = 2, so that the existence of an
intermediate phase is indeed the generic behavior for minimizers of the constrained interaction energy.

We now describe the assumptions we impose on the interaction potentials K and then provide a precise statement
of our main results. We conclude the introduction with an outline of our approach and a brief summary of our notation.
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1.1. Assumptions on interaction potentials

We impose the following assumptions on the interaction potential K and diffusion exponent m. To ensure lower
semicontinuity of the energies E,, and E, with respect to weak-* convergence of measures, we suppose that m > my,
where mq and the interaction potential satisfy the following condition.

(LSC) K : R? — [—00, o0] is even, locally integrable, and K = K, + K}, for two lower semicontinuous functions
K, and K}, where K, is bounded below and K € L”"O(Rd ), for r € (1, 400); the lower bound on the diffusion
exponent satisfies mg > 1+ 1/r.

Remark 1.1 (Diffusion Dominated Regime). In the case of an attractive power-law interaction potential, K (x) =
[x]?/p for —d < p < 0, hypothesis (LSC) is equivalent to the requirement that we are in the diffusion dominated
regime, mo > 1 — p/d (cf. [10,31,67]). More generally, for repulsive-attractive power-law interaction potentials
K(x)=|x|7/q — |x|P/p with —d < p < g, hypothesis (LSC) merely requires that mq > 1. (See Proposition 3.3.)

In order to establish the existence of compactly supported minimizers and prove that minimizers of E,, converge to
a minimizer of Eo, as m — 400, we impose the following assumptions on the regularity and growth of the interaction
potential.

(ATT) Either K is purely attractive and approaches some constant £ € R at infinity or K grows to infinity at infinity.
Namely, either
(i) limpy|— 00 K(x) = ¢, and £ — K € LP(R? \ B) for some 1 < p < 00;
K € CY(RY\ {0}), 3)x|K >0, and for all |x| > 1, 3,|K < C; or,
(i) limjx|— 400 K (x) = 400.

To prove that gradient flows of E,, converge to a gradient flow of E.,, we impose the following assumptions on
the growth, regularity, and stability of K % p and VK % p for all p € P, (R?) N L™(R?), where P>(R?) denotes the
set of probability measures with finite second moment, M>(p) = f |x|2dp (x) < 4+00. We assume that there exists a
constant C > 1 and a continuous, nondecreasing, concave function ¢ : [0, +00) — [0, +00) with ¥ (0) = 0 so that
forall m > mg and p, w, v e Po(RY) N L™ (RY),

(GF) IVK # pll 2y < CA+ llpllm + M2(0) '/ + Mo (0)'/?);
2
(GF2) K #p e C'(RY) and |VK # p(x) = VK + p(»)|” = C(L+ [Iplz) ¥ (Ix — yP);
(GF3) [[VK (0 = W)l 20 = C(1+ 10 lln + [Vl + 1l ) ¥ (@i (0, v)) for some € € (0, 1).

Remark 1.2 (differentiability vs convexity). Hypothesis (GF2) is weaker than the analogous hypotheses in previ-
ous work [42,45], since in the present context we merely require differentiability of E,, instead of convexity (or
w-convexity) of E,.

Hypotheses (LSC), (ATT), and (GF1)-(GF3) are satisfied by the attractive and repulsive-attractive power law po-
tentials described in the introduction (1.3); see Theorem 3.1.

1.2. Main results
Our first main result establishes the convergence of energy minimizers.
Theorem 1.3 (minimizers weak-* converge to minimizer). Suppose K satisfies hypotheses (LSC) and (ATT). Then for

any sequence p,, € P>(R?) of minimizers of E,, there exists p € P»(R?) so that, up to a subsequence and translations,

Pm A p in P(R?) and p minimizes Eo.
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Remark 1.4 (existence of minimizers of E;;). We use hypothesis (ATT) to conclude existence of minimizers of E,,. If
one were able to obtain existence by other means, hypothesis (LSC) is sufficient to conclude the m — +o0 limit.

For attractive or repulsive-attractive power-law potentials, we adapt the arguments by Rein [63] and Frank and Lieb
[46], respectively, to prove that minimizers of the energies E,, are compactly supported uniformly in m.

Theorem 1.5 (uniform bound on support). Let p,, be a minimizer of the energy E,,. For
1 1
Kx)=|x|’/p with —d<p<0 or Kx)=—|x|T——x|? with —d<p<0<gq (1.6)
q 4
there exists R > 0 so that supp p,, C Bg(0) for all m > 1 sufficiently large.

As a consequence of the previous two theorems, we obtain the convergence of minimizers of E,, to a minimizer of
E~ in the stronger 2-Wasserstein distance.

Corollary 1.6 (minimizers converge to minimizer). For interaction potentials K of the form (1.6), any sequence of
minimizers of E;, converges, up to a subsequence and translations, to a minimizer of E in the 2-Wasserstein metric.

We next turn our attention to gradient flows of the energies E,, and E,. We begin by showing that, for m sufficiently
large, gradient flows of E,, exist and solve the aggregation-diffusion equation, for all initial data in the domain of the
energy D(E,,) ={p € Pr(R?) : Ep(p) < 400}

Theorem 1.7 (well-posedness of gradient flows). Suppose K satisfies hypotheses (LSC) and (GF1)—(GF3) and m €
[mo, +-00].

(i) For all ,0,(,?) € D(E;,), the gradient flow of E,, with initial data ,0,(,?) exists.
(ii) If the modulus  (s) in (GF2)—(GF3) satisfies ¥ (s) > s and fol (s ()" Y?ds = +o0, then the gradient flow is
unique.
(iii) For m < +o00 and ,0,(,?) € D(E,), pm(t) is a gradient flow of E,, if and only if it solves the aggregation-diffusion
equation in the duality with CZ° (R4 x [0, T,

dom —V - (VK % pm)om) = A", pom(0) = p'0

Remark 1.8 (existence). In the particular case that K is a singular attractive power-law potential, K (x) = |x|?/p
for 2 —d < p <0, and the diffusion exponent is sufficiently large, m > my > max{d/(d + p — 1), 1}, the previous
theorem extends the range of initial data pg for which it is known that solutions to the aggregation-diffusion equation
exist from pg € LR N PR?) to pg € D(E); see [10,11,67]. In Proposition 4.10, we also strengthen the energy
dissipation inequality from these previous works to an energy dissipation identity.

To our knowledge, the previous theorem provides the first existence results for aggregation-diffusion equations
with singular repulsive-attractive power-law potentials of the form K(x) = |x|9/q — |x|?/p,2 —d < p <q <2,
provided that m > mo > max{d/(d + p — 1), 1}. This complements recent work by Carrillo and Wang, which studied
global boundedness of solutions, under the assumption that solutions exist locally in time [33].

Remark 1.9 (uniqueness). If K(x) = |x|P/p or K(x) = |x|1/q — |x|P/pfor2 —d <p<q <2andmog>d/(p+
d — 2), then we may take ¥ (s) = s|log(s)| for s near zero in hypotheses (GF2)—-(GF3); see [42, Proposition 4.4].
Consequently, the gradient flow of E,, is unique for m > my > d/(p + d — 2) and the gradient flow of E, is unique.

We apply this result to show that, up to a subsequence, gradient flows of E,, with well-prepared initial data converge
to a gradient flow of Eo, as m — +o0.

Theorem 1.10 (subsequence of gradient flows converges to gradient flow). Suppose K satisfies hypotheses (LSC) and
(GF1)—(GF3). Let py, (t) be a gradient flow of E,,,. Suppose that the initial data ,0,(,?) is well-prepared: sup,, M» (,0,59)) <
+o00 and for some p© € D(Eqo)
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n(?) A ,0(0) weak-* in ’P(Rd) and lim Em(p,gf)) = Eoo(p(o)).
m—00

Then p,, has a weak-* convergent subsequence so that py(t) A p(t) for almost every t > 0, and p(t) is a gradient

flow of Eso with initial data p©). Furthermore, as m — oo,

En(om (1)) = Eco(p(1)) for all 1= 0;
10En|(pm) = 10Eoo| (0) and |p}ylay, = 10 lay in Liyc (0, +00).

Finally, for almost every t > 0, there exists
o(t) e H! (Rd) satisfying o (t) > 0 and o (t) = 0 almost everywhere on {p(t) < 1}, (1.7)

so that, up to a subsequence, p,!(t) — o (t) in LZ(Rd) and VK x p(t) + Vo (t)/p(t) is the element of d Eso(p(2))
with minimal Lz(,o (1)) norm.

Remark 1.11 (minimal subdifferential of Es,). A byproduct of our result on the convergence of gradient flows is that
we are able to characterize the minimal element of the subdifferential of E, along the gradient flow. This result can
be easily extended to allow a A-convex drift potential V (x) in the energies E,, and E, by adding term of the form
aV to the subdifferential. This makes rigorous formal characterizations of the subdifferential from previous works
[56,57].

For attractive or repulsive-attractive power-law potentials, we may use uniqueness of the gradient flow of Eo, (see
Remark 1.9) to immediately obtain a stronger convergence result.

Corollary 1.12 (gradient flows converge to gradient flow). Given an interaction potential
K@x)=|x|?/p or K@&)=|x|"/q—|x|"/p for 2—d<p<q=2,

consider gradient flows py,(t) of E,, with well-prepared initial data: sup,, Mz(p,(,? )) < +o0 and for some p© €
D(Ex)

,0,(,?) A 0 weak-* in P(RY) and lim E,, (p,g?)) =Eoo(p).
m—0oQ
Then py, (1) A p(t) for almost every t > 0, where p(t) is the unique gradient flow of Es, with initial data p©.
1.3. Outline and notation

The remainder of the paper is organized as follows. In section 2, we recall fundamental results on the Wasserstein
metric, gradient flows, and I'-convergence. In section 3, we prove that attractive and repulsive-attractive power-law
potentials satisfy our main hypotheses (LSC), (ATT), and (GF1)-(GF3) (Theorem 3.1). In section 4, we prove that the
energies E,, and E,, are lower semicontinuous with respect to weak-* convergence of measures (Proposition 4.3) and
bounded below, uniformly in m (Proposition 4.1). We then characterize the minimal element of the subdifferential
of E,, (Proposition 4.7), identify an element of subdifferential of E,, (Proposition 4.9), and prove well-posedness of
gradient flows (Theorem 1.7). In section 5, we prove our main results on convergence of minimizers (Theorem 1.3) and
the uniform bound on the support of minimizers (Theorem 1.5). In section 6, we prove our main result on convergence
of gradient flows (Theorem 1.10). Finally, in section 7, we apply these theoretical results to develop a numerical
method for simulating gradient flows and minimizers of Es,, which we use to explore the open questions about
minimizers of E,, described in the introduction.

We conclude by briefly reviewing our notation. When a probability measure p € P(R?) is absolutely continuous
with respect to Lebesgue measure, p < £%, we commit a mild abuse of notation and denote both the measure and its
density by p, dp = p(x)dx. Differentials in integrals will likewise be written either as dp(x) or p(x)dx, depending
on the context. Norms with respect to Lebesgue measure will be denoted by single subscripts (e.g., || - | ) whereas
LP-norms with respect to a measure p € P(R?) will be explicitly marked (e.g., || - [lL»(u)). We denote convergence
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with respect to the weak-* topology by .. For measures that depend on time (1) € P(R?), we commit a mild abuse
of notation and identify

1 1

()re0.1) ~ / 8 ® prdt so that / Fe.x)dp = f / £ 0)dp ().

0 0 R4
We let xo denote the characteristic function on a set Q2 C R and Q¢ denote the complement of 2. We allow all
constants C > 0 to change from line to line.
2. Preliminaries

2.1. The Wasserstein metric

For b € [1, 2], we consider measures belonging to the space

Py(RY) = {u e P®RY): / l? dux) < +oo}

of probability measures with finite bth moments. We endow this space with the b-Wasserstein metric, which we recall
briefly now. For further background, we refer the reader to the books by Ambrosio, Gigli and Savaré [2] and Villani
[69].

The b-Wasserstein distance between w, v € P, (R?) is given by

1/b
dw, (1, v) := (min {/ e —ylPdy (x,y): v €Clu, v)}) : @1
where C(u, v) is the set of transport plans between p and v,
Cu, v) = {y ePR!xRY): (m)sy=p and (m)yy = V} :

Here 1, m> denote the projections m1(x, y) = x and ma(x,y) = y. For i = 1,2, (;;)#y denotes the pushforward of
y defined by (7;)4y (U) := )/(JTi_l (U)) for any measurable set U C R?. By Hélder’s inequality for the probability
measure y € P(R? x RY), we have

dw,(w,v) <dw,(u,v), forallb<a. 2.2)

For any p,v € P, (]Rd), the minimization problem (2.1) admits a solution: there exists an optimal transport plan
10 € Co(u, v) so that

1/b
dw;,(u,v)=</ Ix—ylbdyo(x,y)> -

Furthermore, if » > 1 and v is absolutely continuous with respect to Lebesgue measure,
vePrac®) i=p e Py®R): p< L],

then there exists an optimal transport plan yq that is given by the product of the identity map Id(x) = x and a Borel
measurable function ti} : R — RY, i.e., yo = (Id xt2)av (cf. [2, Theorem 6.2.10], [5, Theorem 7.1]). The function t!;
is an optimal transport map from v to (.

Along with these characterizations of optimal transport plans, for all b € [1, 2], (P,(R%), dw,) is a complete and
separable metric space [2, Proposition 7.1.5]. We now suppose b > 1. While bounded subsets of (P, (R¢), d W, ) are not
generally relatively compact in the b-Wasserstein metric [2, Remark 7.1.9], they are relatively compact with respect
to dyw, for a < b. Likewise, convergence in dy, can be characterized as follows (cf. [2, Remark 7.1.11]):

dw,(pn, 0) >0 <, — u weak-*in P(RY) and f Ix1° d, (x) — f lx|2du(x),

= [f)dpu,(x) = [ fx)du(x),
for all f € C(R?) such that | f(x)| < C(1 + |x — xo|?).
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When b =2, we abbreviate dy = dw,.
2.2. Gradient flows and their I'-convergence

We now briefly recall the notion of a curve of maximal slope in a complete metric space (S, d), which generalizes
the concept of gradient flows outside the Riemannian context. We refer again to the book by Ambrosio, Gigli, and
Savaré [2] for further details. A curve u(t) : (a, b) — S is 2-absolutely continuous if there exists m € L2(a, b) so that

t
d(u(t),u(s))ﬁfm(r)dr foralla<s <t <b. (2.3)
S
We denote the space of 2-absolutely continuous curves by AC 2([a, b],S).
For any 2-absolutely continuous curve, the limit
d ,u(t
0] = tim O 1)
s—t |s —¢]
exists for a.e. t € (a, b). Furthermore m(¢) := |u'(t)| € L?(a, b) satisfies (2.3) and for any m € Lz(a, b) satisfying
(2.3), we have |u/ ()| <m(t) for ae. t € (a, b).
Given a functional F : § — (—o00, +00] that is proper, i.e., D(F) = {u € § : F(u) < +00} # @, its upper gradient is
a generalization of the modulus of the gradient from Euclidean space. Specifically, g : S — [0, +-o0] is a strong upper
gradient for F if for every u € AC 2([a, b], S) the function g o u is measurable and

t
[F(u(t)) — F(u(s))| < /g(u(r))|u’|(r) drforalla <s <t <b. 2.4)

N

When F is convex and lower semicontinuous, one example of a strong upper gradient is given by the metric local slope
[2, Corollary 2.4.10],

|0F|(1) := lim sup % (2.5)

Next, we recall the definition of a curve of maximal slope. A locally 2-absolutely continuous curve u : (a, b) — S
is a curve of maximal slope for F with respect to the strong upper gradient g if there exists a non-increasing function
¢ sothat ¢ (t) =Fou(t) fora.e. t € (a,b) and

¢'(1) < —%lu/|2(t) — %gz(u(t)) for a.e. t € (a, b). (2.6)

Suppose F : Pr(RY) — R U {+00} is proper, lower semicontinuous, and D(|0F|) C Pz,ac(]Rd). For any u €
D(]3F]|), amap £ € L?(u) belongs to the subdifferential of F at y if

F(v) — F(n) > /(é, tl‘i — Id)du + o(dw (i, v)) for all v d—w> “. 2.7
We denote this by &€ € dF ().

Remark 2.1 (subdifferential and metric slope). For any & € dF(u), we have [|§ 12,y = [9F[(w).

When S = P>(R?) is endowed with the 2-Wasserstein metric dy, a locally 2-absolutely continuous curve i :
(0, 00) — P>(R?) with |i/| € L120C (0, 00) is called a gradient flow relative to the functional F if its velocity vector
v(t) satisfies

—v(t) e aF(u (1)), v(@) e Tanu(,)Pg(Rd) for a.e. r € (0, 00). (2.8)

The velocity vector field v is associated to u through the continuity equation d;u + V - (vu) = 0. If F is proper, lower
semicontinuous, bounded below, and regular (see Definition 8.1) and its metric slope |0F| is a strong upper gradient,
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then p(¢) is a gradient flow of F if and only if @ (¢) is a curve of maximal slope for |dF| [2, Theorem 11.1.3]. In
particular, if () is a gradient flow of F, then |u/|(¢) = |0F|(14(¢)) for almost every ¢.

With these definitions in hand, we now recall a general result of Serfaty on the I'-convergence of gradient flows
on a metric space. We state a mild variant of this result, similar to that used in [35, Theorem 5.6], which is a direct
consequence of Serfaty’s original proof.

Theorem 2.2 (cf. [64, Theorem 2] ). Let F,, and F be functionals defined on (Py(R%), dw) with strong upper gradients
|0F,| and |0F|. Suppose that w, is a curve of maximal slope of F, with well-prepared initial data 11,,(0), i.e., there
exists (£ (0) € D(F) so that

1n(0) = 12(0)  and im Fy (1 (0)) = F(1(0)).
If there exists some . € AC%([0, T1, P2(R?)) so that (1) A u(t) forallt €0, T] and

(i) liminf, o0 Fpy (n(2)) = F( (1)),
(i) liminfy o0 fo |y *(9) ds = [g 11/ (s) ds,
(iii) Timinfy—co fo 19F 1> (1n () ds = [ [0F*(u(s)) ds,

then | is a curve of maximal slope of F and
lim Fy,(un (1)) =F(u()) forall t €[0,T],
n—o0

|0F | (1t (£)) — |9F| (e () and || (1) — |1/ |(2) in L*([0, T).

For the 2-Wasserstein metric dy the second criterion in Theorem 2.2 above holds independent of the choice of the
energy functionals, and follows from the properties of the metric only, as the following elementary lemma shows. For
lack of a reference, we include a proof.

Lemma 2.3 (Lower bound on metric derivatives). Suppose w, and p € AC*([0, T1, P2(R%)) for all n € N. If
L (1) = (1(t) in P2(RY) forall t € [0, T, then

N N
1im§3f/ |,u;1|2(t)dt2/|M’|2(t)dt.forallse[0, T1.
n—
0 0

Proof. We may assume, without loss of generality, that there exists 0 < C < +00 so that
N
= liminf [ |u})? .
C n‘ETéo/ |, |7 (1) dt
0

Choose a subsequence |u),|(7) so that lim,—, + o0 fos |14, |>(t)dt = C. Then | i), 1(2) is bounded in L?(0,s) asa sequence
in n € N, so, up to a further subsequence, it is weakly convergent to some v(¢) € L?(0, s). Consequently, for any
0<so=s1=<5,

S1 S1
. / _
n_l}rfw/ |, (1) dt = / v(t)dt.
S0 S0
By taking limits in the definition of the metric derivative and using the lower semicontinuity of dy with respect to
weak-* convergence,
S1 S1

dw (o0l a0 = [ Igl00deyields dw (e wtor) = [yt

S0 50
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By [2, Theorem 1.1.2], this implies that |u/|(£) < v(¢) for a.e. t € (0, s). Thus, by the lower semicontinuity of the
L?(0, s)-norm with respect to weak convergence,

) S s
hminffm;F(r)drz/|v(r)|2dtz/|u’|2(r)dt,
n—+00

0 0 0

and we obtain the result. O

3. Power-law interaction potentials

In the present section, we prove that the interaction potentials described in the introduction satisfy our main hy-
potheses.

Theorem 3.1. Suppose K is a power-law interaction potential of the form
Kx)=xI?/p or Kx)=|x|9/q—|x|’/p with 2—d<p<gq<2, (3.1)

where we adopt the convention |x|0/0 =log(|x|). Then for all m > mo > max{d/(d + p — 1), 1}, K satisfies hypothe-
ses (LSC), (GF1)~(GF3)forall2 —d < p <q <2, and (ATT) for2 —d < p <q <2and q > 0.

Remark 3.2. Note that nonnegative combinations of the above potentials continue to satisfy the hypotheses, where
the constraint on m depends on the most singular part of the potential.

We start by showing that power-law interaction potentials K satisfy hypothesis (LSC).

Proposition 3.3. If K (x) = |x|?/p with —d < p <0, then (LSC) holds for r = —d/p. If K (x) = |x|P /p with p >0
or K(x)=|x|1/q — |x|P/p with —d < p < q, then K satisfies (LSC) for all r € (1, 4+00).

Proof. By definition, K is even and locally integrable. Suppose K (x) = |x|?/p for p >0or K(x) = |x|?7/q — |x|"/p
with —d < p < ¢q. Then K is lower semicontinuous and bounded from below; hence, (LSC) is satisfied with K, = K
and K, =0 e L"(R?) for all r € [1, +00).

Now, suppose K (x) = |x|0/0 =log(|x|). Let B = B{(0) and define K, = KXRd\B and K = K xg. Then K, is
continuous and bounded below and K, € L" (R%) for all r € [1, +00). Finally, suppose K (x) = |x|?/p with —d <
p < 0. Then we have K € L=9/P-°(R9), and (LSC) is satisfied with K, =0 and K, = K. O

We now show that power-law interaction potentials from Theorem 3.1 satisfy (ATT).

Proposition 3.4. Suppose K (x) = |x|P/p with —d < p <2 or K(x) = |x|1/q — |x|?/p with —d < p <q <2 and
q > 0. Then K satisfies hypothesis (ATT).

Proof. Suppose K(x) = |x|?/p with p >0 or K(x) = |x|?7/q — |x|?/p with —d < p < g <2 and ¢ > 0. Then
limy|— o0 K (x) = 400, and (ATT)(ii) is satisfied. Similarly, for K (x) = |x|?/p with p =0, K grows to infinity and
satisfies hypothesis (ATT)(i). On the other hand, when K(x) = |x|?/p with p < 0, K is strictly increasing with
lim|y|— 00 K (x) = 0. Moreover, for B = B1(0), we have that K € L%R4 \ B) for some fixed | <a < oo, K €
C'(R?\ {0}), and |VK| < 1 for |x| > 1. Therefore, K satisfies the hypothesis (ATT)(i). O

Next we verify the hypotheses (GF1)—(GF3). As these are preserved under finite linear combinations of interaction
potentials K, it suffices to show them for potentials of the form

Kx)=|x|’/p, 2—-d=<p<2. (3.2)

We begin with a few results concerning potentials of this form and conclude with the proof of Theorem 3.1 at the end
of the section.
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Lemma 3.5. Suppose K (x) = |x|P /pfor2—d < p <1.Thenforallmy>d/(d+p—1)andp € Po (RN LMo (RY)
there exists Cyq p > 0 so that ||[VK * plleo < Ca,p(1 + |[0llmg)-

Proof. Since mg > d/(d + p — 1), its Holder exponent satisfies my’ < d /(1 — p) and VK € L’"O/(B) NL®R4\ B),
where B = B;(0) C R is the unit ball. Thus,

IVK * plloo < (VK x8) * plloo + (VK xR\ 5) * plloo
< IVK ot gy 12 llmg + IV K | e ey 1011

where xp denotes the characteristic function of B. 0O
We now consider the hypothesis (GF1).

Proposition 3.6. Suppose K (x) = |x|P/p for 2 —d < p < 2. Then K satisfies hypothesis (GF1) for all my >
max{d/(d+p—1),1}.

Proof. When p < 1, we may use the uniform bound from Lemma 3.5 to conclude that for any v € P, (]Rd), we have
IVK *pllp20) < IVK * ,o||<,o||v||i/2 <CUlpllme+ 1) <C'(lpllm + 1). Now, assume 1 < p < 2. Then there exists
¢ > 0so that [VK (x)| < c(|x| + 1) for all x € R¥. Thus, by Minkowski’s integral inequality and Jensen’s inequality
for the concave function s — s1/2,

12
IIVK*/OIILz(V)S/(/IVK(X—y)IzdP(y)) dv(x)

1/2
<c ( / Qlx* +20y1* + 1)dp(y>dv(x)) <V2c(Ma(p)'/* + Ma(n)V/2 + 1),
which gives the result. 0O
We next turn to hypothesis (GF2).

Proposition 3.7. Suppose K (x) = |x|P/p for 2 —d < p < 2. Then K satisfies hypothesis (GF2) for all my >
max{d/(d+p—1),1}.

Proof. It suffices to estimate each component of the gradient VK x p = [0; K * p] separately. Our approach is clas-
sical (cf. [60, Theorem 2.2]), extending known results about continuity properties of singular integrals to interaction
potentials with at most quadratic growth at infinity.

Let R = |x — y|. Then,

10; K % p(x) — 0; K 5 p(y)| = V (3 K(x —2) = % K(y —2)) dp(2)

=l [+ [ |z [ |+] [ |=em

2R (X) Rd\BzR(x) 2R (X) d\BZR(x)
We begin by estimating I. If p =2, let 8 = 1. Otherwise, choose 8 € (0, 1] so that mg >d/(d+p—1—8) > 1.
Define r :=d/(d + p — 1 — B) € [1,mgp), and let r’ be the conjugate index of r. Since p — 1 + (d/r") = B € (0, 1],
I< / 10; K (x — 2)|dp(z) + / 10; K (y —2)|dp(2)
Byp(x) Byg(x)
< / Ix —z|” Y dp(z) + / ly —zIP Y dp(2)

Bog(x) B3r(y)
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lx — - |p—1‘

ly— - I”_l)

+ llellr

<
<1l .

L (B3r(»))

< ClipllyIx — yI?,

for C = Cy,p,r. Now, we estimate II. For x4 :=ax + (1 —a)y, a €[0, 1], we have

1
M- f /iamua—z)dadp(z)
da

R9\Byg(x) 0

1
= f /(VB,-K(xa—z),y—xMadp(z)

RI\Byg(x) O

3 / Ixg — 2|72 dp(2).

R\ By (x)

=Clx—y| ma
[0S

X
[0,

If p =2, the integral is bounded by 1 and B =r = 1. Thus, Il < C|x — y|P~1*@/") = C|x — y|P. If p <2, then
p—2+(d/r") <0, and we may bound the integral as follows,

1/r
e — 217 2dp(2) < lIplls / g — 2P
RA\Byg(x) \Rd\BZR(X)
1/r
Y I R

\R"\BR(xa)
< Cllpllylx — yP=2H@/,

Therefore,
14+11< Clipllylx — y[PH ™D < C(lpllm + DY (Ix — 1),

for Y (s) = sPIH@/r) — B, B € (0, 1], which completes the proof of (GF2). O

In order to show that power-law interaction potentials satisfy property (GF3), we begin with the following estimate,
quantifying the stability of VK * p in the 1-Wasserstein metric when K is sufficiently regular.

Lemma 3.8. Suppose K (x) = |x|P/p for 1 < p < 2. Then there exists C > 0 so that, for all p, v € Pi(R?),
[VK % p — VK # V| < C(dw, (p, p))P=D.

Proof. Let yy € Co(p, v) be the optimal transport plan from p to v. Using |VK (v) — VK (w)| < C|v — w|?~! and the
concavity of the right hand side, we obtain

IVK xp — VK % V| = sup
xeR4

(p—1
SC/ Iz—yl”_ldyo(y,z)SC</ Iz—yIdVo(y,z)> ,

which completes the proof. O

/ (VK(x —y) = VK(x —2)) dyo(y,2)
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We now use the previous estimate to quantify the stability of VK % p in the b-Wasserstein metric for all b € [1, 2]
and for general attractive power-law potentials. This generalizes a result of Loeper [54, Theorem 4.4] to general
power-law potentials, L? spaces, and b-Wasserstein metrics for b < 2. This generalization plays a key role in our proof
of the I'-convergence of gradient flows, since the 2-Wasserstein gradient flow structure merely provides compactness
in b-Wasserstein metrics for b < 2. To obtain convergence of the subdifferentials of the interaction energies, we require
continuity of VK * p with respect to weaker Wasserstein metrics.

Proposition 3.9. Suppose K (x) = |x|P/p for 2 —d < p <2 and fix B so that

(p—Dy<B<lforp<2 or p=1forp=2.
Then for all 0 < € < 1, there exists C > 0, depending on d, p, €, and B, so that

(l_e)/(z_e)dw (p U)
2—¢ ’

IVK % p— VK % v|p, < Cmax {llplm,, 1VIm,}
forall p, v e Po(RY) N LM+ (RY), where
d d2—¢)

T A G ey e )

nx

Proof. Let b =2 — € € (1, 2], and let t;) be an optimal transport map from p to v with respect to the b-Wasserstein
metric. If p =2, then m, =1, p, = 400, and by Lemma 3.8,

IVK % p— VK #v]l,, < Cdw, (p, v) < Cdw, (p, v).

Now, suppose p < 2,80 pyx € (1, +00). Let p, := ((1 —oz)t; +ald)zp, o € [0, 1], be the constant speed geodesic in
the b-Wasserstein metric, and let t,p,; and t; the optimal transport maps from intermediate points along the geodesics
to the endpoints, @ € (0, 1) [2, Lemma 7.2.1]. Then, by Minkowski’s integral inequality,

1 1
d d
IVK % p— VK *v|,, = f—VK*pada 5/ —VK * py da
do do
0 0

Px

Px

da

Px

1
2/H/DZK('_(1_“)y_“tz(y))(tf)(y)—y)dpo(y)
0

da.
P

p.

: 1
2/H/DzK(._y)(tgg,(y)—tgg(y))dpa(y) d"‘:/HDzK*[(tﬁg ]
0 N )

By Sobolev’s inequality for Riesz potentials (p > 2 — d; cf. [60, Section 4.2]) and the Calderén Zygmund inequality
(p =2 —d; cf. [66, Theorem V.1]) and Holder’s inequality,
ID2K # [(A5) —t2)pa 1l p. < Capop. (42 —£2) pq [y

AR Y TR

=Cd,p,p.

b—1)/b
= Ca.p.pudw, (0 Wl el

for
B 2—e)d ~ dQ2—e)
=t p—1—fre—d—pin LA amd r=C i

Finally, by convexity of L”-norms along b-Wasserstein geodesics [2, Proposition 9.3.9],

€ [2, +o0].

Pallm, <A —=a)llpllm, +ellvim, <max{lplm,, Vi),

which, combined with the previous inequalities gives the result. O
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Finally, we use the result of Proposition 3.9 to show that power-law interaction potentials satisfy hypothesis (GF3).

Proposition 3.10. Suppose K (x) = |x|P/p for 2 —d < p < 2. Then K satisfies hypothesis (GF3) for all mo >
max{d/(d+ p—1), 1}. In particular, for all 0 < € < 1, there exists Cc = C(p,d,mg,€) > 0and ac = a(p,d,mg, €) €
(0, 1] so that

IVK 5 p = VK 5l 1200 = Ce (14 1ollmg + Il + 12l ), (o, v).

Remark 3.11 (range of mo and €). For m sufficiently large and € = 0, we obtain o = 1, and this proposition reduces
to [42, Assumption 4.1(v)]. Consequently, the main contribution of this new estimate is that it lowers the range of
admissible values of mq and strengthens the Wasserstein metric in the estimate. This extension is crucial is the case
p=2—d,d > 2, since previous works required mo = +00, while this new estimate allows all m( > d. This extension
is also crucial in that it provides stability with respect to weaker Wasserstein metrics when € > 0. Such a stability result
is needed in our proof of I'-convergence of the gradient flows, where we merely obtain compactness of the gradient
flows in b-Wasserstein metrics for 1 <b < 2.

Proof. When 1 < p <2, Lemma 3.8 and the fact that u € PR ) ensures

IVK % p— VK %120 < IVK % (p = Vloo < dw, (0. )’ <dw, (p,v)"!

which gives the result.
Now, suppose that p < 1. Let

B=min{d+p—1—d/mo, 1} €((p— D4, 1].

Note that 8 =1 if and only if mg > #{)_2. Fix 0 <€ < 1 and define m, and p, as in Theorem 3.9, so that mq >
my > 1. Since 2m, /(m, — 1) > p, > 1, there exists o = a(p, d, mo, €) € (0, 1] so that

21y

o = Dy

me—1"

By Holder’s inequality and interpolation of L”-norms,

1/2
IVK % p = VK *vll20,) < [[VK* (0 = V)l2m,/m.—1) il

_ 1/2
<IVK # (p = W% IVK % (0 — I el

Lemma 3.5 ensures |[VK * (0 — V)|looc < Cy,p(1 + [|ollm, + VI, ). Therefore, applying this and Proposition 3.9
gives

||VK * 0 — VK * V||L2(M)

1- 1/2
<CIVK x(p =I5, (1+ 1ol + IVlm,) " il

a(l—e) _ 1/2
< Cd,_, (0, V) max{[|pllm, . 1Vllm,} 2% L+ 1pllm, + 10 1m) = el -

Simplifying and using that mo > m,., we conclude the result for ¥ (s) =s%. O
We conclude this section with the proof of Theorem 3.1.

Proof of Theorem 3.1. Hypothesis (LSC) follows from Proposition 3.3. Hypothesis (GF1)-(GF3) are preserved un-
der finite linear combinations of interaction potentials K, so it suffices to show them for power-law potentials of
the form K (x) = |x|?/p for mg > max{d/(d + p — 1), 1}. Hypothesis (GF1) follows from Proposition 3.6. To see
hypotheses (GF2)—(GF3), let {1(s) = sP be the modulus of continuity from Proposition 3.7 and let ¥ (s) = s¢
be the modulus of continuity from Proposition 3.10. Then K satisfies hypotheses (GF2)—(GF3) with v (s) :=
Yi(s) +va(s). O
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Remark 3.12. (restriction to power-law potentials with p > 2 — d) As shown in Propositions 3.3 and 3.4, we merely
require p > —d for the corresponding energies E,, to satisfy hypotheses (LSC) and (ATT). (Furthermore, by Propo-
sition 4.1, hypothesis (LSC) is sufficient to ensure that E,, is lower semicontinuous and bounded below; hence its
gradient flows exist.) Still, in order to characterize the subdifferentials of the gradient flows of E,, and study their
limits as m — 400, we need control over derivatives of K * p when p € L™(R?). Consequently, our results on
I'-convergence of the gradient flows require that our energies E,, satisfy hypotheses (GF1)—-(GF3), which hold merely
forp>2—d.

4. Energies, gradient flows, and aggregation-diffusion equations

In this section, we develop several fundamental properties of the energies and E,, and E,, prove existence and
(in some cases) uniqueness of their gradient flows. We also rigorously connect these gradient flows to aggregation-
diffusion equations. In the process, we extend the well-posedness theory for such equations and, in some cases, obtain
sharper estimates on solutions than has been previously obtained by pure PDE methods; see Remarks 1.8 and 1.9.

The key obstacle in analysis of the energies E,, and E; is to quantify the competing effects of the interaction,
diffusion, and height constraint terms. We denote the diffusion and height constraint parts of the energies by

1
Sm(p):=1m—1
+00 otherwise,

/p’"dx if pe LIRHNLTRD, (=10 iflple =l @1
*© ' +o00 otherwise, '

and the interaction part by

1
K(p) == 3 f f K(x —y)dp(x)dop(y) 4.2)

sothatE,, =S,, + Kand Eqo =S + K.
4.1. Basic properties of E;, and E

We now develop some basic properties of the energy functionals E,, and E,. (For ease of notation, we often
consider both energies at the same time by proving properties for E,,, allowing m = +400.) The results in this sec-
tion merely rely on hypothesis (LSC). In the case of attractive power-law interaction potentials, this is equivalent to
requiring that we are in the diffusion dominated regime. (See Remark 1.1.)

We first show that the energies are bounded below and that an upper bound on E,,(p) implies an upper bound on

lollm-

Proposition 4.1. Suppose K satisfies hypothesis (LSC) and m € [mq, +00]. Then E,, is bounded below, uniformly in
m, and there exists C, > 0 s.t.

1+1

lolm " <Em(p) + Cy. (4.3)
Proof. First, we show there exists C, > 0 so that, for all m € [mg, +0c] and p € L™ (R?) N P(R?),

1 1+1

3 (Kxp)dp>—=Cr(1+|pllm ")- 4.4)
By hypothesis (LSC) and the weak Young inequality (cf. [51, Section 4.3], [10, Lemma 4])

Yk wpydp=2 [(karpyap+ L [(kpxpydp>—L1& K I+

3 (K *p) p=3 (Kq * p) pts (Kp * p) p_—ill alloo = | bIIumIIPIIH%-

Since m > mg > 1+ } and p € P(RY), interpolating L? (R?) norms,

m

141 ) m 1+1 I+;
||/0||1+l <lplm <A+ lpllm) @D <A+ lpllm) "7 <Cr | 1+ llolm ") -

r
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Combining the two previous inequalities shows (4.4).
We now show inequality (4.3). For m = +o0, this follows from inequality (4.4) and the definition of E,. Suppose
m € [mg, +00). By definition of E,, and inequality (4.4), for all p € D(E,,),

1+1 1+1 1 —1-1
En(p) = ol —CA+lelm D =1lplnm " (—Ilpllﬁ g —C>—C- 4.5)
m—1 m—1
First, assume
1 —1-4
——lpllm " —C>1 (4.6)
m—1

1

Then, | po|| ,1,,+; <En(p) + C and (4.3) holds. Alternatively, suppose (4.6) does not hold. Then,

lellm < ((14+C)(m — 1))1/(m—1_%) .

. . 1+1
Sincem >mgy > 1+ % there exists C1 = C1(C,r) > 0 so that ||p|,, " <Cj.

To conclude (4.3), it suffices to show that E,, is bounded below, uniformly in m > mq. We will show it is bounded
1

below on the set {p € D(E,;,) : E;,(p) < 1}. By the previous inequalities, on this set, we have || p,, ||,1,1+7 <14+C+C;.
Combining this with inequality (4.5), we obtain that the energy is uniformly bounded below. O

We now turn to further properties of the energies. For all m € [1, 4-oc], the energies S, are proper, lower semicon-
tinuous with respect to weak-* convergence, and convex in the 2-Wasserstein metric (cf. [2, Proposition 9.3.9], [42,
Proposition 4.5]). Likewise, for all p € [1, +00) the L?(R?) norms

_ el ifpe L'RHNLPRY,

lellp: (4.7)

+00 otherwise,
are also proper, lower semicontinuous with respect to weak-* convergence, and convex in the 2-Wasserstein metric.

We now show that the interaction energy is also lower semicontinuous with respect to weak-* convergence, on
L™ (R%)-bounded sets.

Proposition 4.2 (lower semicontinuity of interaction energy). Suppose K satisfies hypothesis (LSC). If p, A p and
sup, e | onllmy < +00, then liminf,— 400 K(pn) > K(p).

Proof. First, note that since p, A p, we have also have p, ® p, A p ® p. Since K, is lower semicontinuous and
bounded below, by Portmanteau theorem (see [68, Theorem 1.3.4]),

timint 3 [ [ Kux = 90 douodon )= 5 [ [ Katr =y dordo .
n—-+o0o 2 2
Now, we consider Kj. For any k > 0, define K, A (—k) = min{K}, —k}. Since K : RY — [—o0, +00] is
lower-semicontinuous, K; A (—k) is lower semicontinuous and bounded below for all £ > 0. Furthermore, since
Ky € L”‘X’(]Rd), if we define Sy := {x : Kp(x) < —k}, by the weak Young inequality (cf. [51, Section 4.3], [10,
Lemma 4]), for any m, € (1 + %, 2) with m, < my,

% _ -1
< 1Kpxs | recoges loalllhe, 1= (my — 1)

‘ / ((Kp A (=) % on) dpn — / (Kp * pn) dpn

Since we assume sup, <y | onllmy < 400 and my < myg, the second term is bounded uniformly in n € N. Likewise,
since ry < r, by definition of L% (R%),

IKp x5, Il reco ety = SUp A{| Kpxs | > AHY"™ < sup Al{|Kp| > 1}/
A>0 A>k

r/ry
= sup A/ (1Kl = 1Y) S KT K gy S 0.
A=k Lo (R4
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Therefore, for all € > 0, we may choose k > 0 so that

R o
liminf = / (Kp # pu) dpn = liminf = / (Kp(x — ¥) A (=K)) dpn (¥)don () — €
n—4oo 2

n—+o0o 2

1 1
Z5/((KbA(_k))*P)dP_EZ5/(Kb*,0)d,0_6-

Since € > 0 was arbitrary and K = K, + K}, we obtain the result. O

We conclude this section by applying the previous proposition to show that E,, is proper, lower semicontinuous,
and bounded below.

Proposition 4.3. Suppose K satisfies hypothesis (LSC) and m € [mg, +0o0]. Then E,, is proper, lower semicontinuous
with respect to weak-* convergence of probability measures, and bounded below.

Proof. The fact that E,, is bounded below is an immediate consequence of Proposition 4.1 and the fact that S,,, >
0. We now show E,, is proper. By hypothesis (LSC), K € Llloc(Rd). Therefore, evaluating the energy E,, on the
characteristic function of a ball B of volume 1, we have

1 1
1+5//K(x—y)dxdy<+oo.

BxB

Em (XB) =<
mo

Hence, E,, is proper.

We conclude by proving that E,, is lower semicontinuous. Suppose that p, A p. Without loss of generality, we
may assume that liminf,,_, ;o E;, (0,) < +00. Taking a subsequence p, so that the liminf is attained, we may also
assume that sup, .y En(0n) < +00. Applying Proposition 4.1 and interpolation of L” norms for 1 < mg < m, we
obtain that sup, .y I10x llm, < +00. Therefore, by Proposition 4.2, liminf,,_, 4 o K(0,) > K(p). Since [58, Corollary
3.5] ensures liminf;,_, 4 50 Sy, (0n) = S;u(p), this gives the result. O

Remark 4.4 (sharpness of condition m > mg). The condition m > mg in Proposition 4.3 is sharp to ensure that the
energy E,, is lower semicontinuous with respect to weak-* convergence. In particular, for all € > 0, there exists K (x)
and my satisfying (LSC) and m € (mg — €, mg) so that the energy E,, is not lower semicontinuous. For example,
we may take K(x) = |x|?/p for —d < p <0, mg=1— (p/d) +€/4, and m =1 — (p/d) — €/4. (We assume,
without loss of generality, that € > 0 is sufficiently small so that m > 1.) By Proposition 3.3, K and my satisfy
hypothesis (LSC). For any p, € P>(R¢) we may consider its sequence of dilations p; = A% p,(Ax), which converges
in the weak-* topology as A — +o00 to a Dirac mass at the origin §y. Along this sequence the energies E,, satisfy
lim) — 400 En (py) = —o0 and E,, (8p) = +o0 (see, e.g. [30, equations (12)-(13)]). Therefore, the energy E,, is not
lower semicontinuous in the weak-* topology.

4.2. Subdifferentials and gradient flows

We now characterize the minimal elements of the subdifferential of E,,, m € [mg, +00), and identify elements
belonging to the subdifferential of E,. We defer our full characterization of minimal elements of the subdifferential
of Ex to the proof of Theorem 1.10 in section 6. Following these results on the subdifferentials, we prove that
gradient flows of E,; and E, exist and provide conditions under which they are unique. Throughout this section, we
use hypotheses (LSC), (GF1)—(GF3) on the interaction potential and suppose m > my.

In order to analyze the subdifferentials of E,, and E,, we begin with the following lemma, which bounds the
variation of the nonlocal interaction energy K along measures in L” (R?). This lemma extends [42, Proposition 4.6],
where (GF1), (GF2), and (GF3) generalize [42, Assumption 4.1]. We defer its proof to appendix section 8.2.

Proposition 4.5. Suppose K satisfies (GF1)~(GF3) and po, p1 € L™ (R?) for m > mq. Then

‘K(,Ol) —K(po) —/(VK % po, t0} —1d)dpo| < f(po, p1) ¥ (dw (po, p1)) dw (po, p1)
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for f(po, p1) =C'(1 + || pollm + 11 llm) and C" = C’'(dw (po, p1)) > 0 is an increasing function of the distance from
po fo p1.

We now apply the previous proposition to obtain the following generalization of Ambrosio, Gigli, and Savaré’s
characterization of the subdifferential for A-convex energies to the energies E,, and E.

Proposition 4.6. Suppose K satisfies (LSC), (GF1)~(GF3), m € [mg, +oc], and p € D(E,,). Then & € L*(p) belongs
to 0E,, (p) if and only if

En(v) —En(p) = /(E, t, —Id)dp — f(p, V)Y dw(p.v))dw(p,v), Yv € D(Ep), (4.8)

for f(p,v) as in Proposition 4.5.

Proof. First, suppose & € L2(p) satisfies inequality (4.8). We show that it satisfies the subdifferential inequality (2.7).
For any sequence v, — p, v, € D(E,;;), we may assume without loss of generality that sup, E,, (v,) < 400, or else
the subdifferential inequality (2.7) is satisfied trivially. Hence, by Proposition 4.1, sup,, ||V, |lm < 400. Therefore,
f(p,vy) is uniformly bounded as v, — p. Consequently, by the definition of the subdifferential (2.7), & € 9E,, (p).

Now, suppose & € L2(,0) belongs to dE,,(p) and v € D(E;,). We show that inequality (4.8) holds. Let p, =
((1 — o) Id +at))#p be the Wasserstein geodesic from p to v. Then by definition of the subdifferential, inequality
2.7,

Em (o) — En(p) 2[(51% —1dydp.

= lim

d
—Em(0a)
a=0 @0 «

da

By Proposition 4.5,

d
oK) = / (VK % po, 2 —1d)dpg < K(v) — K(p) + (0, ) ¥ (dw (p, v)) dw (p, v).
a=0
Likewise, by the convexity of S, for all m € [mg, +00],
d
— S (pa) <Su(v) —Su(p).
da a=0

Adding the three previous inequalities gives the result. O

Next, we apply the previous proposition to characterize elements belonging to the subdifferential of E, for
mo < m < +o0o. Our proof generalizes Ambrosio, Gigli, and Savaré’s characterization of the subdifferential of
aggregation-diffusion energies to the case of nonconvex, singular interaction potentials satisfying hypotheses (LSC),
(GF1)—(GF3) (cf. [2, Theorem 10.4.13]), and we defer its proof to appendix section 8.2.

Proposition 4.7. Suppose K satisfies hypotheses (LSC), (GF1)—(GF3) and m € [m¢, +00). Then,
p" e WHIRY),
V m
0E[(p) < +00 <> | (VK % p) + L= € 0y (p), 49)
0Bl (p) = | (VK %) + ¥"

L2(p)

In particular, for all p € D(|0Ey|), (VK * p) + % is the unique element of the subdifferential of E,, at p with

minimal Lz(p)—norm.

Remark 4.8 (division by p). For simplicity, we commit a small notational abuse in the above expression of the minimal
element of the subdifferential: we divide by p, even though p may not be strictly positive. More precisely, let w =
(VK xp) + V’%m represent a function satisfying (VK * p)p + Vp"" = wp almost everywhere. This function is unique
p-almost everywhere.
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We now identify elements belonging to the subdifferential of E,, providing an upper bound on the metric slope of
Ex. (See Theorem 1.10 for the characterization of minimal elements of dE, along gradient flows.)

Proposition 4.9. If K satisfies hypotheses (LSC), (GF1)-(GF3) and p € D(Ex),

VK 4 p € 9Eoc(p) and [IVK # pll 2 = 0Eoc|(p).

Proof. It suffices to show VK * p € 0E(p), as the second inequality then follows from Remark 2.1. By Proposi-
tion 4.6, it suffices to show for all v € D(E),

Eco(v) — Exo(p)

> /(VK «p,t) —1d)dp — f(p, V)Y @dw(p,v)dw(p,v), ¥v € D(Ep). (4.10)
By definition of E, and the fact that v, p € D(E), this is equivalent to

K(v) = K(p) = /(VK *p, t), —1d)dp — f(p, V)Y dw(p, v))dw(p,v), (4.11)

which is an immediate consequence of Proposition 4.5. O

We apply the previous results to prove Theorem 1.7, which ensures that, for any initial data py € D(E;,), the
gradient flow exists. It also provides sufficient conditions for the gradient flow to be unique.

Proof of Theorem 1.7. Existence follows from Proposition 4.2, [2, Corollary 11.1.8], and [2, Example 11.1.9].
Uniqueness follows from Proposition 4.5, the convexity of S, for all m € (1, +oc], and [42, Proposition 2.8, The-
orem 3.12], with w(s) = +/s¥ (s). The correspondence between solutions of the aggregation-diffusion equation and
gradient flows of E,, when m < +o00 follows from the characterization of the minimal element of the subdifferential
from Proposition 4.7 and [2, Corollary 11.1.8]. O

We conclude by proving that gradient flows of E,, satisfy an energy dissipation identity.

Proposition 4.10. Suppose K satisfies hypotheses (LSC) and (GF1)-(GF3), m € [mg, +0o0], and ,o,(,? ) e D(E;,). Then
if pm (t) is the gradient flow of E,, with initial data p,,(?),for all T >0,

(i) 1p}1(0) = [9Em|(om (1)) < +00 for a.e. t € [0, T1;
(i) En(om(T)) + Jif 19Em|2(0m (1)) dt = Epy (o).

Proof. The result follows from the fact that the gradient flow is a curve of maximal slope for the strong upper gradient
|0E;,|; see Corollary 8.3, [2, Theorem 11.1.3], and [2, Remark 1.3.3]. O

5. Convergence of minimizers
In this section, we prove our first main results: up to a sequence, minimizers of the energies E, converge to

minimizers of the energies Es, and these minimizers have uniformly bounded support. We begin by proving the
I'-convergence of E,;, to Ex.

Theorem 5.1 (T-convergence of E,, to Ex ). Suppose K satisfies (LSC). If pi, A p, then
liminf E;, (o) > Eco (0).
m——+00

Furthermore, for any p € P>(R?), we have lim SUP,,—s 400 Em (0) < Eco(p).
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Proof. Without loss of generality, we may assume that liminf,_, 1~ E;; (0;n) < 400. Taking a subsequence p,, so
that the liminf is attained, we may also assume that sup,, E; (o) < +00. Applying Proposition 4.1 and inter-
polation of L”(]Rd) norms for 1 < my < m, we obtain that sup,, |0 |lm, < +oo. Therefore, by Proposition 4.2,
liminf,, 4 o0 K(om) = K(p). In particular, sup,, K(p,,) > —oo.

It remains to show that liminf,,—, 4 50 Sy, (o) = Soo(0). Note that

sup Ej, (om) < +00 and supK(pp) > —00 = sup S, (om) < +00.
m m m

Therefore, there exists C > 1 so that || oy [lm < CY™(m — 1)1/™ < C/™ for m > mg. By the interpolation of L? (R%)
norms, for any r € [1, m],

lomlly < om0 < cA=0/m < cU=0/r < cl/r,

where 0 < 6 < 1 satisfies 1/r =6 4+ (1 — 6)/m. Since the L" (R%)-norm is lower semicontinuous with respect to
weak-* convergence, we obtain

lpll- < liminf | pnll, < C'/".
m—0oQ0
Sending r — +-oo then yields

lolloo < 1.

Therefore S (p) = 0, and since S,, is positive, we have
liminf Sy, (o) > Soo ().
m—+00

We now turn to the lim sup inequality. Without loss of generality, we may assume Eoo(p) < 400, 50 ||plloo < 1.
Applying Holder’s inequality gives |S,,(p)| < ﬁ ||,0||g1(j1 — 0 =S (p) as m — 400, which gives the result. O

We now prove that minimizers of E;, and E, exist and are compactly supported.

Proposition 5.2 (existence of minimizers in Pr(RY)Y). Suppose K satisfies (LSC) and (ATT). Then E, and E,, admit
compactly supported minimizers in Pz(Rd ) for all m > max{my, 2}.

Remark 5.3. Although it is possible to prove the existence of minimizers in the regime 1 < m < 2, this requires
additional assumptions in the hypothesis (ATT) (cf. hypothesis (K6) in [26]). Since we are interested in the large m
regime we choose to prove the above theorem for m > max{my, 2}.

Proof. If K satisfies (ATT)(i), then the existence of minimizers of E, follows from the fact that the energy is decreas-
ing under symmetric decreasing rearrangements of p (see e.g. [20, Proposition 3.1]). For E,,, existence of compactly
supported minimizers is established in [26, Theorem 3.1 and Lemma 3.7].

If K satisfies (ATT)(ii), then the interaction potential K is strictly increasing in every coordinate outside of some
fixed set, and the existence of a minimizer in P (R?) for the energy Eo, over P(R?) follows simply by [20, Proposition
4.1]. The minimizer in P(R9) is in fact compactly supported by [20, Lemma 4.4], and therefore is in P (R?).

The existence of a minimizer in P(R?) for E,, also follows by using the growth of K given by (ATT)(ii), and by
adapting the arguments in [65, Theorem 3.1]. This strong coercive behavior of K is sufficient to obtain the existence
of a minimizer in P(Rd ) as the diffusion term is bounded from below (for m > 1); hence, can be controlled by the
growth of K.

In order to conclude that the minimizer is indeed in P,(R¢) we need to show that it is compactly supported in
R4. To this end, note that, if p minimizes E,, in P(R?) then a simple calculation shows that it satisfies the first-order
variational inequality

(K p)(x) = (K 5 p)(x) + ——p" ' (x) <1

for some A € R and for all x € supp p. Note that
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(K #p)(x) / K(x - y)dp(y) = Crinf {K(): || > |x| - R}
[YISR

where R > 0 is chosen large enough so that Cg := p({y: |y| < R}) > 0. Thus lim v (K * p)(x) — 00; hence,
{x eRY: (K # p)(x) < A} is bounded, and so supp p is compact. O

An important step in the proof of Theorem 1.3 is the compactness of a sequence of admissible measures whose
E,,-energy is uniformly bounded. The main idea in proving such a compactness theorem is to utilize Lions’ concen-
tration compactness lemma [52] in order to show that any sequence of probability measures with uniformly bounded
energy is tight up to translations. The proof of the following lemma follows by arguing as in [9] and [45].

Lemma 5.4 (Compactness in P(R?)). Suppose K satisfies (LSC) and (ATT). Let {pm}m=1 C P(R?) be a sequence
so that sup,, E;y (pn) < 400. Then, up to translations, a subsequence of {pm}m=1 converges to a measure p € P(RY)
with respect to the weak-* topology.

Now we turn to our convergence result.

Proof of Theorem 1.3. The convergence of minimizers is a classical consequence of the I'-convergence result in
Theorem 5.1, when the sequence of energies satisfies a sequential compactness property. Let {0, }m=1 C P2(R%) be

a sequence of minimizers of E,, over P>(R?). Then there exists C > 0 such that E,, (p,,) < C for m > 1 sufficiently
large. Hence, by Lemma 5.4, there exists p € P(R¢) such that, up to a subsequence, p,, A p as m — 400 in the

weak-* topology of P(R?).
Now let v € Pr(RY) be arbitrary. Then

Eco(p) < liminf E,, (o) < liminf E,;; (v) = Eco (V).
m——+00 m——+00
However, since minimizers of E, are compactly supported we have that

inf Exo = inf Eg.
PR Pr(RY)

Therefore p minimizes Eo, over P(R?), and since it is compactly supported, we have p € P>(R?). O

Next we show that, for particular choices of K, a sequence of minimizers {p;,},,~1 has compact support uniform
in m. In order to establish this we adapt the arguments by Rein [63] to purely attractive interaction potentials, and
follow the method by Frank and Lieb [46] to handle repulsive-attractive interactions. This allows us to conclude the
sequence of minimizers converges in the 2-Wasserstein metric, despite fact that the compactness result, Lemma 5.4,
holds only in P(R?). This gives Corollary 1.6.

Proof of Theorem 1.5. In order to prove this theorem for interaction potentials K (x) = Lix|p, —d < p <0, we
proceed similarly to [63] where in the regime d = 3 and p = —1, Rein obtains a bound on the support of minimizers
of E,, independent of the diffusion term. Let

Iy :=inf{Em(p): /pdx:M}.

Using the scaling properties of the energy functional E,, under the transformations of the form p(x) — [;p(l2x) itis
easy to see (cf. [63, Lemma 3.5]) that /)y < 0 for all M > 0O by taking /] = 14, and for 0 < M < M, we have

Ly = (/M) Py, (5.1)

by taking Iy =1 and [, = (M/M)l/d.
Now, let p € L'(R?) N L™ (R?) be any spherically symmetric, nonnegative function with ||p||; = 1, and define
Mpg = le|> g pdx for any R > 0. Then the splitting of the energy
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En(p) =Em(pXBr) +Em(pxBg) + /f K (x = y)xBp (¥) x5, (¥) dp(x)dp(y),

combined with the estimate (which follows due to the spherical symmetry of p)

<C(— Mg)MgR”

/ / K (x — ) xBp (X) x85 () do(x)dp(y)

implies that
En(p) > Img + l—my — (1 — MR)MRR?
> ((1 — Mp)Cdtp/d | M,‘f””)/") I — (1 — MgR)MRR”

2d
> (1 - ;p(l - MR>MR) I — (1 — Mg)MgR?,

where we have used (5.1) in the second line and Taylor’s expansion in the third line. Defining
d

CQd+pl

the above estimate becomes

Ry :=

Em(,O)ZIH-(RiO—RP) (I —Mg)Mpg. (5.2)

Take R > R, 1/p , and assume that for any spherically symmetric minimizing sequence {pilien for I7 we
have, up to a subsequence, that limy_ f‘x|>R prdx = Mg > 0. Choose R; > R such that M = fl prdx =

1/2 f,,,- g Prdx. Then, by (5.2),

x|> Ry

1 1
En(ox) = I + <— - R;f) (1 =M)Mi =1 + <— - Rp) (1 = Mi) M.
Ro Ro

Sending k — oo, we get

1 Mr\ Mg
n>nh+(—-rr)(1-22) 225,
]_]+<Ro )( 2) » TN

a contradiction. Therefore, the minimizer of E,,, which is the weak-* limit of p, is supported in the ball of radius
Ry

For interaction potentials in the power-law form, given by K (x) = $|x|‘1 — %|x|1’ with —d < p <0 < g, we adapt
the arguments by Frank and Lieb [46] to our case. Let K¢ (x) = $|x |9 and K" (x) = —%lxlp denote the attractive and
repulsive parts of the interaction potential, and K* and K" the corresponding interaction energies, respectively, so that

En(p) =Sm(p) +K'(p) + K (p).
Let p € L'(R?) N L™ (R?) be any nonnegative function with ||p|/; = 1. Then

Rq
(K % p)(x) > f Ko=) dp() =~ | 1= f pdy

R\ Bg(x) Br(x)
RY
>— | 1— sup / pdy
q acR4
Bgr(a)

Together with the positivity of the diffusion term, this implies that

1 R4
Em(p)z—/(K*p)dpz— 1 — sup / pdy
2 Zq acR4

Bg(a)
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Therefore we get

2gE
acR4 R4

Br(a)

(5.3)

Now let p be a minimizer of the energy E,,, and let x € R be a given Lebesgue point of p with p(x) > 0. Let
r > 0 be arbitrary, and define

—1/d

50y = (/) aas (ot witn L= | [ xaedo

d

so that ||5]l; = 1. We now suppress the dependence on x and denote by B, the ball of radius r centered at x € R¥.
Since xp, + xpc =1, we have

d
- 2d 2d l
En(8) =1 "k (pxpe) + 1" K (pxpe) + p— /PmXB,” dy

< | k(o) —/K“ xpdp(y) +K*(pxs,)
B,

+ 2P [ K () — / K" s pdp(y) +K (pxs,) +l§1<3m(9) - Sm(pXBr)>'
B,

Since E;; (p) < E;,(p) and [ > 1, we have

1
/K*pdp(y)S/K*pdp(y)er/pmdy
Br Br Br
< (1P = 1)K ) + (TP — 1)K () + (17 = 1)Sm ()
2K o xp,) + PR (o xB,)-

+ lr
First, we will estimate the last two terms and show that they are of order o(r?). Since —d < p < 0, we have, by the
Hardy-Littlewood-Sobolev inequality,

54

K’ (pXB,) <Clp ”Ll (Br) llo ||L<1/(d+p>(3,)~ (5.5)

Using interpolation of LP(R?) norms, for m >d/(d + p),

1-6
ol Larasn g,y < 1N s g, 101 sy < ClPIG 1 5,

where
d+

d
="
1
1—-1

S

On the other hand, by Holder’s inequality, |[oll15,) < Cllpll Lm(Rd)rd’d/ . Combining these, (5.5) implies

K (pxp,) < Clipll7i s, < Crade=bimer, (5.6)
Since the attractive part of the potential is strictly increasing a direct calculation shows that
1
€5 < 50 [ Ko am0)0 =) dp)do o)) < €r, (57

where in the last step we use Young’s inequality, and the embedding of L (B, (0)) into L2(By,(0)) for m > 2.
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Note that, since —d < p, we have (d — p)/(2d) < 1. Therefore, for m sufficiently large, (m —1)/m > (d — p)/(2d),
and 2d(m — 1)/m 4+ p — d > 0. By the estimate (5.6),

_ _ 0
2d(m—1)/m+p—d T 0.

K'(oxp ) <Cr
|B,|

Moreover, the estimate (5.7) implies that

K*(oxs,) < Cr 225 0.
1B, |

Consequently, K*(pxp,) + K" (pxB,) = o(rd) as r — 0; and since [, — 1 as r — 0, the last two terms in (5.4) are of
order o(rd ), as well.
Since x € R is a Lebesgue point of p, recalling the definition of /., we have

14 -1 1 / r—0
= pdy p(x).
|B| IBrI(l—fBrpdy)B

Also,
29T 244 g 191
— and — 1,
14 —1 d 14 —1

as r — 0. Therefore, dividing both sides of (5.4) by | B, | and sending r to zero, we get

2d
Kxp(x)< 214

Em (p) (58)

Now, let R = (4¢E;(p))!/4 so that 1/2 = 1 —2gR™9E,,(p). By (5.3), there exists a € R? such that [ Bra) P = 1/2.
This implies that for every y € R4 such that |y —a| > (0 + 1)R (with o to be chosen shortly), we have

(ly —al = R)? (ly —al = R)4
K xp(y) > / K“(y—y/)dp(y’)zyT / pdy’zyT
Br(a) Br(a)
o4R4

> =209E,,(p).

Let o :=[(2d 4+ ¢q)/(2d)]"/9. Now, for x € R is Lebesgue point of p such that p(x) > 0, combining (5.8) with the
above estimate yields a contradiction if |x —a| > (o + 1) R. Therefore p(x) = 0 for all x € R? with |x —a| > (6 + )R,
and consequently,

diamsupp p <2(c + DR =C(En(p)"/4 < C’

for some constant C’ > 0 independent of m when m is sufficiently large. O
6. Convergence of gradient flows

In this section, we prove our main result on the convergence of gradient flows, Theorem 1.10. Throughout this
section, we impose the following assumptions on our interaction potential K, diffusion exponent m, and the initial

data of the gradient flows ,0,(,? ).

Assumption 6.1 (Interaction potential, diffusion exponent, and initial data). Suppose K satisfies hypotheses (LSC),
0 0
(GF1)H(GF3), m = mo, and sup,,»,,, (En(ps”) + Ma(py”)) < +00.

In the next proposition, we prove that several key quantities remain bounded along the gradient flow, uniformly in
m > myg. This plays a key role in our proof of I'-convergence, since it provides weak compactness of the sequences
VK * pyp and V' /p, with respect to pp,, as well as weak compactness of p,, in arbitrarily large L” (R¥) spaces.
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Proposition 6.2 (Uniform bounds along gradient flow). Fix m < 400. Suppose Assumption 6.1 holds and p,,(t) is a

gradient flow of E,, with initial data p,(,?). Then p)i(t) € WLLRY) for a.e. t > 0, and for all T > 0,

T

/2 2 m 2
Sup / 1o 2O +IVK % pull 72, )+ [Vom O/ om O 2, o)) T < +00, 6.1)
0
sup lom ) lm <+o00, and sup Il o D20, 71xRe) < +00. (6.2)
m>my, t€[0,T] m>max{mq,d/2}

Proof. We begin by showing the first inequality in (6.2). By Propositions 4.1 and 4.10, there exists C, > 0 so that

141
1om@Ollm ™ < Em(pm(®)) + Cr <En(pl) + C forall £ > 0.

By Assumption 6.1, sup,,,~,,,, Em (,0,(,9)) < 400, which gives the result.

We now consider inequality (6.1). By Proposition 4.1, E,, is uniformly bounded below. By Assumption 6.1,

©0)

E,. (on, ) is uniformly bounded above. Combining this with Proposition 4.10,

m=my m=>my

T T
sup f lop[*()dt = sup / |0Em|* (om (1)) dt < +00, (6.3)
0 0

which is the first term in (6.1).
Next, we apply inequality (6.3) to obtain a uniform bound on the second moment of p,,(¢). By Holder’s inequality
and the definition of the metric slope,

1/2

T
sup dw(p o) = sup | [ 1 Poyar | VT <oc.
0

m>mg, t€[0,T] m=my

Since Assumption 6.1 ensures Mz(p,(,? )) is uniformly bounded, this implies

sup M>(pm (1)) < +00. (6.4)

m>my, t€[0,T]

We now turn to the second two terms in (6.1). By Proposition 4.7 and Assumption 6.1, for almost every ¢ > 0, we
have o (t) € WH1(R9) and

10E | (0m (1) = VK % pu (1) + V 020/ o D 121, 01 (6.5)

By hypothesis (GF1), the uniform bound on || oy, (¢) ||, from inequality (6.2), and the uniform bound on M3 (0., (¢))
from inequality (6.4), we have

T
sup [ 19K 4 pu (DI, < +o0. (©6)
0

m=m

which is the second term in (6.1). Then combining equations (6.3), (6.5), and (6.6) with the triangle inequality gives
T
sup_ [ 190/ pn D1z, <+ ©7)
0

m=my

which is the third term in (6.1). This completes the proof of inequality (6.1).

We finally consider the second term in inequality (6.2). We proceed by using inequality (6.7) and our uniform
bound on || o, (¢)]l, to obtain improved estimates on p,,. Since o (t) € W1 (R?) for almost every t > 0, for any
£§eCX(0,T] x R9), there exists C’ > 0 so that
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T T
/ / (Vo (1), 6(n)) dxdt = f f (Viom (1)) pm (1), §(0)) dpm (1)d1
0 0
T
< f IV 0500/ P (O] 12 1E O] 12007y A
0

T
1/2
< f 19001/ o O] 12y 03y 10 Ot > 1ED 12 j 1) dt
0

; 1,2
<c / VOB 1y
0
Thus,
T
sup /||Vpnr’:(t)||%m/(m+l)dt < +oo. @
mzmoo

Since o) (t) € whl(RY), om(t) vanishes at +o00. Thus, because we have 2m/(m + 1) < 2, we may apply the
Sobolev embedding [50, Theorem 11.2], with

oo ford =1,
T= N om2d/md —2)+d)  ford >2,

which gives

lom Ol = 1l O llg/m < C"IIV oy ) l2m ) m1).- (6.9)

For m > d /2, we have ¢ > 2m. Interpolating L” (R?)-norms gives

"2m—1
1o N3 = 1l om D13 < lom L™V, forg' =q/(q —1).

Integrating in time and applying inequality (6.9),
T T T
"2m—1 2q'/(2m)’
[ 1eroiBa < [1onon ™ ae < e [1vpandon, a. (6.10)
0 0 0

where (2m)’ :=2m/(2m — 1). Since g > 2m, we have ¢’ < 2m)’, and s > 54'/@m)" §g concave. Thus, applying
Jensen’s inequality to inequality (6.10) gives

T T

1 24’ /2mY
/ I 3de <C'T | / IV @)t o, dt
0 0

q'/@2m)

T
1
<C'T T/IIVP,Z’(I)H%m/(mH)d’
0

By inequality (6.8), the right hand side is bounded uniformly in m, which gives the result. O

We conclude with the proof of Theorem 1.10.
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Proof of Theorem 1.10. First we show that there exists p(¢) € P» (R9) so that, up to a subsequence, o, (¢) A p(t) for
all 7 € [0, T']. By definition of the metric derivative and Proposition 6.2, there exists C’ > O so thatforall0 <s <t <T
and m > my,

1/2

t 1
dw(pm(S),pm(t))S/Ip,’nl(r)drfvt—s /I,O,’nlz(t)dt <C'Vit—s. (6.11)

In particular, taking s = 0 and recalling that sup,,,-.,,,c M2 (o (0)) < +00, we see that {pm (1) }m>mq,te[0,7] is uniformly
bounded in P, (Rd), hence p,, (¢) is sequentially compact in the b-Wasserstein metric forall 1 <b <2 and ¢ € [0, T']
[2, Proposition 7.1.5]. Take b =2 — € for € € (0, 1) as in hypothesis (GF3). Then using the equicontinuity from
inequality (6.11), the generalized Arzela-Ascoli/Aubin-Lions theorem [2, Proposition 3.3.1] implies that there exists
p (1) € P2(R?) so that, up to a subsequence,
lim dw,  (pm(t), p(t))=0forallt [0, T]. (6.12)
m—+00

In particular, up to a subsequence, we have p,, (t) X p(t) forallt €0, T].

It remains to verify criteria (i)—(iii) of Theorem 2.2 to conclude that p(¢) is a gradient flow of E, and that the
corresponding energies, local slopes, and metric derivatives converge as m — +o0.

Criterion (i) follows immediately from Theorem 5.1, and as a consequence, we conclude that ||p(¢)]lc < 1 for all

t > 0. Criterion (ii) is proved in Lemma 2.3. Thus, it remains to show criterion (iii). By Fatou’s lemma, it suffices to
show that

lim inf |9E,u|(pm 5)) = |9Eeo|(p(s)),  forae. s €[0.1]. (6.13)
m-—+0o0

By Proposition 6.2 and Fatou’s lemma,

t t

/ liminf I,,(s)ds < liminf/ In(s)ds < +o0o (6.14)
m——+00 m—+00

0 0

for £ (s) := [9Em|> (om (9)) + 103 ()72, (51 F 10m O3, )+ 1o I3

Uy, (5) := (VK % p)(s) and v}, (s) := V o (8)/ o (5).

In particular, liminf,,,— 400 I;n(s) < 400 for almost every s € [0, T]. Fix such an s € [0, T]. We will now show that
(6.13) holds, which completes the proof. As s € [0, T'] is fixed, in what follows, we will suppress the dependence on
time to ease notation.

Up to a subsequence, we have

liminf I, = lim I, < +o0,
m——+00 m——+00

so that I,,, is bounded uniformly in m. By Proposition 4.7, this ensures p,, € W11(R¢) and
10Em|(om) = vy, + V21l 1200, (6.15)

Since ||v,1n lz2(p,,) and ||v,%1 llz2(p,,) are bounded uniformly in m, up to another subsequence, there exist v vt e L% (p)
so that for all f € C2°(R?) [2, Theorem 5.4.4],

. 1 _ 1 . 2 _ 2
mggloo fvmdpm—/fv dp, mEToo/fvmdpm_/fv dp, (6.16)
and
s . 1 2 1 2
rlnlgfégwEm'(p’”):mErﬂoo v, +vill2g,y = v+ 072 (6.17)

By Remark 2.1, to complete the proof it suffices to show that v! 4 v € dE ().
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First, we will show that v! = VK x p p-almost everywhere. For all f € C° (Rd ),

Vf[v' — (VK *m]dp‘ = lim }/f[(w o) dpm — (VK *p)dp]‘

< tim Vf(vmp)dpm—wmmdp‘ ‘/f(vmpm)—(vmp)]dpm

= lim A, + Bj.

m——+00

By hypothesis (GF2), (VK * p)(x) is continuous in x. Thus p, A p implies lim,;,—, 4 o A, = 0. We now consider
B;,. By Holder’s inequality and hypothesis (GF3), there exists € > 0 so

S 1 flloollVK * (om — Pl 2(p,,) = ClILf lloo ¥ (dw,_ (Om P)).

Since limy,— oo dw,_ (Om, p) =0, limy,— y oo By =0 and vl = VK % p, p-almost everywhere.
By Proposition 4.9, v! = VK % p € dEs(p). Thus, by the definition of the subdifferential (2.7), to complete our
proof that vl +02 e 0E o, it suffices to show that

/(vz,t;—ld)dpgo, Vv € D(Exo). (6.18)

We claim that

vzp = Vo foro € H' (RY) satisfying 0 > 0 and 0 = 0 almost everywhere on {p < 1} . (6.19)

We now show that this implies (6.18). Fix v € D(Eoo) and let t)) be the 2-Wasserstein optimal transport map from p to
v. Define t, = (1 — ) Id4at?, « € [0, 1], s0 py = tyzp is the geodesic from p to v. Since p, v € D(Ex), |04 lloo <
max{|| ollccs IVlleo} < 1 forall ¢ € [0, 1]. The geodesic p,, satisfies the following weak form of the continuity equation
forall ¢ € C2° (R?) (cf. [2, equation (8.1.4)], [36])

o
/‘Pdpa —/¢dp—//(V¢,tZotlgl —ty ') dppdp =0. (6.20)
0

Note that, for all 8 € [0, 1], we have [|pgll2 < llpgll} Il pglloL> < 1 and
_ _ _ — 1/2
It oty —tg ) pplla < IIE oty — 5 12, lopllos” < Walp. v).

Furthermore, we also have limﬁqo(tz o tlgl — tgl) P = (t; — Id) p in distribution. Finally, since (t; o t/gl — tgl) 0B
is uniformly bounded in L?(R?) for all 8 € [0, 1], compactness with respect to the weak L*(R¢) topology and
uniqueness of limits implies

as B — 0, (tf)otgl—tlgl)pﬁ—\(t;—ld)p in L2(RY). (6.21)

Since o € H'(R?), approximating it by a sequence in cx (R%) and applying equation (6.20),

o
/Udpa—/ddp—//(Va,t”otgl—tgl)dpﬁdﬂzo,
0

As p = 1 wherever o # 0, this is equivalent to

/a(pa—l)dx— ff (Vo, t”ot_ —tg )dpﬁd,B

Since o > 0 and p, < 1, this implies that the left hand side is nonpositive for all « € (0, 1). Thus, sending « — 0 and

using (6.21) gives
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0> limsup — // Va,t‘[’)ﬂ d,oﬁdﬂ /VU t" dp.

a—s0
Since p > 0, the integrand is nonpositive p-almost everywhere. Since p < 1, we obtain
/(VO‘, t) —1d)dx < /(w, t) —1d)dp <0,

R4
which shows (6.18).
It remains to show that the claim in equation (6.19). Since I, is bounded uniformly in m, so is || o} [|2, and there
exists o € L2(R?) with ¢ > 0 so that, up to a subsequence, p); — o in L2(RY). Combining this fact with (6.16), we
have that for all f € C2°(RY),

/Vfadx—— hm /pr;:;dx— hm /fV,omdx— 1in+1 /fvidpmszvzdp.
—+00

Since ||v%pl| < ||v2||Lz(p)||p||oo < 400, we have that v2p = o € H'(R?).
We conclude by showing that o = 0 almost everywhere on {p < 1}, which is equivalent to

/a(p —1)dx=0. (6.22)
By Holder’s inequality and the uniform bound on 7,,,,

sup [V 23111 = 5up IV 231 1)/ P25, 1o 1 = sup 1032, < +00.
Fix R > 0 and let nr be a smooth, radially decreasing cutoff function,

nr(x)=n(x/R) forn e COO(]Rd) such that n(x) =1 for |x| < % and n(x) =0 for |x| > 1.
Then we have

IV(omnr) i < IV oy, Il + —IIanlzllp 2, lemnrl < lloyl2lnglz,  and [loynrl2 < o, ll2

each of which is bounded uniformly in m. By Rellich-Kondrachov (cf. [50, Theorem 13.32]), there exists a sub-
sequence so that p/"nr — ong strongly in L'(R?). Since pmng is uniformly bounded in L*(R?), we also obtain
PR — o1g strongly in LP(RY) forall 1 < p <2.

Similarly, by interpolating L” (R?) norms, for any p’ > 2 and m > p’/2,

lomllpr = 1+ llomll2m,

which is bounded uniformly in m. Thus, up to a subsequence, p,, — p weakly in LY (R?). Combining these two
facts, we obtain,

m—+00

tim [ el (o = = [ neo(o— 1 6.23)

Rewriting the left hand side of (6.23),
m _ m m—1 _ m m(1—1/m)
/anm (pm — Ddx = f 1RO — ) dpy = / 1R — ™) dp,,

=/nR<w<px,0>—w(p;':,b»dpm,

where ¥ (s, a) := s~ and b = 1/m. By Lemma 8.5, we may control the right hand side by

_/UR,Om‘l"'pzm lldX<—/77dem —fanzmdx
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which goes to zero uniformly as m — oo. Thus, for all R > 0,

/nRU(,o —1)dx =0.

Sending R — +o00 via the monotone convergence theorem, we obtain (6.22).
This concludes the proof of the criteria from Theorem 2.2. In particular, we have

|9Em|(pm) = 13Eso|(p) in L([0, T1).
Integrating inequality (6.17), we obtain that for all f € C°°([0, T']) with f >0,

T T
/IBEoo(p(t))If(t)dt=}nigJirrcl>£/IaEmI(pm(t))f(t)dt
0 0

T

: 1 2
= [ im0k 0Ol 0. )
0

T
> / 101 (0) + 020l 200y £ () .
0

This gives [dEqo (0 (1))| = 0! (1) + vz(t)||Lz(p(l)) for almost every ¢ € [0, T]. On the other hand, by Remark 2.1 and
the fact that v!(r) + v*(¢) € 9Es (p(t)), we have the opposite inequality. Therefore, equality holds and

v' (1) + 7 (1) = VK % p(t) + Vo (1)/p(1)
is the element of d Eoo (0 (¢)) with minimal Lz(,o(t)) norm. [

7. Numerical results

In this section, we apply our theoretical results on the slow diffusion limit to develop a numerical method to
simulate gradient flows and minimizers of the constrained interaction energy E.,. For m > mg and p,(,,o) e D(E;),
Theorem 1.7 ensures that p,, () solves an aggregation-diffusion equation

3ipm =V - (VK % pn)pm) = Appt, pm(0) = pfy) (7.1)

if and only if it is a gradient flow of E,,. By Theorem 1.10, gradient flows of E,, converge, up to a subsequence, to
a gradient flow of Eo,. Thus, one may approximate the dynamics of gradient flows of E,, by numerically simulating
solutions of equation (7.1) for m large. By Theorem 1.3, minimizers of E,, converge, up to a subsequence and trans-
lation, to minimizers of E,. Thus, to numerically approximate minimizers of E,, one may simulate gradient flows
of E,, for m large, in the long time limit.

We now give several examples illustrating this approach, computed using Carrillo, Patacchini, and the first author’s
blob method for diffusion [35]. For present purposes, we merely consider simulations in one dimension, though our
method extends naturally to all dimensions d > 1. As the primary goal of present work is the rigorous analysis of
the slow diffusion limit, we defer a more comprehensive numerical study to future work. Throughout, we take the
regularization parameter € in the blob method for diffusion to depend on the spatial grid spacing & according to
€ = 1'% The initial data for our simulations is either patch initial data,

plg?) = xgq for some 2 C ]R{d, (7.2)
or Barenblatt profiles, for m, > 1 and 7 > 0
_ 1 B (my—1
O)(x) = ¢~ (K — k72 |x )Y/ =D e == * 7.3
P (X) =77F( kT Plx]9) , B S rdm = 1) k=73 ) (7.3)

with K = K (my, d) > 0 chosen so that f,o,(,?) dx =1.
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Fig. 1. Equilibria of aggregation-diffusion equation for varying m > 1 and mass. Minimizers of E;;, for K (x) = 2\x|2 and varying m and
J pm dx. Solutions of aggregation-diffusion equations are simulated at time T = 10 with spatial and temporal discretizations h = 0.007, k = 1074,
The initial data is a constant multiple of a Barenblatt profile (equation (7.3), my =2, T = 0.15).

In Fig. 1, we simulate minimizers of E,, to study how the support of minimizers depends on the diffusion exponent
m and the mass of the initial data [ ,0,(,10 ) dx. This complements our theoretical result from Theorem 1.5 that the support
of minimizers of E,, is uniformly bounded for m sufficiently large. For the purely attractive quadratic interaction
potential K (x) = 2|x|?, the size of the support of minimizers is decreasing in m for i ,0,(,? ) dx = 1, constant for

f p,S? ) dx =2, and increasing in m for [ p,g? ) dx = 3. This simulation demonstrates that monotonicity properties of
the size of the support of minimizers strongly depend on the choice of interaction potential K and the mass of the
initial data.

Next, we consider gradient flows and minimizers of the constrained interaction energy E., with repulsive-attractive
power-law interaction potentials of the form

Kx)=Ix"/q —x|"/p, d-2<p=gq.

We take the repulsion exponent p = 1 (the Newtonian singularity in one dimension) and allow the attraction exponent
g to vary. We apply our numerical method for constrained interaction energies to explore open questions related to
minimizers of E, as described in the introduction.

In Fig. 2, we investigate the value of the critical mass that determines existence versus nonexistence of set valued
minimizers of E,. In particular, for initial data that is either a constant multiple of a Barenblatt profile or patch
function, we observe that there exists a single value of the critical mass that separates existence and non-existence of
set valued minimizers: in the notation from the introduction, we find M; = M, for all g > 1. We plot how the value
of the critical mass depends on the attraction exponent g > 1.

In Fig. 3, we approximate gradient flows of the constrained interaction energy E, for various choices of attraction
parameter g > 1, with initial data at the critical mass from Fig. 2, i.e., the smallest value of mass for which solutions
approach a set valued equilibrium. We contrast the behavior of initial data that is a constant multiple of a Barenblatt
profile (equation (7.3), m, = 2, T = 1)) with initial data that is a constant multiple of a patch function (equation (7.2),
Q =[—1, 1]). In both cases, gradient flows converge to a characteristic function of height one on an interval centered
at the origin. When ¢ < 2, solutions initially reach height one at the center of mass of the density and then spread to
become a characteristic function. When g > 2, solutions initially reach height one at the boundary of the support of
the density and then “fill in” the interior to become a characteristic function.
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Fig. 2. Critical mass of set-valued minimizers of E~, for varying ¢. We approximate the critical mass that determines existence of set-valued
minimizers of Ex, by simulating solutions of aggregation-diffusion equations for m = 800, K (x) = |x|? /g — |x|, h = 0.004, k = 10~4, and various
choices of initial data. For both initial data given by constant multiples of Barenblatt profiles (equation (7.3), my =2, T = 0.1) and patch functions
(equation (7.2), Q = [—1, 1]), we observe the existence of set valued minimizers occurs for the same value of mass. Above, we plot how this critical
mass value depends on g.
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Fig. 3. Constrained aggregation: approaching equilibrium. We approximate gradient flows of Es by simulating solutions of aggregation-
diffusion equations for m = 800, K (x) = |x|9/q — |x|, h = 0.004, k = 10—, and initial data given by constant multiples of Barenblatt profiles
(equation (7.3), myx = 2, T = 0.1) and patch functions (equation (7.2), 2 = [—1, 1]). We multiply the initial data by the desired mass for each ¢,
i.e. mass 0.68, 1.00, and 1.18, for ¢ = 1.6, 2.0, and 2.4.
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Fig. 4. Constrained aggregation: equilibria for varying masses. We approximate minimizers of Ex, by simulating solutions of aggregation-
diffusion equations for m = 800, K (x) = |x|1/q — |x|, h =0.004, k = 10~4, with initial data given by constant multiples of Barenblatt profiles
(equation (7.3), my =2, T =0.1).

Finally, in Fig. 4, we compute minimizers of the interaction energy E, for varying choices of attraction exponent
g > 1 and masses up to and including the critical mass from Fig. 2. These simulations appear to confirm the existence
of an intermediate phase between the liquid and solid phase as the generic behavior for g # 2. In the notation of the
introduction, these simulations suggest that M} < M} for g # 2. In particular, we observe that minimizers of mass M
satisty |{o = 1}| € (0, M) for all M € [0.36, 0.42] when g = 1.4 and for all M € [0.99, 1.19] for g =2.6.

8. Appendix
8.1. Regular functionals

Consider a functional F : P,(R?) — (—o0, +00] that is proper, lower semicontinuous, and satisfies D(|0F|) C
P.ac(RY). Then & € dF(w) is a strong subdifferential if for all Borel measurable functions t : R? — R? we have

P — o = [ (6.~ 100dp+ oGt —1d 12,

Following Ambrosio, Gigli, and Savaré [2, Definition 10.1.4], we define the notion of regular functional as follows.

Definition 8.1. Given F : P, (R?) — (—o00, +-00] proper, lower semicontinuous, and satisfying D(|3F|) € P 4c(RY),
F is a regular functional if for any 2-Wasserstein convergent sequence u, — wu with strong subdifferentials &, €
oF(uy,) satisfying

(i) sup, |F(un)l < +o0
(i) sup, 1€l 12(y,) < +00
(iii) there exists £ € L?(w) so that lim,— o0 [ f&dun = [ fEdp forall f € CP(RY),

we have lim;,—, 1 oo F(t,) = F(u) and & € 9F ().

We now provide a sufficient condition on the subdifferential that ensures the energy is regular and the metric slope
is a strong upper gradient. This generalized Ambrosio, Gigli, and Savaré’s result that A-convex energies are regular
[2, Lemma 10.1.3].

Proposition 8.2. Suppose F : Po(R?) — (—o00, +00] is proper, lower semicontinuous, and satisfies D(|dF|) C

’Pz’aC(Rd). Furthermore, suppose that there exists a continuous function ¥ : [0, 400) — [0, +00) with ¥(0) =0
so that, for any & € OF (),

F(v) = F(u) = /(S, ty —Id)ydu — f(u, )Y dw (e, v))dw (w,v) forall v € D(F), (8.1)
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where f(u,v)=C(1 4+ F(u) +F()) for some C = C(dw (i, v)) > 0 which is an increasing function of the distance
from  to v. Then F is regular and the metric slope |0F| is a strong upper gradient for F.

Proof. We begin by showing that F is regular. Consider a 2-Wasserstein convergent sequence [, — ¢ with strong
subdifferentials &, € 0F(u,) satisfying criteria (i)-(iii) from Definition 8.1. First, we show that £ € dF(w). By assump-
tion,

F(v) — F(un)
> [6net}, ~ 10) ditn = £ G090 @ s i ) forall v € PR, 82)

By the lower semicontinuity of F, we have liminf,_, 4o F(®t,) > F(w). Since sup, F(i,) < 400 and f is locally
bounded on sublevels of F, we have sup,, f(u,, V) < +00. Since ¥ is continuous,

am Y (dw (s v))dw (o, v) = Y (dw (., v))dw (4, v).

Furthermore, arguing as in [2, Lemma 10.1.3], we have

tim [ €.}, ~10) dian = [ (6,12~ 10y

n—+o00
Therefore, sending n — 400 in (8.2), we conclude that & € dF ().
Now, we show lim,_, 1~ F(it,) = F(w). Taking v = u in (8.2) and sending n — 400, the previous argument
shows that the right hand side converges to 0. Thus,
liminf F(u) — F(up) > 0 < liminf —F(u,) > —F(n) <= limsupF(u,) < F(u).
n—40o n—+00

n——+00

Combining this with the lower semicontinuity of F, we obtain that lim,,_, oo F(t,) = F(u). Therefore, F is regular.

We now show that the metric slope |0F]| is a strong upper gradient for F. We argue as in [2, Corollary 2.4.10].
Consider i : (0, T) = P, (R9) that is absolutely continuous in time, i.e., there exists m € L0, T) so that inequality
(2.3) holds. Then its metric derivate |u'|(¢) is well defined. It suffices to show that if () satisfies |9F|(w)|u’| €
LY(0, T), then F(u(2)) is absolutely continuous in time. By [2, Lemma 10.1.5], we have |0F|(®) < +o0 if and only
if there exists some § € dF () so that [dF[(w) = I§1l12(p)-

We begin by showing that F(u(¢))|u'|(¢) € L0, T). Without loss of generality, F(u(t,)) < 400 for some ¢, €
(0, T), or else F(uu(t)) = +o0 is constant, hence absolutely continuous. Furthermore, up to reparameterizing time, we
may also assume

1
sup CYr(dw (u(t), u(t:)))dw (u(t), p(ts)) < >
1e(0,T)
for C = C(dw(u,v)) > 0 as in the definition of f. Applying inequality (8.1) with u = u(¢) and v = u(t,), we
conclude that there exists C’ > 0 so that

FL(0) < Fu() + OF1G0)dw (200, 1(80)) + £ G(e), 1)) (R, ) (0), 1(2.0)
1
< F((t)) + C0F1Gu(0) + 5 (1 4+ F(r() + F(u(r) )

Rearranging and multiplying by |u/|(¢), we conclude that F(u(2))|u'|(2) € Ll(O, T).
We now show that F(u(¢)) is absolutely continuous in time. Consider the compact subset S := {u(¢) : t € [0, T]} C
P>(R¥) and recall that the global slope on this subset
(F(u) —F)™*
Ir(n) :== sup e
veSvzn  dw (e, v)
is a strong upper gradient [2, Theorem 1.2.5]. By inequality (8.1),
(F(n) —Fw)*

GGy S10FI60 + (14 FG +F 0y (). (8.3)
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Furthermore, we may assume without loss of generality that F(v) < F(u). Therefore,
Te (o) [ [(2) < [9F| () |1 |(2) + C(l + 2F(M(I)))W(diamS)IM’l(t)-

Therefore, we conclude that Ir(u(2)) || (2) € LY, T). Arguing as in [2, Theorem 1.2.5], we conclude that F(u(¢))
is absolutely continuous. O

Corollary 8.3. Suppose K satisfies hypotheses (LSC), (GF1)-(GF3) and m > mq. Then E,, is regular and the metric
slope |0E,,| is a strong upper gradient for E,,.

Proof. The result is an immediate consequence of Proposition 4.3, Proposition 4.6, and Proposition 8.2, where we
appeal to Proposition 4.1 to ensure that the estimates

1+1 141 =
(1 +llpollm + 1o1m) = Cr(1+ ool + llprlln ") < (1 +EnCor) +En(p2))
hold. O

8.2. Power-law interaction potentials
In this section, we prove Proposition 4.5 and Proposition 4.7.

Proof of Proposition 4.5. The result extends [42, Proposition 4.6], where (GF1), (GF2), and (GF3) generalize [42,
Assumption 4.1]. Define t, := (1 — ) Id +at§(1) and let p,, := ty#p0 to be the Wasserstein geodesic from pg to p1. By
convexity of the L”-norm, defined by equation (4.7), along Wasserstein geodesics, || o ||l;m < max{|| oollm, |01 lm} for
all « € [0, 1]. Then,

d 1
7o K(Pe) = lim o [K(pan) = K(pa)]

do
. 1
:}}E}})EI:/K*padpa+h_/K*padpai|

1
+E[/K*pa+hdpa+h_/K*pa+hdpa:|

. 1
:}}%ﬂ/[(K * P) 0 tyrn — (K * pg) o ty]dpo

1
+ o [(K * pg+n) 0 tatn — (K * patn) o te]dpo

.1 1
= }11_12) E / (ka otyrn —kg o toz) dpo + E / (ka+h otyrn —kgtn o tOt) dpo,
for kg(x) := (K * pg)(x). We consider both terms simultaneously by taking 8 = « or « + h. By hypothesis (GF2),
kg(x) is continuously differentiable with respect to x, so
a+h J a+h
kgotyin —kpoty = / Tk otydy = / (VK % pp) oty t0) —1d)dpody.
o y o
Furthermore, since ||pgll,» < max{[|eollm, llo1llm}, (GF1) ensures |[VK * Ioﬂ”LZ(py) < 4-00. Consequently, we may
interchange the order of integration, and add and subtract to obtain
a+h
4 K(pa) = lim ~ (VK t,. t2! —1d)dpod
Ja (pa)—hg%h (VK % po) oty tot —1d)dpody
o
a+h

1
+ A / /((VK * po+n) oty — (VK % py) oty thl — Id)d,oody.

o

(8.4)
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In order to compute the limits on the right hand side, note that for any «, @, 8, 5 e [0, 1],
f [(VK % pg) otz — (VK % pg) o tg| [t7] —1d | dpo

= [ 1OV 5 pa) 0 t5 = (VK 5 p3) o tgll 2

+IVK # pg — VK * all 2py) ] 12 = 1d ll 2,0,
- 12 (8.5)
< (0o, p1) Hl/f(“ﬁ — t4?) HLI([)O) + W(dW(p&»pa)):| dw (po, p1)

5 172
< £ o0 o0 [ ¥ (It = tall3a,) ) +1ﬁ(dw(p&”0a))}dw(p0,p1)

- 172
= £ (oo, p0) | (1B = BPdw (o0 1)) + v (1& — aldw (oo, m))} dw (po. p1)-

In the second inequality, we use hypotheses (GF2) and (GF3) and the fact that the 2-Wasserstein distance dominates
the (2 — €)-Wasserstein distance for all € > 0; see inequality (2.2). In the third inequality we use Jensen’s inequality
for the concave function ¥ (s).

When o = @, this estimate ensures

B /((VK % o) 0 tg, t0l —1d ) dpo
is continuous, so that the first term in (8.4) converges to f ((VK * Pg) o ty, tﬁo' — Id)dpo. Likewise, when 8 = ,5, this

estimate guarantees that the second term in (8.4) is bounded by

a+h

}}E%f(pzo—};m) f %U(hdw(po,m))dw(po,m)dy=0~

Therefore, we conclude
d
1K) = [((VK %) 0tautfy ~ 1) oo

By (8.5) again, %K(/La) is continuous for « € [0, 1]. Therefore,

1

d
K(m)=K(po)+/—d K(pa) dot
o

0 (8.6)

d
=K(po) + —K(pg)

1
. » + //((VK % po) 0ty — VK % po, to) —1d)dpoda.
0

To prove the result, it suffices to show that the third term is o (dw (po, p1)). This follows by a final application of
inequality (8.5):

1
//((VK * pg) oty — VK % pg, tg(') - Id)d,oodot
0 8.7

5 1/2
< f(po. p1) [w (aw oo 1)?) " + v (dw (oo, p1))] dw (po. p1)

Finally, by Lemma 8.4, there exists ¢, which is an increasing function of dw (oo, p1), so that / ¥ (s2) < cy(s). There-
fore, up to increasing the constant in the definition of f(pg, p1), inequality (8.7) is bounded by
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1 (o, p1) ¥ (dw (po, p1)) dw (po, p1),
which completes the proof. O

We now turn to the proof of Proposition 4.7.

Proof of Proposition 4.7. Our proof follows a similar approach as [2, Theorem 10.4.13], generalizing this result to
nonconvex, singular interaction potentials K. We begin by proving (4.9). Note that the implication <= is immediate,
as the definition of the subdifferential § € dE,, (o) requires [[§1|12(,) < +00. (See inequality (2.7).)

Suppose |0E,,|(p) < +o0. Since p € D(E,;), we have ||p||,, < +o0.Fix & € Lz(p) and define rp, = (1 — ) Id +a&
and py := (rq)#p. Suppose either (i) § —1d € C2° (R?; R%) or (ii) £ = 0. Note that both assumptions ensure that £ is
differentiable almost everywhere (cf. Aleksandrov’s theorem, [2, Theorem 5.5.4]) and there exists oo, C > O so that
for all @ € [0, agl, || ool < C (cf. [2, Lemma 5.5.3]).

Under either assumption (i) or (ii), the definition of the metric slope (2.5), Proposition 4.5 for K, and [2, Lemma
10.4.4] for S,,,, ensure

Em (o) — En(p)

10Em (0)11E —1d |l 2y = 11(rxn_§gp dw (5. po) 1§ —1d L2y
— lim sup K(pa) — K(p) n Sm (Pa) — Sm(p) 8.8)
a—0 « o
=/<VK *p,& —1d)dp —/pmV (£ —1d)dx.
Thus, by Holder’s inequality and hypothesis (GF1), there exists C’ > 0 depending on p so that
10Em (0] 1E —Td |l 12(p) + ClIE —1d [l 12(,) = —/pmV (& —Id)dx. (8.9)

First, we suppose £ satisfies assumption (i). As inequality (8.9) holds for all f =& —Id € C° (R9), this implies
p™ is a function of bounded variation and the right hand side may be rewritten as [ Vo™ - (§ — Id) dx. Applying
inequality (8.9) again, we obtain Vp™ € L%(p). Returning back to (8.8), we obtain that

Vo™
(VK % p) + — < [0Ewm|(p). (8.10)
L2(p)

Next, suppose & = 0. Then inequality (8.9) gives

(9En(p)] + CYM2(0) /2 = d (/ o dx) ,

hence p™ € WH1(RY).
To complete the proof, it suffices to show (VK x p) + v% € 0E,;,(p). Remark 2.1 ensures equality must hold

in (8.10). Since the subdifferential 9E,,(p) is a convex subset of L2(p) and the L2(p)-norm is strictly convex, the
element of JE,, (p) with minimal Lz(,o)—norm is unique.
By Proposition 4.6, to show (VK * p) + V% € 0E,;; (p) it suffices to show that

En(v) — En(po)
\Y%
= [((VK %)+ 2= = 1d)do = 0.0 (o, Mo ). ¥ v € D).

Since p, v € D(E;,), by Proposition 4.5, for the subdifferential of K, and by [2, Theorem 10.4.6], for the subdifferential
of S,

K(v) —K(p) = / (VK % p,t, —1d)dp — f(p, v)¥(dw (0, v)dw (0, ), (8.11)

m

80 0) = Sn(0) = [ (V2715 - 1a)ap (8.12)

Adding together inequalities (8.11) and (8.12) gives the result. O
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8.3. Elementary bounds

Lemma 8.4. Suppose  : [0, +00) — [0, +00) is a continuous, nondecreasing, concave function with ¥ (0) = 0. Then
for any s, there exists C so that

v (sH) < Cy(s):  foralls el0,5].

Proof. Since ¥ (s) is concave and v (0) =0, ¥/ (s)/s is a decreasing function and 3 (0) = lim,_, o+ ¥ (s)/s exists.
First, suppose a1 (0) = 0. Since ¥ is concave and nondecreasing, this implies ¥ = 0, and the result holds.

Now, suppose 971 (0) > 0. It suffices to show that 1//(S)2 / 1//(s2) is uniformly bounded below on [0, 5]. Since
9T (0) > 0 and v is increasing, ¥ (s) > O for all s > 0 and ¥ (s)? /¥ (s?) is continuous and positive on (0, 5], hence
bounded below away from s = 0. Furthermore,

Y (s)?
m
=0 ¥ (s2)

Thus v (s)> /v (s2) is bounded below on [0,5]. O

=97y (0) > 0.

Lemma 8.5. For s > 0and 0 < b < 1/2, define Y (s, a) := sU=D Then,
[ (s.b) — ¥ (5,0)| <b(1 +5>77).

Proof. Define ¥ (s, a) := sA=D 50 %W(s, a)=—sla log(s). By the mean value theorem, for 0 < b < 1/2, there
exists a € [0, b] so that

d
Y(s.b) —¥(s.0)= bd—lﬁ(s,a)
a

Ifs €0, 1],

%t/f(s,aﬂ <1,so

[ (s, b) — (s, 0)] <b. (8.13)

If s > 1, we claim that
[ (s.b) — (s, 0)| <bs*>™" (8.14)
This holds since, for s > 1,
Y (s,b) —Y¥(s,0)| = ‘sl_b —s‘ =5 —gl? < bs? Tt e— 10 _5 < bs? = 't < bs® +s.

This is true at s = 1, so it suffices to show the derivative with respect to s of the right-hand side is larger than the
derivative of the left-hand side, i.e.,

(1+b)s? <2bs +1

This is also true at s = 1, so differentiating again, it suffices to show
(14 b)bs® D <2b
This holds since s > 1 and 0 < b* <b < 1/2. Combining (8.13) and (8.14) gives the result. O
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