W - Available online at www.sciencedirect.com

'.) ANNALES
e . . DE LINSTITUT

ScienceDirect HENR

POINCARE

K X ANALYSE
NON LINEAIRE

ELSEVIER Ann. L. H. Poincaré — AN 37 (2020) 309-341

www.elsevier.com/locate/anihpc

A higher speed type II blowup for the five dimensional energy
critical heat equation

Junichi Harada

Faculty of Education and Human Studies, Akita University, Japan

Received 26 March 2019; received in revised form 20 August 2019; accepted 27 September 2019
Available online 26 November 2019

Abstract

This paper is concerned with blow-up solutions of the five dimensional energy critical heat equation u; = Au + |u|%u. A goal
of this paper is to show the existence of type II blowup solutions which behave as ||u()|lco ~ (T — [)73k (k=2,3,---). These
solutions are the same ones formally derived by Filippas, Herrero and Veldzquez [8]. We find a mistake in their blowup rate and
correct it.
© 2019 L’ Association Publications de I’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

This paper is concerned with blowup solutions for the semilinear heat equation.
wr=Au+u” 'y  inR"x(,T7). (1.1)

This problem is a simple model of nonlinear diffusion problems. Various complex and interesting phenomena have
been found for these 30 years. Our concern in this paper is a blowup caused by a concentration. A local solvability of
this problem is well understood, and a blow up occurs at ¢ = T if limsup,_, 7 [|u(#)||cc = 00. For a blowup solution,

1 1
the blowup is called type Lif limsup,_, (T — 1) 7~ ||u(t)||co < 00, and type Il if limsup, , 7 (T — 1) P71 ||u(t)||oc = 00.
A typical type I blowup solution is given by

1

(e, 1) = (p— 1) 71 (T — 1) 7T, (12)
In the study of blowup problems, there are two important critical values of p defined by
n+2 00 if n <10,
Ps=nw—y b= A ifn>11.

14+ —
n—4—-2yn—-1
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For the case 1 < p < pg, it is well known that every blowup solution is locally approximated by (1.2), namely type I
(see [9]). On the other hand, for the case p > pg, different types of blowup behavior are observed. A type II blowup
solution is first discovered by Herrero and Veldzquez [12,13] (see also [17]). They construct type II blowup solutions
with the exact blowup rates for the case p > pj.. Very recently Seki [19] proves the existence of type II blowup
solutions for the case p = pjr. In the middle range of p € (ps, piL), Matano and Merle [15] exclude the occurrence
of a type II blowup under a radial setting. Another example of a type II blowup is found by Filippas, Herrero and
Velazquez [8] for the energy critical case p = ps. They formally obtain a type II blowup by using the matched
asymptotic expansion approach. The blowup rate of their solutions are given by

(T —1)~* n=3,
2k
(T — 1) log(T —0)|FT n=4,
(@) lloo ~ ot (1.3)
(T —1) n=>5 (corrected),
(T —1)"3|log(T —1)|* n=6 (corrected),
where k =1, 2,3, ---. This list is a corrected version, not the original one obtained in [8] (see Appendix for details).

As for a higher dimensional case n > 7, the possibility of a type II blowup near the ground states is ruled out by Collot,
Merle and Raphaél [1]. The first rigorous proof of the existence of a type II blowup for the energy critical case is given
by Schweyer [20]. He constructs a type II blowup solution for n = 4 by adapting the energy method developed in the
study of geometrical dispersive problems ([18,16]) to the problem (1.1). The blowup rate of his solution coincides
with kK = 1 in (1.3). Very recently del Pino, Musso and Wei [6] obtain a type II blowup for n = 5 with the same
blowup rate as k = 1 in (1.3). They apply so-called the inner-outer gluing method developed in [2—4]. Furthermore a
new type of type II blowup not listed in (1.3) is found by del Pino, Musso and Wei [5] for n > 7. In this paper, we
prove the existence of type II blowup solutions for n = 5 with a higher blowup speed. The solutions constructed here
give the first example for k > 2 in (1.3).

2. Main result

Let Q). (x) be the positive radial stationary solution given by

_n=2
2

2 1 xP?
Qx)=r"72 (1+ ﬁ EVl (ground state).
nn—

Theorem 1. Let n = 5 and p = ps. For any integer | > 1 and any two constants A > 0, k € (0, 1), there exist T > 0
and a radial solution u(x,t) € C(R> x [0, T)) N C>'(R3 x (0, T)) of (1.1) such that

M(X, t) = Q)\(l‘)(-x) + U()C, t),
where A(t) and v(x, t) satisfy

A — AT =) <k AT —0* % and  v(x,1) € L¥[R’ x (0, T)).

Remark 1. The blowup rate of the solution obtained in Theorem 1 is given by
_n=2 _
le@lloo ~ 1Qulloc ~ A ™7 ~(T =D (1=1,2,3,...).

This solution gives an example for k =7+ 1> 2 in (1.3).

Remark 2. Our strategy is based on so-called the inner-outer gluing method used in [6]. We look for a solution of the
form

n—2 X
ux, ) =Que +0C, 1) +1" 2 e(y,t) +wx, 1), y=s-

=v(x,t)

The function ®(x, t) is a particular solution of ®; = A, ®. In [6], they consider a simpler case, where ®(x, ¢) is chosen
to be a constant function. In this paper, we try other types of a particular solution ©(x, r) satisfying ©(x, ) ~ (T — 1)’



J. Harada / Ann. I. H. Poincaré — AN 37 (2020) 309—-341 311

for |x| ~ /T —t. This contributes to the blowup rate. Generally the function ®(x, t) can not be chosen arbitrarily,
since it must satisfy a certain matching condition (see Section 4). The functions €(y, ) and w(x, t) represent the
remainders in the inner region |x| ~ A(#) and in the self-similar region |x| ~ /T — ¢t respectively. Since the inner part
of our solution behaves in the same way as [6], namely u(x, t) ~ Q;,)(x), the inner part can be treated in the same
manner. On the other hand, we improve their argument in the selfsimilar part. In fact, since our solution ®(x, 7) is
not stable, we introduce additional parameters and choose them carefully. Furthermore to obtain such a solution, we
prepare a more elaborate functional space for the fixed point argument (see Section 5.2). Under this setting, we prove
that the selfsimilar part of the remainder w(x, ¢) is sufficiently small. In the selfsimilar region, w(x, ¢) is governed by
the linear heat equation with a certain error term G (x, 7).

wy=Ayw+G(x,t)

This equation is decomposed into two parts. One represents the effect from the inner part and the other the errors from
the approximation procedure. We use a technique given in [6] to deal with the first part, and establish different types
of estimates for the second part.

Remark 3. However we obtain the same blowup rate as [8] (see (1.3)), we do not understand the relation between
these two methods.

3. Preliminary

Throughout this paper, x (§) € C°°(R) stands for a standard cut off function satisfying

1 ife<l,

x(&) = {o ifE>2.

Furthermore we write

_ n+2
f@=uPu, p= .
n—2

3.1. Linearization aound the ground state

Let us consider the eigenvalue problem related to a linearization around the ground state Q(y) = Q, (¥)|)=1-
—Hyy =uy inR", (3.1)
where the operator Hy is defined by
Hy=A,+V(y). V) =fQu)=pam’ "

We recall that the operator Hy, has a negative eigenvalue 111 < 0 and a zero eigenvalu (see Proposition 5.5 p. 37 [7]).
We denote by 1 (r) a positive radial eigenfunction associated to the negative eigenvalue with 1 (0) = 1. Furthermore
there exists C > 0 such that (see p. 18 [2])

Y1) < C(14r)"T e VI,
The eigenfunction associated to a zero eigenvalue is explicitly given by

n—2

AyQ(y) = (T +y- Vy) Q(y).
3.2. Perturbated linearized problem

We next consider the eigenvalue problem (3.1) in a bounded but very large domain.
—HyYy =puy in Bg,
Y =0 on 0Bg, (3.2)
Y is radial.
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We denote the ith eigenvalue of (3.2) by MER) and the associated eigenfunction by wi(R). We normalize l/fl-(R) (r) as

wi(R)(O) = 1. Most of the lemmas stated in this subsection are proved in Section 7 [2]. However for the sake of
convenience, we give the proofs. Throughout this subsection, we write

ky < ko (k1, ko > 0)

if there is a universal constant ¢ > 0 independent of R such that k; < ck>. These definitions will be changed slightly
in Section 5.3.

Lemma 3.1. It holds that for any R > 0

0<y P SU+n~"7 VT forre(0,R).
Proof. Itis enough to prove I//l(R) (r) < 2¢r1(r). We prove by contradiction. Suppose that there exists r; € (0, R) such
that ¥\ (r) < 2y (r) for r < ry and ¥ ™ (r1) = 241 (r1). We now define yo € H| (Bg) as

2y (r) — 1/}1(R)(r) forr < ry,
0 forr; <r <R.

Yo(r) = {

By the monotonic dependence of the eigenvalue with respect to the domain, it holds that ,ugR) > (1. Therefore we get

J (19,00 = vug)dy = [ vy + o= ) [ 20100ay
BRr Br

Br

<M§R)/¢3dy.

However this contradicts to characterization of uiR). The proof is completed. O
Lemma 3.2. There exists Ry > 0 such that if R > R

WP OIS A+ forr e (O.R).

Proof. Put y2(r) = AyQ(r)/AyQ(0). It is clear that v, gives the eigenfunction of (3.1) associated to a zero eigen-

value and 1,(0) = 1. Let ro and r(gR) be the unique zero of ¥, (r) and 1//2(R) respectively. The Sturm comparison

principle implies that ,ugR) > (0 and r(()R) < rg. We easily see that limg_, /,L;R) =0 and limg_, » 1/[2(R) r) =Yn()

locally uniformly in r € [0, 00). Therefore there exists R; > O such that Y (rg + 1) < %wéR)(ro +1)<0if R > Ry.
We now define r| > rg as

r1 =sup{r € (ro, 7o+ s ¥2(r) = %vf;”(r)}.
From this definition, we immediately see that y(r1) = %wém (r1) and
Yo (r) < %WZ(R)(r) forr <r<rg+1.
We now suppose that there exists r» > r1 such that ¥ () = %wél?) (r) and

L,®
Ya(r) < El/fz (ry forrp<r<rp.
However this contradicts the Sturm comparison principle. Therefore we obtain
L@
Ya(r) < 51/’2 (r)<0 forrg+1<r<R.

Since |y (r)| < (1 + r) =12 we complete the proof. O



J. Harada / Ann. I. H. Poincaré — AN 37 (2020) 309—-341 313

Lemma 3.3 (Lemma 7.2 [2]). Let n > 5. There exists R» > 0 such that if R > R;
MER) Z R—(n—2)‘

Proof. We recall that Z;(r) = AyQ(r) gives a solution of H,Z = 0. Let Z>(r) = I'(r) be another independent solu-
tion of HyZ = 0. Since 1//2( )(r) is a solution of (3.2) with u = ,u,( )

, it is expressed as

s () =kZa(r) / S VAT e Y A1) f R A OV T

Zz(R)

Zir )/ R)wéR)(r/)Zl 'y

= 1SR (A + Ay — A3),

where k is a constant depending on Z(r) and Z»(r). Since | Z,(r)| <1+ rm=D we easily see that

R n R
A 2080 S ISP B 1 Z1 ) + REIVS N 280 121 203

R n R
1A20 280 S UZ1l 280 1S o8y + RENZ1 280 105 1 128
Z>(R)

|z
Z1(R)

||A3||L2(BR) ”Zl”LZ(BR)”I/IZ ||L2(BR)

Since limg_ oo wéR) (r) = ¥ (r) uniformly in r € [0, 1] (see Lemma 3.2), it follows that ||1//2(R) LB,y S 1. Therefore
when n > 5, we get from Lemma 3.2 that

||1/f2 ||L2(BR) S Mz (1 + R+ R" 2)
Since limp_, o ||1p2(R) l228g) = IIAyQllL, Ry if n =5 (see Lemma 3.2), we complete the proof. O
3.3. Behavior of the Laplace equation with a perturbation term

Consider a radial solution of

Ayp+ A= xm)V()p=0 in R,

where xy (y) = x(%). Let pp(r) be a radial solution of this problem satisfying py(r) =1 forr < M.

Lemma 3.4 (see proof of Lemma 7.3 [2]). There exist k € (0, 1) and M| > 0 such that if M > M

k<pu@r) <l for r € (0, 00).

Proof. Since V(r) ~ ri4 for » > 1, we can take M| > 0 such that

V(r)<n_2 forr > M.
r
n73
Let p(r) = . It satisfies
_ n-— 3
Ayp — p=0.

Therefore by the Sturm comparison principle, it holds that

M}’l—3
pm,(r) > p(r) = rnl_3 forr > M;. (3.3)
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Let Z1(r) and Z>(r) be given in the proof of Lemma 3.3. Since py, (r) satisfies Hy py, = 0 for r > 2M, there exist
two constants ¢y, ¢ € R such that py, (r) = c1Z1(r) + c2Z2(r) for r > 2M;. We recall that lim, , oo Z2(r) = # 0.
Since py, (r) satisfies (3.3), coo must be positive. Therefore it holds that k := inf,~o pa, (r) > 0. For the case M >
M, by the Sturm comparison principle, we conclude py (r) > puy, (r) = k for r > 0. Since pp(r) is positive, we
easily check that 9, pys(r) <0, which implies pys(r) < 1. The proof is completed. O

3.4. The Schauder estimate for parabolic equations

Put O = By x (0, 1). For @ € (0, 1), we define the Holder norm.

lu(xy, 1) —u(xz, 22)|
lullce(gy == llullLoeo(gy + [lce (), [ulce(g) = sup -
(r1.11), (x2,1)€Q X1 — X2|% + |11 — 122

We recall the local Hoder estimate for parabolic equations.

Lemma 3.5 (Theorem 4.8 p. 56 [14]). Let o € (0,1) and V(x,t) € L°°(Q) satisfy |V o) < M. There exists
cy > 0 such that ifu(x,t), Viu(x, t) € C¥(Q) and u(x, t) satisfies

ur=Axu+Vx,Hu+ f(x,t) in B; x (0, 1),

then

”u”C“(Bl x(%,l)) + ||qullca(31 x(%,l)) <M (“u”LOO(Q) + ||f||L°°(Q)) :
2 2

3.5. Local behavior of the heat equation

Consider the heat equation
u; = Au in R" x (0, 00). (3.4)

To describe the local behavior of solutions, we use self-similar variables.

x —_—
0(z,7)=u(x,1), 7= — 1—t=e¢".

~

This function 6(z, T) solves
0, =A.0 in R" x (0, 00), (3.5)

where A; = A; — 5 - V;. We define the associated wighted L? space by

L)

=3

.

LZR") :={f € L R™: [ fll, <00}, [IfI2= / f@%p@dz,  pl)=e”
Rn

The inner product is denoted by

(f1. f2)p ==/f1 (2) 2(2)p(2)dz.
Rn

Consider the eigenvalue problem

Z .
—Ae; + > cej = \e; in L%’rad(R").

It is known that

e Aij=i(i=0,1,2,---)and
e ¢(7) € Lf),rad (R") is the 2ith-degree polynomial.
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We normalize the eigenfunction e;(z) as e; (0) = 1, which implies

ei@)=1+alz? +alzl* +- - +alzX.

The function
X

O;(x,1) = AT —t)ie;(z), 7= i=0,1,2,- 36
i(x,1) ( ) ei(z) Vo ( ) (3.6)
gives a solution of (3.4). This function plays a crucial role in our argument. The constant A is chosen to be A = —1
later. We denote by e4:76, a solution of (3.5) with the initial datum 6y for t = 0. This is expressed by
3o
ATy = c—”n/e A=) Qo (£)dE.
(1—-e77)2 i

By using this formula, we can obtain the following parabolic estimate for (3.5) (see proof of Lemma 2.2 in [11]).

Lemma 3.6. There exists C > 0 such that

e’ |Z\2
1+e~ T

e
|(eAz790)(z)| < Cﬁ 1€l » for (z, 7) € R" x (0, 00).

We prepare another type of parabolic estimates given in [10].

Lemma 3.7 (Lemma 2.2 in [10])). For any | € N, there exists C; > 0 such that if 0y = |z|2[
1(e%700)(2)| < C (1 + e—”|z|21) for (z, 7) € R" x (0, 00).

We next consider the nonhomogeneous heat equation.

e’ " Lt

- inR"x (11,0), ez
21 2+¥a ’ — ]
Ar)* 1+ 1yl y A(T)z

d=0 fort =1y,

P, =A, D+

3.7

Lemma 3.8 (Lemma 4.2 p. 8 [6]). Leta > 0, y > % and Ty = e L. If A(7) satisfies

di
kie V" <A <kpe VT and 'd— < k3,
T

there exists C > 0 depending on a, y, k1, k2, k3 such that a solution ®(z, t) of (3.7) satisfies

1 (y—1a e s
o) <C(—— +1772), =2z
P 0I< (1+|y|a+ 1 =T

Proof. We change variable.

Y(x, 1) = d(ex, 1), T)—t=—e".
The function ¥ (x, t) solves
1 1
Vi=AY + 55— inR"x(0,T1), x
t X A21+|y|2+“ yZX'
Yy =0 fort =0,

From Lemma 2.2 in [6], there exists C > O such that

1 <y—l>a>
o) <C—m+1,777).
¥ (e, 0)] (HW 1

The proof is completed. O
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4. Formal derivation of blowup speed

We fix I € N. Throughout this paper, we write (see (3.6))

X
O, =0;(x,)=AT —e)z), z= —
We look for solutions of the form
u(x, 1) =Quun(x) + 0@, 1) +v(x, 1), 4.1)
where v(x, ) is a remainder term. A function v(x, t) satisfies

At
%

X
AyQ(y), y=

v =Av+ f(Q)(O +v) +N©) + e

The nonlinear term N(v) is defined by

N(v) = f(Qu + O +v) — f(Q) — f(Q)(O +v).
We write v(x, t) as

n—2 X

v(x,t) =172 €(y,1), yzx.
The relation (4.1) is rewritten as

u(x, 1) =Q )+, 1) +ep(x, 1).
Under this setting, it is natural to assume that

le(y, )] € Q). (4.2)
The function €(y, t) satisfies

€ Hye V(y) At At
=—05 + 2 O, 1) + NW) + —A,Q() + — Aye.
2 A2 A2

e
Neglecting N(v) and assuming (4.2), we obtain
22e ~ Hye +2."7 V(0)O(x, 1) + 1y A, Q).
Since x = A(#)y and lim;_, 7 A(¢) = 0, we here replace ®(x, 1) by ®(0, t).
326, ~ Hye + "7 V(»)O(0, 1) + 2 A, Q).

We take the inner product (-, A,Q) L2(Rn) O get

n—2
A2, AyQ)a ~ 4 T ©0,1)(V, A,yQ)a + Ar 1A, Q15

In addition to (4.2), we assume that the left-hand side is negligible in the relation. Since ®(0,¢) = A(T — !, we
obtain

n—2
0~1"2 AT — )l (V, AyQ)2 + 20| A, Q3.

By a direct calculation, the first term is computed as

d
(V,AyQ)2 = (pQ" ', A,Q)p = — / Qldy
di T
R7 =1
d n—2
= —)\ 2 p
'Ry IQll,

Therefore we obtain a differential equation for A(¢).

n—2
=—TI|Q|I5- 4.3)

r=1
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Mo A@m=2) 1Al
n—4 ~ 2(
AT 2 lAyQl;

Since A(¢) must be positive and lim;_, 7 A(#) = 0, the constant A must be negative. We finally obtain

2
410+ 1) ”AyQ”% .

n'.

This is the desired result. From now on, we choose

A=-—1.
5. Formulation

In this section, we set up our problem as in the proof of Theorem 1 [6]. To justify the argument in Section 4, we
need several corrections.

5.1. Setting

We look for solutions of the form

u(x, 1) =Quu(x) + O(x, 1) xou +v(x, 1),

where oy 1S @ cut off function defined by

e (CRTILIE) N p= Lt
Xout—X Zl)s = T_t’ _2l+2
A function v(x, t) satisfies
U = outs (5.1
where
hout =2V O - Vi xout + OAx Xout — OO Xout- (5.2)
We decompose v(x, t) as
n—2 X
v(x, 1) =17 2 e(y, D) xin + w(x, 1), y=5 (5.3)
The function €(y, t) is defined on (y, t) € Bog x (0, T) and yip = x(‘yl) Plugging this into (5.1), we get
€ Hye V(y)
FXin+wt )L”H —— Xin t Aw + —5— 32 (®Xout +v) + N(v) + _A Q(y)‘i‘hout‘i‘hm,
=
where
1 At 1
hin = — (2Vy€ - VyXin + €Ay Xin) + —5 Ay€ Xin — —— €0 Xin- (5.4)
A2 A2 A2

We introduce a parabolic system of (e(y, 1), w(x,t)).

A2e, = Hye + Gin(A,w)  in Bog x (0, T),

. 5 (5.5)
wr =AW+ Go(A, w,e) inR” x(0,7T),
where
Gin(A,w)=A @(x l‘)V+)» w(x HV + Ak AyQ, (5.6)
1
Gou(A, w, €) = hout + hin + 32 ( — Xin) AyQ(y) + N(v). (5.7
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We can check that v(x, ) defied in (5.3) gives a solution of (5.1), if (e(y,t), w(x,t)) solves (5.5). By a lack of
boundary condition in the equation for €(y, #) in (5.5), the problem may not be uniquely solvable. So we appropriately
construct a solution €(y, ¢) such that €(y, t) decays enough in the region |y| ~ R (see (6.10)).

5.2. Fixed point argument
To construct a solution of (5.5), we apply a fixed point argument. We put
(T =0 (1+12P+?) for |2] < (T — 1) 772,

Wi(x,t) = 1
14 |x|?

! = .
for |z| > (T —t)”"7+2, T—1t

We fix two small positive constants §yp and o. Let X, be the space of all continuous functions on R x [0,T — 20]
satisfying

lw(x, )] <dW(x,t) fortel[0, T —20].
The metric in X, is defined by

dX(, (wi, w2) = lwy — w2||C(R5X[0’T—20])' (5.8)

We extend w(x, t) to a continuous function on RS x [0, T].

w(x,t) if (x,1) eR x (0, T —20),

w(x, 1) = .
o Owx, T —20) if (x,1) e R x (T —20,T),

where x (t) is a cut off function satisfying x, () =1ifr € [0, T — %0] and x,(t) =0if r € [T — o, T]. Furthermore
we define

w(x, 1) ift [0, T — 201,
B 1) = SoW(x,t)  ifre[T —20,T] and w(x, 1) > SoW(x,1),
)= w(x,t) ift €[T —20,T] and |w(x,t)| <§W(x,1),

—8W(x, 1) ifte[T —20,T] and w(x,t) < —SoW(x, 1).

From this definition, we see that @ (x, 1) € C(R> x [0, T]) and

SoW(x,t) for (x,1) eR3 x (0, T — o),

Ji(x, 1) < S
0 for (x,t) e R x (T — o, T).

(5.9

For given w(x,t) € X,, we first determine A(¢) by the orthogonal condition (6.1). Next we construct €(y, ) as a
solution of

22 = Hye + Gin(h, W) in Bog x (0, 7).
After that we solve the problem
Wi =AW + Gow(h, W, €)  inR> x (0, T).

By using this W(x, t), we define the mapping w(x, t) = W (x, ¢). The fixed point of this mapping gives the desired
solution of (5.5). Finally we take ¢ — 0 to obtain the solution described in Theorem 1. For the rest of paper, we
construct the solution mapping in the above procedure.
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5.3. Notations

From now on, we assume R > 1 and choose T as
T =e¢k,
For any positive constant k1 and k, we write
ki S ko
if there is a universal constant ¢ > 0 independent of R, &g, o such that k| < ck,.
6. Inner solution
In this section, we repeat the argument in Lemma 4.1 [6] to define the mapping w(x, t) € X, + €(y, ) mentioned
in Section 5.2. Throughout this section, w(x,t) € C (R x [0, T]) represents an extension of w(x, t) € X, defined in
Section 5.2.

6.1. Choice of A(t)

We define A(r) € C1([0, T']) as the unique solution of
(x4rGin(1), A}'Q)Lﬁ(BgR) =0 forte(0,7) and AMT) =0, (6.1)

where Gin(t) = Gin(A (1), W(A(1)y, 1)) and x4gr(y) = x(%).

Lemma 6.1. There exists K > 1 independent of R, 8y, o such that

T—1t
() = (T 2 < K (50 +— ) (T -2+ forie(0,T),

dx T—1t
‘E(t) — 24 2)aH (T — 1) < K (50 + 3 ) (T =)' forre(0,T),

B (X4RV,AyQ)L%(BSR)
20+ 1D (x4rAyQ. Ay Q)

where o) = > .
L3(Bgg)

Proof. From (5.6), the orthogonal condition (6.1) is explicitly given by
i N ~ dxr .
AxarVO(1), AyQ)Lg(BgR) +VA(urVw(t), AyQ)L§(BgR) + E(X4RAyQ, A;vQ)Lg(BgR) =0.

Put C(¢) = /A(t). The function C(¢) satisfies
dC (X4RV®(X7 t)v A}‘Q)Li(BgR) + (X4RV&)(.X, t)v AyO)Lg(BgR)

— = , x=C?y. 6.2)
dt 20xar Ay Q, AyQ) 2 (Byp)
We now show the unique solvability of the problem (6.2) in
VT —t
S§=1C1)eC(0,T); 0<C@) = I
Let us consider
dD (XarV O, 1), AyQ) 2(gge) + (Xar VW (X, 1), AyQ) 125y o2
— s X = y

dt 2(xarAyQ, AyQ) 2 (Byp)

This differential equation defines the mapping C(t) — D(¢). Put z = \/% Since ¢;(z) =1 +ai|z* +aslz|* + -+

ar|z|¥, the first term on the right-hand side is written as
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(x4arVO(x, t)vA}'Q)Lﬁ(BgR) =—(T - t)l(Vel(z), A)’Q)L%(ng)

I
= —(T — 1)} 2k
=—(T~1) ((X4RV’AyQ)L§(BSR)+I;ak<X4RV|Z| ,Ayo)Lg(BgR)

1 2k 2k 4k
[yl R“C(@)
=T =0 | (arV. A,Q) 2 g+ D [ xarV (=) AQ —
$(Bsr R 5 (T —1)
k=1 L5 (Bsg)

=:by

=:by

Since |br| < 1, we easily see thatif C(7) € S

i 2k C(l)4k

T—l

fort € (0, T).

Furthermore when |z| = %M and C(¢) € S, it holds that |z| < 1 for y € Bgg. Therefore since w(x, t) satisfies
(5.9), it follows thatif C(z) € S

RV D(C?Y, 1), Ay Q) 12y | S 80T = D' (Xar V. Ay Q) 13| S 80T = 1)

Therefore since by < 0 (see (4.3)), we getif C(¢r) € S

= (1+0(6)+0<T_l>> " e
- = 0 R2 2(xarAyQ, AyQ)Lg(BsR) .

=+

This implies

—1
D(t) = (1 +0(8)+ 0 < )) o (T — 1)L, (6.3)

R2

Therefore we proved that D(r) € S if C(¢) € S. As a consequence, by a fixed point argument, we obtain a solution
C (1) of (6.2) satisfying (6.3). Next we prove the uniqueness for solutions of (6.2) in S. Let C{(¢), C2(t) € S be two
solutions of (6.2). Since w(x, t) =0fort e (T —o,T),itis clear that C;(¢) = Cy(t) for t € (T — o, T). We write

X1 = Cl V, Xp = Czy and y' = 2 y. By the change of variables, we see that

d
—(C1—Cy)| <
‘dt(l DS

/X4RV11)(X1J)Adey— / X4rVw(x2, 1) A,Qdy

8R Bsr
~ Cy 10 ’ N o~ ’
= xarVW(x1,)AyQdy — G, Xar(HV(Hwxr, HA,Q()dy
BSR Bg(%ﬂR

A

- ci\" -
/|X4RVw(X1,t)AyQ|dy+<C—2> /X4RVw(X1,t)Adey

Bgr Bgr

<C1>10
1—(=
C
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- / Xar YOV (D (x, A, QL )dy| .

B
8(%>2R

Repeating the above argument, we can verify that C(¢), C2(¢) satisfy (6.3). Therefore we find that C1(¢), Ca(¢) >
%o”‘l fort € (0, T — o). As a consequence, there exists ¢, > 0 such that

d
‘E(Cl—Cb) <o |C1 — (] fort € (0, T —o0).

This assures the uniqueness of solutions in ¢ € (0, 7 — o). Therefore the uniqueness of (6.2) in S is proved. Since
C(t) = «/A(t), we obtain the conclusion. O

6.2. Construction of €(y, 1)

Throughout this subsection, A(¢) represents the function given in Lemma 6.1. For simplicity, we write

Gin(t) = Gin (A (1), W(A ()Y, 1)).
We define a function g(y, 1) € C(R> x [0, T]) as a solution of
—Hyg = x4rGin(t) in Bgg,
g=0 on 0 Bgg,
g(-, 1) is radial.

Since (x4rGin(2), AyQ)L%(BgR) =0 fort € (0, T) (see (6.1)), the radial solution g(r, t) is given by

8R 8R
g(r, t)=kr(r)/Any4RGm(t)r/4dr/—kAyQ(r)/FX4RGin(z)r’4dr/
r r

for some constant k € R depending on A,Q(r) and I'(r). The function I'(r) is a radial solution of Hyyr =0 given in
the proof of Lemma 3.3. From (5.6) and Lemma 6.1, we verify that

|Gin|=

1300, DV +230(x, DV +33,A,Q)

3 3, L 20+1
< AT — 1)t M| A2 A\2T2 AN2A2

= <
Lyt 1P T+ 1+ yP

4l+3

A2+2
5—3 for |y| < 8R.

1+ [yl

Therefore by a direct computation, we get

2[+2
8. OIS for |y| < 8R. (6.4)
L+ |yl
For simplicity, we put
_4l+3
Y=oy
We introduce a new time variable s defined by
ds 1
—=— d t)]t=0 =0. 6.5
S W SOl (6.5)

2
Since %’ (T —)2+2 <) < 2a12(T — 1)%+2 (see Lemma 6.1), it is expressed in the variable s.
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2042

“12 1 a+3 5 1 4143
— A <2 . 6.6
2 \ 76y a2 | ST\ T Ca 1 3)als ©0

(8R)

Let u; " < 0and wl(8R)(y) € HO1 (Bggr) be defined in Section 3.2. We consider

OsE=HyE+g(y,s) inBgg x (0,00),
E=0 on dBgr x (0, 00),

din | 8R)
E=—r¥
"y

for s =0.

The parameter dj, is determined below. The desired solution €(y, r) mentioned in section 5.2 is obtained by €(y, 1) =
HyE(y,t). Let M; be the constant given in Lemma 3.4 and fix a large constant M > M such that

RV +yBe VI « 1 for [y > 2M. 6.7)
We first consider

GEI=AyE1+ (1 —xm)V(YEI+g(y,s) in Bgg x (0, 00),
E{=0 on 0Bgr x (0, 00), (6.8)
E{=0 fors =0.

Since g(y, t) = 0 near d Bgg X [0, 00), by a certain approximation procedure, we can verify that there exists « € (0, 1)
such that

E\, VyE|, AyEy, VyAyE| € C*(Bsg x [0, 00)). (6.9)

Lemma 6.2. There exists K| > 1 independent of R, 8y, o such that

|E1(y, )| +IVE1(y,s)| <KiRAY  for (y,s) € Bsg x (0, 00).

Proof. To construct a comparison function, we put

16R r ( )n—l
pi1\r2)ry
") = p1(r) / / dr,
P P Pl(r1)2 ; lL+r

where p1(r) is a radial function given in Lemma 3.4. The function p(r) gives a positive radial solution of

Ayp+ A —xm)Vp+ =0 in Bygg,

L+ 1yl
p=0 on dBigR.
Since k < p1(r) < 1 for r > 0 (see Lemma 3.4), there exist k1, k2 > 0 independent of M, R such that
kiR < p(r) <kaR for r € (0, 8R). (6.10)

We now check that KAY p(y) gives a super-solution of (6.8). Since |k‘”‘ | < (4l + 4)a4(T HM3 < (4l + 4)0[14T4H'3
(see Lemma 6.1), we see from (6.5) and (6.10) that

di
(aS_Ay—(l—xM)V))\Vp(y)=(%d_ﬁ O+ +|y|>)\y

A — )y
9
YR P T T

1
> =@l +4)yalk, TYH5R + —> A
( : T+ 1yl
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Since T = ¢~ R, it holds that

1

1
M+ 4yt TY PR <« —2 2 for y € Bgg.
H+Dya 'k <1+8R<1+|y| ory € Bgg

Therefore we obtain

K
@ — Ay — (1= xm) V)KL p(y) > —

fi € Bgg.
21+l ory 8R

A

DT (see (6.4)), by a comparison argument, we obtain if K > 1

Since |g(y, $)| S
|E1(y,$)| < KAV p(y) < KkyRAY for (y,s) € Bgg x (0, 00).

Applying a local parabolic estimate in (6.8), we get from (6.4) that

IVyE1(y, )| S sup sup  (|E1(Y',sHI+1g(y", "))

min{s—1,0}<s’<s |y’ —y|<l

A(s)Y
< sup <RA(S/)V + (s) ) )
min{s—1,0}<s’<s L+ 1yl

From (6.6), we can verify that

sup A(s") SA(s). (6.11)

min{s—1,0}<s’<s

Therefore we complete the proof. O

Lemma 6.3. There exists Ky > 1 independent of R, 8y, o such that

AY RM\Y
+ 2
L+iyl - T+1yl

[AYEL(y, )|+ |y[- [VyAyEL(y, s)] < Kz( ) for (y,s) € Bgr x (0, 00).

Proof. We put

eir=AyE1+ (= xm)V(y)E:.

We easily see from (6.8)—(6.9) that e (y, s) solves

ose1 = Ayer + (1 — xp)V(y)er + (Ay + (1 — xp)V(¥))g(y,s) in Bgg x (0, 00),
e1 =0 on dBgr x (0, 00),
ey = 0 for s =0.

Since [(Ay + (1 = xa)V(¥)g(y, s)| < #, by the same argument as in the proof of Lemma 6.2, we verify that

e1(y,5) S for (y,s) € Bgg x (0, 00). (6.12)

L+ |yl
To extend e (y, s) to s < 0, we put
er(y,s) ifs>0, g(y,s) ifs=>0,

gy,s)=

el(y’s)z{o ifs <0, 0 if s <0.

Since eg, Vyer € C*(Bgg % [0, 00)) (see (6.9)), we find that &1, Ve € C*(Bgg X (—00, 00)) and &1 (y, s) solves

oser = Ayer + (1 = xs)V(y)er + (Ay + (1 — xa)V(y)g(y,s) in Bgg x (—00, 00),
e =0 on 0 Bgg X (—00, 00).
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We fix (y,s) € Bgr \ B1 x (0, 00). We write p = |y| and define

2
e(Y,S)=e <y+ §Y,s+ %(S— 1)).

We easily see that €1 (Y, S) solves

2 2
9581 = Ay + %(1 —)VE + %(Ay £2(1— V) in By x (0, 1).

Since |y| = p, it holds that

2 2 2
%(1—XM)V< L <L

for |Y| < 1.
R R N A v

Therefore we get from Lemma 3.5 that

lley ”C(O(Y,S)(B%X(%’l)) + |[Vyer “C?Y,S)(B%X(%’l))

2
. P _
Slerllzee (B x©.1)) + H E(Ay +2(1—xm)V)g

(¥.5) ’
L?).i’s)(Bl X(O,]))

Since [(Ay + (1 = xa)V(¥)g(y, s)| < #, we see that
2

S
Ly, s)(B1x(0,1)) I+ p°

sup A(s)

2
H g(Ay +2(1 = xm)V)g

min{0,s— % }<s'<s
From (6.6) and T = e~ R, we verify that

sup A"y SA(s).

. 2
min{0,s— &} <s'<s

Since Vye (Y, ) =4Vyei(y+5Y.s + %ZS), we deduce from (6.12) that

0 .
§|vyel .9 <|Vrei ”C?Y,S)(B%X(%’l))

02

1+ p3

Slelieee A(s)”

% 5 (Bix(0,1) T
AV
1+p
Therefore it follows that
A(s)Y
1+ |yf?

Combining this estimate and (6.12), we obtain

S

IVyer(v, ) S for (y,s) € Bor \ B1 x (0, 00).

14

1+ |y
From definition of e (y, s) and Lemma 6.2, we complete the proof. O

IVyer(v, ) S for (y,s) € Ber x (0, 00).

Next we put
E,=F —E;.

The function E>(y, s) solves
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0sEr = HyEx + xmV(y)E1  in Bgg x (0, 00),

E>,=0 on dBggr x (0, 00),
di 8R
E, = (;r;) wl( ) for s =0.
My
We now take
o0
(8R) BR) g1 ( / (8R)> /
dip = — i VE(s), d
in My /E XM 1(s) 1//1 L%(BSR) s
0
and define c(s) by
de (8R) ( (8R)
—_—=— c VE , ) ,
s uy e+ (xmVELS), ¥ L3 Ben)
0) = din
1
The function c(s) is explicitly given by
o
—pBR) (g (8R) ’
C(s):—/e we “( VE (s, ) ds’.
xu 4 L2(Bsg)
S
From (6.6) and Lemma 6.2, we easily see that
le(s)| S RA, dinl S RA(S)[[_g S RTH. (6.13)
We decompose E>(y, s) as
Ey=v+cs)y R,
The function v(y, s) satisfies
8R SR) .
dov=Hy+VxuEr = (o VEL U)oy in By x (0.00),
V=0 on 8 Bsg x (0, 00), (6.14)
v=0 for s =0.

Lemma 6.4. There exists K3 > 1 independent of R, 8o, o such that
2 3 K3R4)LV
W, O+ Iy IV )L+ 17 1Ay, O+ Iy - IVy Ay, )l < —
1+ [yl2
for (y,s) € Bor x (0, 00).

Proof. Since (v(s), 1ﬂ1(8R))L§(BSR) =0 for s € (0, 00), from Lemma 3.3, there exists k > 0 such that

k
(Hyv(s), v(s))L%(BgR) < —FHU(S)”L%(BSR) for s € (0, 00).

From this estimate and Lemma 6.2, we get

s
ks!

I, o S RO VI e AV ds’
L3(Bsg) ~ L3 (Bsr) ’
0
We calculate the integral using Lemma 6.1 and (6.5).
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N N
k! R? ks R [ & d
/eR3A(s’)2Vds/<—eR3A(s)2y —27/—/ Rl e Ay P
k k ds
0 0
S
3 ks 3 ks’
= R—eﬁk(s)zy —ZyR—/eFAZ”Hd—)\ds/
k k dt
0
p /
< R3ew () +R3fe%A2V+lx%ds/
0

2 3 i By
<R eR3k(s) Y + R )L(s)|2’+2/eR3)L vds'.

0
Since A(s)]y—0 = A(t) ;=0 < TH+2 and T = e~ R, it follows that R%(s)lf’*é < 5. Therefore we obtain
s
kst 2y g 3 ke 2
er3A()Vds' SReRA(s).
0
As a consequence, we deduce that
4
VL2 Bgey S RTA
Applying a local parabolic estimate in (6.14), we get from (6.11) that
W) 5By S R (6.15)

We now check that K R*AY |y|’% becomes a super solution for y € Bgg \ Bays. From (6.7), Lemma 6.1 and (6.5), we
see that

(3 H)(M )=<Zd_kﬂ+i_wy))(” )
3/ \rdrds 4P ¥13
(2 )(A_)
8y )\ y)3

5 AY
> (—(41 +4))/Ol?T4l+3 + W) <?)
y|2

for y € Bgg \ Bow. Since T = e~ X, we note that (41 + 4)y o} TH+3 < 16‘ 7 for y € Bgg. Therefore we get

K R*AY o 5 e
0y —Hy) | —— | > kR | — || —= for y € Bsg \ B
ly|2 161y1=/ \ |y|2

Furthermore from Lemma 3.1, (6.7) and Lemma 6.2, we see that

e~ VIuil-lyl < RAY

(8R) (8R)
VxmEl, ) ) SRV S for y € Bsg \ Boy.
( X w L%-(BSR) wl Y |y|2 |y|2+% Y \

Therefore it holds that if K > 1

K R*\Y R R
0 — Hy) | =) = (VB (™) | p® fory e Byr\ Bar.
ly|2 L5 (Bgr)
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Combining this estimate and (6.15), by a comparison argument in (6.14), we obtain

K R*\Y
v(y,s)| < mE for (y,s) € Bgg \ Bay x (0, 00).
y 2

By the same scaling argument as in the proof of Lemma 6.3, we get

4y

IVyv(y, )l S for (y,s) € Ber \ Bam % (0, 00).

Lyl
Next we consider the equation for 9y, v(y, s). We again use the same scaling argument as above to get
4y

R™X
10y, v(y, )+ 1y - [Vydyv(y, )| < o for (y,s) € Bar \ Bam % (0, 00).
y 2

We finally consider the equation for dy;dy, v(y, s) and obtain

4

A\

1y; 0y, v(y, )+ [y] - [Vydy; 0y, v (v, $)| < o for (y,s) € Bag \ Bam % (0, 00).
y 2

Since the constant M is independent of R, the proof is completed. 0O

We now put

¢=—HyE=—H, (E1 +v +c(s)1pf8R)) .

Since —Hg = Gjj, for |y| < 2R, itis clear that €(y, s) satisfies

dse = Hye + Gin  in Baog x (0, 00),
€= dinlﬂng) for s =0.

From Lemma 6.2-Lemma 6.4 and (6.13), we conclude

- A RLY R4\ RAY eVl 1yl
le(y, )+ 1yl 1Vye(y, I S + + +
' Lyl TP 4y 1+ [yl
R*\Y
S———  for(y,s) € Bag x (0,00). (6.16)
L+y|2

7. Outer solution

We now handle the outer solution W (x, t). A goal of this section is to show W (x,t) € X,. We recall that W (x,¢) €
X, is defined by

8o(T — 1)l (1+121%42) for |z < (T — 1)~ 772,

W(xa[)f 80 1 = .
for T —1t) 7+2, T—t
RS 2l > (T —1)

The case [ = 0 is treated in [6]. We here derive more elaborate decay estimates for the case / > 1 by using the method
in [12,13,17,19]. Throughout this section, w(x, t) € CR>x[0,T]) represents an extension of w(x, t) € X, defined
in Section 5.2, and (A(?), €(y, 1)) represents a pair of functions obtained in Section 6.
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7.1. Choice of parameters

In this section, we consider

W =AW+ Gou(h, ,€) inR3 x (0,7T),

(7.1
W =(d-e)xout forr =0,
where d = (do, dj, -~ ,d;) e R isa parameter and
X
e=(e0(2),e1(2), -, e1(2)), 7= .
T —1t
We recall that e; (z) is the eigenfunction defined in Section 3.5. We introduce a self-similar transformation.
0z, 7)) =WiVT —t,1), T—t=e".
The function ¢(z, T) solves
gr=Ap+ e "Gou(h, 0,€) inR x (19, 00), a2
¢ =(d-e)xou fort=1=—logT. :
We decompose the initial data to the subspace Y; =span{eg, e1, - - - , €;} and its orthogonal complement in L%(RS).
Loy,
@-©)Xout= Y —5(ejXou er)ex +{(@d-xou) s Kkj=/(ej ej)p.
k=0 Kk
We define ®(z, 1) as
¢=>b(t) e+ D,
where b(7) = (bg(1), b1 (1), -+ - , by (1)) € RITL. We easily see that ®(z, 7) satisfies
I L ab
D, =A, 0+ e "Gou(r, W, €) — Zkbkek - Z —kek in R x (19, 00),
k=0 k=0 dr
L g i (7.3)
®= —J (e, Xouwer) — Y bi(10) | ex +{(d- &) xou}™ fort =10.
2
jk=0 "k k=0

To obtain a solution ®(z, 7) satisfying || ® ()|, = o(e™!7), we choose b(t) as

S ’
e(k—l)r

bk(f) = —e_kr f T(Gout()\., II), 6), €k)pd7,'/.

" k

From Lemma 7.1, we verify that

[(Gout(X, W, €), ek)p| S [(Gout(A, W, €), ek)L%(|z|<1)| + 6_2[t

-t
e 1jy52r - )
ST <1y|<2R+ = ,Iekl) e P4
AZR3 Lyl L3(1zl<1D)

RT3 =7 L g=ipde =57 4 -2t

This implies

b (7)] S e” @07, (7.4)
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From definition, the parameter b(t) gives a solution of

dby e T 5
- = _kbk + _z(GOUI()"v U)(.x, t)v 6(y9 t))s ek)p~
dt K,

We take d = (dg, dg, - - - , d;) as
(id 4+ C)d = b(19),
where C is a constant (I + 1) x (I + 1) matrix defined by
1
Cij = —2(€j, (1 = Xout) le=rg€k) p-
Ky

1
e'f;L ) with B = é;r—fz, we easily see that [Cyj| < 1. Therefore we get from (7.4) that

Since xout = X (
| < [b(rg)| Se” @m0, (7.5)

By the choice of d and b(7), the equation (7.3) is rewritten as

O, =A,d+e "G, inR> x (19, 00), e
@ ={(d-e)xoul" for T = 10, :

where GL, = Gou(r, b, €) — Zi:() %(Gout(}h W, €), ex) pek-

7.2. Estimate of G oy

We here provide the estimate of Goy¢. From (5.2), (5.4) and (5.7), we recall that

- 1 - A
Gou (A, W, €) = hou + hin + -5 (1 = xin) V(3) (O )ou + ) + A—;(l — Xin) AyQ(y) +N(v),
2

where

hout =2V, 0 - Vi Xout + O Ay Xout — O Xouts

1 At 1
hin = )L_7 (ZVyG -« Vy Xin + EAyXin) + _SAyEXin - _3€8tXin7
2 2 A2

A2
i = x [yl
m R )

|| . I+ 3
= — th B= ,
Xout = X (eBT w1 )

N@) = f(Qx + O xout + €3 Xin + W) — f(Q)) — f/(QA)(G)Xout + € Xin + W)

and

2 2042
i 7= , A~af (T — 1)1

Let 1,cq(z) be a function on R? defined by l,eq(z) =1ifz€ Qand 1,c0(z) =0if z ¢ Q.
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Lemma 7.1. Let w € X, and (w(x,t), A(t), €(y,t)) be given in Section 6. Then

—lt
e 1 1 2R 1 _
22 _1< o g+ | te PIT for lz] <1,

R& \1+|yl3+ 1+|yl*

It
e—zlflz|4l+4 forl < |Z| < ng+2’
|G0ut()\7 lD,E)' S
~ - 2042 z
e 21+2)T|Z| +21 o+ bye sl +1 for e21+2 <|z| <e?,
e P, <|z|<2e 2H2

o~ Gl 52

- i for |x| > 1.

x| lx|=P

1
3

I7g, (z) and B = e2+2, we see that

Proof. Since O(x,t) = —
2

0z
W®WMH"
0x

i

dt
JOA; Xou| + E - 1©®9; Xout

0z;
|h0ut| < ‘ 3

-l
ge e I|Z| eBT <|z|<2eBT
(1.7)

[y .
<e ¢ 21+2)T|Z|2l+21331<‘z|<263r.

. . —@4l+3)T
We next estimate hj,. Since % ~e!T and [AAg| ~ e~ W+ (see Lemma 6.1), we get from (6.16) that

A2
L (IVyel | el ] 1
hinl S — ( "+ — ) Lr<iyi<2r + —5 A€l xin + |€| 1R<|y|<2R
A2 R R A3 )»
11 |v el el
Su3 t+ oz Al el ) Trapyi<ar + o5 P2l A eltin
2

o=l R4 p— @43

e—lr 1 e—(4l+3)r
— 1R<|y|<2R+_2—1M<2R
R? R? A 14 y)2

A

Therefore since R = 1¢, we deduce that

-t 1 —lt e T
lhin|l S —5 —5 1r<|y|<2R + —5~ 5 1jy|<2r
2R3 A4yl
—lt
e 1 1
< M (7.8)
M ORI 1L+l
We estimate the third term. Since w(x, ) satisfies (5.9), we verify that
—lt
Xm e lysr ( 21) ( 21+2)
S EA 1 T

VIO xou + | S )»2|y|4 + 1217 ) Xout + 80 { 1 + |z l<e?

1 1\z|>2%

A2y[* 1+ |x?
e’ 20+2
~ W 1|y|>R1|Z|<l + |Z| 1 (l+%)r
y 1<|z|<2e 2+2
2227 2
+—1 & : +—1
|z|* eﬂlﬁ <lz|<e2 |x]© bl>1
e_h 51427 20-2
Lyj> RLppj<1 + e~ 2Tz (+dr

I<|z|<e 22

)»2| |4
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—(4l+4
+em @RI f+$l|x|>1. (7.9)
e2I+2 <|z|<e?2 |x|6
The fourth term is easily estimated as
M1 Ay a0)| < 5o el
— Xi ,Q(y R < L ®
)»2 in) Ay 3 Iy |3 [y|> 2 BE [yI>
—lr It
€ 1 e
< —5 31 1 + re2t 1
XZ |y|3 |[yl>R1|z|<1 |Z|3 lz]>1
T ~Gl+2)
e 1 . ¢
— = -@l+3)T e
22 |y|31|y|>R1\z|<l+€ 2 11<|z\<67 + BE 1iy>1. (7.10)

We finally estimate N(v). Since

la+bP" a+b)—lal”'a—plal’~'b| <|alP72b> + |b|P  fora,beR,
we get

IN(W)| = | £ (Qx + Oxout + €2.Xin + W) — f(Q1) — f'(Q1)(O xout + €1 Xin + W)]

< Q) (O xout + €1 xin + )% + £(O Xour + €1Xin + D)
1 ®2X0ut + G%Xin + w?

NG L+ 1yl
1 ©2+02 €}
( — + 107 + IU)IP) <1+ < +lenl? ) 1iz1<2r

N

+ 1017 xout + |21 xin + |0]7

N

N ERE] AL+
(1®2+uv2

e +|®|f’+|w|f’)1
N/

It
1<|z|<e2+2

<1®+||P) (1~2||>
= arhye T -
Vi Iyl ezzli2<|z\<2e e Vo Iyl |z|>e2+2

Since |@(x, 1) < (T —1)! (1 4 |z/%) and W (x, 1) satisfies (5.9), we see that

1 ©>+0? 1 e 2"
= " e+ <[ — -rlt )1
(ﬁ Y +10| +Iw|> z|<1w<ﬁ1+|y|+e ) lzl<1

—21 7
e T | | —plt
1|y|<1+| T Tlysidz<r | e P
y

<

VAN

7 7 7 7
Here we note that |y[41 ;<1 = (A le 53 2] 1)7<1 < (A’le’5)11|z|<1. Therefore we deduce that

Tt
1 024 w? . e 2t e 1 _
(ﬁw+|®|p+|w|p)llzl<1§ 7 1+ Iy | |%1|y|>1 lg<1+e plr1|z|<1
y
31
1 e (2% ol
ST ok te Rl N
I+ |yl*

Furthermore from (6.16) and 79 = R, we verify that

< 1 A3 RSe~2t  32R4p,plt
+lenl” | 1jyj<2r S + 1yj<2r
f1+| | Ve TP T % )

< e—lr RSE—(4I+3)T R4pe—((p+3)l+4)r L
S - 2R
22\ 1+ |0 1+ Iy F I
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—lIt -7 -7
e e e
< + ) 1 .
~ 2 10 9,; [yI<2R
» (1+|y' Mk

For the case 2 < p < 3, there exists ¢ p > 0 such that

1P <cp(E +1E°)  for& eR.

From this relation, we see that

(1 02 + w?
Vo Iyl

1 e 27 (|g* + 82|z +
§<— (Iz] = |z )_i_e,pl, (|Z|2pl+8(l)7|z|2p(l+l)) 1

+|®|P+|w|1’>1 .

1<|z|<e2+2

It
1<|z|<e2+2

1 e 211’|Z|4l+4 3 p
+<e lr|Z|2(l+l)> 1 N
|y| 1<|z|<e2+2

«/_82 _ _ -
( 2Z‘K| |4l+4 21‘[|Z|4(Z+1)+e 3ZT|Z|6(1+1) 1

N

A

It
l<|z|<e2l+2

|z]

§3_21r|z|4l+4 It .
1<|z|<e2+2

We use (7.11) again to get

2 —2lt 4l
LY Ler) (B )y |
AT PNICE LRl O/ S T o
e T2 <|7]<2e T2 y ¢ M7 <|7|<2¢ TH2

=2t 4 =3t 6l
S
e 242 <|z]<2e i

=2t 4
Se |z[*1 " a+he
eTHZ <|z]<2e i

—(+DT 2042
Se 4 1 e
e 22 <|z|<2e 20+2

We finally estimate the last term.

18 N 8P ;
y1+|x|4 1+ |x]2P | “fzl>e

e

1 w?
—=—+ 0 i S—= :
ﬁ [y |Z|>eZI+2 f I+2
% 8 st
< f 1 .+ L 0+
e <pp<ed T\ x| T [x?P
2
<1 T T —1 .
~ eI <7< + |x|2P kel>1

From the above estimates, we conclude that

—lr —%t

—pl =21 41+4

INW)| S < YR Im 1|z|<1 +e7? Tl\z|<1 +e T|Z| | z
A 1+|y|7 1<|z]<e 2+

—(+D7 ), 2042 5
+e |z| 1 +1

e

Lixj>1.

1
Ir (H'?)t

T T + T,
I+2 2 2p
e T2 <|z| <2e 2F2 <lzl<e |x|

Combining (7.7)—(7.10) and (7.12), we complete the proof. O

(+35)t

11

(7.11)

(7.12)
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7.3. L%(Rs) estimate for ®(z, t)

To derive the estimate for a solution ®(z, 7) of (7.6), we first consider

BTCDI =Az<D1 in RS X (T(),OO),
@ ={(d- e)Xout}J_ for T = 1p.

Lemma 7.2. There exists K i > 1 independent of R, 8o, o such that

1B (2. 7)] < K| e~0+D7 (1 + |z|21+2) for (z, 1) € R® x (19, 00).

Proof. We estimate the initial data.
Loy,
{(d-e)xour)" =(d-€)xou — Y —=(ejXout €k)pek
2
Jjk=0"k
i i

d; d;
=@ -exou— Y —glej.e)per+ > —5(ej(1 = Xou): &) pek
k=0 %k k=0 %k

1
d.
=@d-e)(tou—D+ > K—’z(ej(l — Xou): €k) pk-
k=0 "k

1
Since xou = X(el%') with B = ;—sz, we see from (7.5) that

1{(d - & xou) -1l < 1] S o= @D,
Therefore we deduce that
191Dl < 1{(d - @) xour} Il e HDETT0) < =0T, (7.13)

We next derive a pointwise estimate. Let ¢;11(z) be given in Section 3.5, which is written as

2 4 2042
1@ =1+ailzl* +alz|* + - + a1z

To construct a comparison function, we define

- . 1 ifa, >0,
er+1(z2) =kepy1(2) with k= ) +1
—1 ifa4 <O.

From this definition, there exists 7741 > 0 such that

a1 |Z|2[+2
2

Therefore we note from (7.13) that there exists K > 1 such that |®(z, 7)| < Ke_(l“)’épr] (z) for |z| = ry41. Further-
more it holds from (7.5) that |®{(70)| < |d] - |e(z)| < e~ @*+D|71% for |z] > r/4 1. Therefore a comparison argument
shows that there exists K’ > 1 such that

e+1(z) > for |z| > ri41.

@1z, ) < K'e" V8 1(x)  for |z] > rip1, T > 0.
This completes the proof. O
Next we write ® as

=7 + Py,

The function ®;(z, T) solves
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3 Py =A, Py +e TG

. 5
oue M R7 x (79, 00),

(7.14)
o, =0 for T = 19.

We first provide L%, estimates of Gy;.

Lemma 7.3. It holds that

—-1
IGoutll, Se @2,

~

Proof. From Lemma 7.1, we easily verify that
”Gout“p S ||Gout1|z|<l ||p + ||Gout1|z\>1 ”p
—21
Sz ||G0ut1|z|<l||,0+e ’.
We estimate the first term.

] Lyi<r

9
e

Lyj<2r + 1y >2R

—pl
5 +e pit

e
||G0ut1|z|<1||p S 1
A2R1

L2(Jz]<1) L2()z|<1)

—It 5

r 1
5 e l (R)»ef)z—i- |y|>2R

11
[yl4

it 5 11 _1
< ¢ : ((Rke2)2 + (kef) ! (R)»ﬂ) 4) +e Pt
AR

T 1
< Rie#e (=27 4 p=plT,

_i_efplr

L2(lz|<D)

Since 19 = R, we complete the proof. O
From these estimates, we immediately obtain L% estimates of ®»(z, 7).

Lemma 7.4. There exists Ké > 1 independent of R, 8o, o such that

1P2(0)l,p < Kpe™ 7.
Proof. We take the inner product (-, ®3), in (7.14) to get
1d 2 —r L
§E||d’2”p = (A; D2, 2), + e (Goy, P2)p.
Since (A, ®>, ®2) < —( + 1)|| P22, we deduce from Lemma 7.3 that

D2 (D), S e Hhm.

The proof is completed. O

It

7.4. Pointwise estimate for ®(z, T) in |z| < eZ+2

Since ®,(z, T) is a solution of (7.14), it is written as an integral form.

T
oz, 1) = / M Gt (7.15)
70

We here estimate ®,(z, 7) by the same manner as in [12,13] (see also [17,19] and Section 5.2 [11]). For simplicity
we put

2A+3 241
b:min{ 2 * }

4 '2+2
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Proposition 7.1. There exists K} > 1 independent of R, 8o, o such that

T

, 1 e—l‘L’ —l
/eAZ(‘L'—‘L’ )e—‘L' |Gout|dr < K’; — +Tb —lIt + |Z| =21 +€ (21+I)T|Z|4l+4
RE 1+ |yl R

70

a2l
te U+t |z|2l+2> for (z,7) € R" x (19, 00).

As a consequence of this proposition, we obtain

T
e—lt

, 1 —lt
/e"z“‘”e" G JdT' € — ——— + TP 4 Sy 2
R 14y R3

70

21+2

+e —(U+3)T 1z for |z| <e21%, T € (19, 00). (7.16)

For simplicity of computation, we arrange the estimate in Lemma 7.1 as

—It
e 1
|Gout|§ )\2 1 9
Ri1+|y|3

1 2
= Gou + Gont

1
(7P T T 242) forz e R

We first prepare the following lemma.

Lemma 7.5. There exists k' > 0 independent of t1, R, 8, o such that

T

’ 1 e_lrl
/eAz(‘E—‘E )e—‘f |G0ut|dT < k/ ( + Tbe—l‘rl + e—(2l+l)‘[|z|4l+4

J RE 14 |y|d
21
e U+ |z|21+2> for (z, 7) € R x (11, 00).
Proof. We write the integral as
T T
/eAz(r*T/)e77/|GoLut|dt/ < /eAZ(r*r/)efr/ (‘G(()t)t —+ ‘G(()i)t )
T 12

-7/
A et )—(Gouts ek)pek
K

From Lemma 3.7, we see that

T T
/‘eAz(rfr’)efr’ /5/{ef(pl+l)r’+ef(21+l)t’ (1+ef(21+2)(t7r’)|z|4l+4)

7] 71

LD (1 +e—(l+1)(r—r’)|z|21+2>}dr/
< oD Jref(zer1>r|Z|41+4Jre—(l+§§12 7|2 +2
< T35 o—lm 4o QDT 44 +e—(l+%)r|z|21+2.

Since |a|k <1+ |a|l"’1 fork=0,1,2,---,1, we get from Lemma 7.3 that
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T

T
/ ‘eAZ(T_T/)e_T/(GOm, ek)pek‘ dc’ 2/ ‘e—k(r—r/)e—r’(Gom’ ek)pek‘df/
T

71

<em@Hdm (e—(r—rl) (1 i |z|2>>k

< @+ {1 " (ef(rfrl) (1 " mz))’“}

< e—(2l+%)r1 +e—(l—%)rle—(l-i-l)r|Z|21+2‘

Furthermore Lemma 3.8 implies

T

/eAz(T_T )e—r

71

-1
G(]) d‘L’/S Ll e 't ] i T(ZH_%)%e_lrl.
Rz 14 |y|4

out

The proof is completed. O

To obtain the estimate in Proposition 7.1, we consider four cases separately.

i) zeR" and rte(r9,70+ 1),
(i) |zl <4 and Tt e (t9+1,00),

(i) 2<|zl<e 20 and 1€ (r9+1,00),
@iv) |z|>e% and 71 e (94 1,00).

7.4.1. (i) Estimate in z € R" and t € (19, 10 + 1)
In this case, the estimate follows from Lemma 7.5.

7.4.2. (ii) Estimate in |z| <4 and T € (19 + 1, 00)
We divide the integral in (7.15) into two parts.

T—1

T
<I>2(r):/eAz(f—f/)e_f/Gé‘utdr’—f- / eAz(f_f/)e_T,Gjutdt’.
70 7—1
We apply Lemma 3.6 and Lemma 7.3 to get
7—1 T—1
/ / 1 71 ’
/eAz(r_r)e_r Gé‘utdr’ < / ’eAZfeAZ(T_T_f)e_T G(J);n dt’
) 0
1
=1 €20z
_1
5 f 4(1+¢ 12) eAZ(ﬂc—r’—%)e—r’Gé_ut '
— e 2)% p
Ja—eni
T—1
—(+D@=) || -1 AL
5/6 U+D(—1) ‘e T Goyll dt’
P
70
—1

< | o UHDGE—T) — QDT g
70
<emUHDT  for|z| <4, T € (t0+ 1, 00).

The second integral is reduced to Lemma 7.5.
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. . I
7.4.3. (iii) Estimate in2 < |z] <e 2 andt € (19 + 1, 00)
T*TO
For2 < |z] <e™2 , we define 7] € (79, T — 1) by

-0
|z|=e"2".

We write ®,(z, T) as

T] 7—1 T
Dy(7) = / eAZ(r_r/)e_r/Géuth/ + / eAZ(T_r,)e_T,Gélth/ + / eAZ(t_t/)e_t/G(indT/-
) 71 —1

. fdntil
Since tp <71 <7 — 1l and |z =e"Z , we get from Lemma 3.6 and Lemma 7.3 that

71

7|
feAz(r—r’)e—r’Gé]th/ 5/ ‘eAZ(r—rl)eAz(r—r’-i-n)e—r’Géut dr’
T0 70
o 6’7(.[7[])‘Z|2
1
o 2 N 4!
,S/. 4(14e 2) . HeAZ(rl r)e T G(Jilt dt’
(1 —e—(T-m)3 p
0
71
—+D)@ =) || -7 L
5/6 D@m= ‘e TGyl dt’
P
0
T
g/e—(H—l)(rl—r/)e—(2l+%)r’d.[/
0
< g~ U+DT
We next estimate the second term. We apply Lemma 7.5 to get
T
A (t—7) —1/ | ~L ’ 1 e b —It —QI+Dt,_ 4l+4 —(+Z£hye, 2142
et e |Goldt' S ———F+ T +e 1z +e 4207 7| .
Rz 1+ |y|4

71

=T
Since |z| = eTl, it holds that e ~™1 = ¢~!7|z|?. Therefore we deduce that

T
A(r=1) —7' | ~L ’ e Tie? b —lt)_ 2l —QI+DT 444 | —(+EEhe, 2042
et e " |Gy ldt 5—1714—7" e Mz|” +e 1z| +e w27 7]
RT 1+]y|d

7]

—lt

-
R+
The estimate for the last term is derived from Lemma 7.5.

_ (AL
122 4 e~ QDT |4 43T 2042

7.4.4. (iv) Estimate in |z| > e% andt € (19 + 1, 00)
We get from Lemma 7.5 that

T

o 1 elw
/eAz(rfr)efr G ldr <c| S bl 4 o~ DE| A
R% 1+ [yl3
70
(425 2142 5
te )T 4] for (z,7) € R” x (11, 00).

. L _ _ . . . .. .
Since |z| > e Z , it holds that e~/® < ¢~T|z|?!. Therefore we obtain the desired estimate. Combining estimates
(1)—(iv), we complete the proof of Proposition 7.1.
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It

7.5. Pointwise estimate for ®(z, T) in |z| > eZ+2

We go back to the function ¢(z, 7) defined in (7.2).
Lemma 7.6. There exists K f‘ > 0 independent of R, 8o, o such that
|(,0(Z,‘L')|<K4/LT“+1 for |z|>621%, > 10.
Proof. We recall that

0z, 7)=b(t) - e+ D1(z,7) + D2(z, 7).

We now check that

I

It
oz, 1)=K (26‘_1'*'_01 — g_l+_l>

It )
gives a super solution in |z| > e¢2Z+2. From (7.4), Lemma 7.2 and (7.16), we note that

— — _ (42l
|§0(Z,T)|§e (2[+1)T|Z|21+e (l+1)1'|z|21+2+€ l‘[|z|21+e (l+2[+2)‘[|z|2l+2

for |z| > 1. Therefore we get

_ 1t

It
lp(z, )| Se ™1 for |z| = e7+2.

Furthermore by (7.5), we see that the initial data satisfies

() = 1d-elxou S0 (14 1P 1y,
|z|<2e” 242
< e~@HDn (1 + |Z|21) 1 g <e Do,

|z]<e2

Finally we get from Lemma 7.1 that

—r —(4+2£hyT 2142 2 -1
e "Goutl Se 43277 | 7] 1 a+dye a+he + 8e

e AT <|z|<2e ATHT

_ It It
Se I for |z| > e2+2.

From this estimate, we verify that if K > 1
IK 1T

It
Yr —Ap= l—}—le W > e | Goutl for |z| > e2+2.

Therefore by a comparison argument, we obtain

— _l& 1 It

lpz, DI Sz, 1) S Ke FIl = KT HT for |z| > e2+2, T > 1.

The proof is completed. O
We now assume that
1 _ IR 2

TH =¢ I+ <8O'

From this relation, Lemma 7.6 is rewritten as
It
lo(z, T)| < K483 for |z| > e2+2, T > 19. (7.17)

We finally derive estimates in |x| > 1. Let W(x, t) be a solution of (7.1).
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Lemma 7.7. There exists K5 > 0 independent of R, 8o, o such that
31+3 52

W(x,0)| < Ki | — + =% for |x| > 1, t € (0, T).
|x|3 |x|?

Proof. We now claim that

2
K <T3z+3 (T — t)3l+3> + Ké;
|x|3 |x|2

gives a super solution in |x| > 1. Since ¢(z, 7) = W(x, t) (see Section 7.1), from (7.17), we verify that if K > K4

W(x, 1) =

|W(x, 1) < K485 < W(x,1)  for|x| = 1.
Furthermore from Lemma 7.1, we recall that

(T _ I)3l+2 8%
FERRTTT

Therefore since p > 2, we get if K > 1

1Goul S

for |x| > 1.

_ - (Bl+3)K 2K 82
W, — AW = T(T — )3+ 4 |x—|4° > [Gow|  for|x| > 1.

Since W(x,t) =0 for |x| > 1, r =0 (see (7.1)), by a comparison argument, we conclude
[W(x,1)] <W(x,t)  for|x|>1, re(0,T).

This completes the proof. O
8. Proof of Theorem 1

We perform the argument mentioned in Section 5.2 rigorously. We fix §p € (0, 1) small enough. Let w(x,¢) €
C(R3 x [0, T]) be an extension of w(x, ) € X, defined in Section 5.2, (A(1), €(y, 1)) be a pair of functions constructed
in Section 6, and W (x, t) be a function obtained in Section 7. We now define

w(x, 1) € Xo > W(x,1) e C(R? x [0, T)) NC>'(R> x (0, T)).

From Proposition 7.1 and Lemma 7.6—-Lemma 7.7, there exists Ry > 0 such that W(x,t) € X, if R > Ry. By the way
of construction, the mapping w(x, t) € (Xs,dx,) — W(x,t) € (X, dx,) is continuous, where dx_ is the metric in
X defined in (5.8). Furthermore we note that

2
o
7’(20)2”2,\(;) <2372 and 19 <7t <|logQo)|  forte(0,T —20).

do
1+|x|?
the mapping is compact. From the Schauder fixed point theorem, we obtain a function w(x,t) = W(x,?) € X,,

which is denoted by wq (x, ). Since Wy (x, 1) = we(x,t) for t € (0,7 — 20) (see Section 5.2), a pair of func-
tions (wg (x,1), Ay (1), €5 (y, 1)) gives a solution of (5.5) for r € (0, T — 20). We take 0 — 0 to obtain w(x,?) =
limy 0 we (x, ). This is the desired solution, which has the form

Therefore from the local Holder estimate and the decay of space infinity W(x, ) <

for |x| > 1, we find that

n=2
M(x’ t) ZQ)L + ®(-x’ t)Xout +)L776(y7t)Xin + w(-xv t)

with
T—1t
M) — o (T — z)2’+2‘ <K (50 +— ) (T — 2+2,
If we repeat the argument for any A <0 (we fixed A = —1 in Section 4), we obtain the solution described in Theo-

rem 1.
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Appendix A

As is stated in Introduction, we correct the mistake in [8]. Throughout this section, we use their notation. They
define a rescaled function ®(y, t) on p. 2959.

1 X
Sy, 1) =T —t)rTu(x,t), = )
O i =
Furthermore they introduce inner variables in (3.1) on p. 2961.
_ 7
e(r)

In their construction, € () satisfies the following formula ((3.4) on p. 2961)

T =—log(T —1). (A.1)

(. 0)=€¢ TIGE D), & (A2)

P00, 1) =€(7) %. (A.3)

Casen=>5
They derive the following equation for €(7) on p. 2971.

d | 11 _A¢l(0) e_(H.%)f'

—€2 — — =

dt 4 15B;

From this equation, they get

[N

(1) ~ Ke~ @)
Therefore from this relation and (A.1)-(A.3), we conclude

1w(0,1) = (T — )" 71d(0, 1)
2

1
=(T —1t) P Te(0,7) P!

~ (T =D 7HK(T =43}
~KTIT =" 1=0,1,2,).
However their computation gives (p. 2971)
w0, ~K 3T -~ (1=0,1,2,--).

Casen==6
From the matched asymptotic expansion technique, they derive the following equation for €(t) on p. 2971.

2é 3 1
6B6(—E—1)=—1——+0(—>.
€ 2t T

Since Bg = % (p. 2971), they obtain

15

e(t)NAef% T8,

In the same manner as the case n = 5, we conclude
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2
=T

1

u©,t)=(T —1t) rTe(0,7) P

1 3 15 5

~(T =) " HA(T -3t 8}

) _3 5

~ATNT — )" 2|log(T — 1) +.
However their blowup rate is given by (p. 2972)
w(0,1) ~ A~V (T — )~ |log(T —1)|"%.
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