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Abstract

The conventional Boltzmann collision operator for the infinite range inverse power law model was derived by Maxwell by
adopting a collision kernel which is a limit of that for the finite range model by ignoring the glancing angles. Since the interpretation
of collision operator for the infinite range potential through limit process to the one with finite range potential is natural in regard
to the derivation of the Boltzmann equation. It is the purpose of this paper to clarify the physical meaning of the conventional
collision operator for the infinite range inverse power law model through the study of the limiting process of the collision operator
as the cutoff radius tends to infinity. We first estimate the extent in which the glancing angles can be ignored in the limiting process.
Furthermore we prove that taking limit to collision operator with finite range potential directly will lead to the conventional one
with algebraic convergence rate.
© 2019 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The Boltzmann equation, Boltzmann [5],

v V=0 ) ) €R xR xR,

is the limiting equation of particle interacting systems under the fixed mean free path and molecular chaos hypotheses.
It has been formally derived for particle systems with finite range potential by Harold Grad [9]. On the other hand,
the conventional Boltzmann collision operator for the infinite range inverse power law model was derived by Maxwell
by adopting a collision kernel which is a limit of that for the finite range model by ignoring the glancing angles.
Intermolecular potential of infinite range can be viewed as the limit of cut-off potentials of finite range. With this
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Fig. 1. Binary collision.

limiting process, there are two main steps in the full derivation of the Boltzmann equation. The first step is to study
the variation of the collision operator, based on two particles interaction, in the limiting process. The goal of the
present article is to analyze this step. Our limiting Boltzmann collision operator in this setting agrees with the one
conjectured by Maxwell [18] which is not obvious from analysis point of view. The second step is to show, in the
spirit of [9], that the binary interaction is the dominant part of all collisions, and the limiting collision operator has
only binary collisions. The second step depends on the quantitative understanding of the first step, especially the
interpretation and use of Boltzmann Grad limit N d,%l = ¢ in the infinite range potential setting. The present effort of
the study of collision operator for the binary interaction can therefore be viewed as a crucial step in the full derivation
of the Boltzmann equation for the infinite range potential, see the upcoming papers by Yoshio Sone [22], [23].

For a potential of finite range d,,, the physical information about the intermolecular potential is condensed in the
collision kernel By, of collision operator

0u, (f. ) = f / F £l = FF)Ba, (0 — vs, 0)dQAw)dvs.

R3 wes?
Here f' = f(t,x,v), fi=f{t,x,v)), fu=ft,x,v5),
V=v—[o-0-v)lo, v.=v+[0-©—-v)lo, oeS> (L.1)

Here w is the change of direction of the particles under the binary collision and d2(w) is the solid angle element in
the direction of w. For an infinite range potential U(r), U(r) > 0, U(r) — 0 as r — oo, the corresponding finite
range potential Uy, (r) is the one cut off r = d,,:

U () U(r), forr<d,,
r)—=
i 0, forr >d,,.

For given relative velocity v — v}, = v — v, V = |v — v/, and impact parameter b, (Fig. 1), the collision kernel B,

2By, (v — vy, )dQw) = d2| (v — vy) - e|d2e)

m

db (1.2)
=2B4, (V. 0)d0dp = Vb—-dod, 0 <b <dy,

describes one to one correspondence between the incidence unit vector e, and the unit vector w. Let m be the mass
of each molecule. The angle 6 represents vector w by taking v — v, as the pole and introducing the spherically
coordinate w = (cos¢sinf, sing sinf, cosd). Similarly we use the angle 0, to represent the vector e. The key to
obtain the explicit form of By, is to study the effect of the intermolecular potential U (r) on the critical angle 6 and
the critical distance r. during the binary collision. The term db/d6 of (1.2) is found from two particle interaction
formula

dm

., b _ AU(r)y b* _
6 = sin la—l—b/r 21— oY) —r—z) 12ar (1.3)

e

where r. solves 1 — 4U (r)/mV? — b*/r? =0.
In this paper, we consider the inverse power law inter-molecular potential:

Ur)=car "V n>2. (1.4)
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Define s = (n — 1)~!. Due to the potential jump U (dy,) at r = d,,, the collision kernel By, is nothing but the hard
sphere model if the relative velocity is sufficient small, ¢, V! (d,,)~1/% > 1 where ¢, = (4c;zm~")/? is a constant
and m is the mass of the particle. For larger relative velocity, ¢, V™! (d,)~'/* < 1, if the normal component V' cos 6 of
the relative velocity V is sufficiently small, V cos6 < ¢, (d,,) '/, the incoming particle is reflected as a hard sphere
again due to potential jump, otherwise it penetrates into the sphere » = d,,. More precisely, the collision kernel B,
reads (see Section 4)

Hy : ~1 —1/2s
B, (V,0) if c, V™' (dp) >1
Bdm(v’ 0) = [an I . " 1 " _1m (1.5)
B'(V.0)+ BL (V,0) if e,V (da)" > <1
where
BJ"(V.6) = Vd cos0sind = Vd},b™ (cosf) sin6, 0 <0 < /2, (1.6)
H | Va2 bHi(cos0)sing, if cos <,V (dy) 7V
Ba, V.0) = { 0, otherwise; (L.7)
_]0 if cosf < ¢,V (dy) "1/,
Bd V,6)= {c Vybl(cose) sinf, otherwise, (1.8)

where b1 (cos@) = cos, b (cos@) = (cosd)~1+25) cg4,, a positive bounded coefficient and y = (n — 5)/(n — 1).
A technical remark is given below. For fixed V, d,,, the bounded coefficient ¢4, varies with 6 which is small near
critical angle cosf = ¢,V ~1(d,)~1/% so that the value of B, A1 from above of critical angle matches that of B’ from
below to have a smooth By, . Thus we may replace the ¢, in (1 7) and (1.8) by 2¢, and ¢, /2 respectively and assume
b (cos0) and b (cosh) decay to 0 when 6 tends to new critical angles. For the convenience of representation, we
still use (1.7) and (1.8) without changing c, but keep in mind that b (cos8) and b’ (cos6) decay to 0 when 6 tends
to critical angle.

On the other hand, Maxwell derived the conventional collision operator for infinite range by fixing the impact
parameter b, or more generally,

b
lim — =0 (1.9)

and then taking limit of the formula (1.3) to yield

o0

. - 4U(r)  b* _
Gczb/r 21— oY -3 124y, (1.10)

Te

For the inverse power law model, Maxwell’s limit yields the collision operator, denoted by Q hereafter, with the kernel

B(v — vy, 0)d2w) = coo|v — v4]” (cos8) ") sin0dOd P

(1.11)
= O(Jv — v4|)b(cosB) sinOdOdp

where ¢ is a constantand y = (n —5)/(n — 1), s =1/(n — 1). (See [11] or [7] for more details.) Thus Maxwell’s
derivation ignores the possibilities of

dh_r)noo a #0. (1.12)
We define the glancing angle be the angle 6 with impact parameter b satisfying (1.12) and non-glancing angle 6 be the
angle with impact parameter b satisfying (1.9) when d,, tends to co. For any fixed n > 0, the contribution from glanc-
ing angle to the collision operator is not obvious negligible, Fig. | and Fig. 2. With this in mind, comparing (1.5), (1.8)
with (1.11) and noting that Q(f, f) was not obtained by taking limit to the Qg (f, f) directly, it is necessary to clar-
ify the meaning of the operator Q(f, f). In this paper, the concrete physical meaning of Q is given by following two
results. Our first result shows that under suitable conditions, it is legitimate to ignore the contribution from angles with
condition (1.12) to Qg,, as d,, tends to infinity. Secondly, we verify that Q can be regarded as the limit of Qg4, on the
basis of first result.
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Fig. 2. Glancing angle.

Before stating our results precisely, we define some notations which help us to set up the mathematical problems.
Recall the weak formulation

(Q(g. f).h) = /// W) fFWN(ROW") = h(v) B(v — v4)dQw)dvsdv (1.13)

where v, vy, V', vy satisfy (1.1). Our results to the limit problems mentioned above will be given in the form of weak
formulation as it is often used for non-cutoff model. We also recall that by change of variables

(Qu (. ), )
_ f / (FO)FWD) = £ F @) By, (0 = vy, 0)dQA@)dv,dv (114)

= // F@) f ) (h(V') — h(v))Bg, (v — vy, ©)dQ(w)dvidv.

However the second equality holds if the gain and lost terms are separable which is not true for the infinite range
interaction model. It is thus natural to consider

tim (Qq, (f. f).h)

(1.15)
= lim /// F) f ) (R — h(v) By, (v — vy, ©)dQw)dvydv.

It would be of independently interesting to study these limit problems without using weak formulation. This is, how-
ever, left to the future.

The assumption of glancing or non-glancing angles makes difference when we consider the limit of By, as dy
tends to co. More precisely, there is a dichotomy to the coefficient ¢4, in the second line of (1.8). For the non-glancing
angles, the coefficient cg4,, tends to a constant c, in (1.11); while for glancing angles, the coefficient cy4,, is smaller
than previous case and may tends to 0, Lemma 4.1. Therefore the inverse power part of By, from glancing angles can
be absorbed into that from non-glancing angles. To complete the proof that the contribution from the glancing angles
can be ignored, it suffices to prove the contribution form B[Zl to the collision operator, say Q{’Zn will vanish.

Theorem 1.1. Consider the inverse power law model with potential cutoff at d,, and let 0 <s < 1. If0 < s < 1/2 and
fe LLZS N Hllj_zps, he H'=P, p e[—1,1), then the hard sphere part Qg’ln of the collision operator decays in the
weak sense with the following rates as d,;, — oo:

(04, (f: 1), 1) < Od) YLy, NN WAl 1. (1.16)

The coefficient 0((dm)%(l_l/s)) grows as s tends to 1/2. If 1/2 <s <1, pe€ [—% -, % +sland feL'n
H%““’, he H1t5=P then

(Q4, (f. - 1) = O ¥ NN I F 1y, 1]

m

(1.17)

H%#rfp 4

where N (s) = (1 —s€)(1 — 1/s) < 0 and small k > 0 satisfies 25 — 2s'7% — 5 > 0.
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It is worth mentioning that if the collision operator is restricted to the case with relative velocity |v — v,| > 1, then
we have the better convergence rate of (d,,)>~?/%),0 < s < 1/2. This is due to that small relative velocity has less
cancellation as expected.

The main result is the following.

Theorem 1.2. Consider the inverse power law model with potential cut-off at d,, and let 0 <s < 1. I[f0<s < 1/2
and f € LLZS N Hllj_zps, he H-r, p € [—1, 1], then we have

1(Qa, (£ 1) = (QUF - = O 2 ™ F Ly F 1o Wl o (1.18)

The coefficient 0((dm)%(1_]/s)) grows as s tends to 1/2. If 1/2<s <l and f € L' N H%H'”’, he H%“_p, pE
[—% -, % + 5] then

(Qa,, (f, ) B) = (Q(f, 1), 1) < Odm)V ) £l 1 [ e 1|

where N(s) = (1 — s*)(1 — 1/s) < 0 and small k > 0 satisfies 2s* — 2511 — 5 > 0.

(1.19)

H%-H—p ’

Remark 1.1. It is easy to see from the proof that the results of above Theorems can be expressed in terms of Q(f, g)
as well. The number 2, 1 4 2s, sum of exponents of Sobolev spaces in Theorems 1.1, 1.2, is the minimum to consider
limit problems for full range 0 < s < 1/2,1/2 <s < 1 respectively. When 0 < s < 1/2, it is easy to check from the
proof the increasing regularity 1 can add regularity decay rate (d,,)~'/> which may be need later in applications. The
worse decay rate for s > 1/2 is due to the case when the relative velocity is small and the product of relative velocity
and its Fourier dual is also small. See the proof for (3.108).

To prove Theorem 1.1 and Theorem 1.2, we need the estimates which enable us to see how the quantity
(Qa,, (f, f), h) varies as d,, tends to co for f and / lie in suitable norm spaces. The current methods of estimat-
ing the upper bound of (Q(g, f), h) for non-cutoff Q rely on the Littlewood-Paley theory, [2,3,8,12], or additional
assumption on distribution functions, [10]. The application of these methods to the limiting problem will be quite
complicated and lengthy due to the appearance of the parameter d,,. In this paper, we consider a structural description
of (Q(g, f), h) through the understanding of the structure of a specific Radon transform T defined by the formula

(0(g, f). h)
- / / g(Ws) (W)Y — v T[Ty 0 T 0 7, Th()d vV

where 7, i (-) = h(- 4+ v,) is the translation operator. Indeed, the fact that the properties of Q is largely condensed in
a class of Radon transforms was observed by Alexandre and Villani [1] and other authors.
Notations

Before proceeding, we fix the notations. Set /™ = max{/, 0} and (v) = (1+ Ww»HY2 veR3, (a-b) = 21‘3:1 aib; the
scalar product in R3 and (f, g) = I]Rg f(x)g(x)dx the inner product in L2(R?). The differential operator (D)*, s € R
is expressed through the Fourier transform:

(Dy)* f(x)=(2m)73 f ™ (£) F(&)dE,
R3

f©& = / e fo)dx,
R3
The weighted Lebesgue, weighted Sobolev spaces are denoted by

1/
1flp = (f FOIP@)Pd0) g = 10 f @) .
R3
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We use the multiindex notation 3% = 37/ - -- 357. A function p(x, £) € C®(R? x RY) satisfying
Vo, VB, 1920 p(x.£)] < Cap(1+ (£ 7P (1.20)

for any multi-indices « and B is called a symbol of order /. We also use S {‘0 to denote the set of symbols with order
. For each p(x,&) € S{ 0 the associate operator

PG, D) = [ ¢ per. et
Rn
is called a pseudodifferential operator of order /. The standard notation S 80 = mlSi,O’ l € Zis alsoused. If p(x,£) €
Sy o » itis called a symbol of the smooth operator. The operator

5700 = [ ¢00Datr. )61
R3
with symbol a(x, £) of order / and the phase function ¢ (x, &) satisfies non-degeneracy condition is called a Fourier

integral operator of order /. We say a phase function ¢ (x, &) satisfies the non-degeneracy condition if there is a
constant ¢ > 0 such that

|detVyiVep(x,8)| > ¢ >0 (1.21)

for all (x, &) € suppa(x, §) where the matrix

V.Ved(x, &) = [0 05,05, 6)] (122)

A import remark is that we will see that all the symbols in this paper have the derivatives descend order 1 in § variable
as (1.20) as well as in x variable. For example, a symbol of order O in this paper will satisfy (2.5) when |x| > 4 and
|xi| > 4.
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2. Lemma of almost orthogonality

Before the poof of Theorems 1.1, 1.2, we introduce a lemma which proves the L? boundedness of the Fourier
integral operator (F.I1.O.) by the almost orthogonality argument [24].

We consider the cone in the phase space (x, £) € (R? — {0}) x (R3 — {0}) which has the form
x-&

) <7 — 2}
|x[1§] 8 2.1

b4
{(x, &) 3 < arccos(

o, x T
For each fixed x, we use x x I's to denote the cone whose element & € R3 satisfies (2.1). The notation I means
the cone x x I's where the vector x is not specified. Also I'y x x, I'y are defined likewise. To study the F1.0. whose
amplitude function defined on I'y x I'¢, we need a dyadic partition of unity on R3 — {0}.Let? € C*®°,0<9 <1be
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supported in the interval (2, 8) and satisfy 1 =), .7 ¥ (2Ks) for all s > 0 with property supp @ (2/s) Nsupp 9 (2Xs) = @
if | j — k| > 2. For x € R3 and k € Z we define yx;(x) = ©(27%|x|). The we have dyadic partition of unity

1= Z xi(x), x #0. (2.2)
keZ
Let
A = max({ / xo(x)dx , f x0(x) x1(x)dx}. (2.3)
R3NT, R3NT,

Lemma 2.1. Let F be defined by

Fu(x) = / VD p(x, E) u(E)dE (2.4)
R3

where r (x, £) is homogeneous of degree 1 in x and &, p(x,&) € COO(REC X Rg) and supp p(x, &) C 'y x Fe N {|x] >
4, |&| > 4} satisfies

1020 p(x. )] < Caplx| g 717, (2.5)
for ||, |B] <5. When (x, &) € supp p(x, §), the phase function ¥ (x, &) satisfies

0<C < |det[3x351/f(x,§)]| <G (2.6)
and

|05 05 ¥ (x, )] < Co |3x3£1//(x,5)| =Cg, l=|al,[Bl <6 2.7
Then F is L* bounded and satisfies

IFllzng2 <CA sup 1870L pCx. )l i ) 2.8)

la|=5,181=<5 ’

where C depends on the constants in (2.6) and (2.7).

Proof. Note > 72 xk(z) = 1 when |z| > 4. Therefore we can decompose F as

F= Z Fj

(j.)eNU{0} x NU(0}

where

Fian(o =100 [ &Y00@per, uerds
R3
The adjoint of F}j;, denoted by F7, is

F5 pv&) = xi(8) f e VD x ;)P E)v(y)dy.
Then we have

Fij Fgemyu(x) = / K0y, em) (x, Y)u(y)dy,
where

Kyt (6, ¥) = x5 () xe () / etV EO=VOEN 3 () o (£) p(x, E) p(y, E)dE. (2.9)
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Since supp x;(€) N supp xm(§) =@ when |l —m| > 2, we only have to cons1der l=m—1,morm+1. Wlthout loss
of generality, we assume [ =m + 1 and j > k. Let ¥ =27 Kx =1, Ix, y=27% y=1, ly,E 27ME =1, S Since
is homogeneous of degree 1 in first and second variables, we have

K1y em) (X, y)

= 5 %k D10 () / RV ED=VGEN 0 @)y ) (11T, 12E) (11§, 12E)dE

3 Ky iem E. 5)-
Hence

Fi o015 = [ 5Kk G 51275, 2.10)
Define the operator

1 Y EE) -y(G.5)
iTIT2 |8 (X, S)—a V(. §)| ¢

and observe that

2.11)

nn =

L.- (emrz(agw,é)—agx/f@,é))) — @Y EEH—0 Y (.E)
172 - N
Integration by parts yields

/ RV EDTVEN 30E) 1 (E) p(n1F, 0E) p(n1, 12E)dE

f MW EHVEO (L 3 (40E) 31 E)p(1iF, 1E) p(ri 7, 12))dE,

where L7 ) is the transpose of Ly,z,. Let

B= sup ”8aa§ p(x, %_)HLOO(R%XR% < 0. (2.12)
lal,1B1<5

Since p(x, &) satisfies (2.5), we have

sup [19¢0L p(ni . 28l xRy = B (2.13)
lal,1B1<5

From the assumption (2.6) we obtain

|99 (2. &) — 09 (5. 8)| = C|5 — 3| (2.14)
(C depends on C1q, see [24] p. 397 for obtaining (2.14) from (2.6)) and

0F ¥ (F.6) = 9w (5. 6)] < Cpl% (2.15)
for 1 <|B| < 6 since phase function ¥ is homogeneous of degree 1 in first variable. Hence we have

5B2 Xj—k(X) x0(¥)

IC i iv”‘ <CT
K.y &, ) < Crp7 1+ 15—

/ xolyxre @) x1lexre (€)dE (2.16)
3

where C depends on the constants of (2.6) and (2.7) and xolyxr,, X1lxxr, are functions xo(§), x1(§) restricted to
cones I's determined by x, y respectively. We note that

f X0lyxre ) x1lxxry (E)dE 2.17)

]R3
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attains its maximum when x = cy for ¢ > 0. The maximum of (2.17) can be written as

/ o)1 (B)dE

3AT-
RN T

and note that its value depends on the span of cone I's. The case [ = m — 1 clearly has the same maximum. For [ = m,
the corresponding maximum will be

x0E) xo(E)dE.

3AT-
RN T

By definition of I'y x I's and A we have

max( / 0@ xoE)dE f 0@ E)dE) < A,

3A T 30T
R3NTy RN Ty

We also note that (2.17) non-vanishes only when the angle spanned by x, y lies in a suitable range determined by the
definition of I'y x I's. From above and X € supp x; & , y € supp xo, we have

sup [ 18K G P)eflay = €262 2mag2 [ o3
' R3N Ty
< C272j272mA2B2

sup [ 105 K (i emy (B, $) 77 1dE < €27 C7=3Kp=2m 4 g2 / Xj—k(X)dF

5 (2.18)

R3NT;

= (272272 AB? f xo(x)dx
R3NT,
=272/ 2m A2 B2,

Let H(z) : Z — {0, 1} be defined by H(z) =1 if |z] <1 and H(z) =0 if |z| > 1. For the general (j,1), (k,m), the
272/272™ in the right hand side of (2.18) should be replaced by 2~2max{j.klp=2minll.m} i (j _ ). By invoking Schur
test lemma (Lemma 4.2), we have

IF Gy Flemyll 22 < C272 M H (I — m) A B, (2.19)
By the same argument, we have

| EG iy Fkam 212 < C2727H (= k) A B2, (220
Then we have

VG0 Foeomy 122 120 1 F 1y Faemy |12 12 < CA*BHOG —k, 1 —m)),
where

H(j2) | H(j1)
22j1 22)2

O3, j2) =
Since

> Oji1. o) < oo,

(j1.j2)eNU{0} x NU{0}

we conclude the result by Coltar-Stein lemma (Lemma 4.3). O
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3. Convergence

We first prove Theorem 1.2 by assuming Theorem 1.1 holds. In fact, the proof of Theorem 1.1 can be done by
exactly the same argument for 1.2 by modifying set up slightly which will be explained in the end of this section.

Proof of Theorem 1.2. We need to prove thatif 0 <s < 1/2and f € L{_zs N Hllj;;, he H-P, o €[—1, 1], then
(Qa (s ), 1) = QS ), L= Odn) T DUy 1 W g IRl g1 (1.18)
Andif1/2<s<1, pe[-L—s, L 4sland fe L'NHI* 0 he HIP5P, then
(Qa (f. ). 1) = (QUf ). )1 = OCWdm) Y SN I F g By (1.19)

where N (s) = (1 —s*)(1 — 1/s) <0 and small « > 0 satisfies 25* — 2s!T* — 5 > 0.
To estimate

(O(fs ) h) —(Qa, (f, ), h)
= /f ffe(h" = h)(B(v — vy, @) — Bg,, (v — vy, ))dQ(w)dv,dv,

we first discuss B — Bg,,. The result of Theorem 1.1 allows us to drop the hard sphere part of By,. Hence it is
equivalent to consider the truncated collision operator QZ’ _ with following truncated collision kernel

def
Bjj, = B~ (Ba, = Lie,v-1@-1=1y - B = 1ie,p-1g,)-12s<py - B,
Hence
Btrl V,Q if V_l d —1/2s 1
B;’r (V’G): dn12( ) 1 Cu 1( m) ) < (31)
" BI2(V,0) if e,V (dn) V¥ = 1
where
BV, 0) = VY C(0)(cos0)~ 129 when cos@ < ¢,V (d,) "/
dn 272770, when cos@ > ¢, V™! (d,,) "1/ (3.2)

LV (cosh),
with y =1 —4s and
BY2(V.0) =V (cos0) ") 0<6 <7/2
def V”bgﬂz(cose).

By the remark after (1.8) about the coefficient ¢4, and Lemma 4.1, we know that the coefficient C(8) of bZ) ll i8 Coo

of (1.11) as 6 tends to /2 and decays to 0 as cos # tends to the critical angle ¢,V (d,,) ~!/?* from above. Hence we
consider bZn !"a smooth function of # and decay to 0 when 6 tends to the critical angle. We also assume coo = 1 from
now on.

Let

c) =) (), €)=Y xa(x), x €R’ (3.3)

k<0 k>1

where xy is defined in (2.2). Then c(x) equals to O when |x| > 8 and similarly c(x) equals to O when |x| < 4. And we
can write the kinetic factor as sum of two parts

[v—vil” =@ —v)lv — vil” + @€ —vi)) v — vl

def
= v — vl 4+ v —vill.

We also split the collision kernel B = By .+ B/ - and the collision operator 0 = Q

tr
dm,c

+ Qy ;accordingly.
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Then the estimates (1.18) and (1.19) are the consequence of the following lemmas for the estimates for large and
small relative velocity respectively. O

Lemma 3.1. Let L € R be positive. For 0 <s <1, p € [—L, L] we have
(O (f, ) h) < O((dm) '~ 1/V>>||f||L1 Ly Mgz WAl (3:4)
—25)

Lemma 3.2. ForO<s <1/2, p € [—1, 1] we have
(O (o ) hy < OWdm) YN F 1l gres 1B 1o (3.5)

Lemma3.3.For1/2<s<1, pe [—% -, % + s] we have
(04, (f £). 1) = O M DL I WAy IR 1y (3.6)

where N(s) = (1 —s)(1 — 1/s) < 0 and small k > 0 satisfies 2s* — 2511 — s > 0.

Proof of Lemma 3.1. For the simplicity of the presentation, we let L = 1 in the proof and it is easy to check from the
proof that this does lose generality.

I. Hard potential 0 < s < 1/2.

Without loss of generality, we may assume that d,, is large enough so that B, ; =B Zn ! when V > 4. Let

(0 "D () (v) = / / g (W) TE (R W) — ) BY 'Y (v — v,0)dQw)dv, .
R3 wes?
where weighted kernel

v — U*|z—/
< )1725 (v*>172x

trl,w

By (v — v, 0) = Z”(cos@)

Note that (D,)'*?, p € [—1, 1] is a self adjoint operator acting on L2. By weak form of collision operator and
Cauchy-Schwarz inequality, we have

QY (g, /), h(v)) 2]

={f @), Q" (M (W) 2]

= |<<Dv>‘+f’(f<v)<v>1—”>, (Dy) "2 Q) (M) (0)) 12|

<1l | (P0G,
and it sufﬁces to prove

[~ )|, = 0@ T gl Wl

Define the translation operator 7,,i(-) = h(m + -) and note y = 1 — 4s. We rewrite

(05" (N ()
_ P v (3.7)
_/.g(v*)<v*) <v>1 2‘,( >1 _2s [T—U* O Otv*]h(v)dv*
R3
where
i h(x)
/ |72 b (cos ) (h(x — (x - @)w) — h(x))dQw), (3.8)

weS?
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with cosf = (x - w)/|x| and

C(6)(cos§) ™12, if (5 —0) < culx | (dn) ™1/,

b 51’/‘711 (cos®) = { 0 others

where C(0) is 1 when 6 is near 7 /2 and decays to 0 when 6 tends to critical angle (% —0) =cylx|"Y(dn) "1/ For
the simplicity, we often write

(cos0)~H29) if, (Z —0) <cylx|7 (dy)7V*

0, others, (3.9)

bl (cosf) = {

but keep in mind that bg} 11 will not produce any boundary term when applying integration by parts to the integration
contains b}’ ll

Note that |x|~!(d,,)~!/?* can be arbitrary small by selecting large d,, since we have |x| > 4. Thus for the simplicity
of the representation, we use (% —0) < culxl_1 (dy)~ Y% in (3.9) to replace the condition cosf < ¢, |x|_1 (dyp)~ V%
in (3.2). Using formula (3.7) and applying Minkowski inequality, we have

[(D) =+l )|

L2

1-2
|U - v*|g *

- dv,.
<v)1—2s<v*>1—2s v

L2

()=o) [T-v. 0 Tff 0 70, 1))

< f gl {v) =%
R3

We are reduced to showing that for p € [—1, 1]

1-2s

sup v v c
vy <v)1—2s<v*>l—2s

< O(dn) VNN 1.

(D)~ [T 0 T4 070, h()|

L? (3.10)

Note the variable v, is a parameter in above estimate, H 1=-p is translation invariant, and the fact that the term

1-2s
|U - U*lg ’

(v>1725 (v*)172s
itself and its derivatives with respect to v are uniformly bounded. Using these facts, it is easy to check that (3.10)
follows from the proof of the estimate

|00 7 hw)| |, = 0@ T )kl G.11)

by replacing x with v — v, where T;’: z is modification of (3.8), i.e.,

Ty o h(x) = / () [x| 77 bl (cos ) (h(x — (x - w)w) — h(x)dQw).
weS?

The proof of above estimate is given in Lemma 3.4 below.
Before proceeding to the proof of (3.11) for 0 < s < 1/2, we consider the reduction of (3.4) for the soft potential
case 1/2 <s < 1.

II. Soft potential 1/2 <s < 1.

We can reduce the proof of the estimate (3.4) for 1/2 <s < 1 by following the almost the same process for
0 < s < 1/2. Define the same Td’;j but replace the weight |[v — v*lé_zs(v)_(l_z‘y)(v*)_(l_z‘v),0 < s < 1/2 with
v — v*|%_2s, 1/2 <s < 1. Since |v — v*|%_2s, 1/2 < s < 1 itself and its derivatives with respect to v are uniformly
bounded, we see that the proof of the soft potential case is equivalent to (3.11) with 1/2 <s < 1. We will prove (3.11)
for1/2<s <linLemma3.4. O

Lemma 3.4. The estimate (3.11) holds for 0 <s < 1.
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Proof. For our purpose, we use inverse Fourier transform to rewrite

Tér ~h(x)

/ 2Bl (cos ) (h(x — (x - @)w) — h(x))dQ()

weS?
2—(2,1,)3 / f X |22 bl (cos 0)e™E (e O EO) _ 1)h(E)dQw)dE
R3 52
1
= @n)? f T (061817 R(E)dS
R3
where
adm (x E)_c('x)a ('x E)
=E(x)|xl‘23|$|‘25/ bl (cos0) (e T OED — 1)dQ(w). (3.12)
52

We combine |£]%* with iz\(é ) so that the definition of at = is homogeneous in |x||§]. Before the analysis of al d s we
need a dyadic partition of unity on {(x, &)|x, & € R3 — {O}}. Using (2.2), we have the dyadic partition of unity by
1= %0 x(E),x#0,6#0
JEZ keZ
=xa(x,§) + xp(x,§) + xc(x,§)

where

Xa(x, &)=Y xj(x) > xx(®),

jeN keN
XB(xX, &) = xB.1(x, &) + xp2(x, £)
= Y GOx®+ Y @,

J+k=>2,j>1,k<0 Jj+k=>2,j<0

Xe (e, €)= xca (6, £) + xca(x. €)
= Y x@Ou®+ D xmx@.

J+k=1,j=1 J+k=1,j=<0

(3.13)

Hence supp xa(x,&) C {|x| > 4,|&] > 4}, supp xp.1(x,&) C {|x||§] > 16, |x| > 4,]&| < 8}, supp xB.2(x,&) C

{Ix/I&] > 16, |x| < 8}, supp xc,1(x,&) C {|x[|&§] < 128, |x| > 4} and supp xc,2(x, &) C {|Ix]I§] < 128, |x| < 8}. Us-
ing definition of ¢, (3.3), we can further decompose it as

t
adfn—zaA +ag+ac

(3.14)
XA adm + XB,1 ad + xc1a

m

where a is given in (3.12). We also define operator T” &= On )3 (T4 + T + T¢) accordingly. It is reduced to
proving that these three operators all satisfy (3.11).

Part 1. Estimate of 74

The estimate

[~ 0T n)| |, = 0@ T Al



1652 J.-C. Jiang, T.-P. Liu/ Ann. I. H. Poincaré — AN 36 (2019) 1639-1677

is equivalent to
[0 o) = 0@ ) 2 (3.15)
where
T heo = [ Eantr ol e R de.

We note that suppas (x, §) C {|x| > 4, |&| > 4}. Fix a small positive number ¢ which is less than 1 and regard |x||&|
as a parameter. Let k(x, £) € N U {0} be the integer such that 2K < |x||&] < 21 Let (1) be a non-negative smooth
function defined on ¢ > 0 with u(t) = 1if t < e and u(¢t) =0 if t > 2¢. We define

IxZILiEI - n@ IleLEI

n(t) = u( 1),

then supp 7 C (1255 12526) © (5.26). Let nj (1) = n(2/1), j € Z,sothat 1 =37 n;(1). fort >0, s a dyadic
partition of unity on (0, c0). To define a dyadic partition of unity on [0, 7r/2), we discard those ; withindex j < 0 and
redefine np on (0, /2] by letting np =1 — Zj>0 n;, then no is a non-negative smooth function. Therefore i=0Mj
gives a partition of unity on (0, r/2]. Finally, we define

ﬁcut (‘9) +,Bcan (9)
e; T b4
= Z 771(5—9)+ Z ﬁj(5—9)=1, (3.16)
0<j<k j=k+1

which is the dyadic partition of unity on [0, r/2) as desired. The partition gives

1 ¢ T e T

T
Cl0, = —-——), cC(z———,=
supp Beur C [ ) 2|x||%_|) supp Bean (2 x[E] 2

For any fixed x and &, we split a4 (x, &) into two parts as
as(x,8) = Beur(0)aa(x, &) + Bean(B)aa(x, §)
def
= Aeut (X, 8) 4+ acan(x, §)

according to (3.16). We also define the operators corresponding to acqn, deyr as

). (3.17)

797 hx)
= Teanh(x) + Teuch (x)
= / S acan (x, §)E (€)P R (E)dE + / e acu (x, §)IE (€)7 h(E)dE.
R3 R3
Next we need to decompose & space into two parts smoothly according to d,,. For the simplicity of notations, we just

use (3.18) and (3.24) below to separate two different case.

Case 1. If
e xlE] < ¢ x| @) /® (3.18)
holds, [17/2 — ¢, |x| ™ (dy) ™V, /2] C [/2 — elx| V|| 7!, /2] and @y = 0. We use the parametrization

x = [x[(0,0, 1)
& = |&](cos g sin by, sin gg sin by, cos bp) (3.19)
w = (cosgsinb, singsiné, cosd), 6 € [0, /2], ¢ € [0, 27].

Let wg = (cos(p + ) sinf, sin(p + ) sin 6, cos ). From the support property of 8, (3.19) and Taylor expansion, we
have
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e—i(xw)(s-w) -1 +e—i(x-wd)(§-wd) —1

= 2{e i I¥llElcosbo cos? 0 cos(|x||&| cos(gy — @) sinfy sinf cosH) — 1} (3.20)
= —2{i|x||&| cos by cos’ 6 + |x|2|$|2 sin” 6y cosz((po — ) sin 6 cos? 0}

+ remainder terms.

Using sin26 = 1 — cos? 6, we see that the remainder term is a series in terms of i|x||&] cos? 8, |x|*|&]? cos? @ and
their products. The series converges for any 6 € [7/2 — cu|x|’1(dm)’1/ 2 /2] if ¢ < 1. The contribution from
|x |2|E |2 sin’ 0o cos? (9o — @) sin® 6 cos? 6 to the dean(x, §) is the main term which gives

/2
C bl ! (cos 0)|x|**|& |7 sin® By cos® O sin OdO
/2—¢/Ix|l€]
/2 3.21)
= C(cosbp) X127 cos' 7> 0 sinHd6

77/2—C1¢|x|*1(dm)*1/23'
= C(cos00)(dm) Ve 0<s < 1.

The integration of other terms are of lower order and form a convergent series. Hence we can conclude that for
O<s<1

Gean(x, E)|EI*(€)P ™1 = C(cos Hp) (d) 1719 |52 (£)P !

where the bounded coefficient C(cos6p) depending on ¢, s, coséfp and bump function p is a symbol of order O
(see (3.44) for the derivative of cosfp). By the same C above, we define

PP (x, &) = CleF ().

Therefore Ty = T.q, is a pseudodifferential operator of order 2 4+ p — 1 = 1 4 p with symbol O ((d,,)'~1/%) x
p'TP(x, ). From the result of composition of pseudo-differential operators, see for example [16,21] for classical
result or [20] for composition of more general symbols,

(D)™ MO T b (x)

= 0 D) [ pir e
= 01 [[ [y e piy. eiidzayan

= O ((dy) 71 / e q(x, &) h(g)de

where
4(c.8) = / / (D06 () =140y £)dydn € S, (3.22)
has asymptotic expansion
i—lel 3
g0, )~ 3 — 02 E) 0, ) (3.23)
aeNg '

in the sense that

il

|
q(x,§) — |ot|Z<:N — 8¢ (&) TP p(x.6) € Sy

Hence (D, )~U+”)T,,, satisfies the desired estimate by the theory of pseudodifferential operators. Indeed we can also
get the desire estimate by using Lemma 2.1 since the symbol ¢ (x, £) actually satisfies (2.5).
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Case 2. If

e Ixl1El > ¢ M xl(dm) > (3.24)
holds, then the interval [7/2 — ¢, |x| = (dy) V%, 7 /2] equals

[7/2 = culx| ™' (dn)™/? /2 — elx| T EIT U /2 — elx| 7 EI 7 /21,
Hence acq, (x, €) is

/2
C / X272 1€ 1772 (cos 0) 172 sin6do
m/2—elx| =1 |g] !
= C(cosbp)

and T, a pseudo differential operator of order 0 4 25 + p — 1 whose composition with operator (D,)~1+#) has the
principle symbol

C(E) g™,
Using (d,,)'/* < C|&| we have
(€)HE < Cldn)' ™0 (3.25)

and conclude that T,,, satisfies (3.15). Next we consider T,; and a.,;. Note the variable 6 is less than 7 /2 —
elx|~1&|71. Thus we may separate a.,; (x, £) into gain and loss terms,

Acur (X, §) = xa(x, §)ag(x, ) — xalx, &)a(x, §)

= xa(x.§) / x| 72|57 F e DED B (0)D ! (cos 0)dQw)

weS?
aCe8) [ = B O 0s0)d2w)
wes?

According to this decomposition, we write T, as the difference of gain and loss operators, i.e.,

Teurh(x) = Tgh(x) — Trh(x)

_ f ¢V A (x, E)ag (x. E)EP (£)P R (E)dE

= [t a0l ) Reds
Direct calculation gives that

ar(x, &)X (E)P ™ = CE1* (€)™ — d(£)™) (3.26)

where C depends on s, &, cos 6y and bump . Then the operator (D,)~ 1+ 7Tj is a pseudo-differential operator with
symbol C(|€|* ()2 — d,, (£) ™) which is bounded by C(d,,)!~1/*, thus (D, )~ P T; satisfies (3.15) again as T,,,.
We note that, by (3.25), it suffices to show that T, satisfies

[(D) =0T ho)|

L2 = CIEZIEPRE) 2.
The above estimate is equivalent to

[0 T o), < Clll o, (3.27)
where

To.(14p)h(x) = / e yalx, E)ag(x, £)(6) TPh(8)dE, (3.28)
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ag(x, &) = f x| 72 (g H eI E @) g (0)D] ! (cos 0)d2(w) (3.29)
weS?
with
supp Beur ()] (cos0) C /2 — culx| ™ (dm)™/* 7r/2 — elx| ' E] ] (3.30)

by (3.9), (3.17) and (3.24).

For the analysis of agz(x,&), we need a partition of unity on (x, &) space which relies on a dyadic decomposi-
tion in the interval (0, ) constructed below. Let £(0) € C* be supported in the interval (7/8, 7/2) and satisfy
ZnEZ £@27"9)=1forall 0 > 0.Let ,(0) =¢(2"0),if n > 0 and 2(9) =1-3",.0%n(0). Define £o(9) equals ;:(9),
if 0 <0 <m/2 and &H(0) = {o(w — ), if /2 < 6 < . This extension of ¢y from 0 <6 <7/2to 0 <O < 7 by
reflection keeps ¢o a smooth function since z equals 1 near /2. We also define {_,(0) = ¢, (wr — 6) for n € N. Then
we have the dyadic decomposition 1 = £o(0) + Y, ($n(6) + -, (9)) in the interval 6 € (0, ). Abuse the notations,
we define

So(x,&) = §o(arCCOS(ﬁ)) s L (x, &) = Ly (arccos( x g ), neN,

lx 11§ lx|1§1
and note that the supports of ¢o(x, §), &, (x, &), ¢, (x, &) lie respectively in the cones

1“0={(x,«i‘)| % <arccos(x'g )<n_2}’

[x[|§] 8
b4 x-& T
= {(X,EN 3 <aTCCOS(m) < W} (3.31)
r ={(x §)|JT(1—L)<arccos(x-$)<JT(1—L)}
O 2nt €] 23l

Then we have decomposition of a,(x, §) as

4. 6)=Y a;(n, ) E Y ¢ (x, g, £).

JEZ JEZ
Next we furthermore decompose each a;(x,&), j # O into three part by selecting suitable disjoint subgroups of
(j, k) € N x N in definition of x4 (x, &) in (3.13) so that each have support lie respectively in

Cing={(x,8) €Ty, |x|>4-2" |5 >4.2"}

Can s ={(x, &) € Ty, x| €] > 4% 2%, €] <2-4-2")
U{(x, &) € Dy, x[|E] > 47 - 27" |x| <2-4.2"}

T 111 ={(x,&) € Ty, |x[|E] < §-4%-27").

Those functions are denoted by x4y, 7, X4n,77 and x4, 177 Tespectively. We have the decomposition of a;(x, &), j #0
as

aj(x,&)=xj1(x,8)a;(x, &)+ xj1(x,8a;j(x,8) + xjr1(x,8)a;(x, §)
défaj,l(xv%') +aj(x,&)+ajrx,§)

and decomposition of T (14,) as

T 14py h(x)=Tp + Z(Tj,l +Tj 11+ Tj1)h(x).
J#0
Each operator T} ; is a Fourier integral operator or a pseudo-differential operator whose discrimination will be stated
later, T y; behaves like T} ; after change of variables and T ;;; is a pseudo-differential operator. We call U, "+, s
the region I, U,I"t, ;s the region I and U, ", ;7 the region III. Let the angle spanned by x and & be 6y, we have
|x||&] cos?(6p/2) > C1 > 1 on region [ and IT and |x||&| cos2(6p/2) < C, on region III for fixed constants C1, C3. The
different kinds of behavior of T, is due to that of a, (x, §). On region I or II, the phase function of a4 (x, &) has strong
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oscillation to disperse the amplitude function except near the critical points. On region III the oscillation is too weak
to disperse the amplitude function.

If |x|, |€] are large enough and the critical point of phase function of agz(x,§) lies in (3.30), we will calculate
ag(x, &) by using the stationary phase formula (see for example [13] or Theorem 4.4 recorded below). The calculation
here is similar to that in [17,15]. By (3.19), the phase function in definition of a,(x, &) can be written as

(x - w)( -w) =|x||&| cosB(cos(p — ¢g) sinBy sinh + cos g cosH).

We regard |x||&| as the parameter and define

o(x,&; w) =cosb(cos(¢p — ¢p) sinby sinb + cos by cos ) (3.32)

be the phase function of integral (3.29) which is obvious smooth over $2. In order to use the stationary phase formula,
we need to find the critical points of the phase function o (x, &; ) and its Hessians over the critical points. It is
known that we can calculate these quantities on the local coordinate or equivalently on manifold by using covariant
derivatives (see, for example, [4]). We will use the later approach here. The parametrization (3.19) defines a mapping
from (6, ¢) to sphere. Then {ey = %, ey = 9} is a basis on tangent bundle of sphere. Recall that the gradient
and Hessian are given by the formulas,

sm@ £

d 1 9
Vs2 = (£7 ﬁ%) (333)
and
Fia L2 cosh b
Hg = [ 2 e T . sin' g £0 ] (3.34)
sin@ 90d¢ sin2 9 9¢ sin? 6 a(pz sinf 06

Applying (3.33) to (3.32), we see that the critical points of phase function v satisfy the formula

(x-wE+E - o)x=2x 0)E 0o, oS (3.35)

Note Beur(0) b"1 (cos0)sinf vanishes when x - @ = 0, thus we only have to look for critical points w such that
x-w#0. By relation (3.35), we have & - w # 0. Hence w belongs to the plane generated by x and £. A simple
calculation yields four critical points w4, w_, —w4, —w_ where

oy = (x|E| + & [xD)x|E] + & x|
{ = (x[é] — ElxDlxlE] — €Ll (3-36)
if x and & are not colinear. We also express them as
w4 = (cos g sin(By/2), sin g sin(fp/2), cos(6p/2)),
= (cos( + ¢g) sin((r — 6y)/2), (3.37)
sin(rr + o) sin((w — 6p)/2), cos((w — By)/2)).

If x and £ are collinear, the four critical points are £ Iil =+ H and £’ where w' is a unit vector orthogonal to x
(and &). We observe that if ‘X‘ \?l =0 or 1, then for all these four critical points, % isOor 1. Thecase x - w =0

has been excluded, while we may disregard the case |x - w|/|x| = 1 since b"1 (cos0)sinf =0 at & = 0. Thus we only
have to consider the critical points of the form (3.36).
The Hessians of the phase function o (x, &; ®) at w4 and w_ are

a’/(x,s;wg:[_oz e 5)} (339)
where
oL B =1 () —o(r frs).

2 |x[|§]
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Since
|deto” (x, §; 0)| = 2%z, sgno”(wx) = F2, (3.39)
the critical points do not degenerate.

We first discuss the behavior of ag(x, &) when (x, &) belongs to I'g. Since |x| > 4, we assume that d,, is large
enough such that

3
7/2 = culx| ' dp) TV > /2 - EVRE

When (x, &) € 'y, the above condition implies
0
Iﬁo(x, £ w)| >m/32,

for all 6 belong to the support of ﬂm,(e)bgn ! (cos8). Using this fact,

j 9 con 1L ilxlElo (rgiw) _ ilxliElo (x &)
Ulxllgl=mo(x, & @) o0 e —e ’

and integration by parts, we know that ap(x, &) is a symbol of smoothing operator on I'g and T is a smoothing
operator which clearly satisfies (3.27).

When (x, £) belongs to U,cN ', the critical points & w4 may locate at support of ,BCL,,(G)b’d:n !(cos6). When
(x, &) belongs to U, N [y, the critical points £ w_ may locate at support of ﬂcm(G)beL 1 (cos ). If the stationary
phase formula is applied, we only consider two critical points w., w— since (x - w)(§ - ) and b;; , (cos @) are even in
w, the contributions to agz(x, &) from the critical points —w., —w_ are identical respectively to those from w,, w—.
Also by the symmetry, it suffices to discuss ag(x, &) for (x, &) € Upen ',

First we consider a_, j(x,&) for given (x,&) whose critical angle 6p/2 of w; locates at support of
Beut (0)bl] ! (cos 6). We split the integration (3.29) by partition of unity on S such that ko, k1 € C*(5%),0 < k; <

1/2 1/2.

1,k0 4+ «1 =1 and kg = 1 in a neighborhood of w, of radius (|x||£|)~ "/~ and vanishes outside radius 2(|x||§|)~

By integration by parts, we see that

/ X |22 g H e D g @)Dl (cos Oy (@)dQw) € S (3.40)

weS?

is a symbol of smooth operator. Applying stationary phase formula to above integration with k| replaced by kg, we
have

a—n,](xv &)

1 i "
= s(x, &) |x| 72 [E| 7% | det(|x||E |0 (x, &, w4))| "Ze 5N @4)

. 3.41
e"‘x”f"”‘x*f){b&fj(cos(%"))sin(%%+0(|x|—1|5|—1>} D

L pmilligloe ) o (x, £)

where s(x, £) is a smooth bump function. The first term of p_, j(x, &) is

— i x5 det(Ix 1€ [ (v, &5 @4)) 2B (cos(80/2)) sin(6/2)
_—im x| TF(E] 7 (cos(60/2)) ") sin(6p/2)

B 20x €11 +x - &/|x|[€]]'/2

= =272 (|x||&))* (|x|1€| cos?(Bo/2)) "+ sin(Bo/2),

(3.42)

which is bounded by (|x||&])~* since |x||&|cos?(fp/2) > 1 on region I and II.
Without loss of generality, we consider —n = —1. The term (3.42) is a symbol of order —s as we have cos(6p/2) >
¢ > 0 and the fact that the x or & derivative of cos(6y/2) descends one order in x or £ respectively. For example,
1 6o

9 cos( 0) sin(—) 9 [
% cos(Py = _ Zgin( 2y
082 272 9"
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where
0 0 .
—Goz—arccos(x é)
0§ 0§ |x]1&]
—1 3 x-&
_ o 3.43
¢1—(x~é/|x||s|)2aéj<|xllél> G439
_ —1 xj —costplx|&/|§]
sinf |x|1&] '
Using (3.19), we see that
9 —cosfpcosgolé] ™, =1
8—90= —cosfpsingolE|”!, j=2 (3.44)
i —sinfol£[ ", j=3

descends one order in £. Using the stationary phase formula in the form of the asymptotic series, we find that the
lower order k-th term of p_, ; of (3.41), a symbol of order —k — s, has the form

qi(cos(tp/2), sin(6p/2))
(Ix]1&] cos?(80/2) sin® (6 /2))
where g (¢, s) is a polynomial of (¢, s). The remainder term of the stationary phase formula also has the form as
above. By the result on the asymptotic summability of symbols, we can conclude that p_ ;(x, £) is a symbol of order
—s, see also [17]. Please note that derivatives of the symbol p_; ; descend order 1 not only in & variable but also in

x variable. This allows us to use (2.5) in the estimates later.
Therefore

Ty 1h(x) = / FEERIE ) () (6) R ()

(Ix11ED S (Ix[1&] cos?(8/2)) =) sin(Gp/2) (3.45)

is a Fourier integral operator of order —s + (1 + p) whose phase function ¥ (x,§) =x - & — |x||§|or(x, &) = (x - § —
|x]|&1)/2 satisfies non-degeneracy condition, i.e.,

1 1
detie[y e, 601 = 1det5[1 = Lo £ 1= (51— costhl

1 2L el g (3.46)
0<C < (§)3|1 —cosbty| < C2
on the support of p_j j(x, &) where 6y is the angle spanned by x and &. By Theorem 2.5 and Remark 2.6 of [20] or

Chapter VI of [25] , we know that the composition of the pseudo differential operator (D, )™+ with T_1,7 is again
a Fourier integral operator, i.e.,

(Dx)"MOT_y 1h(x) = / VOB 1 (x, E)h(E)dE (3.47)
R3
where the phase function ¥ (x, §) is the same as that of 7_; ; and symbol c_; j(x, &) is of order —(1 + p) — s +
(1 4+ p) = —s < 0 which have the same support as p_1 ;(x,&)(§ Y1+ and their derivatives also descend as fast as
p1.1(x, £)(€)117 respectively. More precisely,
co1(x.8) = / f o VODTVCEFCENM )= p_y 1 (v, £)(€) P dydy (3.48)
has asymptotic expansion
o )
D R )0 [V (v, 6)(6) Iy (3.49)
ae(NU{0})3 *

where

V(x, v, 8)=v(.8) —v(x.8) + (@ —y) Vab (x,8).
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Now we are reduced to proving the L? boundedness of the operator given in (3.47). In fact, the L?> boundedness
of such operators only requires finite times derivative of c_; j(x, £) remain bounded, see for example Theorem 2.5
of [19]. We provide another proof of the L? boundedness of operators of (3.47) in Lemma 2.1 which will also be used
to see that the bounds of 7_, ;, j # 0 form a convergent series.

For other symbols p_, ;, we note that the value of cos(6y/2) for (x,&) € I'_(,41) is about one half of that for
(x,&) e I'_,,. On the other hand, the minimum of |x| or |§] on I'_(,41),; is two times of that on I'_,, ;. Combining
these facts, (3.44) and (3.45), we can conclude that

sup 990 p_urn (BN < sup (990 poy i (x.8)]
(x,6)el—(u+1),1 (x,&)el g

for each pair of («, B). By (3.48) and (3.49), we have

sup 020 d_gun s (L E) < sup 10200 d_p (x, 6.
(x,8)el_(ny1),1 (x,6)el_p,1
Since §p — 7 as —n — —o0, the non-degeneracy condition (3.46) has uniform upper and lower boundsinI"_,,, n > 1.
These two conditions imply that 7_,41),; and 7_, ; have the bounds (2.8) with the same C. Since the A in (2.8) for
T_(4+1,1 is about 1/4 of that for T_, ;, we conclude that the series of the bounds of T_, ; is convergent.

Next we consider a_, (x,&) for given (x,&) whose critical angle 6y/2 of w4 does not locate at support of
,BCm(é’)bZn1 (cos®). This happens to (x,&) € I'_,, ; for smaller n where 6y/2 < /2 — culx|7 N (dp) V. Let nd,
be the greatest number among these n such that we can find (x,§) e ', ; satisfies above relation. As before, we
split the integration (3.29) by partition of unity on $2 such that ko = 1 in a neighborhood of w. of radius (|x||& Dk 2
and vanishes outside radius 2(|x||€])~1/2. When 6 support of ko does not intersect the support of ﬁcu,(e)b’dfn (cos0),
we see that a_, ; is symbol of smooth operator since it equals (3.40). The applies to all (x,&) e ', ; forn <ng, — 1
by the definition ', ;. When (x,§) e ', a1 O Uy —1.1 the intersection of 6 support of k¢ with the support of

Beut (Q)btd; ! (cos8) may not be empty. We need to consider the contribution from

/ x| 72 (g TH e CDED B, (0)B] ! (cos )i (@)dQ(w) (3.50)
wes?
toa_, ;(x,§). Itis indeed
eIl (8 (g (3.51)

where ¢(x, &) is a symbol of order —s. Now we prove the statement above. From (3.50) and (3.32), we know that
q(x,§)is
f x| 72 (g |2 KRN+ (oot EeD g (0)b | (cos )k (w)d Q(w). (3.52)

weS?

Ignoring the phase function, we see that g (x, &) is bounded by
C(Ix]1ED ™2 1x 721617 (cos(8o/2)) ™12 sin(6/2)
= C(Ix|IED T (Ix]1E| cos®(Bo/2)) " U292 sin(6y/2)
< C(Ix|IE) .

Since w is the critical point of o (x, £; w), we have that

N 60> N 1
01 (x,6)—0(x,6;0)=0(0— )" +(@—9))=0(——)
2 |x]|&]

for w € supp kp. Thus the phase function of (3.52) doe not oscillate much and we have
18200 g (x. £)] < Cap ()1l g) 1AL,

We remark that this argument also works for (x, &) whose critical angle 6y /2 satisfies

6
C1(/xlED ™ < (% = culxl ™ ) ™) = 2 = Co(/nl[ED !
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for fixed C» > C; > 2. Hence for those (x, £) satisfy above relation, the function A—pg, .1 OF A—py —1.1, i.e., (3.40),
can be regarded either as a symbol only or the from (3.51) which induces a Fourier integral operator. This fact allows
us to decompose a—p, 1 Or a—p, —ij smoothly and ensure the symbols are differentiable. The additional Fourier
integral defined on I'_,, amd OC Uy 11 satisfies (3.27) as before. Also those pseudo-differential operators defined
onI'_, j with I <n <ng, canbe estimated by the same way as we did to the Fourier integral operators and the series
of bounds is convergent. The ends the discussion on region 1.

We continue with the estimates of the operators T ;. It suffices to show that for each j € Z — {0} the estimate

(D)~ YT} 11h () [l 2 < CIUD) " P T; th(x) 2 (3.53)

holds with C being independent of j. Recall the L? boundedness of the right hand side of (3.53) comes from the
analysis of a; ;(x, &) and the application of the Lemma 2.1. We should show that the analysis of a; ;7 (x, &) can be
done as a; j(x, &) after change of variables, then we can compare the norms by checking the proof of Lemma 2.1
again.

By symmetry, we only need to consider 7 77, n € N. Recall

(D)~ 1 1h(x)

‘ . . 3.54
- / / f Iy A0 i E g () (E)HPR(E)dEdydn (339

where

an,ll(ys %-) = Cn(y» %_)Xn,ll(y7 5) ag(y’ E)
= Cn(% S)Xn,ll(yv é,-:)

< [ ROV b 010 coserde)

wes?
Here
(6= Y xiMx®)
(J.[)ERn, 11
and

Ru 11 = R111,11 U R121,11
={(,DIj+1=2m+1),1<]<n}
U{(,Dlj+1>2m+1), 1<j<n}.

By the similarity, it is enough to consider only the operator in (3.54) with Ty ;s restricted to Rlll’ ;7» denoted by S, to
illustrate the idea. By (3.54) and Plancherel theorem, we can write

su= 3 [ uerds

: 1
(-]’l)ERn.II

def
é Z S(j’l)u(x)

. 1
U.DERy 4y

where
e (x, ) = tn(x, &) / / eI E) IO () =P I8 o (9) 4y (€)aag (v, E)(E) TP dydn (3.55)

and ¢p(x,&)=x-& or %(x -& — |x]||€]) to be determined later. Let S(*j ) be the adjoint of S(; ), i.e.,

SG.vE) =/é’_i'p(y’s)c(j,l)(y,E)v(y)dy-
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Then we have
SGD SV (x) = / Kb, km(x, Yv(y)dy,

where

Ko, tkm(x,y)
= / e PEO=PCED e (x, E)egem) (v, E)dE.

Since supp x; (&) N supp xm (§) = @ when |l — m| > 2, we only have to consider [ =m — 1, m or m + 1. Without loss
of generality, we assume / =m + 1,ie. 1 <m <n—1,2<m <n. Let

ny=n+l-m=>2,A=2" £=1"16, x =A%, y=AJ.
Also let n = A~!7 in (3.55), then we have

e, n(x, §)

B // (G IG5 5 =1 5y =(14+0) i

Xjmny D Xign, €) ag (3, E)(A1EVHPdTdi

def 3 ~
= C(j—ny, 1+n+)(x»§)-

Since j —ny >n+1, I +ny >n+2, a3, £) is a function defined on region I of (7, &) space. By previous
calculation, ag (¥, £) equals to p(x, &) or e MIEICWE) b (x £) where p(x, ) is a symbol of order —s. We choose
$(%, &) =% - & if ag(x, &) = p(x,§), otherwise ¢ (¥, §) = 5 (& - § — |%[[€]). Similarly

ey (3 E) =iy mrny) 5 )
withk —ny >n—+1, m+ny >n+ 1. Use (3.49), we see that for any «,

1020 (i iny) T ) < CIOFOZ C(jnsy, 14my) (5. E)) (3.56)

where C > 0 is independent of A and likewise for cék_mﬁ mtns) Then

Ko, t,m(x,y)

_ / H OO0 (x E) e (02 E) dE

_ -3 i (p(X.6)—¢(%.8)) A 2 Ey A S Y JE
_s /et(¢(x b-¢@ E))C(J’—n+,l+n+)(x’$)c(k—n+,m+n+)(y’é)d§

=3 ~ o~
=X K(j—n+,l+n+),(k—n+,m+n+)(x’y)

and
~ A ~ ~ ~\ g~
S(j,l)S(*k,m)U()‘x) = / KGny t4n), (k=n, m+n+)(x’ Vv Ay)dy.
From above and (3.56), we have

156G Sl 312 = CUSG=np 0 Siemny . mom L2522 (3.57)

Note that the right hand side of (3.57) is an operator with kernel defined on region I and thus we can apply Lemma 2.1
toit. From |(j —n4) —(k—ny)| =|j—k|, |(+ny)—(m+ny)| = |l —m| and estimate (2.19), we see its upper bound
has the form as the right hand side of estimate (2.19) depending only on |j — k|, |l — m|. The estimates || S?j,l) Stie,m) |l
can be handled similarly. Thus we conclude the result by Coltar-Stein lemma again.

It remains to discuss the operators T} j;; defined on region III. The key observation is that > 0 A4 IT1 is a symbol
of order —s. Using this fact we see that ) j0 Tj.111 is a pseudodifferential operator defined on region III. Then the
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estimate follows by the fact about the composition of the pseudodifferential operators. Now we prove the claim above.
From the calculation of a,(x, &) on region I, we know that the it suffices to show that

f X225 H e O ED B (0)bY ! (cos O)ko(@)d QAw) (3.58)
weS?

is a symbol of order —s, no more induces a Fourier integral operator, when the critical angle 6y/2 of w locals at the

support of ﬁcu,(e)bfi: 11 (cos®) or the 6 support of k¢ intersects the support ﬁcu,(e)bgn (cosh). Again we write (3.58)
as

e—iIXIIS\U+(x,S)q(x’ £)

where ¢ (x, £) given in (3.52) is a symbol of order —s. We only need to show that e~I¥lI§l+(x-8) j5 3 symbol of order
0. It simply follows from that

lx|IE[loy (x, &)| = |x]1&| cos® (60/2) < Ca

where the inequality is by the definition of region III.

Part 2. Estimate of T

Since 1 — p > 0, the estimate for Tp is implied by
[~ 0T hw) |, = 0@ g R 2.

Note that [[(Dy) =2 T h(x)|| 2 < | Tp h(x)| ;2. Recall that

Ty h(x) = / Eap(x, £) [E2TE)dE

R3

where ag(x,§) = xp,1(x,§) aj (x,&) and supp xp,1 C {|x||€] > 16, || < 4}.
Thus (3.18) holds and the same calculation as Case 1. of the estimate of T4 gives

ap(x,£) |E]% = C(cosbo)(dn) "5 152, |E] < 4, (3.59)

where the bounded coefficient C(cos6fy) depends on ¢, s, cosfy and bump function p. Using (3.59), we are able to
prove

ITg R0l 12 < Cdn) " 4 11EPR(E) | 2 (3.60)

here |£|; means the |£| < 8 and it is clearly that [|[£[22(£)[|,2 < CIlIE], R(E) 12 < CIEIPR(E)| 12 for 1 — p > 0.
Again we can combine |& |12 with #(£) and reduce (3.60) to the L? boundedness of

Tu(x) = f ¢VE C(cos o) 31 (x, E)u(E)dE.

Note the derivatives of C in (3.59) with respect to & are unbounded due to |£| < 4. Thus 7T is not a pseudo-differential
operator. However the condition |x||€| > 16 can help us to obtain the L? boundedness of 7.
Recall, (3.13),

X1, E) = Y x@u@= Y  x@x®).
JH>2,1<0 Jj—1>2,1>0
As the Lemma 2.1, we decompose T as

T= > Ti-n

j—1>2,1>0
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where
7?j,—z)u(JC)=/ei’“ga(j,_n(x,é)u(é)d%‘
R3
and
agj,—1(x,§) = C(cosbo) x;(x)x-1(5) (3.61)

with the condition

j=l+2. (3.62)

As the proof of Lemma 2.1, the L? boundedness of 7 can be proved through the estimates of 17¢ jﬁl)lﬁz —m) 7212
and ||7;’;’_ l)ﬁk,,m) l;2_ 12 where ’7};_ m) is the adjoint of 7(x,—n). We consider only the estimates of the former since
the estimates for the other can be handled similarly. Write

TG0 T — gy (X) :/’C(j,—l),(k,—m)(xv u(y)dy
where
K(j,—l),(k,—m)(x,y)=/eié‘(x_y)a(j,—n(x,E)ﬁ(k,—m)(y,f)d%-

When |l — m| > 2 we have K(; _j) k,—m)(x,y) = 0 by the fact y_;(§)y_,(§) =0 and (3.61). Without loss of
generality, we assume [ =m + 1 and A =2/, Let x = A%, y = Ay, £ = A~ 1&. We observe that this change of variables
does not change the direction of vectors x, y, £, thus we have

agj,—n(x, &) = a—1,0/(F, &) , Ak,—m) (¥, &) = Agk—m—1,1)(F, &),

and
K. temy (6, ) = 2K (1,00, m k1.0 (K, ).

Since j — 1,0,k —m — 1, 1 are non-negative by relation (3.62), we see that
aG-1.0F.&) . dg-m-1.1)(F. &)

defined on |%|, |£| > 2 are symbols of order 0 which satisfy (2.5) of Lemma 2.1. Thus we have
TG~ T -y () = / K=, —m) (X, )u(y)dy

=//C(j—l,O),(m—k—l,l)(i,ﬁ)u(?&)di =T i T gy 5.

Hence ”T(j,—lﬂ?z,fm) ||L§_>L§ = ||T(’;.71)0)7}m_k_1,1) ||L%%L)z;. The phase function X - £ clearly satisfies the non-
degeneracy condition (2.6) and we can conclude the result by Lemma 2.1, see the paragraph after (3.57).
Part 3. Estimate of 7¢

Similar to the estimate for T above, we can drop the operator (D,)~1+?) to simplify the proof of the estimate for
Tc by using the fact that supp xc.1(x, &) C {|x||&] < 128, |x| > 4} implies that the support of & is bounded. However
we should prove the estimate for T¢ directly for the later use. We note the estimate

|00 T ho)| |, < 0@ ) Il 1o
is equivalent to

[T heo)| |, < 0@ ) 2 (3.63)
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where

T2~ h(x) =/e"xfac<x,s>|s|2s (€)1 h(E)dE,
by Plancherel Theorem and

ac(x. &) = xc.1(x. &) alf (x.§)

= xc.1(x. &) |x| g / bl (cos0) (e " OED — 1)dQ(w).
SZ
We only consider p € (—1, 1] since the special case p = —1 is easier than others. By definition,

(D)~ 1(TE h(x))
= (D,)” 1) / e Sac(x, &)%) T h(E)dE)
- f f f SNy =50 i€ g (. £)[E P8V () dEdydn

= / ¢ c(x, £) h(§)dE = f K(x,&) h(§)d§
where
cte.&) = [[ 0700 )= a0 () v,
Now we estimate ac (v, &) given in (3.64). Since |y||&| < 128, we may assume d,, is large enough such that

e yllEl < e My l(dm)

(3.64)

(3.65)

(3.66)

(3.67)

holds. Hence the set of 6 where b;jnl non-vanishing is [77/2 — ¢, |y| ™ (dn) V%, /2] C (/2 — ely|~HEI7, 7 /2].
Using (3.19), (3.20) and (3.21) as Case 1 of the estimate of T4, we see the contribution from |y|?|£|? sin? 6y cos? (¢o —

®) sin? 6 cos? 6 to the aélfn (v, &) in (3.64) gives

/2

¢ / by, (c0s0)|y[*~> |£[*7* cos™ 0 sin0do
7/2—¢/lyll§]

/2
=C / [y]>~2 €177 cos' 7> 0 sinOdo

7 /2—=cy |y~ (dp) 7172
= C'(cos ) (dn) 1 TVIEP2 , 0<s < 1.
The contribution from |y||&| cos 8y cos? @ gives
C"(cos 6o) (d) '~y 71|
The bounded coefficients C’, C” depend on &, s, cos 6y and bump function u. Hence we conclude that

ac(y.€) = 0((dm)' ™) xc1(y.£) Ccosbo) (Iy| ™[] +1€177).

(3.68)

(3.69)

(3.70)

The bounded coefficient C, same as C’, C” above, can not be regarded as the symbol of order O since its derivatives
with respect to £ do not decay when |£| < 1. Fortunately the y derivatives of C as well as ac(y, &) descend order.
Hence the proof that (3.22) has asymptotic expansion (3.23) can be used to estimate (3.66), see for example [20] for

the proof of more general formula (3.49), and conclude that c(x, £) has the asymptotic expansion

i —le
g2 @) Y —or ) Potac.6)

3
aeNg
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in the sense that
_ il _
) — €)™ YD e o)
la|<N :

j el

sCx Y e 0 ac, ).

In fact, we need the above estimate for N large enough so that the remainder term is integrable with respect to x and
& instead of full asymptotic formula. From above and (3.70), we conclude that the kernel K in the last line of (3.65)
satisfies

K (x, &) =le(x,6)] < 0((@dn)"' ™) xc 1 (x, ). (3.71)
Let p(x) = (1 +|x|)~! and g(£) = |£|72. For any fixed |xo| > 4, using spherically coordinate and (3.71), we have

/ |K (x0,8)lq(§)dé

(I&1=<128x0| 1)
128]x0|~!

< Ci(dy)' 7Y / r2rtdr
0

< Ca(dn)" P 1x0l ! < C3(d) VY p(xg).
And for any fixed |§p| < 32, we have

f |K (x, &0)|p(x)dx
{2<Ix|<12815/1)
128150/~
<Ci(dy)'~1 f rmtrtdr
2
< Co(dn) ' 7180172 = Caldn) T g (80).
We conclude (3.63) By Schur’s test. O

Proof of Lemma 3.2. Small relative velocity, hard potential.

Let
Tjr; h(x)
- / x| 2B (cosO)(h(x — (x - @)w) — h(x)dQw), (3.72)
weS?

where cosf = (x - w)/|x]|,

b (cosO) if x| > cu(dm) 1/
bl (cosf) = d"’2 . o 12 (3.73)
m bfi:, (cos@) if |x| < cu(dp) />
with
- [ (cos0)~IH2)if cos(0) < eyl | (d) /2
bdm (cos0) = { 0 others. G798
and

bl*(cos) = (cos) ") [ 0<6 <7/2. (3.75)
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. . o 1=2s 0 —(1=25) —(1-29) Hei — o, |12
Following the proof of Lemma 3.1 with [v — vs[z 7 (v) (V) being replaced by |v — vi|.”~*, the proof
of (3.5) is reduced to proving that for p € [—1, 1] and 0 < 5 < 1/2, we have

sup
Vx

< O d) VNN 10

(D)= (o = 0 ey, 0 T 0 70, H))|

L? (3.76)

Since vy is a parameter and L? is translation invariant, it is easy to check that the estimate
m

[P 2T R | < 0 T B g1 (3.77)

implies (3.76) by replacing x with v — v, in the proof. We remark that the proof of the case p = —1 is simpler than
others. Hence we only consider —1 < p < 1 below. As before, we write

T} h(x) = e / e alf (x,&)|EPh(E)dE (3.78)
where
alf (x,&)=|x|"*[g|~* f bl (cosf)(e™ ED — 1)dQ(w). (3.79)

S2

We should prove (3.77) by reorganizing ingredients in the proof for Lemma 3.4. Noting supp |x|. C {|x| < 8} and
using dyadic decomposition (3.13), we have the decomposition

tro_ def tr tr
ag =ap2+tac2 = XB2ay + Xc24,,

where supp xp,2(x, &) C {|x[|§] > 16, |x| < 8}, supp xc 2(x, &) C {|x[|§] < 128, |x| < 8} and correspondingly

1
TV = ——= T2+ Tc2). 3.80
dn = )3 (Tp2+Tc,2) (3.80)
First we prove that the operator T » satisfies (3.77). Using (3.16), we further decompose ap 2(x, &) as

aB,2(x7 &) = Bean (9)&3’2()6, &) + Beur (9)613,2()6, &)

déf[lcan(x, S) + Geur (X, é)

and correspondingly T 2 = T¢qn + Ty We can estimate a4, as Case 1 or Case 2 of Part I in the proof of Lemma 3.4
to conclude that

Gean (X, E)[E™ = CE|.

Although |£| > 2, acqp 18 not a symbol since C depends on cosfy is not a symbol of O order as |x| may be less one.
This gives us the obstacle to use the result in the composition of pseudo-differential operators directly. However this
can be remedied again by change of variables. The estimate we need to prove,

(D)= 1612 T |, = 0@ ) 10,

is equivalent to

can

[0 2 TL )| < 0@ ) 2 (3:81)

where, by Plancherel theorem,

7L, h(x) = f €8 Gean (x, £)|E17(£)P 7 h(§)dE.
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Let
(D)~ (x| 173 T8 h(x))

can

_ / / / I =) GV E 125 12125 2)0~ (€ ) dEdydn

_ / ¢V o(x, £) h(E)dE

& Shix)

where
c(x, &) =g1> (&)~ / / e OV =8) )y =UE0) 1225 (3, E)dyd .

The proof of the L? boundedness, i.e., (3.81), is similarly to that of (3.54) except that the coefficient O ((dy) 1179y
in (3.81) and | y|l’2x in (3.82) were not seen before. Using the definition of xp > and the decomposition

acan(3,)=" Y X-jMxE Bean©)a, (3, 8),

—j+=2,j=0

we have c(x,£) =) c—j(x, &) where

c—jn(x, &) = &[> &) / / e (=8 gy =) 1228
X D x1E) Bean(©)ay, (v, E)dydn.

Thus we have corresponding decomposition

Sh(x)y= > Scjnh).

—Jj+=2,7=0

(3.82)

We will get L? boundedness of operator S by Coltar-Stein lemma and estimates

IS0 St kmy 212+ 18T 0 Sc—kmll 212

for —j+1>2,j>0and —k +m >2,k >0 where S, is the adjoint of S._;;). It suffices to consider
I1S(—j.)S{_g myll- We have

S-S imv(x) = f K(—j.0,(~kmy (%, y) v(¥)dy
where

K(—jby.(—km)(x, y)

= [ et om0 B

Since supp x; (&) N supp xn () = @ when |l — m| > 2, we only have to consider [ =m — 1, m or m + 1. Without loss
of generality, we assume / =m + 1. Let

r=27 g=xE, x=2"1%, y=2"13,
and 1) = A7 in (3.82). Checking (3.79), we have af (y.&) =a/] (7.£) and
cCpnen§) = WP GE ! [[[ D)5 -
X0 X j+1E) Bean ©)alf, (7, E)dFdi (3.83)

def ~
= C(o,_j+1)(x,€)-
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Similarly c(—g,m)(y, &) = c?_k+j,_j+m)(§, £). Note that here we have —j+1>2,—k+j>1and —j +m > 1. The
function Bean (0)alf (3, &) in (3.83) nonvanishes for (3, &) € supp xo(3)x—j+1(€).
When b’d; = bﬁl; 1 we calculate the function Bean (9)(12; (7, é) as Case 1 or Case 2 of the Part I of the proof of

Lemma 3.4. The discrimination of Case 1 and Case 2, i.e., e 'y[|&| < c; ! y|(dm)'/? or e 7V |y||E] > ;Y| (dm)/?
is now

IME| < C(dm)"/* or [AE| > C(d)"/* (3.84)

in new variables. And B.qy, (9)‘151:,, (7, £) equals to C(cos 0) (dy,) 1 =1/%) |LE |22 if the former holds, equals to C(cos6p)
if the later holds. The function

15/M57% =eG/MIF/ATE =@/ (3.85)

is bounded and its derivatives descend in order, see definition (3.3). Furthermore the integration part of cé‘o it (%, &)
is a symbol for the compositions of pseudo-differential operators whose calculation can be done by (3.23). Thus
o j+n (&, &) has principle symbol

C(co800) (dm) V1 /M x0(B) 4= j 1 B)(AE) T2AE|? (3.86)
if the former of (3.84) holds, principle symbol
C(cosHp)|F /A" xo(F) x—j+1(B)AE* (AE) ™2 (3.87)

if the latter of (3.84) h01ds~. By (3.85), the term |i/k|1_zs in (3.86) and (3.87) is a symbol of order 0. And we can
conclude that cé‘o — it (x, &) is a symbol with principle symbol

C(cos 09) (dy) 11/ (3.88)
if the former of (3.84) holds, with principle symbol
C(cos o) [2£]* (A&) 2 (3.89)

if the latter of (3.84) holds, here |A&|% (A&) 2 < C(d,,)'~1/9). The similar calculation works for c?—k+j,—j+m)@’ £).
From

K0y, (—k,m)(x, y)

= / Il (O oy (0 E)E

3 o
=M Ko iy (—ketj—jrm) X5 )

and

S Stk mv 08 = / Ko~ i1y, (— by s ) 007 ),
k
(=k+j,—j+m)
whose value depends on |j — k| and |/ — m| (see the paragraph after (3.57)) with the coefficient (d)* 119 We
concludes (3.81). The function a.,;(x, &) non-vanishes if the later of (3.84) holds. Then we need to prove

we know ||S(,j,1)SE"_k’m) ||L§+L§ = IS0,—j+nS ||L(%_)L% where the later can be estimated as Lemma 2.1

[0 2 Teush )|, = O D) 1.

Similarly to the Case 2 of Part I of the proof of Lemma 3.4, we write ac,; = ag — a; and Ty = Ty — T;. The operator
T; can be estimated by the same way as we did above to T4, using change of variables. To estimate Ty, we also need
consider the function a, in different cones I'; defined in (3.31) and refine each cone into region II and region III (no
more region I here due to support of xp 7). Then estimate a, and the operators on different regions by using change
of variables as before so that a, in the new variables non-vanishes only on the set with magnitudes larger than 2. We
skip the details to avoid the repeat.
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When bZn = bfifn 2 we calculate the function ﬁcan(é’)afi; (ﬁ,é) of (3.83) as Case 2 of the part I of the proof
of Lemma 3.4 since the later of (3.84) holds. Due to the definition of ban is different with that of bZn I we
have supp Beus (0) C [0, /2 — e|x|~1&|~!] compared to (3.30). This difference does not affect the result in view
of x| < cu(dy)~ V%, by (3.73). For example the term (d,,)~1/9|x|=2(£)?~! in (3.26) is now |x| 2 ()P~ ! =
lx |22 x| 72(€)P~1 < C(dy) 119 |x|72(£)P~ L. Since the discussion is essential the same as last paragraph, we can
close the discussion of Tg.

Next we turn to the proof of

[0 (2 Teah )|, = O =)l gy (3.90)
Again we consider only —1 < p < 1 for p = —1 is an easier case. Also the above estimate is equivalent to
_ _ -1 _
[0 R | = 0@ ) 2 (3.91)

where

785 hx) = / ™ ac 2 (x, E)[E P (6) T h(§)dE
with

aca(x, ) = xc2(x, €) alf (x,€)

= xco(x, ) |x| 7P |E7> / blf (cos0)(e " EW —1)dQ(w).
5'2

Recall the definition of xc 2(x, &) and write it as

xea@. £ = Y xi@u@&=>_1 > xj@©xu®]

Jj+k<1,j<0 j<0 k<l—j
def
= xc,2j(x,8).
j<0
We define
def
D @ xkE) E xep(x. £). (3.92)
k=<0

Then we have the decomposition

ac2(x.6) = xea (. §)alf (1. 6) =Y xcoj. Hal (6. ) LY aca;x.£),

Jj<0 Jj=<0
— — -1
(D)~ (x| TP TES h(x)

= (Dy)~ P (x| 172 / e Sac o (x, £)IE1* (&) h(£)dE)
_ / / / N (=058 | 125 o () 6 P ()0 () dEdydy

= [t Yo niens

Jj=0

(3.93)

_ / K (v, £)h(E)de
where

cj(x, &) =g1* &) ~! f / e TV =8) () =) 3 | 1225 0o (y, €)dyd . (3.94)
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We will estimate the function ¢ (x, &) by change of variables and the argument in proof of the Part 3 of Lemma 3.4.
Let

A=2"0U"D x=271% £ =2E, y=2"13, n=27. (3.95)
Then xc.2; (3. €) = Xep (7. &) Where xcp is given in (3.92). And ac 2;(y. €) = xep (7. £)aly” (5. &) where

Qg (5.6 =157 ¢ '_2S/ B (cos 0) (e~ FOED _ 1140w,
SZ

B (cosB), if|F| > curldm) "V,
bﬁiZA(COSQ) = b%"\ . Y= Cuntlm 1 (3.96)
dy (cos), if |y < cur(dm) )
with
i, _ [ (cos )=+ i cos(0) < cuh| 3T dm) TV,
bl (cos ) = { 0. others. (3.97)
bl>*(cosf) = (cos )" 0 <0 <7/2. (3.98)

Since || IE| = |y||€| < 128 on the support of xcp(F, £), we can calculate a;;;*(y, £) as the Case 1. of the part I of the
proof of Lemma 3.4 by letting d,, be large enough. When b;,:’;)‘ = bZn 1% we have

-z (dy) 1712728182728 if [511€] > 1

a;”"(y,&)=C R TP T P T S S 3.99

dy V5 {(dm)1 V3220 5=V E)=2 it 511E] < 1. (3:99)
When bfi:’f = b;:n“, we have

. g 15122181272, if |18 > 1

a’(,§)=C{~_ ~1_ P (3.100)

dn WY 5112 1E 2, if (58] < 1.

Note that |J| < cyr(dy)”"/? implies CIFP2 5P < C(dw)' " S22 2 EP7> and Cl3|'">E|)'™> <

C(dy)' =152272515 - 1E ) =25, Applying (3.95) to c;(x, &) given in (3.94), using calculations of ail:;)\(i, £) above
and the method used in the estimate of (3.66) in Part 3. of Lemma 3.4, we conclude that (3.94) is bounded by

{ Odn) =T F 2 ey (7,8),  FIRIEI = 1,
O((dn) TR (AE) xep(X, §),  if IXNIE] < 1.
Equivalently
_ O ((dn) ' =19 X172 xc 25 (x, &), if [x[|&] > 1,
lcj(x, &) < 1=1/5) ) v | =25 ;£\~ 1 _ ~
O ((dm) Mx[™=(E) " xc2j(x,8), if|x|[E] < 1.
From above and the definition of x¢ 2, we have the estimate for K (x, &) of (3.93),
O ((dn)' V%) x5 xc 2(x, §), if [x||§] > 1,
K(x,8)| < _ _ il . 3.101
K. 9l {O«dm)l )25 () xenx, €), i [x][£] < 1. 310D

It remains to check that |K (x, )| satisfies Schur test to conclude (3.91). When |x||&| > 1, we let p(x) = |x|~2 and
q(€)=(1+|£])~". Then for any fixed |xg| < 8,

/ wol' 2 e 2 (x0, £) q(E)dE < C / q(&)de
{1&1<128]x0] "1}
1280/~ (3.102)
=C / (ry~'r2dr .
0
< Clxo| ™% = Cp(xo).
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For [&y| < 16,

/ 1" xe 2 (x, &) p(x)dx < C / xc.2(x, &) p(x)dx

8 (3.103)
= /r_zrzdr <C <Cq(&).
0
For |&y| > 16,
/ 11" xc.2(x, &) p(x)dx < C / xc.2(x, &) p(x)dx
128&| ! (3.104)
e / r22dr < Cléo| ™! < Cq(&).
0

We note that in the estimates (3.102), (3.103) and (3.104), the factor |x|!~2% < 8!=2% was not used. When |x||&| < 1,
we let p(x) = |x|7!7% and ¢(&) = (£)~!. Then

Ixol ™2 (&) " xc.2(x0, £) q(£)dE
{lxollE|<1}

_ f ol ™2 (&) g (&)de
{1&1<lxol~1}

< Clxo| "% = Cp(x
< Clxol p(x0) (3.105)

X172 (€0) " xc 2(x, &) p(x)dx
{lxoll&|<1}

= / (&) x| 7 x| B dx
|x|<{l&|~" or 8}

< C(s)(&0) ™" = C(s)q (&)

We remark that the coefficient O ((dy,,)'~'/%) grows as s tends to 1/2 due to last estimate above. O

Proof of Lemma 3.3. Small relative velocity, soft potential.
For1/2<s<1, pe [—% -, % + 5] we wish to prove that

(Qf (f )k} = O DI A s 101 s, (3.6)

where N (s) = (1 —s)(1 — 1/s) < 0 and small k > 0 satisfies 25 — 2s!T* — 5 > 0.
By the same reduction as the proof of Lemma 3.2, (3.6) is implied by the estimate

1
[ a2 Ty neo |, < 0@ )il (3.106)

%-Fs—p
where Tj; is defined in (3.78). The proof of above estimate is essential the same as that for the estimate (3.77).
Below we explain how the factor |x|j_2s for 1/2 <s < 1 can be controlled by giving more regularity to f and h.
Using (3.80), the operator Té"’l was split into T 2> and T¢ > and the estimate (3.106) is the consequence following
estimates,

(D)= G0l Ty (0| = 0@ A (3.107)

%ﬂ*p’

1
(Do)~ (02 Te o), < 0 inl, (3.108)

%H*p :
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The estimate (3.107) has the same decay rate as before. Replacing the exponents —(1 + p), 1 — p with —(% + 5+

0), % + s — p respectively in the proof of the estimate about the operator 75> in Lemma 3.2, we see that (3.86)
and (3.87) become respectively

C (08 00) (dyy) 171/ ,\ZH|;2|1—2~‘X9(i)>37,-+z(§)<A§~>‘1‘2§|A§|2,
C(cos80) A= M FI"2 xo(F) x—j1 (B) (RE) "2 |RE |,

Here we can drop |¥|' =2 since s > 1/2 and need to take care of A. Use above estimates, the correspondences of (3.88)
and (3.89) are respectively

C(cos o) (dm) 71/ (5) 172,
C(COS 90) ()\.§>_1)\.2S_1 S C(COS 90) (§>—2+2S)L2S—2
< C(cosb) (dy) "1/,
These first symbol is in our favor being negative order since s > 1/2. The remaining part of the proof for esti-
mate (3.107) is the repeat of Lemma 3.2 for Tp o part using above results. Hence we turn to the discussion of
Tc,>. Again we follows the argument in Lemma 3.2 for the proof about estimate 7¢ > by replacing the exponents

—(1+p), 1 — p with —(% + 5+ p), % + s — p respectively. It is straightforward to check that the correspondence
of (3.101) is

O(@n)' V)X '=2 182 xc a0 (x, &), if 1 < |x||&],
K8l = { O((d) V) x| ()2 yen (. £), if |xIE] < 1.

Since 1 —2s <0 and |x||&| > 1, the first line of (3.109) satisfies Schur’s test by (3.102), (3.103) and (3.104). The
second line of (3.109) does not satisfy Schur test. Thus we need to sacrifice the decay rate here. Let P(s) = 2s“ —
2511 and note —s < P(s) — 2s < 0. We dominate the second line of (3.99), using || > c,A(dy)' /%, as

(da)' P ITIFITHRETE < Cd) MO PO g
1/2s

(3.109)

We also dominate the second line of (3.100), using |y| < ¢, A(dy)~
TN < Cldn) VO T I PO S

Using these two results, the second line of (3.109) is replaced by
O @)V N x|PO72(6) > xcp(x,§) , if [x[[§] <1

which is bounded by

O @)V )7 €)  xc2(x, &) (3.110)

since —s < P(s) — 2s < 0. Replacing 25,0 < s < 1/2 in (3.105) by s, 1/2 < s < 1, it is clear the bound (3.110)
satisfies Schur test. O

as

Proof of Theorem 1.1. The proof can be done by exactly the same argument for proof of Theorem 1.2. The difference
comes from B/ in (3.1) is now replaced by

o B W, 0) ife,V (dn) VP > 1
I B W.0) i e,V )TV < 1

with B[Z;Y defined in (1.6) and BZI defined in (1.7). And therefore the operators T [2: of (3.8) and (3.72) have to be
replaced by

T h(x) = / %% (h(x — (x - @)w) — h(x))bY (cos0)dQ(w) (3.111)
weS?

with cos8 = x - £/|x||&| where

bHs(cos@) if culx|~ ()" > 1

H _
ba, (cos9) = { bHi(cos0)  if culx|~ (dy)~ V2 < 1.
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4. Auxiliary lemmas

4.1. Collision kernel B,

m

In this subsection, we calculate the formula of By, (), 8). Recall that the inverse power law model means the
intermolecular potential is given by

Ur)=cgr "V n>2

where c7 is a constant. The collision kernel By, is the one with inter-molecular potential U (r) being cut-off at r = dy,.
We define

s=m—-1"L

The collision process for finite range potential is that the particle will convert the kinetic energy into potential
energy, then at the critical point the process reverses if the particle penetrate the force field Uy, , Fig. 1, otherwise it
will bounce back like hard sphere. Thus two different cases of collision are under consideration.

Case 1.

The incoming particle will bounce back like hard sphere if kinetic energy or the projection of relative velocity to
normal direction of potential is smaller than U (d,), i.e.,

%m(Vcos@e)z <U(dy) 4.1

where m is the mass of the particle. This gives (1.6) and (1.7), Vd,?1 cos b, sinf, = Vd,%l cosfsinf, with ¢, =
(degm—H1/2,

Case 2.
The incoming particle penetrates the force field if
1
Zm(vcos@e)2 > U(dy). (4.2)

In this case, the motion of the particle can be described by the system of equation

im (2 47207 + U(r) = gmV?

r20 = Vb (4.3)

which comes from conservation of energy and angular momentum respectively, Fig. 1. Here 7, 6 denote the derivatives
of r, 8 with respect to time. Solving above equations, we obtain

dm

b 4U b?

6 = sin~! — +b/r—2(1 AW b iy,
d my? r? “4.4)

=0, +06,
where r. is the minimum solution of
4U(r) b?
-2 -2 =0, 45)

For the formula of the collision kernel
db
B\V,0) =Vb—dOdo,
(V,0) 70 ¢
we need to calculate % using (4.4). Cercignani [6] used (4.4) to get the estimate

b~ dy[1 45" (1+ KV cos? 0]%D (4.6)
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where K = —m[2dm(8U/8r)r=dm]_1. Then he used (4.6) to get
B(0,V) ~d2V(1 + KV*)?cosOsin - [1 + s~ (1 + KV?*)?cos? ]~ 1H9, (4.7)

However the hard sphere reflection (Case 1 above) was not included in his discussion. His formula (4.7) matches the
second expression of (1.8) when K'V? is larger than 1. Also the condition KV? > 1 is equivalent to the requirement
cos6 > ¢,V (d,,) "1/ in (1.8). In fact the calculation for the finite range may follow the one for the infinite range.
Let
b (mV
xX=—,g=
&= 4eg

)1/(n l)b
r’

u rc

and note that x,. solves
2o Eiog, (438)
g

For large g, we want to estimate dg/d0 instead of db/d6. Rewrite

p—/ /1_x2 )nl

dm

dx

/ \/ +(Xc)n 1 _ 2_(§)n71

(4.9)
dy
B (n—3) el
i \/<1—y2>[1+i;;,,_1 (51
d L0 e
%/\/1y72(1 2 g~ 1( y 5—)) if g is large
re -y 8
7(,
Using (4.8), (4.9), it is not hard to see that
7-[ - - —
7 0=06"""N=06""
or
T e . )
§=0((5 =0 =015 -0, .10)

As the case of infinite rage potential, the second line of (1.8) follows by taking derivative to (4.10). The big O of (4.10)
for finite range potential is uniform bounded above and below with respect to d,,,. However there is a dichotomy for
the derivative dg/d6 when we let d,, tends to infinity. First we note that

do, b 1 1 sin6,
= () = (4.11)

dg dm g [1_ (%)2 gcosb,

If limg,, — 0o di = 0 then d6,/dg could be smaller than the term d6,/dg = O(g~1*1/9) by asking sufficient large
dp,. This means the coefficient ¢4, in the second line of (1.8) will tends to the constant, c, of (1.11), as d,, tends to
infinity.

On the other hand, if limg,, % # 0 and g is large. We see that d6,/dg is either of order g~ or tends to oo
(when cos 6, ~ ¢, V~1(d,,)~/%). In either case d6,/dg dominates the term do,/dg = 0(g~"+1/9))_ This means that
¢4, in the second line of (1.8) is much smaller than the cg4, for the case limg, - o d% = 0. Heuristically, we can also

1

observe that smallness of ¢4, is necessary for cos6 close to ¢V~ Ndn) Y% so that the value of (1.8) at the critical
angle cosf = ¢V~ Ydy) ™Y can match the value of (1.7) by the continuity of By,
Hence we conclude
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Lemma 4.1. When we consider the limit of By, as dy, tends to co. There is a dichotomy to the coefficient cq, in the
second line of (1.8). If limy, — o0 % =0, the coefficient cq,, tends to a constant c in (1.11). If limg, 0 % #0, the
coefficient cg, is smaller than previous case and may tends to 0.

4.2. Lemmas from harmonic analysis

We need the following Schur’s test lemma ([14], Theorem 5.2). See also Stein’s book [24] p. 284 for a special case
and Sogge’s book [21] Theorem 0.3.1 for the related Young’s inequality.

Lemma 4.2 (Schur test lemma). Let X, Y be two measurable spaces. Let T be an integral operator with the non-
negative Schwartz kernel, i.e.

17w = [ K sody,
Y
If there exist functions p(x) > 0 and q(x) > 0 and numbers a, B > 0 such that

/K(Jm Y)g(y)dy < ap(x)
Y

for almost all x and

/ K(x, y)p(0)dx < Ba(y)

X

for almost all y. Then T is a continuous operator L> — L?* with the operator norm
1Tl 212 < Vap
We also need the following Coltar-Stein lemma (see [24]).

Lemma 4.3 (Coltar-Stein lemma). Assume a family of L* bounded operators { T;}jezn and a sequence of positive
constants {y (j)}jez» satisfy

IT Tl o2 < Uy = DY ITTH oo < (v G = Y
and
M= y(j)<oo.
jezn
Then the operator T = jezn Tj satisfies

TN 22 <M.
One of the most powerful tool in estimating the oscillatory integral

In(u, f)= / e AWy (yydy,
Rn

for large A is the following lemma of stationary phase asymptotics. There are several versions used widely, here we
only record one of these which is from Theorem 7.7.5 of Hérmander [13]. We use the notation D; = —id;.

Theorem 4.4 (Stationary phase asymptotics). Let K C R" be a compact set, X an open neighborhood of K and k a
positive number. Ifu € C2X(R"), f € C**T1(X) andIm f > 0in X,Im f(y0) =0, f'(yo) =0, det f”(v9) #0, f' #0
in K\{yo} then
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|1 — MO0 (det(A £ (yo) /271)) ™Y T AT L ju|
Jj<k
(4.12)
<CA™* )" sup|Du|, A>0
|| <2k

Here C is bounded when f stays in a bounded set in C3**1(X) and |y — yo|/|f' ()| has a uniform bound. With

oM =F) = F0) = (f" o)y = ¥0). ¥y — y0)/2

which vanish of third order at xo we have

Liu= Y > i727(f" ()" D, D)" (gl u) (yo) /1! 4.13)

v—u=j 2v>3u

which is a differential operator of order 2j acting on u at yo. The coefficients are rational homogeneous functions of
degree —j in f"(y0), -+, fXT2(yo) with denominator (det f" (y0))3/. In every term the total number of derivatives
of uand " is at most 2j.
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