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Abstract

The main result of this paper is a nonlocal version of Harnack’s inequality for a class of parabolic nonlocal equations. We
additionally establish a weak Harnack inequality as well as local boundedness of solutions. None of the results require the solution
to be globally positive.
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1. Introduction and main results

The purpose of this paper is to establish a Harnack inequality for weak solutions to equations of the type

Ou(x,t)+ Lu(x,1)=0 inR" x (0,7), €8
where
Lu(x,t) =P.V. /(u(x, t)—u(y,))K(x,y, t)dy.
Rn

We assume that K is symmetric with respect to x and y and satisfies, for some A > 1 and s € (0, 1), the ellipticity
condition
-1

<K(x,y,1) < 2
|x

|x _ y|n+2s — _ y|n+2s ’
uniformly in ¢ € (0, T)). When

C(n,s)

K(x,y,t)=m,
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for appropriate choice of C(n, s), L is the fractional Laplacian and (1) is called the fractional heat equation. Equations
of the type (1) appear for instance in the study of Levy processes as well as in signal and image processing.

1.1. Notation

Our estimates feature a nonlocal quantity defined below, called the parabolic tail. The time dependence in the
parabolic tails is one of the main difficulties that arise in the parabolic setting compared to the elliptic.

Definition 1. If v is a measurable function on R” x (0, T'), and xo € R", r > 0,0 < t; <, < T, the parabolic tail of
v with respect to xo, r, t1, > is defined by

/ / BLICIL) 3)
th—t |x — xo|nt2s '

f1 R™\B, (xo)

Tail(v; xg, r, t1, 1) =

We also define the parabolic supremum tail of v with respect to xo, r, t1, t> by

[v(x, 1)l
|x — xo|" 2

Tailo (v; X0, 7, 11, 12) =1 sup / @

n<t<ty
R~ \ By (x0)

For xo € R" and r > 0, B,(xg) denotes the ball in R” of radius r and center xo. When the point xq is clear from
the context we simply write B,. For 1y € (r>*, T — r?*), we define the parabolic cylinders

U™ (r)=U" (x0,f0.r) = By(x0) x (to —r*. 19),

U*(r) = U™ (x0, 0. ) = By (x0) x (10, 1o + ).
We denote the positive and negative parts of a function v(x, ) by

v4(x, 1) =max{v(x,1),0}, v_(x,t)=max{—v(x,1),0}.
The measure K (x, y,t)dxdy occurs frequently in our proofs and, for the sake of brevity, we shall often use the
notation

du=dulx,y,t)=K(x,y, t)dxdy.

Throughout the paper, C will denote a generic positive constant depending only on n, s, A.
1.2. Main results and overview of related literature

Theorems 1.1-1.4 below are the main results of the paper. Note that the solution is not required to be nonnegative
globally. To the authors best knowledge, they are new even for the fractional heat equation. For operators of the type
in (1), that may depend on time and possess no regularity other than the ellipticity condition (2), Theorem 1.1, 1.3
and 1.4 seem to be new even in the context of globally positive solutions. The fact that solutions are not required to
be globally positive in our Harnack inequality allows us to deduce Holder continuity in a rather standard way. For this
we refer to the paper [13] in which Holder continuity is proved for solutions to elliptic equations. The proof can be
adapted to parabolic equations without too much effort.

Theorem 1.1 (Harnack inequality). Let 0 < r < R/2, let ty > r?* and let
f=1o+2r> —a(r/2)*, forsomea € (1,2%).

Suppose that t| < T and that u is a solution to (1) such that

2s

u>0in Br(xg) x (tg —r=, 11).

Then
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7 \2s ]
sup ux<C ( inf  u+ (—) Tail(u_; xo, R, tg — 1%, fl)) ’
U~ (x0,t0,7/2) U~ (x0,t1,7/2) R

where C depends on n, s, A and .

Theorem 1.2 (Weak Harnack inequality). Suppose that u is a supersolution to (1) such that
u>0in Br(xg) x (to —2r> 10+ 2r%), r<R/2.
Then

udxdt < C inf u
By (x0) X (t0+128 ,10+2r2)
By (x0) X (10—2r28 19 —r%)

r\2s . 5 2
+C <E> Tailoo (u_; x0, R, 1o — 2r=*, to + 2r~").

The next two theorems concern local boundedness of subsolutions.

Theorem 1.3. Suppose that u is a subsolution to (1). Then for any xo € R", r >0, to € (r**,T), 6 € (0, 1) and any
6 € (0, 1), there exist positive constants C(§) = C(5,n, A, s) and m = m(n, s), such that

C(
sup u< % 7[ uydxdt
U~ (x0,20,0r) (1 - 9)
U~ (x0,10,r)

2s

+ 8 Tail(u4; xo, 1, to — ¥, to).

Theorem 1.4. Suppose that u is a subsolution to (1) such that

2s

u>0in Br(xg) X (to —r=",1t9), r<R/2,

where to € (r>, T). Then for any 6 € (0, 1) and any § € (0, 1), there exist positive constants C(§) = C(§,n, A, s) and
m =m(n, s) such that

C(@
sup u< # ][ udxdt

U-Goto0ry (L —=60)"
U~ (x0,10,7)

r 2s . 2
+8 (E> Tail(u—; xo, R, to — ™, 19).

The tail of the negative part of the solution enters in a crucial way. If u is assumed to be nonnegative throughout R”
for all relevant times, the results are analogous to the corresponding theorems for local equations. For instance, Theo-
rem 1.4 asserts in this situation that the solution is locally bounded in terms of its local L'-norm only. In Theorem 1.2
the supremum version of the tail, Taily, is used rather than Tail. We will see later in Lemma 2.8 and Corollary 2.1
that Tails, (v; X0, 20, 2) can be estimated in terms of Tail(v; xo, #1, t2) if 11 < fo and v is either the positive part of a
subsolution or the negative part of a supersolution. The technique that we use for this estimate requires us to work
with global solutions. In fact, this is the only reason for us to consider global solutions. Under the hypothesis that
Lemma 2.8 and Corollary 2.1 hold, Theorems 1.1-1.4 hold for functions that are solutions only locally.

For solutions to elliptic equations Lu = 0 in B,, that are nonnegative in Bg D B,, the following Harnack inequality
holds:

2s
supu < C ( inf u + (1) Tail(u_: xo, R) ) , 5)
B2 Brp R
where
Tail(u_; xo, R) = R u—dx
al (Mf, X0, ) = W

R\ B (x0)
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The Harnack inequality (5) is due to Kassmann, who proved it for the fractional laplacian, see [14], [13]. In [13] a
counterexample is provided that shows that the tail-contribution in (5) is actually necessary. The Harnack inequality
(5) was later proven to hold for solutions to more general fractional operators of p-Laplace type, with a suitably
adjusted tail-term if p # 2, see [7] and [6] by Di Castro, Kuusi and Palatucci. In the papers [7], [6], which have to
be considered the state of the art of the elliptic theory, the authors additionally prove local boundedness and Holder
continuity of solutions.

In the parabolic context, Harnack’s inequality has, to the author’s best knowledge only been proved for solutions
that are globally positive, using representation formulas in terms of the heat kernel. In the probabilistic setting, Har-
nack inequalities have been established using the connection between stochastic processes and equations similar to
(1). See for example [1] and the references therein. In [3], Bonforte, Sire and Vazquez develop an optimal existence
and uniqueness theory for the Cauchy problem for the fractional heat equation posed in R”. For globally positive so-
lutions to the fractional heat equation, they prove a Harnack inequality in which the usual timelag present in parabolic
Harnack inequalities does not occur. This is due to the fact that the fractional heat kernel is not of Gaussian form.
Thus the time lag present in Theorem 1.1 and 1.2 does not seem to be necessary.

Felsinger and Kassmann [11] prove a weak Harnack inequality and Holder continuity for weak solutions to (1)
that are globally positive. They work with a class of kernels satisfying slightly weaker growth conditions than (2).
Due to the assumption of global positivity, the nonlocal term involving the negative part of the solution (the tail term),
that normally occur in such estimates, is not present. In [15], Schwab and Kassmann prove results similar to those in
[L1], but with a(t, x, y)du(x, y) in place of K (¢, x, y)dxdy, merely assuming that p is a measure, not necessarily
absolutely continuous w.r.t. Lebesgue measure, that satisfies certain growth conditions. It should also be mentioned
that the conditions imposed on the kernels/measures in [11] and [15] are in general not sufficient to prove a Harnack
inequality. This is due to a result by Bogdan and Sztonyk [2] that prove sharp conditions on the kernel for a Harnack
inequality to hold (in the elliptic setting).

In [18] by the author, local boundedness of solutions to degenerate nonlocal parabolic equations of p—Laplace
type is proved. The proof is valid for p > 2 and not p = 2 that is considered in this paper. The bounds established in
[18] depend on the supremum-version of the tail (4). In that sense they are weaker than those established in the present
paper. Otherwise there seem to exist no previous theory of local boundedness, i.e. results in the spirit of Theorem 1.3
- 1.4, for parabolic nonlocal equations.

In [5], Caffarelli, Chan and Vasseur study parabolic nonlocal, nonlinear equations of quadratic growth in all space.
They prove that solutions are bounded and Holder continuous as soon as the initial data is in L2. Their results apply
to the situation of the present paper. Thus, if we specify initial data uo € L>(R”") at time ¢ = 0 for the equation (1), its
solution will be Holder continuous.

1.3. Outline of the paper

In section 2 we cast £ as an operator in divergence form, and introduce weak sub- and supersolutions to equation
(1), as well as some of their properties. We also establish Caccippoli inequalities that are crucial for the proofs of
Theorems 1.1 -1.4. Finally we provide estimates for the parabolic tails introduced in Definition 1. An indispensable
tool here is the fact that the weight function appearing in the definition of the tails behaves almost like an eigenfunction
for the operator £. This result first appeared in [4] and was used in [3]. Section 3 is devoted to the proof of Theorem 1.2,
the weak Harnack inequality. The structure of the proof follows Mosers original ideas. Theorem 1.2 was proved under
the additional hypothesis that u > 0 in R” x (fo — r25 to+r2) in [11]. In section 3 we prove Theorem 1.3 and 1.4. The
proof uses De Giorgi’s approach together with the estimates for the estimates for parabolic tails proved in section 2.
Finally, in section 4 we obtain Harnack’s inequality in a standard way using the previous results.

2. Preliminaries and tools

For a domain D C R”, the Sobolev space H®(D) consists of all functions f € L?(D) such that the semi-norm

1

- 2dxd
U1y = / |f @) = f ) Pdxdy

x — |2
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is finite. The norm of f € H*(D) is given by

I fllas oy = Lf 1as oy + I1Lf 1 22 py-

The dual space of H*(D) is denoted H~*(D). We write (-, -) for the duality pairing between H*(D) and H~*(D).
The parabolic Sobolev space L2(0, T; HS(D)) is the set of measurable functions on (0, 7)) x D such that the norm

1

2

T
2
||f||L2(0,T;HS(D)) = /”f('»t)”[-].r(p)dt )
0

is finite. Its dual space, LZ(O, T; H=5(D)), is defined analogously.
2.1. Weak solutions

We treat £ as an operator in divergence form. Let

Eu,v,t) = / /(u(x, t)—u(y,)(wx,t) —v(y,t)K(x,y, t)dxdy.
Ran

Then if u and v are sufficiently smooth,

/,Cu(x, Hv(x,t)dx =2E(u, v, t).
Rn

Thus, in order for the definition of weak solution given below to be consistent with (1), we need to use %K rather than
K in the definition of £.

Definition 2. We say that u is a weak subsolution (supersolution) to (1) if
T T
[+ [ew.p.nar =00, ©)
0 0

for all nonnegative ¢ € H = {v € L*>(0, T; H*(R")) : ;v € L>(0, T; H~*(R™))} such that ¢(-,0) = ¢(-, T) = 0.
Such a function will be referred to as a test function. A solution to (1) is a function that is both a subsolution and a
supersolution.

When ¢ has a time derivative in the classical sense, a weak subsolution (supersolution) to (1) satisfies

T T
— //uatqbdxdt + /E(M, ¢,t)dt <0(>0). @)
0 R" 0

If we additionally specify initial data u(x,0) = ug(x) € L*>(R"), a unique weak solution can be constructed using

Galerkin’s method. We also refer to [3] for a much more advanced theory of existence and uniqueness for the fractional
heat equation.

Remark 2.1. We here briefly explain how to regularize test functions in a way that enables us to work with solutions
as though they were bounded and smooth in 7. In order not to overburden our proofs, we will not do this explicitly
later on but refer to this remark instead. If f € H*(D), then f1(x) = max{f(x), 0} belongs to H*(D) and

[f+1m5Dp) < [f1m5(D)-

This is simply due to the fact that for any a, b € R, |ay — by| < |a — b|. Since min{a, M} =M — (M — a) 4+, we see
that a truncation does not increase the semi-norm in H*(D):
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[min{f, M}1psp) < [flusp), forany M € R. ®)

Similarly, we have

[max{f, M}lgspy < [flasp), forany M eR. )
Let ¢ € C°(—1/2, 1/2) be a non negative function such that ¢ (¢) = ¢ (—t) and
1/2
/ cdt =1.
—1/2

For h > 0,set &, (t) = ¢(t/h)h~ ' If,a < b, f € L' (a,b), (@, ) C (@a+h/2,b—h/2) and t € (a, B), let

b
Sn(@) Z/f(s)é‘h(t —s)ds.

Then f;, is smooth on (e, B) and limy,_.q f4(t) = f () for a.e. t € (a,b). If g(¢t) € L'(a, b), it is not hard to check,
using the symmetry of ¢, that

B B
/ FOdgn(0)dt = — / b fin (g (1)dr. (10)

o

When deriving estimates from (7), it may be assumed that u(x, ) is bounded and differentiable in ¢ thanks to (8),
(9) and (10). We would typically like to use a test function of the form ¢ (x, ) = u”y¥ (x)n(¢) in (7) which is not in
general possible. However, ¢ = ((min{u, M }),ﬁ7 ¥n)y is a valid test function for p > 1. If p < 1 we need to replace
min by max. If n has compact support in (0, T'), then by (10),

T T
—//ui)@dxdt://at(min{u,M})h(min{u,M})fl’lpndxdt. (11)
0 R~ 0 R~

Thus we may work qualitatively with solutions as though they were bounded (above or below) and smooth in ¢ (with
parameters M, h) as long as our estimates do not depend upon M or i and send 7 — 0 and M — oo in the end.

Remark 2.2. If u is a weak subsolution (supersolution) to (1) and [¢1, 2] C (0, T'), then

/u(x,t2)¢(x,t2)dx—/u(x,t1)¢(x,t1)dx (12)
Rn ]Rn

t n
—//u&;d)dxdl‘-l—/f(u,(b,t)dt50(2 0)’
141

1 Rn

for all non negative smooth test functions ¢. To see this, let 1; be a sequence of smooth, non negative functions on R,
with compact support in (0, T'), such that lim; 1 (¢) = X, a.e. Testing with ¢n; then and integrating by parts

gives
T T
//(])nja,udxdt+///€(u,¢nj,t)dt50(20). (13)

0 R~ 0 R” R~

We recall that it may be assumed that d;u exists by Remark 2.1. By Lebesgue’s dominated convergence theorem,
taking j — oo in (13) results in
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[5)

1)
//¢8,udxdt+///€(u,¢,t)dt50(2 0). (14)

R~ . RrR”
Then (12) follows after integrating by parts. In (12) and (14), ¢ does not need to have compact support in (t1, £2).

The next lemma is a standard fact for local equations, but we have found no proof in the literature for nonlocal
equations.

Lemma 2.1. If u is a weak subsolution to (1), then uy is a weak subsolution to (1).

Proof. Let z;(7) be a smooth, convex approximation of 7 such that
zj(r)=0if r < —1/j, z;(7), z’j(r) >0if t > —1/j and |z/j| <cC, |z’j’| < C(j).
Let ¢j(x,1) =z;(u(x,1)) and let {}(x, 1) = z/j(u(x, t)). We also set

u(x,t)if {;(x, 1) >0,
—1/j if &, 1) =0,

Let ¢ be a nonnegative, bounded test function. By appealing to Remark 2.1, it is easy to verify that ¢¢ j/ is an admissible

uj,+(x,t):max{u(x,t),—l/j}:{ (15)

test function. Using ¢ ]/¢ as a test function in (7) we obtain

T T
[ [aucipaxar+ [ [ [ et —utonc;w.n - o6 onduar
0 Q 0 R? R~

=N+ ;<0

We may write 1 ; as

T T
I =//¢8tzj(u)dxdt—> I ://¢8,u+dxdt, as j — o0. (16)
0 Q 0 Q

We next estimate the integrand of /> ; under the assumption that u(x,?) > u(y,t). If g“/’. (x,1) =0, then {} (y,t)=0
since ¢’ is monotone nondecreasing. Hence the integrand of I, j vanishes for such (x, y, ). If ¢ ]’ (y,t) > 0, then

(1) —u(y,D)(E;(x, D (x, 1) = (v, Py, 1))
=(uj+(x, 1) —uj4(y, l))(f}(x» De(x, 1) — 5;()’7 Dy, 1))
> (uj+ (e, 1) —uj 4+ (0, DX, D@, 1) — P (p,1)).

If g'} (y,t) =0 and gj/. (x,t) > 0, then

(x, ) —u(y, D) x, DG, 1) = Ly, 0P (v, 1))
= (u(x, 1) —u(y, )} (x, P (x, 1)
> (w4 (x, 1) —uj 4+ (v, D) (x, P (x, 1)
> (j+ (1) —uj+ (v, D), D@ (x, 1) — @ (3, 1)).
We have thus shown that if u(x, t) > u(y, t),
(e, 1) —u(y, D), D (x, 1) = (v, (¥, 1)) (17)
> (j (1) —uj+ (v, D), D@ (x, 1) — @ (3, 1)).

If u(x,t) <u(y,t), we obtain the same estimate by interchanging the roles of x and y. By dominated convergence,
we obtain from (17)
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liminf I ;
Jj—00

T
z///K(x,y,t)(u+(x,r)—u+(y,t))<¢<x,r>—¢>(y,t)>dxdydr

0 Rt R

T
=/5(u+,¢>,t)dt.

0

In combination with (16), this gives

0 T
//vatu+dxdt+/5(u+,¢,t)dt50,
0 Q 0

for all bounded, nonnegative test functions ¢, and by a standard approximation argument, all nonnegative test functions

¢. O
2.2. Sobolev inequalities

For the basic properties of fractional Sobolev spaces, we refer to [8]. Lemma 2.1 below follows from Theorem 6.7
in [8]. The correct dependence upon r is obtained by rescaling.

Theorem 2.1. Suppose f € H*(B,) fors € (0,1), n > 2 and let k* = n_"zs. Then there exists a constant C = C(n, s)
such that

1/k*

_ 2
][|f|2k*dx < C’.ZS—"/ dedy+€][|f|2dx
B, Br

|x — ylrt2s

r Dr

The next lemma is standard in the theory of parabolic pde.

Theorem 2.2. Suppose u € L?(t1, t; H*(B,)), s € (0, 1) and let k* = 5= Then for any « € [1, k*],

5}

/][ | f1*dxdt

1 B,
K*—1
1 PE]
2s—n 2 2 (e—1)
S Cr [f(v t)]HS(Br)dt X Sl,lp |f| Kk*—1 d_x
H<t<ty
n .
*—1
5] PES
—n 2 2 (k—1)
= Cr ”f('vt)”LZ(B )dt X sup |f| =1 dx
" H<t<t
n

-

Proof. By Holder’s inequality and Lemma 2.1 we have

[5) 5]

/ ][Iflz“dxdt= / f|f|2|f|2“—”dxdt

1 B, 1 B,
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1 -1
3 oF

n
2pc* 26c* (k—=1)
< LfI7 dx LI =T dx dt
141 B, B,

_ 2 f
<| - n// |f|ix)_y|fgz| dx dydt+C/][|f|2dxdt

I B, By It B

=

|

K*
2uc* (k=1)
X sup |f1 «* =1 dx . O
n<t<tp
B,

The following weighted Poincaré inequality is due to Dyda and Kassmann. See Corollary 6 in [10]. The correct
r-dependence is again obtained by rescaling.

Lemma 2.2. Let s € (0, 1) and let r be a radially decreasing function on B, = B, (x¢) of the form 1 (x) = W(|x —x¢|)
such that =1 in B, j>. Then there exists a constant C depending on s,n such that for all f € L?(B,),

/ £ () =y Py (o)dx < Cr® / %mm{wm, ¥ ()ldxdy,
B, B,
where
. fBr uyrdx
V= fBr Ydx

2.3. Caccioppoli type inequalities

In this section we derive inequalities of Caccioppoli type that play a key role in all subsequent estimates. The
formal computations made in the proofs can be justified in view of Remarks 2.1 and 2.2. For the following algebraic
lemma we refer to [11] where it occurs as Lemma 3.3.

Lemma 2.3. Assume g > 1, a,b > 0 and o, B > 0. Then there exists a constant c; ~ 1 + q such that

1—¢ 1 2
[0 o
o))

Ifqge0,1),a,b>0anda,p >0, there exist positive constants ¢ 4 ~ T and ¢z 4 ~ ﬁ + é

(b —a) (aq+1afq _ ﬁqufq) >

such that

» N2
b—a)@®a™! - B2 > c1 (,BblT — aalT) (i)
—c2g(B—a)? (' +a').

Lemma 2.4 and 2.5 below are, respectively, Caccioppoli inequalities for negative and small positive powers of
supersolutions. They will be used in the proof of the weak Harnack inequality. In the case of supersolutions that are
nonnegative in all space, they occur implicitly in [11]. We here allow the supersolutions to go below zero and thus
need to additionally take into account the contribution of their negative parts.
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Lemma 2.4. Let xo € R" and for any p > 0, let B, = B,(x¢). Let 0 <r < R and let p > 0. Suppose u is a superso-

lution to (1) such that

uz0inBgr x(t1—¢,12), (tr1—4€,1)CO,T).

Then for any d > 0 and u = u + d, there exists a constant C = C(n, s, A, p) that behaves like Co(n, s, A)(1 + pz),

such that

12} P r2
i\ ¢ (i)
— dud
///‘“x)‘/’(y)[( w<x>> (wy)) } ndud:

71—¢ B, B,

+ sup /1/fp+2(x)12_p(x,t)dx

T <I<T)

B,
2 - -p ~ —-p
c 3 ’ (u(x,t)) <u(y,t)> dud
< ,LB/B/(W) v [ ) () [

12
dy .
+C sup / m//u P, )Y P2 (x, Hn(r)dxdt

X ESU]
PP I/f]R' \ 71—¢ B,

u_(y,dy

1)
¢ - +2
+ E sup / m / /M p(x, l‘)lﬂ'p ()C, t)n(t)dxdt

T —{<t<T

xesupp YR"\Bg 11—{ B,

1)
+C / /lﬂp+2(x)ﬁ_p(x,t)8tr)(t)dxdt,

71—¢ B,

(18)

for all nonnegative Y € Cgo(Br) and nonnegative n € C*°(R) such that n(t) =0ift <ty —Landn=1ift > 1.

Proof. Letii =u +d and let ¢y € C°(B,). Let t1 =11 — £, let 1 € (71, 12) and let n € C°(11, 1») satisfy n(¢t1) =0

and n(¢t) =1 for all t > ;. Define, for g > 1,

v =a ), g =a Ty itin).

Since # is a supersolution we obtain

4]
O§//8tﬁ(x,t)¢(x,t)dxdt
n B

'

19}
+///(ﬁ(x,t)—ﬁ(y,t))(</>(x,t)—¢(y,t))du(x,y,t)dt

i B, B,

%)
+2/ / /(ﬁ(x,t)—ﬁ(y,t))d)(x,t)du(x,y,t)dt
1 R™\B, B,
5}
S / P @O )v>(x, 1dx
qg—1

B, "

19)
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q_ -1 //W“(x)v (x, 1o n(t)dxdt

. B,

19}
q+1 q+1
+///(ﬁ(x,r>—ﬁ<y,z)><‘f o _¥ (y)>n<t)du<x,y,t>dt

ud(x,t)  ui(y,t)
t B, B,

%)

+2/ / /(ﬁ(x,t) — iy, Y e, i (x, OO dux, y, Hdt
fi R"\B, B

=h+h+DL+1.

Since u > 0 in Br X (11, ) we have, using that d < u in Bg X (t1, 1),
n
ne2f [ [@wow @ onwdut. yodr

i R"\B, B,

15}
+ ; / / /u_(y, Hv3(x, DI e DO dpx., y. Hdt

11 R"\Bg B,

<2A sup / | I”“Y//v (e, OV (x, Hn(r)dxdt
x—y

Xesupp ¥
PP R\ B,

1 B,
2A u_(y,t)dy// 5 1
+ su — v (e, DY N x, Dn()dxds.
d <t£)z‘2 / lx — y|"+2‘ v 7
xesupp YR\ Bg By

For I, we use Lemma 2.3 to estimate

15} —q 1—q 2
vy | (i T (i)'
— I dud
22// | {(wm) (wy)) } nOdpdt

I By By
iy i//wu)—w( ) (ﬁ(x”)>lq+<ﬁ(y”))lq ()dpds
oy A7) V) e
1 by by

We now choose #; such that

—Ip= _/wq“(x)v (x,)dx = sup /1//’]+1(x)v2(x t)dx.

Ti<t<n g4 — 1

Using (20), (21) and (22) in (19), we obtain

153 1—¢q —q 2
vy | (i o' faGn)
// | [( ) ) - ( e, ) } nndpde

1 B, B,

1
+ sup —— [ I v (x, ndx

n<t<n q¢ — 1

%)
B S| (A, n\' (ﬁ(y,t))l_q
SCq///(W(x) V() [( 1/f(x)> + o) n(t)dudt

1 B, B,

1719

(20)

21

(22)

(23)
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+2A  sup / |x_ I”+2* //v (xc, Y I (e, D ()dxdt

esupp 1//IR"\B, n B,
dy [
2A u_(y,1) y// 2 +1
+ — su _— v7(x, )Y (x, Hn(t)dxdt
d t1<t£)tz / [x — y|"+2“ v "
xesupp YR"\Bg 1 B,

q — //w‘”‘oc)u (x, 1) (t)dxdt.

1 B,

If we choose th = 15, we see that (23) holds with qlTlfBr Vit (x)v?(x, p)dx in place of

SUPy, <<y 7T fB Y47 (x)v?(x, t)dx. Let with p = (g — 1)/2. Then ¢, ~ 1 + p by Lemma 2.3 (i). This completes
the proof ofg (18). O

Lemma 2.5. Let xo € R" and for any p > 0, let B, = B,(x0). Let 0 <r < R and p € (p1, p2) C (0, 1). Suppose that
u is a supersolution to (1) such that

u>0inBgr x (t1,2+4), (11,2+£4)C(0,7T).

Then for any d > 0 and i = u + d, there exists a constant C = C(n, s, A, p1, p2) such that

+L
P ~ P 2
| [ [icofve - ionfum] noduar 24
71 B, B,
sup /l/f )P (x, t)dx
‘L’]<t<‘[2
4L
<C / //(W(X)—l//(y))2 (a(x, 0P +u(y, H)?) n(t)dpdt
71 B, B,
d 7+l
+C sup / 2 / /ﬁp(x,t)wz(x,t)n(t)dxdt
XESupp ¥ |x — y|rtas
R~ r T] Br
J v+
+ S ap / M / /ﬁp(x,t)lpz(x,t)n(t)dxdt
d T <t<m+L lx — y|”+ s
xesupp ¥ R"\Bp 71 B,
+L

+C / /wz(x)ﬁp(x,t)am(t)dxdt,

71

for all nonnegative ¥ € C3°(By) and nonnegative n € C*°(R) suchthat n(t) =1ift1 <t <t andn=0ift > 1o+ L.

Proof. Letii =u +d and let € C°(B,). Let t; € (11, 12), let f, = 1o + £ and let n € C™(t1, 1) satisfy n(tz) =0
and n(t) =1 for all r < t1. Define, for g € (0, 1),

v ) =i 1), b ) =a Ty in@).

Since u is a supersolution we have
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%)
Of//&tﬁ(x,t)q‘)(x,t)dxdt

1 B,

%)
+///(ﬁ(x,o—a(y,t))w(x,r)—¢(y,t)>du<x,y,r>dr

. B, By

n
+2/ / /(a<x,r> A0, D), Ddp(x, y. d
11 R"\B, B,
5]

___ /wz(x)n(t)vz(x,t)dx
qg—1
By

n

T
+q__1 //w (v (x, )9 m(r)dxdt

1 B,

2 2 2
+///(ﬁ(x,r>—a(y,r)>< e V) )n(t)du(x,y,t)dt

@a(x,t) a4y, 1)

n By By

n

+2 / / / @, 1) — @y, D)2 (e, i (e, DO dp(x, v, 1)di
11 R"\B, B,

=lh+0LH+ L+

Since u > 0 in Br X (t1, ) we have, using that d < u in Bg X (t1, 1),

n
L<2 / / / 2 0920, D p(x, v, 1)dt

11 R"\B, B,

n
+§/ / /uy,t)v2<x,rwz(x,r)n(r)du(x,Mdf

f1 R"\Bg B,

19}

<2A dy 2 2

= sup w v (x,t)w (x, t)n(t)dxdt
1 By

‘ lx —
xesuppx//Rn ’
2 dy [
A / u_(y,t)dy // 2 2
4+ — su _ vi(x, DY (x, n(t)dxdt.
d t1<t£)tz lx — y|n+2s v U
xesupp YR\ Bg t B,

For I, we use Lemma 2.3 to estimate

n
“hxei, / / / W (. 1) — ¥ (ol )% (1) dpd

1 By B,

n
. / / / (W () = P ()22 0x, 1) + V2 (0 ) (1 dadt.

1 By B,

1721

(25)

(26)

27
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We now choose #; such that

T1<t<T) 11— q

1 2 2 1 2 2
—I() = —q—_ 1 /‘w (X)U (x, t])dx = Sup — /1// (.X)U (xv t)dx' (28)
B, B,

Using (26), (27) and (28) in (25), we obtain

n
C1,q///(W(X)v(x,t)—w(y)v(y,t))zn(t)d,udt (29)
. B, B,
1 2 2
+ sup —— [ v (x)v(x,H)dx
ri<t<p 1 —¢

-

5]
<y / / / W) — YO, 1) + 02, (s

t1 B, B,

n
d
£ <2A sup / ﬁ//vz(x,t)l/fz(x,t)n(t)dxdt

xesupp ¥
R f By

4]
+ 2 / M//vz(x,r)wz(x,t)n(r)dxdt

d < [x — y|n+2s
xesupp YR"\Bg 1 B,
15}
L 200002
I Yo (0) v (x, 1)dn(t)dxdt
q 1 B,
If we choose # = 71, we see that (24) holds with ﬁf& V2w, ydx in place  of

SUPy, <r <1, ﬁ fB,- W2 (x)v2(x, t)dx. This proves (24) with p =1 — g. If p € (p1, p2), the constants Cl,q,C2,4 from
Lemma 2.3 and 1/(1 — ¢) can be bounded in terms of p1, p» only. O

Finally we need a Caccioppoli inequality for subsolutions. This is based on Theorem 1.4 in [7].

Lemma 2.6. Let xo € R" and for any p > 0, let B, = B, (xo). Suppose that u is a subsolution to (1) and let0 < 1| < 13
and £ > 0 satisfy (t1 — £, 10) C (0, T). Then there exists a constant C = C(n, s, A) such that

)
/ / / e, () — 1wy, DY )PP (30)
t1—¢ B, B,
41 sup /uZ(x,t)l//z(x)dx

2‘[1<t<‘[2

-

5]
=C / / / max{u®(x, 1), u? (v, O}Y () — v ()PP (O)d pdt

71— By B,
1)
,t)d
+C sup / % / /u(x,t)wz(x)nz(t)dxdt
11—l<t<1) |x — y|n+es
xesupp v R™"\B, 71— B,

12}
+% / /uz(x,t)wz(x)amz(t)dxdt.

71— B,
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or all nonnegative W € C3°(B,) and nonnegative n € C*°(R) such that n(t) =0ift <ty —Landn=1ift > 11.
0

Proof. Let 1 =11 — £ and let 1, € (¢1, 12]. Using ¢ (x, 1) = u(x, DY 2(x)n(r) as a test function in (7), appealing to
Remark 2.2, we get

15}
OZ///(“(X’”_“(y’t))(”(x’t)l/fz(x)—”(y’l)wz(y))nz(t)dudt an

' B, B,

n
+2 / / / (W, 1) — uly, P Pdudi

1 Rn\B, B,

n
+//u(x,r)nz(z)wz(x)a,u(x,r)dxdt
t B,

=L+ DL+ 1.

Using the assumptions on 7 and integrating by parts, we find

1) ’
13://7]2(t)w2(x)3tu (;’t)dxdt (32)
11 B,
uz(x,t2) 5 7 uz(x,t) 5 5
:/TW (X)dx—//Tw (x)3;n*(t)dxdt.
B, 1 B,

Turning then to I, we have

n
hx-2 / / / u(y, e, W2 nPdpdt (33)
i R7\B, B,
uy(y,
> ZA/ / /| +y|n+2s u(x, Y2 dxdyd
It R™"\B, By
dy |
, 1
> _2A sup / M//u(x,t)wz(x)n%)dxdz.
ti<t<t [x — y[rt2s
xesupp YR”\ B, t B,

For the estimation of I; we refer to the proof of Theorem 1.4 in [7], where it is shown that

h= ‘///Iu(x DY () — u(y, )Y () *n*(0)dpdt G

t1 B, B,

n
_c / / / max{(u(x. 1), u? (v, O} (6) — ¥ () PO d edr.
' B, B,

If we use the estimates (34), (33) and (32) for I, I and I3 in (31), and choose #;, = 7o, we arrive at the desired
conclusion save for the term

1 2 2
— sup u”(x,)y-(x)dx.
2‘[1<t<‘r2

B,
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If we choose 1, such that

l/uz(x,tz)l/fz(x)dx =% sup /uz(x,t)t/fz(x)dx,

2 TI<I<m)
B, By
we obtain an estimate for % SUpy, </<1, f B, u?(x, )y?(x)dx in terms of the right hand side of (30), with 7, in place of
7. This completes the proof. O

2.4. Estimation of tails

The remainder of this section is devoted to estimates of the tails in Definition 1. We basically need two things here:
1. An estimate of the supremum version of the tail (4) in terms of “weaker” tail in (3). 2. An estimate of Tail(u; ---)
in terms of Tail(u_, ---) and the local supremum of u. Point 2 can not be done for the supremum version of the tail
directly, which is why point 1 is so important. Here we use an important tool from [4].

Lemma 2.7. Let ®(x) be defined by

o) Lif|x] <1,
X)= 1 .
T nhermrs Flxl =1,

and let ©,(x) =r " ®(x/r). Then there exist constants ¢c1 > 1 and co > 1, depending only on n, s, A, such that

e TR (x) S |LOp )| < e1r TR P (x), (i)
: 2s 728
cy s <®,(x) < CQW, Sforall |x| >r. (i)

Proof. The estimate (i) is proved in [4], in the case that L = (—A)* and r = 1. However, the proof can be easily
adapted to symmetric kernels K satisfying (2). The constant c¢; will depend only on the ellipticity constant A. This
establishes (i) for r = 1. For the rescaled function ®, we have, setting z=x/r and n=y/r,

Ly (x) =" / K (e, y. (D /r) — D(y/r)dy
Rn

=B / K (rz.rn, )r" 2 (@(2) — @m)dn =:r "2 (L, D) (x /7).
]Rn
The operator L,, defined through the kernel

Kr(x7y5t)=K(rz7rn’t)rn+2sa

has the same ellipticity constants as L. Hence (i) follows. It is easy to check (ii) from the definition. O

Lemma 2.8. Let xo € R", r > 0 and let t1, t satisfy r*>* <t; <T —r?, tn = t| + r*. Suppose that u is a weak
subsolution to (1) that is nonnegative in By (xo) X (t1, t2). Then for any 0 < ¢ < r2g,

)

Tailoo (4 X0, 7, 11, 12) < Ce ' Tail(uy; xo, 7, 11 — €
15}

+Ce! ][ ][ uidxdt.

t1—er?s By (xo)
Proof. It may be assumed that xo =0. Let § > 0 and let t = t5 € (¢1, 1) satisfy

U+ (x, ) :
r® / dezTalloo(qu;O,r, 1, 12) — 8. (35)

R"\B,
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Let @, be the function in Lemma 2.7. Let further n € C*°(R) be a function satisfying n = 1 in [z, 12], n(t) = 0 for
t<t; —er® and || < Ce~'r=2%. We recall from Lemma 2.1 that u is a weak subsolution and use ¢ = ®, 7 as test
function:

T

/ /®rn8[u+dxdt

131 —er2s Rn

+ / //(u+(x,t)—u+(y,t))(<1>r(X)—CDr(y))n(t)d/L(x,y,l)dtSO.
f—er2 R1R7

We then integrate by parts, to find

T
/u+(x,r)cl>,(x)dx < / /u+d>r8,r/dxdt
R f—er2 R
T
-2 / /u+(x,t)£d>r(x)n(t)dxdt.
t—ers R”

Using Lemma 2.7 and the definition of 7 yields

/ uy(x, 7)dr(x)dx

Rn
T T

<Ce % / /u+d>rdxdt+C / /u+r_2‘vd>r(x)dxdt

n —er2s R7 n —er2s R?

T T
ECE_I 7[ ][ u+dxdt+C8_1 / / pc—l;tcﬁdxdt

t1—er2s By (xg) t1—er2s R"\ B, (xo)
5]

<Ce! uidxdt +C8_1Tail(u+;xo,r, f—er®

1),

t1—er?s By (xo)
where we used that 1, — (1] — er?s )~ P2 Ttisa consequence of the definition of &, that

r2s / deSC/u+(x,T)q)r(x)dx'

|x |n+2s
R"\Br R

The lemma now follows from (35) since § is arbitrary. O

Corollary 2.1. Suppose u is a weak supersolution to (1). Let xo € R* and r > 0. Then for any r** <t; < T —r%,

t =1t +r% and any 0 <e < fr,

Tailoo (u_; X0, 7, t1, t2) < Ce ™' Tail(u_; xo, 1, 1] — 1>, 1)
[5)
+Ce™! ][ ][ u_dxdr.
t1—er?s By (xo)
Proof. Since u is a supersolution, v = —u is a subsolution. Thus, by Lemma 2.1, u_ = v is a subsolution and the

result follows from Lemma 2.8. O
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Lemma 2.9. Let u be a weak solution to (1). For 0 <r < R/2, suppose that
u>0in Br(xo) x (11, 12),
where 0 <11 <T —r® and ty = 1, + r®. Then

r 2s
Tails: xo,r 11,0) <C  sup  u+C (—) Tail(u_: xo, R, 11, 12). (36)
B, (x0) X (11.12) R

Proof. Let ¢y € C2°(B3,/4) satisfy ¥ =1in B2, 0 < <1l and |V{| < C/r. Let k = supp ., ,,) u- We test the
equation (1) with ¢ = (u — 2k)y>:

[5)
0=//8;u¢dxdt 37

n By

5]
+///<u<x,r>—u(y,t»(qs(x,r)—¢<y,r))dxdydr

B, By

5}
+2/ / /(u(x,t) —u(y,t)(u —2k)1/f2dxdydt

1 R™"\B, B,
=L+ DL+
Integrating by parts in /1, we immediately obtain

[5)

_ 2
I = / wwzdxdtzé / (u(x, ) —2k)% — (u(x, 1) — 2k)*) ¢ (x)dx.
B,

4]

Hence

|| < Cr'k>. (38)
We next estimate the integrand of /5 under the assumption that ¥ (x) > ¥ (y). Letting w = (u — 2k), we have

(w(x, 1) — wy, )W, HY(x) — w(y, HY(Y))

= (wx, 1) —w(y, )P x) — (wx, 1) — wly, Nw(y, D x) — ()

> (w(x, 1) — w(y, )Y x) — [wx, 1) — wy, Hlw(y, Oy )Y (x) — ¥ ()]

> kY (x) — v (),

where we used Young’s inequality and the fact that |w| <k in B, x (#1, f2). The same estimate is clearly valid if
Y (y) > ¥ (x) as can be seen by interchanging the roles of x and y. We thus obtain

n
>k / / / () — ¥ ) Pdud (39)
1 B B,
n
> —Ck*r™? / / / Ix — y|>""Fdxdydt > —Ck*r".
' B, B,

Using ¥ = 1 in B, 2, we find the following lower bound for /3:
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[5)

> / / / (W(y.1) — K)skdpdt (40)
It R™\B, B2

19}
_2k/ / /(u(x,t) — M(y’t))+x(u(y,t)<k)1/f2(x)dudt

i R"\B, B,
=131 — I.
Since [x — y| < |x| 4+ |y| <2|y| whenever x € B, and y € R" \ B,,
131 > Cokr" Tail(uy; xo, 1, 11, 12) — CK2r> " / ly| ™"~ >dy 41)
R\ B,

> Cokr"™ Tail(uy; xo, r, t1, 12) — Ck*r".
Similarly, using that ¢ = 0 in R" \ B3, /4, we have for x € B3,/4 and y € R" \ B, that |x — y| > |y| — [x| > %. This
leads to the bound

I3 < CK*r"™ + Ckr" Tail(u_; xo, r, t1, 12) (42)
2 r\2s .
< CK*r" + Ckr™" <E> Tail(u_; x0, R, 11, 12),
where we also used the assumption on nonnegativity. From (37) and (40) we get
i<Dh—L-—-1.
In combination with (38), (39), (41) and (42), this leads to
Cokr" Tail(uy; xo, 1, t1, 1) < Ck*r™ + Ckr" Tail(u_; xo, R, t1, 1).

We complete the proof by dividing through with Cokr”. O
3. Weak Harnack inequality

Our proof of the weak Harnack inequality is based on the approach taken by Moser in [16]. In the case of globally
nonnegative supersolutions, it was implemented in the nonlocal setting in [11].
We begin with an initial estimate of the local infimum of a supersolution.

Lemma 3.1. Suppose that u is a supersolution to (1) and assume that u > 0 in Bgr(xg) X (ty — r2s, tg), wherer < R/2
and r® <19 <T. Let

2s
u=u-+d, whered> (%) Tailoo (u_; x0, R, to — r°, 10).
Then for any p > 0 and 6 € (0, 1), there exists a constant C = C(n, s, A, p) > 1 such that

V4
c
sup @' < ———— ][ ar| . (43)
U~ (x0,10,07) 1—-6)»

U~ (x0,0,7)
Proof. We set
r —j —j .
ro=r, rj=§(1+2 ), 8;=27r, j=12,...
and

U/ — BI X F/ = Brj (x0) x (19 — VJZ'S»IO)-



1728 M. Stromqvist / Ann. I. H. Poincaré — AN 36 (2019) 1709-1745

We choose nonnegative test functions ¢; € C*°(B;) and {; € C*°(T';) satisfying

8
¥ =1in Bjy, dist(suppy;, R" \ B;) > ?j
such that for ¢; = ;¢; we have
0<¢;=<1, ¢;=1inUj;, ¢;(x,10 —rjz»s)=0,

and

99;
ot

c 2s

Jjo_ —2s
= 2512 - C(Sj ’

C .
IVg;l <=2/ =57, ‘
r

Letv=ia""2. By the Sobolev embedding theorem (Theorem 2.2), with k¥ = ”+2s , there holds,

/ ][ |v|*dxdt

Lj1 Bjt1
2
— |U(x,t)_v( ’t)
<cr¥n YO 1 dyar
J |x_y|n+2s
Lj+1 Bj+1 Bjt
2s
n
X | sup ][ |v|2
L
J B
2
n
2 2
+C/ fvdxdt sup ][ |v]
A
Tjy1 Bjt i

=|w

2
n

c [ fv 2dx"”(|B,+1|>

[jt1 Bjta

lo(x, 1) — v(y, 1)[?

Lji1Bjt1 Bjy

I, = sup / lv]2.
Fjt1

Bjt1

—Cr 25— nll ( >
]+1 |Bj+1|

where

and

To estimate Iy and I, we use the Cacciopollo inequality in Lemma 2.4, with r =rj, o =, 11 =11 — r

L= rjzs - rzs . This leads to

L+D

S///’»”j(x)l/fj()’)[<lf//(j(’;))>

T'j Bj Bj

=

)
2

2
a(y,n)z
(w,xy) ] nj(0dudt

+ sup/lp;’”(x)ﬁfp(x,t)dx
FjJrlB_
J

2s
Jj+1

(44)

(45)

(46)

and

(47)
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~ 4 ~ —p
c 2 <u(x,t)> (u(y,t)) Ndud
< / / / W00 — ¥, ()) [ i) o) [

i Bj Bj

+C sup / ﬁ//ﬂ_p(x,t)wp+2(x,t)n(t)dxdt

X Esupp xlijn\B
J

9 u_(y,d -
+t5 osw / #//u P(x,z)wj’+2(x,t)n,(t)dxdr
I'; B

rj

xesupp w_,R"\BR
+ C//l//f“(x)ﬁ_p(x, Do ()dxdt = Jy + Jo + J3 4 Ja,
Tj Bj
where C < Co(n, s, A)(1 + pz). Due to our assumption on v,

22 —y|%d
2y 2CA =5 sup v = yl*dy / / v2(x, 1)dxdt 48)
}’ xEB |)C - |n+2$

/ / v2(x, )dxdt.

Without loss of generahty, it may be assumed that xo = 0. Recalling (44), we have, for x € suppv/; and y € R" \ B},

Lo_ 1 Wl ElelJrlx—yl SL(1+L>§2j+li.

lx =yl yllx =yl ~ Iyl |x—yl [yl j [yl
Thus
Jp < C20 2] / / / P (x, WP (x, Dn(t)dxdt (49)
|y|n+2s
R™\B; B;
5cz<"+2“-/rj—2S / / v (x, t)dxdr.
Ij Bj

If x e suppy; C B, and y € R" \ Bg, then

1o (1+ r ><2
lx —yl = Iyl R—r) " Iyl

Thus J3 satisfies

C
J3 < ER_zs Tailoo (u_; x0, R, tg — rzs,to)//vz(x,t)dxdt.
Tj Bj

Due to our choice of d,

J3<Cr / / v2(x, 1)dxdt. (50)

We finally estimate J4 using the assumption (45):

22sj
C //vz(x dxdt. (51)
— 2S 9
") j Bj

Using the estimates (48), (49), (50) and (51) for Ji, J>, J3 and J4 in (47), we find,
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L+Db< C2<"+2S>frj—2‘ / / v2(x, H)dxdt. (52)
Tj Bj

Recalling (46), (52) gives

][ ][ |v|*dxdt (53)

Lj+1 Bjy
2s

n

<r;PC0 / ][Uzdxdt 202 / vidxdt
Fj B]- l“j Bj
n+2s

<C 2(”+2S)j][][v2dxdt
Tj Bj

n+2s
n

Since k = , we have shown that, for any p > 0,

pK P
][ a | <o |20+ ][ ar| (54)
Uj+1 Uj

Here C = C), is increasing in p at a polynomial rate. Let

Pj
) ﬁ (n+2s)j
~—p; i+ -
A]: ][M Pj S pj:/(]p, (xj:ij 2 P
Uj

Then by (54), Aj+1 <ajA; and

N-1

Ay < Ap 1_[ oj.
j=0

It is easy to check that 1—[?/:—01 a; is bounded independently of N by analyzing its logarithm. Hence we obtain

<=

sup i~ <limsupAy <C ][fﬂ’ <C ][pr ) (55)
U(r/2) N—oo
Ui Ui

If 0 € (0, 1), then

c c
sup i~ < ——— ][’Tp S —— ][”71’ : (56)
Ur) a-o7 \/ a-o% \/

This is clear if & < 1/2. If 6 > 1/2, choose (z,7) € U(Or) such that U(z, 7, (1 — 6)r) C U(r). Using (55) with
(1 — 6)r in place of r, we get

1

P

~_1 ¢ ! =P
Sllp u S n+2s IU(V)| u
UGz (1=6)r/2) (1—6) » U
z,7,(1=0)r)
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C —
= n+2s f u b
(1—0)"7

U(r)

1
P

By covering U (6r) with a finite collection of sets {U (zx, Tk, (1 — 0)r/2)}i of the above type, we obtain (56). O
The next result is a reverse Holder inequality for supersolutions.

Lemma 3.2. Suppose that u is a supersolution to (1) such that
u >0 in Br(xo) X (to, fo +r>),

where r < R/2 and tg € (0, T —r%). Let

2s
i=u-+d, wheredz(%) Tailoo (u—: x0, R, f0, o + r2%).

Then for any p € (0,1) and 6 € [1/2, 1), there exist constants C = C(n, s, p) > 1 and m = m(s, n) > 0 such that

c (/p=1 A g
udxdt < (m) ][ ﬁpdxdt . (57)

U (x0.t0,0r) U (x0.t0.7)

Proof. The proof is very similar to that of Lemma 3.1 and we only provide enough details to follow the main ideas.
See also Theorem 3.7 in [11]. Let

ro=r, ri=rj=r—(1-027, §=01-027r j=1.2,...
and
Uj=Bj xT'j =B, (x0) x (to, 10 +r7").

We choose nonnegative test functions ¥; € C*°(B;) and {; € C*°(I';) satisfying

S
¥j=1in Bj4, dist(suppy;, R" \ B;) > ?f (58)
such that for ¢; = v;¢; we have
0<¢;<1, ¢j=1inUp1, ¢jx,10+r;)=0,

and

C 2sj -2
<552 = (59)

39;

C .
V| <—2/ =cs7!,
| ¢]|_r J ‘Bt

For p e (0, 1), letv= ii?. At this point the proof proceeds exactly as the proof of Lemma 3.1: We use the parabolic
Sobolev inequality, this time using Lemma 2.5 with r =r;, 71 =19, T2 = 1o + r,z.il and £ = r/gs — rlz.fH, to estimate
I1 + I,. Completely analogously to the proof of Lemma 2.5, we obtain ' '

L+1D< cz<"+25>-/rj—2s / / v2dxdt,

where C = C(p) and

_ 0 2(n+2s)j B
][Iulp” <C W][IMI” : (60)

Uj+1 Uj

<
=
S =
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For j such that k/ p < 1, let

1

p; (n42s)j
~p: i ”J]Jrl 2"
Aj= ][up] . pj=«'p, aj=Cp; n+2s 1)
0 (1—6) 7

Choose N such that I(N_lp <1.Thenif0<j <N —1,wehave p<p; < KN_lp. Thus by Lemma 2.5, the constant

Cp, depends on p and «¥=1p only. From the construction in (61), we obtain from (60) that A1 < &;A; and, if

KN’1p< 1,

1
1 1
. p
Ay < A | Ol aj <Cy a _Q)mO(KN—l)AO’ (62)

for some Cy = Ci(n,s, A, p,KN_lp) and mo = m(n, s). Choosing N so that kN < p < k~Nt1 and setting p =
-N
K , we get

C'fN -N
~ ~K
][ udxdt < AN < W f u dxdt (63)
U+(or) Ut(r)
1
N p
K
< | x| -
= (1 —)ym/p=1
Ut
1
Cl/ﬁfl R !
- n4
< (1 —gym(/p—D) ufdxdt , (64)
Ut(r)

where C =C(n,s, A, p,k~)=C(n,s, A, p)andm =m(n,s). O
3.1. Logarithmic estimates

Here we prove logarithmic estimates for supersolutions. Together with Lemma 3.1 and Lemma 3.2, these estimates
enables us to use an abstract lemma (Lemma 3.5 at the end of this section) proved by Moser in [16]. The proofs follow
closely those of Lemma 4.1 and Proposition 4.2 in [1 1], though additional care is required here to handle the negative
parts of the supersolutions.

Lemma 3.3. For 0 < r < R/2, let B, and Bg be concentric balls in R". Assume that u > 0 in Bg X (t1, t). Let
Y € C°(B,) be a nonnegative function such that ¥ < 1 and |Vir| < Cr~'. Then

[5)

/£(u —v2i "t nde

15}
u(x,t) u(y, )
2///"\0()6)1#@) log ) —log W( ) ‘ du(x,y, t)dt
B, B,
e 2s(tz—tl)——/ / /lxu_(y)}"ni)hdxdydt.
1 R"\Bg B,

u=u-+d.
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Proof. Due to the assumption on nonnegativity, we have

15}

/5(u —v?a~ ! ndr

5]
z///F(x,y,t)dm,y,t)dr

Vi) )
+2/ / /(u(x 1) — iy ”)((y,t) u(xJ))du(x,y,t)dt

i R"\B, B,
=L+,

where

Wit YMErD Y)Y
Fx,y,t)= — — — — .
bl At (w(y>u<x,r> SR wy))
Since u > 0 in B and ¥ =0 in R" \ B, we have

4]
122—2/ / /wzmdu(x,y,t)dr

il R"\B, B,
S
i1 R"\B, B,
u_ t
> _Cr' Zf(tz—tl)——/ / /| (y|n+)2sdxdydt.

4] R”\BR

Arguing as in [11], Lemma 4.1, it can be shown that

5}
i(x, 1) u(y, D)
I z///w(x)w(y) log 71250 —1og 2L ‘ du(x, y. 1)dt
1 B, B,
1)
—///|w<x>—w<y>|2du<x,y,r>dr
1 By B,

e, ) o HON

2
— d ,y,Hd
v 08Ty | ey nd

log

[5)
z///w(xwf(y)
1 B, B,

—Cr' %t —1).

Here we used the fact that

[5)
///|w<x>—w<y)|2du<x,y,r)dr

1 B, B,

n
CA
<— / / / Ix — y>"" 2 dxdtdt < Cr" > (1, — 11).

1 By B,

1733

(65)

(66)

(67)
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Using (67) and (66) in (65), we complete the proof. O
With the aid of Lemma 3.3, we derive estimates for the levelsets of the logarithm of a supersolution.

Lemma 3.4. Let xo € R", r > 0 and tg € (r**, T — r**). Suppose that u is a supersolution to (1) such that

u>0mBR(x0)><(t0—r t0+r2‘) 0<r<R/2.

Let
’
Uu=u-+d, whered= (E) Tailso (—; x0, R, tg — r? S to+ r2‘)
Then there exists a constant C = C(n, s, A) such that

C|U (xo, to, Crt2s
U+ (x0. 10, 7) N {logi < —y —a}] < & (’;O 0.1l _ —. ()
ClU~ Lo, C n+2s
U™ (x0. 10, 1) N {logii > y —a}| < & ();0 0Nl _ ’y , (i)

where a = a(u(-, ty)).

Proof. We first prove (i). It may be assumed that xo = 0. Let ¥ (x) € CZ°(B3,/2) be a non negative function such
that Y = 1 in B,. We additionally assume that there exists a monotone nonincreasing function W such that ¢ (x) =

W(|x — xo|). Setii =u +d and ¢(x, 1) = [(;’j; Let

3 =t()—r2s, tz:to—l—rzs

u(x,t)

We use ¢ as test function and obtain, with v(x, t) = —log R

/ / Y2 (x)dv(x, t)dxdt+/5(u —v2i~ ' ndr <0,

10 Bsrp2
for any T € (#, t2). From Lemma 3.3 we get

U2 (x)dv(x, 1)dx (68)

To B3r/2

+// /1//<x)¢<y)|v(x,r>—v(y,r)|2du(x,y,r>

10 B3r2 Barp2

u-(y,1)
Cr ¥ (r — to)+—// /I y|n+zydxdydt.

fo R"™\Bg B3r/2
Let
fB3,/2 v(x, DY (x)dx
fB3r/2 Y2 (x)dx

Then an application of the weighted Poincaré inequality in Lemma 2.2, to the second term on the left hand side in
(68), yields

V()=
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/ / W2 (x)0;v(x, 1)dxdt (69)

0 B3z

+cr*2x/ / v2(x) v(x, 1) — V(©)|* dxdt

10 B3r/2

u-(y.0
P2t —19) + —/ / / s ——————dxdydt

o R"\Bg B3

u_(y,t)
e G ) R it st / / / |ny+25 dydxd

10 B3 R"\Bg

_2 1 rN\2s _ .
<Cr' (1 —19) (1 + - (E) Tailoo (u—; 0, R, 19, t2)>

d
<Cr" ¥ (t —1p).

Since ¥ =1 in B, and waz Y2 (x)dx ~ r", we obtain after dividing through with fBW V2(x)dx in (69),

V(t) = V(to) +cr /][ lu(x, 1) — V()| dx (70)
o B,

<Cr %(t —19)

By Remark 2.1, we may assume V to be continuous on [f1, 2] Choose § > 0 such that if 1y < 0; <6, < p, and
6, — 01 <4, then

IV(62) — V(EDI* <1.
Let T =ty + 6. Then

lu(x, 1) — V(D) I* <20v(x, 1) — V()| +e, (71)
for all # € (7, 7). Hence, using (71) in (70),

r
V(r) — V(t0)+cr—25/f|v(x,t) —V(0)Pdx
to B,
<Cir 2 —1).
We now set
wkx,t)=v(x,t)—Cit, W@)=V(@)—Cit, anda= V().
Then

T
W) = W) +er > [ Flutn - W+ i -nfdr <o )
o B,
so that W is nonincreasing on [#y, 7]. Let
L,t)={xe€Br:w(x,t)>y+a— Citp}.
Then it follows from (72) that
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T

W(r) — W(t) +cr /r—" / lw(x, 1) — W(r) + Ci(r —1)[*dx <0.
Ly
Additionally, when x € L, (1),
w(x, 1) =W()>y +a—-Cito-=W(@)zy +a—Cito—W(n) =y > 0. (73)
Thus we find

W(z) — W(zo)+cr*23/r*" / lw(x, 1) — W(r)|*dx <0,

fo Ly ()
which yields
T
W(r) — W(t S 1Ly (D)|dt
O-We 2 Jio 1Ly 3 a4
(y +a—Cito— W(z)) |B|
Using that W(t) < W (#y) we deduce from (74) that
. S ILy (Dld1 - W (to) — W (1)
| By | T (y+a—Citg— W()(y +a—Cito — W(to))
_ 1 1
Cy+a—-Cig—=W(o) y+a—Cig—W(@)
We decompose the interval (#g, #2) as U; (i, Ti+1), Where
=1y, tn=t, N=[8""(n—to)land ti;1 =7, +Sfori=1,...,N —2.
For each interval (z;, 7;41) we get
o Je T Ly (0)dt - 1 1
cr < — .
| By y+a—Cito—W(w) vy+a—Cito— W(Tis1)
Thus the sum 3 7! S |Ly (1)d1 telescopes and we obtain, using (73),
n
L,(t)|dt
i 0 ! - : <. (75)
| By | y+a—Cito—W(o) y+a—Ciio—W() vy

From (75) we deduce

Crn+2§
|Br X (to, 2) N{w >y +a—Cifp}| <

Going back to u, we find that

{B, x (to, 1) N{logu < —y — a}}|
< I{B, x (to, 12) N{logii + C1(t —t0) < —y /2 —a}}|
+ 1B, x (10, 12) N{C1(t —10) > y/2}|
=|{Br x (to,22) N{w >y /2 +a — Citp}}|
+ [{B, x (t0, 1) N{C1(t — 10) > v /2}|
< ﬂ 4 it (1 __Y ) < Crn+2s_
Ty 2Cr2s 14

This completes the proof of (i). To prove (ii), we proceed analogously, but initially integrate from t € (¢1, fp) up to fp.
In this case we define L, (¢) in terms of the inequality w <a —y — Citp. O
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The lemma below can be found in [17], Section 2.2.3. It enables us to prove the weak Harnack inequality using the
previous results of this section.

Lemma 3.5. Let {U (97)}1,2<0<1 be a family of non decreasing domains in R"*1. Let m, Cy be positive constants, let
o € (0, 1) and let po € (0, 00]. Suppose that w is a non negative function satisfying

C
\U@r) N {logw > y}| < 7°|U(r>|

and
1

< 1_1 ’

][ whdxdr | < (— )" 7 ][wp ’
(1—oym

Uor) U

forall p € (0, min{1, o pg}). Then there exists a constant C = C(o, 0, m, Co, po) such that
1

Po

][ wPodxdt <C.
U@©r)

Proof of Theorem 1.2. Assume u >0 in Bg X (tg — r%, o + r>*) and set

r\% . 2s 2s ~
d= (E> Tailoo (u_; x0. 10 — 2 1o+ %), ii=u+d.
Let
U1(0r) = Bpy x (to + 1% — () 10 +1%) = U~ (x0, 10 + 1, 6r),
Us(0r) = Byy x (to — 15, to — r™ + (0r)%) = U (xo, to — 1>, 0r).

We note that U; (r) = U™ (xg, to, r) and Ua(r) = U~ (xo, to, ). Let a = a(ii(-, tp)) be the constant in Lemma 3.4 and

set w; =e %, wy = e?i. Then by Lemma 3.4,

C|U;
Uiy N loguy > ) = SO 2o, (76)
From Lemma 3.1 we obtain, for any p > 0,
?
C —a
sup wy=e ¢ sup i ! < 67”23, ][ u? 7
Uy (6r) Uy (6r) 1-6) r Ui
1r
?
¢ P
= n+2s ][ wl
A=07 Ay

An application of Lemma 3.2 gives, for any p € (0, 1),

RSN

Ce 5
][ wodxdt = e ][ udxdt < —eA ][ ufdxdrt (78)
(1 —)ym1/p=D

Uz (0r) Us (0r) Ua(r)
1
K

¢ P
= (1 _G)m(l/ﬁ—l) f wzdxdt
Ua(r)
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With (76) and (77) at hand, we apply Lemma 3.5 to w = w; with pp = oo and any o € (0, 1), to find

<6 <. (79)

N =

sup wi < C1(01),
U1 (017)

Setting w = wy, po = 1 and again any o € (0, 1), we get, again from Lemma 3.5,

<6, <1 (80)

N =

][ wadxdt < Cr(62),
Uz(62r)
Letr; =6;r,i =1, 2. From (79) and (80) we find

e ][ udxdt < ][ wadxdt < Cy

Ua(r2) Ua(r2)
cC
<12 Gy ( inf u+d> .
SupU1 ) w1 Ui(r1)

Thus we arrive at the weak Harnack inequality

][ udxdt < C inf u (81)
By, x(t0+r2°'—rlzs,t0+r2’)
By, x (t07r25,107r2~‘+r22S)

"\ 2 2
e (E) Taileo (_: X0, R, to — %, 1o + 12%).

Let r| =ry = p in (81) and choose p so that r2 = 2. This leads to the desired inequality

][ udxdt

B, x(tg—2p% ,tg—p>*)

2s
<cC inf u+(£) Taileo(u_; x0, R, fo — 20> 10 +20%) | . O
By x (to+p% 10+2p) R

4. Local boundedness
We start with two classical technical lemmas that are needed for the proof.

Lemma 4.1 (see Lemma 4.3 in [12]). Let f(6) be a non negative bounded function on [1/2, 1]. Suppose there exist
nonnegative constants C1, Cp, o, B where 8 < 1, such that for any 1/2 <0 < o < 1, there holds

f©) <Ci(c —0)""+Ca+ Bf (o).

Then there exists a constant C depending only on o and 8 such that
fO) <C(Cilo =)™+ ().

Lemma 4.2 (See Lemma 4.1 in [9]). Let {Y j}?io be a sequence of real positive numbers satisfying
Y1 < cob’/ Y]-Hﬂ,

for some constants co >0, b > 1 and B > 0. Then if Yy < c&ﬁlb_ﬂ%,

lim Yj =0.

j—o00
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Proposition 4.1. Suppose that u is a subsolution to (1). For xo € R", r > 0 and ty € (r®,T), set U—(r) =
U™ (xq, ty, ). Then for any 0 € (0, 1) and any § € (0, 1),

1

n+25 2

Cé™
sup u < 7”23 ][ u%_dxdt
U-(r) (1—-06)2 ol

+ 8 Tailoo (u: X0, /2, 10 — 1>, 19).

Proof. We give the proof for 6 = 1/2. The general assertion then follows from a covering argument. Let
rj Tt

5 8; =273 j=1,2,...

r . .
ro=r, rj=§(1+2 N, Fj=

Uj=B; xI'; = Brj(xo) X (to —rjz»s,to),
Uj=Bj x l:‘j = B;j (x0) % (to — 72 19).

We choose nonnegative test functions ¥; € C2°(B;) and ¢; € C*(T';) satisfying

Yj=1inBjy;, ¢j=lonlj, {jEOOHFj\ﬁj (82)
such that
C_. _ AL, o) _
. +3 __ 1 J 2(+3) 2s
|V1/f]|§72/ =Cs;, ’m _2”252” (O P (83)
For
keR andk > 8 Tailo (uy; x0, /2, 10 — r**, 1), (84)
we set
i~ kiy1+kj
kj=k+(1—27)k, ka%,

wj=u—kj)p, ;=@u—kji.

We note that since 12,- > kj, we have w; > w;. Thus if w; > 0, then u >1€j andsow; =u —k; >12j — kj. It follows
that

27~ 2ka (k —k)w,<w2

j (85)

By the Sobolev embedding theorem, with x = ”+2Y , there holds,

/ ][ ;1% dxdt (86)

Lj+1 Bjy

. 2
<Cr2_y n |w](-x’t) w](yvt)l dxdydt
|x_y|n+2s

j+1 B]+l B]+1

X | sup ][ |11)j|2
l“j+|

Bjt1

+c/ f bidxdt sup][|uv,-|2
j+1

Ijt1 Bj+ Bjti

=
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=Cr¥ "L x ( > / ][ zdxdt X ( )
i+ |Bj+1] |Bj 41l

Ljt1 Bjyi

where

7 . 2
//Iw/(x,t) w;(y, 0l dxdyd

|x _ y|n+2s
Lj+1 Bjy1 Bjti

and

To estimate /i and I, we use the Cacciopollo inequality in Lemma 2.6, with r =7}, 10 = t9, 7

L= VJZY - r2Y . This leads to

L+

< [ [ [t 0w;00 = 000,00 Oduar

1 ~2 2
+ —sup | wi(x,H)Y5(x)dx
2r J J
J+1Y
Bj

2
n

SC///max{li)?(x,t),w?(y,t)}wj(x)_wj(y”zn?(t)dﬂdt

T'j Bj Bj
+C sup (wf”(y’t)zdy// S DY ()dxd
tel’; lx — )’|"Jr § J

xesuppw R"\B;

+ 5//ﬁ)?(x,t)wjz(x)atn?(t)dxdt =N+

Due to our assumption on ¥,

+ J3.

22(j+3) _ 2d
J 2CAT—— sup 'x yldy //w (x, )dxdt
r

xeB y|n+2s

22(j+3) 5
SCT//w-(x,t)dxdt.
72 J
7T B

To estimate J,, we first observe that, due to (85),

j+2
//w,(x DY 7 n; (dxdt < —// w(x, t)dxd.
L Bj

_ 25
=10 -1, and

(87)

(88)

(89)

Without loss of generality, it may be assumed that xo = 0. Recalling (82), we have, for x € suppv/; and y € R" \ B},

1 :i [yl SLIXIJrlx—yIEL
lx =yl yllx=yl — Iyl |x—yl [yl
Thus

(1 i 8,,>

<2f+4i.
Iyl
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(W) (y, t)dy

sup (90)
1€l |x — )’|n+2S
xesupp ljij \B;
<202 g / (wo)+(y, )dy
N to—r2s <t<ty |y|”+25
\Br/2
2(j+4)(n+2s)
< ————— Tailoo (wo; X0, 7/2, 10 — r**, 10).
r A
From (89) and (90) we conclude
2(] +4)(n+2s)
Jr < //w (x,t)dxdt. ©n
From (83) we get
C22sj
< — / / wdxdt. (92)
r2s J
/T B
Using the estimates (88), (91) and (92) for J1, J> and J3 in (87), we find,
Cz(n+2r)]
h+h<——— //w (x,)dxdt. 93)
Similarly to the inequality (85), we have
~ _ e 2(k—1)
B2 = (ko — k2wt = (2772%) Tl (94)

We now estimate the left hand side of (86) with (94) and its right hand side with (93). This yields

2( 1
(2 2T ][ ][ w41 Pdxdr

Ijt1 Bj+1

2(n+2s)j 2(n+25)j
grj_zsC 3 /][w?dxdt 5 rj_z‘Y/][w?dxdt
r; B; ;

2(n+2s)j
<C ][ ][ w2dxdt
S J
T'j Bj

n

Let

[N

Then

Lemma 4.2, with ¥; = Aj/lg and B =« — 1=2s/n,says thatlim; A; =0 if



1742 M. Stromqvist / Ann. I. H. Poincaré — AN 36 (2019) 1709-1745

A K\ 35 n2
Fe(e)' e

Whence we see that if C = C(n, s) is large enough, the choice

1

2
n+2s

k=cs = ][uidxdz + 8 Tailo (145 X0, /2, tg — 1

Ut(r)

2s

,1o)

guarantees that both (84) and (95) hold. It follows that (u — l€)+ =01n U(r), which proves the proposition. O
4.1. Proof of Theorem 1.3 and 1.4

Proof. Let 0 < p < r and assume that r>* < fy < T. From Proposition 4.1 and Young’s inequality we obtain, for any
y €[1/2, 1),

5 ][ W2 dxdt (96)
U~ (p)
+ 8 Tailoo (u43 X0, p/2. 10 — P>, t0)

1 C
< — sup +—m6_m‘ f uidxdt
2 U~ (p) (1- J/) 2 000)

+ 8 Tailoo (43 X0, p/2. 10 — p**. 19),

where m; =m;(n,s) > 0,i =1, 2. For any o € (1/2, 1], choose y so that 8 = oy > 1/2. Upon replacing p by op in
(96), we find that

Sup MS n+2s
U=(yp) (I-y)2

1 Co™  _.
sup u <5 sup u+_———-35"! utdxdt CH)
U-(6p) U-(op) (o —6)m
U= (op)
+ 8 Tailoo (u+; X0, 90/2, fo — (60)*, 0)
1 C
<- sup u+—-—-235" 7[ udxdt
2 y—(op) (o0 —6)ym
U=(p)
+ 278 Tailoo (43 X0, p/4, 10 — P>, 10).
An application of Lemma 4.1 gives
C —m
sup u < ————5 "1 urdxdt (98)
v-@p (0 —O)™
U= (p)
+ 8 Tailog (4 X0, p/4, 10 — p** 10).

By Lemma 2.8
Tailoo (u+3 X0, p/4. 10 — p*, 1) < Ce ™' Tail(uy: x0, p/4. 10 — (1 +&)p™ , 10) (99)
15)
+Ce™! ][ ][ uydxdt.
19— (1+¢)p* By (x0)

Letr =(1 —H—:)%p andlet B =(1 +8)*%.Then
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1
1— ,32s !
It can be checked using elementary calculus that there exists m3(s) > 0 such that 1 — B% > (1 — ). Thus, from
(98), with o =1 and (99) we get

C
sup u < ———§ "M ][ uidxdt
v-py (=)™
U= (p)

c . ’
+3m Tail(u; x0, p/4, 10 — 1", 1)

[5)
+8ﬁ f ][ u+dxdt.

to—r2s Bp(x0)

We now set, for A € (1/2,1),0 =8 = VA, so that 0p = 6fr = Ar. Using that

L _1+Va_ 2

-V 1—=x — 1=
we get
C m
sup u < ——§~ utrdxdt (100)
v-ory (=A™
U= ()
T Ty Tl X0, p/4 0 ., 1)
C

<—3" ][ uydxdt

(I —=a)m

U—(r)

u+dxdt
(1 _ )L)m |n+2v

to—r2s By \Bp/4

2s

Ty Tl z0.rto =1 1)
< Cé
= m(sim 7[ u+dxdt + m Tall(u+, X0, 7, o — r2s, tO),

Uu-@)

where m = max;—_1.2 3 m;. We now assume the hypothesis of Theorem 1.4. Letting § = (1 — 1) M ~! and employing
Lemma 2.9, we find

cCM™
sup U < ———— f urdxdt
U- () (I =2)="

U=(r)

2s

C C
+ — sup uy + MTaﬂ(u_, Xxo,rtg—r,1p).

M -

Setting M = Cn~! for € (0, 1) and using once more Lemma 4.1, as well as the assumption on the positivity of u,
we arrive at

C —m
sup u < 77—2 f utrdxdt
U-Gw) (I =2)="

U=(r)

r\% 2s
+7n <E> Tail(u_; xo, R, tg — =", tg).
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This proves Theorem 1.4. In the case of Theorem 1.3, we proceed in the same way from inequality (100), but without

using Lemma 2.9. O
5. The Harnack inequality

Proof of Theorem 1.1. Let r/2 <r, < r. From Theorem 1.4, with § = 1, we get,

7 \2s
sup u<C ][ udxdt + (—) Tail (u_; x0, R, 1o — r225, t0> ,
U= (t0.r/2) R
U~ (to,r2)

where C = C((ry —r/2)/r). Letr/2 <ry <r,let Ty =19+ r> — r22s and suppose that
u>0in Bg x (Ty — rzs, To -I—rzs).

From (81) in the proof of the weak Harnack inequality, we have

][ udxdt <C inf u
By, ><(T0+r25—r12S,T0+r2S)
Byy x(To—r2  To—r +13°)

7\ 28 . 5 2
+C <E> Tailoo (u_; x0, R, To — r=*, Ty +r~%),
where
C=C<r—r1’r—r2>.
r r

Set r{ =r/2 and choose r; so that r225 = a(r/2)* for some 1 <« < 2%. Then (102) reads

][ udxdt <C inf u
Byja x (10+2r% —(140) (r/2)% ,1g+2r> —a(r/2)%)
U~ (to,r2)

L Sy . _ 2s 2s _ 2s
+C R Tailoo (u—; x0, R, t0 —at (r/2)™ 10+ 2r™ —a (r/2)7),

where C = C(«). Let

fo=1y+2r* —a(r/2).
By Corollary 2.1 and the fact that # > 0 in Bg X (fg — P2, t),

Tailo (u_; X0, R, 10 — a(r/2)%, tl) < C(a) Tail <u_; X0, R, 1o — 1%, t1> .
Hence we obtain from (103) and (101),

. r\2s . 25
sup <C inf u+C (—) Tail(u_; xo, R, t0 — r=°, 1),

U~ (t9,r/2) U~ (t1,r/2) R

with C = C(«). This completes the proof. O
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