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Abstract

We studied the asymptotic behavior of local solutions for strongly coupled critical elliptic systems near an isolated singularity.
For the dimension less than or equal to five we prove that any singular solution is asymptotic to a rotationally symmetric Fowler type
solution. This result generalizes the celebrated work due to Caffarelli, Gidas and Spruck [1] who studied asymptotic proprieties to
the classic Yamabe equation. In addition, we generalize similar results by Marques [12] for inhomogeneous context, that is, when
the metric is not necessarily conformally flat.
© 2019 L’ Association Publications de I’Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Let g be a smooth Riemannian metric on the unit ball B{'(0) C R"(n > 3). In this paper we derive asymptotic
behavior for positive singular solutions to the following class of nonlinear elliptic system with critical exponent defined
in the inhomogeneous context

nn—2)

. U7 2w, fori=1,2, (1.1)

2
—Agu; + ZA,;/ Xuj =
j=1
in the punctured ball 2 = BY (0)\{0}. Here U = (u, uz), A, =div,V is the Laplace Beltrami operator of the metric
gand Aisa C! map from B (0) to M3 (R), the vector space of symmetrical 2 x 2 real matrices. We can write
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A = (A;j)i j, where each A;; isa C! real valued function. We say that U = (u1, uo) is a positive solution of (1.1) if
each coordinate u; is a positive function for i = 1, 2. Here |1/| denotes the Euclidean norm of I/, that is, |/|* = u% + u%.

O. Druet and E. Hebey [7] have investigated and proved analytic stability for strongly coupled critical elliptic
systems in the inhomogeneous context of a compact Riemannian manifold. This kind of coupled systems of nonlinear
Schrodinger equations are part of important branches of mathematical physics, like in fiber-optic theory and in
the behavior of deep water waves and freak waves in the ocean, (see [7] and [8] and the reference therein). The
critical systems (1.1) are weakly coupled by the linear matrix A and strongly coupled by the Gross—Pitaevskii type
nonlinearity in the right-hand side of (1.1). Moreover, system (1.1) can be seen as a natural generalization of the
singular Yamabe problem for an arbitrary metric.

We also mention the recent work of Z. Chen and C.-S. Lin [6], where they have studied a different two-coupled
elliptic system with critical exponent, although also is an extension of Yamabe-type equation in the strongly coupled
regime.

We call a solution ¢/ of (1.1) singular at origin (non—removable singularity) if

lim |U(x)| = +o0.
|x]—0
For easy reference, we introduce now the following hypotheses on the potential

(H1) The coefficient A;; are nonpositive for any i # j, which is equivalent to say that —A is cooperative.
(H2) In dimension n = 5, there exists a C2-function f such that

A(x) = f(x)Id2+ O(|x])

near the origin, where /d, is the identity matrix of order 2 x 2.

Both hypotheses will be important to prove a removable singularity result, Theorem 1.5 (see on page 1578). While
the hypotheses (H1) is used to prove a uniform spherical Harnack inequality (see Corollary 3.2) around the singularity,
the hypotheses (H2) is used to get a good estimate of the Pohozaev integrals (1.5).

To understand our main result in this work we consider the Fowler solutions (or Delaunay-type solutions) which
are radial solutions of

nn—2) nt2

Aut ——"ur1=0 in R"\[0), (1.2)

which blow-up at zero. Here A denotes the Euclidean Laplacian. By Caffarelli, Gidas and Spruck in [1], it is well
known that any solution to (1.2) with a non—-removable singularity is rotationally invariant.

In order to derive asymptotic properties for singular positive solutions of (1.1) it is crucial in our argument to study
qualitative properties of the limit system

-2
s+ "2t =0 in RNO) =12 (13)

which is obtained after blowing up the system (1.1). First of all we prove that any solution of (1.3) is radially
symmetric.

Theorem 1.1 (Radial Symmetry). Let n >3 and U € C*(R"\{0}) be a nonnegative singular solution of (1.3). Then U
is radially symmetric about the origin.

This theorem enables us to prove the following classification result.

Theorem 1.2 (Classification). Let n > 3 and U € C*(R™\{0}) be a nonnegative singular solution of (1.3). Then there
exists a Fowler solution ug and A € Si such that U = ug A, where Si consists of the elements (A1, Aj) in S!, the
unit circle in R2, which are such that Ai=0fori=1,2.

We will call a solution of the limit system (1.3) as a Fowler-type solution.
Finally, our main result reads as follows
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Theorem 1.3 (Main Result). Assume 3 <n <5 and that the potential A satisfies the hypotheses (HI) and (H2). Let
U € C2(Q) be a positive singular solution of (1.1). Then there exists a > 0 and a Fowler-type solution Uy such that
UXx)=1+ O0(x|")NDU(x) as x— 0.
As a consequence of Theorem 1.3 we have that any positive solution ¢/ for the system

n(n —2)
Au; + 1

either U can be smoothly extended to the origin or there is a Fowler-type solution U and « > 0 such that

Ul™2u; =0  in Q. i=1,2,

UX)=14+O0(x|DUy(x) as x— 0.
In [1], L. Caffarelli, B. Gidas and J. Spruck have proved that any positive solution to

_2 n
Au+ #untg —0 inQ

either can be smoothly extended to the origin or it is asymptotic to some Fowler solution ¢ when x goes to zero.
Later, N. Korevaar, R. Mazzeo, F. Pacard and R. Schoen in [9] have improved this result by proving that

u(x) =14+ 0(x|*)uo(x) asx— 0,

for some « > 0. F. C. Marques in [12] extended this result to a more general setting, at least in low dimensions. More
precisely, he has proved that Fowler solutions still serve as asymptotic model to the equation

2 ~2)
S D g
4n—1) 4

for 3 <n <5.C. C. Chen and C. S. Lin in a series of works, [2—4,10] have studied local singular solutions to the
prescribed scalar curvature equation

Agu

n+2
n=2

Au+ K(x)un2 =0,

where K is a positive C! function defined on a neighborhood around zero. They have studied conditions on the
function K such that the Fowler solution still serve as asymptotic models. In the spirit of the previous works, the main
motivation of this paper is the question that whether these asymptotic results could be extended to the system (1.1).

The first task to answer this question is to find an asymptotic model to the system. In [8], O. Druet, E. Hebey and
J. Vet6is have proved that any nonnegative entire solution of the system

4
Au; + |U|"2u; =0 in R",

is of the form U = u A, where A € S}r and u is an entire solution of (1.2). This conclusion motivated us to prove the
classification result to the limit system, Theorem 1.2, which is the asymptotic model to the system (1.1).

Now let us briefly describe the strategy of the proof of the Theorem 1.3, which is inspired on the works [9] and
[12]. The first step of our proof is to prove the Theorems 1.1 and 1.2. In Section 2.4, based on these theorems we can
do a carefully analysis of the Jacobi fields to limit system (1.3) similar to the analysis done in [9]. A key result to the
proof of the Theorem 1.3 is the following fundamental upper bound.

Theorem 1.4. Suppose 3 <n < 5. Assume that U = (u1, uz) is a positive solution of (1.1) in Q = B (0)\{0}. Then
there exists a constant ¢ > 0 such that

U] < edg(x,0) 7", (1.4)
for0 <dy(x,0) <1/2.

The difficulty here is the fact that we consider elliptic systems in a fully inhomogeneous medium breaking the
various symmetries that these systems enjoy in the Euclidean setting. Inspired by the work of F. C. Marques [12], by
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using the method of moving planes, we can overcome this difficulty at least for lower dimensions to prove this upper
bound (1.4).
As a consequence of (1.4) we are able to define a Pohozaev-type invariant as

PU)= lim P, U),
r—00
where

n—2 ou r 2
P(r,U) = 5 U’E —§|VU| +r
0B

r

ou

ov

P2
+r Ul ) do (1.5)

In the light of the work of L. Caffarelli, B. Gidas and J. Spruck in [1], we prove a theorem on removable singularity.
Precisely, we prove that this invariance is always non-negative and it is equal to zero if, and only if, the singularity is
removable. Formally,

Theorem 1.5. Assume 3 < n <5 and that the potential A satisfies the hypotheses (HI) and (H2). Let U be a positive
solution to the system (1.1) in B} (0)\{0}. Then P(U) < 0. Moreover, P(U) = 0 if and only if the origin is a removable
singularity.

An important consequence of this result is the

Corollary 1.6. Assume 3 <n <5 and that the potential A satisfies the hypotheses (H1) and (H2). Let U be a positive
solution to the system (1.1) in B{ (0)\{0}. If the origin is a non-removable singularity, then there exists ¢ > 0 such
that

U@ = edg(x,0)F (1.6)
foreachi and 0 <dg(x,0) <1/2.

Remark 1.7. We can see that Theorems 1.1, 1.2 and 1.4 hold for systems with any number of equations by using easy
modifications of our proofs.

The paper is organized as follows. In Section 2 we use the method of moving planes to prove that singular
solutions of (1.3) are radially symmetric. Therefore system (1.3) is equivalent to a ODE system which is crucial
in our argument to prove the classification result, Theorem 1.2. We also study growth properties of the Jacobi fields
in order to obtain the asymptotic behavior of singular solutions of (1.1). In Section 3 we prove the upper bound,
Theorem 1.4, Theorem 1.5 and the lower bound, Corollary 1.6 to solutions of (1.1). In Section 4 we conclude the
proof of Theorem 1.3. Precisely, by using a delicate argument, originally due to Leon Simon, applied in [9] and
[12], we apply the estimates (1.4) and (1.6) to prove that any solution of our system (1.1) is asymptotically to some
Fowler-type solution.

2. Classification result for the limit system

Our main goal in this section is to study some properties of singular nonnegative solutions U = (11, u2) to the

following system
-2 4
Aui+$|bﬂmui=0 in R"\{0}. (2.1)

Similarly to the definition for the system (1.1) we say that a solution I of (2.1) is singular if limy|o [U(x)| = +00.
It may happen that only one of the coordinates blows up at the singularity. The above system will be important in our
analysis since its solutions will play a similar role to Fowler solutions in the singular Yamabe problem.

One of our main result in this section is the characterization of nonnegative singular solutions of the limit system
(2.1). We show that any solution of this system is a multiple of a vector in the unit sphere by a classical Fowler
solution, see Theorem 2.6 below.
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2.1. Radial symmetry

The first step to reach our goal is to show that any solution of the system (2.1) is radially symmetric. To this end
we will use the method of moving planes.

Theorem 2.1 (Radial Symmetry). Let n > 3 and U = (u1, uy) be a nonnegative C? singular solution of the nonlinear
elliptic system (2.1). Then U is radially symmetric about the origin.

Proof. The proof will follow the argument in [1] and [6]. Without loss of generality we may assume that lim u(x) =

|x|—0
+o0. Fix an arbitrary z # 0 in R”. Define the Kelvin transform
1 X .
Ui(x) = W“i Z+ W , fori=1,2.
We see that U is singular at zero and zg0 = —z/ |z|2 and U> is singular at zero. Moreover, the Kelvin transform satisfies
nn—2 4
AU+ M2 y JUiU, =0 i R\ {0, 20). 22)

It is easy to see that
Ui(x) = O(lx[*™) as |x| > oo

and that each U; has the following harmonic asymptotic expansion at infinity

Ui(x) = ajolx|*™" +a;jx;lx|™" + O(|x|™),
;Ui = (2—maiox;|x|™" + O(x|™),
O, Ui = O(x™),

where a;0 = u;(z) and a;; = Byjui(z).

We will show that U; are axisymmetric with respect to the axis going through 0 and z. Choose a reflection direction
orthogonal to this axis and assume without loss of generality that it is equal to the positive x, direction (0, ..., 0, 1).
For A > 0 consider X := {x € R" : x,, > A} and the reflection

X=(X1,.00s X1, %) € B> X3 = (X1, ..., Xp—1, 24 — Xp).

Using the asymptotic expansion at infinity for U; and Lemma 2.3 in [1], we see that there exist positive constants
A and R such that for any A > A we have

Ui(x) < Ui(xy), forx € ) and |x,| > R. (2.3)
By Lemma 2.1 in [5] there exists a constant C > 0 such that
Ui(x)>C, for x e Bg\{0,z0}. (2.4)

Since Uj(x) — 0 as |x| — +oo, then by (2.3) and (2.4) we have that there exists Ao > A such that when
[x] > 2Xo — R it holds U;(x) < C. On the other hand if x € X, and x; € B then x ¢ By)_g. Thus for every A > X¢
we have

Ui(x) <U(x;), forall x € &, and x; ¢ {0, zo}. (2.5)
Let

¥ :=inf{A > 0; (2.5) holds for all » > A}.

It suffices to show that A* = 0. Indeed, this proves that U; is axisymmetric with respect to the axis going through 0
and z and since z is arbitrary, each u; is radially symmetric about the origin.

Suppose by contradiction that A* > 0. Then (2.5) holds for A = A*. Since U; goes to infinity when x goes to 7o we
see that Uy cannot be invariant by the reflection x;+. Then by applying the maximum principle to U;(x+) — U;(x) in
(2.2), we conclude that
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Ui (x) < Uj(xp»), for x € y» and xy+ ¢ {0, zo}. (2.6)
Note that 0, zg ¢ dX,~, since A* > 0. Then applying the Hopf boundary lemma for x € d3;+ we obtain
O, (Ui (xpx) — Ui (x)) = =20, Ui (x) > 0. 2.7

Now choose sequences A;  A* and xl e Ekj such that U, (x{j) < U (x9). By Lemma 2.4 in [1], we conclude

that the sequence |x/| is bounded. Hence passing to a subsequence we may assume that x > X € T+ with
Ui(x+) < U1(x). By (2.6) we know that X € 0X,+ and then d,,U;(X) > 0, a contradiction with (2.7). Therefore,
A*=0. H

Since we proved the radial symmetry of the solutions we will use a change of variables to approach our problem
using ODE analysis. This is the subject from the next subsection.

2.2. ODE analysis

If U = (u1, uy) is a solution of the system (2.1), then by Theorem 2.1 we have that u; (x) depends only on |x|. Let
v (1) := e_‘”ui(e_’é’), i=1,2,

wheret = —Inr,0 = x/|x| and § = (n —2)/2. Then, it is easy to see that V = (v, v7) satisfies the ordinary differential
equation

nn—2)
4

witht € R, v; >0 and v; € C 2(R). Setting w; 1= v; , this ODE system transformed into a first order Hamiltonian
system
v
nn—2)
w A
4

Setting W = (w1, wy), we can see that the Hamiltonian energy given by

v — 8% + |V|"%2Ui=0» i=1,2 29

= wi

[ =1,2.
= 8211,' !

~TN =TS

a4,
[V]n=2v;

1 2n
HV. W) =3 (WP =81V +82V |72,

is constant along solutions of (2.8). It does not seem possible to integrate completely the ODE (2.8), as in the classical
case. Besides the Hamiltonian energy above, it does not seem possible to find other quantities which are preserved
along the trajectories of (2.8). This is the reason why we will rely on the following approach to prove the Theorem 1.2.
Since the Hamiltonian energy above is constant along any solution V of the ODE (2.8), ¥(¢) := H(V (1), V'(¢)) =
K, for some constant K.
In fact, by a direct computation, we easily deduce that

where o0,_1 is the volume of the unit sphere S"~! and P(r,i{) is the Pohozaev integral defined in (1.5). As a
consequence it is easy to see that V and |V'| are bounded. Indeed, if we suppose that there exists a sequence f,, — +00
such that |V (t,)| = 400, we have

L1V 52 s K
3 ((t) =) + S ve = o
2\\ V@)l 2 |V ()]
which is a contradiction. Similarly, we conclude that |V’| is bounded.

The first consequence of the radial symmetry of solutions is the fact that each coordinate u; satisfies the following
dichotomy: either it is strictly positive or it vanishes identically.
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Lemma 2.2. Let U be a nonnegative singular solution of the limit system (2.1). If there exists y € R"\{0} such that
u;i(y) =0, then u; =0.

Proof. We already know that any solution U/ of the limit system (2.1) is radially symmetric. Suppose that there exist
y and z in R" \ {0}, with |z] > |y| and u;(z) > u;(y) = 0. By the maximum principle from Chen and Lin in [5,
Lemma 2.1], we know that

ui(x)> inf u; =u;(z) >0,
9By
for all x € Bj;\{0}, which contradicts the fact that u; (y) = 0. Hence, if there exists a point y such that u; (y) = 0 then

u; must be zero for all z with |z| > |y|. However, we know that the corresponding function v; is a solution for the
ODE system (2.8) and by the uniqueness of solutions to the ODE system, it would be identically zero. W

In order to prove the classification result, we need the following lemma.

n=2
Lemma 2.3. If v; has a limit C; at +00 or —o0, then C; < (u) 4 Moreover, if W(t) = K > 0, then C; =0.

n

Proof. Assume that ligl v1(t) = C1 > 0. For each coordinate, consider a sequence of translates v; x (t) = v; (t + k).
t——+00

By (2.8), up to passing to a subsequence, we may assume that vy y — C; and v% & = w > 0 uniformly in compacts
with respect to the C? topology. Thus

(n=2)

~8’c n 2 L
1+ ) (Ci +w)rn2C1 =0,

n—=2
which implies that C| < (%) 4 and w is also constant, C, for example. This implies that

2)

82 5 8w
K=——|C —|C|n»-2 >0,
2| | +2| [n=2 >
where C = (Cy, C3). Therefore, C; =0. W

Now, for each i define the auxiliary functions f; : R — R by

=2+ L - Sun
ﬁ = 2 vl 2 vl 2 vl .
By (2.8) it is easy to see that
2
70 =2 (VIR0 = wo ™) wiew).

Since |V| > v;, then the monotonicity of f; is exactly the same as the monotonicity of v;. This monotonicity property
is very important and it will be used in the sequel.

Lemma 2.4. For all t in R we have that v; (t) < 1.

Proof. Suppose by contradiction that the result is not true. By Lemma 2.3 there exists a local maximum point #y € R
of v such that vy (#9) > 1. This implies that
8, 82 o
J1to) = —vi(t0) — - vi(f0) 2 <0.
2 2
We claim that there exists 71 > fo such that v} (z) <0 for 7 € (19, 71) and v/ (r;) = 0. Otherwise it would follow from

Lemma 2.3 that vy | C1 < ((n — 2)/n)# and f1(¢) | —C <0 as r goes to +00. Then we have that v; (t) > 0Oast
goes to 400 and so
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2 52 2n

0>—C:?C12—?C1" 2 >0,

which is a contradiction. Hence there exists such #; and it satisfies v/l/ (t1) = 0. On the other hand
82 , & n_
fim) = Evl(tl) - Evl(tl)”’z < fi(t) <0,

namely v (¢;) > 1 which implies from (2.8) that v/l/ (t1) < 0, which is again a contradiction. Therefore, such fy can not
exist. H

2.3. Classification result

In the beginning of this section, we mentioned that the solutions of our limit system play a similar role to the Fowler
solutions in the singular Yamabe problem. We will summarize briefly basic properties about Fowler solutions.
Remember that a positive function u is a Fowler or Delaunay-type solution if it satisfies

@uﬁzo in R"\ {0}. (2.9)

It is well known by [1, Theorem 8.1] that u is rotationally invariant, and thus the equation can be reduced to an
ODE. Since R"\{0} is conformally diffeomorphic to a cylinder, relative to the cylindrical metric this equation becomes

o2 oy
n_ 42) v "("4 D3 o, (2.10)

The analysis of this equation can be done by converting into a system of first order equations

Au +

Vo= w

(n —2)2 nn—2) n2
v— vn-2
4 4
whose Hamiltonian energy given by
- 2 2 - 2 2 n
=27 2, =27 o
4 4
is constant along solutions of (2.10).

By examining the level curves of the energy, we see that all positive solutions lies in the bounded set { H < 0}N{v >
0}. The basic properties of these solutions are summarized in the next proposition whose proof can be found in [13].

u)/

H(v,w):wz—

Proposition 2.5. For any Hy € (—((n — 2)/n)"/2(n — 2)/2,0), there exists a unique bounded solution of (2.10)
satisfying H(v,v") = Hy, v/(0) =0 and v"(0) > 0. This solution is periodic and for all t € R we have v(t) € (0, 1).
This solution can be indexed by the parameter & = v¢(0) € (0, ((n — 2)/n)*=2/*), which is the smaller of the two
values v, assumes when v.,(0) = 0.

In [8], Druet, Hebey and Vet6is have proved a characterization result for entire solutions in R” for the limit system
(2.1). They proved that any solution in R” of the equation (2.1) is of the form u A, where u is an entire solution of the
equation (2.10) and A € S_L. Inspired by their result, we may ask whether a similar description holds in the singular
case. Indeed, we prove that every nonnegative singular solution of (2.1) is a Fowler solution, up to a vector in the unit
sphere with nonnegative coordinates.

Theorem 2.6. Suppose that U is a nonnegative singular solution for (2.1). Then there exists a Fowler solution u and
A€ Slr such that U = uA.

Proof. We will prove the result in the case when v; and v, are positive solutions since otherwise the result follows
directly from Lemma 2.2.

Let V = (v1, v2) be a solution for (2.8) obtained from U/ after the change of variables of Fowler. We know that it
satisfies
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nn—2)
4
From this, we can note that

" 2 Lz —
v; —87v; + |V|=2v; =0, teR.
" 4
vl V2 = V1 Uz
which implies
vjv2 — V1) = ¢ = constant.

Suppose that ¢ 7 0. Without loss of generality we can assume that ¢ > 0. Since V is bounded, then by Lemma 2.4 we
obtain

vl)/ c
_ :_226
v/ v}

which is a contradiction, since the quotient will be a monotone function and thus it would assume negative values.
Therefore we conclude that

N
() =0
v2

and so vy /vy = 7 is constant. It follows that

n 1
V= (v1,v12) = (qu2, v2) = (n, Dva =/ 1+ nv2 ,
Vi+nr V1492

and a direct computation shows that vg = /1 + n2v; is a Fowler solution. W

This result will be extremely important in the study of the Jacobi fields. The Theorem 2.6 will be very useful to
simplify the analysis of the linearized system. Also it will allow us to use all the properties of Fowler solutions that
we described previously.

Let us mention some important consequences of the Theorem 2.6. The first result concerns the singularity of the
solutions.

Corollary 2.7. Let U = (uy, un) be a positive singular solution to the equation (2.1). Then ‘llimou,-(x) = 400, for
X|—
i=1,2.

The second direct consequences is the following

Corollary 2.8. If U is a nonnegative singular solution to the system (2.1), then there exist positive constants ¢ and c¢;
such that

2n 2n
cilx| 2 = U@ Zceolx| 2.

To understand the third and last consequence, given a solution I/ of (2.1), it is an easy computation to see that
P(r,U)=P(s,U), (2.11)

for any r and s, where P(r,U) is defined in (1.5). Hence we can denote it by P (U{) which is called the Pohozaev
invariant of the solution /. Besides, note that by the classification result, there exist a Fowler solution uo and a
unit vector A = (A1, Ap) with nonnegative coordinates, such that i/ = ugA. Consequently P ({f) coincides with the
Pohozaev invariant of u( as defined in [1] and we obtain the following important result

Corollary 2.9. Let U = (u1, uz) be a nonnegative solution of (2.9). Then P(U) < 0. Moreover, P(U) = 0 if and only
if, ui € C*(R™), forall i.
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2.4. Jacobi fields for the limit system

In the study of the asymptotic behavior of the solution to the singular Yamabe problem, N. Korevaar et al. [9] and
F. Marques [12] have used the growth properties of Jacobi fields as a tool to obtain properties of the singular solutions.
In order to prove our main theorem, we need to do a similar analysis. In this case we are going to linearize the equation
about a solution given by Theorem 2.6. In order to do this, let us first recall some details about the analysis in the
simple case.

Let us briefly describe the analysis done in [9]. Consider the equation (2.9) which, using the cylindrical coordinates
change is equivalent to

(n —2)2 nn—2) n2
pn—2

83U+A§n—lv_ 4 v 4

=0, 2.12)

where u(x) = |x| 5 v(ﬁ, —log|x|). The authors in [9] considered the linearization of the operator in (2.12) around
a Fowler solution v, which is given by
n—22 nn+2) -4
1 + 7 (S (2.13)
Since the above operator has periodic coefficients, it could be studied using the classical Flocquet theory or also by
separation of variables, see [15]. The elements in the kernel of the linearized operator L., that is, the functions ¥
satisfying Loy = 0, are called Jacobi Fields. The linearization (2.13) was studied using results due to R. Mazzeo,
D. Pollack and K. Uhlenbeck in [14] based on the spectral decomposition of the Laplace operator Agn-1.
If {Ak, X (6)} are the eigendata of Ag.—1, using the convention that these eigenvalues are listed with multiplicity,
we can write Ao =0, A1 =--- = A, =n—1, A,+1 = 2n and so on. Hence the linearized operator could be decomposed
into many ordinary differential operators given by

nn+2) 2 (n—2)%2
vg T — — A ).

4 4

With the decomposition of the Laplacian in terms of the eingenvalues, it is sufficient to consider solutions of the

induced problems L, x (¥x) = 0, where ¥ (¢,0) = >, ¥ (t) xx (0).
To the first eingenvalue Ao = 0, we consider the families of solutions to (2.12) given by

Le=0>+ Agn-1 —

Mx=¥+( (2.14)

T—>v.(t+T) and &— v.(t).

One can obtain, by differentiating these families of solutions with respect to the parameters, the solutions of (2.14) for
k =0 given by

w+0)=lLvU+TJ=UU+T) w‘a>=fw<n
S0 Tar ‘ B P

which are linearly independent Jacobi fields with periodic and linear growth, respectively.

Using a similar construction for Ay =n — 1, they were able to build linearly independent solutions wfk that are
exponentially increasing and decreasing. Finally when k > n + 1, we known that the term of zero order of the operator
in (2.14) is negative, since Ay > 2n and v, < 1, which implies that L, j satisfies the maximum principle. This implies
that the Jacobi fields v for k > n 4 1 are exponentially increasing or decreasing.

Once we have listed the aforementioned properties, we can begin the study of the system (2.1). Consider the
operator H(V) = (H'(V), H*(V)) in cylindrical coordinates, where

, —2)? -2
Hﬂﬂsz+quw—m4)tw+Mz ) Vi, (2.15)
The linearization of this operator on a solution Vo = (vo 1, vo.2) is given by L(¢) = (LY (p), £L2(¢p)) where
. ] . (n —2)2
L) = —| H'(Vo+1¢)=07¢i+ Agi1i — ¢i

ot |,—o 4
nn—2) 4 4 _5 4
+———— | —Vol2 7" (Vo, d)vo,i + Vol 26 |,
4 n—2
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where ¢ = (¢1, ¢2). However, by the Theorem 2.6 th_ere exists a Fowler solution v, and A = (A1, A2) € S! with
A; > 0 such that Vy = v, A. Using this, the operator £’ can be simplified and written as

) 4 -2 4
LL(p) =02 + Agi-1¢ +nAi (A, p)vi 2 + nT <nv;2 +2— n) oi. (2.16)

Now we will study the Jacobi fields to the system (2.1), that is, solutions of the linear ODE system L. (¢) = 0.
Similarly to the case of a single equation, we consider the spectral decomposition of the operator Ags-1. Let
¢ = (¢1, $2) be a solution of L, (¢p) = 0 and consider ¢; (9,1) = >_ ¢ix (1) Xi (). Then ¢ satisfies

4 4
Lekdik +nhi(A, (1x, d20))vé ™~ + n(nT2)v;72 $ik =0,
where L,y = 3,2 — (A + @).

In the one equation case we saw that the two linearly independent fields were obtained as derivatives of
one-parameter families of solutions of (2.15). However, since we are dealing with an ODE linear system of second
order with two equations, we expect to obtain four linearly independent Jacobi fields.

Consider the following one-parameter families of solutions to the system (2.1) in cylindrical coordinates

T—>v.(t+T)A and & — v.A.

The derivatives of these families provide us the solutions ¢; 0= w: o/ and ¢820 =, oA, where I/Igio are the

previously described linearly independent Jacobi fields for one equation. Consequently qbg’o and ¢32,0 are also linearly
independent and they are periodic and have linear growth.

Observe that there is another trivial one-parameter family of solutions to (2.1). In fact, let A (o) = (cosa, sinw)
with A(0) = A be a path in the sphere and consider the family

o — vg Alw).

If we differentiate this family with respect to the parameter we get a third Jacobi field qbg’ 0= ve A which is a periodic

function, where A # 0 is orthogonal to A. We automatically have that {(])51 0 ¢)€2 0 ¢g’ o} 1s a linearly independent set.
Unfortunately, we are only able to construct the fourth Jacobi Field in an indirect way. First observe that v, satisfies

L¢ove =0, where

M—D2+nM—D-i

Leo:=09%— 1 Z vl (2.17)

Since this operator is linear we know that there exists a solution ¢, to (2.17) which is linearly independent to
¢;f0 := v,. Define ¢io = qb;OX. It is easy to see that Eg,o(df’o) = 0. Observe that Zg,o < Lg 0, where L, o is given
by (2.14). Using standard methods of comparison of solutions to ODE, we obtain that the growth of ¢, is at most
linear, see [9].

Therefore we constructed four linearly independent Jacobi fields to the system (2.16) with respect to the first
eigenvalue.

Based on the above construction, for the higher eigenvalues A, the Jacobi fields is given by ¢,1 = 1//;L N
Pr=vY_ A = ¢;kX and ¢} = ¢, (A, where I/ffk are the original solutions constructed for one equation which
we already know the growth, see [9], and qﬁfk are solutions of

2
— , nm—=2) A (n-2)
Lek=0; +T e Z—T—
We know that the zero order term of the above operator is negative when k > 0 since v, < 1 and Ay > n — 1 for
such k. This implies that L ; satisfies the maximum principle, so we are able to determine the growth of these fields,

concluding our analysis.
We summarize the result in the following proposition.

Ak-
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Proposition 2.10. Suppose that Le(p)=0o0n R+ x S""1 where ¢ = (¢1, ). If ¢; (0, 1) = > ik (1) Xk (0), then for
each i € N we have that L (¢ix) = 0, where L, is given by (2.16), and there are four linearly independent solution of
this ODE. Moreover,

(a) There exist four linearly independent elements {¢€ 0 (;58 0 (;56 0 (;54 o} in the kernel of EO such that ¢€ o ¢€2 o and

qbg o are periodic and the growth 0f¢g o is at most linear.
(b) For k > 0 the functions ¢;x are exponentlally increasing or decreasing.

3. Coupled elliptic system in the punctured ball

Let g be a smooth Riemannian metric on the unit ball B{(0) C R” with n > 3. Consider a positive solution to the
system

. nin —2)
—Agui+ZAij(x)uj 7|U|"2M G.D

J=1

in the punctured ball Q = B (0)\{0}. Here Aisa C ! map from the unit ball centered in the origin to the vector space
of symmetrical 2 x 2 real matrices and — A is cooperative, that is, the components in the nondiagonal A;; of A,7 # j,
are nonpositive.

3.1. Upper and lower bounds near a singularity

In this section we will obtain upper and lower bounds for solutions to our system defined in the punctured ball.
Since there exists a diffeomorphism between the half cylinder and the punctured ball it will be more convenient work
in cylindrical coordinates. Explicitly, the diffeomorphism ® : (R x §"~1, Zeyl = dt* + do%) — (R™\{0}, §) is given
by ®(z,0) = e'0 with inverse &~ (x) = (—log x|, x|x|~!). One also verifies that ®*§ = e_ztgcyl.

n=2 N ) n=2, _4_ .
Define v; (¢, 0) = |x| Z u;(x) and g = e* ' ®*g = (e 2z ')n-2 ®*g. Using that
(u)_v n= 2L ¢(vu),

Unf

—2 Ry is the conformal Laplacian, we obtain that the system (3.1) is

where the linear operator Ly = Ag — 75—

equivalent to

2)
L; () ZB,,UJ B2 )iy =0, (3.2)
where
Low) = Agui— (R — e Rorgu
g = Bgumga Tyt e T Reuis (3.3)
Bij = e_ZtAijOCD

and V = (v, v2).
It is also useful to remember that in cylindrical coordinates we have

/18l

Vgl

The proof of the next result is strongly based on [12].

R;— ¢ X Rorg=(n—2)(n—1)+2(n— e

o . (3.4)

Theorem 3.1. Suppose 3 <n < 5. Assume that U = (uy, us) is a positive solution of (3.1) in Q. There exists a constant
¢ > 0 such that

U] < edg(x,0)°7",
Jor 0 <dg(x,0) <1/2.
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Proof. Given xp € Q with dg(x0,0) < 1/2 and s € (0, 1/4) such that By (xo) C €2, for x € Bs(xo) define

£ = (s —dg(x, x0)) T UX)].

It suffices to show that there exists a positive constant C such that any such f satisfies f(x) < C in Bs(x0). The result
follows by taking s = dg (x0, 0)/2.

The proof is by contradiction. So assume there is no such constant C. Then we can find a sequence of points xq
and positive numbers s such that if x; x denotes the maximum point of the corresponding fi, we have

SieCer k) = (s — dg (x, xo, k))% [U(x1,)] — o0.

Since s € (0, 1/4), then 272 fi(x) < |U(x)|. This implies that |U/(x1 k)| = oo and consequently x| x — 0.

Let ex = [U(x1 )| ™ = and for i € {1, 2} define u; x(y) = 8]:_ ui(expy, , (eky)). Note that |L{k(0)| = 1, where
U = (it k> U2,k). Also note that the function i; 4 is defined for all y such that |y| < 8/:] (sx —dg(x0,k, x1,k)). Moreover,
if dg(x, x1%) < ry:=(sx —dg(x0,k,x1,4))/2 then

U] <27 U 0l

This implies that i; x (y) < 2" , for all y with |y| < rksk — 00.
Now, if we define (gx)im (y) := gim(exYy), then we have

2
B - . nn—2) -~ 4
—Ag i k() + 7 D ALK (5) = = W DIk (),
j=l1
where ANZ. (y) := Ajj(ery). Standard elliptic theory then implies that, after passing to a subsequence, that {it; i}k
converge in C% norm on compact subsets of R” to a positive solution u; ¢ to

nn—2) 4
Auio + 7 [Uo|"2u;i =0,

which satisfies |Up(0)| =1 and u; o(y) < 2% for every y € R”. Using a similar argument as in [12, Theorem 4] and
a theorem due to Druet, Hebey and Vétois[8], we can suppose that xj  is a local nondegenerate maximum point of
||, |x1.4] < 7/8 and that i; ; is defined for |y| < %8;1, with a possible singularity at some point on the sphere of
radius |x1,k|8k_l — 00. In this way, we get that

n—2

1 2
Uum=(—r—] A
<1+%|Y|2>

Let us introduce

n=2 _
vik(t,0) =1yl 7 ik (y),
where t = —log|y| and 8 = |§—| These functions are defined for 7 > log(ll—6£k_1), with a singularity at some point

(t],6]), 1 =log(|x2 k&, ). Now define

2—n
n—2 1 2
Vo) =1y 2 Up(y) = <e’ + Ze") A.
Since Uk — Uo in the C? ioc topology, we know that given R > 0 the inequalities
2—n
Vi(2,0) = Vo) < R7le 7!,

19 Ve(1,0) = V()| <R 'e2 !

are satisfied for r > —log R and sufficiently large k. In particular, for a small number § > 0, to be chosen later, we
have |V (— 10g(88k_1))| > ¢(8) > 0 and also
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0vj k(—log3n,0) >0, (3.5)

for all € S"~! and for R > 0 large enough.
We will apply the moving plane method to v; x on the region

Tk = [—log(8e; ), 00) x S"7!

reflecting across the spheres {1} x S"~!.

To simplify the notation we will drop the subscript k.

Define '), = [—10g(88’1), Al, &, the pull-back of the metric ¢ by the reflection across the sphere {A} x sn 1
v=v; + v, v (t,0) =v;(21L —,0) and vy (t) = v(2L — ¢, 0).

By (3.2) we can write

2
nn—2)
Lewi—vipm—n)+—F— D bin(vi —vin) =0y,
i

where

4 4
VI — V)7

_4_
pE—pE AT 0

bin =v(; + i)
2
05 =Ly, —Lyvy+ Z (Bi)\j — Bij)vja,

i,j=1

2
La(wy, w2) = L (w1 +w2) — Z Bijw; (3.6)
i,j=1
and L; is defined in (3.3).
Claim 1: There exists a constant c; > 0, not depending on §, such that |0, (¢, 0)| < g, (t) = ci sze%te(z_”)k.
The first term in the definition of Q; is estimated using (3.4), the estimates 9, log|g| = O(|x]), vy(t) =
O(ez%"m”)) and § = dt> +d0> + O(g%e~2"). The second term is estimated using (3.3) and vy (1) = 0(62”7"(2%0).

Claim 2: Suppose 3 <n <5 and let y > 0 be a small number. Then there exists a family of functions (%1, (), h2, (1)),
defined on Iy, satisfying the following properties

hin(2) =0;
hij > 0;
Lg(hi s, h25) = Qi (3.7)
h;x < v;i —v;;, if A is sufficiently large (3.8)
and
-1 n=2  6-n_
hj.(—log(8e™")) < c3 max {s 2,62 V} , (3.9)

where hj) = hi) + ha), for some positive constant ¢ which depends only on §.
By (3.3) we obtain B;; = O(g2e=2). Thus, if fi and f> depend only on ¢, then

Lg(fi, f) = f"+ 0(%e ) f' = ((” 2 2) + 0<82e—2’>> f+Y 0 ],
j=1

where f = f] + f>. Given a small number y > 0, let L be the linear operator

T " / n—2 :
LiH=f"+vf - (T) +v]/f
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Lety) = 8%”)/ >0anda(n) = . Define

1
2(4—n)—y

a(n .
hi(t) = %01826(27”))%76’(1 _ 6(4*'1*)/2)0*)»))’

where y, > 0 is chosen so that the function T =7 i in the kernel of L. Note that y1 and y;, are small.
Immediately we have L(hy) = g, hix(X) =0, h; » > 0 and h; ,, = 0in (—o0, A]. Since t > —log(Ss_l), then
choosing 8% < y we get
Lg(h1,h2,3) = L) = g, = 105l

Using the same argument as in [12, Theorem 4] we get the estimates (3.8) and (3.9). This finishes the proof of the
Claim 2.
Define

wix=v; — vy —hix>0.

Note that w; 3 (A,0) =0, forall 6 € s"! and

2
n(n —2)
LgQwi o w2) + = Y binwis = Qs — Ll ha) <0, (3.10)
i

We notice that by (3.3) and (3.6) we get, for some positive function D, that
Azwy — Dwy <Lg(wis, w2i). (3.11)

Now we use (3.5), (3.7), (3.8), (3.10), (3.11), the Maximum Principle, the Hopf’s Lemma and a similar argument
as in the proof of [12, Theorem 4] to prove that

wi, (—log(3e~"), 6p) =0,
for some Ao > —log(3n) and 6y € S"~! and for & > 0 small enough. Then, by definition of wy, we get

0 < c(8) <v(—log(8e™"), 80) = (vi, + hiy) (—log(8e 1), bp). (3.12)

—n

But, using that v(z,0) = O(esz’t)) and (3.9) we obtain that the right hand side of (3.12) goes to zero when ¢
goes to zero, which is a contradiction. This completes the proof of the theorem. W

We notice that in the proof of the Theorem 3.1 the condition that —A is cooperative is not needed. Besides that,
this result holds for systems with any number of equations.
As a consequence of the upper bound we get the following spherical Harnack inequality.

Corollary 3.2. Suppose U is a positive smooth solution of (3.1) in Q with 3 <n <5 and that the potential A satisfies
the hypotheses (H1). Then there exists a constant c1 > 0 such that

max u; < c| min u;
lx|=r lx|=r

foreveryQ) <r < 41_1‘ Moreover, |Vu;| < cilx| ™ u; and |V2u;| < c1)x|2u;.

Proof. Define u; ,(y) = r%ui(ry), for every 0 < r < 1/4 and |y| < r~!. Then the upper bound given by

Theorem 3.1 implies that u; ,(y) < c|y|2%n, for |y| < %r’l . In particular, if% <yl < %, we have that u; ,(y) < 2%6‘.
Moreover
2
nn—2) 4
Mg tir () =12 Y Aijry)ujr () + =W ()72 r(7) =0,
Jj=1

where (g,);j(y) = gij (ry), which implies that



1590 R. Caju et al. / Ann. 1. H. Poincaré — AN 36 (2019) 1575-1601

nn—2)
4

where j # i. Using that — A is cooperative, the Harnack inequality for linear elliptic equations and standard elliptic
theory imply that there exists ¢y > 0, not depending on r, such that

_4
Ag i (y) — r2Aii (ry)ui () = 12 A ry)uj () — U (D72 ui 1 (),

max u; , < c1 min u; ,
x|=1 |x|=1
and [Vu; .| + |V2u,',r| < cyu1,, on the sphere of radius 1.
This finishes the proof of the corollary. W

3.2. Pohozaev invariant and removable singularities

In this section we will prove a Pohozaev Identity and define the Pohozaev invariant of a solution of (3.1). Also
we will prove a removable singularity theorem. As a consequence we will derive a fundamental lower bound near the
isolated singularity.

Given U a positive solution to the system (3.1), we define P(r,lf) as in (1.5). The following lemma gives the
Pohozaev-type identity we are interested in. Its proof is a straightforward adaptation of the result in [11].

Lemma 3.3 (Pohozaev Identity). Given 0 <s <r < 1, we have

P(r,Z/I)—P(s,L{):—Z / <xoVui+n
I BB,

-2
ui) (Ag — Mu; — ZAij(x)Mj
J

In the case of the limit system we have seen in (2.11) that P(r,{) does not depend on r, therefore it is an invariant
of the solution U.

Motivated by [12] we define the Pohozaev invariant of a solution &/ of (3.1) by using the Theorem 3.1. Since
gij =0 + O(lez), then we get that

Z(’“'V“Hrn_

i

2
Mi) (A — Ag)u; — ZAij(x)Mj <clx|*™", (3.13)
J

for some positive constant ¢ which does not depend on x. The Pohozaev identity tells us that the limit
PU) :=1lim P(r,U)
r—0

exists. The number P (If) is called the Pohozaev invariant of the solution U.
Once defined the Pohozaev invariant, our main result of this section reads as follows.

Theorem 3.4. Let U be a positive solution to the system (1.1) in By (0)\{0} such that 3 <n <5 and the potential
A satisfies the hypotheses (HI) and (H2). Then P(U) < 0. Moreover, P(U) = 0 if and only if each coordinate u; is
smooth on the origin.

The strategy to reach the result is to assume that P (/) > 0 and proof that the origin is a removable singularity and
P(U) = 0. In what follows let us denote by

u(x) =uy(x) +uz(x),
u the average of u over d B,, that is,
_ 1
u(r) .= ][ U= 71}01(83,) /u
0B, 0B,
and define
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w(t) =a()r'T
where t = —logr.

We have divided the proof into a sequence of lemmas.

Lemma 3.5. Let U be a positive solution of (1.1) which satisfies P(U) > 0. Then

liminfu(x)|x|"2 =0.
x—0

Proof. If this result is not true, without loss of generality we can suppose that there exist positive constants ¢; and ¢
such that

01IXI%SM1(x)502IXI%T", (3.14)

where the second inequality follows from Theorem 3.1. Choose any sequence ry — 0 and define

n—2
uik(x) =r.* ui(rex).

Then, using (3.14), we have
c1lx T <u (o) < ealx| (3.15)
Moreover u; i satisfies

nn—2)

2
—Ageltik + 17 Z Ajj(rexujg = 1

j=1

_4_ .
Ul = uijein B, (0)\{0},

where (gx)im (x) = gim (rix). Elliptic theory then implies that there exists a subsequence, also denoted by u; x, which
converges in compact subsets of R"\{0} to a solution Uy = (u1,0, #2,0) of the limit system

nn—2)

4
g ol uio=0.

Au;o+
By (3.15) we get
2—n
uio(x)>cylx| 2,

which implies that U is singular at the origin. However, by Theorem 2.6 and Corollary 2.9 we know that P ({p) < 0.
This is a contradiction, because

PUp) = P(1,Up) = lim P(1,Uy) = lim P(re,U)=PU)>0. MW
k— 00 k— 00

Lemma 3.6. Assume that U is a positive solution of (1.1) and that the potential A satisfies the hypotheses (H1) and
(H2). Suppose that there exists a sequence (ty) of minimum points for w such that klim w(ty) =0, where w = w +wy,
— 00

w; = r%ﬁi and r = e™". Along |x| = ri = e~ '* there exist nonnegative constants c1 and cy with (c1, c2) # (0, 0),
such that
ui(x) = ulp)(c+o(l)), (3.16)
IVui(x)l = —u'(ro)(ci +o(1)). '

n—2
Proof. Define ry = e~ and v; x(y) =r, > u;(rry). Since v; 4 (1) = wi (&) < wi (%) + w2 () = w(n) — 0 we get
from Harnack inequality that each coordinate v; ; converges uniformly in compact subsets of R"\{0} to 0. So, if we
define

ik () = v (P) " vik (),
where v, = Zi vixand p=(1,0,...,0), we have that
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nn—2) 4 4
———— vk (p) 2| Hi| "2 hij g,

2
—Aghip+r} Z Aij(riy)hje = 1

Jj=1
where (g;)im(y) = gim (riy) and Hy = (hy , ha k). By elliptic estimates we know that there exists a subsequence #;
which converge in C 120 . to a nonnegative harmonic function 4; in R"\{0}. Then

hi(y) =ailyl* ™" + bi,
and a; +a» = by + by = 1/2, since h1(p) + ho(p) =1 and 9, ((h + hz)(r)r%) =0atr = 1. Note that if |y| =1,
then %;(y) = a; + b;. This implies that h; x(y) = a; + b; + o(1). From this, we will get the first equality in (3.16) if

we prove that @; = b;. Analogously, we obtain the second equality.
Since

nn—2)

4
) [Vie| =2 v,

-
—Ag Uik + 1y ZAijUjk =
j

where /Lj (y) = A;j(rry), then we get that

2
('A-—'A-)d—z (A—A)d
VikRgVjk = VjkBgVik)dVg =Ty VjkAil — Vi kAj)V kdvg.
B{\B: I=1p,\B,

Integrating by parts, we obtain that

2
/(Ui,karvj,k —vjk0pvip)do, = r;fz / (jkAil — vikAj1) vy rdvyg
9B I=1p\B, (3.17)
+ /(Ui,karvj,k — v k0rv; k)dog.
3B,

In order to analyse the last integral on the right-hand side of (3.17), define ¢, (z) = 8% v; k(¢2). Thus

/(Ui,kar”j,k —ujkoruik)dog = /(‘Pikar(pik - @j,kar‘l)i,k)do'g-

B, By
On the other hand
2
~Bgu i+ €0 Y Aol = el 17 g
j=1

in B(,,,,-1(0)\{0} and by Theorem 3.1

R 2-n
lpp () =Clz| 7.
Similarly to what we did at the beginning of this proof, after passing to a subsequence, (pf & converges in C? topology

locally in compact subsets of R"”\{0}, to a positive solution of

)
Aui+"("T)|U|%ui=o

which using Theorem 2.6 as well Proposition 1.1 in [8], is of the form upA, where A = (A1, Ap) is a vector in the
unit sphere with nonnegative coordinates. Consequently, when ¢ goes to zero, we have

815% / (ﬂDikar‘pik - <Pf,k3rfpf,k)d0g = /(uoarMOAiAj —uodrupAjA;)dog =0.
dB 9B
Thus by (3.17), we conclude that
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2
) - ~
/(vi,karvj,k — v k0 Vi p)dog =71y Z / (v kAil — Vi kA j)vy dvg.
0B =)
Since |v; x| < c|x| 2, then the integral in the right hand side above is convergent and it is uniformly bounded in k.
This implies that

2

/(hj,karhi,k — hixdhj)dog =r " u(rep) 2y / (jkAir — vikAji) v kdvg.

9B, =g
Since kli)rgo u(ry p) = oo and the integral in the right hand side is uniformly bounded and A satisfies the hypotheses
(H2), we conclude that

/ (hjarh,' - hiarh/‘)do’g =0
dB;

and consequently a1by = azb;. Since a; + ap = by + by = 1/2, then we conclude that a; = b;. This finishes the
proof. W

Lemma 3.7. Let U be a positive solution of (1.1) defined in the punctured ball. If
lim |x|"Z u(x) =0, (3.18)
|x]—0

then U extends as a smooth solution to all unit balls B".

Proof. We begin by obtaining upper and lower bounds for the second derivatives of w in terms of w, where w is
defined in Lemma 3.6. Indeed, observe that the upper bound in Theorem 3.1 implies that w(¢) is bounded. Then,

ﬁrzj[u,

0B,

and since

_ n n—2
Wy = —Upt2 —

w’

we also get that |w;| is bounded. Derivating again the function w we obtain
_ n+2 _ n—2 2
Wy =upr 2 +m—Du,rz + — w.

Similarly to [12, Theorem 6], we get

—2\? ; 2
w,,—(" >w r#][ (A= Au+ Y Ayeuj —cm)U|u

2 <
3B, i,j=1
Applying the spherical Harnack inequality obtained in Corollary 3.2 for each coordinate function we have that
_1—n+2 4 _n+2
C 'un2 <c(n) U|"2u < Cun-2
B,
and

2
(A —Agu + Z Aiju;j || < ca
B, ij=1
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With these estimates we obtain the following inequality

n+2 _o; n—2\2 n+2 iy
—ciwn=2 —cze “w < wy — 5 w<—cownr2 +c3e “w. (3.19)

By hypothesis (3.18) we know that tlim w(t) = 0. The strategy is to show that u € L!
—00

loc(B1(0)) for some
p > 2n/(n—2) and by elliptic theory the function u extends smoothly across the origin. Consequently, each coordinate
function u; is smooth.

Note that the first inequality in (3.19) implies that there exists g9 > 0, such that if w(?) < &g and ¢ is sufficiently
large, then wy;(¢) > 0. Since tlim w(t) = 0, there exists 77 so that w(t) < g9 and wy; > 0 for ¢ > T7. This implies that

—00

w; <0 fort>Tj.

By the first inequality in (3.19), given any positive number 0 < § < n — 2, there exists 7y sufficiently large such
that

) 2
Wy — <n 5 —8) w>(8(n—2) —82—clw$ —03e72t)w >0,

for t > Ty, which implies that

2 n—2 2 5 n—2 2
wy — 5 —5) w =2w, | wy — 5 —4§) w) =<0,
t

for t > T» = max{Ty, T1}, and using that tlim wy(t) =0, we obtain
— 00

2
w%—(n_2—8> w? > 0.
5 >

By integrating we get, for r > T3, that

w(t) < w(To)e_(%_é)(t_TO).

Equivalently, there exists r¢(6) > 0, so that

u(x) < c(8)|x|~? for all x € By, (0).

p

Since § > 0 is arbitrarily small, the estimate above implies that u € L .

finishes our proof. MW

(B1(0)) for arbitrarily large p, which

Now we are ready to prove the main result of this section.

Proof of Theorem 3.4. Following the aforementioned strategy let us suppose that P (/) > 0. By Lemma 3.7 the proof
n—2
is completed by showing that lir% u(x)|x| "z =0. Suppose by contradiction that this is false.
x—

Since the Pohozaev invariant is nonnegative, it holds as a consequence of Lemma 3.5 that 11m1(1)1f u(x)|x| 2z =0.
X—
n—2
Then we will assume that limsupu(x)|x| 2 > 0. Hence we can choose ¢y > 0 sufficiently small so that we are able

x—0
to construct sequences f; < fx < ;" satisfying klim tk = 400, w(tx) = w(t)) = g, w; () =0 and klim w(ty) =0,
— 00 — 00

where w is defined in Lemma 3.6.
By a direct computation, using (3.16), we have that

252 2 52 2, 2\ 2
P(ri,U) = on-1| —lcl ZW (tk)+7(cl+C2)”_2|W|"_2(tk) (1+o0(1)),
where ¢ = (c1, ¢2) comes from Lemma 3.6, so |c| # 0. Consequently

PU) =klin;o P(ri,U)=0.
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Thus

w?(ty) < c|P(re, U)| < e(I) + ),

where
I = / AQ)\dx,
Brk\Br;{‘
12=/|A(L{)|dx
B, x
k

and AQ) =¥, (v Vg + 521) (Ag = D)) = ;) Aoy ).
The rest of the proof follows exactly as the argument in [12, Theorem 6], by using the Lemma 3.7. W

As a consequence of the removable singularity theorem, we can now establish a fundamental lower bound.

Corollary 3.8. Assume 3 < n <5 and that the potential A satisfies the hypotheses (H1) and (H2). Let U be a positive
solution to the system (3.1) in B} (0)\{0}. If 0 is a non—removable singularity, then there exists ¢ > 0 such that

U|(x) > edg(x,0) 7"

foreachi and 0 <dy(x,0) < %

Proof. Suppose by contradiction that this is not true. Then litminf w(t) =0, where w(t) = r%ﬁ(r), U=uji+u
— 00

and r = —logr. As 0 is a non-removable singularity, we also have limsupw(¢) > 0, otherwise we contradict the
—00

Lemma 3.7. Therefore there exists a sequence 7 — oo such that w’(7) = 0 and klim w(ty) =0. So, if ry = e we
—00

can check that

1 , 1 /n=2\* ,
P(ri,U) =< on-i Eazw(fk) ——(—) w”(#) +

(n—-2)°
8

(5 |W|ff”2(rk)) (1+o(),

where |W|2 = w% + w%, and w; (1) = r%ﬁi (r). But, in this case
PU) = lim P(ry,U)=0,
1—> 00
which is a contradiction. This finishes the proof. W
4. Convergence to a radial solution

Our main goal in this section is to prove that a local singular solution to our system is asymptotic to a radial
Fowler-type solution, near the non-removable isolated singularity.

Theorem 4.1. Suppose that U is a solution of the system (1.1) in the punctured ball B} (0)\{0} and that the potential
A satisfies the hypotheses (H1) and (H2). If there exist positive constants ¢ and ¢y such that

cilx T < UI() < calx| @.1)
then there exists a Fowler-type solution Uy = ug A of (1.3), where ug is a Fowler solution such that
Ux) =1+ O(|x|*)Up(x)

as x — 0, for some o > 0.
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Proof. First we observe that (4.1) implies that the origin is a non—removable singularity. Thus, by Theorem 3.4 we
get that P(U) <O.

Now, in cylindrical coordinates, consider v; (¢, 8) = |x| 2 u;(x), where t = —log|x| and 6 = \;_I
Let {7x} be a sequence of real numbers such that 7z — oo. Consider the translated sequence v; (¢, 6) = v; (t + ¢, 0)

defined in (—1x, 00) x S"~!. By (4.1) we get that
¢l < Vi(t,0)] < c2,

where Vi = (v1k, v2,k). Consequently, by standard elliptic estimates, we get the uniform boundedness of any
derivative for ¢ > 0. Since v; ; satisfies,

n(n—2)

4
1 [Vil=2v; =0,

L ig) =Y Bijvjx+
J

where L and B;; are given by (3.3) and g := dt*> +d6* + O(e™%) — dt? + db?. Standard elliptic estimates imply

that there exists a subsequence, also denoted by v; x, which converges in the C?

ioc topology, to a positive solution of

2
U 42) i+ n(n4 2 |V0|$Ui,0 =0,
defined in the whole cylinder. By the characterization result given by Theorem 2.6, such limit is a Fowler-type solution
and we know that there exists a Fowler solution v, and a vector in the unit sphere with positive coordinates A such
that Ve () = Ave(t). Hence V, does not depend on 6, then we necessarily have that any angular derivative dgv; x
converges uniformly to zero.

Besides, we claim that

vik(,0) = D) (1+o(1))
Vuir(t,0) = =0, 01+ o),
as t — oo. In fact, suppose that the first equality above is false. Then there exist € > 0 and sequences 1 — 00,
O — 6 € S"~1 such that

3121),',0 + Agn-1vi0 —

ik (T, Bk)
Uik (Tk)
for some i > 1. This is a contradiction because, after passing to a subsequence, Vi converges to a rotationally

symmetric Fowler-type solution V. The second inequality follows from similar arguments.
In the cylindrical setting the Pohozaev integral P (¢, V) = P(e~",U) becomes

1

>

1 1 (n —2)? n—2)% o
P(t,V) = / <5|atV|2—§|VQV|2— . VI?+ o VI ) don.
txSn—1

Hence
P(V):=P(0,V,)= lim P0,V;) = lim P(%,V)=P()). 4.2)
k—00 k— 00

So we can conclude that the necksize ¢ of the limit function is independent of the sequence of numbers 7.
Therefore, for each sequence tx — oo the correspondent sequence Vi converges to a function V, 7(¢) = Ave(t + T),
with A €S }r, for some 7' € R which depends on the sequence .

We will show that there exists Ty € R such that Vy converges to Vg 1, for any sequence 7; — oo. The idea is to
use a delicate rescaling argument due originally to Leon Simon. In order of that we will prove some claims using the
Jacobi fields studied in subsection 2.4 as a tool.

Let T, be the period of V., and A; = sup|dgV;|, where V. (¢,0) = V(¢ + 1,0). Note that A; < oo, since |dgV¢|

t>0
converges uniformly to zero as t — 0o.

Claim 1: For every ¢ > 0, there exists a positive integer N such that, for any 7 > 0, either
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(1) Ay <ce %" or
(2) A, is attained at some point in Iy x S"~!, where Iy = [0, NT,].

Suppose the Claim is not true.

Then there exist a constant ¢ > 0 and sequences tx, sy — 00,6 € S"1 such that |99 V;|(sk, Ok) = Ay and
Ay > ce 2% ag k — oo. Then we can translate back further s; and define Vi k(t,0) = vj x(t + sk, 0). Define
Qik = Agklae Vi x and note that || < 1, where @ = (@1 .k, ¢2.x). Now, we have

nn—2) -
Egk(vtk) ZBz/UJk+ 2 |Vk|" 20k =0,
J

where the quantities with tilde are the originals replaced ¢ by ¢ + 7} + si. This implies that

nn—2)

4
4 |Vk| 2V k= C)l(vlk)_‘Cgk(vlk)+ZBljv]k

J

Lcyl(f)i,k) +

Taking derivative with respect to 6 and multiplying by AZ
nn—2)
4

= Leyi(pii) — Ly (9i) + > Bijoj .
J

Tk , we get

~ i ~ L_ - ~
Leyi(pix) + Vel =2 @i i 4 1| Vil =2 25 (Vk, o)

From (3.4) we have

(n —2)? -2
— 1 ¢ 0r log | gkl o @ (2, 0) i k-

But using the fact g; = dt* +dH? + O(e~?) and the local expression of the laplacian in this metric, we find that

L (@ik) = Dgpik — Pik —

Agk‘pi,k = 3¢2§0i‘k + Agn19ik + 0(8—2(t+rk+sk))‘
This implies that
nn—2) ~ _4_ ~ 4 _
Leyi(@ix) + ———— V2 @ix +nVel 72~ 0 (Ve i) = Ay e 2EF0 0(e7),

4

where @r = (1,1, ¥2,1)-
Now we can use elliptic theory to extract a subsequence ¢; x which converges in compact subsets to a nontrivial
and bounded Jacobi field ¢ = (¢, ¢2) which satisfies the following system
nn—2) 4 4
— v Yo +nhi(A,@)vi 7 =0.
Since each coordinate function of the limit ¢; has no zero eingencomponent relative to Ag, we get a contradiction

because a Jacobi field with such property is necessarily unbounded. This proves the Claim 1.
Now suppose we have a sequence v; x(t, ) converging to A;ve(t + T) as k — oo. Define

Lcyl (‘Pi) +

wik(t,0) =v; k(1,0) — Ajve(t + T).
Set Wk = (w1 k, w2.k), Nk = bn}ax IWil, Tk = nk + e~ @)% and ik = ﬁk_lwi,k, where § > 0 is a small number and
N
b > 0 is a fixed number to be chosen later. Note that |(¢1 k, p2.4)| < b~ on Iy. Then

nn—2) +2
L (wi k) + 7 <|Vk|” 2vik — Ajvg 2) Eik, 4.3)

where E; j = Zj Bijvj i + Ni(Leyr — L, )ve. First note that by (3.3) we get that E; x = O (e 2@ +1) when r — o0.
Second, observe that
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4 4

Vel 72 — g~
2 2
Vil> — vz

n+2

_4_ ] 4
Vil 2 vik — Aivd ™ = Vil 2 wix + Ajve D wjik(jx+ Ave).
J

Multiplying (4.3) by 7! and taking the limit k — oo we get
nn—2) 4 4
Leyi (i) + — Y “oi +nAi (A, )0 =0,
on the whole cylinder, where ¢ = (g1, ¢2) is a Jacobi field.

Claim 2: The Jacobi field ¢ is bounded for ¢ > 0.

To prove this claim we will use the analysis done in Section 2.4.
By the spectral decomposition for the Laplacian in the sphere, we know that it is possible to write the Jacobi field
as

@ =1} o+ arpr o+ asy o+ ass o+ @,

where ¢£,0 are the linearly independent Jacobi fields corresponding to the eingencomponent independent of 6 and @
denotes the projection onto the orthogonal complement. We also know that the functions (]561’0 and ¢3,0 are bounded
and ¢52,0 and 45?,0 are linearly growing.

Let us show that ¢ is bounded by proving that each dy@; = dg¢; is bounded for > 0. In fact, the function dy¢; is
the limit of ﬁk_lag v; . and we can suppose that dg¢; is nontrivial, otherwise the result is immediate.

If the first item of Claim 1 happens then

ce—ZQ

—1
su 3o v: ) <—— _ __<c(C.
[213 (nk 0o vi k| ) < e Cow =

While if the second item of Claim 1 is true then

sup (7 190vi 1) = sup (77 109 Vil ) = sup (77 0o Vil) < C.,
>0 t>0 tely
since the sequence ﬁ;1|89Vk| converges in the Clzoc topology. Therefore each ¢; is bounded for ¢ > 0, hence
exponentially decaying.

To end the proof of the Claim 2 we need to show that ay = a4 = 0. To see this note that the convergence
Yik= ﬁ,;l w; k — ¢; implies that

Vi = Aver +130 +0()
= Aver + @@l +ardl o +azd] o+ asdl o+ @)+ o(mp),

where v 7(t) =v:(t + 7).
On the other hand by (3.13), (4.2) and the Pohozaev identity, Lemma 3.3, we have that

PO, V) = P(, V) = P(V) + O(e™2%) = P(ve,7) + O(e72%).

Since klim (ﬁk_le_ZTk) = 0, we would have a contradiction in case a, or a4 is not zero. Thus each ¢ is bounded for
— 00

t>0.

Now we will show that there exists some T so that the difference between V and Ve r = Ave 1 goes to zero as
t — oQ.

Since we do not know the correct translation parameter, define V;(¢,0) = V(¢ + t,6) and W, (¢,0) =V, (t,0) —
Avg(t). Let C; > 0 be a fixed constant and consider the interval Iy as before in the Claim 1. Set also n(t) =
b n}ax W, | and 7j(7) = n(t) + e~ 297 where b > 0 is a fixed constant to be chosen later. We observe that 7(7) — 0

N

as T — oo. Let us prove the following claim.

Claim 3: If N, b and t are sufficiently large and 7 is sufficiently small, then there exists s with |s| < C{7(t) so that
(T +NT, +5) < 57(0).
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Suppose the claim is not true. Then there exists some sequence tx — oo such that 7(tx) — 0 and for any
s satisfying |s| < C17n(tx) we have that n(tx + NT; + 5) > %ﬁ(rk). Define ¢;; = ﬁ(rk)_lwi,rk, similarly to the
previously claim. We can suppose that ¢; ; converges in C* on compact sets to a Jacobi field, which by Claim 2 it is
bounded for ¢ > 0. So we can write

9= al¢;yo + 03(153,0 + <l3, 4.4)

where @ has exponential decay. Note that |@| < b~ on Iy, which implies  that a; and a3 are uniformly bounded,
independently of the sequence 7. Moreover, since d)gﬂ = v, A and ¢§’0 = vz A then

lazvel < 1@, M)+ (@, )| <b~' +15 (4.5)

on Iy. We know that v, > ¢ and ¢ decreases exponentially with a fixed rate and so we can choose b and N sufficiently
large such that |a3] is sufficiently small.

Set sy = —7n(tx)a; whose absolute value is less than C7(t;) if we choose C sufficiently large. Hence for
t €[0,2NT,] we have

Wets (1,0) = V(I + 1 — 1(Tr)ar, 0) — Ave (1)

Ve (= Ti(mar, 0) — Ave(t — T(mar) — fi(g)ay AL @A) = ve (1)

—1(t)al

=)@t —T(w)ar, 0) — N(m)ar1d, o + 0(i(wr))
= We, (1,0) —Ti(m)a1$, o + o),
where @, = (¢1,k, 92,k). Here we used the equality Wy, = 7(tx) @) +0(7(tr)) and @ (t —7(tx)ar, 0) — @, (¢, 6) goes
to zero as tx — 00.
Consequently, by (4.4), for t € [0, 2NT,] we get that
Wt = 1(10)@ + (T azdy o + o)),

which implies that

max | W = max |[W <7(t max 0| + |azve|) + o(M(t1)).
a We s +NT, | [NTg,ZNT5]| Tebse ] < 7( k)[NTE,ZNTg](W' lazvel) + o (te))

Since ¢ decreases exponentially with a fixed rate, by (4.5) we can choose N and b > 0 sufficiently large in a way
that the last equality implies that

1_
max |er+sk+NTg | =< _U(Tk)~
In 4
On the other hand, note that

¢~ C=O@HSANT) < (=C=DNTegi( ) < %ﬁ(fk)
which implies that 7(t + NT; +5) < %ﬁ(r), a contradiction. This ends the proof of the Claim 3.

Once the above claim is proved, using an iterative argument, we are ready to prove that there exists o such that
w;  — 0 as ¢t — oo for each coordinate. First choose 79 and N sufficiently large satisfying the Claim 3 and such that
C171(7) < %NTS. Let so = —7n(79)a; be chosen as above. Thus we have |so| < C177(tg) < %NTS. Define inductively
three sequences as

k—1
oy =710+ Zs,-
i=0

T =Tk—1 +Sk—1 + NTz; =0 +kNT;
sk =—n(n)ai.

By the Claim 3 we get by induction 77(t;) < 2_kﬁ(ro) and |s| < 2-k=1IN T.. Hence there exists the limit o = limoy <
70 + N T, and then 1t — 00 as k — oo.
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We claim o is the correct translation parameter.
In fact, choose k such that t = kN T, + [t] with [7] € Iy, and write

Wig(t,0) =vi(t +0,0) — Ajve(t)
=0t +0,0) —vi(t + 0k, 0) + vi(t + 0k, 0) — Ajve(0).

Since 0;v; is uniform boundedness, then

o0
Uit +06,6) —vi(t + 01, 0) = dvi(tg) Y ;= 027%),
j=k

for some . Besides,
Vi (t + 0k, 0) — Ajve (1) = vi (T + [1],0) — Ajve ([t]) = wi 7 (2], 0).
Thus,
We (t,0) =Wy, ([1],0) + 0(25).
Since brr}ax|WTk| =n(t) <7N(x) < 2_kﬁ(t0), we will have |w; 4(t,0)| = 0Q27%) or equivalently, using that
N
t =kNT, + [t], we have

_log2,
|lwi o (,0) <Cie NTe

which finishes the proof of the theorem. W
As a direct consequence of the results proved in this section we have the following corollary.

Corollary 4.2. Suppose that U is a solution of the system (1.1) in the punctured ball B} (0)\{0}, 3 <n <5 and that
the potential A satisfies the hypotheses (H1) and (H2). Then there exists a Fowler-type solution Uy from (1.3) such
that

Ux) = (1+ O(Ix*)Uy(x)

as x — 0, for some o > 0.
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